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ULRICH BUNDLES ON THE DEGREE SIX SEGRE FOURFOLD

F. MALASPINA

AssTrACT. We completely characterize the bigraded resolutions of Ulrich bundles
of arbitrary rank on the Segre fourfold IP?xIP?. We characterize the Ulrich bundles
V of arbitrary rank on P2 xIP? with i} (V®QRQ) = 0 or with 1! (V@Q(-1)RQ(-1)) =
0 or obtained as pullback from IP? and we construct more complicated examples.

1. INTRODUCTION

A locally free sheaf (or “bundle”) £ on a projective varity X is aCM if it has
not intermediate cohomology or if the module E of global sections of £ is a max-
imal Cohen-Macaulay module. There has been increasing interest on the classi-
fication of aCM bundles on various projective varieties, which is important in a
sense that the aCM bundles are considered to give a measurement of complexity
of the underlying space. Moreover the understanding of aCM bundles is crucial
for the study of any bundle on X as it is showed on [25]. A special type of aCM
sheaves, called the Ulrich sheaves, are the ones achieving the maximum possible
minimal number of generators. These bundles are characterized by the linearity
of the minimal graded free resolution over the polynomial ring of their module
of global section. Ulrich bundles, originally studied for computing Chow forms,
conjecturally exist over any variety (see [16]). But the conjecture has been checked
only for a few varieties, e.g. in case of surfaces, del Pezzo surfaces, rational normal
scrolls, rational aCM surfaces in IP%, ruled surfaces and so on; see [11, 26, 27, 1].
The case of Veronese varieties has been studied in [16], [9] and [23] and the case
of Hirzebruch surfaces in [4]. Although there are some occasions where the classi-
fication problem of Ulrich bundles of special type is done as in [2, 10, 12, 13], the
completion of classification problem is difficult in usual.

In [14] and [26] it shown that Segre varieties and rational normal scroll (except
P! x P! and cubic and quartic scroll, see [18] and [20]) are of Ulrich wild repre-
sentation type namely they support families of Ulrich bundles of arbitrary large.
The representation type is determined by considering a certain type of family of
Ulrich bundles. In [2] in given a classification of Ulrich vector bundles of arbi-
trary rank on rational normal scroll. A consequence of the main result is that the
moduli spaces of Ulrich bundles are zero-dimensional. The case IP? x IP! has been
studied in more details in [19], where all the aCM bundles are classified. The first
biprojective space which is not a rational scroll is IP? x IP?. Here the families of
Ulrich bundles are much more complicated as can be deduced from the study of
the rank two case achieved in [8].

2010 Mathematics Subject Classification. Primary: 14J60; Secondary: 13C14, 14F05.
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2 F. MALASPINA

In this article we pay our attention to the case of arbitrary rank. In order to do
that we show that every Ulrich bundle V on P? x IP? is regular according to both
the two different notions of Castelnuovo-Mumford regularity given in [5] and [22].
Then we compute the cohomology of V tensored with Op> Q), QROp2 and QRQ
with suitable twists. In particular we obtain that V is of natural cohomology (as in
[16] on Veronese varities) in a suitable range. More precisely we get that the only
nonzero cohomology for V(m, n) with |m —n| < 1 may be given by

a; = h'(V(=i—1,-i)) and b; = h' (V(-i,—i — 1)).

At this point we choose suitable full exceptional collections in order to apply a
Beilinson type spectral sequence and to obtain the following resolution

0 — Ox (1,022 ® Ox (0,-1)%72 — Oy (-1,1)® @ 02> O (1,-1)%1 —

— 0x(1,0)2%0 @05 (0,1)%% -V 0.

Moreover we characterize the Ulrich bundles V of arbitrary rank on P? x IP? with
H(VYeQrQ)=0orwith i (V®Q(-1)mQ(-1)) = 0 or obtained as pullback from
IP? and we construct more complicated examples. We believe that the study of this
variety will be the key step for the understanding of the families of Ulrich bundle
over all the biprojective spaces.

Here we summarize the structure of this article. In section 2 we introduce the
definition of Ulrich bundles and several notions in derived category of coherent
sheaves to understand the Beilinson spectral sequence. In section 3 we recall the
definition of Castelnuovo-Mumford given in [5] and [22] and we made the coho-
mological computations. In section 4 we study the examples of families of Ulrich
bundles and we prove the main results. In section 5 we discuss the case of the
hyperplane section of IP? x IP?: the flag variety F(0,1,2).

The author wants to thank M. Aprodu and P. Rao for helpful discussions on the
subject.

2. PRELIMINARIES
Throughout the article our base field is the field of complex numbers C.

Definition 2.1. A coherent sheaf £ on a projective variety X with a fixed ample
line bundle Ox(1) is called arithmetically Cohen-Macaulay (for short, aCM) if it is
locally Cohen-Macaulay and H'(£(t)) =0forallte Zandi=1,...,dim(X)-1.

Definition 2.2. For an initialized coherent sheaf £ on X, i.e. h%(&(~1)) = 0 but
h%(€) # 0, we say that £ is an Ulrich sheaf if it is aCM and h°(€) = deg(X)rank(E).

Given a smooth projective variety X, let D?(X) be the the bounded derived
category of coherent sheaves on X. An object E € D¥(X) is called exceptional if
Ext®*(E,E) = C. A set of exceptional objects (Ey,...,E,) is called an exceptional
collection if Ext*(E;, E;) = 0 for i > j. An exceptional collection is said to be full
when Ext®(E;,A) = 0 for all i implies A = 0, or equivalently when Ext*(A,E;) = 0
does the same.

