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Abstract We propose an effective domain decomposition 

method with spherical equivalence surface for the 
electromagnetic modeling and imaging of moving bodies of 
revolution (BoRs) from near coupling to far coupling region. 
The moving BoRs are modeled with a series of stationary 
moments with respect to the time, each object is enclosed by 
a spherical equivalence surface. In the near coupling region, 
the couplings between multiple BoRs are evaluated with the 
couplings between spherical equivalence surfaces. While in 
the far coupling region, the total scattering fields are 
obtained by the superposition of the scattering fields from 
each spherical equivalence surface. For the moving objects 
with different relative positions at stationary moments, the 
equivalence processes are evaluated only once with 
combined field integral equation (CFIE) and 
Poggio-Miller-Chang-Harrington-Wu-Tsai (PMCHWT) 
equations for conductive and dielectric objects, respectively. 
The radar images are obtained from the scattering 
electromagnetic fields evaluated by the proposed domain 
decomposition method. Both computation accuracy and 
efficiency are enhanced significantly. Numerical results and 
discussions demonstrate the validity of the proposed 
method for modeling and imaging of mixed conductive and 
dielectric multiple moving objects.   
 

Index Terms Multiple moving objects, near coupling, 
radar imaging, equivalence 

I. INTRODUCTION 

LECTROMAGNETIC modeling and imaging of moving 

multiple objects are important topics in computational 
electromagnetic (CEM). Aside from theoretical interest, 

this finds practical application in several aerospace-related 
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situations, typically in the tracking of payloads or sub-vehicles 
after separation from the rocket module in the fairing phase. 
Current high-end application, both in civil and defense rocketry, 
call for multiple orbiting mission payloads. In this phase, flight 
is essentially ballistic. The reference situation then is one with 
multiple objects, moving independently in ballistic flight; both 
conductive and dielectric targets are usually present in the same 
launch group. Along their trajectory, they pass gradually from 
the initial situation of strong electromagnetic coupling region 
(due to proximity) to the far weak coupling region. Effective 
modeling and electromagnetic simulation of this process is very 
important for radar imaging and identification.  

To model the electromagnetic properties of high-speed 
moving objects, the finite difference time domain (FDTD) 
method with relative boundary condition was introduced to 
evaluate the scattering field from moving boundaries [1]. 
Improvements of the relativistic boundary conditions were 
introduced in FDTD for the modeling of transient responses of 
moving objects [2]. The Lorentz-FDTD was introduced to 
transform the incident plane wave to a moving coordinate 
system for the modeling of high speed moving dielectric objects 
[3], [4]. The time domain integral equation (TDIE) method [5], 
[6] based on relativistic space-time transformation and 
electromagnetic transformation was proposed for the modeling 
of transient responses by an accelerated or arbitrarily moving 
objects [7], [8]. 

The error from electromagnetic quasi-stationary 
approximation for moving objects is on the order of v c , where 

v is the maximum speed of moving boundary and c is the 
speed of light in vacuum [9].  As a result, for the multiple 
targets with speeds much smaller than c discussed in this work, 
they can be evaluated with a series of stationary moments with 
respect to the time. Modeling of a single moving object could be 
substituted as a stationary problem with multiple incident 
directions, i.e. multiple right-hand vectors of the matrix 
equation. Many techniques for instance 
interpolation/extrapolation [10]-[12], asymptotic waveform 
evaluation [13], [14], model based parameter estimation [15], 
fast direct inversion method [16]-[21], and other relative 
wideband/wide-angle acceleration methods [22], [23] can be 
employed to solve this problem. For single moving targets but 
with precession motion, the dynamic far fields can be extracted 
from the table of static far fields obtained by measurements or 
simulations [24]. 
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For the modeling of multiple moving objects, in which the 
relative positions of the objects are varying with the time, the 
stationary simulation is not a simple matrix equation with 
multiple right-hand vectors. The impedance matrix would be 
changed with respect to the varying relative positions among the 
multiple objects, as a result, at each sampling time state, the 
impedance matrix would be evaluated repeatedly. Many fast 
integral solvers of multilevel fast multipole algorithm (MLFMA) 
[25], FFT-based method [26]-[28], low rank matrix 
compression method [29]-[33], and macro basis function 
method [34], [35] could be employed to accelerate the modeling 
of the multiple objects with different relative positions. The 
tailored MLFMA was introduced for the modeling of multiple 
moving targets in a large space distributions with discretized 
stationary moments [36], [37]. 

