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Properties and Numerical Solution of an Integral
Equation System to Minimize Airplane Drag for a
Multiwing System*

P. Junghanns! G. Monegato! L. Demasi®

Abstract

We consider an open multiwing system, composed by N > 2 disjoint open plane
curves, not necessarily symmetric, and examine the corresponding (constrained) in-
duced drag minimization problem. To this end, we first derive the associated Euler-
Lagrange system of equations, which is then reduced to an equivalent system of Cauchy
singular integral equations. By generalizing a previous approach of ours for the case
of a single open wing, we obtain existence and uniqueness results for the problem so-
lution in a product of weighted Sobolev type spaces. This system is then solved by
applying to it a collocation-quadrature method. For this, we prove stability and derive
corresponding error estimates. Finally, to test the efficiency of the proposed numerical
method, we apply it to some multiwing systems.

KEYWORDS: Singular integral equations, Discrete collocation method, Constraint mini-
mization

MS CLASSIFICATION: 45E05; 65R20; 49R30

1 INTRODUCTION

Reduction of induced drag, one of the major airplane drag components, could have a high
impact on the reduction of pollution and emissions. This is one of the driving motivations
behind the idea of innovative wing configurations. To this end, as a preliminary step, in
[3, 6] the authors have considered the case of a single open curve in the y-z Cartesian plane,
symmetric with respect to the z-axis. In particular, they have studied the corresponding
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(constrained) induced drag minimization problem. By applying a classical variational ap-
proach, they have derived the associated Euler-Lagrange (integral) equation (ELE) for the
unknown wing circulation distribution. The ELE is finally rewritten as a Cauchy singular
integral equation. In [6], the existence and uniqueness of the solution of this equation has
been proved under the assumption that the curve logarithmic capacity is different from 1.

Then, in [6], a biwing systems defined by two disjoint open curves (i.e., lifting wings),
in general having unequal shape and wingspans, but both symmetric with respect to the
z-axis, was considered. By applying the same classical variational approach, properly gener-
alized, for the corresponding induced drag minimization problem the authors have derived
the associated system of Euler-Lagrange (integral) equations (ELE) for the unknown wing
circulation distributions. In its final form, these reduce to a system of two Cauchy singular
integral equations. Some applications and results have been reported in [7].

Very recently, the same authors of [4] have generalized their results to a system of N
disjoint open wings. Also in this case, by applying the same approach mentioned above they
have obtained the associated N x N system of Cauchy singular integral equations. This
case is of importance when a complex wing configuration, such as the truss-braced one,
is interpreted as the limiting case of a multiwing system, obtained by moving to zero the
distances between single (open and disjoint) wings (see [5, 12]).

In all the above three cases, wings are assumed to be symmetric, with respect to the
airplane vertical plane of symmetry, and the problem constraint is defined by the prescribed
airplane total lift. Most important, existence and uniqueness of the solution of the corre-
sponding ELE, in proper weighted Sobolev type spaces, have been assumed to hold, except
in [6] for a single curve. Under these major assumptions, in all three cases the authors have
then derived several new results of interest in wing theory. Thus, a mathematical proof
for the existence and uniqueness property of the solution of the ELE system, hence of the
induced drag minimization problem, is required.

To give numerical evidence that the solution existence and uniqueness assumption holds,
the authors of the above papers have performed an intensive numerical testing. To carry out
this testing, they have solved the ELE system by applying to it a discrete polynomial collo-
cation method, based on Chebyshev polynomials and a corresponding Gaussian quadrature.
Although the convergence of this method has been confirmed by the numerical testing, this
property has not been proved, hence no error estimates have been obtained. Thus, these are
key results that must be obtained.

In [11], we have considered the first case of a single open wing, not necessarily sym-
metric. By following an approach different from the more classical one applied in the
above papers, without the above mentioned curve restriction we have obtained existence
and uniqueness results for the ELE solution in suitable weighted Sobolev type spaces. Then,
for the collocation-quadrature method used to solve the singular integral equation, we have
proved stability and derived error estimates.

In this new paper, we consider an open multiwing system, composed by N > 2 disjoint
open plane curves, not necessarily symmetric, and more general lift conditions. These are
defined by prescribed global lifts on wing subsets. For this more general problem, we examine
and numerically solve the associated Euler-Lagrange system of equations. More precisely, for
the drag minimization problem defined on a system of (in general non-symmetric) wings, the



equivalent system of Cauchy singular integral equations is provided, the unique solvability
of this system of equations is proved, and an efficient numerical method for its solution is
proposed and tested. An estimate of the convergence behavior of the method has also been
obtained.

The main physical quantities and formulas, that are needed to describe the minimization
problem, are briefly recalled in Section 2. In Section 3, by generalizing the approach we
have used in [11], for the solution of the equivalent Cauchy singular integral equation system
we obtain existence and uniqueness results in a product of weighted Sobolev type spaces,
without requiring the curve symmetry restriction. Then, in Section 4, for the collocation-
quadrature method we use to solve the above system we derive an error estimate. In the
case of symmetric lifting lines, this method naturally reduces to that proposed in [4]. To
test the efficiency of the proposed method and the error estimate previously obtained for
it, in Section 5 we apply the method to two biwing systems. Finally, in the last section we
describe a new application of our results and further questions to be answered.

2 THE DRAG MINIMIZATION PROBLEM

Following [4], we consider a system of N wings, each of them defined by a single open
lifting line ¢, k = 1,..., N, in the Cartesian y-z plane and represented by a curve /¢,
having parametric representation v, (t) = [ ¥1(t) o (t) }T, [, (t)] £ 0, t € [-1,1]. Tt is
assumed that ¢, N¢; = () for j # k. The corresponding arc length abscissa 7, is then defined
by

nelt) = / ()] ds, 0

where, here and in the following, |-| denotes the Euclidean norm. This abscissa will run from
Ne(—1) = —ag to nE(1) = by, for some positive real numbers ay and b;. Moreover, 7;(0) = 0.

For simplicity, it is also assumed that the lifting lines ¢ are sufficiently smooth. That
is, it is assumed that the 1 (t),7 = 1,2, are continuous functions together with their first
m > 2 derivatives on the interval [—1,1] (i.e., ¥y € C™[—1,1]). A point on the kth lifting

line, where the aerodynamic forces are calculated, is denoted by ry = [ Yk 2k }T € (y, with
T
v, =1i(ne) = [ ye(me)  2e(mr) |
The expressions of the total lift L and induced drag Dj,g in terms of the (unknown)
circulations T'y on f are given by

by,
L=L) =YL with L) = —puie [ melmlin)dne @)
k=1 —ak
and
N b;
Dina = Dina(T) = —poc ¥ / Ui (1)L (n;)dn, (3)
j=1Y"4
respectively, where I' = [ L', ]351 .



The quantities p,, and V., are given positive constants which indicate the density and
free stream velocity, respectively. Further, 7, (1) = y,.(nx) is the projection on the y-axis of
the unit vector tangent to the lifting line ¢;, while v,,; is the so-called normalwash associated
with ¢;. This latter has the representation

1 L o
vnj (1) = o~ Z/ U3(&) Yir(nj, &) A&, —a; <nj < by, (4)
k=1"Y "%
where
d
Yir(ny, &) = ~an In [ry (&) —ri(n5)]- (5)

The function Yj;(n;, &) has a singularity of order 1 when j = k and n; = &, and in that
case the integral in (4) is a Cauchy principal value one.
Let m and ny,...,n,, 1 <m < N, be positive integers, with 0 =: ng <n; < ... <n,, =
N when m > 1 and ny = N when m = 1. The problem we need to solve is the minimization,
in a suitable space, of the functional Dj,q(I"), subject to the prescribed lift constraints
n;
> LTk = Loresjs J=1,...,m. (6)

k::nj,1+1

We remark that the multiwing problem examined in [4, 5, 12] corresponds to the case m = 1,
while the choice n; = j implies the lift constraint on each wing, an additional case of possible
wing theory interest.