Definition 2.3. Let E be an exceptional object in D?(X). Then there are functors
ILg and R fitting in distinguished triangles

Lg(T) — Ext*(E,T)®E — T — LLg(T)[1]
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Re(T)[-1] > T — Ext*(T,E)*®E — Rg(T)
The functors ILg and R are called respectively the left and right mutation functor.
The collections given by
Ely =g Lg, ... Lg, , ,
VE;=Rg Rp _ ...Rg

E._i;
En—i’

n—i+1
are again full and exceptional and are called the right and left dual collections. The
dual collections are characterized by the following property; see [21, Section 2.6].

kve ooy _pukip ovy_ ) C ifi+j=nandi=k
(1) Ext™("E;, Ej) = Ext (E”Ej ) _{ 0 otherwise

Theorem 2.4 (Beilinson spectral sequence). Let X be a smooth projective variety and
with a full exceptional collection (Ey,...,E,) of objects for DY(X). Then for any A in

DY(X) there is a spectral sequence with the Ey-term

ET = @D Bxt™ " (E,p, A) @ H'(E))

r+s=q
which is functorial in A and converges to HP*1(A).

The statement and proof of Theorem 2.4 can be found both in [29, Corollary
3.3.2],1in [21, Section 2.7.3] and in [6, Theorem 2.1.14].

Let us assume next that the full exceptional collection (Ey, ..., E,) contains only
pure objects of type E; = £/[-k;] with &; a vector bundle for each i, and more-
over the right dual collection (Ej,..., E,/) consists of coherent sheaves. Then the
Beilinson spectral sequence is much simpler since
E{? = Ext""(E,_,, A)® E, = H™ (£, , ® A) ®F,.

Note however that the grading in this spectral sequence applied for the pro-
jective space is slightly different from the grading of the usual Beilison spectral
sequence, due to the existence of shifts by n in the index p,q. Indeed, the E;-terms
of the usual spectral sequence are H9(A(p)) ® Q7P (—p) which are zero for positive
p. To restore the order, one needs to change slightly the gradings of the spectral
sequence from Theorem 2.4. If we replace, in the expression

E?'v = EXtV(E_M,A) ® E1\1/+u = H""h (Eu®A)RF,

u =-n+pand v = n+4q so that the fourth quadrant is mapped to the second quad-
rant, we obtain the following version (see [2]) of the Beilinson spectral sequence:

Theorem 2.5. Let X be a smooth projective variety with a full exceptional collection
(Eo,..., E,) where E; = E[~k;] with each &; a vector bundle and (ky,...,k,) € Z7on+1
such that there exists a sequence (F, = F,,...,Fy = Fy) of vector bundles satisfying

C ifi=j=k

kie. o\ — k+ki(e. -\
(2) Ext™(E;, Fj) = H (&@}-])_{ 0 otherwise

i.e. the collection (F,,...,Fy) labelled in the reverse order is the right dual collection
of (Eg,...,E,). Then for any coherent sheaf A on X there is a spectral sequence in the
square —n < p <0, 0 < q < n with the E|-term

EP! =Ext1(E_,, A)® F_, = HI"" (6,0 A)® .

-p’ -P
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which is functorial in A and converges to
pa_| A ifptq=0
(3) Eeo' = { 0 otherwise.

3. ConomoLoGY oF ULRICH BUNDLES ON P2 x P2

Let X = IP2 x P2. We will often use the following exact sequences.

(4) 0 — 0x(0,-3) = 0x(0,-2)® - 0P ”Q — 0,
(5) 0— Op2RQ — Ox(0,-1)%° - Oy — 0,
(6) 0 — Ox(=3,0) = 0x(-2,00® - QR Op> — 0,
and

(7) 0 — QROp2 — Ox(-1,0)®> - Ox — 0,

On X we have two different notions of Castelnuovo-Mumford regularity (see
[5] and [22]):

Definition 3.1. A coherent sheaf F on X is (BM)-regular if:
H'(F(-1,0)) = H'(F(0,-1)) = H}(F(-1,-1)) = H*(F(0,-2)) = H*(F(~2,0)) =
= H3(F(-1,-2)) = H}(F(-2,-1)) = H*(F(-2,-2)) = 0.
Definition 3.2. A coherent sheaf F on X is (HW)-regular if:
HY(F(-1,0)) = H(F(-1,-1)) = H*(F(-2,-1)) = H*(F(-1,-2)) =
= H>(F(-3,-1)) = H>(F(-1,-3)) = H(F (-2,-2)) =
= H*(F(-1,-4)) = H*(F(-4,-1)) = H*(F(-3,-2)) = H*(F(-2,-3)) = 0.

Remark 3.3. If F is a (BM)-regular coherent on X then it is globally generated
and F(p,p’) is (BM)-regular for p,p’ > 0 by [5] Proposition 2.2.

If F is a (HW)-regular coherent on X then it is globally generated and F(p,p’)
is (HW)-regular for p,p’ > 0 by [22] Proposition 2.7 and Proposition 2.8.

Lemma 3.4. Let V be an Ulrich bundle on X.
(i) HOV(j1,j2)) = 0 for j1 < —1,35 <=1 and H*(V(j1, j2)) = 0 for j; > 4,1, > —4.
(ii) Vis (BM)-regular and (HW)-regular.
(iii) For i =1,2,3, H'(V(j1,j2)) =0if j1 = —iand j, > —i or if j;y < —i—1 and
Jp<—i—-1. ' .
(iV) Fori=1,2,3, H(V®Q(j; +2)ROp2(j1)) = H (VQOp2(j1 ) RQ(j, +2)) = 0 if
j1=2-tandj >—iorifjy<-i-landj, <-i—-1.
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Proof. H'(V(j,j)) =0 for any i and j = —1,-2,-3,-4. Since H’(V(~1,-1)) = 0, from
(4), (5), (6) and (7), we get HO(V(j1, o)) = 0 for j; <-1,1, <=1, H'(V®Q(j; + 1)®
Op2(j2)) = H'(V®Op2(j1) B Q(jp + 1)) = 0 for j; < -1,3, < -1.

