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1 Introduction

Anti-de Sitter (AdS) black hole solutions have received great attention in the last decades,
due to the role they play in the phenomenology of the AdS/CFT conjecture [1]. The latter
is a holographic correspondence that relates gravity theories in AdS spacetimes to dual field
theories living in one dimension less. The classical AdS black hole solutions can provide
relevant information about properties of the strongly coupled (dual) gauge theory and the
duality can be also exploited to give a description of various condensed matter phenomena.

The study of thermodynamic properties of AdS black holes began with the seminal
paper [2], where a first order phase transition from thermal AdS space to a (large) black
hole phase was shown to exist. This analysis was subsequently extended to a variety of
AdS black hole solutions [3–6]. These studies suggest that the black hole configurations
possess phase structures that can reveal critical phenomena like many other common ther-
modynamic systems. In principle, the AdS/CFT dictionary should also allow to compute
the microscopic entropy of AdS black holes and to compare it then with the macroscopic
Bekenstein-Hawking result. This program has been rather successful in the supersymmet-
ric case, see for instance [7, 8]. Indeed, of particular interest are black holes preserving a
certain amount of supersymmetry allowing to map a weak (string) coupling computation of
the entropy within superstring theory to the strong-coupling regime, where a formulation
in terms of a black hole is valid [9].

The study of supersymmetric black hole solutions in AdS started with the paper of
Romans [10], which showed that for minimal gauged D = 4, N = 2 supergravity extremal,
spherically symmetric black holes in four dimensions are not BPS. Romans also found a
solution with hyperbolic horizon that is supersymmetric and he called it a “cosmological
dyon”. Later, it was shown that this solution represented a black hole, when the electric
charge vanishes, with globally defined Killing spinors [11]. This solution was then embedded
in eleven dimensional supergravity in [12]. We would like to remark that [13] provided the
first non-singular example of asymptotically AdS supersymmetric static black hole in four
dimensions. This work then called for a comprehensive analysis of these solutions and their
generalizations, see for instance [14–26].

The aim of this paper is the construction and discussion of new exact charged hairy
black hole solutions in gauged D = 4 supergravity, generalizing previous ones in [27–30].
As we have discussed in the uncharged case in [29, 31], the model of this paper interpolates
between four single dilaton truncations of the SO(8), N = 8 supergravity [32, 33], with a
possible dyonic gauging [34–38]. These four truncations break SO(8) into SO(p)×SO(8−p).
In the N = 2 case, one includes two U(1) vectors, and the truncations with even p can be
seen as a subsector of the STU model. The truncations with odd p and two Maxwell fields
were previously unknown. We therefore prove, by an explicit construction, that the case
with p = 3 and two vectors can be embedded in N = 8 supergravity. We leave the case
with p = 1 for a future work.

Generally, the infinite class of N = 2 theories are characterized by two continuous
parameters, namely the interpolation parameter and a parameter associated to the dyonic
gauging. We then provide explicit expressions for two new different families of non-extremal
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solutions and we analyse the duality relation between them. We also perform a systematic
investigation of the thermodynamic properties of our new solutions and the analysis of
the boundary conditions of the scalar field. It turns out that all these solution induce a
triple trace deformation in the dual theory. Finally, we study the values of the parameters
leading to supersymmetric configurations for our model. We also recover a known dyonic
solution of the STU model which is a subcase of the general family found in [18].

As an interesting historical remark, we note in appendix A that our non-extremal
solutions, when constrained to the single dilaton truncations of the STU model, are the
ones of Duff and Liu [39]. On the other hand, for the T 3 model our supersymmetric
solutions are the ones of Cacciatori and Klemm [13]. Hence, one can conclude that, for the
purely electric and purely magnetic cases, the T 3 model Cacciatori-Klemm solutions are
the non-singular BPS limit of Duff-Liu.

The paper is organized as follows. In section 2 we review the general structure of
D = 4, N = 2 supergravity coupled to vector multiplets in the presence of FI terms. In
section 3 we focus on a specific class of models which interpolate between all the single
dilaton truncations of the maximally supersymmetric SO(8) gauged, supergravity theory.
Here we provide the black hole solutions in terms of canonically normalized fields, we
study its thermodynamics and the boundary conditions. The two family of solutions are
related by means of electromagnetic duality and we discuss this in detail. In section 4
we consider, among these solutions, the BPS ones: we show that, independently of the
topology of the horizon, the solutions have a non-singular BPS limit. The connection to
known non-extremal and BPS solutions is presented in appendix A. Finally, in section 5,
we characterize certain models within the general class under consideration as consistent
truncations of N = 8, D = 4 gauged supergravities. Here we construct a previously
unknown very simple truncation of the maximally supersymmetric theory. This allows
to embed the corresponding black hole solutions in the four-dimensional N = 8 theory.
Finally, we end with concluding remarks.

2 N = 2 gauged theory

Let us consider an extended N = 2 supergravity theory in four dimensions, coupled to nv
vector multiplets and no hypermultiplets, in the presence of Fayet-Iliopoulos (FI) terms.
The model describes nv + 1 vector fields AΛ

µ , (Λ = 0, . . . , nv) and ns = nv complex scalar
fields zi (i = 1, . . . , ns). The bosonic gauged Lagrangian reads

1√
−g

Lbos = −R2 + gi̄ ∂µz
i ∂µz̄ ̄ + 1

4 IΛΣ(z, z̄)FΛ
µν F

Σµν

+ 1
8
√
−g

RΛΣ(z, z̄) εµνρσ FΛ
µν F

Σ
ρσ − V (z, z̄) , (2.1)

where g = det(gµν) and with the nv + 1 vector field strengths:

FΛ
µν = ∂µA

Λ
ν − ∂νAΛ

µ . (2.2)

The ns complex scalars zi couple to the vector fields in a non-minimal way through the
real symmetric matrices IΛΣ(z, z̄), RΛΣ(z, z̄) and span a special Kähler manifold Msk
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(see appendix B for definitions), while the scalar potential V (z, z̄) originates from electric-
magnetic FI terms.

In the following we will analyse a consistent dilaton truncation of a class of N = 2
supergravities. Within this model, we shall describe families of hairy black hole solutions,
regular on and outside the horizon, with dyonic FI terms. These families are related by a
symmetry transformation acting non-trivially also on the FI parameters of the model, thus
providing a noteworthy solution generating technique in asymptotically AdS spacetimes.1

3 The model

The framework under consideration is an N = 2 theory with no hypermultiplets and a
single vector multiplet (nv = 1) containing a complex scalar field z. The geometry of the
special Kähler manifold (see appendix B.1) is characterized by a prepotential of the form:

F(XΛ) = − i4
(
X 0
)n (

X 1
)2−n

, (3.1)

XΛ(z) being components of a holomorphic section of the symplectic bundle over the man-
ifold and the coordinate z being identified with the ratio X 1/X 0, in a local patch in which
X 0 6= 0.

For special values of n, the model is a consistent truncation of the STU model. The
latter is a N = 2 supergravity coupled to nv = 3 vector multiplets and characterized, in a
suitable symplectic frame, by the prepotential:

Fstu(XΛ) = − i4
√
X 0 X 1 X 2 X 3 , (3.2)

and the scalar manifold is symmetric of the form Mstu =
(
SL(2,R)/SO(2)

)3, spanned by
the three complex scalars zi = X i/X 0, i = 1, 2, 3. This model, for a certain choice of the FI
terms, is in turn a consistent truncation of the maximal N = 8 theory in four-dimensions
with SO(8) gauge group [39]. For n = 1/2, the theory under consideration is the so-called
z3-model, whose manifold is SL(2,R)/SO(2) and is embedded in that of the STU model
through the identification z1 = z2 = z3 = z. Another consistent truncation of the STU
model is found for n = 1: this theory is again characterized by a manifold of the form
SL(2,R)/SO(2) but with a different coupling of the scalar fields to the vectors and, in
particular, it corresponds to the so-called minimal coupling model, describing a N = 2
supergravity coupled to 1 abelian vector multiplet [53].

If we set X 0 = 1, the holomorphic section ΩM of the model reads:

ΩM =


1
z

− i4 n z
2−n

− i4 (2− n) z1−n

 , (3.3)

1The assumption is not generic, since in asymptotically AdS black holes the solutions generating tech-
nique [40–50], based on the global isometry group of the ungauged theory, can no longer be applied in a
gauged model, due to the non-trivial duality action on the embedding tensor [51, 52].
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and the Kähler potential K has the expression

e−K = 1
4 z

1−n (n z − (n− 2) z̄
)

+ c.c. (3.4)

The theory is then deformed with the introduction of abelian electric-magnetic FI terms de-
fined by a constant symplectic vector θM =

(
θ1, θ2, θ3, θ4), encoding the gauge parameters

of the model. The scalar potential V (z, z̄) can be then obtained from:

V =
(
gi̄ UMi UN̄ − 3VM VN

)
θM θN = −1

2 θM MMN θN − 4VM VNθM θN , (3.5)

where VM = eK/2 ΩM , UMi = Di VM and M(φ) is the symplectic, symmetric, negative
definite matrix encoding the non-minimal couplings of the scalars to the vector fields of
the theory (see appendix B.1).

Writing z = eλφ + i χ, the truncation to the dilaton field φ

χ = 0 , (3.6)

in the absence of electric and magnetic charges, is consistent provided:

(2− n) θ1 θ3 − n θ2 θ4 = 0 . (3.7)

In the presence of electric and magnetic charges, sufficient conditions for a consistent
truncation to the dilaton include, besides the above eq. (3.7),

FΛ
µν ∂χRΛΣ F

Σ
ρσ ε

µνρσ
∣∣
χ=0

= 0 . (3.8)

Conditions (3.7) and (3.8) come from the consistency of the axion field equation after the
χ = 0 truncation (see also the scalars field equations described in section 3.4).2

The metric, restricted to the dilaton, reads:

ds2 = 2 gzz̄ dz dz̄
∣∣
χ=0
dχ=0

= 1
2λ

2 n (2− n) dφ2 , (3.9)

and is positive provided 0 < n < 2. Choosing

λ =
√

2
n (2− n) , (3.10)

the kinetic term for φ is canonically normalized. As a function of the dilaton only, the
scalar potential has the following explicit form:

V (φ) =−2eλφ(n−2)
(2n−1

n
θ2

1 +4θ1θ2 e
λφ+ 2n−3

n−2 θ2
2 e

2λφ
)
−

− 1
8 e
−λφ(n−2)

(
(2n−1)nθ2

3−4θ3 θ4n(n−2)e−λφ+(n−2)(2n−3)θ2
4 e
−2λφ

)
.

