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Abstract

Finite metric spaces are the object of study in many data analysis
problems. We examine the concept of weak isometry between finite metric
spaces, in order to analyse properties of the spaces that are invariant under
strictly increasing rescaling of the distance functions. In this paper, we
analyse some of the possible complete and incomplete invariants for weak
isometry and we introduce a dissimilarity measure that asses how far two
spaces are from being weakly isometric. Furthermore, we compare these
ideas with the theory of persistent homology, to study how the two are
related.

1 Introduction

Finite metric spaces arise in many applicative problems, whenever we have a
set of objects on which it is defined a measure of dissimilarity. One of the
main purposes of Topological Data Analysis (TDA) is to gather topological and
geometric information from these datasets [4], in order to be able to perform
comparisons between the phenomena that generated the measurements. The
main input, in the TDA pipeline, is a nested sequence of simplicial complexes
called filtration. Such a sequence is usually obtained from a weighted undirected
network, or, in case the weights of the network satisfy the triangular inequal-
ity, from a finite metric space. In many problems, it is interesting to obtain
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information which is invariant under “rescalings” of the metric space. If, for
example, the distances are physical quantities, we may want that the results
that we get are independent from the system used for measurements. Some-
times, our observations undergo transformations that are not linear, but that
preserve the order of distance between points. For example, in [I1], Giusti er
al. showed that such an approach is useful to study data from neural activity
and connectivity. In the recent theory of monoid equivariant operators [5], an
interesting family of operators is that of the so called change of units, that are
nothing but functions that transform a dataset via a rescaling of the observa-
tions. In this work, we want to give a definition of weak isometry that let us
identify two finite metric spaces if one of the distance functions can be obtained
from the other by mean of a composition with a strictly increasing real valued
function. We compare our approach to the work of Ganyushkin and Tsvirkunov
[10], where they perform a classification of finite metric spaces and introduce
a notion of isomorphism between them. We will show that the problem of de-
termining if two metric spaces are weakly isometric or not can be reduced to
the classical problem of isometry. Then, we will see how curvature sets intro-
duced by Gromov [12] and Viertoris-Rips filtration can serve as complete and
incomplete invariants for weak isometry.

2 Weakly isometric finite metric spaces

Henceforth we will consider all the metric spaces taken into account to be finite.
We will write FMS for finite metric space. Whenever we write RT we are
considering the set {z € R | x > 0}.

Definition 1 (weak isometry). Let us consider two metric spaces (X, dx) and
(Y,dy). We say that they are weakly isometric if there exist a bijection ¢ :
X — Y and a strictly increasing function v : R* — R* such that, for all
1,22 € X,

B(dx (1, 22)) = dy (p(1), 9(22)). 1)

If (X,dx) and (Y, dy) are weakly isometric, we will write
(X7 dX) =v (Yv dY)

This concept is also defined in [7], called by the authors weak similarity,
where it is applied to semi-metric spaces of possibly infinite cardinality.

Theorem 1. The relation of weak isometry is an equivalence relation.
Proof. We check the three properties of equivalence relations.
e Reflexivity: using the identity, X =" X for all finite metric spaces X.

e Symmetry: if X = Y we have a bijection ¢ : X — Y and a strictly
increasing function ¢ : RT — R with ¢ (dx (1, 72)) = dy (¢(1), p(x2))
for all x1,z5 € X. We have that v is an invertible function since it is



strictly monotone. For each yi,y2 € Y consider x1,22 € X with y; =
©(x;), where ¢ = 1,2. Then,

dx (07 (1), 97 (y2)) = ¥ (dy (y1,92))-
and so, by definition, ¥ =% X.

e Transitivity: if X =" Y and Y =Y Z consider the functions 1, @2, %1, Y9
such that

Y1(dx(z1,72)) = dy (p1(21), p1(z2)) V1,720 € X,
Yo (dy (y1,92)) = dz(p2(y1), p2(y2)) Yy1,y2 € Y.

Then,

$1(dx (21, 22)) = dy (p1(21), 1 (22)) = 3 (dz(pa (@1 (1)), pa(p1(22))))
hence, considering the functions @9 o 1 and 15 0 1)1, we have X =¥ Z.
O

Ganyushkin and Tsvirkunov [I0] introduced a notion of isomorphism for
finite metric spaces which we will compare to weak isometry below.

Definition 2 (isomorphism - [10]). We say that two metric spaces (X, dx) and
(Y,dy) are isomorphic if there is a bijection ¢ : X — Y such that for all
x1,x9,x],xh € X we have

dx (w1, 29) = dx (27, 3) = dy (p(21), p(22)) = dy (p(27), p(25))  (2)
dx (z1,72) < dx (2, 25) = dy (p(1), p(r2)) < dy (p(z}), @(z5)).  (3)

If (X,dx) and (Y,dy) are isomorphic we will write (X,dx) ~ (Y,dy).
Now, we see how the two concepts are related.

Theorem 2. Two finite metric spaces are weakly isometric if and only if they
are isomorphic.

Proof. Assume that X =* Y. Then, we have two functions ¢ and % such that,
for all @1, zq, 2,25 € X,

Then, if dx (z1,22) = dx (2], 2%), we have

dy (p(x1), p(x2)) = Y(dx (x1,22)) = Y(dx (x7,25)) = dy (p(7), p(23)).  (6)



If dx (x1,x2) < dx (2}, x5), since ¢ is a strictly increasing function,

dy (p(z1), p(x2)) = Y(dx (21, 22)) < Y(dx (x7,25)) = dy (p(7), p(25)).  (7)

Therefore, X =Y = X ~ Y.
On the other hand, assume X ~ Y and consider the bijection ¢ given by
Definition 2| It is possible to order all the pairs (x;,z;) € X x X so that

dx (mil ’ z]&) <dx (xim ‘sz) <o <dy (Iinz »Lj 2 )7 (8)

where n is the number of points of X and Y. Because of implications and
(3), we have that

dy (p(2i,), p(25,)) < dy (p(2ir), p(25,)) < -+ <dy (p(@i), p(zj,)),  (9)

hence, we can define an increasing function ¢ : Rt — R with

V(dx(2i,,25,)) = dy (p(@i,), e(25,) V(zi,,z;) € X x X (10)

and then X ~Y = X =¥ Y. O
We have seen that the two concepts are the same, but weak isometry explic-
itly shows the rescaling that has to be performed to obtain one space from the

other. Now, we want to associate to each equivalence class of weak isometry a
good representative.