In order to get a system of equations, in which every unknown function is defined on a
unique interval, we go back to the interval [—1,1]. For this, we use the notations

LCor(t) := Tre(ni(t)), ror(t) == ru(m(t)) = ¥, (t),
and

Voult,5) = = Wnlrou(s) = o (0) 7

for t,s € [—1,1], as well as the respective relations
Tor() =T () (), ¥5x(t) = v (e (8) 703, (2),
and
Yoir(t, 8) = Yie(n(£), () (2)-
Conditions (6) then take the new forms

[ Lyrosk
> [ vlTu®dt =y == =1, ®
1

b a1 - Poo Voo

Moreover, from (3) and (4) we get

Dina = Dina(T0) = =52 37 [ 37 [ Vot o) (o) ds o), (9)

N

where F() = [ Fok :|k:1'



3 THE EULER-LAGRANGE EQUATION AND ITS
PROPERTIES

For a Jacobi weight p(t) := v (t) = (1—t)*(1+t)® with a, 8 > —1, let us recall the definition
of the Sobolev-type space (cf. [1]) L2" = L2"(—=1,1), 7 > 0. For this, by L2 = L2 we denote
the real Hilbert space of all (classes of ) quadratic summable functions w.r.t. the weight p(t)
f:(—1,1) — R, equipped with the inner product

(f. g)p = / gttt

and the norm || f||, = \/(f, f),. In the case a = 8 =0, i.e.,, p = 1, we write (f, g) and || f||
instead of (f, g), and || f||,, respectively. If {p~ : n € Ny} denotes the system of orthonormal

w.r.t. p(t) polynomials p?(t) of degree n with positive leading coefficient, then

L2 = {f el’: Z(l +n)2 [(f,00), < oo} :
n=0
Equipped with the inner product

o0

<f7 g>p,r = Z(l + n)2T<f,p7pl>p<g,pﬁ>p

n=0

and the norm || f|l,» == \/(f, f)pn the set L>" becomes a Hilbert space. Note that, when
a=p= —% and o = 8 = %, the spaces Li”” were also introduced in [9, Section 1] with a

slightly different notation. Let ¢(t) = v/1 — ¢? and define
V.= {f:gou:ueLi’l}

together with (f, g)v 1= (¢~ f,9 ' g)p1 and || f[lv := ™" fll .-
In what follows, we denote by D the operator of generalized differentiation. An important

property of this operator with respect to the Lf;” spaces is recalled in the next lemma, where
we have set p(M)(t) = (1 — )1 + )8 = p(t)(1 — 2).

Lemma 3.1 ([2], Lemma 2.7, c¢f. also [1], Theorem 2.17). For r > 0, the operator of
generalized differentiation D : L?f“ — ng) 1S a continuous one.

Lemma 3.2 ([11], Lemma 2). For f € V| we have f € C[—1,1] with f(£1) = 0.
N
o k=1
[ /1 ... f~ ], the problem we aim to solve (cf. [3]) can be written as follows.

Using here and in the following the notation [ fr ] to identify a vector of the form

N
k=1

F(Ty) = _Z/_IZ/IYW(@ §)T,(s) ds To; (¢) dt

(P) Find a functionTo = [ Loy, |,_ € VN, which minimizes the functional (cf. (9))

subject to (cf. (8)) Z Wi Tok) =5, 7=1,...,m.

k::nj,1+l



If we define v
Z fkygk ) [fk‘] 17g [gk ]ki{l’
k=1

and the linear operator

N

(Af) (¢ :[——2/ Yojr(t, 8) f1.(s) ds ] , —l<t<l, (10)

7j=1
then the problem can be reformulated as follows:

(P) Find a function Tg = [ To; | N

vy € VY which minimizes the functional F(Ty) :=

n;
(AT, To)n on V¥V subject to the conditions Z Wi Lok =75, 7=1,...,m.
k:n]-_l—l-l

The formulation of this problem is correct, which can be seen from the following Lemma 3.4.

Lemma 3.3 ([11], Lemma 3). If ¢y, € C™[—1,1] for alli = 1,2, k = 1,..., N, and for
some integer m > 2 and |} (t)] # 0 fort € [-1,1) and k = 1,..., N, then the functions
Y0;;(t, s) have the representation

1
ijj(t75) = ; +Kj(tv S)v (11)

8 —
where the functions K; : [—1,1]> — R are continuous together with their partial derivatives
IR (1, s)

(‘)t(“)f ,i,ﬁENo,i+€§m—2.
t0s

Lemma 3.4. The operator A : VN — (L?O)N 18 a linear and bounded one and, consequently,
(Af ) is well defined for all £ € V.

Proof. Let U,, = p¥ and T,, = pﬁ_l. Then, recalling Lemma 3.2 and the well known property
DT,, = nU,_q, for f € V we have:

IDAIE =30 (Dfie ' Tl = oo (DF TP = 02 [(fin Un) P

= () o L U = e 12 = 113

Consequently, the operator D : V¥ —s (L2) deﬁned by Df := [ D fr }k | 1s an isomet-

2
vical isomorphism, where €]y = (Zufkuv) ey = JEE), . and (£.g), =

k=1
N
Z fk?gk
k=1



By relation (11), the operator A defined in (10) can be written in the form A = —(S+K)D
with

(SEF)(t) == { = fils) ds }N et

s—t
and
Nt N
- [ Z_/ Kji(t, 5) fr(s) ds ] , —l<t<l,
=1 /-1 i1
where .
K;(t,s) : 7=k
Kji(t,s) == N : ’ 12
]k( ') { ijk(t, s) : j#k. (12)

It is well known that the Cauchy singular integral operator S : (L2)N — (L2)"
bounded ([8, Theorem 4.1]) and that K : (L2)Y — (L%)" is compact. Consequently, for
f = pu € V¥ we have that (Af, f), = (Af,u), v is a finite number, since both Af and u
belong to (L2)". O

In the following lemma we give a representation of the operator A defined in (10), which
is crucial for our further investigations. From this representation, it is seen that the operator
A is an example of an hypersingular integral operator in the sense of Hadamard (cf., for
example, the representation of Prandtl’s integro-differential operator in [2, Section 1], where
N =1, r¢(t) =t, and B is equal to the Cauchy singular integral operator S).

Lemma 3.5. For all f € VY, the relation
Af = DBf (13)

holds true, where
N 1 1 N
=1 302 [ ) - v i) ds (14
T J-1
k=1 j=1
and where D is the operator of generalized differentiation already used in the proof of Lemma
3.2.

