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Abstract We present a poroplastic model of structural reorganisation in a
binary mixture comprising a solid and a fluid phase. The solid phase is the
macroscopic representation of a deformable porous medium, which exemplifies
the matrix of a biological system (consisting e.g. of cells, extra-cellular matrix,
collagen fibres). The fluid occupies the interstices of the porous medium and
is allowed to move throughout it. The system reorganises its internal structure
in response to mechanical stimuli. Such structural reorganisation, referred to
as remodelling, is described in terms of “plastic” distortions, whose evolution
is assumed to obey a phenomenological flow rule driven by stress. We study
the influence of remodelling on the mechanical and hydraulic behaviour of
the system, showing how the plastic distortions modulate the flow pattern of
the fluid, and the distributions of pressure and stress inside it. To accomplish
this task, we solve a highly non-linear set of model equations by elaborating
a previously developed numerical procedure, which is implemented in a non-
commercial Finite Element solver.
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1 Introduction

The remodelling, or structural reorganisation, of a biological system might
be defined as the result of an ensemble of processes that concur to adapt its
structure and material properties to both internal and external stimuli. In
addition to remodelling, a biological system may also experience growth, i.e.,
it may gain or lose mass. Growth can be appositional or volumetric. In the
first case, new material is either removed or laid over the pre-existing one [12].
In the second case, instead, the variation of mass can be diverted either in a
change of volume or in a change of density of the system [31,62,63].

In principle, a comprehensive study of growth and remodelling requires an
interdisciplinary approach, in which genetic aspects and molecular processes
as well as intracellular and intercellular activities are accounted for. Further-
more, a thorough analysis of the functioning of biological systems calls for
multi-scale and multi-level mathematical models, which should couple chem-
ical, electrical, and mechanical phenomena. Despite these intricacies, some
essential features of the evolution of biological systems can be captured by
purely mechanical theories of growth and remodelling. For a given biological
system, the starring characters of such theories are the parameters describing
its kinematics and structural evolution, and the generalised forces conjugate
with the selected parameters. Within a purely mechanical approach, several
problems of growth and remodelling can be studied. Growth, in general, con-
tributes to change the properties and internal structure of the tissue in which it
occurs. A relevant aspect of this phenomenology is that grown tissues usually
feature residual stresses, which means that, even though a grown tissue finds
itself in an unloaded configuration, it is not necessarily in a stress-free state.
For example, this is true for arteries [52]. Thus, as suggested in [90], growth
can be thought of as the process that brings the tissue from a zero-stress state
to a state in which residual stresses may be present even in the absence of
external loading. As is well-known, the stress-free state of a body (which is
also referred to as “the natural state”) is not a true configuration. Rather,
it is a collection of relaxed body pieces, which cannot be attained by simply
deforming the body. Consequently, growth cannot be described just in terms
of deformation, deformation gradients, and the related measures of stress. In
fact, one has to introduce also the concept of incompatible distortions in order
to account for the transformation connecting the natural state of a tissue with
the unloaded—yet not stress-free—configuration chosen as reference. The dis-
tortions due to growth are generally non-integrable and incompatible. They
are said to be non-integrable when they cannot be expressed as deformation
gradients, and are said to be incompatible when they lead to the loss of flat-
ness of the body manifold [72]. Moreover, distortions are both formally and
conceptually distinct from deformations, which describe the global change of
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shape of the tissue. To account for distortions, Rodriguez et al. [90] invoked
the Bilby-Kroner-Lee (BKL) decomposition of the deformation gradient ten-
sor, thereby separating the “elastic” part of the overall deformation from the
“anelastic” one, which is related to growth and remodelling, and need not be
compatible.

The use of the BKL decomposition permits to exploit several analogies with
the theory of Elastoplasticity. For example, in a general model of growth, the
anelastic distortions associated with the structural reorganisation of a tissue
were described in terms of material inhomogeneities in [31], while the concept
of “evolving natural configurations” [89] was used for modelling tumour growth
both in monophasic and in multiphasic materials [1,86].

In this paper, we focus on remodelling only. This can be done because there
exist remodelling processes that do not lead to variations of mass. Moreover,
there exist cases in which remodelling takes place over time-scales that are
well-separated from those characterising growth, and can be thus decoupled
from the growth-driven evolution of the system under study. For example,
these conditions are met in cellular aggregates and in tumour spheroids, when
their remodelling consists of the reorganisation of the adhesion bonds among
the cells [42]. This kind of remodelling can be described by hypothesising
that the considered biological systems exhibit elastoplastic behaviour [4] (or,
in some cases, elasto-visco-plastic behaviour [84]), and assuming that plastic
distortions arise when the stress in the system exceeds a given threshold [42].
The closeness of the present setting with the classical theory of Elastoplasticity
(cf. e.g. [65,71]) makes it rather natural to employ the BKL decomposition in
order to define a stress-free state for the system, and separate the plastic
distortions due to remodelling from the elastic part of the overall deformation
gradient. Moreover, as is the case in Elastoplasticity, also in this framework
the plastic distortions are generally non-integrable and incompatible. For this
reason, when referring to the distortions associated with the evolution of the
internal structure of a body (i.e., with the process of remodelling), we shall
use the adjectives “anelastic” and “plastic” interchangeably.

Following [3,45], we consider a biphasic mixture comprising a solid and
a fluid phase, and take it as an exemplification of a biological system. We
study the evolution of the mixture in response to external loads by prescrib-
ing that, under suitable conditions, a remodelling process of the solid phase
occurs. To accomplish this task, we formulate a finite-deformation poroplastic
model of the mixture, which is able to determine the deformation of the solid
phase, the velocity of the fluid phase, and the plastic distortions associated
with the occurrence of remodelling. To solve the problem, we elaborate a com-
putational algorithm that aims at generalising a well-established numerical
procedure—the Return Mapping Algorithm (RMA)—to a class of anelastic
models not necessarily complying with all the hypotheses on which the RMA
is based [93]. Besides testing the proposed algorithm, our main purpose is to
evaluate the influence of remodelling on the fluid velocity, overall deformation,
and distributions of pressure and constitutive stress in the system under study.
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We remark that mixture theory has been largely employed in modelling
biomechanical problems of different kind. These range from tumour growth [2],
in which the considered mixture consists of a fluid and one or more cell popu-
lations, to bone reconstruction [60], in which the mixture consists of the bone
itself and some grafted bio-resorbable material.

The issue of structural reorganisation is largely investigated in the context
of bone biomechanics, and has recently contributed also to raise questions in
the field of optimal control theory. For example, optimal control procedures
have been elaborated in [5] for assessing the structural efficiency of adaptive
materials, and in [6] for studying the adaptation of bones under mechanical
stimuli. They have also been used for modelling the trabecular architecture
of bones [7], and for evaluating the bone density distribution [8]. Another
problem connected with bone remodelling, which concerns the interaction of
bone with resorbable biomaterial, has been addressed in [9-11].

The paper is organised as follows. In Sect. 2, we review some aspects of
the theory of biphasic mixtures, and introduce the BKL decomposition in the
framework of porous media. In Sect. 3, we establish the constitutive frame-
work, study dissipation, and determine the evolution law for remodelling. In
Sect. 4, we describe the numerical procedure elaborated for solving the model
equations. In Sect. 5, we present and discuss the obtained results. Finally,
in section 6, we outline some critical remarks on the employed model, and
propose some plans for future research.

2 Theoretical background

For our purposes, we consider a binary system comprising a porous solid
medium, also referred to as “matrix” hereafter, and a fluid. The region of
space occupied by the system as a whole can be partitioned into two comple-
mentary sub-regions. One of these regions is occupied by the solid particles
constituting the matrix, while the other one, which is generated by the voids
of the matrix, is assumed to be filled with the fluid. If the latter sub-region
is connected in topological sense, it is termed “pore space”, and the fluid can
circulate throughout it. In the following, the matrix and the fluid shall also be
called “phases”. At a sufficiently coarse scale of observation, the system can be
viewed as a biphasic mixture, which means that both the matrix and the fluid
are admitted to co-exist at each point of space occupied by the system. Note
that there may be cases in which the connectedness of the void region is not
granted. This happens, e.g., in solid bodies with micro-periodic non-connected
inclusions filled with fluid [26].

