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Thermo-elastic analysis of multilayered plates and shells

based on 1D and 3D heat conduction problems

S. Brischetto∗ and R. Torre

Department of Mechanical and Aerospace Engineering, Politecnico di Torino, Torino, Italy

Abstract
The present work shows a generic 3D exact shell solution for the thermo-mechanical analysis of a hetero-
geneous group of one- and multi-layered isotropic, composite and sandwich structures. Plates, cylinders,
cylindrical and spherical shells can be investigated using orthogonal mixed curvilinear coordinates. The
3D equilibrium equations for spherical shells automatically degenerate in those for simpler geometries.
The elastic part of the proposed 3D model is based on a consolidated layer-wise exact solution which
uses the exponential matrix method to solve the equilibrium differential equations through the thickness
direction. The closed-form solution is obtained assuming simply-supported boundary conditions and
harmonic forms for displacement and temperature fields. The temperature amplitudes are imposed at
the top and bottom external surfaces in steady-state conditions. Therefore, the temperature profile can
be evaluated through the thickness direction in three different ways: - calculation of the temperature
profile via the steady-state 3D Fourier heat conduction equation; - evaluation of the temperature profile
using the steady-state simplified 1D version of the Fourier heat conduction equation; - a priori assumed
linear temperature profile through the entire thickness direction ranging from the bottom temperature
value to the top temperature value. Once the temperature profile is defined at each thickness coordinate,
it is considered as a known term in the 3D differential equilibrium equations. The obtained system con-
sists in a set of non-homogeneous second order differential equilibrium equations which can be solved
introducing appropriate mathematical layers. After a reduction to a first order differential equation
system, the exponential matrix method is used to calculate both the general and the particular solutions.
The effects of the temperature field on the static response of plates and shells are evaluated in terms of
displacements and stresses. The proposed solution will be validated using reference results available in
the literature. Then, new analyses will be presented for different thickness ratios, geometries, lamina-
tion schemes, materials and temperature values at the external surfaces. Results will demonstrate the
importance in the 3D shell model of both the correct definition of the elastic part and the appropriate
evaluation of the temperature profile through the thickness of the structure.

Keywords: 3D exact thermo-mechanical shell model; linear assumed temperature profile; 1D Fourier
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plates; shells.
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1 Introduction

The term high-temperature structures indicates those structures subjected to severe thermal envi-
ronment conditions such those related to high temperatures, high temperature gradients and cyclical
changes of temperature. Some examples can be found in high-speed aircraft, spacecraft, launch vehi-
cles, advanced propulsion systems, containment vessels for nuclear power factories and other industrial
facilities such as those using high-energy-density laser beams for the production [1]- [3]. In all these
cases, an appropriate structural thermal analysis must be performed. This analysis must include several
features such as heat transfer problems, transient and steady-state thermal stresses, curing, processing
and residual stresses, bifurcation buckling, vibrations of heated plates and shells, large deflection and
postbuckling problems and analysis of plate and shell structures [3], [4]. In the case of thermal stress
investigation, both the appropriate use of the mechanical modeling and the correct investigation of the
thermal field are important. The mechanical modeling is strictly connected with the opportune choice
of analytical or numerical 3D, 2D or 1D elements. The thermal field can be opportunely introduced in
these models by means of several ways: a priori choice made for a linear assumed temperature profile
through the entire thickness of the structure; resolution of the 1D version or the 3D version of the
Fourier heat conduction equation in order to calculate an appropriate temperature profile through the
thickness; use of uniform heat fluxes; introduction of the temperature in the elastic model as a primary
variable, in analogy with the elastic variables, in order to obtain a fully coupling between the elastic and
the thermal fields. The concept of fully coupled thermo-mechanical analysis was examined in depth in
the past in works [5]- [11] by means of the rigorous introduction of divergence and gradient equations,
constitutive relations, boundary conditions, variational principles for linear coupled thermoelasticity,
field equations, proportionality law between the heat flux vector and the gradient of a scalar thermal
variable, energy balance equations and the initial conditions.

In order to correctly understand the novelties of the new 3D shell model here developed for the
thermal stress analysis of sandwich and composite structures, the literature survey is discussed in
four different parts related to 3D exact solutions, 3D numerical models, 2D exact solutions and 2D
numerical models for the thermo-mechanical investigation of one-layered and multilayered plates and
shells, respectively.

In the framework of 3D exact models, Bhaskar et al. [12] presented an exact 3D plate solution with
linear assumed temperature profile through the thickness. The solution was developed as a linear uncou-
pled thermo-elastic problem in analogy with the pure elastic solutions by Pagano [13]- [15]. The exact
3D plate solutions proposed in [16]- [18] used a calculated temperature profile through the thickness
obtained from the solution of the steady-state heat conduction problem. Kulikov and Plotnikova [16]
used the method of sampling surfaces. Savoia and Reddy [17] wrote the governing equations in terms of
displacements for a plate composed of monoclinic layers. Tungikar and Rao [18] proposed an interesting
analytical solution to obtain the temperature profile through the thickness from the solution of the 3D
version of the heat conduction problem in the case of steady-state conditions, simply-supported sides
and harmonic forms for the variables. Further 3D analytical models considered cylindrical shells or
cylinders [19]- [22]. Alibeigloo and Zanoosi [19] proposed the static analysis of functionally graded car-
bon nanotube reinforced composite cylindrical shells, subjected to thermo-electro-mechanical loads, by
means of governing ordinary differential equations derived by expanding the variables in terms of axial
coordinate and by using the state space technique along the radial direction. Kapuria et al. [20], [21]
proposed exact 3D solutions for cylindrical shells and panels in the case of thermo-electro-mechanical
loads where the temperature profile was obtained from the solution of the heat conduction problem.
Vel and Pelletier [22] analyzed functionally graded cylindrical shells by writing 3D equations in circum-
ferential coordinates and by solving both the 1D and 3D Fourier heat conduction problems. In [23], the
proposed analytical 3D solution for thermo-electro-elastic response of multi-layered composite cylindri-
cal shells was obtained from a coupled thermo-electro-elastic model where the temperature is a primary
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variable.
Numerical 3D models allow the investigation of boundary conditions different from the simply sup-

ported ones, and thermal and mechanical loads different from the harmonic ones. For these reasons,
they are more general but also more complicated than exact 3D models. The possible inclusion of several
problems connected with the numerical procedures complicates these models. Qu et al. [24] proposed
a 3D boundary element method for the boundary stress analysis of plates and shells using an assumed
quadratic through-the-thickness temperature profile. The 3D boundary element method proposed by
Ochiai et al. [25] for plates and shells used a calculated temperature profile from the 1D heat conduc-
tion problem. Adineh and Kadkhodayan [26] developed a 3D plate solution based on the differential
quadrature method using a calculated temperature profile by means of the 3D heat conduction equation.
Thermal stress analysis of flat structures was conducted by Rolfes et al. [27] by means of finite difference
methods or 3D finite elements for the temperature analysis, and shell elements for the stress evaluation.
Works [28]- [32] are based on numerical 3D models developed in the framework of the coupled thermo-
elastic theory. The three-dimensional multi-field equations of functionally graded piezo-electric shells of
revolution under thermo-mechanical loads were derived in [28] where the heat conduction equation and
the displacement equations were developed considering thermal effects. Governing equations, which
satisfied the 3D elasticity and conduction relations, were developed in [29] where the thermoelasticity
analysis for laminated cylinders was proposed. Tanaka et al. [30] developed a 3D boundary element
method for the coupled thermoelasticity of a 2D medium with rectilinear coordinates. Thermoelastic
vibrations of free supported and clamped circular plates, caused by a thermal shock upon the plate
surfaces, were analysed in [31]. The coupled system of partial differential equations was reduced to
Volterra first and second kind integral equations in the time domain. Yeh [32] proposed a coupled
system for thermo-mechanical vibrations of plates by means of the Galerkin method. Further interest-
ing studies, which make use of numerical 3D models, are [33]- [35]. Three-dimensional finite element
method for the thermo-mechanical stress analysis of a laminated fibre reinforced polymer composite
spherical shell, subjected to an elevated thermal filed, was proposed in [33]. Kalogeropoulos et al. [34]
studied an extended end-plate steel connection under elevated temperatures using three-dimensional
non-linear finite elements with unilateral contact and friction interfaces. An interesting point of view
was given in [35] where the problem of thermal stresses in cylindrical elastic shells was modelled as
Cosserat surfaces. In the theory of Cosserat shells, the thermal effects were described by means of
two temperature fields. The problem consisted in finding the equilibrium of the shell under the action
of a given temperature distribution. The temperature fields were assumed to be general polynomial
functions in the axial coordinate, whose coefficients depended on the circumferential coordinate.