Definition 3 (distance set). Given a metric space (X, d), we define its distance
set D(X,d) as the set of all pairwise distances between different points of X.

D(X,d) :={d(z1,22) | z1,22 € X, ®1 # x2}. (11)

When there is no ambiguity for the metric d defined on the space X, we will
simply write D(X).

Lemma 1. Two weakly isometric finite metric spaces have distance sets of the
same cardinality.

Proof. If X =" Y, there is a strictly increasing function v such that
$(D(X)) :={v(1) | 1 € D(X)} = D(Y). (12)

So, since 1|p(x) is injective by definition and surjective on D(Y), then [D(X)| =
[D(Y)]. O

Remark 1. The reciprocal statement does not hold. Two spaces can have the
same distance set but not be weakly isometric. For example, Boutin and Kemper
in [I] study the problem of recontruction of a metric space given the distribution
of distances between points.

Example 1. The two metric spaces in Fig. [I} X = {a,b, ¢} with dx(a,c) =
dx(b,c) = 6, dx(a,b) = 5 and Y = {d,e, f} with dy(d, f) = dx(e, f) = 5,
dy (d,e) = 6 have the same distance set, but they are not weakly isometric.



Figure 1: FMS that are not weakly isometric.

Definition 4 (natural-valued metric space). We say that the metric d defined
on the space X is natural-valued if D(X) C N.

Definition 5 (dense distance set). Given a finite metric space (X,d) with
natural-valued matric d we say that its distance set is dense if it is a list of
consecutive natural numbers,

D(X)={a+1,a+2,...,a+|D(X)}. (13)

Definition 6 (canonical). A finite metric space of cardinality n is called k-
canonical if it has a natural valued and dense distance set of the form

Doy = {2(2),2(;)-1,.‘.,2(7;)—k+1}. (14)

Canonical metric spaces are interesting because for them the notion of weak
isometry is equivalent to that of isometry, as we show in the next Lemma.

Lemma 2. Let C; and Cy be canonical finite metric spaces. Then, Cy is weakly
isometric to Co if and only if C1 is isometric to Ca.

Proof. If C; is isometric to Cs, then C; is weakly isometric to Co. On the other
hand assume C; =" Cy. By Lemmal[l] we know that the two spaces have distance
sets of the same cardinality. On the other hand, the distance set of a canonical
space is defined by its cardinality, so

D(Cy) = {2(2)2(2) - 12(2) —|D(C)] +1} -
- {2(3)2(’;) - 12(2) — | D(C)] +1} = D(Cy).

(15)



By hypothesis, we have a bijection ¢ : C; — Cy and a strictly increasing
function ¢ : R™ — R such that (D(C1)) = D(Cz2). Since the two distance
sets are equal, such a function can only be the identity and, therefore,

Y(de, (w1, 32)) = de, (1, m2) = de, (p(21), o(22)) (16)
and the two spaces are isometric. O
In Proposition 2 of [10], the authors proved the following useful result.
Theorem 3. FEach finite metric space is isomorphic to a canonical metric space.
Remark 2. We will say that a finite metric space C is canonical for the FMS X
if they are weakly isometric and C is canonical.
We can now define a map called canonicalization which assigns to each finite

metric space X a canonical metric space Cx.

Definition 7 (canonicalization). Let X be a finite metric space of cardinality n
and distance set D(X) = {a1,as,...,ax |a; < a; if i < j}. Define ¢ : Rt — N
as

W(a;) = 2(2) —k+i. (17)
The canonicalization of X is the space (Cx,dc, ) with:
[ ] CX =X

P(dx(x1,x2)) if x # 29
0 if 1 = T2.

o dcx(ffl,lﬂz) = {

Canonical metric spaces are important because, as we will see with the fol-
lowing corollary, they allow us to associate to each weak isometry equivalence
class a unique representative.

Corollary 1 (uniqueness of canonical representations). Let X be a finite metric
space with C and C' canonical for X. Then, C and C' are isometric, that is, there
s a unique metric space canonical for X up to isometry.

Proof. By the transitivity of weak isometry, we have that C ~ X ~ C’ and, by
Lemma [2] they are isometric. O

For a given FMS X, Corollary [I] allows us to identify a canonical represen-
tative of a X in the form of its canonicalization, as introduced in Definition

In this way, we can now reformulate the problem of weak isometry to that
of classical isometry between canonical spaces.

Theorem 4. Two finite metric spaces are weakly isometric if and only if their
canonicalizations are isometric.



Proof. If C is canonical for X and Y, then X =% C =" Y and, hence, X and Y
are weakly isometric. On the other hand, assume that X is weakly isometric to
Y. By the transitivity of weak isometry, we have

Cx ¥ X 2 Y ¥ Cy,

therefore, Cx and Cy are weakly isometric. By Lemma [2] we have that they
have to be isometric. O

3 A dissimilarity measure for weak isometry

We would like to define a pseudo-distance between finite metric spaces that
measures how far are two metric spaces from being weakly isometric. We are
looking for a pseudo-distance d : FMS x FMS — R such that:

1. d((X,dx),(Y,dy)) = 0 if and only if (X,dx) and (Y,dy) are weakly
isometric,

2. d is “continuous”, that means that d is not discrete and takes into ac-
count the actual values assumed by the metrics dx and dy, and does not
discriminate them only because of their “combinatorial properties”.

Proposition 1. There is no pseudo-distance that satisfies the two conditions
above.

Proof. Let us assume that the pseudo-distance d is such that it is zero if and
only if two spaces are weakly isometric.