Proof. Since A = —(S+K)D and since D : VN — (L2)" is an isometrical mapping (cf. the
proof of Lemma 3.4), it suffices to show that —(S 4 K)g = DByg is valid for all g € (L2)",

where
N
(Bog) ( [ Z / In [ror(s) — ro;(t)] g (s) ds ]
j=1
Since
Zojj(t, 8) :=In[ro;(s) —roj(£)] = In|s — £ 4 Ko;(Z, 5) (15)
with a function Ky, : [ ] — R which is continuous together with
5 = [ roy(s) = roy(t)] —In s — o]
(M (11)
= Yot s) + ;5 = —Kj(t,s)

7



) Lifl) is bounded (see [10, Section 5] and [1, Lemma 4.2]).
2
%)

the operator By : (
(L2)N is continuous ([2, Lemma 2.7]), such that on the one
)
(

Moreover, D : (Lzll)N
hand, the operator DBy : (L2

operator § + K : (L2)Y —
that

—
—
N — (L2)" is linear and bounded. On the other hand, the
L2 ) is also linear and bounded. Thus, it remains to prove

1 d 1
/ Yo;(t, 5)g(s) ds _E/ Zoje(t,s)g(s)ds, —1<t<1 (16)
~1 ~1

for all g from a linear and dense subset of Li, where we have defined the functions Zy;x(t, s) :=
In|rox(s) — re;(t)]. In case of j # k, this is obvious. For the case of j = k, we refer to (15)
and the proof of [11, Lemma 5. O

In the following, the symbol © will denote the trivial element of the linear space under
consideration.

Lemma 3.6. The operator A: VY — (L2)Y is symmetric and positive, i.e. Vf,g € V|
(Af, g)n = (f, Ag)y and, V£ € VIV \ {O}, (Af ) > 0.

Proof. Using relation (13), Lemma 3.2, partial integration, and Fubini’s theorem, we get, for
all f,.g € VIV,

(Af. ) ::——§j§j/’/'ﬁ; I ro(s) — roy (D) ds gl (1) dt = (£, Ag)x. (1)

If weset { =0, U...U/ly and, for z € (,

/L(Z) = fk(t) if z= I‘ok(t) S ék,

then
(Af.f)y = 12] 1Zk 1f f mfk( )fi(t) ds dt

= 2 Jo Jo ey dn(w) du(z)

corresponds to the logarithmic energy of the signed measure p on ¢, where

Amwzilﬁ@w:

due to Lemma 3.2. Consequently (see [13], Section 1.1, and in particular Lemma 1.8),
(Af, f) N is positive if £ # © a.e. Hence, (Af,f)y = 0 implies f'(t) = © for almost all
€ (—1,1) and, due to f(+1) = 0O, also f(¢) = O for all t € [—1,1]. O

For v = [ v; L':l € R™, define the corresponding (affine) manifold

nj

VN = =[] eVYe Y (fuvl) = i=1...,m

k:nj,1+1



N

4y » we define

Moreover, for 3 = [ B; ]jzl eR™and f:[-1,1] — RV | ¢t — [ fr(t) ]

Bt=[6fr o Bifur oo Bafunrst oo Bufun |-

If we set Uy = [ U1k Lil

Theorem 3.7. The element I'; € Vjvv is a solution of Problem (P) if and only if there is a
B € R™ such that

and W, = [ 1, ], | then the following result holds.

AT, = BV . (18)
This solution is unique, if it exists.

Proof. Assume that Iy € VI and F(I'g) = min { F(T) : Tg € VI'} . This implies G'(0) = 0
for G(a) = F(T'y + af) and for all f € VY \ {©} . Since

G(a) = F(T}) 4+ 2a({ AT, )y + * (£, f) v (19)

and
G (a) = 2(ATG, £) v + 2a(f, £) v,

this condition gives (AT'j, g), v = 0forallg = [ ox }1:1 € (Li’l)N satisfying Z (K, Vin)y =
k:n]-_1+1

0,7 =1,...,m, which is equivalent to (18). On the other hand, if T'j € V,ZYV and § € R™

fulfil (18) and if f € VY \ {O}, then we get from (19) for a =1

F(Tg+1f) = F(Ig) + 2(ALG, f)y + (£, f)x
= F(T§) + 2(AL — B0, £)  + (£, f)x
= F(Tg) + (£, f)y > F(Iy),
which also shows the uniqueness of the solution (if it exists). O

Remark 3.8. Using relation (13), equation (18) can be written equivalently as
Bry =BV, +46, TyeVy (BeR™ §eRY). (20)

Moreover, by applying partial integration to the integrals in (14) and taking into account



f(+1) = O for f € VY (see Lemma 3.2), we get

50 () = gngo (L) ln\rOk(S)—roj(t)\fé(S)ds] N

j=1
_ N
— EIEEOZ —fe(t — &) In|rop(t — ) — ro;(t)| ]
L j=1
- N N
— El_l)I_Ii}OZ fk t—|—€) lanok(t—i—éf) —I‘oj(t)|
j=1

| > (/ /t;)ms)%lnr%(s)r0j<t>ds]N

j=1
7 1L [t "
2 [ —Z/ Yokj(s,t) fi(s) ds ]
T k=11 j=1
Hence, we obtain the identity
Bf = Af Ve VY, (21)
where
N N
[ S 2 [ Yousts.0ite) s ] = ~(S£)(1) + (Caf) (1)
=1 j=1

with (cf. (11) and (12))

j=1

Note that equation (18), hence its equivalent representation one obtains from (20) and equal-

ity (21), define the Euler-Lagrange equation for the corresponding drag minimization problem.
O

The following Lemma is a consequence of the well-known relation
-1
Sep = —pi1, 1 €No. (23)

Lemma 3.9. The operator S : (L?p,l)N — (Li),1 O)N and the operator S : ((pLQ’T)N —
(Li’L’O)N, r>0, with L2, ={f eL2: (f,1), =0} and L?)ZS =L>"NL2, are invertible.
The next proposition is concerned with the solvability of (20). For this we define the

10



operator
G: (Lfo,l)N x R™ x RY — (Li,l)N x R™,

. m
5

(f,8,6) — | Aof — BY¥, — 4, [ Z (frs Y1) ]

k:nj_1+1 j=1

Theorem 3.10. Assume that ¢y, € C3[-1,1],i=1,2, k=1,...,N, Then,

(a) the operator Ay : (L?p,l)N — (Li,l)N has a trivial null space, i.e.,

N(Ay) = {f € (L2.)": Af = 0} = {0}

nj

If furthermore, the vector valued functions [ 1e(t) ]k:n;ﬁ

| are not constant functions

on [-1,1] for j=1,...,m, then:
(b) for every (g,7) € (Li_l)N x R™, the equation
G(£.8.5) = (g.) (24)
possesses a unique solution;
(c) equation (20) possesses a unique solution (T, 3,0) € VI x R™ x RY;
(d) Problem (P) is uniquely solvable.

Proof. Let £ € (L2_,)" and Aof® = © . Hence, S = Kof® € (C'[-1,1))" < (L21,)", due

to Lemma 3.3. By Lemma 3.9, we get Kof° € (Li’}17O)N and, consequently, f0 € (goLivl)N —

V. On the other hand, due to (13) and (21) (cf. also the proof of Lemma 3.6), we have
0 < (Af, f)y = —(Af, Df)y Ve VV\{O}.

This implies f* = O, and (a) is proved.