2.1 Kinematics of biphasic mixtures

We base the forthcoming description of the kinematics of biphasic mixtures on
the theory developed in [87,88], and recently summarised in [94]. We denote by
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M M;

K — x(€n,t)
SL_ o2 el e F(Mr, 2)

Fig. 1 Graphical representation of the kinematics of biphasic mixtures. Picture redrawn
and adapted from [88§]

Mg and M; the two smooth three-dimensional material manifolds associated
with the matrix and the fluid, respectively. The manifold My is embedded
into the three-dimensional Euclidean point space 8§ by means of the smooth
localisation function kg : Mg — 8, such that, for every solid particle X5 € Mg,
there exists a reference placement X = r3(Xs) € 8. The set Cr = k(M) is
chosen as the reference configuration for the mixture. The motion of the solid
constituent is the one-parameter family of smooth mappings x(-,t):Cr — 8,
where t € J C R is time and J is the interval of time over which the mixture
is observed. The set x(Cgr,t) C 8 defines the current configuration of the solid
phase. Each point z € x(Cr,t) C 8 is such that z = x(X,t), with X € Cg
and ¢t € J. Similarly, the motion of the fluid is defined by f(-,¢) : My — 8§,
with ¢t € J. The map f(-,t) places a fluid particle X¢ € M in the spatial point
x = f(Xs,t) € (Mg, t), where f(Mg, t) is the region of 8§ occupied by the fluid at
time t. Therefore, at the same instant of time, the biphasic mixture occupies
the set € = x (ks(Ms),t) N f (Mg, t) C 8. By construction, solid and fluid
particles co-exist at each point z € C;. A schematic picture of the kinematics
of biphasic mixtures is reported in Fig. 1, which has been adapted from [88].

We introduce the tangent spaces attached at x €8 and X € Cg, i.e., 1,8 and
Tx Cr, the tangent bundles T'S := U,es7,8 and TCr = Uxee, IxCr (Where
U stands for “disjoint union” of sets), and their dual spaces T*8 and T*Cg,
termed cotangent bundles. In addition, for any pair of natural numbers r > 0
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and s > 0, we define the spaces [33]

[T8]",=T8®..TSRT*'S®...@T*S, (1a)
7 times s times
[T@R]rs:TGR®...®T@R®T*€R®...®T*GR . (1b)
r times s times

When 7 is zero, we simply write [T'8]? and [TCr]?. Analogously, when s is zero,
we adopt the notation [T8] and [T'Cr]j. For the sake of generality, we adopt
the covariant formalism [68]. In the forthcoming calculations, we employ the
spatial metric tensor, g € [T'8]9, and the “material” metric tensor, G € [TCg]3.
Moreover, we adhere to the convention that the gradient of scalar fields returns
a covector, and that all the stress tensors introduced in the following have
contravariant components in their component representation.

The velocity of a solid particle, X5, passing through = = x (ks(Xs),t) at
time ¢ is denoted by vs(z,t) = x (ks(Xs),t) = x(X,t) € T,8. Analogously,
ve(z,t) = f(%f,t) € T,8 is the spatial velocity of a fluid particle, X¢, passing
through = = f(X¢,t). The velocity of the fluid relative to the solid is given by
vis(x,t) = vi(z,t) — vs(z,t), with & = x (ks(Xs), t) = f(X¢,t). Moreover, the
acceleration of the ath phase is defined by aq(z,t) = Dova(2,t), where D,,
is the substantial derivative operator with respect to v,, i.e.,

Dovy = 0ivy + (gradvy) ve, «a =s,f. (2)

To express the velocity of the ath phase as a function of the points X € Cg, we
perform the composition uq(-,t) = va(-,t) o x(-,t). However, from now on
we shall omit the explicit dependence on time in the composition of functions,
so that, for example, the velocity field u,, : Cg xJ — T'S shall be simply denoted
by ©q = vq 0 X-

The tangent map of x(-,¢) at X € Cr defines the deformation gradient
tensor of the solid motion, F(X,t) = Tx(X,t): TxCr — T,8. In order for
X to be admissible, the condition J = det(F) > 0 must be respected at all
points and all times. The transpose, inverse, and transpose inverse of F' are
defined as FT:T*8 — T*Cr, F~': TS — TCgr, and F~ ' : T*Cx — T*8,
respectively. It also holds that G 'FTg: T8 — T€g. This combination of
tensors shall be used in the definition of the Mandel stress tensors (cf. Sect. 3).
The symmetric, positive definite, second-order tensor C = FTgF € [TCg]J
is the Cauchy-Green deformation tensor induced by F'. For a = s,f, we also
introduce the spatial velocity gradient £, = (gradv,) o x € TS ® T*8, which
is related to the “material” velocity gradient, Grad u, € TS ® T*Cg, through
Gradus = F = £, F and Grad u;s := £: F| respectively.

2.2 The Bilby-Kroner-Lee (BKL) decomposition for porous media

In this work, we study the remodelling that occurs in a biological system when,
under appropriate loading conditions, the system is compelled to reorganise its
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internal structure in order to sustain the applied loads. In the case of cellular
aggregates [42], this type of remodelling manifests itself through the structural
transformation of the actin network in the cells, and the reorganisation of the
adhesion bonds among the cells. In soft tissues, such as articular cartilage, the
considered remodelling might represent the rearrangement of the cross-links
of the fibre network forming the extracellular matrix. These processes can be
described in terms of “plastic distortions” [42]. It is important to recall that
this kind of remodelling is characterised by time scales (in fact, those induced
by the mechanical loads) that allow to decouple it from the structural evolution
ascribable to growth. Growth, indeed, is due to the mitosis and apoptosis of the
cells, which typically occur over sufficiently larger time scales. For this reason,
we disregard growth-related aspects of remodelling in the present framework.

To describe the deformation and the plastic distortions that accompany the
remodelling of the biological system under study, we introduce, in addition to
F, the “tensor of plastic distortions” F},. This leads us to the Bilby-Kroner-
Lee (BKL) multiplicative decomposition F = F,F},, where F, is sometimes
referred to as the “accommodating part” of the overall deformation gradient
tensor. To sketch the conceptual meaning of F},, we refer to [71]. Hence, we
consider a body that is brought from its reference, unloaded configuration,
CRr, to the current configuration, C;, by the action of applied loads. If this
evolution is accompanied by a structural reorganisation, the body cannot be
brought back to Cg by removing the external loads. Rather, even though all
external loads were removed, the system would occupy a configuration different
from C; and Cg, in which residual stresses and residual strains may be present.
To eliminate these, one should ideally tear the body to small disjoint pieces
(i.e., neighbourhoods of material points), and let each of them individually
attain a stress-free state (in doing this ideal tearing, time is kept fixed). The
collection of all these stress-free body pieces, determined through the ideal
tearing process, is said to be the “natural state” of the body at time ¢. The
plastic distortion F}, is the distortion that has to be applied to the material
neighbourhoods of the points in Cg to obtain the body pieces collected in the
natural state. If the material shows elastic behaviour from its natural state, the
accommodating distortion, Fy, is the elastic distortion that has to be applied
to the body elements in the natural state to retrieve the global configuration
C;. The BKL decomposition can be understood as a combination of “tangent
bundle maps” [83], so that one can introduce a time-dependent intermediate
map Xx(-,t) : Cg — 8, which constitutes the base map for F,. However, the
existence of x,(-,t) does not necessarily imply that F), is the tangent map
of xx(-,t). In fact, in general, F}, is neither compatible nor integrable, i.e.,
there exists no deformation whose tangent map equals F},. In the following,
we call the set x.(Cr,t) = €, C 8 “intermediate configuration” (cf. Fig. 2),
and associate it with the “natural state” of the solid phase.