Since d((X,dx), (Y,dy)) = 0 and d satisfies the triangle inequality, for any
three spaces (X,dx), (Y,dy) and (Z,dz) with (X,dx) weakly isometric to
(Y, dy) we have that

d((X7dX)7(ZadZ)) :d((Yde)7(Z7dZ)) (18)

Therefore, the function d is constant on the equivalence classes given by weak
isometry, hence it is discrete. O

Since it is not possible to find such a pseudo-distance, we will weaken our de-
mands by dropping the assumption that the function d satisfies the triangle
inequality.

Definition 8 (dissimilarity measure). A dissimilarity measure d over a set S is
a function d : S x § — R such that:

1. there exists a number dy € R, with —oco < dy < d(s1,82) < 400, for all
s1,82 € S, and d(s,s) = dp, for all s € S,

2. d(s1,82) = d(sa,s1), for all s1,s9 € S.

Since we will make use of the Gromov-Hausdorff distance, we recall its defi-
nition.



Definition 9 (Gromov-Hausdorff distance). Given two metric spaces (X, dx)
and (Y,dy), a correspondence between them is a set C C X x Y such that
7x(C) = X and 7y (C) =Y, where mx and 7y are the canonical projections
of the product space. We denote with €(X,Y") the set of all correspondences
between X and Y. We define the distortion of a correspondence C, with respect
to the metrics dx and dy as

dis(C,dx,dy) = sup ldx (z,2") — dy (y,y")| . (19)

(z,y),(z",y")€C

The Gromov-Hausdorff distance between (X, dx) and (Y,dy) is

dGH((X,dx),(Y,dy)) = inf )diS(C,dx,dy). (20)

1
2 cee(X,Y

When (X,dx) and (Y,dy) are finite metric spaces, the sumpremum in
Eq. is actually a maximum, and the infimum in Eq. is a minimum.
We refer the interested reader to [3] for further details.

Remark 3. From now on, we will denote by .# the set of strictly increasing
functions 1 : R™ — RT, with ¢(0) = 0.

Consider now the map d : FMS x FMS —s R* given by

d((Xv dX)» (Yv dY)) :il}gff dGH((Xv'M) o dX)’ (Y7 dY))+

: (21)
+w12fﬂ dau((X,dx),(Y,v ody)).

We have the following result
Proposition 2. The map disa dissimilarity on the collection of FMS.
Proof. Since dgp is a distance, for all (X,dx) and (Y, dy) it holds

0< inf d X d Y,d
_11112] GH(( JPO X))( ) Y))<OO

and
0< inf deg((X,dx),(Y,vody)) < .
< Inf don((X,dx), (Y, ¢ 0 dy)) < oo
Therefore there exists dy = 0 such that dy < d(X,dx),(Y,dy)) < oo for all
(X,dx) and (Y, dy). It is also possible to notice that d is symmetric by its very

definition. Hence, d is a dissimilarity. O

Now, we show that that dissimilarity d satisfies our initial requests, especially
the fact that is 0 if and only if two spaces are weakly isometric.

Proposition 3. Given two FMSs (X,dx), (Y,dy), we have

d((X,dx), (Y,dy)) =0 <= (X,dx) =" (Y, dy).



Proof. If (X,dx) =" (Y,dy), there exists a strictly increasing function ¢ such
that (X, v odx) is isometric to (Y, dy) and (Y, ody) is isometric to (X, dx).
Since the Gromov-Hausdorff distance between two metric spaces is zero if and
only if they are isometric, both the infima on the right hand side of Eq. are
0, hence d((X,dx), (Y,dy)) = 0.

On the other hand, suppose that d((X,dx), (Y,dy)) = 0, so that

inf d X d Y. d = d inf d X.d Y, d =0.
ot ca((X,odx),(Y,dy)) =0 an nf, cr((X,dx), (Y, ody)) =0

Therefore, by the definition of infimum, there exist two sequences (¢ )nen
& and (¢, )neny C # such that

- 22

nlLI&dGH((X,dx),(Y,wnOdy)) =0. ( )
Let us focus our attention on the first sequence, (¢, )nen € #. By the finiteness
of €(X,Y), for every n in N there exists a, possibly non-unique, correspondence
R, in €(X,Y) such that dis(R,, ¥, o dx,dy) = deg((X, ¥, o dx), (Y,dy)).
By the axiom of choice, it is possible to construct a sequence (¢, Rpn)nen C
J x €(X,Y) such that

h_>m dlS(Rn,’(/Jn o dx, dy) =0.

The set €(X,Y) is finite, henceforth we can find a subsequence (@/A)m RAn)neN of
(¥, Rn)nen such that there exists a Ry in €(X,Y) and an in N with R, = Ry,
for all n > n.

For this correspondence R, it holds

Jim. Un(dx (2,2")) = dy (y,y/)| =0 V(z,),(«,y') € Ry (23)

Hence, the restriction of the sequence (1,,) on the distance set D(X) converges
to a function ¢x : D(X) — D(Y), such that dgu ((X,vx odx), (Y,dy)) = 0.
In the same way, we can prove the existence of a function ¢y : D(Y) — D(X)
such that deg (X, dx), (Y, ¥y ody)) = 0.

We observe that

dGH((XawY O'l/)X OdX)’ (X,dx)) S dGH((Xa de OQ;ZJX OdX), (Yva OdY))+

+deu((Y, ¢y o dy), (X, dx)).
(24)

We already know that the second summand on the right hand side of the
inequality is 0. For the first one it is easy to see that since dgy((X,vx o
dx), (Y,dy)) = 0, then also dgy ((X, ¢y ox odx), (Y,¢y ody)) = 0. There-
fore, dGH((X, ’(/}y o ’L/}X o dX)7 (X, dx)) = O, and (X, wy e} wX o dx) and (X, dX)
are isometric. Since ¥x and vy are both non decreasing functions, also their



composition is non decreasing. Moreover, 1y o x has to be a bijective function
from D(X) to itself, otherwise the two spaces fail to be isometric. Then, it has
to be Yy oy =id|p(x), therefore 9x and vy are invertible. It is possible to
extend, by linear interpolation, the domain and codomain of 1 x to RT, thus we
have a strictly increasing function ¢ x such that dep ((X, ¥x odx),(Y,dy)) =0
and this is equivalent to saying that (X,dx) and (Y,dy) are weakly isomet-
ric. O