2D shell and plate models are in general preferable to 3D shell and plate models because they have
smaller computational costs even if they could present problems for thick structures or complicated
lamination schemes. The partition in analytical 2D and numerical 2D models is still here valid as
already seen for 3D models. In general, 2D analytical models are more accurate than the related
2D numerical models but they are less general in terms of geometries, boundary and load conditions,
and lamination schemes. The 2D exact models proposed in [36]- [43] are all based on the ”a priori”
assumption of a temperature profile through the entire thickness. Khate et al. [36] developed 2D
higher-order shear deformation theories for the thermo-mechanical analysis of simply supported doubly
curved cross-ply laminated shells in the framework of the Sanders theory for doubly curved shells.
The temperature profile is assumed as linear through the thickness. Ali et al. [37] proposed a new
displacement-based higher order plate theory for thick laminates subjected to mechanical and thermal
loads. The importance of various higher-order terms in the proposed theory was discussed using an
assumed temperature profile through the thickness. Jonnalagadda et al. [38] investigated transverse
shear and transverse normal strain effects in composite plates by means of a higher-order displacement
field and a linear temperature profile. The state space approach was used in [39] to solve exactly
the thermo-elastic governing equations of third-order, first-order and classical displacement theories
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for cylindrical shells in the case of linear or constant temperature through the thickness. The same
author [40] added the Reddy displacement theory and the investigation of further geometries (doubly-
curved and spherical shells with linear or constant temperature profile) in the state space approach
already seen in [39] for the cylindrical geometry. Murakami [41] proposed an analytical solution for the
thermal bending of layered plates when the temperature was bi-sinusoidal in the plane and constant
or linear through the thickness. He used a shear deformation plate theory with cubic terms for in-
plane displacements. The analytical global-local higher order model in [42] allowed the thermal stress
analysis of shells when the temperature was constant or linear through the thickness direction. The
thermal buckling of a cylindrical FGM shell was investigated in [43] via the Donnell shell theory and
a linear temperature profile through the thickness. Kapuria et al. [44] developed a higher order zigzag
theory for composite and sandwich beams subjected to thermal load. The temperature was considered
linear in each layer which means that the material layer effect was considered while the thickness
layer effect was discarded. A calculated temperature profile from the 3D version of the Fourier heat
conduction equation was included in the analytical shell model by Pelletier and Vel [45] for the the
thermal stress analysis of functionally graded cylindrical shells. Analytical 2D higher order equivalent
single layer (ESL) and layer wise (LW) theories were developed in [46] for multilayered shells in order to
discuss the comparison between the linear assumed and the 3D calculated temperature profile through
the thickness. This comparison was discussed in depth in [47] where these differences were better
remarked. These higher order ESL and LW models were extended to the combination of hygrometric
and thermal loads applied to plates and shells in [48] and [49], respectively. In the proposed results,
assumed moisture and temperature profiles were always compared with the profiles calculated by means
of the 3D Fick moisture diffusion law and the 3D Fourier heat conduction equation. The ESL and LW
refined models employed in [46]- [49] for the typical thermal and/or hygroscopic stress analysis of
plates and shells were extended to the fully coupled thermo-electro-elastic analysis of plates and shells
(where the temperature was a primary variable of the problem directly calculated from the governing
equations) in [50]- [52]. A similar fully coupled thermo-electro-elastic analysis was proposed by Cho
and Oh [53] in the case of a classical 2D zigzag model for smart plates.

In the framework of 2D numerical plate and shell models, works [54]- [56] proposed assumed linear
temperature profiles. Barut et al. [54] developed a non-linear Mindlin theory for a finite element
thermo-elastic shell analysis. Cho et al. [55] proposed a higher-order beam type plate model for the
thermal stress analyses of multilayered structures. Reddy and Hsu [56] proposed the thermal bending
of composite plates via classical closed-form and finite element models. In [57], the thermal stress
analysis of plates with a hole was based on a uniform heat flux. The Goodier and Florence method was
used to develop this model. Librescu and Lin [58] proposed a non-linear shear deformable laminated
model for flat and curved panels subjected to thermo-mechanical loads. The temperature profile was
considered as linear in each layer. Works [59]- [62] solved the 1D heat transfer problem in order to
calculate a temperature profile which considered the material layer effect. Miller et al. [59] proposed
a Rayleigh-Ritz analysis combined with classical shell theory for the thermal stress investigation of
layered cylindrical shells. Shen [60] and Shen and Noda [61], [62] proposed the post-buckling analysis
of functionally graded shells, including or discarding piezoelectric layers, in the case of axial, lateral or
hydrostatic loads. In papers [63]- [66], the calculated temperature profile was obtained from the solution
of the 3D version of heat conduction problem in order to include both material layer and thickness
layer effects. Cheng and Batra [63] developed a third-order displacement shell model with constant
transverse displacement. Jabbari et al. [64] proposed a semi-analytical higher order shear deformation
theory for the thermo-elastic analysis of functionally graded conical shells. Rolfes and Rohwer [65]
used a temperature which was quadratic in the thickness direction where the terms were calculated
via the 3D heat conduction problem. The mechanical part of the model was based on the 2D QUAD
elements of Nastran. Santos et al. [66] investigated functionally graded cylindrical shells by means of a
semi-analytical axisymmetric finite element model using the three-dimensional linear elasticity theory.
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The three-dimensional equations of motion were reduced to two-dimensional ones by expanding the
displacement field in Fourier series in the circumferential direction involving circumferential harmonics.
Coupled thermo-elastic analyses were given in [67]- [71]. Daneshjo and Ramezani [67], [68] proposed a
zizag theory and a third-order shear deformation theory developed in the framework of a mixed finite
element model (15 degrees of freedom per node) for the dynamic coupled thermo-elastic analysis of
multilayered plates. Ibrahimbegovic et al. [69] proposed a first order shear deformation theory for the
finite element analysis of shells in the case of thermo-mechanical coupling. The problems of the one-
dimensional axisymmetric quasi-static coupled thermoelasticity for multilayered hollow cylinders, with
clamped surfaces and subjected to time-dependent boundary conditions, were proposed in [70]. The
formulation was based on the basic equations of thermoelasticity in polar coordinates. Oh and Cho [71]
developed a cubic zigzag finite element plate theory with full coupling between mechanical, thermal
and electric fields. A three-node triangular finite element was employed. The use of commercial codes
for the thermal stress analysis of structures is also common in the literature. An example was given
in [72] where the finite element analysis was performed, via I-DEAS and ANSYS (using 2D shell and
3D solid elements), for thermally loaded composite tubes.

If compared to the above reference discussions, the present new 3D shell model has the following
novelties. The proposed exact 3D shell model is valid for different geometries such as plates, cylinders,
cylindrical shells and spherical shells which can include several isotropic, orthotropic and composite
layers. The model is developed as a closed solution via the hypotheses of simply-supported sides
and harmonic forms for elastic and thermal variables. The differential equations are solved via the
exponential matrix method which allows the layer-wise approach and the easy imposition of equilibrium
conditions and compatibility conditions. Moreover, the temperature profile can be considered in three
different ways: assumed as linear through the whole thickness, calculated from the 1D version of the
Fourier heat conduction equation and calculated from the 3D version of the Fourier heat conduction
equation. The comparisons between these three different temperature profiles allow to evaluate the
thickness layer effect and the material layer effect from the thermal point of view. In the literature,
there are not exact 3D models able to investigate different geometries with the same methodology and
with the opportunity of selecting three different types of temperature profile. The proposed 3D exact
thermo-elastic shell model derives from the pure mechanical model already developed by the first author
in [73]- [77] in the case of free vibration and bending analysis of plates and constant radii of curvature
shells. The addition of the temperature profile gives non-homogeneous differential equations which
can be solved via the procedure shown in [78] and [79]. When the temperature is known (assumed
or calculated), the differential equations are not homogeneous any more. The 3D version of the heat
conduction equation in orthogonal mixed curvilinear coordinates has been obtained from [80]- [83] and
then solved in accordance with the method proposed in [18]. The new given results are presented in
terms of displacements, stresses and temperature profiles. They can be used as benchmarks for the
development and testing of new 3D and 2D numerical shell models implemented for the thermal stress
analysis of multilayered structures.

2 3D exact thermo-mechanical shell model

The present 3D model is innovative because it considers a group of different plate and shell geometries
using a general formulation. Plates, cylindrical shells, cylinders and spherical shells can be analyzed
using the same model. Figures 1-4 show shells and plates in a mixed curvilinear and orthogonal reference
system (α, β, z). The thickness h is constant across the structures. The origin of the reference system
is located in a corner, with α and β parallel to the lateral faces and lying on the middle surface Ω0. z
is the thickness coordinate, it is normal to Ω0 and points towards the top surface. Rα and Rβ are the
radii of curvature in α and β directions, respectively. They are evaluated in the middle surface Ω0 and
they are assumed to be constant. a and b are the shell dimensions in α and β directions, respectively.

5



They are also evaluated in the middle surface Ω0. Three parametric coefficients are defined for each
direction α, β and z:

Hα =

(

1 +
z

Rα

)

=

(

1 +
z̃ − h/2

Rα

)

, Hβ =

(

1 +
z

Rβ

)

=

(

1 +
z̃ − h/2

Rβ

)

, Hz = 1 , (1)

Hα and Hβ depend on z (which goes from -h/2 to +h/2 with the zero positioned in the Ω0 surface)
or on z̃ (which varies from 0 to h and it is measured from the bottom surface). In the case of shells
with constant radii of curvature, the coefficients Hα and Hβ in Eq. (1) are a linear function of the
thickness coordinate. For a shell with a generic stacking sequence and a number NL of physical layers,
the problem is governed by three equations of equilibrium for each k physical layer:

Hβ
∂σk

αα

∂α
+Hα

∂σk
αβ

∂β
+HαHβ

∂σk
αz

∂z
+ (

2Hβ

Rα
+

Hα

Rβ

)σk
αz = 0, (2)

Hβ

∂σk
αβ

∂α
+Hα

∂σk
ββ

∂β
+HαHβ

∂σk
βz

∂z
+ (

2Hα

Rβ
+

Hβ

Rα
)σk

βz = 0, (3)

Hβ
∂σk

αz

∂α
+Hα

∂σk
βz

∂β
+HαHβ

∂σk
zz

∂z
−

Hβ

Rα
σk
αα −

Hα

Rβ

σk
ββ + (

Hβ

Rα
+

Hα

Rβ

)σk
zz = 0 . (4)

Eqs. (2)-(4) are valid for all the geometries presented before. The formulation is given for spherical
shells with constant radii of curvature; this formulation is also valid for cylinders and cylindrical panels
(when one of the two radii of curvature is ∞) and for plates (when both the radii of curvature are ∞).