Since H*(V(-4,-4)) = 0, from (4), (5), (6) and (7) we get H*(V(j;,j»)) = 0 for
j12 4,0 > -4, H(V®Q(j; + 2) R Op2(j)) = H*(V ® Op2(j;) R Q(j, + 2)) = 0 for
j1 = -4,1, > —4. In particular we get (i).

Since H3(V(-3,-3)) = 0, from (5) tensored by V(~3,-2) and (7) tensored by
V(-2,-3) H3(V(-3,-2)) = H3(V(~2,-3)) = 0. From (5) tensored by V(-3,-1) and
(7) tensored by V(-1,-3) H3(V(-3,-1)) = H>(V(~1,-3)) = 0 Since H*(V(-2,-2)) =
0, from (5) tensored by V(-2,—1) and (7) tensored by V(-1,-2) H3(V(-2,-1)) =
H3(V(-1,-2)) =0,

From (4) tensored by V(-3,-1) and (6) tensored by V(-1,-3) we get H3(V ®
Q(-1)rROp2(-3)) = H3(V®Op2(-3) " Q(-1)) = 0

Since H3(V(-3,-2)) = H3(V(-2,-3)) = 0, from (4) tensored by V(-2,—1) and (6
tensored by V(-1,-2) we get H*(V®Q(-1)ROp2(-2)) = H3(V®Op2(-2)RQ(-1))
0.

Since H3(V(-2,-2)) = 0, from (4) tensored by V(-2,0) and (6) tensored by V(0,—2)
we get H3(V@QROp2(-2)) = H3(V®Op2(-2)8 Q) = 0.

Since H?(V(-2,-2)) = 0 and H3(V®Q(-1)ROp2(-2)) = H3(VROp:2 (-2)8Q(-1)) =
0, from (5) tensored by V(-2,-1) and (7) tensored by V(-1,-2) H*(V(-2,-1))
H?(V(-1,-2)) = 0.

Since H?>(V(-2,-1)) = H?(V(-2,-1)) = 0 and H*(V® QR Op2(-2)) = H}(V ®
Op2(—=2)RQ) = 0, from (5) tensored by V(-2,0) and (7) tensored by V(0,-2) H?(V(-2,0)) =
H?(V(0,-2)) = 0.

Since H3(V(-3,-1)) = H3(V(~1,-3)) = H>(V(=2,-1)) = H?(V(-2,-1)) = 0, from
(4) tensored by V(~1,0) and (6) tensored by V(0,-1) we get H*(V® QR Op2(-1)) =
H*(V®Op(-1)=Q) = 0.

Since H'(V(~1,-1)) = 0 and H>(V®QROp2(~1)) = H*(V®Op2(-1)8Q) = 0, from
(5) tensored by V(-1,0) and (7) tensored by V(0,~-1) H'(V(-1,0)) = H'(V(0,~1)) =
0.

~

We have hence proved the (BM)-regularity and (HW)-regularity so (ii).

Since V(p,p’) is (BM)-regular and (HW)-regular for p,p’ > 0, we obtain H(V(j}, j,)) =
0if j; >-iand ), >—ifori>0.

Now since VY(2,2) is Ulrich we have H/(VV(k; + 2,k, + 2)) = 0 if k; > —j and
k, > —j, so by Serre duality H*/(V(~=k; = 5,-k, —5)) = 0 if k; > —j and k, > —j. Let
i=4-j,j1 =k —5,j, =—k,—5,we get H (V(ji,j»)) = 0if j; <—i—1and j, <—i—1
fori=1,2,3. So also (iii) is proved.

Now from

0= V(j1,j2=1) = V(j1, 2)* = VOOp(j1) B Q(jp +2) — 0

we get H (V®Op2(j1)®Q(j, +2)) = 0 if j; > —i and j, > —i.
From

0> VR0p(j1)RQ(,+1) = V(j1,j2)® = V(j1,j2+1) — 0
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we get H'(V®@Op2(j1)RQ(j+2)) = 0if jy < —i—landj, <—i—1fori=1,2,3, In
the same way we obtain H'(V ® Q(j; + 2) R Op2(j,)) = 0 if j; > —i and j, > —i or if
j1<—-i-landj, <-i—1fori=1,2,3, and proof of (iv) is completed. O
Remark 3.5. Let call fori=0,...4

a; =h'(V(-i—1,-1)) and b; = h'(V(~i,—i - 1)).

An helpful tool for summarizing the part (iii) of the above Lemma are the follow-
ing pictures dealing with the subsets of the plane jj, j, whose points correspond
to some intermediate cohomology group of the sheaf V(ji, j>).

In the following pictures we show the vanishing regions and the positions of a;, b;
for K (V(j1, jo)) H2(V(jy, j2) and B3V (jy, jo)):

Aj2 Aj2 4j2
=0 W2 =0 W =0

iy iy i

’ .b2 as.
h=0

Figure 1 Figure 2 Figure 3

Lemma 3.6. Let V be an Ulrich bundle on X, then
(a) K" (VOQROp:(-1)) = by, i (VOOp: (-1)8Q)) = ag and h' (VOQROp2(-1)) =

h(V®Op2(-1)=rQ)) = 0 for any i except for i = 1.

(b) K'(VR®QROp:2(-2)) = by, h (VROp2(-2)RQ) = a, and h' (VRQROp2 (-2)) =
h(V®Op2(-2) R Q)) = 0 for any i except for i = 1.

(c) "(V®Q®RQ)=3a, +3by and i (V®QRQ) =0 for any i except for i = 1.

(d) P(VeQ(-1)rQ(-1)) = 3a3+3bs = 3a; +3b; and K (VOQ(-1)mQ(-1)) =0
for any i except for i = 2.
Proof. From (5) tensored by V(-1,0) and (7) tensored by V(0,-1) we get (Ve
Op2(-1)RQ) =ay, " (VOQROp2(-3)) = by and h'(V@O0p2(-1)8Q)) = (VRO X
Op2(—1)) = 0 for any i except for i = 1. We have proved (a).