Since, by Lemma 3.9, the operator S : (L?p,l)N — (Li,l)N is Fredholm with index — N
and since, due to the continuity of the functions Kj;(s,?) (cf. Lemma 3.3), the operator Ky :
(Li,l)N — (L?p,l)N is compact, also the operator 49 = —S + Ky : (Li,l)N — (Li,l)N
is Fredholm with index —N . Hence, we conclude that the codimension of the image

R(Ag) = {Auf 1 £ € (12.)"}
is equal to N. Since

dim {BY¥; +6: BeR™ SR} =N +m,

11



the intersection Wy := R(Ao)N{BY; + 6 : B € R™, 6 € RV} is at least m-dimensional. We
show, however, that dim W; > m is not possible. Indeed, in that case there exist m + 1
linearly independent f/ € V¥ with

At =g/ € {BU +6:BeR™ R}, j=1,.. m+1,

where W1 = span {g',..., g™} . The m x (m + 1) homogeneous system
ng m
J / . . m-+1 m
> (), i=1im+1 | (o M =T0]"
k=np_1+1 =1
m+1
.. . . N —
has a nontrivial solution. The respective f = [ fr ] ol = Z a;f7 satisfies
j=1
n;
> (futi) =0, j=1,....m
k:nj_1+1

This means that f € VJ solves (20) with v = ©. By Proposition 3.7 and Remark 3.8, this
solution is unique, hence identically zero in contradiction to a # ©. Therefore, f* £ ©.

Thus dimW; = m. Let {h’: j= N +1,..., N +m} denote an orthonormal basis of
W, which can be extended to an orthonormal basis

(W =% +6:j=1,....,N+m}
of M := {6\111+5:66Rm,66RN} . Set Wy :=span{h’:j=1,...,N}. We have
R(A) "Wy = {0} and (L2.)" = R(A)) + W,. (25)

We show that, for every (g,v) € (Li_l)N x R™ | there is a unique (f*, 3*,8%) € (Lfo_l)N X
R™ x RN satisfying G(f*,3%,6") = (g,~). Due to the second relation in (25), there is an
(£0,8°,8°) € (L2_,)" x R™ x RN such that

G(£°,8°,0%) = Af* — B°®, —° =g. (26)

The null space of the operator G : (Li_l)N x R™ x RN — (Lfo_l)N is equal to

-~

N(G) = {(fﬁ,é) € (L2.)" x R™ x RV : Aof € W, and Aof = B, + 5}

In view of (a), there exist uniquely determined uw’/ € (Li_l)N such that Aguw/ = h/ =
B, + & for j = N+1,..., N+ m. Consequently, the set of all solutions of (26) is given
by

N+m
{(f,zw) = 3 oW, B,8) + (£°,8,8") s oy € R} .

J=N+1

12



An element (f, 3,0) from this set solves (24) if and only if the respective «;’s fulfil

N+m ’I’L]
/ .
E E <uk7w1k’>a€+ E fk,w1k>:")/j, ]:1,...,m. (27)
{=N+1k=n;_1+1 k=n;_1+1
. . . N+m . . . 0 __ 0 N+m
This system has a unique solution [ Q; ]j=N+1 , since otherwise there is an a” = [ a; L:NH

R™\ {©} satistying

N+m

Z Z uk,wlk o =0, j=1,...,m,

(=N+1k=n;_1+1

N+m
which implies u® E ; ‘w # O and Aou’ = B°%, + 6°, where
j=N+1
N+m N+m
0..7 50 _ 06j
a;u and = a;0’.
Moreover,
N+m N+m N+m
2 : 0 ! _ 2 : 2 : 0 ¢ / _ L
<uk7¢1k>_ Qyp <uk7¢lk>_07 j—l,...,n
j=N+1 j=N+1/¢=N+1

Thus, u’ € Vg is a solution of (20). By Proposition 3.7 and Remark 3.8, this solution is
unique, hence identically zero in contradiction to a” # © . Therefore, if we denote the unique

solution of (27) by a* = [ o ]N+m then

J 1j=N+1"

N+m
(f,8%,6") = > aj(w),3,8) + (£°,8°,6")

j=N+1

is the uniquely defined solution of (24).
Assertion (c) is the special case (g,v) = (0,7) of (b), and assertion (d) is an immediate
consequence of (c), together with Proposition 3.7 and Remark 3.8. U

4 A COLLOCATION-QUADRATURE METHOD

Here, we describe a numerical procedure for the approximate solution of equation (20). For
this, we write this equation in the form (cf. (21), (22))

Aof =BU, +6, (f,8,6) € VI xR xRY (28)

with Ay = —8 + Ko : (L2.,)" — (L2,)" and

T™)_, s—1

(S)(t) = [ L[ Ale)ds ]N

13



as well as
N

(Ko )(t) = [ S [ Kt sits)ds ]

Jj=1

For every integer n > 1, we are looking for an approximate solution (f", 3", 8") in R(P,) X

R™ x RN of (28), where f* = [ ik Lil , B = [ By L,;nl and 0" = [ oy Lil , and where by

R(P,) we denote the image space of the orthoprojection P, : (L?D,l)N — (Lfo,l)N defined

by

n—1 N

Pt = [ Z <fj7 Uk> Uy

bl

k=0

j=1
where Uy = p; denotes the normalized second kind Chebyshev polynomial of degree k. For
that, we solve the collocation equations

—(SE™) (ten) + (K™ (ten) = B" W1 (ten) + 8", £=1,...,n+1, (29)
together with

T
n+1

Z Z (P(Sm)wik(sm)fl?@ln) =%, Jj=1L...,m, (3())

k::nj_1+1 =1

20 —1
u and s;, = cos
2n + 2 n—+
respectively, and where

where t,, = cos are Chebyshev nodes of first and second kind,

N n

YD elsin)Kij(sins ) 7 (sin) : (31)

1
n+1

(KAt (t) =

Note that £"(¢) can be written with the help of the weighted Lagrange interpolation poly-
nomials

~ 002 (¢ Un(t
7ot = P05 e ) = Y i1
©(sin) (t = 5in)U}, (5in)
in the form .
£(6) = > (0, & =E"(sin). (32)
i=1
Let £, 7 = 1,2 denote the interpolation operators, which associate to a function g :
(—1,1) — R the (vector) polynomials
n+1
Tria(t)
Llg)(t) = a ten)
(£,8)(t) Z =t T () g(ten)

and

(280 = Y o ).

14



respectively, where T,, = pfl. Now, the system (29), (30) can be written as operator
equation

A" = BULLW, + 67, (£, 8,0) € R(P,) x R™ x RY (33)
together with
nj
Z <‘C$L¢/1k7fl?>:7]7j:177m7 (34)
k:n]’,ﬁ»l

where A, = =S, + K, S, = LLSP,, and K, = L.K°P,. The equivalence of (30) and
(34) follows from the algebraic accuracy of the Gaussian rule w.r.t. the Chebyshev nodes of
second kind. In Lemma 4.1 and Lemma 4.2, we take N = 1, the generalization to N > 1 is
obvious. The assertion of the following lemma is well-known (see [14, Theorem 14.3.1]).

Lemma 4.1. Forall f € C[—1, 1], we have lim Hf — E,llf” _, =0 aswell as lim ||f — Eif”
0 n—00 ¥ n—00 ¥

The next lemma provides convergence rates for the interpolating polynomials and will
be used in the proof of Proposition 4.4.

Lemma 4.2 ([1], Theorem 3.4). If r > %, then there exists a constant ¢ > 0 such that, for
any real p, 0 < p <r and alln > 1,

(@) If = LLfll gy S enP (| fllgry for all f € L2,
(b) If = L3S,y < e (| fllow for all f € L.