Recently, we introduced the equivalence principle algorithm 
(EPA) [38], [39] to the multiple BoRs with arbitrary oriented 
axes [41], where the spherical equivalence surface was used to 
enclose each BoR, then the couplings between two BoRs with 
different oriented axes can be substituted with the coupling of 
two spherical equivalence surfaces a common oriented axis. For 
multiple BoRs with different axes, the standard BoR method of 
moments (MoM-BoR) formulation results in a dense coupling 
impedance matrix which leads to high computation complexity 
[40], [41]. Instead, when evaluating the couplings between 
individual BoRs via the corresponding spherical equivalence 
surfaces, a common axis can be employed, resulting in a block 
diagonal matrix, with the corresponding drastic reduction in 
computation complexity [41]. Further, we extended it for the 
simulation of multiscale problems [42] and aircraft arrays [43]. 
Similar interesting work in [44] with domain decomposition 
method was proposed for stationary mixed metallic-dielectric 
BoRs.  

In this work, the multiple mixed dielectric and conductive 
BoRs moving from near (strong) coupling region to far (weak) 
coupling region are simulated with discretized stationary 
moments [36], [37]. The couplings of multiple BoRs in the near 
region would be evaluated with couplings between equivalence 
surfaces. While in the far region, the total scattering field can be 
obtained by the superposition of the scattering field from each 
equivalence surface. For the stationary objects with different 
relative positions during the moving process, the equivalence 
processes are evaluated only once with combined field integral 
equation (CFIE) [45], [46] and 
Poggio-Miller-Chang-Harrington-Wu-Tsai (PMCHWT) 
[47]-[49] equations for conductive and dielectric problems, 
respectively. The radar image is extracted from the 
electromagnetic scattering fields, much weaker scattering fields 
from the dielectric objects can be found with respect to the 
conductive ones. With the proposed method, the 
electromagnetic simulations of the multiple mixed dielectric 
and conductive BoRs during the whole moving process are 
evaluated accurately and effectively. It paves a way for further 
moving multiple targets imaging and identification.   

The remainder of the paper is organized as follows: in 
Section II, a detailed description of the algorithm is proposed; 
numerical results and discussions in Section III demonstrate the 
validity of the proposed method. Finally, a brief conclusion is 

given in Section IV. 

II. THEORY 

In this section, detailed theory for the modeling of moving 
multiple BoRs with arbitrary oriented axes is proposed, the 
multiple BoRs can be conductive, dielectric, or mixed 
conductive and dielectric.  

A. Domain Decomposition Method (DDM) for the Modeling 
of Moving Multiple BoRs 

Fig. 1 shows a stationary moment for two cones separated 
from the cylindrical body. The rotation axis of target t1 is 1z , the 

rotation axis of target t2 is 2z , and the rotation axis of target t3 is 

3z . t1 and t3 are conductive objects, t2 is dielectric target. All 

these three BoRs are with different rotation axes, the MoM-BoR 
cannot be employed effectively [40], [41]. For our proposed 
domain decomposition method, the spherical equivalence 
surfaces (ES1 to ES3) are introduced to enclose each target, then 
for t1 and t2, the corresponding equivalence surfaces ES1 and 
ES2 would share a common rotation axis z , as a result, the 
coupling between t1 and t2 can be evaluated with MoM-BoR 
effectively [41]-[43].   

t1

t2

t3

1z

2z

z

ES1

ES2

ES3

3z

 
Fig. 1 Modeling of two cones when separating from the 

cylindrical body at a stationary moment. These three BoRs are 
denoted as t1 with rotation axis 1z , t2 with rotation axis 2z , and 

t3 with rotation axis 3z . t1 and t3 are conductive objects, t2 is 

dielectric target. The whole problem is decomposed into three 
subdomains, each subdomain is enclosed with spherical 
equivalence surface denoted as ES1, ES2, and ES3, respectively.  
 