Due to the BKL decomposition, the velocity gradient of the solid phase,
by = FFfl, can be written as

by =L+ L, =L+ F,L,F;", (3)
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Fig. 2 Schematic representation of the BKL decomposition of the deformation gradient
tensor F'

where £, = F,F;! is the rate of elastic distortions, while £, = FeLpFe_1
and L, = F,F; ! are the rates of anelastic distortions associated with the
current configuration and the natural state of the system, respectively. The
BKL decomposition implies the identity J = JeJ,, where Jo := det(Fe) >0
and Jp, := det(F},) > 0 are referred to as the elastic and anelastic volumetric
ratios, respectively. The rates J, and jp can be computed as J, = Jotr(£,) and
Jy = Jptr(Ly) = Jytr(£y). In the following, we shall assume that the anelastic
distortions related to remodelling are volume-preserving, thereby leading to
the constraint J, = det(F},) = 1, which implies tr(€,) = 0 and tr(L,) = 0.

For future use, we introduce n, i.e., the metric tensor associated with the
intermediate configuration C,, and B, := Cy !, where C, = F'nF, is the
anelastic Cauchy-Green deformation tensor. Moreover, we shall exploit the
kinematic identity

%Bp = *Fr;l (nilenil) FpiT ) (4)

where D, :=sym(nL,).

2.3 Dynamics of biphasic mixtures

In the absence of external body forces, growth, and mass exchange processes
between the solid and the fluid phase, the local forms of the mass and linear
momentum balance laws for the ath phase of the biphasic mixture (« = s, f)
can be written as

Ot(da0a) + div(da0ava) = 0, in @ x7J, (5a)
Ga0a0q = div o, + mg, in G x7J, (5b)
mg +mg =0, in @G x7J. (5¢)

In (5), ¢ and g, denote, respectively, the volumetric fraction and the true
mass density of the ath phase, o, is the Cauchy stress tensor, and m,, is
the rate of linear momentum exchange between the ath phase and the other
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one. Equation (5c) expresses that the mixture is closed with respect to linear
momentum.

If we assume that the pore space of the matrix is completely filled with
the fluid, the volumetric fractions ¢ and ¢; are constrained by the saturation
condition ¢s+¢¢ = 1, which has to be respected at all times and at all points of
the mixture. In the following, o5 and ¢ shall be assumed to be given constants.
Moreover, it will be hypothesised that the inertial terms ¢, 0@, are negligible.
This latter hypothesis leads to a quasi-static formulation of the problem, in
which the only sources of time evolution for the system are provided by time-
varying boundary conditions, a (slowly) time-evolving deformation, and the
presence of the time-dependent reorganisation of the tissue’s internal structure.
By accounting for (5c), and summing (5b) over a = s, f, we obtain

div(es +o0¢) =0, in G x7J, (6a)
dives+ms =0, in G, x7J. (6b)

Transforming (5a) by the backward Piola-transformation induced by the solid
motion x(-,t), and writing the transformed equation once for & = s and once
for a« = f, it is possible to show that, after some manipulations, the mass
balance laws for the solid and the fluid phase reduce to [44,45]

X .
bs(xs(X, 1), 1) = ?&(t)) in Cg x 7, (7a)
J +Div [(J — ¢sr)F g =0, in Cg x J, (7b)
with ug = us — us = vg 0 x. In (7a), ¢sr(X) represents the volumetric

fraction of the solid phase in the reference configuration. Since ¢sg does not
depend on time in the present framework, it can be chosen as a referential
value for ¢s. We remark that, in the presence of growth, or in the case of
non-isochoric plastic distortions, the condition J, = 1 does not necessarily
apply, which means that ¢sr is not time-independent in general. Rather, in
the presence of density-preserving growth [62,63], it can only be inferred that
the volumetric fraction associated with the intermediate configuration, i.e.,
Psn(X) 1= Jo(X, 1) s (x (X, 1), 1), is constant in time.

3 Constitutive framework and remodelling law

If the solid phase exhibits hyperelastic material behaviour from its natural
state, and if the fluid phase can be regarded as macroscopically inviscid, then
admissible expressions of the Cauchy stresses oy and oy are given by

Os = _(bspg_l + Osc (83’)
_¢fp971 ) (Sb)

(o4
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where o is the constitutive part of the Cauchy stress associated with the
solid phase, i.e.,

! W, T
Osc O X = jeFe <2 ac. (Ce)) F; . (9)

In (9), Wy, is the strain energy density function of the solid phase, expressed
per unit volume of the intermediate configuration, and C, = Fp*TCFp’1 is
the elastic Cauchy-Green deformation tensor. In this work, we assume that
W,y is of the Holmes-Mow type [57], i.e.,

Wi (Co) = g {exp (#(Cp)) — 1}, (10a)
U(C.) = on[[1(C.) — 3] 4 as[I2(C.) — 3] — Blogll5(C.)], (10b)

where «q, a1, as, and 8 are model parameters, while I;, I, and I3 are the
invariants of Cs, i.e.,

I =1L(C) =tr(n~'C,) = tr(B,C), (11a)
I = B(C) = HIL(CP — el '} = L {12~ ul(B,C)]} . (11b)
Iy = I3(C.) = det(C.) = J2 = J?, (11c)

where the last equality in (11c) is due to the hypothesis of isochoric plastic
distortions, i.e., J, = 1. The strain energy density function W, describes
a material exhibiting isotropic elastic properties with respect to the natural
state. In general, if the model of the considered tissue is inhomogeneous, the
parameters ag, a1, as, and 8 depend on material points. Sometimes, however,
for computational simplicity, or because of lack of experimental data, it is as-
sumed that only one of these parameters is variable. For instance, in modelling
articular cartilage [46], «p was expressed by fitting experimental data taken
from the literature as a third-order polynomial function of the axial coordinate
parameterising the depth of a cylindrical specimen of tissue, whereas all the
other material parameters were assumed to be constant.

The expressions of oy and oy reported in (8a) and (8b) can be found in
many works based on Mixture Theory (cf. e.g. [25,81,91]). Here, they have
been adapted from [15,56] to the case of an incompressible, single-constituent
fluid phase, as previously done in [34,35,45,94]. By substituting (8a) and (8b)
into (6a) and (6b), the momentum balance laws for the mixture as a whole
and for the fluid phase become [56]

div(—pg ™' +0.) =0, in G x 7, (12a)
— g ' (¢rgradp) + (mf —pg lgrad ¢>f) =0, in G x7J. (12b)

To determine the material form of the momentum balance law for the mixture
as whole, i.e., the material counterpart of (12a), we introduce the first Piola-
Kirchhoff stress tensors

P, = JUSF_T = —¢stg_1F_T + Py, (133)
P =JoF " = —(J—¢r)pg 'F ", (13b)
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where Py, = Jo . F~7T is the constitutive part of P, and perform the Piola-
transformation of (12a), i.e.,

Div (—Jpg_lF_T + PSC> —0, inCrxJ. (14)

By adopting the strain energy density function W, specified in (10a) and (10b),
P, can be expressed constitutively as a function of F' and By, i.e.,

P..= P..(F,B,) =20, FB, + 2b, (LFB, — FB,CB,) (15)
+203I3g ' FT,

where b; = l;i(F, B,) = agf_*‘” (F,By,), i =1,2,3, are constitutive functions of
the invariants of C,, and can be thus written as functions of F' and B,. Hence,
the overall stress P := Py + Pf, which has to be substituted into (14), reads

P=P(p,F,B)=—Jpg 'F T+ P.(F,B,). (16)

For future use, we also introduce the Kirchhoff stress tensor 7 = PFT and
the Mandel stress tensor ¥ = G 'FTgrF~ 7 ie.,

=%, F,B,) = —Jpg ' ++s(F,B,), (17a)
= “A:‘(paFva) = _JpG_l + 2sc(FaBp) : (17b)