Example 2. In this example, we show the computation of d between three
finite metric spaces. Let us consider the spaces (X,dx), (Y,dy) and (Z,dz)
depicted in Fig. 2] We can see that inf,c.s dau (X, 0dx),(Y,dy)) = 0. In
fact, if we take a sequence (¢, )nen such that

1
Q;bn(?’) =3, d}n(4) =4, "/}n(t—)) =4+ Ea
clearly lim,,— 00 dou ((X, ¥ 0 dx), (Y,dy)) = 0. On the other hand, for 1/3 with

$(3) =3, ¥(4) = 4.5,

it holds infwej dGH(<X, dx)7 (K w o dy)) = dGH((X, dx), (K’L/} o dy)) = 0.5.
Therefore, d((X,dx), (Y,dy)) = 0.5. Reasoning in a similar way it is possible
to show that d((Z,dz), (Y,dy)) = 1. We also know by Proposition [3| that since
X and Z are weakly isometric it has to be d((X,dx), (Z,dz)) = 0. Hence,

d((Y,dy),(Z,dz)) =1 > 0.5 =d((Y,dy),(X,dx)) + d((X,dx), (Z,dz))

and the triangular inequality does not hold.

€T3
Y3 23

1 3 T2 n 3 Y2 21 3 22

Figure 2: Examples for the computation of d.

4 Curvature sets of finite metric spaces

Establishing whether two spaces are isometric or not is in general a computa-
tionally intensive problem. Hence, we would like to have a set of complete or

10



incomplete invariants to study this problem. We will focus our attention firstly
on the concept of curvature set introduced by Gromov in [I2]. They have al-
ready been used by Mémoli in [I4], they can in fact be used to obtain a lower
bound for the Modified Gromov-Hausdorff distance between two metric spaces.

Definition 10 (curvature set - [I2]). Given a, non-necessarily finite, metric
space (X, dx) we can consider the function

PR Xy RTXT

25
(1‘1,...,$m)'—>MS.t. Mi,j :dx(l‘i,xj). ( )

We call m-th curvature set of (X,dx) the set
K (X) :=imPg. (26)

Let us see an example of some curvature sets for a finite metric space.

Example 3. Consider the set X = {z1, 22,23} and endow it with the metric d
such that d(z1,22) = 3, d(x1,z3) = 5, d(x2,23) = 4. Then, K5(X) and Kj(x)

are
0 4] [0 5] [o 0
0= {3 8 [0 o) 3B o)

(0 3 5] 00 3 0 0 4
K3(X) = {PTB 0 4P, PT|0 0 3| P, PT|0 0 4|P,

5 4 0 330 4 4 0
0 0 5 (0 0 0]

PTlo 0 5P, |0 0 0 P runs in 3 X 3 permutation matrices}.

5 5 0 0 0 0

Curvature sets encode information about finite metric subspaces of a given
metric space. A similar, but coarser, invariant is the isometric sequence of a
space, introduced by Hirasaka and Shinohara [13]. Curvature sets are important
in virtue of the next theorem.

Theorem 5 (isometry of compact metric spaces - [12]). Two compact metric
spaces X and Y are isometric if and only if K, (X) = K, (Y) for all m € N.

Remark 4. Notice that every FMS is compact and then satisfies the hypothesis
of the above theorem.

Therefore, checking the equality of curvature sets is a way to find out whether
two metric spaces are isometric or not. In the general case, in which a metric
space is not finite, we have to prove the equality of all curvature sets to ensure
the isometry between metric spaces, but for the finite case the problem becomes
easier. We can see that the r-th curvature set carries all the information included
in all the [-th curvature sets for [ < r.

11



Lemma 3. For any two, possibly infinite, metric spaces (X,dx), (Y,dy), if
K (X) =K, (Y) for a certain r € N then K;(X) = Ki(Y') for alll <.

Proof. Each matrix of K;(X) can be obtained from a matrix of K,.(X) removing
r—1 rows and columns. Given a set of indices I := {41,...,4;} C {1,...,n} and
a matrix M € R™*" we can define M; as the matrix obtained by M removing
the columns and the rows whose indices are in I. Then

K/(X)={M; | M €K.(X), IC{L,....n}, || =11} =

My | MEK(Y), TC L.}, [ =r 1} =Kyy). D

O

For finite metric spaces we can further improve this result. In the following
theorem, we show that given a finite metric space X of cardinality n, all the
curvature sets are determined by K, (X).

Theorem 6. Let (X,dx) and (Y,dy) be two finite metric space of cardinality
n. Then
Kn(X)=K,(Y) VmeN < K, (X)=K,(). (28)

Proof. The forward implication is given by the hypothesis. We have to prove
the other direction <. We already know, by Lemma 3] that K,,(X) = K,,(Y)
for all m < n. We have only to prove the case in which m > n. For ev-

ery matrix M € K,,(X), we can find m points x1,...,2z, of X such that
U (x1,...,%m) = M. Of these m points at most k¥ < n of them can be
different, let them be wx;,,...,7;. Then, the matrix W% (z;,...,2;,) is in
Kg(X) = Kig(Y) by Lemma Then, we have y1,...,yx € Y such that
Uk (25, ... w5,) = V¥ (y1,...,yr), and it means that

dx (xia7‘xib) =dy (yaayb)~ (29)

Consider the bijection ¢ : {,,..., 25} — {y1,...,yx} with é(zs,) = yj,
7 =1,..., k. Thanks to Eq. we have that

VR (21, @) = VP (O(21), -, P(Tm)) € Kin(Y).
Therefore, K,,,(X) C K,;,,(Y). Analogously, we can see that K,,(Y) C K,,(X),
hence they must be equal. O

We have seen in Example |3 that when we compute the m-th curvature set
of a metric spaces we take m-tuples of points of X with repetitions. This means
computing n'™ matrices. We would like to reduce such a computational cost,
and we try to do so introducing the concept of reduced curvature set.