As shown in Fig.1, without loss of generality, for the target 
denoted as thi subdomain, when considering the mutual 

coupling with other subdomains, the scattering current densities 
Tsca sca

i ij m of thi subdomain can be expressed as [41]-[43] 

1,
1 1 1

scasca inc
ji i Q

i i ijsca inc sca
j j ii i j

jj j
S S T

m m m
        (1) 

The two terms of the right-hand of Eq. (1) are due to the incident 

currents 
Tinc inc

i ij m  and the scattering currents from all other 

subdomains 
Tsca sca

j jj m , respectively. Matrix iS is the 
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scattering operator of the thi subdomain describing the 

relationship between the incident currents to the scattering 
currents, matrix ijT is the translation operator describing the 

couplings of equivalence surfaces from thj to thi subdomain. The 

scattering operator is defined as   
1hp pp ph

i i i iS Z Z Z                            (2a) 

1

1
hp
i

n n

n n

K L

Z

L K

                          (2b) 

1 1 1

1 1 1( )
pp
i

L L K K
Z

K K L L
            (2c) 

ph
i

L K
Z

K L
                           (2d) 

where the superscript h and p denote the surfaces of equivalence 
spheres and target ti, n denotes the outside normal vector on the 
target ti. and 1  are the wave impedance for the free space and 

material in the region of the object ti. L and K are the electric 
and magnetic integral operators as defined in [38], [42], where 
the subscript 1 in Eq. (2c) denotes operator for the internal 
region unknowns of the PMCHWT [47]-[50] for homogenous 
dielectric target ti, when for conductive problems, this term 
would be zero, the operator in Eq. (2c) is simplified as the 
expression in [43].  

The translation operator between the equivalence surfaces 
[41]-[43] is defined as  

1

=
1ij

n n

n n

K L

T

L K
 .                         (3) 

When the couplings between two BoRs ( thi and thj  subdomains) 

are evaluated with MoM-BoR, transformations and rotations are 
required for three defined local coordinate systems ( , , )i i ix y z , 

( , , )i i ix y z , and ( , , )ij ij ijx y z . The local coordinate 

system ( , , )i i ix y z is parallel with the global coordinate, the local 

coordinate system ( , , )i i ix y z  coincides with the axis of the 

enclosed BoR objects, and the local coordinate system 

( , , )ij ij ijx y z  coincides with the axis shared by two coupling 

spherical equivalence surfaces. With the rotation matrices, the 
currents on equivalence surfaces between two local coordinates 
can be transformed with  

1
i i ij R j                                        (4a) 

2
i ij ij R j                                       (4b) 

1
iR is the rotation matrix transform the current ij in coordinate 

system ( , , )i i ix y z to the current ij in coordinate system of 

( , , )i i ix y z , 2
ijR is the rotation matrix transform the current ij in 

coordinate system ( , , )ij ij ijx y z  to the current ij in coordinate 

system of ( , , )i i ix y z  . For a reference point in the coordinate 

system of either ( , , )i i ix y z or ( , , )ij ij ijx y z , its coordinate is 

( , , )r r rx y z in the coordinate system ( , , )i i ix y z , the rotation 

pitching and azimuth angle r and r [41], [42] are determined  

as  
 

2 2 2
arccos r

r

r r r

z

x y z
                       (5) 

arctan r
r

r

y

x
                                 (6) 

with the rotation angle, the transformation and rotation matrices 
between two coordinate systems defined on the BoRs, spherical 
equivalence surface, and two coupling spherical equivalence 
surfaces can be obtained as derived in [41], [42]. Finlay, Eq. (1) 
is derived with the coordinate transformation  

1 1

1 1 2 2

1,

1 1

1

sca inc
i i

i i isca inc
i i

sca
jQ

i i i ij ij ij sca
j j i j

j j
R S R

m m

j

R S R R T R
m

        (7) 

1
iR and 2

ijR are the rotation matrices [41], [42] transform the 

current ij in coordinate system ( , , )i i ix y z to the current ij in 

the coordinate system of ( , , )i i ix y z and ij  in the coordinate 

system of ( , , )ij ij ijx y z , respectively.  

