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INTRODUCTION 
 In recent years, large advancements have been made in the 
development of patient-specific cardiovascular models for blood flow 
simulations. In these simulations, the choice of appropriate boundary 
conditions is a crucial step, since they have a large influence on the 
resulting flow rates and hemodynamic parameters of clinical relevance, 
such as wall shear stress (WSS). In-vivo measurements, if available, can 
be used to guide the selection of boundary conditions, such that 
simulation results better match clinical data. A common approach is to 
split a given inlet flow rate among all outlets according to their area by 
means of Murray’s law [1]. From the obtained flows and an estimate of 
pressure, the resistance to be placed at each outlet is obtained. However, 
manual tuning is required to match in-vivo data, which is time 
consuming and operator dependent. More systematic methods have 
been proposed based on optimal control [2], Bayesian estimation [3], 
and Kalman filtering [4]. 
 With optimal control, a rigorous Lagrangian approach [5] is used 
to determine the optimal value of resistance boundary conditions that 
match the given in-vivo measurements. Optimal control was applied to 
a glass replica of cardiovascular models [6] and to coronary artery 
bypass grafts [2], but using less realistic Neumann-type boundary 
conditions. In this work, we propose an optimal control framework for 
determining resistance-type boundary conditions in patient-specific 
aortic models, starting from flow measurements obtained with 4D-Flow 
MRI. We show the validity of the proposed framework on a real clinical 
case, and investigate the influence of the obtained boundary conditions 
on WSS and oscillatory shear index (OSI). 
 
METHODS 
 We present the proposed method by considering the aortic arch 
represented in Fig. 1, with the goal of determining the values of the 

resistance 𝑅" imposed at each outlet. The anatomy of the vessels was 
derived from the computed tomography (CT) images acquired with a 
320 multidetector scanner (Aquilion ONE, Canon Medical Systems). 
From the CT images, the vessels surface was reconstructed using 
SimVascular (www.simvascular.org). A computational mesh was 
generated with Tetgen. After CT imaging, blood velocity was acquired 
in-vivo with 4D-Flow magnetic resonance imaging (MRI) with a 3T 
MRI scanner (MAGNETOM Aera, Siemens Healthineers).  
Blood flow in the vessels is modelled with the steady Stokes equations 
  

−𝜂Δ𝑣 +	∇𝑝 = 𝑓	, 𝑖𝑛	Ω		
∇ ∙ 𝑣 = 0,																										𝑖𝑛	Ω					

																																	 1  

At the ascending aorta inlet Γ"5, a Poiseuille flow was imposed, whose 
average value was extracted from the 4D-Flow MRI data of the patient. 

 
Figure 1: General setting of the proposed framework on a 

patient’s aortic arch. 
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A no-slip condition was imposed at the vessel walls, assumed to be 
rigid. At the four outlets, corresponding to descending aorta (DAo), 
brachiocephalic artery (BCA), left common carotid artery (LCC) and 
left subclavian artery (LSUB), a resistive-type boundary condition was 
imposed following the coupled multidomain method proposed in [7]. 
The unknown resistance values 𝑅" were then determined solving an 
optimal control problem. Optimal control estimates unknown 
parameters by minimizing a cost functional constrained by the 
governing equations of the system.  
We defined a cost functional J with the following form:  
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where 𝛼8 is set to 100,  𝛼"	 and 𝛽" to 1, and 𝑅",F  is the resistance value 
at the outlet 𝛤" obtained with Murray’s law. The first term in (2) 
represents the difference between the pressure 𝑝	obtained from (1) and 
the patient’s average aortic pressure 𝑝9	derived from clinical data. The 
second term relates to the difference between the velocity 𝑣 from (1) 
and the average velocity 𝑣" measured at each outlet Γ". The third term 
consists of the norm of the control variables 𝑅", and acts as a 
regularization term. For solving the optimal control problem, we 
adopted an adjoint-based Lagrangian approach [5], first deriving the 
optimality system containing the first-order optimality conditions, and 
then recasting it to saddle-point form to obtain a monolithic algebraic 
system for easier computations. The obtained system was then solved 
with the open-source libraries FEniCS [8] and multiphenics [9].  
 
RESULTS  
 The results obtained for the case of Fig. 1 are detailed in Table 1. 
On the first row, Table 1 reports the patient’s average pressure measured 
non-invasively after MRI, and flow rates measured in-vivo with 4D 
flow MRI. The second and third row of the table report the values 
obtained with the boundary conditions estimated with Murray’s law and 
with the proposed method. The pressure and flow values obtained with 
optimal control match the patient measurements quite closely, 
indicating a proper assimilation of in-vivo information. While a perfect 
match would be ideal, this is often not possible in practice, due to the 
noise and uncertainty affecting in-vivo measurements, and due to the 
assumptions of the adopted mathematical model (1). By minimizing (2), 
the proposed approach finds the set of boundary conditions that comes 
as close as possible to the given in-vivo information. 
 We also observe that the solution from the proposed method is not 
too far from the one obtained with Murray’s law, where boundary 
conditions are set on the basis of purely anatomical information [1]. This 
observation further confirms the physiological validity of the boundary 
conditions selected by the proposed method. Table 2 reports the 
resistance values obtained with the two methods, Murray’s law and 
optimal control. The values are similar, except for the LSUB resistance, 
which differs substantially (23%). To investigate how this difference 
may affect clinically-relevant hemodynamic parameters, we used the 
two sets of boundary conditions reported in Table 2 to run two unsteady 
high-fidelity Navier-Stokes simulations, using SimVascular. Resistance 
values were used to set three-element Windkessel models at each outlet, 
assuming a total capacitance of 0.001 cm5/dyne, distributed among the 
various outlets with an area-based criterion. Fig. 2 depicts the absolute 
difference between the OSI computed with the two sets of boundary 
conditions. While the difference is negligible for the most part of the 

geometry, the difference reaches 40% of the OSI range (0÷0.5) in the 
region past the left subclavian artery. 

 
Table 1:  Comparison of average aortic pressure and outlet flow 

rates obtained with Murray’s law and with the proposed method. 

 
Table 2:  Resistance values obtained with Murray’s law and with 

the proposed method (all values in dyn×s×cm-5). 

Figure 2: Absolute difference of OSI between Murray’s law and 
the proposed method (back view of the aorta). 

 
DISCUSSION  
 We proposed a computational framework for the determination of 
resistance-type outlet boundary conditions based on the assimilation of 
4D-Flow MRI measurements by means of optimal control. Our study 
documents the application of such framework to a real clinical case and 
shows the influence that the choice of outlet boundary conditions has on 
OSI, one of the hemodynamic quantities of potential clinical interest. 
The presence of regions with a considerable difference from Murray’s 
law-based results confirms the crucial role of boundary conditions in 
hemodynamic modeling, and suggests the need for further research on 
determining appropriate boundary conditions for computational 
hemodynamics.  
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 Pressure 
(mmHg) 

Flow rates (cm3/s) 
BCA LCC LSUB DAo 

Patient 
measurements 

98.7 15.9 5.98 8.48 73.1 

Murray’s law 98.8 19.2 6.19 7.48 86.2 

Proposed 95.2 19.8 6.10 9.41 83.9 

 DAo BCA LCC LSUB 
Murray’s law 1,526 6,837 21,241 17,591 

Proposed 1,513 6,409 20,801 13,467 
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