The shell is subjected to a sovra-temperature field θ (α, β, z), measured with respect to a reference
temperature T0 as θ = T − T0. The geometrical relations in an orthogonal mixed curvilinear reference
system (α, β, z) have the following form:

ǫkαα = ǫkααm − ǫkααθ =
1

Hα

∂uk

∂α
+

wk

HαRα
− µk

αθ
k , (5)

ǫkββ = ǫkββm − ǫkββθ =
1

Hβ

∂vk

∂β
+

wk

HβRβ
− µk

βθ
k , (6)

ǫkzz = ǫkzzm − ǫkzzθ =
∂wk

∂z
− µk

zθ
k , (7)

γkβz = γkβzm =
1

Hβ

∂wk

∂β
+

∂vk

∂z
−

vk

HβRβ
, (8)

γkαz = γkαzm =
1

Hα

∂wk

∂α
+

∂uk

∂z
−

uk

HαRα
, (9)

γkαβ = γkαβm =
1

Hα

∂vk

∂α
+

1

Hβ

∂uk

∂β
, (10)

(ǫkαα, ǫ
k
ββ, ǫ

k
zz, γ

k
βz, γ

k
αz, γ

k
αβ) are the six strain components for the k -th layer and they can be seen as

the algebraic summation of mechanical strains (subscript m) and thermal strains (subscript θ). They
are functions of the three displacement components uk, vk and wk in α, β, z direction, respectively, and
of the temperature θk by means of the coefficients of thermal expansion µk

α, µ
k
β and µk

z in the structural

reference system (α, β, z). They are obtained from thermal expansion coefficients µk
1, µ

k
2 and µk

3 in the
material reference system (1, 2, 3) via the opportune rotations. In order to obtain a displacement form
of Eqs. (2)-(4), the constitutive equations must be introduced:

σk = Ckǫk = Ck(ǫkm − ǫkθ) , (11)
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where the stress vector σk has dimension 6 × 1, the elastic coefficient matrix Ck has dimension 6 × 6
and the strains have been defined in Eqs. (5)-(10). The elastic coefficient matrix in the structural
reference system (α, β, z) for an orthotropic material, with rotation angles 0◦ or 90◦, has the form:

Ck =

















Ck
11 Ck

12 Ck
13 0 0 0

Ck
12 Ck

22 Ck
23 0 0 0

Ck
13 Ck

23 Ck
33 0 0 0

0 0 0 Ck
44 0 0

0 0 0 0 Ck
55 0

0 0 0 0 0 Ck
66

















. (12)

The closed form solution of Eqs. (2)-(4) is obtained for orthotropic angles 0◦ or 90◦ because these
simplified hypotheses allow Ck

16 = Ck
26 = Ck

36 = Ck
45 = 0. The explicit form of Eq. (11) in the structural

reference system (α, β, z), after the substitution of the geometrical relations (5)-(10), is:

σk
αα =

Ck
11

Hα
uk,α +

Ck
11

HαRα
wk +

Ck
12

Hβ

vk,β +
Ck
12

HβRβ

wk + Ck
13w

k
,z − λk

αθ
k , (13)

σk
ββ =

Ck
12

Hα
uk,α +

Ck
12

HαRα
wk +

Ck
22

Hβ

vk,β +
Ck
22

HβRβ

wk + Ck
23w

k
,z − λk

βθ
k , (14)

σk
zz =

Ck
13

Hα
uk,α +

Ck
13

HαRα
wk +

Ck
23

Hβ

vk,β +
Ck
23

HβRβ

wk + Ck
33w

k
,z − λk

zθ
k , (15)

σk
βz =

Ck
44

Hβ

wk
,β + Ck

44v
k
,z −

Ck
44

HβRβ

vk , (16)

σk
αz =

Ck
55

Hα
wk
,α + Ck

55u
k
,z −

Ck
55

HαRα
uk , (17)

σk
αβ =

Ck
66

Hα
vk,α +

Ck
66

Hβ
uk,β , (18)

where subscripts (, α), (, β) and (, z) indicate the related partial derivatives ( ∂
∂α

), ( ∂
∂β

) and ( ∂
∂z
), re-

spectively. The thermo-mechanical coupling coefficients λk
α, λ

k
β and λk

3 in Eqs. (13)-(18), defined in the
structural reference system (α, β, z), are:

λk
α = Ck

11µ
k
α + Ck

12µ
k
β + Ck

13µ
k
z , (19)

λk
β = Ck

12µ
k
α + Cn

22µ
k
β + Ck

23µ
k
z , (20)

λk
z = Ck

13µ
k
α + Cn

23µ
k
β + Ck

33µ
k
z . (21)

A further hypothesis to obtain the closed form solution of the equilibrium equations (2)-(4) is the
harmonic form for displacements and temperature which means simply supported sides. The relations
for displacements are:

uk(α, β, z) = Uk(z)cos(ᾱα)sin(β̄β) , (22)

vk(α, β, z) = V k(z)sin(ᾱα)cos(β̄β) , (23)

wk(α, β, z) = W k(z)sin(ᾱα)sin(β̄β) , (24)

the two coefficients ᾱ and β̄ are defined as ᾱ = mπ
a

and β̄ = nπ
b

where a and b are the shell dimensions.
m and n are the half-wave numbers in α and β directions, respectively. Uk(z), V k(z) and W k(z) are
the displacement amplitudes. The harmonic formulation for the temperature field is:

θk(α, β, z) = Θk(z)sin(ᾱα)sin(β̄β) , (25)
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where Θk(z) is the temperature amplitude. Introducing the harmonic form for the displacements (Eqs.
(22)-(24)) and the harmonic form for the temperature (Eq. (25)) into the constitutive equations (13)-
(18), and than into the equilibrium equations (2)-(4), it is possible to obtain a set of three differential
equations in terms of amplitudes for the displacements and for the temperature and their related
derivatives made with respect to z. The derivatives in α and β have been exactly calculated using the
harmonic forms and they become known algebraic terms. Therefore, the system is now made of three
differential equations of second order in z. These equations have not constant coefficients because of
Hα and Hβ which are functions of z. For this reason, each k physical layer is divided in a certain
number of mathematical layers. Therefore, a new index j is defined for the global mathematical layers
and it goes from 1 to the total number of mathematical layers M . In the middle of each j mathematical
layer, the coefficients Hα and Hβ are exactly calculated. In this way, coefficients Aj

s (with s from 1 to

19) and coefficients J j
r (with r from 1 to 4) become constant parameters in the compact form of the

system of differential equations in z:

Aj
1U

j +Aj
2V

j +Aj
3W

j +Aj
4U

j
,z +Aj

5W
j
,z +Aj

6U
j
,zz + J j

1Θ
j = 0 , (26)

Aj
7U

j +Aj
8V

j +Aj
9W

j +Aj
10V

j
,z +Aj

11W
j
,z +Aj

12V
j
,zz + J j

2Θ
j = 0 , (27)

Aj
13U

j +Aj
14V

j +Aj
15W

j +Aj
16U

j
,z +Aj

17V
j
,z +Aj

18W
j
,z +Aj

19W
j
,zz + J j

3Θ
j
,z + J j

4Θ
j = 0 . (28)

Section 3 will show how the temperature profile across z can be separately calculated. This decou-
pling of the variables allows Eqs. (26)-(28) to become a system of second order differential equations
in the displacement amplitudes U j, V j, W j and their derivatives in z. The system can be reduced to a
first order one using the method proposed in [84] and [85]. The order of derivatives in z can be reduced

by redoubling the number of variables for each j layer from 3 (U j , V j, W j) to 6 (U j, V j , W j, U j
′

, V j
′

,

W j
′

). Terms Θ and Θ
′

are known because they will be calculated in Section 3. Superscript ′ means
derivative performed with respect to z (indicated as ∂

∂z
):



















Aj
6 0 0 0 0 0

0 Aj
12 0 0 0 0

0 0 Aj
19 0 0 0

0 0 0 Aj
6 0 0

0 0 0 0 Aj
12 0

0 0 0 0 0 Aj
19







































U j

V j

W j

U j
′

V j
′

W j
′





















′

=



















0 0 0 Aj
6 0 0

0 0 0 0 Aj
12 0

0 0 0 0 0 Aj
19

−Aj
1 −Aj

2 −Aj
3 −Aj

4 0 −Aj
5

−Aj
7 −Aj

8 −Aj
9 0 −Aj

10 −Aj
11

−Aj
13 −Aj

14 −Aj
15 −Aj

16 −Aj
17 −Aj

18







































U j

V j

W j

U j
′

V j
′

W j
′





















+



















0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

−J j
1 0 0 0 0 0

−J j
2 0 0 0 0 0

−J j
4 −J j

3 0 0 0 0





































Θj

Θj
′

0
0
0
0



















, (29)

Eq. (29) can be compacted as:

DjU j
′

= AjU j + J jΘj , (30)

where U j = [U j V j W j U j
′

V j
′

W j
′

]T , U j
′

= ∂U j

∂z
and Θj = [Θj Θj

′

0 0 0 0]T . T means the trans-
pose of a vector. A further development of Eq. (30) is:

U j
′

= Dj−1

AjU j +Dj−1

J jΘj , (31)

U j
′

= A∗
j

U j + J∗
j

Θj , (32)
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withA∗
j

= Dj−1

Aj and J∗
j

= Dj−1

J j . The implementation of the present solution into a Matlab code
is simple when the temperature is assumed to be linear in each j mathematical layer. The following
expression is assumed:

Θj(z̃j) = ajΘz̃
j + bjΘ , (33)

where ajΘ and bjΘ are constant within each j -th layer. z̃j is the local thickness coordinate defined inside
each j mathematical layer. It varies from 0 at the bottom of the generic j -th layer to hj at its top,
where hj is the thickness of the considered j -th layer. Section 3 shows how the coefficients ajΘ and bjΘ
can be determined for each j -th layer. Eq. (32) is a system of first order differential equations in z̃ or

z; the equations are not homogeneous because of the thermal term J∗
j

Θj which is a function of z̃j or
zj .