Lemma 4.3. The operator KO can be extended to a linear and bounded operator on (Li_l)N
such that, for ¥y € C*—1,1], j=1,2, k=1,..., N, we have

(a) Hm [1n = Koll (p, y e )7 =

(b) Moreover, a solution f € (Li,l)N of A, f — BLIW, — § = O automatically belongs to
R(P,).

Proof. By definition of K% and in virtue of the algebraic accuracy of the Gaussian rule, for
f" € R(P,) we have

N

(OE)(1) = Z% [N (8)@(8)618]

j=1
N

- Z/ 2 (K <>f;s<s>ds] ,

i

which implies, that the definition of KXY can be extended to the whole space (L?p,l)N by

[Z% JRe) <s>fk<s>ds]

1

N

Jj=1

15



Using || flec = max {|f(¢)] : =1 <t < 1} (the norm in the space C = C|[—1, 1] of continuous

functions f : [~1,1] — R) and [|f||  y = (Z Ifell2, ) (the norm in the space CV), we

get
10C5  Ko) £l
o Yo 2\ \ 2
=30 s 4T (£ K0 ()~ Ko, Ads) ds
[ e U=

2 n s (¢ ZkaH })1

1 (& - :
< - Z sup {Z ||£31Kky( — Ki;(-, || }) ||f||(L2 )N .
j=1 TIStE -

Since, due to Lemma 4.1 and the principle of uniform boundedness, the operator sequence
L. cN — (Li_l)N is uniformly bounded, the last estimate together with Lemma 4.1
(applied to £2) leads to

IN
S|
WE
)]
=
—N—
WE
&
5
5

A e = EakoPull e

—(L2_,
©

)NZO.

Again Lemma 4.1, the strong convergence of P, = P — Z (the identity operator), and
the compactness of the operator K : (Li,l)N — CV give us

. 1 o
nh_{f}o | L3 KoPr — ’CO||(L21)N—>(Li1)N =0,
and (a) is proved.
Assertion (b) is a consequence of Lemma 3.9 and relation (23). U

Theorem 4.4. Assume ¢y, € C'[—1,1],i=1,2, k=1,...,N, for some integer r > 2. Let

v; #0 forallj =1,...,m, and the vector valued functions [ wlk( ) ]k o ,J =1,...,m,

be not constant. Then, for all sufficiently large n (say n > ngy), there emsts a unique solution
(£, 8™,8™) € R(P,) x R™ x RN of (33), (34). Moreover, since for the unique solution

(f*, 8*,6%) of (28) we have £* € (gpo;T_Q)N, the following inequality holds:

N m N
(Z L = il + D18 = B P+ > 16 — 5;;|2> <en?" (36)
k=1 j=1 k=1

with a constant ¢ > 0 independent of n.

16



Proof. Set X := (L2.,)" x R™ x RN and Y := (L2_,)" x R™ as well as

I(£.8.8)x = (\fu .t 252 ; gpz)
and

e lly = (ng ) +Z%>

In view of Proposition 3.10,(b), the linear and bounded operator G : X — Y is invertible,
where, due to Banach’s theorem, G~! € £L(Y,X). If we denote the map

(f,8,6) — Anf—ﬂc,aqfl—é,[ > <fk,£i¢ik>]

k:nj,1+1 j=1

by G, : X — Y , then (f™*, 8", §"") is a solution of (33), (34) if and only if G, (£"*, B3"*, 8"*) =
(0,7) and, taking into account the inequality

o, N_z/a2 > Ul < (s, ) 1612, s

nl 2 NThe

< 52 HfH2 N
(%)
as well as Lemma 4.1 and Lemma 4.3,(a), we get

1(G = G)(£,8,8) |y = (K — Ko)f — B(L, %1 ~ ‘1’1)||2(L2 )

2

+Z Z (frs Loy, — Vi)

jil k:nj_l—i—l

<200 — Ko, v+ 208 (L =T, g

+Z Z ||fk||L2 |£2¢1k 77%16“1%

J=1 k=n;_1+1
2
>”(L3>—1>N_>(Li—1)N || H(Li—l)N
+2 (S50 Neiwn = Wl g

< 2([(Kn — Ko

2 2
+ (s, IE = ORI ) DI, o
o1

<a2||(f,8,8)%,

17



with
an = | 2](K, — Ko)|I2 N N+ | Lh, - x1l1||2 N
(2)) =(r2y) ()

-

-----

tending to zero if n tends to infinity, i.e.,

1Gn = Gllx oy — 0. (37)

This implies that, for all sufficiently large n, the inverses G,' : Y — X exist and are
uniformly bounded in norm; moreover,

16, = G lyox = 16,16 — Gn)G Iy ox
(38)
< HQn_IHYﬁ\X Hg - gnHXHY ”g_lHY%X < cCOQyp — 0.

Note that this proves that the left hand side of (36) converges to zero, since it is equal to
1G." = G7)(O,7)llx-

To derive the error estimate (36), first we recall that ¢, € C'[—1,1], i = 1,2, k =
1,..., N, for some r > 2 implies, due to Lemma 3.3, the continuity of the partial deriva-

8£Kk'(8,t) 8£Kk S,t) .
0]# and 0;(5 ,0=1,....,r =2, 5,k =1,...,N, for (s,t) € [-1,1]%

Consequently, each entry of

tives

SE* = —Kof* — 30, — 6"
belongs to € C™2[—1,1] C Li’ffz, ie., f* e (@Li”"_z)N in virtue of Lemma 3.9. Taking into

account the uniform boundedness of £} : CN — (Li_l)N (see Lemma 4.1) and Lemma
4.2, we get, for all f* € R(P,) (cf. (35)),

()"

< £ (K5 — /Co)f"H(

(K = Ko)f"]]

1 _ n N
1)N + (L5 Ko — Ko)f H(Li,_l)

L2

@

< ¢ [[(K = Ko)f" [l v + 1(£5, — D)Kot |

(r2,)"

< an_r <|’an(L21)N + HICOan(LZT )N) < C?’LQ—T an”(L271)N’

@ o1 @

where we have also used the property that Xy : (Li_l)N —s (Cc2[-1,1)Y ¢ Li’f? is
bounded (cf. [1, Lemma 4.2]). Since 1y, € Li’fl and ¢, € LZ"' k=1,..., N, we obtain
(cf. Lemma 4.2) o, = O(n*"). Bound (36) then easily follows. O

18



Remark 4.5. We recall that (see [1], Theorem 2.13) when r > 3 property £* € (goL?O’T_Q)N
implies £* € (C™3[—1+¢,1 —¢))" with 0 < € < 1 fized as small as one likes. Furthermore,
we note that if the assumption Yy € C'[—1,1],r > 2, is replaced by ¢y, € C*[—1,1], and
dim N(Ag) = 0 (¢f. Proposition 3.10), from the proof of Proposition 4.4 it is seen that the
first assertion and relation (37) remain true. Thus, also in this case the left hand side of
(36) converges to zero, as n — oo.

