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Abstract We formalize the coupled criterion (CC)
in the framework of Finite Fracture Mechanics (FFM)
to take into account the material nonlinear behavior.
Once the true stress-strain curve is recorded, we es-
timate the Ramberg-Osgood (RO) parameters. We
then exploit these values in the FFM numerical im-
plementation, considering both an average stress re-
quirement and the energy balance. As a case study,
we consider experimental data on Brazilian disks
containing a circular hole and involving two materi-
als - PMMA and GPPS. The computational effort of
the analysis increases with respect to the linear elas-
tic case, but keeps reasonable. On the other hand,
the nonlinear FFM investigation allows a significant
improvement of the failure stress predictions, espe-
cially those related to smaller holes corresponding
to a more pronounced nonlinear behavior detected
during tests.

Keywords: Finite Fracture Mechanics; Ramberg-
Osgood model; Nonlinearities, Brazilian disk tests;
Circular holes

1 Introduction

Linear elastic fracture mechanics (LEFM) allows study-
ing the propagation of an existing crack but fails
to predict its nucleation. Crack initiation in brit-
tle materials can be modeled using several meth-
ods such as, e.g., cohesive zone models [1,4,5,11,
13,29,43] or phase-field models for fracture [2,31,
32]. An approach that has been specifically devel-
oped in the framework of Finite Fracture Mechan-
ics (FFM) [15,33] so as to model crack initiation is
the coupled criterion (CC) [18], which allows both
the initiation loading and crack length to be deter-
mined by simultaneously fulfilling a stress condition
and the energy balance. This approach has already

been applied to predict crack initiation in a broad
range of materials (such as e.g., composites [6,7,14,
28], ceramics [20,22,30]), configurations (interfaces
[25–27,40], V-notch [4,19,21]) or loading conditions
[10,36]. A review of these applications was presented
by Weißgraeber et al. [44]. The CC requires only
two fracture parameters as input, namely the mate-
rial strength and fracture toughness. Moreover, com-
pared to other methods cited previously, one advan-
tage of the CC is its numerical efficiency [11]. As a
matter of fact, under the assumption of small defor-
mations, only one calculation is needed to compute
the stress criterion, and few calculations with vary-
ing crack size are needed to compute the energy bal-
ance. Besides, since the fracture parameters are only
implemented during the post-processing step, no ex-
tra calculations are needed to predict crack initiation
for another set of material properties. This is partic-
ularly useful when these parameters are not known
and must be determined by an indirect confrontation
with experimental data [8,9].

Until now, the CC has been mainly applied in
a linear elastic framework and under the assump-
tion of small deformations. There are only few appli-
cations involving nonlinearities [17,21,35,23]. Leite
et al. [17] modeled fracture of open hole plate un-
der tension [24] using either linear elastic or nonlin-
ear material behavior. The expected improved agree-
ment with respect to experimental results using the
nonlinear elastic behavior was missing. Leguillon and
Yosibash [21] studied crack initiation at a V-notch
including a small damaged or plastic zone ahead of
the notch tip, which was modeled by a decrease in
the Young’s modulus and varying fracture proper-
ties in this zone. The CC was applied using matched
asymptotic expansions under the assumption of a
small damage area near the V-notch. Two nested
loops were implemented in order to both analyze
the variation of the material parameters with dam-
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age and compute crack initiation using the CC. The
analysis was however limited to a theoretical frame-
work, lacking a comparison with experimental data.
Rosendahl et al. [35] applied the CC in case of ad-
hesive connections bonded using structural silicone
sealants, which undergo large deformations before
failure. A stretch criterion was implemented instead
of the classical stress criterion to better represent dis-
tortional bulk failure surfaces. Recently, Li et al. [23]
proposed a numerical implementation of the CC for
damaged material. The damaged field in the material
was computed using continuum damage mechanics
and associated regularization techniques, while the
transition from continuous damage field to a discon-
tinuous crack (using element removal strategy) was
determined using the CC. The proposed numerical
procedure was applied to several examples including
single crack initiation and growth, as well as multi-
cracking.

In a previous study, Torabi et al. [42] compared
the initiation stress predicted using the CC with ex-
perimental data obtained by carrying out Brazil-
ian disk (BD) tests on PMMA and GPPS speci-
mens with circular holes. The application of the CC
in a linear elastic framework led to a good match-
ing except for small holes, due to some nonlinear
phenomena disregarded by the model [42]. A simi-
lar conclusion was drawn by Doitrand and Leguil-
lon [8] in case of aluminum specimens bonded with
an epoxy layer, for which neglecting material non-
linearities could explain the bigger discrepancy be-
tween numerical predictions and experimental data
obtained for the smallest layers.