Definition 11 (reduced curvature set). Consider a metric space (X, dx) and
the associated function U7 : X™ — R™*™ defined in Eq. (25). We call m-th
reduced curvature set of (X, dx) the set

Ko (X) = {U%(z1,. .., 2m) | 21, T € X and x; # z; if i # j}.  (30)

12



As we can see from the definition, to obtain the m-th reduced curvature set
we need to compute (nfi;n), matrices. We want to show that we do not lose any
information with this reduction.

Lemma 4. For any two metric spaces (X,dx), (Y,dy), if K. (X) =K. (Y) for
a certain r € N, then K)(X) = Ki(Y) for all 1 <.

Proof. The proof is analogous to that of Lemma 3] O

Theorem 7. Let (X,dx) and (Y,dy) be two finite metric spaces of cardinality
n. For any m < n, we have

Proof. Assume K,,,(X) = K,,(Y). Then a matrix M € K,,(X) is also an
element of K,,(X) if and only if (M; ; = 0 <= i = j). The same argument
holds also for K,,(Y), therefore, given M € K,,(X), we have M € K,,(X) =
K, (Y) and M € K,,,(Y). Since M has null entries only in its diagonal, M €

K, (Y). In this way, we can see that K,,(X) C K,,(Y) and K,,,(Y) C K, (X),
hence they are equal. Assume now that K,,(X) = K,,(Y). We want to prove
that, for any M € K,,(X) \ K,,(X), we have M € K,,,(Y). We know there are
Z1,...,Tm € X such that M = $'¢(xy,...,2,), where at most k& < m of the
points are different. Suppose these points are z;,,...,z;, . For Lemma {4} we

have that f{m,k(X) = K,,—x(Y), then we have y1, . ...y points of Y such that
\I/’;}_k(:cil, cey Xy ) = \Il$_k(y1, e Yk)-

Hence, given the bijection ¢ : {x;,, ..., x5 } — {y1,..., yx} with ¢(zy;) = vy,
j=1,...,k, we have

M =UR(x1,...,2m) = VP (4(21), ..., p(2m)) € K (Y). (32)
Then, K;,,(X) C K,,(Y) and reasoning in the same way we have K,,(Y) C
K, (X), therefore they are equal. O

Thanks to the last theorem, we can see that reduced curvature sets carry
the same information given by the non reduced version. Notice that for finite
metric spaces we do not have m-th reduced curvature sets, with m greater than
the number of points of the space. In the following theorem, we observe that
isometry of finite metric spaces is characterised by the n-th reduced curvature
set.

Theorem 8. Two finite metric spaces (X,dx) and (Y,dy) of cardinality n are

isometric if and only if K,,(X) = K, (Y).

Proof. We need to prove the “«<” implication only. Since X and Y are finite
they are compact and by Theorem [5| we know that they are isometric if and only
if K (X) =K, (Y) for all m € N. By Theorem [} since X and Y are finite, we
know that this is true if and only if K, (X) = K, (Y) and for Theorem [7] this
holds if and only if K,,(X) = K, (Y). O
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We recall that, thanks to Theorem [ two spaces are weakly isometric if
and only if their canonicalizations are isometric, and this condition can now be
checked using the above theorem. Hence, we have the following corollary.

Corollary 2. Two finite metric spaces (X,dx), (Y,dy) of cardinality n with
respective canonicalizations (Cx,dey), (Cy,de, ) are weakly isometric if and

only if I~<n(CX) = KTL(CY)

5 Vietoris-Rips filtration and finite metric spaces

We will provide a categorification of the concept of weak isometry of finite
metric spaces, introduced in the work [10], in order to obtain another complete
invariant for weak isometry.

Definition 12 (monotone map between FMS). Given two finite metric spaces
(X,dx) and (Y,dy), we say the a map f : X — Y is monotone if, for all
x1, Ta, 2, xh € X, we have:

dx (w1, w2) < dx (2, 25) = dy (f(z1), f(22)) < dy (f(21), f(22)). (33)

Remark 5 (Proposition 3 - [I0]). If f : X — Y is a monotone map, then

dx(x1,72) = dx (21, 25) = dy (f(21), f(22)) = dy (f(27), f(23)). (34)
The converse is not true.

Lemma 5. A monotone map f: X — Y between two finite metric spaces X
and Y induces a non-decreasing function between the distance sets f : D(X) —
D(Y) given by

fla) = dy (f(x:), f(x;))  where dx (2, 2;) = a. (35)

Proof. Thanks to Remark [5, we have that the function f is well defined. In
fact, for any a € D(X), we have that, if dx(vi,x;) = dx(v},2}) = a, we
can write f(a) = dy(f(xi), f(z;)) = dy(f(z}), f(z})). The function is non-
decreasing because if a = dx (v1,22) < b = dx(x3,74), by Deﬁnition f(a) =

O

dy (f(z1), f(22)) < dy (f(x3), f(z4)) = f(D).
Lemma 6. A monotone map f : X — Y between two finite metric spaces X

and Y induces a non-decreasing function f : Rt — R™ whose restriction is f
as in Lemma 3

Proof. Thanks to Lemma we have that f induces a non-decreasing function f :
D(X) — D(Y"). Such a function can be extended to a non decreasing function
f:RT — R" in the following way. If D(X) = {a1,...,ax | a; < a; if i < j},

14



we define f as

f(al)x if x € 0,a4]
a
f(.'L') = f(a’i"rl) B f(az) (J) _ ai) + f(az) if z c [aiyai+l] (36)
Q41 — A4
(gc—ak)+f(ak) if v € (ag,00).
By definition, it follows that f b = f. O

Definition 13 (category of FMS - [10]). We can define a category FMS of
finite metric space whose objects are finite metric spaces and whose morphisms
are monotone maps.

Remark 6. In is possible to observe that two finite metric spaces are isomorphic
in the category FMS if and only if they are weakly isometric.

We recall some concepts of algebraic topology that we will use in the rest of
this section. For more detailed information, we refer the reader to [I5].
An abstract simplicial complex is a collection K of finite non-empty sets, called
simplices, such that for any o in K every 7, non-empty subset of o is in K. If
a simplex ¢ has elements xg, ..., xx, we will say that is generated by the points
Zo,...,2r and we will write 0 = {xq,...,zr}. The dimension of a simplex is
defined as the number of its elements minus 1, so

dimo = dim{zy, ..., 2} = k.