(3.11)
2In the model under consideration, one has ∂χI|χ=0= 0, R|χ=0 = 0 and ∂χR|χ=0 6= 0.
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3.1 Redefinitions

Let us now make the shift

φ ! φ− 2 ν
λ (ν + 1) log(θ2 ξ) , (3.12)

and redefine the FI terms as:

θ1 = ν + 1
ν − 1 θ

− ν−1
ν+1

2 ξ−
2 ν
ν+1 , θ3 = 2α (ξ θ2)

ν−1
ν+1 s , θ4 = 2α

θ2 ξ s
, (3.13)

having defined the quantity
ν = 1

n− 1 , (3.14)

and having also introduced the parameters α, ξ and s. In light of the new parametriza-
tion (3.13), condition (3.7) requires

2α (s2 − 1) (ν + 1)
ν ξ s

= 0 , (3.15)

which is solved, excluding the value ν = −1 (n = 0), either for pure electric FI terms (α = 0)
or for s = ±1. Since we are interested in dyonic FI terms, we shall restrict ourselves to the
latter case. For s = ±1, it is straightforward to invert the parameterization yielding:

ξ = θ−1
2

(
θ3
θ4

)ν+1
2 ν

, α2 = θ3 θ4
4

(
θ3
θ4

)1
ν

, (3.16)

which require that θ3 and θ4 have the same sign.
Next, it is convenient to express ξ in terms of the AdS radius L:

ξ = 2Lν
ν − 1

1√
1− α2 L2

. (3.17)

This ensures the existence of an AdS vacuum without any further constraints on the original
FI terms, as they just have to satisfy the inequality

α2 L2 = (ν − 1)2 θ3
2(ν+1)/ν

(ν − 1)2 θ3
2(ν+1)/ν + 16 ν2 θ2

2 θ4
2/ν ≤ 1 , (3.18)

which is always true. The only two points which are not possible to reach with our param-
eterization are either θ3 = 0 and θ4 6= 0 or θ4 = 0 and θ3 6= 0.

After the shift (3.12), the scalar field z is expressed as

z = (θ2 ξ)−
2 ν
ν+1 eλφ , (3.19)

and the same redefinition for the potential (with s = ±1) yields

V (φ) =−α
2

ν2

((ν−1)(ν−2)
2 e−φ`(ν+1)+2(ν2−1)e−φ`+ (ν+1)(ν+2)

2 eφ`(ν−1)
)

+

+α2−L−2

ν2

((ν−1)(ν−2)
2 eφ`(ν+1)+2(ν2−1)eφ`+ (ν+1)(ν+2)

2 e−φ`(ν−1)
)
,

(3.20)

where ` = λ

ν
and having disposed of θ2 by the above redefinitions.
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After the restriction to the dilaton truncation, the matrix RΛΣ vanishes and the action
has the form

S = 1
8πG

∫
d4x
√
−g

(
− R2 + ∂µφ∂

µφ

2 + 1
4 IΛΣ(φ)FΛ

µν F
Σµν − V (φ)

)
, (3.21)

where the matrix IΛΣ explicitly reads

IΛΣ =
(
−1+ν

4 ν e(−1+ν) ` φ (θ2 ξ)
2 (1−ν)

1+ν 0
0 1−ν

4 ν e−(1+ν) ` φ (θ2 ξ)2

)
. (3.22)

It is more transparent to work with of the canonically normalized gauge fields

F̄ 1 = 1
2

√
1 + ν

ν
(θ2 ξ)

1−ν
1+ν F 1 , F̄ 2 = 1

2

√
−1 + ν

ν
(θ2 ξ)F 2 , (3.23)

in terms of which the action reads

S = 1
8πG

∫
d4x
√
−g
(
−R2 + ∂µφ∂

µφ

2 − 1
4e

(−1+ν)`φ
(
F̄ 1
)2
− 1

4e
−(1+ν)`φ

(
F̄ 2
)2
−V (φ)

)
.

(3.24)

3.2 Hairy black hole solutions

In what follows, we construct two distinct families of solutions, which we refer to as electric
and magnetic, respectively. We present solutions with spherical, toroidal, and hyperbolic
horizon topology and an analysis of their thermodynamics and asymptotic structure.

3.2.1 Family 1 — electric solutions

A family of solutions is given by

φ = −`−1 ln(x) , (3.25a)
F̄ 1
tx = Q1 x

−1+ν , F̄ 2
tx = Q2 x

−1−ν , (3.25b)

f(x) = x2−ν η2 (xν − 1)2

ν2
k

L2 + α2L2
(
−1 + x2

ν2
(

(ν + 2)x−ν − (ν − 2)xν + ν2 − 4
))

+

+ 1 + x2−ν η2 (xν − 1)3

ν3L2

(
Q2

1
(ν + 1) −

Q2
2

(ν − 1) x
−ν
)
, (3.25c)

Υ(x) = xν−1 ν2L2

η2 (xν − 1)2 , (3.25d)

ds2 = Υ(x)
(
f(x) dt2 − η2

f(x) dx
2 − L2 dΣk

)
, (3.25e)

%endgroup where η is an integration constant, dΣ2
k = dθ2 + sin2(

√
k θ)

k dϕ2 is the metric
on the 2D-surfaces Σk = {S2, H2, R2} (sphere, hyperboloid and flat space) with constant
scalar curvature R = 2 k.3 The solutions are written in a form that makes the uncharged
limit well-defined, yielding the hairy black holes of [29]. This is not the standard use
of the literature of static supergravity black holes, where the uncharged limit is either
Schwarzschild or Schwarzschild-AdS spacetime.

3To compare with our previous paper, [29], note that the scalar curvature of Σk has a different normal-
ization. This ammounts to khere = kthere L2.
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Boundary conditions, mass and thermodynamics for the electric solutions. To
compare with the AdS canonical coordinates, let us consider the following fall-off:

Υ(x) = r2

L2 +O
(
r−2

)
. (3.26)

The change of coordinates that provides the right asymptotic behaviour is

x = 1±
(
L2

η r
+ L6 1− ν2

24 (η r)3

)
+ L8 ν2 − 1

24 (η r)4 , (3.27)

where we take η > 0 and the ± sign depends on whether one takes the x < 1 (−) or x > 1
(+). Accordingly, the asymptotic behaviour of the scalar field is

φ = L2 φ0
r

+ L4 φ1
r2 +O

(
r−3

)
= ∓L2 1

` η r
+ L4 1

2 ` η2 r2 +O
(
r−3

)
, (3.28)

where we have normalized φ0 and φ1 to match their conformal and engineering dimension.
In the canonical coordinates, we can now easily read off the coefficients of the leading and
subleading terms in the scalar boundary expansion

φ0 = ∓ 1
` η

, φ1 = `

2 φ
2
0 , (3.29)

which corresponds to AdS invariant boundary conditions, namely a triple trace defor-
mation in the boundary theory. Hence, the boundary conformal symmetry is preserved
and the black hole mass can be read-off from the asymptotic expansion of the space-
time (3.25) [54–56]. Indeed, let us consider the asymptotic expansion of the metric:

gtt = r2

L2 + k − µe L
4

r
+O

(
r−2

)
,

grr = −L
2

r2 − L
6 k L

−2 + 1
2 φ

2
0

r4 +O
(
r−5

)
,

(3.30)

where

µe = ±
(
ν2 − 4
3 η3 α2 L2 − k

η L2 + Q2
2

η (ν − 1)L2 −
Q2

1
η (ν + 1)L2

)
, (3.31)

and we have taken η > 0. Thus, the black hole mass is

ME = L4 µe σk
8πG , (3.32)

where σk =
∫
dΣk. Concretely, the values are σ1 = 4π and σ−1 = 8π(g − 1), where g ≥ 2

is the genus of a compact negative constant curvature manifold. In the boundary, after
discarding the conformal factor, the dual field theory lives on a manifold of radius L and
therefore the energy density of a thermal gas of massless particles is [57]:

ρe = L2

8πG µe , (3.33)

– 7 –
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while the temperature is given by

T = |f(x)′|
4π η

∣∣∣∣
x=x+

, (3.34)

where f(x+) = 0. Finally, the entropy is expressed as

S = L2 Υ(x+)σk
4G . (3.35)

The physical charges and electric potentials are

q1 = L2Q1 σk
8πGη , Φe

1 = Q1
xν+ − 1
ν

;

q2 = L2Q2 σk
8πGη , Φe

2 = Q2
1− x−ν+

ν
,

(3.36)

and it is possible to verify that these quantities satisfy the first law of thermodynamics

dME = T dS + Φe
1 dq1 + Φe

2 dq2 . (3.37)

3.2.2 Family 2 — magnetic solutions

A second family of solutions is given by

φ= +`−1 ln(x) , (3.38a)

F̄ 1
θϕ =P1

sin(
√
kθ)√
k

, F̄ 2
θϕ =P2

sin(
√
kθ)√
k

, (3.38b)

f(x) = x2−ν η2 (xν−1)2

ν2
k

L2 +
(
1−α2L2

)(
−1+x2

ν2
(
(ν+2)x−ν−(ν−2)xν+ν2−4

))
+

+1+x2−ν η4 (xν−1)3

ν3L6

(
P 2

1
(ν+1)−

P 2
2

(ν−1) x
−ν
)
, (3.38c)

Υ(x) = xν−1 ν2L2

η2 (xν−1)2 , (3.38d)

ds2 = Υ(x)
(
f(x)dt2− η2

f(x) dx
2−L2 dΣk

)
. (3.38e)

The electric and magnetic solutions are related to each other by means of electromagnetic
duality

φ ! −φ , α2 ! L−2 − α2 , (3.39)

and the corresponding transformation of the electromagnetic fields (see also section 3.4).
These two families of solutions are charged generalizations of the hairy black holes we have
already obtained in [29]. In each family, the asymptotic region is located at the pole of
order 2 of the conformal factor Υ(x), namely x = 1. The geometry and scalar field are
singular at x = 0 and x =∞, therefore, the configuration contains two disjoint geometries
given by x ∈ (1,∞) or x ∈ (0, 1). The latter geometries are different, since the value (sign)
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of the scalar field φ is different depending whether x is greater or less than 1, while the
scalar potential is not an even function of φ.4

As we shall see in section 4, each of the two families of solutions is naturally defined in
one of these disjoint regions. If the solution, described in one of these regions, is a regular
black hole, then the region itself is a geodesically complete spacetime provided reflective
boundary conditions are imposed at radial infinity.