5 NUMERICAL RESULTS

Before applying the proposed numerical method, we rewrite the final algebraic linear system
defined by equations (29) and (30) in a more explicit form (see (40)). For this, note that,

for f* = [ fr Lil € R(P,),

(st <tm>:[ " pl(sin) S} (5] ]

—1 n +1 Sin — tgn

(see [11, Section 5]), such that

= (SE7) (t) + (Kof") (ten) = | — Jlr . > elsin)Yojr(sins ten) [ (ten) ] :

k=1 =1

Hence, we have to solve the following system of equations

nL—l—l Zivzl Z?:1 (;D(S’L?’L)ka] (Sina tﬂn)fl?(szn) - Bg(j)wlj(tﬁn) - 5jn =0 y

nLJrl Zzinj,l—‘rl Z?:l 90<51n>¢/1k(t€n>f]?(51n) - ’Yj 5 ] = 1, Lo,

where
g(j)=r iff n,_1 <j<n,. (39)

Consequently, we can write (29),(30) as

where " = [ Njn ];V:(?l"bﬂ)m — [ 0 ... 0 M oo Y ]T c RN+ +m ig given and, having
set
fi = [ fi(sin) oo fi(san) ], k=1,...,N,
N(n+1)+m
£n = [ gk‘n ]kzl
T
=[fp ... % By ... Br oy ... 0% ] e RNOHDEm
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is the vector we are looking for, ie., {-1ynpi = fi(sim), k = 1,...,N, i =1,...,n,

and Enpiy = B7, J = 1,...,m, as well as {npymyr = Of, K = 1,..., N. The matrix
A, = [ ajk E,V]fzrl)m is defined by
a(f—l)N-}—j,(k’—l)n-‘ri = ‘P(sin)yzljisimtm) ) ja k= 17 s 7N7 L= ]-7 - N,
(=1,....n+1,

_wlj(tén) DNy <] S ny,

A(¢—1)N+j,Nn+r = j,kzl,...,N,
0 : otherwise ,
(=1,....n+1,
0 : k+#j,
A(0—1)N+j,Nn+m+k = Lk=1,...,N,/=1,....n+1,
-1 : k=j,
s

n+ 190(5m)@/)3k(8m) Donj <k <ny,
AN (n41)+j,(k—1)n+i =

0 : otherwise,

aN(n+1)+j,Nn+k 207 kzl,...,m+N,j:1,...,m.

Hence, the matrix A, has the following block structure

[ Ay A - Ay By Dy
Aoy Ay -+ Ay By Iy
A= 1+ S (41)
Ani Ayne -+ Ayy By Dy
i ¢ C --- Cy © ©6 |
with, using the Kronecker-delta 9, ,
- n+1l,n
0 oGk 1M | @(Sin) Yori (Sin, ten)
Aji, = Qy; T )
L l=1,i=1 n+1 =1,i=1
[ : ntl,m n+1,m
]B] - L b‘(él) i|é=l s=1 - [ _¢1j(t€n>6g(j)7s ]Z:l,SZI ’
Cp =] } o [ T (s ) Wk (50m) gt } o
L 7% lj=14=1 n+1 T ljm1i=
n+1, N
. () ) . ‘ n+1, N
Dj =1 dy L_l,k:1 - [ —0j ]e:1,k:1 '
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where ¢(j) is defined in (39). By X,, and Y,, we denote the subspaces of X and Y, respec-

n+1
define the operators &, : X,, — RHDNTm and F, 1Y, — ROFDN+™ a5 the maps

En: (F,8%,8") = [ W -+ wafl Bp - Loy - o]

m

tively, defined by X,, = (¢P,_1)¥ x R™ x RN and Y,, = PY x R™. Set w,, = 4/ " and

and

Foi (") e [wapf 0wy e m ]
where, for p" = [p}j Lil , we have set p} = [ Pr(tin) - PR(tns1n) } and where the
space R(HDN+7 ig equipped with the usual Euclidean inner product. The operators &, and

JF, are unitary operators, since, for (f", 3", ") € X,, and € = [ & }(HH)NM

i=1
<5n(fn’ /871’ 571)’ €>R(n+l)N+m

, we have

N

n m N
= Wn Z Z f]?(sin)g(k—l)n—i-i + Z n?an-l-j + Z 5Z§nN+m+k
j=1 k=1

k=1 i=1

N 1 n m N
= Z / fi(s)w, ! Z Eh—1yn4ill, (s)ds + Z n;€nN+j + Z OpEnNtmik
k=11 i=1 =1 =1

= ((f*,B8",0"),&,6)x..
and analogously, for (p™,4") € Y,, and n € R(*HON+m

<Fn(pnv7n)75>R(n+l)+m = <<pn7’7n)ﬂfn_1n>yn .

Hence, the spectral condition numbers of the matrices Ign = [ b; }%Zrl)m defined by

A€ = FGoE71€ for all € € ROFUNT™ are equal to [|G,|| |G| . Moreover, under the
assumptions of Proposition 4.4 we have (cf. (37) and (38))

: N -1
T}LI{:Q COnd(An) = ||g||X—>Y Hg HY—>X :
n N
Since, by setting f = [ fr }ki[l = [ Zf(k_l)nJrifﬁL ] e, fi(Sin) = Ek—1)n+i » We have
=1 k=1
FnGn&, €
n N
= FuGn [ Wit Y il ] N1 - - Ei N+
=1 k=1

= Fo (wrt Auf = [ €avey 1,7 L0001 — [ Gavimin Ty

[ > (fo L)
k=n;_1+1 j=1
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= (H”LH chvzl ©(5in) Yorj (Sins ten) [r(Sin) — wnt1j(ten)Enn+90)

_annN+m+j:| ] [ Z wnZgo Sin )V (Sin)E (k-1 n+2] :

k=n;_1+1 =1

N
(|:|: E A(¢—1)N+j,(k—1 n—i—zg k—1)n+i +wna(l 1)N+j,Nn+g( ])gNn—l—g @)
k=1

n N
+wna(€—1)N+j,Nn+m+j£Nn+m+j] ] )

=11 j=1
N n m
k=1 i=1 B
. .x ~ N(n+1)+m . . .
for the entries of the matrix A, = [ @i, L. b1 we get the formulas (having in mind the

block structure (41) of A,,)

Ajp=Aj, S k=1,...,N,

This is equivalent to

A, =F,AE" (42)
with the diagonal matrices
En:diag[l---lw;I <~ w, '] and Fn:diag[l---lw;1 cwt
~ —  ———
Nn m+N N(n+1) m

Thus, we solve the system An? = n" instead of (40), where " = F,,n™ and E" =E.£". A
simple algorithm for the construction of the matrix A,, is given here:

22



v=20

for/{=1:n+1

for j=1: N
ay+j,(k—1)n+i — @(Sin)yzlﬁisinatm)’ i=1": n; EL=1:N
fork=1:m
if np_1 < j <npthen a,yj ok = —wntij(tem)

else a4 Nptk =0
end
for k=1:N
if j =k then a,4; Nnpmik = —Wn

else a,.j Nn+m+k =0

end

end

v=v+ N
end
for j=1,....m

. U s
W@(Sln)wikl(sln) nj—1 <k S nj,
AN (n+1)+j,(k—1)n+i = Wl 1)
0 . otherwise ,

i=1:nk=1:N,
ANt 1)+jNn+i =0, i=1:m+ N

end
23



Note that, assuming that the above system has a unique solution, in the case of symmetric
wings all unknown functions f}*(s) are also symmetric. Thus, we can take advantage of this
property to halve the size of the system.