A generic set of non-homogeneous first order differential equations can be written as:

dx

dt
= Ax+ f(t) , (34)

where x is a M × 1 vector, A is a M ×M matrix with constant coefficients and f(t) = [f1(t) ... fM (t)]T

is a known function vector. Eq. (34) can be solved as:

x(t) = eA(t−t0)x0 +

∫ t

t0

eA(t−s)f(s)ds . (35)

The known term in Eq. (32) can be written in explicit form as:

Θ∗
j

= J∗
j

Θj =



















0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

−J∗
j

1 0 0 0 0 0

−J∗
j

2 0 0 0 0 0

−J∗
j

4 −J∗
j

3 0 0 0 0



































ajΘz̃
j + bjΘ
ajΘ
0
0
0
0

















=



















0
0
0

−J∗
j

1 (ajΘz̃
j + bjΘ)

−J∗
j

2 (ajΘz̃
j + bjΘ)

−J∗
j

4 (ajΘz̃
j + bjΘ)− J∗

j

3 ajΘ



















. (36)

Therefore, Eq. (32) can be re-written in the form:

U j
′

= A∗
j

U j +Θ∗
j

, (37)

with Θ∗
j

containing only linear known functions of z̃j . The solution of Eq. (37) is:

U j(z̃j) = e(A
∗
j
z̃j)U j(0) +

∫ z̃j

0
e(A

∗
j
(z̃j−s))Θ∗

j

(s)ds . (38)

Eq. (38) can be used to calculate the displacement vector at the top of the j -th layer once the terms

A∗∗
j

= e(A
∗
j
hj) and J∗∗

j

=
∫ hj

0 e(A
∗
j
(hj

−s))Θ∗
j

(s)ds have been evaluated for each j layer of thickness
hj . The exponential matrix can be expanded and evaluated in each j layer with thickness hj as:

A∗∗
j

= e(A
∗
j
hj) = I +A∗

j

hj +
A∗

j 2

2!
hj

2
+

A∗
j 3

3!
hj

3
+ · · ·+

A∗
jN

N !
hj

N
, (39)

where I is the 6 × 6 identity matrix. The integral, which represents the second term in Eq. (38),
is calculated for each j layer of thickness hj by expanding the exponential matrix with the same
methodology and the same order N seen in Eq. (39):

J∗∗
j

=

∫ hj

0
e(A

∗
j
(hj

−s))Θ∗
j

(s)ds =

∫ hj

0

(

I +A∗
j

(hj − s) +
A∗

j 2

2!
(hj − s)2 +

A∗
j 3

3!
(hj − s)3+

· · ·+
A∗

jN

N !
(hj − s)N

)

Θ∗
j

(s)ds . (40)
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Therefore, using Eqs. (39) and (40), Eq. (38) becomes:

U j(hj) = A∗∗
j

U j(0) + J∗∗
j

, (41)

which can also be rewritten as:
U

j
t = A∗∗

j

U
j
b + J∗∗

j

, (42)

indicating U j(hj) as U j
t and U j(0) as U j

b, where t and b mean top and bottom of the j layer, respec-
tively.

Eq. (42) links the top and bottom displacements (and the relative derivatives in z) inside the same
mathematical j layer. Then, a set of inter-laminar conditions must be enforced. The continuity of the
displacements at each interface can be imposed as:

ujb = uj−1
t , vjb = vj−1

t , wj
b = wj−1

t . (43)

The conditions expressed in Eqs. (43) can be easily elaborated for the displacement amplitudes U j , V j

and W j. The continuity of transverse shear and transverse normal stresses is a further condition that
should be satisfied:

σj
zzb

= σj−1
zzt , σj

αzb
= σj−1

αzt , σj
βzb

= σj−1
βzt

. (44)

In Eqs. (43) and (44), for each given variable, the equivalence is imposed between its value at the
bottom (b) of the generic j -th layer and its value at the top (t) of the (j − 1)-th layer. Introducing the
constitutive equations (13)-(18) and the harmonic form for the displacements, it is possible to obtain a
displacement form of Eqs. (43) and (44). The method is the same seen in [73]- [77], the only difference
lyes in the continuity equation for the normal stress σzz where an additional thermal term is now
present (see the coefficient T11). The displacements form of Eqs. (43) and (44) may be rewritten in
matrix compact form introducing two transfer matrices:



















U

V

W

U
′

V
′

W
′



















j

b

=

















1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
T1 0 T2 T3 0 0
0 T4 T5 0 T6 0
T7 T8 T9 0 0 T10

















j−1,j


















U

V

W

U
′

V
′

W
′



















j−1

t

+

















0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
T11 0 0 0 0 0

















j−1,j 















Θ

Θ
′

0
0
0
0

















j−1

t

. (45)

The diagonal part including 1 indicates the continuity of displacements in Eq. (43). Coefficients from
T1 to T11 indicate the stress continuity of Eq. (44) in terms of displacements and temperature (and
their derivatives in z). A further compact form of Eq. (45) is:

U
j
b = T

j−1,j
U U

j−1
t + T

j−1,j
Θ Θ

j−1
t . (46)

Eq. (46) allows to link displacements and their derivatives in z calculated at the bottom of the j layer
with displacements and temperature (and also their derivatives in z) evaluated at the top of the (j-1)
layer.

The shells taken into consideration are supposed to be simply supported, and this condition is
automatically satisfied by the harmonic forms used for all the variables:

w = v = 0, σαα = 0 for α = 0, a , (47)

w = u = 0, σββ = 0 for β = 0, b . (48)

No mechanical loads are applied at the top and bottom surfaces of the shell. As seen in [73]- [77], these
conditions can be rewritten in displacement form as:

BM
t UM

t = PM
t = 0 , (49)

B1
bU

1
b = P 1

b = 0 , (50)
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subscripts t and b mean top and bottom, respectively. Superscript M indicates the last mathematical
layer and superscript 1 indicates the first layer. Vector P contains the mechanical loads in the three
direction α, β and z and it is set equal zero in the present thermal stress analysis. Matrices B allow
the imposition of mechanical loads at the external surfaces. The explicit form of P and B can be found
in [73]- [77].

In oder to group Eq. (49) and Eq. (50) into an algebraic system in matrix form, it was useful to
express UM

t = UM (hM ) in terms of U1
b = U1(0) (displacements and their derivatives in z̃ at the top of

the last layer linked with the displacements and their derivatives in z̃ at the bottom of the first layer).
This operation can be achieved introducing recursively Eq. (46) into Eq. (42):

UM
t =

(

A∗∗MT
M−1,M
U A∗∗M−1

T
M−2,M−1
U ......A∗∗2T

1,2
U A∗∗1

)

U1
b+

(

A∗∗MT
M−1,M
U A∗∗M−1......A∗∗2T

1,2
U J∗∗1+

A∗∗MT
M−1,M
U A∗∗M−1......A∗∗3T

2,3
U J∗∗2+

...

A∗∗MT
M−1,M
U J∗∗M−1+

J∗∗M+

A∗∗MT
M−1,M
U A∗∗M ......A∗∗2T

1,2
Θ Θ1

t+

A∗∗MT
M−1,M
U A∗∗M ......A∗∗3T

2,3
Θ Θ2

t+

...

A∗∗MT
M−1,M
U A∗∗M−1

T
M−2,M−1
Θ ΘM−2

t +

A∗∗MT
M−1,M
Θ ΘM−1

t

)

. (51)

The first block of Eq. (51) in brackets defines the 6× 6 matrix Hm for multilayered structures already
seen in [73]- [77] for the pure mechanical analysis. M terms including J∗∗j (which explicitly contain
the thermal profile within each j mathematical layer) and M − 1 terms including Θ

j
t (which identify

the temperature at each interface) are added. The summation of all the quantities in the second block
in brackets in Eq. (51) defines the 6× 1 vector HΘ:

UM
t = HmU1

b +HΘ . (52)

Using Eq. (52), it is possible to rewrite Eq. (49) in terms of U 1
b :

BM
t HmU1

b = −BM
t HΘ . (53)

Eqs. (53) and (50) can be now compacted as:

EU1
b = PΘ , (54)

where

E =

[

BM
t Hm

B1
b

]

(55)
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and

PΘ =

[

−BM
t HΘ

0

]

. (56)

Matrix E has always 6 × 6 dimension independently by the number M of mathematical layers and
even if the method uses a layer wise approach. This matrix does not change with respect to the pure
mechanical analysis in [73]- [77]. The load vector PΘ now contains only equivalent thermal loads.
The system in Eq. (54) is formally the same shown in [73]- [77] for the pure mechanical analysis: the
thermal field has been converted in an equivalent load PΘ with dimension 6 × 1 (the first three lines
can be different from zero).

Once the bottom displacements have been calculated from Eq.(54), Eqs. (46) and Eq. (42) can
be subsequently used in order to evaluate the displacements (and their derivatives with respect to z)
through the entire thickness of the multilayered structure.

3 Heat conduction problem

In Section 2, the temperature profile through the thickness coordinate must be separately calculated.
The shell is subjected to a temperature field with imposed amplitudes Θt at the top and Θb at the
bottom. The temperature profile can be defined in three different ways: resolution of the 3D version of
the Fourier heat conduction equation (θc,3D), by solving the 1D version of the Fourier heat conduction
equation (θc,1D), and a priori linear assumed temperature profile for the entire multilayered structure
(θa).