From (4) tensored by V(-2,0) and (6) tensored by V(0,-2) we get nyeQm
Op2(=2)) = by, M (V®Op2(-2)®Q) = a, and K (VRQROp2(-2)) = K (V@Op2 (-2) R
Q) =0 for any i except for i = 1. We have proved (b).

From (4) tensored by V(-3,0) and (6) tensored by V(0,-3) we get h?(VeO0p2 (-3)R
Q) = 3b,, *(VRQROp2(-3)) = 3a, and b (VROp2(-3)RQ)) = i (VOQROp:2(-3)) =

0 for any i except for i = 2.

Now let us consider the sequence
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(8) 0—Op(-3)8Q - Op(-2)P RO - QRQ —0,

tensored by V. Since we have computed the cohomology of ¥V ® Op2(-3) ® () and
V®Op:2(-2)RQ, we may deduce that i (V@QRQ) = 3a,+3b; and ' (VRQRQ) =0
for any i except for i = 1. We have proved (c).

From (4) tensored by V(-4,-1) and (6) tensored by V(-1,-4) we get Bye
Op2(-4)®Q(-1)) = 3b3, BB(VeQ(-1)80p:2(~4)) = 3a3 and h' (VROp2 (—4)RQ(-1)) =
B(VeQ(-1)xOp2(—4)) = 0 for any i except for i = 3.

From (4) tensored by V(-3,-1) and (6) tensored by V(-1,-3) we get h*(V ®
Q(-1)ROp2(=3)) = bs, 2 (V@Op2(-3)RQ(-1)) = a3 and I (VR Q(-1)ROp2(-3)) =
h (Y ®Op2(-3)®Q(-1)) = 0 for any i except for i = 2.

Now let us consider the sequence

(9) 0— Op2(-4)"Q(-1) = Op2(-3)P ®Q(-1) » Q(-1) R Q(-1) = 0,

tensored by V. Since we have computed the cohomology of V ® Op2(—4) ® (3(-1)
and V®Op2(-3)®Q(-1), we may deduce that P> (V@Q®Q) = 3a3 +3b3 and h' (V®
Q(-1)mQ(-1)) = 0 for any i except for i = 2.

From (5) and (7) tensored by V(-1,-1) we get h'(V ® Op2(-1) ® Q(-1)) = 3by,
W (VRQ(~1)BOp2(~1)) = 3a; and I (V&Op: (-1)RQ(-1)) = K (VRQ(~1)ROp2 (~1)) =
0 for any 7 except for i = 1.

From (5) tensored by V(-2,~1) and (7) tensored by V(-1,-2) we get h*(V ®
Q(-1)ROp2(=2)) = a;, P(VOOp2(-2)®Q(-1)) = by and K (V®Q(-1)ROp2(-2)) =
h (Y ®Op2(-2)®Q(-1)) = 0 for any i except for i = 2.

Now let us consider the sequence

(10) 0—Q(-1)RQ(-1) > Op2(-2)P R Q(-1) — Op2(-1) R Q(~1) — 0,
tensored by V. Since we have computed the cohomology of ¥V ® Op2(-2) ® (2(-1)
and V®Op2(-1)mQ(-1), we may deduce that h*(V®QRQ) = 3a; +3b; and I (V®
Q(-1)=Q(-1)) = 0 for any i except for i = 2. So also (d) is proved.

d

4. FamiLies oF ULRICH BUNDLES ON IP? x IP?
We start this section with examples of Ulrich bundles:

Remark 4.1. The only rank one Ulrich bundles on X are Ox(2,0) and Ox(0, 2).
Example 4.2. Let a>1 and b > a + 2 then the set of elements

D:0h, — Opa(1)°

such that H(®(1)) are surjective forms a non-empty dense open subset (see [17]
Proposition 4.1). Using the vector bundles obtained as the kernel of these maps
when b =2aand a > 1 in [14] Theorem 3.6. has been constructed families of Ulrich
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of even rank. The construction works also for odd rank. So for any r > 1 we have
families of rank r Ulrich bundles arising from the following exact sequences.

(11) 0— Ox(-1,1)® — 0x(0,1)®* -V, — 0,
or
(12) 0— Ox(1,-1)% — 0x(1,0)®* -V, — 0.

The same families may be obtained from the exact sequences

(13) 0— V; — Ox(1,0)%%" — 0x(2,0)®" — 0,
or
(14) 0— V; — 0x(0,1)%" — 0x(0,2)% — 0.

The same families may be given by the exact sequences

(15) 0— 0x(1,00% = Op(1)RQ2)® -V, — 0,
or
(16) 0— 0x(0,1)® - Q)= Op2(1)®" — V, — 0.

Lemma 4.3. Let a,b,c,d be integers. Let V; and V), be indecomposable coherent sheaves
on X arising from exact sequences

(17) 0 — Ox(-1,1)® — 04(0,1)®" -V, -0,
or
(18) 0 — Ox(1,-1)% — 0%(1,0)® -V, — 0.

Then we have:
(1) Ext'(V1,V,) = Ext'(V,, V) = 0.
(2) If V1 V, are Ulrich bundles we must have a = 2c and b = 2d.