In (17a) and (17b), the constitutive parts of 7 and X, given by 75 = Fs.(F, Bp)
and Xy, = ASC(F, B,), respectively, read

Tee = Tso(F, By) =(2by + 20,1, )FB,F* — 20, FB,CB,F" (18a)
+2b3l3g"

.. = 3..(F,B,) =(2by + 2b,1,)G~'CB, — 20,G"'CB,CB,  (18h)
+ 235G

We remark that, although 34 is not symmetric in general, the assumption of
isotropic hyperelastic response of the solid phase, which leads to (18b), implies
the symmetry conditions [69]

B,GX%. = (B,GX.)", (19a)
GX.By' = (Gx.B; )", (19D)

3.1 Dissipation inequality

The local form of the dissipation inequality characterising the biphasic system
under investigation can be written as follows

Dy, = — {mf - pgilgrad ¢f} Vs + Oyc © gep >0, (20)
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where D,, is the dissipation function of the mixture as a whole, written per
unit volume of C; (cf. [15,44,56] for details). Note that, more rigorously, and
for consistency with (3), we should write oy : g(£, o x~1) in (20). However,
for the sake of a lighter notation, we shall omit the composition of maps in
the forthcoming calculations. Since £, has vanishing trace, only the deviatoric
part of g5 contributes to the dissipation Dy,. Following [15,56,94], m¢ can be
written as

ms =meq +pg~ grad ¢, (21)

where mq and pg~'grad¢; represent, respectively, the dissipative and the
non-dissipative contribution to my¢. By substituting (21) into (12b), we obtain

mi =g~ ' (¢rgradp) . (22)

Moreover, the dissipation inequality (20) takes on the form

Dy, = Daow + Drem = —Mgq.Vgs + O - ng >0. (23)
—_— —
Driow Dyem

The inequality (23) states that, within a purely mechanical framework, the
only two sources of dissipation for the considered biphasic system are given by
Daoyw := —Mmigq. Vs, 1.€., the power expended by the dissipative force mgq, which
is power-conjugate with the relative velocity vg, and by Diem 1= 0 @ g&p,
i.e., the power expended to trigger the evolution of the internal structure of
the solid phase.

3.1.1 Darcy’s law

We assume that the dissipative force mgq can be expressed constitutively as a
linear function of the filtration velocity q := ¢rvg [14], i.e.,
mu = —g~'r ¢rvg, (24)

where r € [T'8]9 is the tensor describing the resistivity of the porous medium
to fluid flow [56]. By substituting (24) into (23), the following expression of
dissipation is obtained

Dy, = Dgow + Drem = Sym(r) o (vfs & Ufs) + O : gep >0, (25)
———
Dflow Drem

where sym(r) is the symmetric part of r. A direct consequence of (25) is that,
if sym(r) is positive semi-definite, Doy is always non-negative, i.e., Dgow > 0,
for any possible realisation of the relative velocity vg. Typically, the resistivity
tensor r is assumed to be symmetric and positive definite, so that mgq vanishes
if, and only if, vgs is null. Under these assumptions, and the further hypothesis
that mygq is linear in vg, the standard form of Darcy’s law is obtained. Indeed,
by substituting (24) into (22), and solving for ¢svss, the filtration velocity is
found to be

q = ¢rvgs = —kgradp, (26)
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where k = ¢¢ r~1 € [T'8]3 is the hydraulic conductivity tensor of the system.
By performing a Piola transformation of (26), we obtain the material form
of Darcy’s law:

JF ! (¢rug) = (J — dor) F~'ug = —KGradp. (27)

The material second-order tensor K = JF 'kF~71 is the material hydraulic
conductivity tensor, and is determined by means of the Piola transformation
of k with respect to the solid motion. Substituting (27) into (7b) yields

J — Div[KGradp] = 0. (28)

The constitutive law defining the hydraulic conductivity, k, should comply
with the material symmetries of the considered tissue (e.g., isotropy, trans-
verse isotropy, or orthotropy). Recently, a review on several constitutive laws
expressing k as a function of the tissue deformation has been given in [13]. An
expression of k suitable for articular cartilage was determined by employing
upscaling arguments in the small deformation regime [36,37], and subsequently
adapted to the finite-deformation framework in [34,35,94]. If the hydraulic re-
sponse of the mixture is isotropic, and the hypothesis is made that the isotropy
of the hydraulic conductivity does not change with the deformation, the ten-
sors k and K can be expressed constitutively as

k=k(J)=ko(J)g™", (29a)

K = K(F) = Jky(J)C™ !, (29b)

where the scalar hydraulic conductivity function ko is given by

o) = b (122 ) e [ 227 - )] (30)

and mo and m; are material parameters [57]. According to (29a) and (30),
the deformation influences the hydraulic conductivity through the volumetric
ratio J only. When the condition J = 1 is met, the identity ko(1) = kog is
obtained, which means that the scalar hydraulic conductivity becomes equal
to the referential one, kgr. In general, kor, mg, and m; depend on material
points. The constitutive choice of the hydraulic conductivity tensor permits to
express Dyqy constitutively as

Diiow = Daow(J, grad p) = k(J) : gradp @ gradp > 0, (31)

with Do being quadratic in grad p, and highly non-linear in J.
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3.1.2 Law of remodelling

In this section, we introduce the fundamental hypotheses that lead to the law
of remodelling adopted in our work. We recall that, as announced in Sect. 2.2,
we are considering a type of structural evolution that can be interpreted in
terms of isochoric plastic distortions. Therefore, the first hypothesis is that Fj,
is restricted by the constraint J, = det(F},) = 1. This implies that the rates
of plastic distortions, £, or Ly, are deviatoric, i.e., tr(4,) = 0, and tr(Ly) = 0.
A direct consequence of these facts is that the part of the dissipation function
related to remodelling, i.e., Dyem, can be written as

Diem = Oy : gep = ngzscn : an >0. (32)

The tensor X := JcnleEgUSCF;T is the constitutive part of the solid
phase Mandel stress tensor as computed with respect to the natural state, and
represents the measure of stress power-conjugate to L. The prescription on
the non-negativeness of D¢y is due to the Principle of Maximum Dissipation
(cf. e.g. [53]), which is based on the requirement that the overall dissipation
function, D,,, be non-negative for all possible realisations of the generalised
velocities ¢rvgs and £y, (or Ly). Thus, in the case in which the fluid filtration
velocity is null, which implies Dgqw = 0, it must hold that Dy, = Diey > 0.
We remark that the expression of Dyer, given in (32) appears quite naturally in
all the theories of anelastic processes constructed on the BKL decomposition
(cf. e.g. [22,65,69] for the case of finite strain Elastoplasticity, and [31,40,42,
45,48,49,61,64] for the case of growth and remodelling of biological tissues),
and stems from the hypothesis that the strain energy density of the solid
phase, VAVSH, can be written as a constitutive function of the elastic part of
the overall deformation alone, C, as done in (9). By relating F}, with the
production of material inhomogeneities in uniform bodies [31], a rationale for
this constitutive hypothesis is obtained by invoking the Principle of Material
Uniformity [29-31,83].

The second hypothesis is that the solid phase exhibits isotropic elastic
behaviour from its natural state. Since this property implies the symmetry of
Yscrs Drem can be rewritten as Dyem = Jo ' X, + Dy. Hence, by exploiting
the kinematic identity (4), recalling the relation J, X, = n_lFI: TGESCFE
that links Y., with X, and accounting for the symmetry condition (19b),
it is possible to show that D,en, admits the equivalent form

1

Drem = -
2J

(Gx.B, ') : B,. (33)
Moreover, since the condition J, = 1 can be rephrased as B, Bp =0, only
the deviatoric part of 3. contributes to Dyen,- Consequently, D, e, becomes

Diem = —= [Gdev(Zs)By '] : B, > 0, (34)

1
2.J
with

dev(Xy) = Tyo — 2t1[G ]G (35)
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Note that a direct consequence of the hypothesis of isotropy is that the plastic
flow rule can be expressed in terms of B, rather than Fy,. If, on the one hand,
this leads to a loss of information, on the other hand, computations become
much lighter.