B. Accelerations of DDM for the Modeling of Moving Multiple 
BoRs 

Further accelerations are employed to enhance the proposed 
EPA-BoR-DDM for multiple moving objects. When the moving 
time is discretized with a series of stationary moments, the 
relative positions among multiple objects are changed and the 
computation domain is enlarged [36], [37]. In our proposed 
DDM with spherical equivalence surfaces, as in Eq. (7), only the 
evaluation of the rotation matrices 1

iR , 1
iR , 2

ijR , 2
ijR and 

translation operators ijT between two spherical equivalence 

surfaces are required repeatedly with a low computation cost. 
As a result, the evaluations of moving multiple objects are 
simplified as iterations with Eq. (7) with pre-computed rotation 
matrices, translation operators, and single-times evaluated 
scattering operators.  

Besides, the translators between two spherical equivalence 
surfaces are demonstrated to be low-rank matrices [51], recently 
developed low-rank matrix compression methods [31]-[33] can 
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be employed to sparse the translation matrix as  

ij ij ij ijT U D V                                     (8) 

ijU , ijD , and ijV are the receiving, translation, and radiation 

matrices obtained from a nested equivalence source 
approximation [31]-[33].  

III. NUMERICAL RESULTS AND DISCUSSION 

In this section, numerical simulations are presented to 
validate the accuracy and efficiency of the proposed scheme. All 
the computations have been carried out serially on the same 
computer with an Intel (R) Core (TM) i7-8700 CPU @3.7GHz, 
64 GB of RAM.   

A. Modeling of the Multiple BoRs with Near Couplings 

First, the bistatic RCS of two separated targets are simulated 
as in Fig. 2, the conductive cylinder is with diameter 1 m and 
height 3 m, the dielectric cone ( 2.0, 1.0r r ) is with 

diameter 1 m and height 3 m. The distances between them in z  
and y  directions are 0.5 m. The incident plane wave is 

from ( 0 , 0 ) , the observation angle is from 0 to 360 , 

the simulated frequency is at 3 GHz. As shown in Fig. 3, a very 
good agreement can be found with respect to MLFMA in 
commercial software FEKO [52], which demonstrates the 
accuracy of the proposed method. 
 

X Y

Z

    
Fig. 2 Schematic diagram of two separated targets. The 

conductive cylinder is with diameter 1 m and height 3 m, the 
dielectric cone ( 2.0, 1.0r r ) is with diameter 1 m, and 

height 3 m. 

The radar image of two separated targets shown in Fig. 2 are 
simulated, the incident plane wave frequencies are 
within [2.7GHz,3.3GHz]f , the incident directions are within 

[ 4 ,4 ] , and the resolutions in range and azimuth 

directions are 0.25 m and 0.35m, respectively. As shown in Fig. 
4, the position of the strong scattering point on the bottom edge 
of the conductive cylinder appears at the range distance of 3m 
and the azimuth distance is from -0.5 m to 0.5 m. The position of 
the strong scattering point on the dielectric cone appears at the 
range distance of 0.5m and the azimuth distance is from 0.5 m to 
1.0 m. The distributions of strong scattering points are 
consistent with the actual relative positions in Fig. 2. 
Compared with the conductive cylinder, the amplitudes of the 
scattering fields from the dielectric cone are much weaker.  

0 60 120 180 240 300 360
-40

-20

0

20

40

 

 

 

Feko
EPA-BoR-DDM

 
Fig. 3 Validation: simulation of bistatic RCS for two 

separated targets with proposed EPA-BoR-DDM and MLFMA 
in FEKO [52]. The incident plane wave at 3 GHz is from 
( 0 , 0 ) , and the observation angle is from 0 to 360 . 

Range (m)

 

 

-4 -2 0 2 4

-1.5

-1

-0.5

0

0.5

1

1.5

Cone 

Cylinder

 
Fig. 4 Simulated radar image of the near coupling conductive 

cylinder and dielectric cone. 
 

B. Modeling of Separating Multiple BoRs  

 
Fig. 5 Two targets separating from the cylindrical body, states 

1 to 3 are three modeling stationary moments.  The radius and 
height of the targets are 0.075 m and 0.46 m, the radius and 
height of the body are 0.2 m and 0.5 m, the precession motion 

angle and period along the axis are 10 and 1 s, respectively.  
 