Proof. (1) If we apply the functor Hom(—, V) to (17) we obtain Ext'(V;,V,) = 0 be-
cause Hom(Ox(-1,1),V,) = H°(V,(1,-1)) = 0and Ext!(Ox(0,1),V,) = H'(V,(0,-1)) =
0. Similarly we prove that Ext!(V,,V;) = 0.
(2) The rank of V; is b —d so if V; is Ulrich we must have h°(V}) = 6b —6d. From
(17) we get h°(V;) = 3b, hence 3b = 6b — 64 if and only if b = 2d.
O

Now we construct the full exceptional collections that we will use in the next
theorems: Let us consider on both copies of P? the full exceptional collection
{Op2(-2),0p2(—1),Op2}. We may obtain (see [28]):

Eglks] = Ox(=2,-2)[-4], &[ky] = Ox(=1,-2)[-4], &slke] = Ox(-2,-1)[-3],
(19) Eslks]=0x(0,-2)[-3], Ealks] = Ox(=2,0)[-2], &E3[k3] = Ox(-1,-1)[-1],
Elka] = 0x(0,-1)[-1], & [k1] = Ox(-1,0), & lko] = Ox.
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The associated full exceptional collection (Fg = F,,...,Fy = %) of Theorem 2.5 is

Fo=0x(-1,-1), FH =Q(1)®Op2(-1) , Fg = Op2(-1)=Q(1),
(20) F5=0x(0,-1), A4 =0x(-1,0), /3 =Q(1)mQ(1),
Fr=0prQ(l), /i =0Q(1)®Op2 , Fy = Ox.

From (19) with a few left mutations we obtain:

(21)
Eglks] = Ox(=2,-2)[-4], &[k7] = Op2(=2) R Q[-4], Eg[ks] = QR Op2(-2)[-3],

Eslks] = Ox(=2,-1)[-3], E4lks] = Ox(=1,-1)[-2], &3[k3] = Ox(-1,-1)[-1],
Erlka] = Ox(0,-1)[-1], & [k1] = Ox(-1,0), & lko] = Ox.

The associated full exceptional collection (Fg = F,,...,Fy = ) of Theorem 2.5 is

Fs =0x(-1,-1), 77 =Q(1)®Op2(-1), Fs = Op2(-1) ® (1),
(22) F5=0x(0,-1), F4 = 0x(-1,0), /=Q(1)mQ(1),
FH=0prQ(1), /=0(1)80p , K =Ox.

Let call G| =Op2®Q(1) and G, = Q(1) R Op2.

Theorem 4.4. Let V be an Ulrich bundle on X. Then V arises from an exact sequence
of the form:

(23) 0— Ox(-1,0%2@0x(0,-1)%" — Ox(-1,1)*1 60F > 00y (1,-1)*" —

— 0x(1,0)2%0 @04 (0,1)®% -V — 0.

or
(24)
0>V —>0x(1,2)2004(2,1)%% — Ox(1,3)85 @0y (2,2)83%2+3b02 (04 (3,1)%05 —

— 0x(2,3)®2 @ 0x(3,2)%"2 — 0.

Proof. We consider the Beilinson type spectral sequence associated to A := V(-1,-1)
and identify the members of the graded sheaf associated to the induced filtration
as the sheaves mentioned in the statement. We assume due to [16, Proposition 2.1]
that

H'(A(-j,—j))=0foralliand 0<j <3

and consider the full exceptional collection £, given in (21) and collection F, given
in (22).

We construct a Beilinson complex, quasi-isomorphic to A, by calculating H'*¥i (A®
F)®&; withi,j €1{0,...,8} to get the following table. Here we use several vanishing
in the intermediate cohomology of A, A(-1,-1), A(-2,-2), A(-3,-3) together with
vanishing of Lemma 3.6:
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] Ox(-2,-2) \ Ox(-1,-2) \ Ox(-2,-1) \ 0x(0,-2) \ Ox(-2,0) \ Ox(-1,-1) \ 0Ox(0,-1) \ Ox(-1,0) \ Ox ‘

0 0 % % % % % * %
0 0 0 0 * * * * *
0 0 0 0 0 % * * %
0 b, 0 0 0 0 0 * *
0 0 a, by 0 0 0 0 0
* * 0 0 aj 0 0 0 0
* * * * 0 3a,+3b, ap 0 0
* * * * * 0 0 by 0
* * * * * * * 0 0

[Ox(=L-1) [ G2(0,-1) | Gi(-1,0) [Ox(0,-1)[Ox(-L,O)[ Gi®G [ G [ G [Ox]

From this table, since Extk(Fi,F]-) =0 for k > 0 and any i, j, we have that the full

exceptional collection (31) is strong. So we get the claimed resolution. O

Remark 4.5. From (23) we deduce that we must have ay # 0 or by # 0. From (24)
we deduce that we must have a4 = 0 or by = 0.

Corollary 4.6. Let V be an Ulrich bundle on X with H'(V®Q®RQ) = 0. Then V arises
from an exact sequence of the form:

(25) 0 — Ox(-1,1)%1 — 0x(0,1)%>" -V -0,
or
(26) 0 — Ox(1,-1)%1 — 04(1,0)9%"1 -V — 0,

wzth ul,bl > 1.

Proof. We consider the Beilinson type spectral sequence associated to A := V(-1,-1)
with the full exceptional collection &, and left dual collection F, as in the above
Theorem.
Since H'(V®Q Q) =0and H'(V®Q R Q) = 34, + 3b, we get
ap = b2 = 0,

so we obtain the following table:

[ Ox(-2,-2) | Ox(-1,-2) | Ox(=2,-1) | Ox(0,-2) | Ox(=2,0) [ Ox(-1,-1) [ Ox(0,-1) | Ox(-1,0) | Ox |

0 0 % % % % % * %

0 0 0 0 * * * * *

0 0 0 0 0 * * * *

0 0 0 0 0 0 0 * *

0 0 0 by 0 0 0 0 0

* * 0 0 ay 0 0 0 0

* * * * 0 0 ag 0 0

* * * * * 0 0 by 0

* * * * * * * 0 0
[Ox(=L-1) [ G(0,-1) | Gi(-1,0) [Ox(0,-1) [Ox(-LO)[ Gi®G | G [ G [Ox]
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We call @ and f the maps arising from the table which are defined from Oy (-2, 0)"
to Ox(~1,0)% and from Ox(0,-2)"! to Ox(0,~1)%. So we get the following exact
sequence