Boundary conditions, mass and thermodynamics for the magnetic solutions.
The metric of the magnetic family can be obtained from the electric solutions by means of
the transformation

Qi !
η

L2 Pi , α2 ! L−2 − α2 . (3.40)

Therefore all the discussions on mass and thermodynamics carry on from the electric to
the magnetic case. The only important difference is that the scalar field satisfies now other
boundary conditions

φ1 = − `2 φ
2
0 , (3.41)

which correspond again to AdS invariant boundary conditions, for more details see [29].
We define now

µm = ±
(
ν2 − 4
3 η3 (1− α2 L2)− k

η L2 + η P 2
2

(ν − 1)L6 −
η P 2

1
(ν + 1)L6

)
, (3.42)

where the ± corresponds to the x > 1 and x < 1, respectively. The black hole mass is

MM = L4 µm σk
8πG , (3.43)

while the magnetic charges and potentials are

p1 = P1 σk
8πG , Φm

1 = P1 η

L2
xν+ − 1
ν

;

p2 = P2 σk
8πG , Φm

2 = P2 η

L2
1− x−ν+

ν
.

(3.44)

It is possible to verify that these quantities satisfy the first law of thermodynamics

dMM = T dS + Φm
1 dp1 + Φm

2 dp2 . (3.45)

3.3 The special case n = 1 or ν = ∞

This special class of solutions is interesting because it can be embedded in gauged N = 8
supergravity. The action in this case has the form

S = 1
8πG

∫
d4x
√
−g
(
−R2 + ∂µφ∂

µφ

2 − 1
4e
√

2φ
(
F̄ 1
)2
− 1

4e
−
√

2φ
(
F̄ 2
)2

+ 1
L2

(
2+cosh(

√
2φ)

))
.

(3.46)
The scalar potential coming from (3.5) in the n = 1 limit is rewritten making the shift

φ ! φ−
√

2 log
(
ρL

2

)
, (3.47)

4We discussed this in more detail in [29].
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and redefining the FI terms as:

θ1 = cos(ζ)
ρL2 , θ2 = ρ

4 cos(ζ) , θ3 = ρ sin(ζ) , θ4 = 4 sin(ζ)
ρL2 , (3.48)

while the field strengths have the form

F̄ 1 = (ρL)−1 F 1 , F̄ 2 = ρL

4 F 2 . (3.49)

The above Lagrangian yields a consistent truncation of the N = 2 minimal coupling su-
pergravity (corresponding to n = 1) provided the following constraint

F̄ 1 ∧ F̄ 1 − e−2
√

2φ F̄ 2 ∧ F̄ 2 = 0 (3.50)

is satisfied. The above condition follows from eq. (3.8) and is required for the consistent
truncation to the dilaton only.

It is possible to obtain the following dyonic solution for this theory,

φ = − ln(x)/
√

2 , (3.51a)

F̄ 1
tx = Q1 , F̄ 1

θϕ = P1
sin(
√
k θ)√
k

, (3.51b)

F̄ 2
tx = Q2

x2 , F̄ 2
θϕ = P2

sin(
√
k θ)√
k

, (3.51c)

f(x) = k η2 (x− 1)2

L2 x
+ 1 + η2 (x− 1)3

L2 x

(
Q2

1 −
Q2

2
x
− η2

L4
P 2

1
x

+ η2

L4 P
2
2

)
, (3.51d)

Υ(x) = xL2

η2 (x− 1)2 , (3.51e)

ds2 = Υ(x)
(
f(x) dt2 − η2

x2 f(x) dx
2 − L2 dΣk

)
, (3.51f)

and the constraint (3.50) is solved if

P1Q1 − P2Q2 = 0 . (3.52)

This dyonic solution is not new and it can be shown to be contained within the solutions
of [18]. When an asymptotic analysis is done on these solutions, it can be found that the
subleading term of the scalar field vanishes, φ1 = 0, and therefore only the leading term
φ0 is non-trivial. This solution is also peculiar in that only the hyperbolic black hole has a
non-singular supersymmetric limit. This can be easily verified with the expressions given
in section 4.

3.4 Duality relation between the two families of solutions

The two families of solutions described earlier are related by a non-perturbative electric-
magnetic duality symmetry. This duality is a global symmetry of the ungauged theory,
namely of the model without the FI term θM , and is extended to the gauged one once the
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constant tensor θM is made to transform under it as well. In general a transformation of
θM , being it a non-dynamical quantity, would imply a change in the theory and thus the
duality would be interpreted as an equivalence between seemingly different models. Such
transformation can be absorbed in a redefinition of a single parameter α in θM : the two
solutions related by duality satisfy the field equations of the same model with two dual
values of the α parameter.

Let us first illustrate the action of the electric-magnetic duality equivalence among
N = 2 supergravities with FI terms and then consider our specific model. Consider a
generic N = 2 theory described by the Lagrangian:

1√
−g

Lbos = −R2 + 1
2 Grs(φ)∂µφr∂µφs + 1

4 IΛΣ(φ)FΛ
µν F

Σµν

+ 1
8
√
−g

RΛΣ(φ) εµνρσ FΛ
µν F

Σ
ρσ − V (θ, φ) , (3.53)

where now we are describing the scalar manifold (which is complex of special Kähler type
in the absence of hypermultiplets) in terms of real scalars that are collectively denoted by
φ(x) ≡ (φs(x)), and where Grs(φ) is the metric on the scalar manifold in the chosen real
parametrization. The scalar potential V (θ, φ) is given by eq. (3.5), and we have made
explicit its dependence on both the scalar fields and the FI vector θM . Here we shall focus
only on the bosonic part of the action and of the field equations. To describe the duality
it is useful to define the magnetic field strengths as follows:

GΛµν = − εµνρσ
δLbos
δFΛ

ρσ

= RΛΣ F
Σ
µν − IΛΣ

∗FΣ
µν , (3.54)

where
∗FΣ

µν ≡
√
−g
2 εµνρσ F

Λ ρσ , (3.55)

and to introduce the symplectic field strength vector:

FM =
(
FΛ
µν

GΛµν

)
. (3.56)

Defining the following 2(nv + 1)× 2(nv + 1) matrices:

MMN (φ) ≡
(
IΛΣ + (RI−1 R)ΛΣ −(RI−1)Λ

Γ

−(I−1 R)∆
Σ (I−1)∆Γ

)
, C ≡

(
0 1

−1 0

)
, (3.57)

where each block is (nv + 1) × (nv + 1), the (bosonic part of) the field equations for the
metric (Einstein equations), scalar fields and vector fields can be cast in the following
compact form:

Einstein : Rµν = ∂µφ
r ∂νφ

s Grs(φ) + 1
2 FMµρMMN (φ)FNνρ − V (θ, φ) gµν ,

scalars : Dµ(∂µφs) = 1
8 G rs(φ)FMµν ∂rMMN (φ)FNµν − G rs(φ) ∂rV (θ, φ) ,

vectors : dFM = 0 , ∗Fµν = −CM(φ)Fµν ,

(3.58)
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where, in the last equation (known as twisted self-duality condition), we have suppressed
the symplectic indices (M,N, . . . ).

A feature of special Kähler manifolds, as well as of all scalar manifolds in extended
supergravities with N > 2, is the existence of a flat symplectic bundle structure on it,
within which the matrix MMN can be regarded as a metric on the symplectic fiber. As
a consequence of this, with each isometry g in the (identity sector of the) isometry group
G of the scalar manifold, there corresponds a constant 2(nv + 1) × 2(nv + 1) symplectic
matrix R[g] = (R[g]MN ) such that, if φ′ = (φ′s) = φ′(φ) describe the (non-linear) action
of g on the scalar fields, we have that MMN (φ) transforms as a fiber metric:

M(φ′) = (R[g]−1)TM(φ) R[g]−1 , (3.59)

where we have suppressed the symplectic indices. Being a symplectic matrix, R[g] satisfies
the condition R[g]T CR[g] = C. Then if, for any isometry g, we transform the fields FMµν
and the constant vector θM correspondingly:

FMµν ! F′Mµν = R[g]MN FNµν , θM ! θ′M = (R[g]−1)NM θN , (3.60)

the equations of motion (3.58) are formally left invariant. Indeed one can easily verify, for
instance, that:

V (θ′, φ′) = V (θ, φ) , F′Mµρ MMN (φ′)F′Nνρ = FMµρ MMN (φ)FNνρ . (3.61)

Aside from this duality equivalence, one can just redefine the field strengths and the FI
constants without altering the physics of the model:

Fµν !

(
A 0

0 (A−1)T

)
Fµν , θ !