3.1 3D Fourier heat conduction equation

In a general orthogonal curvilinear coordinate system (u1, u2, u3), the differential equation of heat
conduction for a stationary and homogeneous solid, without internal energy generation, is:

∇· q(u1, u2, u3) = 0 . (57)

When the coordinate system is orthogonal and curvilinear, the divergence of the heat flux may be
written as:

∇· q =
1

a

[

∂

∂u1

(

a

a1
q1

)

+
∂

∂u2

(

a

a2
q2

)

+
∂

∂u3

(

a

a3
q3

)]

, (58)

q1, q2, q3 are the heat flux components in 1, 2 and 3 directions, respectively:

qi = −κi
1

ai

∂θ

∂ui
, (59)

where κi are the coefficients of thermal conductivity in ui direction. a1, a2 and a3 are the so-called
scale factors, and a is defined as:

a = a1 a2 a3 . (60)

Povstenko [81] showed that Eq. (58) can be rewritten in a mixed curvilinear orthogonal coordinate
system (α, β, z) for an orthotropic material as:

1

HαHβ

[

∂

∂α

(

HαHβ

Hα
κ1

1

Hα

∂θ

∂α

)

+
∂

∂β

(

HαHβ

Hβ

κ2
1

Hβ

∂θ

∂β

)]

+ κ3
∂2θ

∂z2
= 0 , (61)

where z is rectilinear and Hz = 1. As shown by Leissa [86], the scale factors ai coincide with the
parametric coefficients defined in Eq. (1):

a1 = Hα, a2 = Hβ, a3 = Hz = 1 . (62)
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The three heat fluxes have been defined in Eqs. (58) and (59). Using Eq. (61), for a generic physical
orthotropic layer k, the differential operators are then transferred only to the temperature field:

κ∗1
k(z)

∂2θ

∂α2
+ κ∗2

k(z)
∂2θ

∂β2
+ κ∗3

k(z)
∂2θ

∂z2
= 0 . (63)

with

κ∗1
k(z) =

κk1
H2

α

, κ∗2
k(z) =

κk2
H2

β

, κ∗3
k(z) = κk3 . (64)

Eq. (63) has not constant coefficients because in κ∗1
k and κ∗2

k, Hα and Hβ are functions of z. Dividing
the shell into j mathematical layers, it is possible to obtain M equations, one for each j mathematical
layer, with constant coefficients κ∗1

j , κ∗3
j and κ∗3

j calculated in the middle of each j layer. Therefore,
Eq.(63), including non constant coefficients, can be rewritten as an equation with constant coefficients:

κ∗1
j ∂

2θ

∂α2
+ κ∗2

j ∂
2θ

∂β2
+ κ∗3

j ∂
2θ

∂z2
= 0 . (65)

Eq. (65) is automatically satisfied by the harmonic form for the temperature θ(α, β, z) seen in Eq.
(25) where the dependence of the amplitude Θ(z) from the thickness coordinate z is assumed to be:

Θj(z) = Θj
0 exp(s

jz) , (66)

where both Θj
0 and sj must be determined for each j-th mathematical layer. sj can be easily determined

substituting Eq. (25), with the assumption of Eq. (66), into Eq. (65):

sj1,2 = ±

√

κ∗1
jᾱ2 + κ∗2

j β̄2

κ∗3
j

, (67)

sj1 has been chosen as solution (algebraic sign +), and Eq. (66) can be rewritten as:

Θj(z) = Θj
01 exp(s

j
1z) + Θj

02 exp(s
j
1z) , (68)

Θj(z) = Sj
1cosh(s

j
1z) + Sj

2sinh(s
j
1z) . (69)

Both Eqs. (68) and (69) contain some parameters to be determined for each j mathematical layer. sj1
for each j-th layer can be calculated using Eq. (67). 2 ×M coefficients need to be determined. This
result can be achieved as two continuity conditions at each layer interface:

Θ
(j+1)
b = Θj

t , (70)

κ∗3
j+1Θ(j+1)

,zb
= κ∗3

jΘj
,zt . (71)

Eq. (70) states that the temperature at the top of the generic j-th layer must be equal to the one at
the bottom of the (j+1)-th layer. Eq. (71) implies the equivalence of the heath flux q3 in the thickness
direction 3 when evaluated at the bottom (b) of the (j+1)-th layer and at the top (t) of the j-th layer.
Developing Eqs. (70) and (71), using the expression of Θj given in Eq. (69), it is possible to express
in a compact matrix form the link existing between S1 and S2 at the j-th layer and S1 and S2 at the
(j + 1)-th layer:

[

S1

S2

]j+1

=

[

VΘ
j+1,j
1 VΘ

j+1,j
2

VΘ
j+1,j
3 VΘ

j+1,j
4

]

[

S1

S2

]j

. (72)
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A total number of 2 × (M − 1) conditions can be imposed where (M − 1) is the number of layer

interfaces. Defining the transfer matrix of Eq. (72) as V
(j+1,j)
Θ , the link between the coefficients at the

top layer (j = M) and those at the bottom layer (j = 1) can be found using recursively Eq. (72):

[

S1

S2

]M

= V
(M,M−1)
Θ V

(M−1,M−2)
Θ ...........V

(3,2)
Θ V

(2,1)
Θ

[

S1

S2

]1

= V
(M,1)
Θ

[

S1

S2

]1

. (73)

The problem in Eqs. (73) can be solved imposing the temperatures at the bottom and at the top of the
shell for the 2 conditions missed in the 2× (M − 1) conditions already imposed in Eq.(72). Therefore,
all the 2 ×M coefficients (Sj

1 and Sj
2 for all the M mathematical layers) can be calculated. Once the

coefficients of the external layers have been determined, the remaining coefficients can be consequently
calculated.

As stated in Section 2 the implementation of this solution is easier if the temperature is assumed
to be linear within each mathematical layer. Once the coefficients of Eq. (69) have been determined
for each j mathematical layer, the temperature profile across the thickness is completely determined.
Both the coefficients presented in Eq. (33) can be determined: bjΘ represents the temperature value at

the bottom of the j -th layer, while ajΘ is the slope of the temperature profile in the considered j layer.
The 3D exact shell model of Section 2 which uses this temperature profile is called as 3D(θc,3D).

3.2 1D Fourier heat conduction equation

Even if the physics of the problem is three-dimensional, when the thickness ratio a/h and/or b/h is high
enough, the determination of the temperature profile can be further simplified. The in-plane behavior
of the temperature is completely determined as the thermal field has the harmonic expression presented
in Eq. (25). For the k-th physical layer the three heat fluxes take the following form:

qk1 = κ∗1
kᾱΘk(z)cos(ᾱα)sin(β̄β) , (74)

qk2 = κ∗2
kβ̄Θk(z)sin(ᾱα)cos(β̄β) , (75)

qk3 = κ∗3
kΘk

,z(z)sin(ᾱα)sin(β̄β) . (76)

For high values of thickness ratios, Eqs. (61) and (63) can be simplified as:

∂

∂z

(

κ∗3
∂Θ

∂z

)

= 0 , (77)

where κ∗3 = κ3 because z is rectilinear. This feature is due to the fact that heat fluxes q1 and q2 decrease
when the thickness ratio increases. Therefore, they can be discarded. The content in the bracket in
Eq. (77) represents the heat flux in the thickness direction for the entire structure. Eq. (77) implies
that q3(z) is assumed to be constant through the entire thickness of the multilayered structure:

q3(z) =

(

κ∗3
∂Θ

∂z

)

= const . (78)

Eq. (78) means that the heat flux q3 is constant in all the multilayered structure. Eq. (78) can be also
used to write the continuity of heat flux q3 at each interface between two adjacent physical layers k or
mathematical layers j. Taking as example the generic j -th mathematical layer, the differential operator
can be simplified and written in algebraic form which indicates the slope of the temperature profile:

qj3 = −κ∗3
j ∂Θ

j

∂z
= −

κ∗3
j

hj
(Θj

t −Θj
b) . (79)
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The term κ∗3
j/hj is the thermal conductance of the j -th layer. The constant heat flux flowing through the

thickness can be calculated defining the equivalent thermal resistance coefficient of the entire structure
(in analogy with the electric resistance):

Rzeq =

M
∑

j=1

hj

κ∗3
j
. (80)

Once the equivalent thermal resistance of the entire structure has been found, the heat flux q3 for the
whole structure can be calculated using a single equivalent layer:

q3 = −
1

Rzeq

(Θt −Θb) = const. (81)

where Θt and Θb are the applied sovra-temperature amplitudes at the external surfaces of the whole
structure. The temperature at any coordinate z can be therefore obtained using the continuity of qj3 as
written in Eq. (79):

qj3 = −κ∗3
j (Θ

j
t −Θj

b)

hj
= qj+1

3 = −κ∗3
j+1 (Θ

j+1
t −Θj+1

b )

hj+1
= q3 = const. , (82)

if the coefficient κ∗3
j changes passing from a layer to another adjacent layer, the continuity of qj3 is

allowed by the change of the slope of the temperature profile
(Θj

t−Θj

b
)

hj . Therefore, when the material
of the layer changes, the slope of the temperature profile also changes but it remains linear in the
layer. In fact, this method allows to see the material layer effect but not the thickness layer effect. This
approach allows to consider only the stacking sequence and the material effects; the three dimensionality
of the problem is neglected and also the thickness layer effect. This model is able to see the change
of conductivity κ∗3 in each layer and the related slope of the temperature. However, the temperature
remains linear in each layer even if the layer is thick. The thickness layer effect (temperature profile
not linear in the thick layer) is only captured by the 3D Fourier heat conduction equation in Subsection
3.1. As seen in Subsection 3.1, the two coefficients of Eq. (33) (bjΘ and ajΘ) are the temperature value
at the bottom of the j -th layer and the slope of the temperature profile in it. The transition from the
physical k to the mathematical j layer was obvious as already explained in subsection 3.1. The 3D
exact shell model of Section 2 which uses this temperature profile is called as 3D(θc,1D).

3.3 A priori linear assumed temperature profile

A further simplification can be made considering the temperature profile as linear through the entire
thickness of the structure from the bottom to the top without considering the change of the material
in each layer. It is a common hypothesis present in the literature. This assumption is justified when
the shell has high thickness ratios and the stacking sequence includes a single layer or several thermally
homogeneous layers. The coefficients of Eq. (33) can be determined as seen before: ajΘ is even easier to
be determined in this case because it is just the global slope of the temperature profile. The 3D exact
shell model of Section 2 which uses this temperature profile is called as 3D(θa).

4 Results

This section is organized in two main parts. In the first part, three assessments are presented in order
to validate the proposed 3D exact general shell model. Comparisons with other results found in the
literature are proposed to understand the opportune choice of N order of expansion for the exponential
matrix in Eqs. (39) and (40) and the appropriate M number of mathematical layers for the calculation
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of curvature terms and temperature profiles. After these preliminary assessments, the model can be
considered as validated and it can be used to propose new results. New results are shown in the
second part, after the opportune choice of N and M parameters. The 3D shell model is used to discuss
the effects of geometry (plates, cylinders, cylindrical and spherical shells), thickness ratio, lamination
scheme, material, temperature impositions and temperature profiles in the 3D thermo-elastic analysis
of plate and shells.