The objective of this paper is the implementation
of the CC in a nonlinear framework. The studied case
is that of BD with circular holes mentioned above
[42], which is described in Section 3. In Section 2,
the CC in a nonlinear framework is presented. The
geometry of BD and the Finite Element (FE) model
are described in Section 4. In Section 5, crack initia-
tion predictions obtained using both a linear elastic
and a nonlinear material behavior are compared to
experimental results taken from [42].

2 FFM Nonlinear implementation

In the framework of FFM, crack initiation under
quasi-static loading conditions requires the simul-
taneous fulfillment of two separate conditions [18].
First, the stress state must be high enough over the
whole expected crack path prior to crack nucleation.
This condition, originally proposed by Leguillon [18],
consists in comparing the stress normal to the crack
plane σnn with the material strength σc. This condi-
tion can also be replaced by a condition involving the

average stress over the crack length l, as proposed,
e.g., in [3,37,39]:

σnn(l) =
1

l

∫ l

0

σnn(s)ds ≥ σc (1)

To be consistent with the previous work about fail-
ure predictions in Brazilian disk tests [42], condition
1 will be implemented, the comparison between the
approaches going beyond the scope of this paper.
The second condition that must be fulfilled can be
obtained through a balance of the potential (δWp),
kinetic (δWk), and crack surface formation (Gcl, Gc

being the material critical energy release rate) en-
ergies between a state before and after crack nucle-
ation. Quasi-static initial conditions lead to a pro-
duction of kinetic energy (δWk ≥0) allowing the en-
ergy condition to be derived, which consists in com-
paring the incremental energy release rate Ginc with
Gc.

Ginc(l) =
Wp(0)−Wp(l)

l
≥ Gc (2)

It can be noted that the energy dissipated by
non-linear mechanisms is not accounted for in the
energy balance. As stated in introduction, the ap-
plication of the CC in a linear elastic framework
and under the small deformation assumption only
requires few calculations to be performed. In this
case, the stress is proportional to the imposed load
or displacement U and the potential energy of both
the damaged and the undamaged material is propor-
tional to the square of applied load:{

σnn(l, U) = k(l)U = σc
Ginc(l, U) = A(l)U2 = Gc

(3)

where A and k are functions depending only on the
material parameters and specimen geometry. There-
fore, the stress prior to crack initiation and the in-
cremental energy release rate can be computed once
for any load level U . The combination of both crite-
ria leads to the determination of the initiation load
Uc and crack length lc [11,18] by solving:

k(lc)
2

A(lc)
=
σ2
c

Gc
. (4)

If nonlinearities are accounted for, originating for in-
stance from the material behavior (e.g., non linear
stress-strain curves or large deformations) or from
the simulation features (e.g., contact between several
parts), the proportionality of the stress and the po-
tential energy to respectively the load and the square
load is no longer ensured. In this case, from a rigor-
ous point of view, it is necessary to compute the
stress and the energy conditions for several loading
levels and determine the minimum loading level Uc
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Fig. 1 Brazilian disk specimen containing a circular
hole.

for which both conditions are fulfilled which can be
achieved by solving the following minimization prob-
lem:

Uc = min{U,∃l, (G
inc(l, U)

Gc
≥ 1) ∧ (

σnn(l, U)

σc
≥ 1)}

(5)
The initiation crack length thus verifies :

min(
Ginc(lc, Uc)

Gc
,
σnn(lc, Uc)

σc
) = 1 (6)

The practical implementation of the CC solution in
a nonlinear framework is discussed more in Section
4.

3 Experimental tests and data

Let us consider the Brazilian disk tests carried out
in [42]. The geometry of the samples is reported in
Fig. 1. Some experimental tests aiming at determin-
ing fracture initiation were performed by Torabi et
al. [42] on t=10mm (PMMA) or t =8mm (GPPS)
thick specimens with R0=40mm and different hole
sizes corresponding to R = 0.25, 0.5, 1, 2 and 4mm.
For all the tested configuration, brittle fracture oc-
curred with crack initiation from the hole edge in
the loading direction. Torabi et al. [42] determined
the failure stress as a function of the hole radius for
both PMMA and GPPS specimens, highlighting the
size effects of a decreasing initiation stress with an
increasing radius. In the following, the experimental
results used for the comparison with numerical pre-
dictions are taken from [42]. The true stress-strain
curves of specimens without holes under uniaxial
tensile loading are given in Fig. 2. The material
behavior is slightly non linear and can be well repro-
duced numerically using the RO model [34].