The third hypothesis concerns the type of remodelling addressed in this
paper. As anticipated in Sect. 2.2, we assume that the considered system re-
models when the stress induced by external loading exceeds a characteristic
threshold, thereby triggering the onset of plastic distortions. Hence, as we
would do in the theory of Elastoplasticity, we search for an evolution law for
the remodelling variable B;, in the form of a generalised plastic “flow rule”. To
this end, following [42], we imitate the theory of associative, rate-independent
Elastoplasticity [22,93], and articulate in two steps the determination of the
flow rule. In the first step, we postulate that a yield surface exists in the space
of the deviatoric Kirchhoff stress tensors, which can be defined by the equation

f(Tsc) = 0(Tee) — v (2/3) Ty =0. (36)

Here, 7, > 0 is a scalar measure of stress playing the role of the “yield stress”
of the considered material, and (75 ) is given by

o(T) = ||dev(Ts) || = \/tr [(gdev(rsc)ﬂ . (37)

In the second step, we require that the plastic flow is orthogonal to the yield
surface. This leads to the “normality rule” [92,93]

Ly, be = —27y,ngbe , (38)

where L, be is the Lie derivative of b, = Fen_lFE = FBIDFT (i.e., the
elastic left Cauchy deformation tensor) with respect to the velocity of the solid
phase, vs, 7p > 0 is a non-negative function of stress, and n is the normalised
Kirchhoff stress tensor, orthogonal to the yield surface, defined by

Of . dev(Tse)
S FETeT )

Finally, by exploiting the identity £, b = FB,FT, and rewriting (38) as an
evolution law for B, we obtain the equivalent flow rule

: B,Gdev (X))
B, = —2, 22TV Zse) 4
I P e TR (40)

where, coherently with [42], we set
3o = A Jdev(rdll - V@] =Ml (a1)

In (38), (40), and (41), v, is a non-negative “plastic” multiplier, A is a strictly
positive model parameter, and the operator [-]+ is such that, for any real
number A, [A]; = A, if A > 0, and [4]+ = 0 otherwise. The physical units
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of 7, and A are [y,] = s7! and [A] = (s - MPa) ™!, respectively. Equation (40),
which represents a stress-driven evolution law for the plastic variable By, is the
remodelling law sought for. We remark that it complies with the prescription
Dyem > 0. Indeed, by substituting (40) into (34), we obtain

T
J

If, for a given choice of the model parameters, F' and B, are such that the
condition f(7s.) < 0 applies (which amounts to say that the Frobenius norm of
Tsc is such that ||dev(7s)|| < 1/(2/3)7,), then it holds that [f(7s)], =0 and,
consequently, the plastic multiplier v, vanishes identically, thereby implying
that Diemn = 0. In this situation, no remodelling occurs, and the material
deforms while preserving its internal structure. However, when ||dev(7sc) ||
exceeds the threshold stress /(2/3)7, (i.e., when f(7Ts) > 0), remodelling
takes place, and B, evolves as prescribed by (40). In this case, Diem becomes

ATt e (e > 0. (43)

A relevant difference between the model presented so far and the standard
model of associative, rate-independent J,-plasticity is that 7, does not stem
from any optimality condition of the Karush-Kuhn-Tucker type [22,93]. Rather,
vp 1s defined phenomenologically, and, in the biological context analysed in [42],
it expresses the fact that a cellular aggregate, in which the stress exceeds a
prescribed threshold value, reorganises its internal structure by breaking the
adhesion bonds connecting the cells. Note also that no hardening is considered
in this biological problem.

Drem = Drem(Fva) = ||deV(TSC)H > 0. (42)

D rem —

3.2 Summary of the mathematical model

The mathematical model presented in this paper is grounded on the mass
balance law (28), the balance law of linear momentum (14), and on the flow
rule (40). Thus, in summary, we have to solve the following set of equations:

J — Div [K(F)Gradp} =0, (44a)
Div (-Jpgle*T + P..(F, Bp)> —o0, (44b)
B, +R(F,B,) =0, (44c)

in which K(F) and P,.(F,B,) are defined in (29b) and (15), respectively,

R(F, B,) stands for

B,Gdev(Xy.)

R= jl(F,Bp) =27 dev(ma)]

(45)

and v, is specified in (41). The model equations (44a)—(44c) are equivalent
to a set of ten scalar equations in the ten unknowns represented by the three
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components of the solid phase motion, y, pressure, p, and the six indepen-
dent components of the symmetric second-order tensor B;,. The model is thus
closed. Moreover, it is completed by the following boundary conditions:

X = Xb, on I, (46a)

(—Jpg‘lF‘T + Py (F, Bp)) N = fq, on IY, (46b)
P = Db, on I}, (46¢)

(—K(F)Gradp) .IN = Qp, on IV (46d)

In (46), N is the unit vector normal to Cg, i.e., the boundary of the reference
configuration Cg, and the sets I and I3} are the Dirichlet-portions of 9Cr, on
which the deformation, y, and the pressure, p, are equal to the prescribed data
xb and py, respectively. Analogously, I3 and I} are the Neumann-portions
of OCg, on which the contact force, fg, and the fluid flux, Qy, are supplied,
respectively. It holds that 9Cr = I7y U I}¥ = I} L [}Y. The values assigned to
Xb, Db, Jr, and @ are problem-dependent and should be discussed on a case-
by-case basis. In the following, however, we shall restrict our formulation to
a problem obeying Neumann-zero boundary conditions on I'{ and Iy, which
implies @, = 0 and f = 0. Finally, initial conditions are needed because (44a)
and (44c) feature the time derivatives of the volumetric ratio, J, and of the
anelastic deformation tensor B, respectively. Here, we assume the following
initial conditions:

J(X,to) =1, V X € Cg, (47a)
B,(X,t)) =G ', VX €Cy. (47D)

For the sake of simplicity, we assume now that the tissue is homogeneous.
Thus, all the elements of the sets of parameters {«g, a1, aa, 8} and {mg, m1 },
which characterise, respectively, the strain energy density function, Wiy, and
the hydraulic conductivity, k, are regarded as constants. We assume that also
¢sr and kggr are constants. Clearly, the hypotheses of homogeneity and isotropy
provide a poor approximation of real tissues. Nonetheless, they are useful
hypotheses at this stage, since they help to better visualise the influence of
remodelling on the mechanical and fluid dynamic properties of the specimen.

4 Numerics

The numerical procedure elaborated in this paper to solve (44a)—(44c) is based
on the Finite Element Method. Therefore, it is necessary to start with the weak
formulation of (44a) and (44b). Although there exist numerical strategies that
perform finite element discretisations also for the plastic flow rule [32], we
prefer here to keep (44c) in local form. This is legitimate since it involves
no partial derivative with respect to space coordinates. Before proceeding,
we notice that the particular choice of the constitutive law expressing the
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hydraulic conductivity, K = K (F), is such that the mass balance law (44a)
does not contain B,. This weakens the coupling among the model equations,
as will be discussed in Sect. 6. Our procedure, however, can be generalised to
the cases in which constitutive laws of the type K = K (F, By) are employed.