The 0-dimensional simplices are also called vertices. Given two abstract simpli-
cial complexes K and L, a simplicial map s : K — L is a function that sends
the vertices of K to vertices of L, such that, if 0 = {xq,...,2zx} is a k-simplex
of K, then s(o) = {s({z0}),...,s({zr})} is a simplex of L. Beware that the
function s does not need to be injective on the set of vertices. It may be possible
that the image of a simplex o is a simplex s(o) of lower dimension.

Example 4. Consider the simplicial complex

K = {{a}, {0}, {c}, {a, b}, {a, ¢}, {b, c}, {a, b, c}} .

An example of simplicial map is the function s : K — K, that on the set of
vertices is equal to

s({a}) = {a},
s({b}) = {b}, (37)
s({c}) = {b}.

It is possible to see that some simplices degenerate, through s, to simplices of
lower dimension. For example s({a,b,c}) = {a, b}.

15



Definition 14 (category of simplicial complexes). We denote with Simp the
category whose objects are finite abstract simplicial complexes, and morphisms
are simplicial maps.

An example of abstract simplicial complex that we will use is the Vietoris-
Rips complex.

Definition 15 (Vietoris-Rips complex). Given a finite metric space (X,dx)
and a positive real number ¢, the Vietoris-Rips complex VR, (X) is the abstract
simplicial complex whose elements are subsets o = {zy,...,z;} of X such that

Vo, xz; € 0, dx(z;,z;) <e.

We recall that we can associate to any partially ordered set (P,<p) the
category whose objects are the elements of P, and whose morphisms are the

relations a <p b. In this section, we will consider in this way the category
(RF, ).

Definition 16 (Vietoris-Rips filtration). Given a finite metric space (X, dx),
we can consider the functor VRe(X) : (R, <) — Simp that assigns to each
a € R the Vietoris-Rips complex VR, (X) and to each morphism a < b the
inclusion ¢ X, : VR, (X) < VR,(X).

Definition 17 (rescaling). Given a non-decreasing function ¢ : Rt — R* we
call ¢-rescaling the functor Ry : (RT, <) — (R, <) with

Ry(a) = ¢(a)
Ry(a <b) = ¢(a) <p(b).

Remark 7 (notation). Given two functors F : B — C and G : C — D
we denote their composition as GF' : B — D. If we have another functor
F’ : B — C, a natural transformation 1 between F' and F’ is a family of
morphisms {7, : F(a) — F’'(a) | a € ob(B)} such that, for every morphism
m :a — b in B, the following diagram commute

(38)

Mo lm’ (39)
F(a) 2 prp).

In this case, we will write n: F = F".
Lemma 7. A morphism f: X — Y in FMS induces a rescaling Rf and a
natural transformation nf : VR4(X) = VR, (Y)R;.

Proof. Thanks to Lemma @ we have a non-decreasing function f that induces
a rescaling R P We want to see that, for any a € RT, we have a simplicial map
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nf i VR (X) — VR.(Y)Rf(a) = VRj
a < b, we have a commutative diagram

oY) such that, for all a,b € R* with

VRa(X) s VRy(X)

l 4 lm{ (40)

VR (Y) = VR (Y):
We define 7} as
775({331‘07 s ’xik}) = {f(x10)7 AR f(xlk)} (41)

By the very definition of Vietoris-Rips complex and f , we have that, for every
simplex o of VR4 (X), nf(0) is a simplex of VR, (Y) and n! is a well-defined

simplicial map. We only need to prove that /¥ onf = 771{ 0 ¢X. Indeed, for any
0 € VR, (X) with o = {z;,,...,2;,} we have

LY 07]({(0) = LY({f(in),. : 7f(‘r2k)}) = {f(xi())? .- 7f(331k)}
771{ OLX(U) = nl{({xim' . 7x1k}) = {f(xio)v .- 7f(xlk)}

Hence 5/ is a natural transformation. O

(42)

Now, we want to show that the Vietoris-Rips filtration can be used as a
complete invariant for weak isometry.

Theorem 9. Given two finite metric spaces X andY, the following statements
are equivalent:

1. X andY are isomorphic in FMS.

2. There exist a rescaling Ry and a natural isomorphism

n: VRe(X) = VR.(Y)Ry.

Proof. Suppose that X and Y are isomorphic in FMS. Then we have a mono-
tone map f : X — Y that is a bijection. Thanks to Lemmal[7], we have a rescal-
ing R and a natural transformation 7 i VRe(X) = VRe(Y)R;. We want to
see that for all @ € RT, 5/ is an isomorphism of simplicial complexes. Since f is
a bijection, we know that n/ is injective. In fact, given o = {z;,,...,7;, } and
T ={z;,,...,x;} with ¢ # 7, we can assume without loss of generality that
there is a 2; € 7 with z; € 0. Then if /(o) = nl(7), there is a ; € o with
f(z;) = f(x;) and this is absurd for the injecivity of f. On the other hand 7/ is
also surjective. Suppose that there is a p € VR, (Y) with p = {y;,,...,y;. }
that is not in the image of . We can consider the points f~(v;,), ..., f (v, )
of X and see that they form a simplex of VR, (X). In fact, since p € VRf(a) (Y),

for all u,v € p, we have dy (u,v) < f(a). It can be seen that, for all 21, x5 € X,
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we have f(dx (x1,22)) = dy (f(21), f(22)). Therefore, for all u,v € p, since f~
is also a strictly increasing function

dx (f 7 (u), f 7 (©)) = fH(dy (u,0) < F(f(a) = a. (43)

Then points f~1(y;,),- .-, f~*(yi,) span a simplex of VR, (X) whose image un-
der n/ is p. Therefore i/ is also bijective and is an isomorphism of simplicial
complexes. Hence, 7 is a natural isomorphism.