(
(A−1)T 0

0 A

)
θ , (3.62)

where A = (AΛ
Σ) is a generic real, invertible matrix, not related to the isometries of the

scalar manifold. This latter corresponds to a linear redefinition of the vector fields and just
amounts to choosing a different basis in the symplectic fiber.

The above mechanism also works for our 1-scalar truncated model, provided the isom-
etry does not switch on the truncated axion (imaginary part of z). In this special case the
indices Λ, Σ run over two values, the scalar is only one and the metric is trivial (G (φ) = 1).
Moreover the absence of the axion also implies RΛΣ = 0, so that the matrix MMN (φ) has
the simplified form:

MMN (φ) ≡
(
IΛΣ(φ) 0

0 (I−1)∆Γ(φ)

)
. (3.63)

The isometries of the scalar field are

φ ! φ′ = φ+ β , (3.64a)
φ ! φ′ = −φ , (3.64b)

β being a constant. The first of the above isometries were used in section 3.1 to reabsorb
the θ2 dependence of the FI terms and thus to make them simpler, basically only depending
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on the parameter α. This was followed by a corresponding redefinition of the field strengths
and of the FI parameters of the kind (3.62). The resulting Lagrangian is (3.21).

Let us now consider the duality transformation associated with the isometry (3.64b).
Using the property that IΛΣ(−φ) = (I−1)ΛΣ(φ), the reader can easily verify that the
duality transformation R[g] associated with it is simply C. Indeed we have:

M(φ′) = M(−φ) = (C−1)TM(φ) C−1 . (3.65)

By the same token we can compute the duality transformed field strengths:(
F̄ ′Λµν
Ḡ′Λµν

)
= C

(
F̄Λ
µν

ḠΛµν

)
=
(
ḠΛµν
−F̄Λ

µν

)
. (3.66)

After the action of the shift symmetry (3.64a) and the above mentioned redefinition, the
resulting FI parameter vector, to be denoted by θ̄M , has the form:

θ̄M =
(√

ν + 1
ν

√
L−2 − α2 ,

√
ν − 1
ν

√
L−2 − α2 , α s

√
ν + 1
ν

,
α

s

√
ν − 1
ν

)
. (3.67)

We denote by θ̄′ the transformed of θ̄ by C:

θ̄′ = C θ̄ , (3.68)

and one can verify that
V (θ̄′, φ′) = V (θ̄, φ) . (3.69)

Since θ̄ only depends on α, we will simply denote the potential by V (α, φ). This action,
apart from signs, basically amounts in θ̄ to changing α2 ! L−2 − α2. In particular we find:

V (α, φ) = V (α′, φ′) , (3.70)

where α′ 2 = L−2 − α2.
Let us now prove the invariance of the equations of motion under the transforma-

tions (3.64b), (3.66) and (3.68). We start from the scalar field equation that reads:

1√
−g

∂µ(
√
−g ∂µφ) = 1

4 F̄
Λ
µν ∂φIΛΣ(φ) F̄Σµν − ∂φV (α, φ) . (3.71)

We can dualize the vector fields into their magnetic duals, whose field strengths are ḠΛµν .
The field equations in terms of the dual field strengths are obtained from (3.71) simply by
expressing, in the equation, F̄Λ

µν in terms of ḠΛµν , that is F̄Λ
µν = (I−1)ΛΣ(φ) ∗ḠΣµν . We

then find:
1√
−g

∂µ(
√
−g ∂µφ) = 1

4 ḠΛµν ∂φ(I−1)ΛΣ(φ) ḠµνΣ − ∂φV (α, φ) . (3.72)

This equation can be derived from a “dual action” obtained by adding to (3.21) the term
−1

4 F̄
Λ
µν ḠΛ ρσ ε

µνρσ and intergating out F̄Λ
µν in favor of their duals. We can now easily verify

that, if the electric solutions
φ(x) , F̄Λ

µν(x) , gµν(x) , (3.73)
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solve the field equations with FI terms defined by the parameter α, then the magnetic
configuration

φ′(x) = −φ(x) , Ḡ′Λµν(x) = −F̄Λ
µν(x) , g′µν(x) = gµν(x) , (3.74)

is a solution with parameter α′. Indeed let us write (3.72) in terms of the primed quantities:

1√
−g

∂µ(
√
−g ∂µφ′) = 1

4 Ḡ
′
Λµν ∂φ′(I−1)ΛΣ(φ′) Ḡ′µνΣ − ∂φ′V (α′, φ′) . (3.75)

Replacing the primed quantities in terms of the unprimed ones, the left hand side together
with the derivatives with respect to the scalar on the right hand side, change sign. Us-
ing (3.70) and the property IΛΣ(−φ) = (I−1)ΛΣ(φ) the above equation becomes (3.71) in
the fields (3.73), which is satisfied by assumption. The identification Ḡ′Λµν(x) = −F̄Λ

µν(x)
means that the magnetic field strengths (apart from a sign) will have the same form as
the original electric ones, so that we can relate its magnetic charge parameters P ′i with
the original electric ones: P ′i = −Qi. The magnetic solution, has been described in terms
electric field strengths F̄ ′Λµν , which are given by:

F̄ ′Λµν = (I−1)ΛΣ(φ′)
√
−g
2 εµνρσ Ḡ

′ ρσ
Σ = −IΛΣ(φ)

√
−g
2 εµνρσ F̄

Σ ρσ . (3.76)

By the same token one can also prove that the Einstein equations in the transformed fields
of the magnetic background are just the same equations in the original ones, which is
satisfied. The metric is a duality invariant field, see the last of eqs. (3.74). Therefore gµν
in the new solution is simply obtained from that in the original electric one by expressing
Qi in terms of P ′i and α in terms of α′.

3.5 Supersymmetric solutions

Now we want to study supersymmetryc configurations for our model, namely configurations
satisfying eqs. (C.1) [50]. First it is useful to make a change of coordinates that puts
metric (3.25e) in the standard form (see appendix B.2)

ds2 = e2U(r) dt2 − e−2U(r)
(
dr2 + e2 Ψ(r) dΣ2

k

)
. (3.77)

This can be achieved through the change of coordinate

x(r) =
(

1 + L2 ν

η (r − c)

) 1
ν

, (3.78)

c being a constant.5

5The new metric functions e2U , e2Ψ are readily found to be e2U(r) = Υ(x) f(x)
∣∣
x=x(r)

and e2 Ψ(r) =
Υ2(x) f(x)L2

∣∣
x=x(r)

.
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3.5.1 Family 1

The scalar field z in the new parametrization has the form

z = (θ2 ξ)−
2 ν

1+ν

(
1 + L2 ν

η (r − c)

)−1

, (3.79)

while the electric-magnetic charges explicitly read

ΓM =
(
mΛ

eΛ

)
=



0
0

L2

2 η Q1
√

1+ν
ν (θ2 ξ)

1−ν
1+ν

L2

2 η Q2
√
−1+ν
ν θ2 ξ


. (3.80)

The solution is supersymmetric if

Q1 = −Q2

√
−1 + ν

1 + ν
+ k η

αL2

√
ν

1 + ν
,

Q2 =
(

k η

2αL2 + αL2 (1 + ν)
2 η

) √
−1 + ν

ν
.

(3.81)

3.5.2 Family 2

The scalar field z reads
z = (θ2 ξ)−

2 ν
1+ν

(
1 + L2 ν

η (r − c)

)
, (3.82)

while the electric-magnetic charges have the form

ΓM =
(
mΛ

eΛ

)
=


2P1

√
ν

1+ν (θ2 ξ)
−1+ν
1+ν

2P2
√

ν
−1+ν (θ2 ξ)−1

0
0

 . (3.83)

The solution is supersymmetric if

P1 = −P2

√
−1 + ν

1 + ν
+ k L√

1− α2 L2

√
ν

1 + ν
,

P2 =
(

k L

2
√

1− α2 L2
+ L3 (1 + ν)

2 η2

√
1− α2 L2

) √
−1 + ν

ν
.

(3.84)

The supersymmetric magnetic condition can be obtained from the supersymmetric electric
condition by means of the duality transformation

Qi !
η

L2 Pi , α2 ! L−2 − α2 . (3.85)
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3.5.3 Special case n = 1

The change of coordinate in this special case is given by

x(r) = 1 + L2

η (r − c) . (3.86)

The scalar field z in the new parametrization has the form

z = 4
(ρL)2

(
1− L2

L2 + η (r − c)

)
, (3.87)

while the electric-magnetic charges explicitly read

ΓM =
(
mΛ

eΛ

)
=



P1 ρL

P2
4
ρL

Q1
L

ρ η

Q2
ρL3

4 η


. (3.88)

The solution is supersymmetric if

Q1 = Q2 , P1 = P2 , P2 = k L

2 cos(ζ) −Q2
L2 tan(ζ)

η
. (3.89)

4 Supersymmetric black holes of finite area

4.1 Family 1: BPS electric black holes

We have found that this family has BPS black holes of finite area only when α2 = L−2,
namely when the gauging is purely magnetic. In this case the lapse function has a double
zero as expected

f(x) = x2−2 ν

4L4 ν4

(
(xν − 1)2 k η2 + L2(2xν(ν2 − 1) + x2 ν(1− ν) + ν + 1

))2
,

f (x+) = 0 =⇒ xν± = ν2 − 1− k η2 L−2

ν − 1− k η2 L−2 ± ν
√
ν2 − 1− 2 k η2 L−2

ν − 1− k η2 L−2 .

(4.1)

It is possible to verify that x±(ν) = x±(−ν), namely, x± is an even function of ν. Hence,
without loss of generality is possible to make the analysis on the existence of horizons under
the assumption that ν ≥ 1. Let us remark that the asymptotic region of the spacetime is
located at x = 1. Therefore, the region of the spacetime at x > 1 is disconnected from the
region at x < 1 and they represent different spacetimes.