0 — kera — Ox(-2,0)" — Ox(-1,0)* — cokera — 0
and
0—kerp— 0x(0,-2) — OX(O,—l)l’0 — cokerp — 0,

where ker @ = B®Op> and cokerp = Op2 ®C with B a vector bundle on IP? and C
a coherent sheaf on IP?. Moreover ker g = 0 since the spectral sequence converges
to an object in degree 0, so we obtain that h°(C) = 0, hence Hom(ker a, cokerf) =
H%(BY®C) = 0. This implies that also kera = 0 and A is given by an extension of
cokera with cokerp But, by Lemma4.3, Extl(cokerﬁ,cokera) =0 and ag = 247 and
by = 2b;. Then we have the claimed result. O

Theorem 4.7. Let V be an Ulrich bundle on S with H'(V®Q(-1)mQ(-1)) = 0. Then
V= Ox(z, 0) orV = Ox(o, 2)

Proof. We consider the Beilinson type spectral sequence associated to A := V(-1,-1)
and identify the members of the graded sheaf associated to the induced filtration
as the sheaves mentioned in the statement. We assume due to [16, Proposition 2.1]
that

H'(A(-j,—j))=0foralliand 0<j <3
and consider the full exceptional collection &, given in (21) and collection 7, given
in (22).

We construct a Beilinson complex, quasi-isomorphic to A, by calculating H*Fi(A®
&))®F; withi,j €{0,..., 8} to get the following table. Here we use several vanishing
in the intermediate cohomology of A, A(-1,-1), A(-2,-2), A(-3,-3) together with
vanishing of Lemma 3.6:

[Ox(-L-1) [ Ox(-1,0) [ Ox(0,-1) [ Ox(-L1) [ Ox(1L,-1) | Gi®G [ G | G [Ox]

0 0 % * % % % % *

0 0 0 0 * * * * *

0 as 0 0 0 * * * *

0 0 b ar 0 0 0 * *

0 0 0 0 b, 0 0 0 0

* * 0 0 0 0 0 0 0

* * * * 0 0 by 0 0

* * * * * 0 0 a 0

* * * * * * 0 0
[Ox(=2,-2) [ G1(=2,-1) [ G5(=1,-2) [ Ox(=2,-1) | Ox(=1,-1) [ Ox(-1,-1) | Ox(0,-1) [ Ox(-1,0) | Ox |

Since h>(V®Q(-1)BQ(~1)) = 3a3 + 3b3 = 3a; + 3b; = 0 we get
(132173:611:171 :0,

so we obtain the following table:
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[Ox(-1,-1) | Ox(-1,0) [ Ox(0,-1) | Ox(-1,1) | Ox(1,-1) | Gi®RG, [ G G, Ox |
0 0 * * * * * * *
0 0 0 0 * * * * *
0 0 0 0 0 * * * *
0 0 0 a, 0 0 0 * *
0 0 0 0 b, 0 0 0 0
* * 0 0 0 0 0 0 0
* * * * 0 0 0 0 0
* * * * * 0 0 0 0
* * % % % * * 0 0
[ Ox(=2,-2) [ G1(=2,-1) [ G5(=1,-2) [ Ox(=2,-1) | Ox(=1,-1) [ Ox(-1,-1) | Ox(0,-1) [ Ox(-1,0) | Ox |

Finally, since Ext!(Ox(-1,1),0x(1,-1)) = Ext! (Ox(1,-1),0x(~1,1)) = 0 we get the
claimed result. O
Theorem 4.8. Let V be an Ulrich bundle on X, then
(1) ifag=ay =0, then V = Q(2)RQ(3) or V = 0x(0, 2);
(2) ifbg=by =0, then V =Q(3)RQ(2) or V = O0x(2,0);
(3) if V is a twist of a pullback from P? then V = Ox(2,0), or V = Ox(0,2) or V
arises from sequences (25), (26).

Proof. We prove only (2) and (3).
Since an Ulrich bundles V arising from

0 — Ox(1,-1)%1 — 0x(1,0)9?"1 —V — 0,
or
0 — Ox(-1,1)%1 — 0x(0,1)%2 Y 0,

do not satisfy the condition by = 0 or by = 0 we may assume H!'(V®QrQ) =
3ay + 3b, = 0 so a, = W*(VV(0,-1)) = h>(V(=3,-2)) = 0 or a, = K*(VV(0,-1)) =
h?(V(-3,-2)) # 0.

If a; # 0, from the exact sequence

0> 0(-3,-2) > 0(-2,-2) 5 QRO(-1)®° 5> QRQ(1) - 0
tensored by V), since h*(V(~2,-2)) = 0 and h!(V® QR O(-1)) = by = 0 we get a
surjection from H'(V @ Q®Q(1)) = HO(V & (Q(2)®Q(3))Y) to H>(V(-3,-2)) = 0.
Moreover from the exact sequence
0—0(0,-1) > 0% 5 0(1)rQ(2)® - QB)RQ(2) — 0

tensored by VY, since h*(V¥) =0 and k! (VW ®0O(1)gQ(2)) = B*(VRO(1)mQ(-2)) =
by = 0 we get a surjection from H(VY @ Q(3)=mQ(2)) to H>(VV(0,-1)) = 0.

So we may conclude that V = ()(3) ®()(2) by arguing as in [5].

If a; = 0 then (23) becomes

0 — Ox(0,-1)%72 — Oy (-1,1)%4 02" § Oy (1,-1)°"1 — O (1,0)%% — Y — 0,

and we deduce that a; = 0.