ε =
σ

E
+ α

σ

E
(
σ

σ0
)n−1 (7)

PMMA

GPPS
RO-PMMA
RO-GPPS

Fig. 2 Experimental (dots and diamonds) and simu-
lated with Ramberg-Osgood (RO) model (dashed and
full lines) stress-strain curves for PMMA and GPPS spec-
imen without hole.

Table 1 Material properties for PMMA and GPPS.

PMMA GPPS

E (MPa) 2960 3100
ν 0.38 0.34
α 2 1.9
σ0 (MPa) 68 30
n 1.4 1.2
σc (MPa) 78 40
Gc (MPa.mm) 0.88 0.23
Lmat (mm) 0.428 0.446

The corresponding parameters are given in Table 1
together with the strength and fracture toughness
of both materials taken from [42]. The Ramberg-
Osgood parameters were determined by means of FE
calculations on specimens without hole under uniax-
ial tensile loading so as to fit the experimental stress-
strain curves.

4 Finite element analysis

A 2D plane strain FE model of Brazilian disk test
is set-up using AbaqusTM. As demonstrated in [12],
compared to the 3D case, it may be representative of
the specimen middle plane. Due to the specimen and
test symmetry, only one quarter of the specimen can
be modeled. The platen is modeled as infinitely rigid
and a displacement of the platen in (Oy) direction
is imposed as boundary condition. Contact between
the platen and the specimen is taken into account
using a normal hard contact and no tangential fric-
tion, making the calculations nonlinear. Therefore,
even if a linear elastic material behavior is used, the
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y

x
Fig. 3 Mesh of one quarter of the Brazilian disk speci-
men.

nonlinear solution of the CC as presented in Sec-
tion 2 must be adopted. The uniaxial compression in
(Oy) direction leads to crack initiation in the same
direction due to the specimen lateral expansion. Ex-
perimentally, it was not possible to check whether
symmetric or asymmetric crack initiation occurred
[42]. However, the discrepancy between symmetric or
asymmetric crack initiation predicted by the CC in
such configurations is generally small [38,42]. There-
fore, symmetric crack initiation is assumed so as to
be consistent with [42]. The material parameters of
either linear elastic or nonlinear elastic (Ramberg-
Osgood model) material behavior are implemented
(Table 1).Solving the CC requires a mesh that is fine
enough so as to capture the initiation crack length.
It can be shown that this length is a fraction of the
material characteristic length Lmat = EGc

σ2
c

[30]. Fig.

3 shows an example of Brazilian disk specimen mesh
consisting of four-nodes linear elements. The mini-
mum mesh size is set to 5×10−3mm and a progres-
sive unrefinement of the mesh along the crack path is
performed, as explained in [11]. The FE model con-
sists in about 5000 nodes and the typical duration
for one calculation is 30s.

Applying the CC to the case of Brazilian disk
specimens requires Eq. (5) to be solved. An approach
similar to that proposed in [17] is adopted herein.
In practice, a discretization of the imposed displace-
ment {Uk}k=1..n can be chosen so as to solve Eq.
(5). For each loading level Uk, one calculation is re-
quired so as to compute the stress condition of the
CC (Eq. (1)) whereas several calculations with vary-
ing crack length are needed to compute the energy
condition (Eq. (2)). For a given loading level, around
100 calculations with varying crack length are per-
formed to compute the potential energy difference

Stress criterion

Energy criterion

U=1.3U
c

U=0.9U
c

Fig. 4 Incremental energy release rate to fracture tough-
ness and stress to strength ratios variation as a function
of the crack length l for imposed loading U = 0.9Uc and
U = 1.3Uc

due to crack initiation and hence the incremental
energy release rate. This is done by progressive re-
leasing of the symmetry condition of the nodes lying
on the crack path. At each loading level, it is checked
whether the CC is fulfilled or not. Then, the initia-
tion loading level is determined using Eq. (5) by in-
terpolation of the computed values. Fig 4 shows the
variation of (i) stress to strength and (ii) incremental
energy release rate to fracture toughness ratios for
two imposed displacement levels for which the CC is
fulfilled or not. It can be seen that in both cases, a
solution to Eq. (4) can be found, which allows deter-
mining lc. However, a sufficiently high imposed load-
ing must be prescribed so that a solution to Eq. (5)
can be found. Fig 5 shows the incremental energy
release rate to fracture toughness ratios evaluated
for lc as a function of the imposed displacement. In
the present case, 5 imposed displacement values were
used to compute the CC and determine at least one
imposed displacement for which the CC is fulfilled.
Then, the initiation displacement and crack length
are determined by interpolating the values computed
on the basis of the discretized imposed displacement.
It can be noted that despite the nonlinear CC solu-
tion requires more calculations than the usual lin-
ear application, they can be executed in parallel. In
the present work, 5 calculations were performed in
parallel so that the overall analysis for a given hole
size specimen finally take around 30 minutes, which
is still reasonable compared to the overall analysis
time of the classical approach [11]. Note that, in ad-
dition, once the calculations are performed, the frac-
ture properties of the material can be easily varied