4.1 Weak Formulation

The weak form of (44a) and (44b) is given by

Sp(py X, ) = */

Cr

{(Grad P) [K(F)Grad p] +p j} -0, (48a)

Sx(p.x,By,u) == | P(p,F,B,):gGrada =0, (48b)
Cr

where P(p, F, B,) is defined in (16), and we introduced the space of test
functions

Px V= {(pa) € Hy(Cr) x Hy(Cr) : pl, =0, @|n =0} (49)

In (48) and (49), p and @ denote the test pressure and the test velocity. As such,
both fields satisfy homogeneous Dirichlet boundary conditions. The functional
spaces H}(Cr) and H}(Cr) are, respectively, the Sobolev spaces of all scalar-
valued and vector-valued functions vanishing on I7} and I}y, square-integrable
in Cr, and whose weak derivatives of order m < 1 are all square-integrable in
Cr too. We recall that (48a) and (48b) are obtained by multiplying (44a) by
p and (44b) by @, and applying Gauss’ Theorem [59]. By construction, the
functionals §, and §, are linear in p and w, respectively. For the sake of a
lighter notation, we omit the explicit dependence of §, and §, on the test
fields p and w in the forthcoming discussion. This dependence is, however,
understood. Finally, we notice that the use of Darcy’s law to describe the fluid
flow implies that both §, and §, are affine with respect to the pressure p.

4.2 Time-discrete setting

The time-discrete version of (48a), (48b) and (44c) is obtained by performing
an implicit Euler finite difference scheme. To this end, we discretise the time
interval J, over which the system is observed, into N disjoint subintervals
[tn—1,tn], with n > 1, n € N, and replace the derivatives J and Bp with the
expressions (J, — Jn—1)/At, and (By, — By(n—1))/Aty,, where At,, is the size
of the nth time-step. From here on, given an arbitrary function f of space and
time, the notation f,,(X), or simply f,, stands for f(X,t,), for all values of
n.

The initial instant of time t; corresponds to the reference, undeformed
configuration, Cr, in which Jy = J(X, %) = 1. We also set Bpy = By (X, to) =
G, thereby implying that no plastic distortion is associated with the initial
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state of the solid phase. At the nth instant of time, n > 1, the time-discrete
model equations become:

. I — I
Sp(Pny Xn) = —/ {(Gradp) [K,,Grad p,] +p AL ! } =0, (50a)
Cr n
Sx(Prs Xns Bon) = | P(pn, Fy, Byy) : gGrada =0, (50b)
Cr
S(xn, Bpn) = By, — Bp(nfl) + Atnﬁ{(Fna Bpn) =0. (50¢c)

The notation G(x»n,Bpn) means that the time-discrete form of the plastic
flow rule is a function of B,,, and a “functional” of the deformation, xu,
through the deformation gradient tensor, F, [19]. Equations (50a)—(50c) are
now solved sequentially for varying n > 1. Apart from (50c), the formulation
of (50a) and (50b) largely follows the procedure presented in [44].

4.3 Linearisation and Finite Element Discretisation

In this section, we demonstrate in detail the computational procedure, adapted
from [47], that is used to solve numerically (50a)—(50c). We search for solutions
to the problem (50a)-(50c) by means of a linearisation algorithm based on the
Newton method, and articulated in two stages. In addition to n, we introduce
two other subscripts: For each n, I € N and k£ € N count the iterations with
respect to By, and the pair (p,, x»), respectively. Consequently, we construct
the sequences

Xn,k = Xn,k—1 + hn,k; (513)
Pn.k = Pn,k—1 + Tn, ks (51b)
Bpn,l = Bpn,l—l + Qpn,l ; k,l > 1 (51C)

with hy, g, Tnk, and @,,; being the increments associated with x,,, pn, and
B,,,,, respectively. Moreover, for conciseness, we adopt the notation

Wy, = (pna Xn) ) (523‘)
Qn,lfl = (Xnu Bpn,lfl) ; (52b)
An,l—l = (pna Xn, Bpn,l—l) . (52C)

In the first stage of the algorithm, we linearise (50b) and (50c) with respect to
B,,, only. The linearisation is done in a neighbourhood of A, ;—; and 6,,;_1,
respectively, and leads to the approximated expressions

O (Ani-1,Pny) = Fx(Ani—1) + DB, T (An1-1)[Pn ], (53a)
S Y (Oni1,Bn1) = G(On1 1)+ Y(Oni1): By, (53b)
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where DB §y (An,1—1)[®n,] denotes the Gateaux derivative of §,, computed at
A, 1—1 along the direction of the plastic increment ®,,; [19,93], and Y(6,, ;1)
is the fourth-order tensor defined by

S

Y(@n,l—l) = 3?
pn

(@n,l—l) & [TGR]QQ. (54)

Note that Y(©,,;_1) is pair-symmetric, i.e., in its component representation,
it holds that

[Y(@n,l—l)}ABCD [Y(@n,l—l)]BACDa (55a)
[Y(On1-1)]*op = Y(Oni-1)* e - (55b)

)

We remark that also §, has to be linearised in the same fashion as §, in
the cases in which it involves B, among its arguments (e.g., if the hydraulic
conductivity depends on By).

We now set 9(1)(971,1717 ®,.,) = 0, and solve for P,,;, thereby obtaining

dsn,l = @(Qn,lfl) - *[Y(Qn,lfl)]il : g(en,lfl) . (56)

In this way, the increment ®,, ; is written as a function of y,,. This allows to

eliminate statically &,,; from S&l). Indeed, by substituting the right-hand-side
of (56) into (53a), we obtain the new functional

3;2) (An,l—l) = Sx(/ln,l—l) - 2f(/ln,l—l) y (57)
where the auxiliary quantity £(A,, ;1) reads
L(Ani-1) = DB, Fx(Ani-1) [Y(Oni—1)] " : G§(Onu—-1)] - (58)

In (56), the inversion of Y is performed as follows. Let d denote the dimension
of the tangent space TxCr at X € Cg (e.g., d = dim(TxCr) = 3). Since Y is
a fourth-order tensor, it has d* components in the representation

Y=Y42,,E,® Ep® EC @ EP

where {E}4,_, C TxCr and {EM}4,_, C T4Cr are bases of TxCr and
T%Cr, respectively. Now, the set of d* scalars [YAB, ] is identified with a
d? x d? matrix [Y], which can be inverted by means of standard methods. In
this work, we used a LU-decomposition. We remark that, due to the spatial dis-
cretisation of the Finite Element Method, this LU-decomposition needs to be
performed at every integration point of an element. The inverse matrix [Y ']
is thus a representation of the fourth-order tensor Y~!. Note that, in (56), the
second-order tensor G is represented as a vector-like column array G with d?
entries.

Now, for fixed By, ;—1, with [ > 1, we determine pressure and deformation
by solving iteratively the sub-problem

5P (Ani-1) =0, (59a)



Title Suppressed Due to Excessive Length 21

ss At the kth iteration, k > 1, we define

Wn,k = (pn,ka Xn,k) ) (603')
@n7k7l—l = (Xn,ky Bpn,l—l) 5 (60b)
A i—1 = (P ks Xn,ks Bpn.i—1) (60c)

s0 and apply a Newton method to (59a) and (59b). That is, we solve the linearised
e0 set of equations

a(hn,k'v ﬁ') - b(f": ﬂ-n,k) = _SECZ) (An,k—l,l—l) ) (613')
_C(hn,kvﬁ) - d(ﬂn,kyﬁ) = _S’p(wn,kfl) . (61b)

s In (61a) and (61b), the bilinear forms a(-, -), b(-, ), ¢(-, -) and d(-, -) are
s defined by means of the Gateaux derivatives of the functionals SXQ and §p:

a(hn,kn ﬁ) :stgf) (An,k—l,l—l)[hn,k] (62&)
:/ gGradw : A(j,)kfl,lfl cH,,
Cr
_b(&'a ﬂ—n,k) :-nggf) (An,kfl,lfl)[ﬂ—n,k} (62b)
:/ {=Tnsrm Frf ) Grada)
Cr
_C(hn,lmﬁ) :stp(wn,k—l)[hn,k] (62(3)
=— {(Gradp) [(Ky, k-1 : Hp k) Grad pp k—1]}
Cr
b(hn,k;ﬁ)

At,
_d(ﬂ-n,lmﬁ) :ngp(wn,k—l)[ﬂ-n,k] (62d)

= —/ (Gradp) (K, x—1Grad m, ] ,
Cr

w3 where H,, ;, = Grad h,, i, and the tensors A(i)k_l,l_l, K, k-1 and K,, 1 are
604 given by