4.1 Preliminary assessments

Three different preliminary assessments are here proposed to validate the new 3D general exact shell
model. A square plate, a cylindrical shell and a spherical shell are investigated considering different
thickness ratios, lamination schemes, materials and temperature profiles. After these assessments, the
new 3D shell model is validated: N = 3 order of expansion for the exponential matrix and M = 300
mathematical layers are always sufficient to obtain a correct 3D thermo-elastic analysis for all the new
benchmarks proposed in the Section 4.2. Preliminary considerations about the ”a priori” assumption
or the calculation of temperature profiles will be here given, even if these features will be discussed in
depth in the second part about the new results where graphical evaluations of the temperature through
the thickness direction will be also proposed.

The first assessment considers a simply-supported square plate (a = b) with thickness h = 1. The
bi-sinusoidal (m = n = 1) sovra-temperature is imposed at the external surfaces at the top (t) as
Θt = +1K and at the bottom (b) as Θb = −1K. The three-layered composite plate has lamination
sequence 0◦/90◦/0◦ and thickness layers h1 = h2 = h3 = h/3. The elastic properties of each composite
layer are EL/ET = 25, GLT /ET = 0.5, GTT /ET = 0.2 and νLT = νTT = 0.25 where E indicates the
Young modulus, G is the shear modulus and ν is the Poisson ratio. Subscript T indicates the in-plane
and out-of-plane transverse directions, while the subscript L indicates the longitudinal direction along
the fibers. The thermal expansion coefficients have a ratio µT /µL = 1125. The conductivity coefficients
are κL = 36.42W/mK and κT = 0.96W/mK. The reference results are based on the the thermoelastic
solution for orthotropic and anisotropic composite laminates proposed by Bhaskar et al. [12] using a
priori assumed linear temperature profile through the thickness of the plate (θa). The new proposed
3D shell model can employ a priori assumed linear temperature profile through the thickness (θa), a
calculated temperature profile through the thickness using the 1D version of the Fourier heat conduction
equation (θc,1D) or a calculated temperature profile through the thickness using the 3D version of the
Fourier heat conduction equation (θc,3D). The exact 3D general shell model uses an order of expansion
N = 3 for the calculation of the exponential matrix and a certain number of mathematical layers M for
the calculation of curvature terms (in the case of shell geometries) and the evaluation of the temperature
profile through the thickness by means of fixed points. Table 1 shows the transverse displacement and
in-plane normal and in-plane shear stresses for different thickness ratios a/h. The present 3D model
based on an assumed linear temperature profile (θa) is in accordance with the reference solution [12]
because this last reference also uses an assumed linear temperature profile. Only for the very thick
plate (a/h=2), it is necessary the use of a number of mathematical layers greater than 100. For all the
other thickness ratios, M = 100 is always sufficient. The calculated temperature profile by means of
the 1D version of the Fourier heat conduction equation (θc,1D) is able to consider only the material
layer effects and not the thickness layer effects. However, in this case, the change of lamination scheme
does not modify the properties in the z direction and for this reason the 3D(θc,1D) model does not
show any material layer effect and it is always coincident with the case of assumed linear temperature
profile (3D(θa)). In the case of temperature profile calculated by means of the 3D version of Fourier
heat conduction equation (3D(θc,3D)), the thickness layer effect is clearly shown because these results
are completely different from those obtained via 3D(θa) and 3D(θc,1D) models. The three proposed
3D exact models are coincident only for thin and moderately thin plates (thickness ratios a/h greater
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than 50).
The second assessment shows a simply-supported cylindrical shell with radii of curvature Rα = 10m

and Rβ = ∞, and dimensions a = π
3Rα and b = 1m. The bi-sinusoidal (m = n = 1) sovra-temperature

is imposed at the external surfaces at the top (t) as Θt = +1K and at the bottom (b) as Θb = 0K. The
two-layered isotropic cylindrical shell has thickness layers h1 = h2 = h/2. The bottom layer is made of
Aluminium Alloy (Al2024) and the top layer is made of Titanium Alloy (Ti22). The bottom layer has
Young modulus E = 73GPa, Poisson ratio ν = 0.3, thermal expansion coefficient µ = 25×10−61/K and
conductivity coefficient κ = 130W/mK. The top layer has Young modulus E = 110GPa, Poisson ratio
ν = 0.32, thermal expansion coefficient µ = 8.6×10−61/K and conductivity coefficient κ = 21.9W/mK.
The reference results are based on the higher order layer wise models (quasi-3D description of thermal
and elastic variables) proposed in [50]. The employed reference solutions can describe the temperature
field as an external load which has been a priori assumed as linear through the thickness (θa) or as a
primary variable of the problem (in analogy with the displacement) which can be calculated from the
solution of the governing equations (in this case the symbol θM is used to remark that the temperature
has been modelled (M) and calculated from the employed 2D model). The new proposed exact 3D
general shell model has all the characteristics already described for the first assessment. Table 2 shows
transverse and in-plane displacements for different thickness ratios Rα/h. M = 100 mathematical
layers are always sufficient to obtain correct results for each thickness ratio and temperature profile. In
this assessment, the two layers are completely different from the elastic and thermal point of view. For
this reason, the linear assumed temperature profile is always different from the calculated temperature
profile even when the shell is very thin. This feature is due to the fact that the material layer effects are
always present for both thick and thin shells. The 3D(θa) model is always coincident with the reference
solution Ref.(θa) [50] because both use always an assumed linear temperature profile. The 3D(θc,3D)
model is always coincident with the reference solution Ref.(θM ) [50] because both use a 3D temperature
profile (obtained from the 3D version of the Fourier heat conduction equation in the first case, and
from the fully coupled thermo-elastic governing equations in the second case). The 3D(θc,1D) model,
which uses the 1D version of the Fourier heat conduction equation, is coincident with the 3D(θc,3D)
model for thin shells because the material layer effects are considered by both the models. In the case
of thick shells, some differences are shown (in particular for the in-plane displacements) because the
3D(θc,1D) model is not able to see the thickness layer effects as done by the 3D(θc,3D) model.

The third assessment proposes a simply-supported spherical shell with radii of curvature Rα = Rβ =
R and dimensions a = b = 1. The global thickness is h = 0.1 which means a thickness ratio a/h = 10.
The bi-sinusoidal (m = n = 1) sovra-temperature is imposed at the external surfaces at the top (t)
as Θt = +0.5K and at the bottom (b) as Θb = −0.5K. The two-layered composite spherical shell
has lamination sequence 0◦/90◦ and thickness layers h1 = h2 = h/2. The elastic properties of each
composite layer are Young modulus E1 = 25 and E2 = E3 = 1, shear modulus G12 = G13 = 0.5 and
G23 = 0.2, Poisson ratio ν12 = ν13 = ν23 = 0.25, thermal expansion coefficients µ1 = µ3 = 1 and µ2 = 3.
Conductivity coefficients are κ1 = 36.42W/mK and κ2 = κ3 = 0.96W/mK. The no-dimensional
transverse displacement is given as w̄ = 10h

b2µ1T1
w where T1 = 1K is the temperature gradient. The

reference results are based on the higher order two-dimensional theory proposed in [36] which uses
an assumed linear temperature profile (θa). The new proposed exact 3D general shell model has all
the characteristics already described for the first and second assessments. Table 3 shows transverse
displacement for different thickness ratios. The 3D(θa) model is always similar to the reference solution
[36] because both models use an assumed linear temperature profile, even if the Ref.(θa) [36] model is
not refined enough. M = 100 mathematical layers are always sufficient to obtain correct results for
each possible thickness ratio and temperature profile. The 3D(θc,1D) and 3D(θc,3D) models have the
same behavior already discussed for the Table 1 about the first assessment. Only the 3D(θc,3D) model
is able to show the thickness layer effects.

The new benchmarks in the next part consider different geometries, thickness ratios, lamination
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schemes, materials, temperature profiles and variable investigations (displacements and stresses). For
this reason, even if the preliminary assessments have demonstrated that M = 100 mathematical layers
could be sufficient for quite all the cases, the conservative choice of M = 300 mathematical layers
combined with N = 3 order of expansion will be employed for the new benchmarks.

4.2 New results

Eight new benchmarks are here proposed considering plates, cylinders, cylindrical panels and spherical
panels as geometries. Different temperature impositions (also considering different half-wave numbers)
will be considered (see Figures 1-4 for further details about geometry and temperature imposition).
Different lamination schemes and materials for the layers will be employed. Therefore, a one-layer
and a multi-layer configuration will be investigated for each possible geometry. Linear assumed tem-
perature profiles (3D(θa)), calculated temperature profiles through the thickness using the 1D version
of the Fourier heat conduction equation (3D(θc,1D)), and calculated temperature profiles through the
thickness using the 3D version of the Fourier heat conduction equation (3D(θc,3D)) will be used. For
all the proposed 3D solutions, N = 3 order of expansion for the exponential matrix and M = 300 math-
ematical layers will be used (see the preliminary assessments in the previous section). Thanks these
features, a complete thermal stress analysis will be proposed and these results will be valid benchmarks
for those scientists involved in the developing of 2D and 3D analytical and numerical shell and plate
models.

The first benchmark proposes a simply-supported square (a = b) one-layered composite plate with
fibre orientation 0◦ (see Figure 1). The global thickness is h = 1m and the investigated thickness
ratios are a/h = 2, 5, 10, 20, 50, 100. The sovra-temperature in bi-sinusoidal form (half-wave numbers
m = n = 1) has amplitude value at the top Θt = +0.5K and at the bottom Θb = −0.5K. The
composite material has Young modulus E1 = 172.72GPa and E2 = E3 = 6.909GPa, shear modulus
G12 = G13 = 3.45GPa and G23 = 1.38GPa, Poisson ratio ν12 = ν13 = ν23 = 0.25, thermal expansion
coefficients µ1 = 0.57 × 10−61/K and µ2 = µ3 = 35.6 × 10−61/K and conductivity coefficients κ1 =
36.42W/mK and κ2 = κ3 = 0.96W/mK. Figure 5 proposes the temperature profile through the
thickness for a thick and a thin plate. In the case of a thin one-layered orthotropic plate, assumed
linear (θa), calculated via 1D Fourier heat conduction equation (θc,1D) and calculated via 3D Fourier
heat conduction equation (θc,3D) temperature profiles are coincident. In the case of thick plate, the
calculated temperature profile via 3D Fourier heat conduction equation (θc,3D) has a different behavior
through the thickness because it is able to include the thickness layer effect. Table 4 shows the three
displacement components and the six stress components in particular positions through the thickness
direction for different thickness ratios. In the case of very thin plates, the three proposed 3D models are
coincident because both thickness layer and material layer effects are absent. For thick or moderately
thick plates, the 3D models using the assumed temperature profile 3D(θa) and the 1D calculated
temperature profile 3D(θc,1D) are coincident because both cannot evaluate the thickness layer effect.
The 3D(θc,3D) model gives different results because it is able to see the thickness layer effect thanks the
use of the 3D version of the Fourier heat conduction equation. Figure 6 shows the three displacement
components and three stress components through the thickness in the case of thick plate (a/h=10).
In-plane displacements are not linear and transverse displacement is not constant because of the high
thickness value. In-plane stresses are continuous because only one layer is considered. The transverse
normal stress satisfies the external load conditions.