Planar black holes. When the horizon is flat (k = 0) the location of the horizon is very
simple

xν± = ν + 1 ± ν

√
ν2 − 1
ν − 1 , (4.2)

and it follows that xν+ > 0 and xν− < 0. We conclude that only x+ exists.
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Locally hyperbolic black holes. When k = −1, x+ > 1 always exists while 0 < x− < 1
exists provided

x− > 0 ⇔ η2 L−2 > ν + 1 . (4.3)

Spherically symmetric black holes. For spherical black holes, k = 1, only x+ exists:

∞ > x+ > ν + 1 + ν

√
ν + 1
ν − 1 ⇔ ν − 1 > η2 L−2 > 0 . (4.4)

Supersymmetric thermodynamics. From the BPS conditions (3.81) we find that the
physical charges and electric potentials for the supersymmetric black hole solutions are

qbps
1 = ±L

2σk
8πG

(
k

2L + L (1− ν)
2 η2

) √
ν + 1
ν

,

Φbps
1 = ±

(
k η

2L + L (1− ν)
2 η

)
xν+ − 1
ν

√
ν + 1
ν

,

qbps
2 = ±L

2σk
8πG

(
k

2L + L (1 + ν)
2 η2

) √
ν − 1
ν

,

Φbps
2 = ±

(
k η

2L + L (1 + ν)
2 η

) 1− x−ν+
ν

√
ν − 1
ν

,

(4.5)

where we have set α = ±L−1. The mass of the electric BPS black holes is given by

Mbps
E = L4 σk

8πG
ν2 − 1
3 η3 . (4.6)

As expected, these quantities indeed satisfy the extremality condition

δMbps
E = Φbps

1 δqbps
1 + Φbps

2 δqbps
2 . (4.7)

4.2 Family 2: BPS magnetic black holes

Again, we shall consider only the case ν > 1. This family has BPS black holes of finite
area only when α2 = 0, namely when the gauging is purely electric. In this case the metric
of the magnetic solution exactly coincides with the metric of the electric solutions. Hence
the analysis of the location of the horizons is exactly the same. The extremality of the
magnetic solutions is the same as for the electric solutions when the electric charges and
potentials are interchanged by their magnetic counterparts.

5 N = 8 truncations

In this section we briefly discuss the embedding of our models within maximal four-
dimensional supergravity.6

6Only in this section we shall denote by Λ,Σ the indices labelling the 28 vectors of the maximal theory;
by λ, σ = 1, 2 those of the two vectors surviving the truncation; by M,N the symplectic indices of the
56 electric and magnetic charges; by m,n = 1, . . . , 4 the symplectic index labelling the two electric and
two magnetic charges in the truncated model. The corresponding indices in the new, ω-rotated symplectic
frame are distinguished from those in the original frame by a hat.

– 17 –



J
H
E
P
0
4
(
2
0
2
1
)
0
4
7

5.1 Uncharged case

The original SO(8) gauging of D = 4, N = 8 supergravity [32, 33] and its generalizations
to non-compact/non-semisimple gauge groups CSO(p, q, r), p + q + r = 8, [58, 59], were
recently shown to be part of a much broader class of gauged maximal theories [34–38],
also, somewhat improperly, referred to as “dyonic” gaugings, see [51, 52] for a review.
The infinitely many theories we have described so far contain all the possible one-dilaton
consistent truncations of the ω-deformed SO(8) gauged maximal supergravities. To see
this let us recall the main facts about these theories which are relevant to our discussion.

The field content of maximal supergravity consists of the graviton, 8 gravitini, 28 vector
fields, 56 spin 1/2 fields and 70 scalars. In the dyonic models with gauge group SO(8), the
28 generators of this group are gauged by the 28 vector fields in a symplectic frame which
is related to the one of [32, 33], in which the group SL(8,R) has a diagonal symplectic
embedding, by an SO(2) transformation parametrizad by an angle ω. The physically
independent values of ω lie within the interval 0 ≤ ω ≤ π/8, ω = 0 corresponding to the
original theory by de Wit and Nicolai.

The 70 scalar fields parameterize the coset E7(7)/SU(8). One can choose a parametriza-
tion of this manifold which is covariant under SU(8). With this choice the scalars split
into the representations 35c and 35v of the gauge group SO(8). The former can be trun-
cated out, while the latter scalars span the submanifold SL(8,R)/SO(8). The local SO(8)
transformations can be used to diagonalize the coset representative and thus to further
truncate the theory to the seven scalars parameterizing the non compact Cartan subalge-
bra of SL(8,R).7 Upon truncation to gravity and scalar field sector, we are led to consider
the following action [60, 61]:

I
(
gµν , ~φ

)
=
∫
M
d4x
√
−g

[
−R2 + 1

2
(
∂~φ
)2 − V (~φ )] , (5.1)

where ~φ = (φi), with i = 1, . . . , 8 and
∑8
i=1 φi = 0. The potential is given by

V
(~φ)=− g

2

32

cos2(ω)

( 8∑
i=1

Xi

)2

−2
8∑
i=1

X2
i

+sin2(ω)

( 8∑
i=1

X−1
i

)2

−2
8∑
i=1

X−2
i

 ,
(5.2)

where

Xi = e2φi ,
8∏
i=1

Xi = 1 . (5.3)

7To see this it is useful to adopt a parametrization of the coset SL(8,R)/SO(8) in terms of 28 Euler
angles (ξα) parametrizing SO(8) and seven independent non-compact “radii” ~φ = (φi), with i = 1, . . . , 8
and

∑8
i=1 φi = 0. This amounts to choosing a coset prepresentative for the manifold of the form L =

LSO(8) LC , where LSO(8)(ξ) is an element of SO(8) while LC(~φ) belongs to eC = O(1, 1)7. The factor LSO(8)(ξ)
can be disposed of by a gauge transformation: L ! L′ = LC , AΛ

µTΛ ! A′Λµ TΛ = AΛ
µL−1

SO(8)TΛLSO(8) −
1
g
L−1

SO(8)∂µLSO(8), where TΛ are the SO(8) gauge generators, Λ = 1, . . . , 28. By further setting A′Λµ = 0 we
truncate the bosonic sector to the seven scalar fields φi only.

– 18 –



J
H
E
P
0
4
(
2
0
2
1
)
0
4
7

Let us consider now a single scalar field reduction preserving SO(p) × SO(8 − p). This is
effected through the following identification:

φ1 = · · · = φp = 1
2
√

2
σ φ , φp+1 = · · · = φ8 = − 1

2
√

2
φ

σ
, (5.4)

where we have defined:

σ =
√

8− p
p

=
√
ν − 1
ν + 1 , p = 4 (ν + 1)

ν
. (5.5)

With the above choice we have:

X1 = · · · = Xp = X := e
1√
2
σ φ
, Xp+1 = · · · = X8 = Y := e

− 1√
2
φ
σ , (5.6)

and the previous action (5.1) reduces to the one we are studying in this paper. The action
is invariant under σ ! 1/σ, φ ! −φ and p ! 8 − p. This action, consistent truncation
of the ω-rotated SO(8)-gauged maximal supergravity, coincides, in the absence of vector
fields, with the action (3.21) upon the following identification:

g =
√

2
L
, cos(ω) = Lα , sin(ω) =

√
1− L2 α2 . (5.7)

Changing φ into −φ in (5.6), the above identifications change correspondingly:

g =
√

2
L
, sin(ω) = Lα , cos(ω) =

√
1− L2 α2 . (5.8)

From the above relation between p and ν, we conclude that the single scalar field models
considered in this work, if all vector fields are set to zero, coincide with truncations of the
ω-deformed SO(8) gauged maximal supergravity to the singlet sector with respect to the
following subgroups of SO(8) gauge group:

ν = 4
3 ! SO(7) ,

ν = 2 ! SO(6)× SO(2) ,

ν = 4 ! SO(5)× SO(3) ,

ν =∞ ! SO(4)× SO(4) .

(5.9)

The values ν = ∞ or ν = ±2 correspond to models which can be embedded in the STU
truncation of the SO(8) gauged N = 8 supergravity. Therefore the black hole solutions
discussed in this work, in the absence of electric and magnetic charges, can all be embedded
maximal supergravity. Since the SO(8) gauged maximal supergravity can be uplifted to
D = 11 supergravity only for ω = 0 [62], only for Lα = 0 or equivalently for Lα = ±1 our
solutions can be embedded in the eleven dimensional theory through maximal supergravity,
by means of the formulas presented in [60, 61].

5.2 Charged case

In this section we show how the charged solutions can be embedded in the dyonic SO(8)
gauged maximal supergravity.
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The ν = 4 case. Let us focus first on the ω = 0 case and eventually discuss the more
general one. The solutions describe gravity coupled to one scalar field and two vector fields.
When identified with fields in the maximally supersymmetric model, the scalar and the
two vectors should not excite the other fields in the model, such as the scalar fields in the
35c of SO(8). The latter parametrize E7(7) generators which, in the symplectic frame we
are working in, are off-diagonal. This means that, in the kinetic Lagrangian of the vector
fields, only the RΛΣ matrix has a linear dependence on those scalars, so that the vector
fields can source the scalars in the 35c only through the term RΛΣ F

Λ ∧ FΣ. We thus
require, in our solution, the condition:

FΛ ∧ FΣ = 0 , (5.10)

in order to consistently keep, in the maximal theory, the scalars in the 35c equal to zero.
Of the remaining scalar fields in the 35v of SO(8), as explained in footnote 7, 28 are gauged
away so that we are left with the seven independent scalar fields ~φ = (φi), with i = 1, . . . , 8
and

∑8
i=1 φi = 0, parameterizing the Cartan subalgebra of e7(7) (Lie algebra of E7(7)).