A(,?,)k,1,l,1 =— n,k—lpn,k—lgianj;f_l ® F;,g_l (63a)
+ Jnh—1Pnp-19 Fp SF, 5,
+ (A k11 —Lngk-11-1)
oK
Kn -1 = 3= FTL — ) b
k=1 = S (Fok-1) (63h)
Kyp1=K(F,;1). (63c)

ss In particular, A7), ; is the constitutive acoustic tensor computed at the
s0s Ith iteration in By, and at the kth iteration in x,, i.e.,

sc ajDSC

A;L,krfl,lfl = aiF(ka*h Bpn,lfl) ) (64)
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while L, —1,-1 is a fictitious acoustic tensor, introduced by the algorithm,
and induced by the Gateaux derivative of the functional £ with respect to the
deformation (cf. (58)), i.e.,

DXS(An,k—l,l—l)[hn,k'] = / gGrad'& . ]Ln,k—l,l—l : Hn,k . (65)
Cr

It is important to remark that the effective acoustic tensor

(A3 101 — Lnk—1,-1)

should be positive definite (cf., for example, [17,18]). Although our numerical
simulations produced reasonable results, we have not formulated theorems yet,
which predict when this condition fails to be satisfied.

The algorithm proposed in this paper requires a linearisation with respect
to xn and one with respect to By,. Therefore, compared with the classical
RMA [93], an additional linearisation iteration is performed. This increases the
computational effort, but makes our algorithm more flexible and suitable for
various types of remodelling laws, which could also be much more complicated
than the one given in (41).

The numerical method presented in this work has been implemented in
UG4, anovel version of the software framework UG (“Unstructured Grids”)[96].
Its algebra, discretisation and grid libraries as well as its massive-parallel
solvers for coupled partial differential equations served as a basis for com-
puting a benchmark problem of the presented poroplastic model.

5 Results

The unconfined compression test is a very common experimental procedure
that is performed to determine the mechanical and fluid dynamic properties
of hydrated soft tissues, such as articular cartilage [51]. In this benchmark, a
sample of tissue is inserted between two rigid and impermeable parallel plates,
and compressed according to some prescribed loading protocol, which can be
either in force- or in displacement-control. During compression, the parts of
the specimen’s boundary that are not in contact with the plates, and through
which the interstitial fluid can escape, can expand freely.

For our simulations, we consider a cylindrical specimen of biphasic material
characterised by initial height Hy = 1 mm and initial radius Ry = 1.5 mm.
The lower boundary of the specimen is clamped at the lower plate of the
experimental apparatus and kept fixed. The upper boundary, instead, is in
contact with the moving plate and is assumed to expand without friction in
axial-symmetric way. Finally, the lateral boundary of the specimen is traction-
free and permeable to fluid flow. The above description of the experiment can
be translated into mathematical formulae as follows: let I3, I1, and I, be
the lower, lateral, and upper boundaries of the specimen in its undeformed
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configuration (which is taken coincident with the reference configuration), i.e.,
0Cr = U I, U TIYy. Then, for all t € J = [0,T], we prescribe:

x(X,t) =x(X,0) =X € I3,
on I, { (—KGradp) .N =0, (662)
Tna—1p-T _
on I, { ( Jé’g F4 Pe) N =0, (66b)
p=Y,

where O is the Heaviside function (here defined such that ©(¢) = 1, if £ > 0,
and ©(§) = 0, if £ < 0), xf is the axial compressive deformation imposed at
the upper boundary, i.e.,

t
Xi(t) = Ho/2 — Ut (67)
0

To € (0,T) is the final instant of time of the loading ramp, and ur > 0 is
the target displacement (here, we took ur = 0.15 mm). To observe how the
perturbed system relaxes towards a stationary state, we took Ty = 30 s and
T = 80 s. Looking at (66a)—(66¢), it is clear that the Dirichlet- and Neumann-
like subsets of JCg associated with the deformation, I'Y and Iy, are given by
I'N = LU T, and I{ = I, respectively, while it holds that I}5 = I7, and
I't = U T, for the pressure.

The material parameters used for this test are reported in Table 1. The
elastic coefficients for the Holmes-Mow strain energy density given in (10a)
are selected in such a way that 8 = oy + 2a2 =1 [57].

Table 1 material parameters

elastic coefficient ag 0.125 N/mm?

elastic coefficient a1 0.78

elastic coefficient o 0.11

elastic coefficient B 1.0

referential hydraulic conductivity —kor  3.7729 - 1073 mm? /(N - s)
material parameter mo 0.0848

material parameter mi 4.638

referential solidity ¢osr 0.2

initial yields stress Ty 0.002 N/mm?

coefficient in the plastic flow rule A 0.5mm?2/(N - s)

The results of our numerical tests, reported in Figs. 3-5, are plotted on a
section of the specimen containing the symmetry axis.

To highlight the influence of the plastic distortions on the mechanical and
fluid dynamic response of the specimen, we compared the radial and axial
components of the fluid filtration velocity, the pressure distribution, and the
first invariant of the constitutive part of the Mandel stress tensor obtained in
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the poroelastic case (left column of Fig. 3) with those obtained in the presence
of plastic distortions, i.e., in the poroplastic case (right column of Fig. 3). To
characterise the poroelastic case, we simulated an unconfined compression test
in which the yields stress, 7,, which determines the onset of plastic flow, was
set equal to a value that is never reached by the stress in the tissue. More
precisely, we chose 7, = 2000.00 N/mm?, a value that led to a purely elastic
material response. In this situation, it holds that B, = G™' at all times of the
observation time interval. In the poroplastic case, instead, By is determined
by means of the numerical procedure reported in Sect. 4. Figures 5(a) and 5(b)
show the first and second invariant of B, at the end of the loading ramp, i.e.,
at t = 30 s. We found that the higher values of these invariants are attained
at the points of the specimen’s boundary corresponding to the intersection of
F] and FL.

Before commenting our results, we recall that, in this paper, remodelling
is entirely described in terms of “plastic” distortions. Thus, plotting figures in
which plastic distortions are switched off actually means to show the results
in which no remodelling occurs.

Looking at Fig. 3, we notice that the influence of remodelling manifests
itself through the modulation of the fluid filtration velocity, the change of
the pore pressure distribution, and the lowering of the constitutive part of
the stress of the solid phase. In particular, Figs. 3(a) and 3(b) show that the
magnitudes of the radial and the axial filtration velocity, computed according
to Darcy’s law, i.e., ¢rvgs = —kgrad p, decrease in the poroplastic case. In
Figs. 3(a) and 3(b), the arrows represent the local direction of the flow. The
decrease of the magnitude of the filtration velocity characterising the poro-
plastic case is related to the decrease of the pore pressure (see Fig. 3(c)) and
the decrease of stress, which in Fig. 3(d) is accounted for by the first invariant
of 3. The values of the first invariant of X, are computed with respect to
the reference configuration. However, in a visualisation post-process, the ref-
erence configuration is deformed by the motion map, so that the previously
computed values of the first invariant are visualised in the deformed config-
uration. We remark that the onset and evolution of plastic distortions affect
both quantitatively and qualitatively the time trend of pressure. Indeed, in
Fig. 4, where pressure is evaluated at the midpoint of the lower boundary of
the specimen, one can see that at least three facts distinguish the evolution of
pressure in the poroplastic case (i.e., when remodelling occurs) from that per-
taining the poroelastic one. Firstly, the maximum value of pressure attained
in the absence of remodelling is much higher than the maximum reached in
the presence of remodelling (it should be noticed, however, that in both cases
the maxima are attained at the end of the loading ramp, i.e., at ¢ = 30 s).
Secondly, the rate with which the pressure tends towards the stationary state
is much higher in the poroplastic case than in the poroelastic one. Thirdly,
pressure seems to be a convex function of time over the interval [0,Tp] in the
poroelastic case, and to become concave in the poroplastic case. A possible
explanation for the change of the pressure’s behaviour could be given by the
following argument: The pressure and the deformation are determined by the
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coupled equations representing the mass and linear momentum balance laws,
i.e., (44a) and (44b). In particular, the balance of momentum (44b) relates the
pressure, p, to the constitutive part of the first Piola-Kirchhoff stress tensor,
P,.. The plastic distortions, represented by By, have a direct influence on Pic,
since it holds that P, = ASC(F, B,), and, through the balance of momentum,
they also have an indirect influence on p.