The second benchmark investigates a simply-supported square (a = b) three-layered (h1 = h2 =
h3 = h/3) composite plate with fibre orientations 0◦/90◦/0◦ (see Figure 1). The global thickness h,
the thickness ratios a/h, the applied sovra-temperature and the elastic and thermal properties of the
composite layers are the same already described for the first benchmark. The temperature profiles
through the thickness proposed in Figure 7 do not change with respect to the one-layered case because
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the plate is square and when the fiber orientation changes from 0◦ to 90◦, the conductivity coefficient
κ3 remains the same, and even if the conductivity coefficients κ1 and κ2 are exchanged, they multiply
the same side (a=b) and half-wave numbers (m=n) in the solution of the 3D version of the Fourier
heat conduction equation. Table 5 shows the results in terms of displacements and stresses for this
second benchmark. For thin plates, the three 3D models are very close while for thicker plates the
3D(θc,3D) shows bigger differences because it is able to consider the thickness layer effects. Figure
8 gives the displacements and stresses for a thick three-layered plate. In-plane displacements show
the typical zigzag form of multilayered orthotropic structures and the transverse displacement is not
constant because of the thicker configuration. Displacements are continuous at each layer interface
because of the correct imposition of the congruence conditions. In-plane stress σαα is discontinuous at
each layer interface. The transverse normal stress σzz is continuous because of the correct imposition
of the equilibrium conditions.

The third benchmark shows a simply supported isotropic one-layered cylinder. The radii of curvature
are Rα = 10m and Rβ = ∞, the dimensions are a = 2πRα and b = 30m (see Figure 2). The
investigated thickness ratios are Rα/h = 2, 5, 10, 20, 50, 100 with global thickness indicated as h. The
sovra-temperature in harmonic form (half-wave numbers m = 2 and n = 1) has amplitude value at
the top Θt = +0.5K and at the bottom Θb = −0.5K. The isotropic layer is made of Aluminium
Alloy Al2024 with Young modulus E = 73GPa, Poisson ratio ν = 0.3, thermal expansion coefficient
µ = 25× 10−61/K and conductivity coefficient κ = 130W/mK. The three types of temperature profile
are given in Figure 9 for thick and thin cylinder. In this case, the thickness layer effect is not evident for
the thicker cylinder because of the symmetry of the closed and circular geometry. These considerations
remain valid in the discussion of displacements and stresses in Table 6 where 3D(θa) model, 3D(θc,1D)
model and 3D(θc,3D) model are coincident for thin cylinders. Very small differences are shown for
very thick cylinders: in this last case the thickness layer effect captured by the 3D(θc,3D) model is not
significative. This feature is maybe due to the great rigidity of the closed cylinder. Figure 10 shows
displacement and stress evaluations through the thickness which are typical of one-layered isotropic
cylinders. The analyzed cylinder is thick and for this reason in-plane displacements are not linear and
transverse normal displacement is not constant. Transverse shear and transverse normal stresses satisfy
the external load conditions.

The fourth benchmark considers a simply supported isotropic two-layered cylinder. The global
thickness h, the geometry features, the thickness ratios Rα/h and the applied sovra-temperatures are
the same already described for the third benchmark (see Figure 2). In this fourth case, the two layers
have the same thickness h1 = h2 = h/2. The bottom layer is made of the Aluminium Alloy Al2024
already described in the previous benchmark. The top layer is made of Titanium Alloy Ti22 with
Young modulus E = 110GPa, Poisson ratio ν = 0.32, thermal expansion coefficient µ = 8.6×10−61/K
and conductivity coefficient κ = 21.9W/mK. The results in Figure 11 show as the temperature profile
is never linear for all the structure even if the cylinder is thin. This feature is due to the different
thermal properties considered for the two involved layers. The thick cylinder shows a small thickness
layer effect because of the same reasons already discussed in the third benchmark. Displacements and
stresses for different thickness rations Rα/h are proposed in Table 7 where it is evident how the results
obtained via the 3D(θa) model are always not correct because the temperature profile is never linear
through the entire thickness structure (even if the cylinder is very thin). Displacement and stress
evaluations through the thickness given in Figure 12 for a thick two-layered cylinder show the effects
of the two different layers. Displacements and transverse shear/normal stresses are continuous because
the compatibility and equilibrium conditions have been correctly imposed in the model. In-plane stress
has a discontinuity at the interface between the Al2024 layer and the Ti22 layer.

The fifth benchmark analyses a simply supported isotropic one-layered cylindrical shell. The radii
of curvature are Rα = 10m and Rβ = ∞, the dimensions are a = π

3Rα and b = 20m (see Figure
3). The investigated thickness ratios are Rα/h = 2, 5, 10, 20, 50, 100 with global thickness indicated
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as h. The sovra-temperature in cylindrical bending form (half-wave numbers m = 1 and n = 0) has
amplitude value at the top Θt = +1.0K and at the bottom Θb = 0.0K. The isotropic layer is made
of Titanium Alloy Ti22 with Young modulus E = 110GPa, Poisson ratio ν = 0.32, thermal expansion
coefficient µ = 8.6 × 10−61/K and conductivity coefficient κ = 21.9W/mK. The three temperature
profiles in Figure 13 are coincident for thin shell because of the only isotropic layer. In the case of thick
shell, the calculated temperature profile via the resolution of the 3D Fourier heat conduction equation
is different from the linear behavior because of the thickness layer effect. This behavior is confirmed
by the displacement and stress results proposed in Table 8 for different thickness ratios: the three
proposed 3D models are very similar for thin structure. The applied temperature has a cylindrical
bending form and for this reason displacement v and stresses σαβ and σβz are zero at each position
through the thickness. Figure 14 shows the displacements and stresses different from zero in the case
of thick cylindrical shell. The typical features connected with the investigation of only one isotropic
layer and a very thick shell are clearly shown.

The sixth benchmark is devoted to the thermal stress analysis of a sandwich cylindrical shell with a
PVC core and two external isotropic Al2024 skins. The global thickness h, the geometry features, the
thickness ratios Rα/h and the applied sovra-temperature are the same already described for the fifth
benchmark (see Figure 3). The external skins have thickness h1 = h3 = 0.1h and the internal soft core
has thickness h2 = 0.8h. The elastic and thermal properties of the Al2024 alloy have already been given
for the benchmarks 3 and 4. The PVC has Young modulus E = 3GPa, Poisson ratio ν = 0.4, thermal
expansion coefficient µ = 50 × 10−61/K and conductivity coefficient κ = 0.18W/mK. Results shown
in Figure 15 demonstrate how the calculation of the temperature profile is fundamental for both thick
and thin sandwich structures. The temperature profile is never linear because of the great differences
between the thermal properties of the skins and those of the core. In the case of thick sandwich shell,
the calculated temperature profile via the 1D Fourier equation is not able to capture the thickness layer
effects (in fact, it is linear inside each considered layer). The differences between the three types of
temperature profile become clear in Table 9 in terms of displacements and stresses at different thickness
positions for several thickness ratios. The 3D(θc,1D) and 3D(θc,3D) models give very similar results
for thin shells while they show important differences for thick shells. Results obtained via the 3D(θa)
model are always wrong. Displacement u and stresses σαβ and σβz are always zero because of m=0
half-wave number in the imposed temperature profile. Figure 16 for thick sandwich shell (Rα/h=10)
shows the typical zigzag form of displacements and stresses for sandwich structures. In-plane stresses
show discontinuities at each interface between skin and core. Transverse shear and transverse normal
stresses are continuous at each interface because of the correct imposition for the equilibrium conditions.
These stresses also satisfy the external boundary load conditions.

The seventh benchmark considers a simply-supported isotropic one-layered spherical shell. The
radii of curvature are Rα = Rβ = 10m, the dimensions are a = π

3Rα = b = π
3Rβ (see Figure 4). The

investigated thickness ratios are Rα/h = 2, 5, 10, 20, 50, 100 with global thickness indicated as h. The
sovra-temperature in bi-sinusoidal form (half-wave numbers m = n = 1) has amplitude value at the
top Θt = +1.0K and at the bottom Θb = 0.0K. The isotropic layer is made of Steel with Young
modulus E = 210GPa, Poisson ratio ν = 0.3, thermal expansion coefficient µ = 12 × 10−61/K and
conductivity coefficient κ = 60W/mK. Temperature profiles in Figure 17 show how the temperature
behavior is linear through the thickness in the case of thin shell. On the contrary, the temperature
must be calculated via the 3D Fourier heat conduction equation in the case of thick shell because the
thickness layer effect must be included. These considerations are confirmed by the displacement and
stress results given in Table 10 where 3D(θc,1D) and 3D(θa) models are always coincident for each
thickness ratio and investigated variable. 3D(θc,3D) is coincident with the other two models for thin
shells, while it gives different results for thicker shells because of the thickness layer effect. Figure
18 shows the typical displacement and stress evaluations through the thickness of a thick one-layered
isotropic spherical shell.
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The eighth and last benchmark analyses a simply-supported isotropic three-layered spherical shell.
The global thickness h, the geometry features, the thickness ratios Rα/h and the applied sovra-
temperature are the same already described for the seventh benchmark (see Figure 4). The three
layers have thickness h1 = h2 = h3 = h/3 and the lamination scheme from the bottom to the top is
Al2024/Ti22/Steel. The elastic and thermal properties of the three employed materials have already
been given in the previous benchmark descriptions. Figure 19 shows how the temperature profile must
be always calculated for each thickness ratio because the three layers have different thermal properties.
In the case of thick shells, both thickness layer and material layer effects are present and the use of
the 3D Fourier heat conduction equation is mandatory. These considerations are confirmed by the
results in terms of displacements and stresses proposed in Table 11. The use of an assumed linear
temperature profile is always inadequate, while the use of the 1D Fourier heat conduction equation
shows some limits in the case of very thick shells. Only the 3D(θc,3D) model always guarantees the
correct results for each thickness ratio, lamination scheme, material layer and investigated variable. In
the results proposed for the thick shell (Rα/h=10) in Figure 20, the typical zigzag form of investigated
variables through the thickness, due to a high transverse anisotropy, is shown. Moreover, compatibility
conditions for displacements and equilibrium conditions for transverse shear/normal stresses have been
correctly imposed in the model.