Next we want to further truncate the theory to the scalar field φ which is singlet
with respect to the subgroup SO(5) × SO(3) of SO(8). In the absence of vector fields
this truncation was illustrated in the previous section. When the solution is charged, on
the other hand, the two vector fields involved in it should be identified with two of the
28 vectors on the maximal model which do not source the six scalar fields among ~φ that
we wish to set to zero. Before working this condition out let us observe that any two-
dimensional subgroup of SO(8) is abelian, so that the two generators J1, J2 gauged by A1

µ

and A2
µ must commute. Another consistency condition on J1 and J2 is that the minimal

couplings of A1
µ and A2

µ to the scalar fields, once these are restricted to φ, must vanish. This
amounts to requiring the Killing vectors describing the action of J1 and J2 on the scalars, as
isometry generators of the scalar manifold, to be zero. Let L(φ) be the coset representative
restricted to the scalar φ only. One can show that the Killing vectors associated with J1
and J2 are zero, once we restrict the scalars to φ, if, and only if, the following condition on
the 56-dimensional symplectic representation of Jλ = (J1, J2) and of L(φ) holds:

L(φ)−1 Jλ L(φ)− L(φ) Jλ L(φ)−1 = 0 , (5.11)

which amounts to requiring that Jλ (λ = 1, 2) commute with the Cartan generator param-
eterized by φ.

Let us now discuss the consistency of the truncation of the dilatonic scalars ~φ to φ. To
this end, let us write ~φ as follows:

φ1 = −1
2

√
3
10 φ+ ϕ1 , φ2 = −1

2

√
3
10 φ+ ϕ2 , φ3 = −1

2

√
3
10 φ+ ϕ3 ,

φ4 = −1
2

√
3
10 φ+ ϕ4 , φ5 = −1

2

√
3
10 φ−

4∑
k=1

ϕk , φ6 = 1
2

√
5
6φ+ ϕ5 ,

φ7 = 1
2

√
5
6φ+ ϕ6 , φ8 = 1

2

√
5
6φ− ϕ5 − ϕ6 .

(5.12)
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Writing the SO(8) generators as TIJ = −TJI (I, J = 1, . . . , 8), the equations for the scalars
ϕ` (` = 1, . . . 6) are satisfied when ϕ` ≡ 0, and the scalar φ enters the kinetic terms of the
vector fields as in (3.24) with ν = 4 if J1 and J2 are chosen as follows:

J1 =
√

2
5

(
T12 + ε1√

2
T34 + ε2√

2
T35 + ε3√

2
T45

)
, J2 = 1√

3
(T67 + ε4 J68 + ε5 J78) ,

(5.13)
where ε2

` = 1. This identifies the two vector fields A1
µ and A2

µ out of AIJµ :

1
2 A

IJ
µ TIJ = A1

µ J1 +A2
µ J2 , (5.14)

so that the two field strengths F̄ 1
µν , F̄

2
µν in (3.24) are identified with the F IJµν of the maximal

theory as follows:

F 12
µν =

√
2
5 F̄

1
µν , F 34

µν = ε1√
5
F̄ 1
µν , F 35

µν = ε2√
5
F̄ 1
µν , F 45

µν = ε3√
5
F̄ 1
µν ,

F 67
µν = 1√

3
F̄ 2
µν , F 68

µν = ε4√
3
F̄ 2
µν , F 78

µν = ε5√
3
F̄ 2
µν .

(5.15)

When ω 6= 0, the same generators TIJ are gauged by linear combinations of AIJµ and AIJ µ
of the form

ÂIJµ = cos(ω)AIJµ − sin(ω)AIJ µ , (5.16)

which means that the gauging of SO(8) is performed in a different symplectic frame in
which the electric vector fields are no longer AIJµ but rather ÂIJµ . Let us denote by
ÂM̂µ = (ÂΛ̂

µ , ÂΛ̂µ), where ÂΛ̂
µ = ÂIJµ , the vector fields and their magnetic duals in the

new symplectic frame, and by AMµ = (AΛ
µ , AΛµ) the same vectors in the old frame. Let

FM̂µν = ∂µÂ
M̂
ν − ∂νÂM̂µ and FMµν = ∂µA

M
ν − ∂νAMµ be the corresponding field strengths. We

have the following relation:
FM̂µν = EM

M̂ FMµν , (5.17)

where
EM

M̂ =
(

cos(ω) 128×28 sin(ω) 128×28
− sin(ω) 128×28 cos(ω) 128×28

)
. (5.18)

In the new frame, the parameter ω will also enter the kinetic matrices IΛ̂Σ̂(φ, ω), RΛ̂Σ̂(φ, ω).
These matrices are indeed defined, through equation (3.57), as components of the new
symplectic matrix MM̂N̂ (φ, ω) which is expressed in terms of the ω-independent MMN (φ)
in the original frame through the relation:

MM̂N̂ (φ, ω) = E−1(ω)M̂
M E−1(ω)N̂

N MMN (φ) . (5.19)

Upon truncating scalar and vector fields as described above, the two vectors will only enter
the bosonic action through the corresponding field strengths. Written in the new symplec-
tic frame, the kinetic terms of Âλ̂µ = (Â1

µ, Â
2
µ) will depend on the ω parameter through

the restrictions Iλ̂σ̂(φ, ω), Rλ̂σ̂(φ, ω) of IΛ̂Σ̂(φ, ω), RΛ̂Σ̂(φ, ω) to the two vectors. This de-
pendence can, however, be undone at the level of the bosonic field equations and Bianchi
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identities since the latter depend on Fm̂µν = (F λ̂µν , Gλ̂µν) only in symplectic-invariant con-
tractions with the matrix Mm̂n̂(φ, ω) and its derivatives, see (3.58), so that the dependence
on ω of the terms involving the vector field strengths, can be disposed of through a redef-
inition of the latter which amounts to writing them in terms of the field strengths Fmµν in
the original frame (consisting of F̄ 1

µν , F̄
2
µν and their magnetic duals), through the matrix

E.8 Upon this redefinition, the bosonic field equations of the truncated model coincide
with those obtained from the action (3.24), with ν = 4, provided we identify:

g =
√

2
L
, sin(ω) = Lα , cos(ω) =

√
1− L2α2 , (5.20)

or, changing φ into −φ,

g =
√

2
L
, cos(ω) = Lα , sin(ω) =

√
1− L2 α2 . (5.21)

We still require, in this new symplectic frame, the constraint (5.10) as a sufficient condition
for the consistent truncation of the N = 8 pseudoscalar fields in the 35c .

The embedding of the ν = 4/3 model in the maximal theory is more subtle and will
be dealt with in a future work. In the remaining cases ν =∞ or ν = ±2, our solutions can
be indeed extended to charged solutions within N = 8, SO(8) gauged supergravity, within
the bosonic part of the STU truncation of it.

All the non-supersymmetric solutions presented here have a non-trivial ω-parameter,
and we believe they are all new except the ν = ±2 and the ν =∞ case, which were found
in the non-dyonic case by Duff and Liu (see appendix A). We have also found that in the
supersymmetric limit the ω-parameter is fixed: therefore, it is plausible that these solutions
are BPS black holes of the usual de Wit-Nicolai maximal supergravity and can be uplifted
to 11 dimensions. As far as the regular supersymmetric solutions are concerned (section 4),
we have seen that the regularity condition α2 = L−2 can be satisfied by setting ω = 0, see
eqs. (5.21). This implies that those black holes are also solutions to the original De Wit
and Nicolai maximal supergravity, whose embedding in the D = 11 supergravity is well
known. This also allows for an eleven-dimensional description of the same solutions.

6 Conclusions

In this article we have studied a N = 2 prepotential that contains all the single dilaton
truncations of N = 8 supergravity with a possible dyonic gauging. By generalizing our
previous results, we were able to construct electrically and magnetically charged black hole
solutions with their corresponding supersymmetric limits. We exploited the non-trivial
transformation of the FI parameters under electromagnetic duality to connect the electric
and the magnetic solutions. We were able to recover the known results in the case of the
STU model, which is the case of n = 1 and ν = ±2. All the other charged solutions are
new. We also constructed a new supersymmetric truncation of the maximal supergravity

8More precisely though the 4 × 4 matrix Emm̂, which has the same form as EMM̂ , though written in
terms of 2× 2 blocks.
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and found non-extremal and supersymmetric black holes in this new sector. These black
holes can be uplifted to higher dimensions and can be interpreted as new M2-brane and
D2-brane with a regular supersymmetric limit. It is important to emphasize that the fact
that, for certain models, we did not derive, in our analysis, an embedding in D = 11
supergravity, does not rule out the existence for them of an UV completion in superstring
or M-theory. The definition of such uplift will be object of future investigations.

We expect that these infinitely many black holes can be a playground to test ideas
of holography, microscopic state counting and condensed matter, as well as a small step
towards the characterization of all the supersymmetric solutions of M-theory.
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A Recovering known cases

A.1 Duff-Liu

One of the first attempts to construct supersymmetric black holes in gauged supergravities
was done by Duff and Liu in [39]. While all their supersymmetric solutions are singular, we
found that some of their non-extremal solutions coincide with ours. Let us describe this.

The theory considered here is the well known STU model of gauged N = 8 supergravity
(with no axions), described by the action:

S = 1
2

∫
d4x
√
−g
(
−R+

3∑
m=1

[1
2 (∂ϕm)2+ 2

L2 cosh(ϕm)
]
− 1

4

4∑
i=1

e~ai·~ϕ
(
F (i))2) ,

~ϕ= (ϕ1,ϕ2,ϕ3), ~a1 = (1,1,1), ~a2 = (1,−1,−1), ~a3 = (−1,1,−1), ~a4 = (−1,−1,1).
(A.1)

The electric Duff-Liu static black hole solution can be written as follows:

ds2 = f√
H
dt2 −

√
H

(
dr2

f
+ r2 dΣk

)
, f = k + r2

L2 H −
µ

r
,

H = H1H2H3H4 , Hi = 1 + Si µ

r
, A(i) = ±

√
Si + k S2

i µ

r + Si µ
dt ,

ϕ1 = 1
2 ln

(
H1H2
H3H4

)
, ϕ2 = 1

2 ln
(
H1H3
H2H4

)
, ϕ3 = 1

2 ln
(
H1H4
H2H3

)
.