The coarsest computational grid consists of 144 prismatic elements. A regu-
lar refinement is performed three times, so that the finest grid provides 163300
degrees of freedom for the deformation and the pressure. Both the deforma-
tion, x, and the pressure, p, are approximated by linear ansatz functions. As
a numerical solver a Newton-method is applied. Within the Newton iteration,
a Bi-CGSTAB-method, preconditioned by an ILU-decomposition, solves the
linearised sub-problems. The non-linear convergence is ensured by the appli-
cation of a line-search method.

6 Conclusions

In this work, we considered a biphasic, solid-fluid mixture as an idealisation of
a biological system, and studied its mechanical and fluid dynamic behaviour
by simulating an unconfined compression test. Our fundamental hypothesis
was that the mechanical loads applied to the mixture, besides leading to a
global change of shape, also induce a structural reorganisation of the solid
phase, which manifests itself through plastic distortions. In order to describe
this physical picture, we used the poroplastic model reported in (44a)—(44c),
which results into a set of coupled, and highly non-linear equations. We recall
that all our calculations have been run under the assumptions that the solid
phase exhibits hyperelastic response and that the fluid obeys Darcy’s law.

Equations (44a)—(44c) were solved numerically by applying a numerical
procedure recently developed for monophasic continua [47], and adapted to the
biphasic framework in this paper. The results of our simulations, performed
with our own code, and implemented in the non-commercial software UG [96],
are reported in Sect. 5. It is shown that the plastic distortions, described by B,,
influence the overall deformation, the stress distribution in the medium, and
the fluid filtration velocity. This influence can be observed by comparing the
results obtained in the poroplastic case with those pertaining the poroelastic
one (see Figs. 3(a)-5(b)). We found that the reorganisation of the medium’s
internal structure has repercussions on the magnitudes of both the axial and
the radial component of the Darcy’s filtration velocity, which are smaller in the
poroplastic case than in the poroelastic one, and has the effect of decreasing
the fluid pressure as well as the magnitude of the constitutive stress in the
tissue.

Our results could contribute to estimate the mechanical conditions leading
to the onset of remodelling, and seem to suggest some possible consequences
of the structural reorganisation of hydrated soft tissues. Moreover, they may
provide indications about the mechanical conditions regulating the health of
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Fig. 3 Comparison of the results of the unconfined compression test in the absence (left
column) and in the presence (right column) of remodelling. All quantities are plotted in the
deformed configuration of the sample at time ¢t = 30 s
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Fig. 4 Comparison of the time evolution of pressure, evaluated at the midpoint of the lower
boundary of the sample, between the case without remodelling and the case with remodelling
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Fig. 5 First and second invariant of B, in the presence of remodelling. The invariants
are computed at time ¢ = 30 s with respect to the reference configuration. However, in a
visualisation post-process, the reference configuration is deformed by the motion map, and
the invariants are visualised in the deformed configuration.

tissues. For example, in the case of articular cartilage, the health of the tis-
sue depends on the mechanical environment in which chondrocytes live (the
chondrocytes are the cells that synthesise extracellular matrix, cf. [54,55,73,
74] and references therein). Finally, the mathematical model presented in this
paper could be generalised to include also growth [45] and damage [23,24,41].
Indeed, both processes have many features in common with remodelling, and
can be described by extending the BKL decomposition as follows [71]

F = F.F,F,Fy, (68)

where F,; and Fy denote the tensors of anelastic distortions related to growth
and damage, respectively. A mathematical model based on (68) would require
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the introduction of two other independent evolution laws, one for F, and
one for Fy, which would call for further adapting the numerical procedure
presented in Sect. 4. This is part of our current investigations. We remark that
the order with which the tensors F and Fy appear in (68) is not unique, but
it becomes irrelevant if F, and Fy are assumed to be purely volumetric [43].

Equations (44a) and (44b) are rather standard and constitute the starting
point for both poroelastic and poroplastic models of solid-fluid mixtures. They
are obtained on the basis of a series of assumptions that require: the intrinsic
incompressibility of both the solid and the fluid phase, the fluid phase to be
macroscopically inviscid (this implying that it can only sustain hydrostatic
stresses), the hyperelastic behaviour of the solid phase, and the validity of
Darcy’s law. The latter involves the hydraulic conductivity tensor, which was
specified in this work by means of the simplest constitutive law for isotropic
materials (cf. (29a)). Although many of these hypotheses are physically sound,
it could be interesting to investigate the consequences of relaxing some of them.
This could lead to more general models that, on the one hand, would stimulate
the development of more flexible and efficient computational algorithms, and,
on the other hand, might capture some physical aspects (such as, e.g., the pore
scale interactions between the solid and the fluid), which are often neglected
in the standard theory.

From the computational point of view, assuming that k is proportional to
g~ ! introduces the great advantage of weakening the coupling among (44a)-
(44c). Indeed, since B, does not feature in the mass balance law (44a), the
linearisation of the functional §, needs to be performed only with respect
to pressure and deformation (we recall that, actually, §, is affine in p, and
that the linearisation of §, with respect to the pressure is done to get the
set of equations (61a) and (61b), whose algebraic form leads to a “generalised
saddle-point problem” [16,44]). In other circumstances, however, §, has to be
linearised according to the same procedure as §,. This happens, for instance,
if the hydraulic conductivity is isotropic, but its constitutive expression is of
the type

k=k(F,B,) =kg '+ kFBF". (69)

In this case, indeed, the coupling among the model equations is due to both
x and B;,.

The evolution of the plastic distortions depends strongly on the physics
of the anelastic phenomenon that has to be described, and, even when the
“same” phenomenon is investigated, it can vary considerably depending on the
accuracy of the mathematical model, on the strength of the coupling between
the rate of anelastic distortions and the other variables, and on the intrinsic
features of the anelastic process (which could be either rate-dependent or rate-
independent, either associative or non-associative). In this paper, we chose to
describe the evolution of B, by means of (40) because this plastic flow rule
has already been successfully employed in [42] to model the reorganisation of
cellular aggregates. Equation (40), however, can be generalised to include a
great variety of physical situations.
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The major limitation of our model is that it is isotropic and homogeneous.
Indeed, both the strain energy density, Wi, and the hydraulic conductivity,
k, are isotropic (see (10a) and (29a)), and all the parameters appearing in
their constitutive expressions, including the referential volumetric fraction of
the solid phase, ¢sr, are set equal to constants. If, on the one hand, the model
could be acceptable for studying the structural evolution of tumour tissues,
which are often assumed to be elastically and hydraulically isotropic [1,42,84],
it fails to be accurate for tissues, such as articular cartilage, in which the pres-
ence of reinforcing collagen fibres induces anisotropy [35,78,79,94], and the
constitutive laws are strongly dependent on material points. In these cases,
whereas the balance laws (44a) and (44b) only need to account for the con-
tribution of the fibres to the strain energy density and hydraulic conductivity,
the plastic flow rule (44c) should be reformulated. Some of our plans for the
future include the specification of the numerical techniques put forward in [39,
75] to anisotropic and inhomogeneous porous media.

One of the projects of our future research is to extend the theoretical
and computational framework outlined in this paper to models accounting
for phase transitions [28], to theories that describe the reorganisation of the
internal structure of a body by augmenting its kinematics [21,27,45,50], and to
the more general context of biomechanical models of growth and remodelling
that involve, among plasticity [80], damage [81], and pre-stress effects [82], also
higher order gradients of the deformation [66,67].
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