The numerical method we have examined in this paper has been extensively applied
to several multiwing (symmetric) configurations, including the truss-braced wing one; see
6, 7, 4, 5, 12]. Thus, to verify the error estimates we have derived in the previous section,
here we consider only symmetric and non symmetric biwing systems. For simplicity, in both
examples the first wing is a symmetric (bounded) interval, while the second wing is symmetric
and arbitrarily smooth in Example 1, and non symmetric with C?® degree of smoothness in
Example 2. Since for a biwing we have N = 2 and 1 < m < N, we will consider first the
case m = 1 and then m = 2. We recall that only in the first case the error estimate proof
(see Proposition 4.4) has been completed. When m = 1 we take 7, = 1, while when m = 2
we set 71 = 72 = 0.5 in Example 1 and 3 = 0.3,7, = 0.7 in Example 2

To have a sequence of nested mesh points {s;,}, we have chosen

n =5,11,23,47,95, 191, 383.

This choice allows us to check also the (pointwise) convergence rate at these points.
In the tables below, the error estimates reported in the columns labeled (36) are obtained
by approximating the left hand side of bound (36) by the following discretization of it:

err = y/err? + err3, (43)
N M
err% 1 Z Z |fe" (sinr) — fi *(SiM>|2

k=1 =1

where

and

N
LS Jopr e
k=1

with M >> n and s;); = cos M“jrl The reference values are those obtained by applying the
numerical method with n = M = 383 or 767 or 1535, as indicated in the table headings.
In the below graphs, the two unknown functions fM*, fM* are drawn with the blue and

red colors, respectively.

m
erry = ) _ |65 - A"
j=1

Example 1. The parametric representations in [—1, 1] of the two wings are:
Yu(t) =t, ¥a(t) =aq, (wing 1)

1/)12(75) =0.75 COS(Gt), 1/)22@) =0.2 sin(ﬁt),

(wing 2)
0, = (3% +0.01)t + 3%
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Figure 1: Example 1, a = 1,m = 1,7 =1 (left); m = 2,v = [0.5,0.5] (right)
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Table 1: Example 1, a =1,M =383, N =2.m=1,v=1

n | (36) P 07" 8" | A =Bl | IV =7l | cond(A,)
5 [ 6.35¢-05 | 4.8878226¢-01 | 2.01e-17 | 1.37e-16 | 1.12¢-06 | 1.32¢-15 2.55
11 | 3.51e-08 | 4.8878338¢-01 4.38¢-12 2.55
23 | 9.28¢-14 | 4.8878338¢-01 7.22¢-16 2.55
47 | 5.21e-14 1.11e-16 2.55
95 2.55
191 2.55

Without preconditioning,

in Table 1 we would have had

cond(A,) = [2.9, 4.8, 9.1, 17.8, 35.2, 70.0].

Table 2: Example 1,a =1, M =383, N =2,m = 2,7, =0.5

n| (36) 1"'* 5 o7 o 1B = Bil | 1™ =
5[ 6.5¢-05 | 3.9148840e-01 | 7.1414539¢-01 | 1.3e-17 | 2.6e-16 | 1.4e-06 | 4.2¢-06
11 | 5.8¢-08 | 3.9148699¢-01 | 7.1414975e-01 6.le-14 | L3ell
23 | 1.5e-13 | 3.9148699¢-01 | 7.1414975¢-01 2.8¢-16 | 5.6e-16
AT | 7.2e-14

Table 2: Example 1, a =1,M =383, N =2,m =2,v =0.5

n| 5 | 11 | 23 | 47
cond(A,) | 3.67 | 3.67 | 3.67 | 3.67
cond(A,) | 5.0 | 8.6 | 15.8 | 30.1
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Figure 3: Example 1, a = —0.07,m = 1,7 = 1; fM* (left) and f}* (right)
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To see the (convergence) behavior of the problem solution as wing 1 moves, by vertical
translation, towards wing 2, we have considered the case m = 1 and let the parameter a in
191 (t) of wing 1 moving towards e(+1) = —0.074685. Figures 1,2 and Tables 1,3,4 show
what happens when a = 1,0, —0.05; since the graph for a = —0.07 coincides with that of
a = —0.05, we have not reported it. However, in these latter two cases, to show the behavior
of fM* near the quasi-singular points 115(1) = £0.695745, and of f}* near its endpoints,
in Figure 3 we have plotted a zoom of these two behaviors.

Table 3: Example 1, a =0, M =767, N =2 m=1,v=1

n| (36) i or” 3" 1B = Bil | [Iv"™ ="l | cond(Ay)
5 | 4.60-01 | 6.5491499¢-01 | -8.6¢-18 | -2.3¢-16 | 3.2¢:02 | L.3e-15 14.2
11 | 7.3¢-02 | 6.1982953¢-01 2.7¢-03 10.2
23 | 5.60-03 | 6.2242333¢-01 1.6e-04 10.4
47 | 2.1e-05 | 6.2257853¢-01 3.3¢-07 10.4
95 | 1.2e-08 | 6.2257885¢-01 2.6¢-11 10.4
191 | 2.1e-13 | 6.2257885¢-01 1.4e-15 10.4

Table 4: Example 1, a = —0.05, M = 1535, N =2,m=1,yv=1

n (36) K 5?* 6721* ‘6?* _ ﬁi«

[lv™ = 7*]l | cond(A.,)

1

5| 2.9e-00 | 7.9746486e-01 | -9.1e-17 | -1.2e-15 | 1.7e-01 2.3 e-15 62.5
11 | 4.7e-01 | 6.1610383e-01 1.3e-02 16.6
23 | 2.1e-01 | 6.2667585e-01 2.5e-03 18.5
47 | 2.8e-02 | 6.2901791e-01 2.0e-04 19.1
95 | 4.7e-04 | 6.2922391e-01 4.1e-06 18.9
191 | 5.1e-07 | 6.2921982¢-01 3.7e-09 18.9
383 | 3.7e-11 | 6.2921982¢-01 4.2e-15 18.9

Without preconditioning, in the the last two tables we would have had, respectively,
cond(A,,) = [15.4, 13.5, 19.4,28.1, 44.3, 80.0]

and
cond(A,) = [67.0, 22.1, 33.0, 48.0, 68.6, 102.7, 171.8).
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Example 2. The parametric representations of the two wings are:

wll(t) = t, wm(t) = 1, —1 S t S 1 (Wlng 1)
and (wing 2)
Yna(t) =t, -1<t<1,
t4
—, —1<t<0
Yaa(t) =
—, O0<t<L1.

Table 5: Example 2, a =1; M =1535, N =2,m=1,y=1

n| (36) iy o7 93" 187 = Bil | 7™ =7l | cond(Ay)

5 | 8.2e-03 | 3.9086573e-01 | 4.9915303e-03 | -1.0269478e-02 | 2.8e-04 5.1e-05 4.07
11 | 4.5e-04 | 3.9058419¢-01 | 4.9579663e-03 | -1.0310741e-02 | 6.5e-07 2.9e-06 4.07
23 | 2.2e-06 | 3.9058482¢-01 | 4.9606810e-03 | -1.0310595e-02 | 1.7e-08 1.9e-07 4.07
47 | 1.4e-08 | 3.9058487e-01 | 4.9608572e-03 | -1.0310553e-02 | 9.2e-10 1.2e-08 4.07
95 | 8.8e-10 | 3.9058484e-01 | 4.9608681e-03 | -1.0310550e-02 | 5.5e-11 7.5e-10 4.07
191 | 5.5e-11 | 3.9058484e-01 | 4.9608688e-03 | -1.0310550e-02 | 3.4e-12 4.7e-11 4.07
383 | 3.4e-12 4.9608689¢-03 2.1e-13 2.9e-12 4.07

In Table 5, without preconditioning we would have had

cond(A,) = [4.6, 6.0, 8.6, 15.9, 31.3, 62.0, 123.4].