(A.2)
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The T 3 model. The well known single scalar field truncation when all scalar fields are
equal, the T 3 model, is retrieved for S2 = S3 = S4, in which case ϕ1 = ϕ2 = ϕ3. Let us
define the scalar field φ

ϕ1 = ϕ2 = ϕ3 = −
√

2
3 φ , (A.3)

and the canonically normalized gauge fields F 1 =
√

2 F̄ 1 and F 2 =
√

2
3 F̄

2. Then the STU
model reduces to the T 3 model

S =
∫
d4x
√
−g
(
−R2 + 1

2 (∂φ)2+ 3
L2 cosh

(√
2
3φ
)
− 1

4e
−3
√

2
3φ
(
F̄ 1
)2
− 1

4e
√

2
3φ
(
F̄ 2
)2
)
,

(A.4)
which exactly coincides with our model for ν = −2. Moreover, our solutions indeed coincide
with Duff-Liu in the ν = −2 case, as it can be seen from the change of coordinates

x2 = H1
H2

, (A.5)

and the following reparametrization of the integration constants:

η = ± 2L2

µ(S1 − S2) , Q1 = ±
√

2

√
S1 + k S2

1

S1 − S2
, Q2 = ±

√
6

√
S2 + k S2

2

S1 − S2
. (A.6)

Duff and Liu found that these solutions are naked singularities in the BPS limit. Their limit
is achieved by redefining Si = λi µ

−1 and then taking µ! 0. This makes the lapse function
positive definite for spherical and planar horizons, hence one finds a naked singularity. The
ansatz of the Killing spinors of Duff and Liu includes dependence on the coordinates of
dΣk. This is the reason of the singular BPS limit, as described in detail in [15], while the
Cacciatori-Klemm Killing spinors has only non-trivial radial dependence.

The n = 1 or ν = ∞ model. Here we set S1 = S3 and S2 = S4, in which case
ϕ1 = ϕ3 = 0. Our scalar field φ is

ϕ2 =
√

2φ , (A.7)

and the canonical normalized gauge fields are F 1 = F̄ 1 and F 2 = F̄ 2. Then the STU model
reduces to the n = 1 model

S =
∫
d4x
√
−g
(
−R2 + 1

2(∂φ)2+ 1
L2

(
2+cosh(

√
2φ)

)
− 1

4e
√

2φ
(
F̄ 1
)2
− 1

4e
−
√

2φ
(
F̄ 2
)2
)
,

(A.8)
which indeed coincides with our model for n = 1. Our solutions coincide with Duff-Liu in
this case, provided either the magnetic charge or the electric charge is set to zero. This
follows from the change of coordinates

x = H2
H1

, (A.9)

with the following reparametrization of the integration constants,

η = ± L2

µ(S1 − S2) , Q1 = ±

√
S1 + k S2

1

S1 − S2
, Q2 = ±

√
S2 + k S2

2

S1 − S2
, (A.10)
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and setting the magnetic charges to zero. We would like to remark that this connection
with Duff and Liu implies that these solutions can also be obtained by adequate truncation
of those of Chow and Compere [18].

A.2 Cacciatori-Klemm

The T 3 model. The first example of genuine supersymmetric black holes in AdS4 was
found by Cacciatori and Klemm [13]. Let us discuss the supersymmetric solution following
the lines of section 7 of [15], we shall refer to this reference as “HV” below. This supersym-
metric solution is spherically symmetric and purely magnetic and can be obtained from our
prepotential (3.1) with n = 1

2 , corresponding to ν = −2, together with θM = (ξ0, ξ1, 0, 0)
Fayet-Iliopoulos terms and replacing V ! g2 V in the bosonic Lagrangian (2.1).

The explicit solution for the dilaton trucation z = exp(λφ), in terms of canonically
normalized fields (using an action with form (3.24)), turns out to be

φ(r) = 1
λ

log
(
ξ0
ξ1

3 r ± 4β1 ξ1
r ∓ 4β1 ξ1

)
+ 1
λ

log
(
ξ1

3 ξ0

)
,

F̄ 1
θϕ = 1

2
√

2

(3 ξ0
ξ1

) 3
4
(

1
4 g ξ0

+ 128 g β2
1 ξ

2
1

3 ξ0

)
sin(θ) = 1

2
√

2

(3 ξ0
ξ1

) 3
4√

8 2 p0 sin(θ) ,

F̄ 2
θϕ = 1

2
√

2

(3 ξ1
ξ0

) 1
4
(

3
4 g ξ1

− 128 g β2
1 ξ1

3

)
sin(θ) = 1

2
√

2

(3 ξ1
ξ0

) 1
4√

8 2 p1 sin(θ) ,

N =

√8 g r +
1− 32 (

√
8 g β1 ξ1)2

3
2
√

8 g r

2

, H = (3 r ± 4β1 ξ1)3 (r ∓ 4β1 ξ1)
4 ξ0 ξ3

1 r
4 ,

ds2 = γ2 N√
H
dt2 −

√
H

(
dr2

N
+ r2 dΣ1

)
, (A.11)

with λ =
√

8/3, to make the scalar field canonically normalized, and where we have
included the factor γ2 in the gtt lapse function, to take into account possibly different time
normalizations. Here p0 and p1 are the one given in eq. (7.3) of HV. It should be taken
into account that the coupling constants are related as g = gus = ghv/

√
8. The magnetic

charges are multiplied by different factors that we have included with different colours to
understand how to match these solutions. The factors in brown can be traced back to the
fact that we use canonically normalized fields, these factors appearing in equations (3.23).
The factors in green comes from the fact that the prepotentials are related as Fus = Fhv/ 8,
which implies that the matrix of the gauge-field couplings are related as Ius = Ihv/ 8. We
also note that the Lagrangian of HV has a different normalization of the gauge fields than
ours; however, they use the convention 2FΛ

µν = ∂µA
Λ
ν −∂νAΛ

µ , which cancels this difference
when comparing the U(1) connections. Finally, there is a factor 2 that we were not able
to trace back. We remark that we were able to verify that the configuration (A.11) is a
solution of the canonically normalized Lagrangian of our paper with

L = 3
3
4

√
2 ξ

3
4
1 ξ

1
4
0 g

hv
= 3

3
4

4 ξ
3
4
1 ξ

1
4
0 g

us
. (A.12)
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These quantities satisfy the first our BPS conditions (3.84)

P1 +
√

3 P2 −
√

2 L = 0 . (A.13)

Let us match this solution with the solution given in the body of our paper. From the
equality of the canonically normalized scalar fields we find that

− 2
λ

log x = 1
λ

log
(
ξ0
ξ1

3 r ± 4β1 ξ1
r ∓ 4β1 ξ1

)
+ 1
λ

log
(
ξ1

3 ξ0

)
, (A.14)

which yields x = x(r). From here we find that our gθθ is indeed r2H(r) if

η2 = 27
√

3

27 ξ
1
2
0 ξ

7
2
1 β2

1(ghv)4
= 27

√
3

213 ξ
1
2
0 ξ

7
2
1 β2

1(gus)4
. (A.15)

Now we can verify our second BPS condition with α = 0 (3.84):

P2 −
√

3
2
√

2
L+

√
3

2
√

2
L3

η2 = 0 . (A.16)

Finally, we have that the metrics are equal provided the product of the lapse function and
gθθ is the same in both cases:

− gtt gθθ = γ2N r2 = Υ(x)2 f(x)L2 . (A.17)

From our supersymmetric solution it follows that

γ
√

8g r2+γ
1− 32(

√
8gβ1 ξ1)2

3
2
√

8g
= Υ(x) x

1−ν

2Lν2

(
(xν−1)2 η2+L2(2xν(ν2−1)+x2ν(1−ν)+ν+1

))
,

(A.18)
where we took advantage from the fact that N and f(x) are perfect squares. We find both
metrics are the same at ν = −2 by fixing

γ = 3
3
4

√
2 ξ

1
4
0 ξ

3
4
1

. (A.19)

B Kähler geometry and effective action

B.1 Special geometry

A special Kähler manifold Msk is the class of target spaces spanned by the complex scalar
fields in the vector multiplets of an N = 2 four-dimensional supergravity [63–65].

The geometry of Msk can be described in terms of an holomorphic section ΩM (zi) of
the characteristic bundle defined over it, which is the product of a symplectic-bundle and
a holomorphic line-bundle. The components of ΩM (zi) are written as

ΩM =
(
XΛ

FΛ

)
, Λ = 0, . . . , nv , (B.1)
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while the Kähler potential and the Kähler metric have the following general form

K(z, z̄) = − log
[
i ΩT C Ω

]
= − log

[
i
(
X Λ FΛ − XΛ FΛ

)]
,

gi̄ = ∂i∂̄K .
(B.2)

The choice of ΩM (zi) fixes the symplectic frame (i.e. the basis of the symplectic fiber space)
and, consequently, the non-minimal couplings of the scalars to the vector field strengths in
the Lagrangian. In the special coordinate frame, the lower components FΛ of the section
can be expressed as the gradient, with respect to the upper entries XΛ, of a characteristic
prepotential function F(XΛ):

FΛ = ∂F
∂XΛ , (B.3)

where the function F(XΛ) is required to be homogeneous of degree two. The upper com-
ponents XΛ(zi) are defined modulo multiplication times a holomorphic function and, in
this frame, can be used as projective coordinates to describe the manifold: in a local patch
in which X 0 6= 0, we can identify the scalar fields with the ratios zi = X i/X 0.