In this part, the realistic multiple moving targets at a series of 

stationary moments are simulated. As shown in Fig. 5, two 
targets are separating from the conductive cylindrical body. The 
top one is conductive and the bottom one is dielectric 
( 2.0, 1.0r r ). The radius and height of the target are 
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0.075 m and 0.46 m, the radius and height of the body are 0.2 m 
and 0.5 m. The incident plane wave at 3 GHz is from 

( 0 , 0 ) , the observation angle is from 0 to 180 . As 

shown in Fig. 5, state 1 is the initial stationary moment of the 
targets, states 2 and 3 are the stationary moments after 0.2 s and 
0.4 s, respectively. The conductive and dielectric targets have 
different relative separating velocities, meanwhile, during the 
separating process, the precession motion angle and period of 

the targets along the axis are 10 and 1 s, respectively. 

0 30 60 90 120 150 180
-40

-20

0

20

 

 

FEKO
EPA-BoR-DDM
Without coupling

 
(a) 

0 30 60 90 120 150 180
-40

-20

0

20

 

 

FEKO
EPA-BoR-DDM
Without coupling

 
(b) 

0 30 60 90 120 150 180
-40

-20

0

20

 

 

FEKO
EPA-BoR-DDM
Without coupling

 
(c) 

Fig. 6 Simulated bistatic RCS at (a) state 1, (b) state 2, and (c) 
state 3 of the separating targets when considering the near 
couplings with FEKO, proposed EPA-BoR-DDM, and the 
method without considering the couplings. The incident plane 

wave at 3 GHz is from ( 0 , 0 ) , the observation angle is 

from 0 to 180 . 
 
The proposed EPA-BoR-DDM is used to simulate the 

separating targets at state 1 to 3, excellent agreements of the 
simulated bistatic RCS with respect to the results from MLFMA 
in FEKO [52] are shown in Fig. 6 (a) to (c). The results of the 
simulation without considering near couplings are obtained by 
solving each target separately and adding the scattering fields 
directly [36]. Obvious differences between the results with and 

without near coupling in the near region are found as shown in 
Fig. 6 (a) and Fig. 6 (b). With the increase of separating 
distances between the three targets, the effects from the near 
coupling can be neglected as in Fig. 6 (c). As a result, the total 
RCS can be obtained by the superposition of scattering fields 
from the equivalence surfaces directly in the far region.  

At the initial stationary moment of state 1, the generatrix of 
three spherical equivalence surfaces are divided into 762 
segments for the proposed EPA-BoR-DDM, the total simulation 
time and memory requirements are 163 MB and 30 s, while for 
the MLFMA, 10144 number of triangle patches are employed 
for the surface discretization, the total simulation time and 
memory requirements are 635 MB and 180 s. Significant 
computation efficiency enhancement is achieved. Furthermore, 
in our simulation of moving targets, we evaluate the equivalence 
operator only once at the initial state, during the separating 
process, only the coordinate rotation matrices are required to be 
evaluated and stored. As a result, our proposed method paves an 
effective way for the modeling of multiple moving objects.  

C. Modeling of Moving BoRs Along Designed Tracks 

0 1000 2000 3000
0

50

100

150

200

250

y (m)

 

 

Track 1

Track 2

Track 3

0. 5m

0.96m

 
Fig. 7 Designed tracks of three moving cones with precession 

motions, the functions of the curves are 2
1 11 10y z , 

2
2 21 12y z , and 2

3 31 12y z . The conductive cones are 

moving along tracks 1 and 2, while the dielectric cone is moving 
along track 3. 

Table I Precession motions parameters of the three cones, c and d are the 

precession angle of the conductive and dielectric cones, respectively. 
states conductive targets dielectric target 

 
precession 
period T (s) 

precession 

angle c  
precession 
period T (s) 

precession 

angle d  

1 - 0 - 0 

2 4 5  4 8  

3 4 8  4 11  

4 4 10  4 13  

 
Fig. 7 shows the designed three tracks of two conductive 

cones and one dielectric cone, where track 1 and 2 are for 
conductive cones, track 3 is for dielectric cone with 2.0r . 

The diameters and heights of the cones are 0.5 m and 0.95 m, the 
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incident plane wave at 1 GHz is from ( 0 , 0 ) . The 

speeds of the cones are 100 m/s, the precession motion 
parameters are listed as in Table I. Four series of precession 
motion parameters are designed. The simulated monostatic RCS 
is plotted in Fig. 8, obvious fluctuations of the RCS curves are 
found with the increase of procession angles. The 
characteristics of the RCS for the clusters of the cones with 
precession motions are very important for potential cognition. 