Now, suppose that we have a rescaling R, and a natural isomorphism 7 :
VRe(X) = VRe(Y)Ry,. For each a € RT, the restriction of the isomorphism 7,
to the vertices of VR, (X) yields a bijection f, : X — Y. Moreover, these bijec-
tions are all the same because of the commutativity of diagrams that define the
natural isomorphism. Hence we have a unique bijection f : X — Y associated
with 1. We claim that this bijection is an isomorphism of finite metric spaces.
In fact, for each couple of points 1,29 € X, call @ = dx(x1,22). Since 7 is a
natural isomorphism, we have that o = {z1,22} € VRg(X) and that nz(c) =
{f(x1), f(x2)} is a simplex of VRy4)(Y), that is not present in any VR,(Y),
for b < (@). This means that dy (f(z1), f(z2)) = ¢¥(a) = Y(dx(z1,x2)), for all
x1,22 € X, and therefore X and Y are weakly isometric and also isomorphic in
FMS. O

Remark 8. Given two Vietoris-Rips filtrations VRe(X) and VRe(Y), the ex-
istence of an isomorphism between each VR,(X) and VR, (Y) is not enough
to ensure that X and Y are isometric. Indeed, all these isomorphism have to
commute with the inclusions given by the filtrations. For example, consider the
two metric spaces, depicted in Fig. |3, given by the distance matrices

0o 7 9 10
7 0 8 11
dx =(dx(zi 7)) =| ¢ g o 12 |°
10 11 12 O
(44)
0O 7 9 10
7T 0 8 12
dY = (dy(yiayj)) = 9 8 0 11
10 12 11 0

They are not isometric, but, for each a € R™, we can find an isomorphism
between VR, (X) and VR, (Y). Notice that, on the other hand, if there exists
an a in RT such that there is no isomorphism between VR, (X) and VR, (Y),
then the two spaces are for sure not isometric.

5.1 Persistent homology as an incomplete invariant for
weak isometry

Topological data analysis (TDA) is a branch of applied mathematics developed
in the last 30 years in order to have a set of tools, based on topological and
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Figure 3: Embedding of the spaces of Remark [8in R3.

geometrical concepts, to analyse data [0, [§]. The main tool used in TDA is
persistent homology, an algebraic topology technique that consider the evolution
and relations of homology groups of a sequence of nested topological spaces. In
the usual pipeline of topological data analysis, the Vietoris-Rips filtration is
used to compute the so called persistence module, with which it is possible to
keep track of the changes of homological features of the simplcial complexes at
different scales of the filtration. Let us recall the definition of the k-th degree
simplicial homology functor. Given a field F, with Vectr we denote the category
whose objects are finite dimensional vectors spaces over F and with morphisms
the linear maps between these spaces. Let us consider an abstract simplicial
complex K. To simplify the definitions we will consider a total order on the set
of vertices of K. Every k-simplex of K from now on will be considered as an
ordered tuple [zg,...,zx] of k + 1 vertices of K. The group of k-chains of K,
denoted with Cy(K) is the vectors space whose elements are formal sums

> o (45)

where )\; is an element of F and o; is a k-simplex of K. It is possible to see that
a basis is given by the formal sums {lpo | dimo = k}. Between every Cj(K)
and Ck_1(K), there is a linear map 0y : Cx(K) — Ci_1(K) called boundary
operator. It is defined on the basis of C} given by the set of k-simplices as

k
On([zo, . x]) =Y (=10, .., &4, ... 2], (46)
=0
where with [z, ..., %, ..., 2] we denote the (k— 1)-simplex obtained removing

the vertex z;. It is possible to show that for every k > 0 it holds 0y 0 Op4+1 = 0,
meaning that the set im Oy is a vector subspace of ker Jy. Then, the k-th
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homology group of K with coefficients in F is the quotient vector space

ker Oy,

Hk(K) = imak»+1.

(47)
The k-th simplicial homology functor is a functor from the category Simp to the
category Vecty, that assigns to every object K of Simp the homology group
Hi(K) in Vecty, and to every simplicial map s : K — L the induced map
Hy(s): Hx(K) — Hy(L) between the homology groups.

In general therms, a filtration is a functor F' : (R4, <) — Simp. Given a
filtration F', the composition HpF is called the k-th degree persistence module.
It is possible to define an interleaving distance between persistence modules in
the following way, as described in detail in [2]. Given a positive real number ¢, it
is possible to define a translation functor T : (R*, <) — (RT, <), with T, (z) =
x+¢ and a natural transformation v : Idr+ <y = T¢, with v.(z) : 2 — x+¢
defined as < x 4+ ¢. Two persistence modules HyF' and HpG are said to be
e-iterleaved if there exist two natural transformation ng : HyF' = H;GT. and
ng : HyG = H FT. such that

(neTo)np = HFvoe and  (mpTo)ng = HipGrae. (48)

The interleaving distance d; between two persistence modules HyF and HyG
is defined as

di(HpF, H,G) = inf {¢ > 0 | HF and HyG are e-interleaved} . (49)

The reader familiar with persistent homology will find the following corollary
to be natural.

Corollary 3. The persistent homology of the Vietoris-Rips filtration is an in-
complete invariant for isometry.

Proof. The two spaces in Remark [§] have persistence modules with interleaving
distance 0, yet they are not isometric. O

Even if persistent homology is only an incomplete invariant, we can still use
it to study the problem of weak isometry. Given two finite metric spaces, it is
possible to compute their canonicalizations, from them their associated Vietoris-
Rips filtrations and then the persistence modules. If the obtained persistence
modules have interleaving distance greater than 0, then the two spaces cannot
be weakly isometric.

5.2 A dissimilarity measure for persistence modules

In a spirit similar to Section [3} we can define a dissimilarity between persistence
modules. Recall that we defined .# as the set of strictly increasing functions
¥ : RT — RY, with ¢(0) = 0.
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Definition 18. Given two persistence modules H Fy and H Fy, the dissimilarity
d between them is

d(HF,,HF5) = inf d;(HF, HF5R inf d;(HF\Ry,, HF: 50
(HFy, 5) wlgﬂ 1(HF, 2 w)-f-d}g] 1(HF1 Ry, 5), (50)

where d; is the interleaving distance between persistence modules.