A field Φ(z, z̄) on the Kähler manifold is a section of a U(1)-bundle of weight p if it
transforms under a Kähler transformation as

Φ(z, z̄) ! ei p Im[f ] Φ(z, z̄) , (B.4)

and we can define a correspondent U(1)-covariant derivative on the bundle as

DiΦ ≡
(
∂i + p

2 ∂iK
)

Φ , Dı̄Φ ≡
(
∂ı̄ −

p

2 ∂ı̄K
)

Φ . (B.5)

and introduce a covariantly holomorphic vector VM

VM = e
K
2 ΩM =

(
LΛ

MΛ

)
, (B.6)

which is section of the U(1)-line bundle with weight p = 1, satisfying the property:

Dı̄ VM =
(
∂ı̄ −

1
2 ∂ı̄K

)
VM = 0 , (B.7)

while we also have

Di VM =
(
∂i + 1

2 ∂iK
)

VM =
(
fΛ
i

hiΛ

)
≡ UMi , (B.8)

Di, Dı̄ being the above U(1)-covariant derivatives. Under a Kähler transformation de-
fined by a holomorphic function f(z), the section transforms by a corresponding U(1)-
transformation:

VM ! ei Im[f ] VM . (B.9)

From its definition and eq. (B.2), we find that VM satisfies the condition

VTCV = i . (B.10)
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In particular, the definition of this kind of manifold requires the section VM to satisfy also
the properties

Di Uj = i Cijk gkk̄ U k̄ ,
DiU ̄ = gi̄ V ,

VT C Ui = 0 ,
UTi C U ̄ = −i gi̄ ,

(B.11)

where Cijk is a characteristic covariantly holomorphic tensor with weight p = 2 which
enters the expression of the Riemann tensor and defines the Pauli terms in the Lagrangian
involving the gauginos.

The scalar potential V (z, z̄) reads:

V =
(
gi̄ UMi UN̄ − 3VM VN

)
θM θN = −1

2 θM MMN θN − 4VM VNθM θN , (B.12)

where MMN , and its inverse MMN , are symplectic, symmetric, negative definite matrices
encoding the non-minimal couplings of the scalars zi to the vector fields in the Lagrangian.
In particular MMN has the following block-structure:

M(φ) = (M(φ)MN ) ≡
(

(RI−1R + I)ΛΣ −(RI−1)Λ
Γ

−(I−1R)∆
Σ (I−1)∆Γ

)
, (B.13)

and the matrices I, R are those contracting the vector field strengths in (2.1). It is
easily verified that the above potential (B.12) can be expressed in terms of a complex
superpotential

W = VM θM , (B.14)

section of the U(1)-bundle with p = 1, as follows:

V = gi̄DiW D̄W − 3 |W|2 . (B.15)

We can also define a real superpotential W= |W| in terms of which the potential reads:

V = 4 gi̄ ∂iW∂̄W− 3 W2 . (B.16)

The introduced θM terms transform in a symplectic representation Rv* of the isometry
group Gsk of Msk on contravariant vectors. These FI terms are analogous to the electric
and magnetic charges, but while the latter can be considered as solitonic charges of the
solution, the former are background quantities actually entering the Lagrangian. Moreover,
even though they couple the fermion fields to the vectors, the FI terms do not define vector-
scalar minimal couplings.

B.2 Effective action

Let us consider static dyonic black hole configurations and assume a radial dependence for
the scalar fields, zi = zi(r). The most general metric ansatz, with spherical or hyperbolic
symmetry, has the form

ds2 = e2U(r) dt2 − e−2U(r)
(
dr2 + e2 Ψ(r) dΣ2

k

)
, (B.17)
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where dΣ2
k = dϑ2 + f2

k (ϑ) dϕ2 is the metric on the 2D-surfaces Σk = {S2, H2, R2} (sphere,
Lobachevskian plane and flat space) with constant scalar curvature R = 2 k and

fk(ϑ) = 1√
k

sin(
√
k ϑ) !


sin(ϑ) , k = +1 ;
sinh(ϑ) , k = −1 .
ϑ , k = 0 ;

(B.18)

The Maxwell equations are satisfied using the following expression for FM

FM =
(
FΛ

GΛ

)
= e2(U−Ψ) CMP MPN ΓN dt ∧ dr + ΓM fk(ϑ) dϑ ∧ dϕ = dAM . (B.19)

The electric and magnetic charges can be defined as

eΛ ≡
1

vol(Σk)

∫
Σk
GΛ , mΛ ≡ 1

vol(Σk)

∫
Σk
FΛ , (B.20)

where vol(Σk) =
∫
fk(ϑ) dϑ ∧ dϕ. The charges can be arranged in the symplectic vector

ΓM =
(
mΛ

eΛ

)
= 1

vol(Σk)

∫
Σk

FM . (B.21)

We can obtain the equations of motion coming from the bosonic gauged Lagrangian (2.1),
with the metric ansatz (B.17), from a one-dimensional effective action that, apart from
total derivative terms, has the form

Seff =
∫
drLeff =

∫
dr

[
e2 Ψ

(
U ′2 −Ψ′2 + gi̄ z

′i z̄′ ̄
)
− Veff

]
, (B.22)

where the prime stands for derivative w.r.t. r and where we can define an effective potential

Veff = − e2(U−Ψ) Vbh − e−2(U−Ψ) V + k , (B.23)

in terms of the scalar potential V and the (charge-dependent) black hole potential Vbh.
The latter can be written in the symplectically covariant form

Vbh = − 1
2 ΓTM(φ) Γ , (B.24)

in terms of the magnetic and electric charges and scalar-dependent matrix M(φ).
Once given the effective action, one can make use of the Hamilton-Jacobi formalism

and derive a system of first-order equations (flow equations) for the warp factors U(r),
Ψ(r) and scalar fields zi(r), z̄ ̄(r).

C Supersymmetry relations

When interested in analysing supersymmetric configurations, one has to impose the van-
ishing of the SUSY variations, that are written as:

δψµA = DµεA + i T−µν γ
ν εAB ε

B + i SAB γµ εB , (C.1a)

δλiA = i ∂µz
i γµ εA − 1

2 gi̄ f̄Λ
̄ IΛΣ F−Σ

µν γµν εAB εB +W iAB εB , (C.1b)
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where we have considered properties (B.11). The covariant derivatives are written as

DµεA = ∂µεA + 1
4 ωµ

ab γab εA + i

2
(
σ2
)
A

B AMµ θM εB + i

2 Qµ εA , (C.2)

with
Qµ = i

2
(
∂ı̄K ∂µz̄

ı̄ − ∂iK ∂µz
i
)
, (C.3)

and, in the chosen parametrization, we also have

F±µν = 1
2 (Fµν±∗Fµν) , γµν = γ[µγν] ,

Tµν =LΛ IΛΣ F
Σ
µν = 1

2i L
Λ
(
N−N

)
ΛΣ

FΣ
µν =− i2

(
MΣF

Σ
µν−LΛGΛµν

)
= i

2 VM CMN FNµν ,

T−µν =LΛ IΛΣ F
−Σ
µν = i

2 VM CMN F−Nµν ,

Tiµν =DiTµν = fΛ
i IΛΣ F

Σ
µν =− i2

(
hiΣF

Σ
µν−fΛ

i GΛµν
)

= i

2 UMi CMN FNµν ,

SAB = i

2
(
σ2
)
A

C εBC θM VM = i

2
(
σ2
)
A

C εBC W ,

W iAB = i
(
σ2
)
C

B εCA θM gi̄UM̄ , (C.4)

having used properties

NΛΣ F
−Σ = G−Λ , LΛ NΛΣ = MΣ . (C.5)

The kinetic matrix N = R + i I can be expressed as [66]

NΛΣ = ∂Λ̄∂Σ̄F + 2 i Im [∂Λ∂ΓF ] Im [∂Σ∂∆F ] LΓ L∆

Im [∂∆∂ΓF ] L∆ LΓ , (C.6)

with ∂Λ = ∂

∂XΛ , ∂Λ̄ = ∂

∂X̄Λ .
Just as we did for electric-magnetic charges in (B.21), we define the central and matter

charges:

Z = 1
vol(Σk)

∫
Σk
T = VM CMN ΓN = LΛ eΛ −MΛ q

Λ ,

Zi = 1
vol(Σk)

∫
Σk
Ti = DiZ = fΛ

i eΛ − hΛi q
Λ .

(C.7)

These are composite quantities that can be thought of as the physical charges measured on
a solution at radial infinity. The black hole potential (B.24) can be schematically rewritten
in terms of the central charges as [67, 68]

Vbh = |DZ | − |Z |2 . (C.8)

From an explicit computation of the supersymmetry variations (C.1), we find the following
relations for the warp factors [50]

U ′ = eU−2Ψ Re
[
e−iα̂ Z

]
+ e−U Im

[
e−iα̂W

]
,

Ψ′ = 2 e−U Im
[
e−iα̂W

]
,

(C.9)
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and for the scalars
z′ i = e−U eiα̂ gi̄ D̄

(
e2U−2Ψ Z − iW

)
, (C.10)

the above covariant derivative acting on objects with weight p = −1, and having introduced
two projectors relating the spinor components as [10, 14, 15]

γ0 εA = i eiα̂ εAB ε
B ,

γ1 εA = eiα̂ δAB ε
B ,

(C.11)

where α̂ is an arbitrary constant phase. The Killing spinors must satisfy the relations [50]

εA = χA e
1
2

(
U−i

∫
drB
)
,

εA = i e−iα̂ εAB γ0 εB ,
(C.12)

where we have

∂rχA = 0 ,

B = Qr + 2 e−U Re
[
e−iα̂W

]
,

(C.13)

and the following expression for the phase α̂ holds:

∂rα̂ = −B . (C.14)

From the SUSY variations we obtain the property [50]

Im
[
e−iα̂ Z

]
= −e2Ψ−2U Re

[
e−iα̂W

]
, (C.15)

and using also ansatz (B.19) for FM , we find for the AMµ components:

AMt θM = 2 eU Re
[
e−iα̂W

]
,

AMr = 0 ,
AMϑ = 0 ,

AMϕ = −ΓM

k
cos

(√
k ϑ
)
,

(C.16)

together with the relation
ΓM θM = k . (C.17)
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