Similarly (24) becomes
0>V — 0x(2,1)%% — 0x(1,3)%3 0y (2,2)%302 0y (3,1)%%3 — 0 (3,2)%"2 — 0

and we deduce that a; = 0.
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Finally let assume b, # 0 and a; = a3 = 0, from the exact sequence
0— O(=2,-3) > O(-2,-2)® - 0(-2,-1)® - O(-2,0) - 0

tensored by V, since h*(V(-2,-2)) = 0 and h!(V(-2,-1)) = a; = 0 we get a surjection
from H(V(-2,0)) = H'(V ® (0(2,0))") to H*(V(-2,-3)) # 0. Moreover from the
exact sequence

0— O(-1,0) - 0% - 0(1,0)®% - 0(2,0) - 0

tensored by VY, since h*(VY) = 0 and h!(VV(1,0)) = h3(V(-4,-3)) = a3 = 0 we get a
surjection from H%(VV(2,0)) to H2(VY(~1,0)) # 0.

So we may conclude that V = (0(2,0) (see [5]) and (2) is proven.

In order to prove (3) let assume that V is a twist of a pullback from the second
copy of IP2.

First let us consider the case V = Op2 ® B where B is a vector bundle on P2,
Since h'(V(-3)) = h'(V(~4)) = 0 for any i but h*(Op2(~3)) # 0 and h*(Op2(-4)) % 0
we must have h'(B(-3)) = h(B(—4)) = 0 for any i. So we may deduce that B(-2) is
Ulrich on P? hence V = Ox(0, 2).

Now let us consider the case V = Op2(1) ® B where B is a vector bundle on P2,
Since h(V(~1)) = h(V(=4)) = 0 for any i but h°(Op2) # 0 and h*(Op2(-3)) = 0 we
must have i (B(~1)) = 0 and h'(B(~4)) = 0 for any i. In particular h?(B(t)) = 0 for
any t > —4. We consider the Beilinson type spectral sequence associated to B(-1)
with &, = {Op2(-1),Q(1),Op2} and F, = {Op2(-2),Op2(-1),Op2} given in (22).

We get the following table.

’ 0]1)2(—2) ‘ O[[)Z(—l) ‘ OIPQ ‘

0 0 0
b a 0
0 0 0
’ O]I)Z(—l) ‘ Q(l) ‘ OH)Z ‘

So we obtain
0 — Op2(=2)®" — Op2(-1)® — B(~1) — 0,
hence
0 — Ox(1,-1)% — 0x(1,0)** -V, — 0.
Then by Lemma 17 we get a = 2b and we obtain (26).

Finally let us consider the case V = Op2(t) ® B where B is a vector bundle on
IP? and t > 2. Since h°(V(~1)) = 0 we must have h(B(-1)) = 0 and we may deduce
that by = 0. Since h?(Op2(t — 4)) = 0 we deduce that by = 0. So by (2) we obtain
VY =0x(2,0).

([

Remark 4.9. We have just proved that the Ulrich bundles obtained as a pullback
from IP? are rigid or they are in the high dimensional families defined in [14]. For
instance the closure of the family of rank two bundles M, in the associated moduli
space is a generically smooth component of dimension 5 (see [14] Theorem 3.9.).
Q(3)xQ(2) and QQ(2) ® A(3) are the only Ulrich bundles characterized so far
which are not pullbacks.
Another cohomological characterization of (3(3) ® (2(2) and QQ(2) ® QQ(3) can be
found in [24].
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So far we have seen and characterized families of Ulrich bundles with a4y = 0 or
by = 0. Now we construct three interesting families with both ay = 0 and b = 0:

Example 4.10. Since Ext!(0(2,0),Q(2)mQ(3)) = H{(Q®Q(3)) = C8 we get a 7-

dimensional familiy of rank 5 Ulrich bundles arising from the following extension

(27) 0—-02)rQ(3)—V—0(2,0)— 0.

We get ag = h°(V(~1,0)) = 3 and by = h°(V(0,-1)) = 9.

Let us consider the dual of (27) tensored by V
0—-V(-2,0—-VeV->Q(1)rQ®V — 0.

From sequence (27) tensored by O(-2,0) we get H’(V(-2,0)) = 0 if the extension

(27) is not trivial.
From sequence (27) tensored by QO(1) R ( we get

OQ1)rRQeYV)=rQ2)rQB)®Q(1)rQ)=1.

So we obtain i°(V®V"Y) = 1, hence V is simple.
From these rank 5 simple Ulrich bundles we may obtain higher rank Ulrich
bundles by other extensions with O(2,0) or with (3(2) ®)(3).

Example 4.11. Since Ext' (Q(3)mQ(2),Q(2)mQ(3)) = H (Q®Q(2)rQ(3)®Q(1)) =
C?” we get a 26-dimensional familiy of rank 8 Ulrich bundles arising from the
following extension

(28) 0-02)rQ(3) >V —->Q3)xrQ(2) — 0.

We get ag = h°(V(~1,0)) = 9 and by = h°(V(0,-1)) =9

Let us consider the dual of (28) tensored by V
0-0xRQ(1HeY—-V'eY—->0Q(1)sQ®V — 0.

From sequence (28) tensored by Q ®Q(1) we get HY(Q = Q(1)®V) = 0 if the ex-
tension (28) is not trivial.
From sequence (28) tensored by ()(1) R ( we get

Q1)rQeV)=h(Q2)rQB)®Q(1)rQ)=1.

So we obtain h°(V®VV) =1, hence V is simple.
From these rank 8 simple Ulrich bundles we may obtain higher rank Ulrich
bundles by other extension with (2(3) ®Q(2) or with QQ(2) @ )(3).

Now we have a more complicated example arising from the following proposi-
tion:

Proposition 4.12. The generic element 1 € Ext' (O=Q(2),0(1)RQ) gives an extension

(29) 0—-0(1)rQ—E& —>0rQ(2)—0
where £y(1) is a simple Ulrich bundle of rank 4 for which ag = 0 and by = 0.