One of the key properties desired for distances between persistence modules
is that they satisfy a form of stability theorem, that is, there must be a distance
between the original metric spaces, that bounds from above the distance between
the obtained persistence modules. We have a stability theorem of this kind for
the Vietoris-Rips filtration and the interleaving distance [6], in fact

dI(HkVRO(Xv dX)v Hi VR, (Y7 dY)) < QdGH((Xv dX)v (K dY))
We will provide a similar stability theorem also for the distances introduced in
this paper.

Theorem 10 (stability theorem for weak isometry). Let (X, dx), (Y, dy) be two
finite metric spaces. We denote with HyVR4(X,dx) and H,VR4(Y,dy) the k-
th persistence modules obtained from the Vietoris-Rips filtration associated with
the two spaces. Then for all k € N,

d(Hi VR4 (X, dx), HVR. (Y, dy)) < 2d((X,dx), (Y, dy)). (51)

We can see that thanks to this theorem and Proposition [3] if the persistence
modules obtained by two Vietoris-Rips filtration have distance d greater than
0, then the corresponding finite metric spaces cannot be weakly isometric.

Example 5. Consider the finite metric spaces (X, dx) and (Y, dy) with

0o 7 12 8
7 0 10 11
dx =(dx(ro2)) = 19 19 o o |
8§ 11 9 0
(52)
0O 7 12 8
7 0 10 9
dy = (dv(¥:9) = | 19 10 0 11
8 9 11 0

We will use Zs as the field of coefficients with which we will compute homol-
ogy. We can see that the persistence module H; VR4 (X, dx) is the functor

Ly ifl10<e <11

H, VR, (X’ dX) = {0 otherwise

H1VR.(X, dx)(a § b) =

id:Zy = 2, if10<a<b<1l
©10: HiVR.(X,dx) — HVRy(X,dx) otherwise.
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Figure 4: Embedding of the spaces of Example [5|in R3.

The persistence module H; VR4 (Y, dy) is

H\VR.(Y,dy) =0 Ve>0
H VR, (Y,dy)(a <b) =0: HVR,(Y,dy) — HiVR,(Y,dy) Va <b.

Let us consider the sequence (¢, )nen with

T ifo<z<10
Un(z) = dn(z—10)+10 if10<z<10+ 2
r+1-2 if10+ & <z

It is easy to see that

lim d;(HVRa(Y, dy), F\VRa(X, dx) Ry, ) = 0.

On the other hand, for all strictly increasing functions 1 : R™ — R it holds

1
di(HiVRe(X,dx ), HHVRe(Y,dy)Ry) = 5
Therefore, d(H,VR4(X,dx), HIVR(Y,dy)) = 1 >0, and the two spaces are
not weakly isometric.

Proof of Theorem[I0, We have that, for every ¢ € .7,
HiVRe(X, ¥ odx))Ry = H; VR (X, dx).

This is true because (X, ¢ odx) and (X, dx) are weakly isometric and, as in the
proof of Theorem |§|, there are a natural isomorphism 7 and a rescaling R,, such
that 7 : VRe(X,dx) = VRe(X, 19 0 dx)Ry. In this case, the natural isomor-
phism is simply the identity between every VR, (X, dx) and VR (a)(X, ¥ odx).
Therefore, the two functors VRe(X, dx) and VRe(X, 9 o dx)Ry are equal.
Now, let us take a sequence (1, )nen in & with

Jim der (X, ¢ 0 dx), (Y, dy)) = ot den((X, ¢ odx), (Y, dy))
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and a sequence (¥, )nen With
Jim_dew((X, dx), (Y, Ynody)) = wﬂelfj den((X,dx), (Y9 ody)).

By the classical stability theorem [6], for all n in N, we have

dr(HyVR o (X, ¢, 0dx), H,VR e (Y, dy)) < 2deu((X, ¢ o dx), (Y, dy)),
di(HyVR (X, dx), H,VR e (Y, 1), 0 dy)) < 2dau((X,dx), (Y, v o dy)).
(53)
Recall that, for all n in N by the definition of infimum
eréfﬂdl(HkVRo (X,¢vodx),H,VR e (Y,dy)) <

< d;(HiVR o (X, ¢ 0dx), H,VR e (Y, dy)),
and (54)
Jnf di(HVR e (X,dx), HiVR e (.0 0 dy)) <

< d;(H,VR e (X,dx), H,VR e (Y, o dy)).

By the definition of d and because of the previous inequalities it holds

d(H,VR e (X,dx), H,VR e (Y,dy)) <
Jim (d (HyVR o (X, ¢ 0 dx), HyVR o (Y, dy))+ (55)

+d[(HkVRO (X, dX)7 HkVR [ ] (Y, an o dy))

Because of the inequalities in Eq. and the definition of d, the following is
true

Tim (d; (HeVR o (X, 6, 0 dx), HiVR o (Y, dy))+
+di(HVR o (X, dx), HiVR e (Y, 9, 0 dy)) <
< lim 2dan((X. b 0 dx), (Ydy)) + 2den (X, d), (Vb0 dy)) = OO
= 2d((X,dx), (Y, dy)).
Therefore,
d(HyVR e (X, dx), HVR e (Y,dy)) < 2d((X,dx), (Y,dy)).  (57)
O

6 Conclusions and future work
We have constructed suitable representative elements for the equivalence classes

of the relation of weak isometry for finite metric spaces. Thanks to these repre-
sentatives we can check in a simple way whether two spaces are weakly isometric
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or not. We have given a definition of a notion of dissimilarity between finite
metric spaces which measures how far they are from being weakly isometric. We
have shown that curvature sets and Vietoris-Rips filtrations can help us in char-
acterizing the classes of weak isometry. We have seen that we can use persistent
homology to try to discriminate non-weakly isometric finite metric spaces, and
we have defined a dissimilarity between persistence modules and shown that it
satisfies a stability theorem for weak isometry. We would like to point out that
in this work we never exploited the property of triangle inequality, therefore all
the results could be easily extended to finite semi-metric spaces (see [7]). In the
future, we would like to try to find other and simpler invariants for weak isom-
etry and make a comparison between them. We have also seen the usefulness
of persistent homology, and in future work we would like to study the problem
of finding distances between persistence modules that are meaningful from the
point of view of weak isometry.
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