At the start of the moving process 1t s, the generatrix of 
three spherical equivalence surfaces are divided into 125 
segments for the proposed EPA-BoR-DDM, the related time 
and memory requirements are 12 s and 90 MB, while for the 
MLFMA in FEKO, 10844 number of triangle patches are 
employed for the surface discretization, the time and memory 
requirements are 280 s and 1.9 GB, respectively. For a series of 
simulations of moving cones at 30 stationary moments, much 
better computation performance would be achieved due to the 
strategies described in Sec. II-B.  

0 5 10 15 20 25 30
-30
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c
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c
=5o,

d
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c
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d
=11o

c
=10o,

d
=13o

 
Fig. 8 Monostatic RCS of the three cones at 1 GHz moving 

along the designed tracks with a speed of 100 m/s, respectively, 
the precession motion parameters are listed as in Table I. 

 
Fig. 9 (a) shows the radar image of the three cones at t = 1 s, 

the centroid coordinates of them are (0, 92.5, 30.4), (0, 91.3, 
33.1), and (0, 89.6, 36.7). The incident frequencies are within 

[0.5GHz,1.5GHz]f with the frequency step of 12.5MHz, the 
incident directions are within [ 5 ,5 ]  with the angular step 
of 0.5 . As shown in Fig.11 (a), the relative range distance 
between conductive cone 1 and conductive cone 2 is 2.8 m, the 
relative range distance between conductive cone 2 and 
dielectric cone 3 is 4.0 m, and the azimuth distance between 
them are 0 m. The simulated results agree well with the realistic 
positions. In addition, the scattering fields from the dielectric 
cone 3 is much weaker than the ones from the conductive cones, 
which is useful to distinguish it from the mixed conductive and 
dielectric targets. Similarly, Fig. 9 (b) shows the image when t = 
5 s, the centroid coordinates of the cones are (0, 490.4, 70.0), (0, 
488.7, 76.6), and (0, 486.4, 85.4). The incident frequencies are 
within [0.5GHz,1.5GHz]f with the frequency step of 6.25 
MHz, the incident directions are within [ 5 ,5 ]  with the 
angular step of 0.5 . Similar as the results at t = 1 s in Fig. 9 (a), 
the simulated results agree well with the realistic positions.  
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(b) 

Fig. 9 Simulated radar images for the three moving cones 
along designed tracks when at (a) t = 1 s and (b) t = 5 s. 
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Fig. 10 Monostatic RCS of the three cones at 10 GHz moving 

along the designed tracks with a speed of 100 m/s, respectively, 
the precession motion parameters are listed as in Table I. 

 
Fig. 10 shows the monostatic RCS of the three cones in Fig. 7 

with the same precession motion parameters and plane wave 
incident directions, but at the frequency of 10 GHz. Similar as 
the results at 1 GHz, obvious fluctuations of the RCS curves are 
found with the increase of procession angles. At the start of the 
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moving process 1t  s, for the proposed EPA-BoR-DDM, the 
generatrix of three spherical equivalence surfaces are divided 
into 1254 segments, the total simulation time and memory 
requirements are 31 minutes and 7.5 GB, while for the MLFMA, 
1.1 million number of triangle patches are employed for the 
surface discretization, the iterative convergence cannot be 
achieved due to the ill conditioning performance of PMCHWT 
matrix equation [47]-[49], [55]. 

 
IV CONCLUSION 

In this paper, an effective domain decomposition method with 
spherical equivalence surface for multiple moving mixed 
dielectric and conductive BoRs is proposed. The multiple 
moving targets are modeled with a series of stationary moments 
with respect to the time. For both the conductive and dielectric 
targets, the equivalence processes which project the currents on 
the targets to the spherical equivalence surfaces are evaluated 
only once with surface integral equations. And then, the 
couplings between two BoR targets with arbitrary oriented axes 
can be evaluated with MoM-BoR with specific coordinate 
rotations. A series of realistic multiple moving BoRs are 
simulated from near to far coupling region, the radar images of 
the targets are shown to demonstrate the validity of our 
proposed method.  

The simulations of multipole BoRs in this work are limited to 
the situations in which the equivalence surfaces do not intersect. 
In cases where this happens, two existing methods [53], [54] can 
be employed within the present approach, respectively. 
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