Proof. Let W = Ext!(Q(2),QQ) = C3. Let us notice that any nonzero n € W gives an
exact sequence

050 —>08e0Rn(1)* ->Q(2)—0
and the map in cohomology

&, : H(Q(2)) - HY(Q)
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is nonzero.

On IP(WVY)xIP? we have Ext' (OmQ(2),0(1)8Q) = H(O(1)=(Q(2))") = H(IP?,0(1))®
H'(IP?2,Q®(Q(2))¥) = WYxW. Now let us consider the identity element I € WYxW
(I restricts to n on IP(W")) and we obtain

0-0(1)rQ - & —->0rO(2)— 0.
In cohomology we get the map

H(O=Q2) 2 H(O(1)= Q)

where
HYO1)rQ)=HY(P?,0(1)) x H (P2, Q)= WY x H (IP?,Q)

and

HY(0OrQ(2)) = H(IP?,Q(2)).
We may conclude that ¢; is equivalent to

p: W — HYP?,Q(2))Y xH (P, Q).
Since ¢(17) = 6, # 0, ¢ must be an inclusion. But dim(H"(IP?,Q(2))" xH'(P?,Q))) =
dim(W) = 3 so ¢ is an isomorphism.
Then we have showed that the generic element 1 € Ext'(O & Q(2),0(1) ® Q)

gives an extension (29) with

HO=Q(2)=H (O(1)=Q).
So we obtain HO(SIP) =H! (£y) = 0. Moreover we compute
H'(Ey) = H'(Ey(-1)) = H'(£4(-2)) = H'(E(-2)) = 0
for any i. Then &, (1) is Ulrich with both ag = 0 and by = 0.
From the dual of (29) it is easy to check that hl(&l, ®51>f) =1, hence £ is simple.
|
5. ULRICH BUNDLES ON THE FLAG VARIETY F(0, 1, 2)

Let F C IP7 be the del Pezzo threefold of degree 6 and Picard number two. Let
us consider F as an hyperplane section of IP?> x P? with the two natural projections
pi : F P2 xIP? — IP? and the following rank two vector bundles:

G =piQpa(h) G =p3Qpa(hy),
We may consider the full exceptional collection
(30) {Es = Op(=1,-1)[-2], E4 = Go(-1,-1)[-2], E3 = G, (-1, -1)[-1],
Ey = Op(-1,0)[-1], E; = Op(0,-1), Eg = O}
and
(31)
{Fo = Op,F1 =G5(0,-1),F, = G1(-1,0), F3 = Op(0,-1), F4 = Op(-1,0), F5 = Op(-1,-1)}

Theorem 5.1. Let V be an Ulrich bundle on F. Then V) arises from an exact sequence
of the form:

(32) 0 — Op(0,1)® ®0x(1,0% — G,(1,1)®* ®G,(1,1)® — V — 0.
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Proof. We consider the Beilinson type spectral sequence associated to A := V(-1,-1)
and identify the members of the graded sheaf associated to the induced filtration
as the sheaves mentioned in the statement. We consider the full exceptional col-
lection &, and left dual collection F, in (30) and (31).

We construct a Beilinson complex, quasi-isomorphic to A, by calculating H*Fi(A®
F;) ®E]- with 1,7 €{0,...,6} to get the following table:

[Op(-L-1)] Op(-1,0) | Op(0,-1) [ G | G [Of]

H3 H3 % * * *

H? H? H3 H> * *

H! H! H? H? H3 H3

HY HY H! H! H? H?

% % HO HO Hl Hl

% % % % HO HO
A(-1,-1) | A®G,(-1,0) [ A®G,(0,-1) [ A(-1,0) | A(0,-1) | A

We assume due to [16, Proposition 2.1] that
H'(A(-j,—j))=0foralliand 0 <j <2.
From the exact sequence
0> ARG (-2,-1) > A(-1,-1)® = A(0,-1) — 0,

since H3(A® G;(-2,-1)) = 0 we get H*(A(0,~1)) = 0. In a similar way we get
H?(A(-1,0)) = 0. So the table become

[Op(-1,-1)[ Op(-1,0) [ Op(0,-1) | G | G [O¢]
0 0 * * * *
0 f 0 0 * *
0 c e 0 0 0
0 0 d b 0 0
* * 0 0 a 0
% % * * 0 0
A(-1,-1) | A®G,(-1,0) | A®G(0,-1) | A(-1,0) | A(0,-1) | A
Since the spectral sequence converges to an object in degree 0 we gete = f =0, so
[Op(-1,-1)[ Op(-1,0) [ Op(0,-1) | G | G [Of]
0 0 % * * %
0 0 0 0 * *
0 c 0 0 0 0
0 0 d b 0 0
* * 0 0 a 0
* * % % 0 0
A(-1,-1) | A®G,(-1,0) | A®G1(0,-1) | A(-1,0) | A(0,-1)| A

Finally since Ext!(Op(=1,0),0p(0,-1)) = 0, Ext'(Op(~1,0),G;) = 0, Ext'(Op(~1,0),G,) =
0, Ext'(Op(0,-1),G;) = 0, Ext'(Op(0,-1),G,) = 0 and Ext(G;,G,) = 0 for any i > 0
we have that the full exceptional collection (31) is strong. So we get the claimed
resolution. U

Remark 5.2. Let V an indecomposable Ulrich bundle on F.
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(1) fc=h'(V®G,(0,1)) =0 and b = h!(V(0,1)) = 0 then V is the restriction of
a bundle arising from sequence (15).
Ifd=h'(V®G(1,0))=0and a =K' (V(1
a bundle arising from sequence (16).

(2) If d = b = 0 we obtain the exact sequence

0— 0r(0,1) > G5(1,1) > Op(2,0) = 0

so V =0g(2,0).
If ¢ =a =0 we obtain V = O¢(0, 2).

,0)) = 0 then V is the restriction of
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