Nonlinear implementation of Finite Fracture Mechanics: A case study on notched Brazilian disk samples. 5

Fig. 5 Incremental energy release rate to fracture tough-
ness ratio evaluated for l = lc as a function of the im-
posed loading U .

without any extra calculations since they are only
implemented during the post-processing step, which
is a main advantage of the CC.

5 Results and discussions

The solution of the CC in nonlinear framework is
now applied to the case of PMMA or GPPS Brazil-
ian disk specimens including a central hole. For each
case, the critical imposed displacement is computed
according to the procedure presented in Section 2.
The associated reaction force Fc is then estimated
so as to obtain the equivalent failure stress σf given
by the following expression [16,42]:

σf =
Fc

πR0t
(8)

Figs. 6 and 7 show the failure stress predicted by the
CC using either a linear elastic or a nonlinear mate-
rial behavior. It can be seen that the hole size effect
is very well captured by the CC whatever the mate-
rial behavior since similar trends as experimentally
are obtained numerically. Implementing a linear in-
stead of a nonlinear material behavior results in over-
estimating of the failure stress. The discrepancy be-
tween both cases remains lower than 10% for PMMA
and 15% for GPPS. Taking into account the mate-
rial nonlinear behavior allows reducing the discrep-
ancy with respect to the mean value of experimental
data (Tables 2 and 3), especially for the smallest
holes. For instance, the difference between predic-
tions and mean experimental failure stress is reduced
from 27.9% to 9.6% for PMMA and from 18.5% to

     CC - linear

     CC - nonlinear

     Experiments-PMMA

Fig. 6 Failure stress σf as a function of hole radius R
for PMMA samples.

   CC - linear

   CC - nonlinear

   Experiments-GPPS

Fig. 7 Failure stress σf as a function of the hole radius
R for GPPS samples.

9.4% for GPPS in the case of the R = 0.25mm hole
radius.

6 Conclusions

The CC has been implemented in a nonlinear frame-
work for failure stress prediction in Brazilian disk
specimens. Nonlinearities originate from both the
contact between the platen and the specimen and the
material stress-strain curves. Concerning the FE im-
plementation, taking nonlinearities into account re-
quires more calculations to be performed since there
is no longer any proportionality between the stress
and the load, and between the potential energy and
the square load. Therefore, the dependency of stress
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Table 2 Deviation between failure stress predictions
with the CC using either a linear elastic or a nonlinear
material behavior and mean experimental failure stresses
for PMMA specimens.

Hole radius ∆σf
σf

(linear) (%) ∆σf
σf

(nonlinear) (%)

0.25 27.9 9.6
0.5 13.2 2.7
1 5. 3.6
2 0.01 2.9
4 14.7 3.97

Table 3 Deviation between failure stress prediction
with the CC using either a linear elastic or a nonlinear
material behavior and mean experimental failure stresses
for GPPS specimens.

Hole radius ∆σf
σf

(linear) (%) ∆σf
σf

(nonlinear) (%)

0.25 18.5 9.4
0.5 8.8 3.2
1 11.2 4.7
2 7.7 6.3
4 13.7 14.8

and energy to the applied load has to be computed
for several load levels, looking for the minimum load
for which both criteria are fulfilled.

It is important to note that the fracture param-
eters Gc and σc are only implemented during the
post-processing step. Therefore once the calculations
are performed for a given configuration, it is easy
to vary these fracture parameters without any ad-
ditional computational costs, contrary to other frac-
ture approaches such as cohesive zone modeling or
phase field models for fracture.

Applying the CC to crack initiation prediction
in Brazilian disk specimens with circular holes us-
ing linear elastic material behavior results in a rea-
sonable matching except for small holes for which
crack initiation occurs at higher loading level and
thus with more pronounced nonlinearities. Taking
into account the nonlinear material behavior allows
to remove this drawback, improving significantly the
theoretical FFM predictions.
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