Table 6: Example 2, a =1, M = 1535, N =2, m = 2,7 = 0.3,72 = 0.7

n | _(36) Gl o o5 e N
5 | 1.0e-02 | 3.2236367e-01 | 4.4587044e-01 | 6.6386284e-03 | -1.6329797e-02 1.4e-04 5.3e-04
11| 5.7e-04 | 3.2222830e-01 | 4.4534082e-01 | 6.5899128e-03 | -1.6369827¢-02 3.8e-07 4.0e-06
23 | 2.8e-06 | 3.2222863e-01 | 4.4534207e-01 | 6.5934033e-03 | -1.6369647¢-02 1.8e-09 2.4e-07
47 | 1.8e-08 | 3.2222864e-01 | 4.4534210e-01 | 6.5936284¢-03 | -1.6369596e-02 |  6.9e-11 1.5e-08
95 | 1.1e-09 | 3.2222864e-01 | 4.4534210e-01 | 6.5936423e-03 | -1.6369593e-02 7.1e-12 9.4e-10
191 | 6.8e-11 6.5936432¢-03 | -1.6369592e-02 |  4.9e-13 5.8e-11
383 | 4.2e-12 6.5936432¢-03 | -1.6369592¢-02 3.1le-14 3.6e-12
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Table 6’: Example 2, a =1, M = 1535, N =2, m = 2,7 = 0.3,72 = 0.7

n| 5 11 23 | 47 | 95 | 191 | 383

cond(A,,) | 2.60 | 2.60 | 2.60 | 2.60 | 2.60 | 2.60 | 2.60
cond(A,) | 34 | 6.1 | 11.5]22.3|43.9|87.2 | 173.7

Remark 5.1. In the numerical examples reported above, where, for simplicity, only the
biwing case has been considered, preconditioning does not have a significant effect on the
solution accuracy. We note however that in the last table, for the reference solution we
have cond(A, )= 693.5. Furthermore, when we take the wings very close to each other, to
simulate a TBW configuration, the required value of n can be significantly higher. In such
situation, also the number of wing elements N is generally higher than 2. Thus, in that case
preconditioning could be mandatory.

6 A NEW APPLICATION AND A NEW TOPIC OF
INVESTIGATION

Let us consider a symmetric TBW configuration; for example that of Figure 5 in [12] and
partially replicated in Figure 5 for convenience. For such type of multiple wings the corre-
sponding constrained minimization problem is not well defined. First of all it is not clear
which functional spaces one should choose or define, to look for a problem solution. There-
fore, it is not clear how to derive the problem ELE. Based on the physical properties of

Figure 5: Example of possible conceptual strategies adopted to study TBW

Possible Possible
Strategy 1 Strategy 2
'\\\/VY '\\\/{/Y
wing 1 L» o wing 1 L, -
wing 2 L, wing 2+ g
o 4+
ing 3 T, ing 3
%/_. ’&“gf’
—|_/V
_— r,
.%Q/’—.

the circulation distributions, in [12] the authors have proposed a possible definition of this
problem, whose validity seems to be confirmed by the intensive numerical testing they have
performed.
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To describe this approach, we first recall that the TBW elements never intersect, but are
locally smoothly joined. In the case of Figure 5 this is accomplished by using a local Hermite
polynomial interpolation of degree 5 (see Figure 4 in [5] or Figure 3 in [12]). Then, the TBW
configuration is decomposed into N open curves, each one being at least C® continuous.
Of course, there are several ways of performing this decomposition. For example, in the
case of the two strategies adopted in Figure 5 we have N = 3,4, respectively. In addition,
every single curve is conceptually imagined to be made of several basic open and smooth
elements. Let M be the total number of elements constituting the entire wing system.
Each element is identified by its parametrization interval {(«;, 8;),j = 1 : M}, these being
not necessarily all distinct, and by its parametrization function. We denote the associated
(unknown) circulations by Fj-” ,j =1: M, and the overall circulation array by I'*. Then we

have:
M

Dina( ZDmd ry,r™)  and  L@TY) =) L)),

j=1
where we have set (see (2.3),(2.4))

Dipa(TM, TM) __pmz/ oM ()T ()l

Bk
% 7]] = Z/ F/M gk (n]7€k> dfk, Qy < Uk < 63

Note that the last integral is defined in the Hadamard finite part sense whenever r;(a;) or
r;(B;) coincides with ry(ay) or ry(F).

Now some of the above chosen wing elements can be further split into n. coincident ele-
ments (obtaining an element of multiplicity n.), each one associated with a new (unknown)
circulation. This is the case, for example, of all strategies of Figure 5. The sum of the
individual circulations gives the circulation of the original element of multiplicity 1. Next
we assembly the new basic elements to obtain N smooth curves, each one defining an imag-
inary open wing and having a corresponding circulation. As said before, there are several
possibilities to obtain a TBW decomposition of this type, as shown in the above Figure 5.

As in Section 2, we denote these wings by ¢;, and the associated parametrization intervals
by (—ag,br),k =1: N, ag, by, > 0; we have:

Dina(T) =) Dina(T,T)  and  L(T) =)  L(Tk).

k=1

At this stage it is still impossible to define a proper TBW constrained minimization formu-
lation, that can then be solved. To this end, taking into account the theoretical results we
have obtained in Sections 3,4 for multiwing systems, we separate the N wings ¢; by trans-
lating them away, one from each other, along the z-axis by a quantity ¢ > 0. Having now
a multisystem of disjoint wings, the minimization problem is well-posed and we can apply
the results given in the above sections. Of course, each TBW decomposition will produce its
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solution, and in general, different decompositions will give rise to different solutions, hence
to different D{Pf. Let us denote these optimal terms by {I'%* k = 1 : N}, T'%" and D",
The final crucial property one should now prove is the existence of the following limits:
Hm TPk =1: N, LmI%' lim D"
0 e—0 e—0

If this is so, we define these limits to be a solution of our original minimization problem.

The intensive numerical testing performed in [12] seem to confirm that indeed the above
limits exist. Most important, although we have a different solution {T'**,k = 1 : N}, [Pt
for each TBW decomposition, the values of their derivatives F;M ,j =1: M, on each TBW
element, and that of Dﬁfdt , are unique. Note that the latter property follows from the first

one, since from the expression D;,q(T") given in Section 2, by performing integration by parts
we obtain the alternative expression

Dina(T) = Z/ [Z/k In [ry,(§x) — 5(n;) [T (Ek)d€k | T ().

Although the above derivatives appear to be independent from the chosen TBW decomposi-
tion, the overall circulation I'°** depends on it. This because, being F;M uniquely defined on
each TBW element represented by the interval (a;, 8;), the function " is uniquely defined
up to an arbitrary constant. However, the endpoint vanishing property of each T'"" and the
continuity of the latter on ¢; uniquely determine the associated constants. Note that the
values of the latter depend on the TBW elements we have chosen to define /.

A further topic of investigation is the interesting case of a TBW mixed decomposition
into open and closed wing elements.
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