5 Conclusions

A general 3D exact shell solution for the thermo-mechanical analysis of one-layered and multilayered
isotropic, sandwich and composite plates and shells have been proposed. The temperature amplitudes
have been imposed at the top and bottom external surfaces in steady state conditions and then evaluated
through the thickness direction. Three different methodologies have been used to define the temperature
profile through the thickness: - calculation of the temperature profile via the steady-state 3D Fourier
heat conduction equation which gives the 3D(θc,3D) model; - evaluation of the temperature profile using
the steady-state simplified 1D version of the Fourier heat conduction equation which gives the 3D(θc,1D)
model; - a priori assumed linear temperature profile through the entire thickness direction ranging from
the bottom temperature value to the top temperature value which gives the 3D(θa) model. The 3D
calculated temperature profile allows to consider both thickness layer and material layer effects, while
the 1D calculated temperature profile is only able to evaluate the material layer effect. The ”a priori”
linear assumption for the temperature profile is only valid for thin and one-layered structures. Several
analyses, in terms of displacements, in-plane and out-of-plane stresses and temperature profiles have
been presented for different thickness ratios, geometries, lamination schemes, materials and temperature
impositions. These results showed the importance of both the correct definition of the elastic part in
the 3D shell model and the correct evaluation of the temperature profile through the thickness of the
structure. In fact, even if a very refined 3D shell model is employed, wrong thermo-mechanical responses
can be obtained if the temperature profile through the thickness is not coherently defined.
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a/h 2 4 10 20 50 100

w̄ = w/(a/h)2 at (α = a/2, β = b/2, z = +h/2)
Ref.(θa) [12] 96.79 42.69 17.39 12.12 10.50 10.26

M = 102
3D(θa) 97.02 42.69 17.39 12.12 10.50 10.26
3D(θc,1D) 97.02 42.69 17.39 12.12 10.50 10.26
3D(θc,3D) 49.06 32.12 16.40 11.93 10.47 10.25

M = 210
3D(θa) 96.82 42.69 17.39 12.12 10.50 10.26
3D(θc,1D) 96.82 42.69 17.39 12.12 10.50 10.26
3D(θc,3D) 48.88 32.12 16.39 11.93 10.47 10.25

M = 300
3D(θa) 96.80 42.69 17.39 12.12 10.50 10.26
3D(θc,1D) 96.80 42.69 17.39 12.12 10.50 10.26
3D(θc,3D) 48.87 32.12 16.39 11.93 10.47 10.25

σαα at (α = a/2, β = b/2, z = +h/2)
Ref.(θa) [12] 1390 1183 1026 982.0 967.5 965.4

M = 102
3D(θa) 1123 1183 1026 982.0 967.5 965.4
3D(θc,1D) 1123 1183 1026 982.0 967.5 965.4
3D(θc,3D) 299.0 796.8 948.0 961.8 964.3 964.5

M = 210
3D(θa) 1359 1183 1026 982.0 967.5 965.4
3D(θc,1D) 1359 1183 1026 982.0 967.5 965.4
3D(θc,3D) 473.0 796.8 948.0 961.8 964.3 964.5

M = 300
3D(θa) 1379 1183 1026 982.0 967.5 965.4
3D(θc,1D) 1379 1183 1026 982.0 967.5 965.4
3D(θc,3D) 487.6 796.8 948.0 961.8 964.3 964.5

σαβ at (α = 0, β = 0, z = −h/2)
Ref.(θa) [12] 269.3 157.0 76.29 57.35 51.41 50.53

M = 102
3D(θa) 269.3 157.0 76.29 57.35 51.41 50.53
3D(θc,1D) 269.3 157.0 76.29 57.35 51.41 50.53
3D(θc,3D) 143.0 119.4 71.96 56.46 51.27 50.50

M = 210
3D(θa) 269.3 157.0 76.29 57.35 51.41 50.53
3D(θc,1D) 269.3 157.0 76.29 57.35 51.41 50.53
3D(θc,3D) 142.9 119.4 71.96 56.46 51.27 50.50

M = 300
3D(θa) 269.3 157.0 76.29 57.35 51.41 50.53
3D(θc,1D) 269.3 157.0 76.29 57.35 51.41 50.53
3D(θc,3D) 142.9 119.4 71.96 56.46 51.27 50.50

Table 1: First assessment, 0◦/90◦/0◦ composite plate with external sovra-temperature amplitudes
Θt = +1K and Θb = −1K (m=n=1). Reference solution (Ref.) is the 3D thermo-elastic model by
Bhaskar et al. [12] based on an assumed linear temperature profile though the thickness (θa). Proposed
3D thermo-elastic solution uses order N = 3 for the exponential matrix and different M mathematical
layers.
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Rα/h 5 10 50 100 1000

w[mm] at (α = a/2, β = b/2, z = 0)
Ref.(θa) [50] 0.007 0.0011 0.0048 0.0117 0.0634
Ref.(θM ) [50] 0.002 0.0010 0.0060 0.0129 0.0424

M = 100
3D(θa) 0.007 0.0011 0.0048 0.0117 0.0634
3D(θc,1D) 0.002 0.0010 0.0060 0.0129 0.0424
3D(θc,3D) 0.002 0.0010 0.0060 0.0129 0.0424

M = 200
3D(θa) 0.007 0.0011 0.0048 0.0117 0.0634
3D(θc,1D) 0.002 0.0010 0.0060 0.0129 0.0424
3D(θc,3D) 0.002 0.0010 0.0060 0.0129 0.0424

M = 300
3D(θa) 0.007 0.0011 0.0048 0.0117 0.0634
3D(θc,1D) 0.002 0.0010 0.0060 0.0129 0.0424
3D(θc,3D) 0.002 0.0010 0.0060 0.0129 0.0424

u[10−4m] at (α = 0, β = b/2, z = +h/2)
Ref.(θa) [50] -0.0052 -0.0045 -0.0035 -0.0033 0.0010
Ref.(θM ) [50] -0.0031 -0.0031 -0.0027 -0.0023 0.0009

M = 100
3D(θa) -0.0053 -0.0045 -0.0035 -0.0033 0.0010
3D(θc,1D) -0.0046 -0.0037 -0.0027 -0.0023 0.0009
3D(θc,3D) -0.0031 -0.0031 -0.0027 -0.0023 0.0009

M = 200
3D(θa) -0.0052 -0.0045 -0.0035 -0.0033 0.0010
3D(θc,1D) -0.0046 -0.0037 -0.0027 -0.0023 0.0009
3D(θc,3D) -0.0031 -0.0031 -0.0027 -0.0023 0.0009

M = 300
3D(θa) -0.0052 -0.0045 -0.0035 -0.0033 0.0010
3D(θc,1D) -0.0046 -0.0037 -0.0027 -0.0023 0.0009
3D(θc,3D) -0.0031 -0.0031 -0.0027 -0.0023 0.0009

Table 2: Second assessment, two-layered isotropic cylindrical shell with external sovra-temperature
amplitudes Θt = +1K and Θb = 0K (m=n=1). Reference solutions (Ref.) are the quasi-3D layer
wise models in Brischetto and Carrera [50] based on an assumed linear temperature profile though
the thickness (θa) or on a fully-coupled thermo-elastic theory with modelled temperature field (θM ).
Proposed 3D thermo-elastic solution uses order N = 3 for the exponential matrix and different M
mathematical layers.
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Rα/h 50 100 500

w̄ = 10h
b2µ1T1

w at (α = a/2, β = b/2, z = 0)

Ref.(θa) [36] 1.0588 1.1256 1.1487

M = 100
3D(θa) 1.0570 1.1237 1.1467
3D(θc,1D) 1.0570 1.1237 1.1467
3D(θc,3D) 1.0142 1.0780 1.1000

M = 200
3D(θa) 1.0570 1.1237 1.1467
3D(θc,1D) 1.0570 1.1237 1.1467
3D(θc,3D) 1.0142 1.0780 1.1000

M = 300
3D(θa) 1.0570 1.1237 1.1467
3D(θc,1D) 1.0570 1.1237 1.1467
3D(θc,3D) 1.0142 1.0780 1.1000

Table 3: Third assessment, 0◦/90◦ composite spherical shell with external sovra-temperature amplitudes
Θt = +0.5K and Θb = −0.5K (m=n=1). Reference solution (Ref.) is the exact higher order 2D
thermo-elastic model by Khare et al. [36] based on an assumed linear temperature profile though the
thickness (θa). Proposed 3D thermo-elastic solution uses order N = 3 for the exponential matrix and
different M mathematical layers.
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a/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) -0.0729 -0.1661 -0.3297 -0.6583 -1.6450 -3.2898
3D(θc,1D) -0.0729 -0.1661 -0.3297 -0.6583 -1.6450 -3.2898
3D(θc,3D) -0.0369 -0.1351 -0.3104 -0.6480 -1.6408 -3.2877

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 0.5261 0.5861 0.5918 0.7981 1.7020 3.3184
3D(θc,1D) 0.5261 0.5861 0.5918 0.7981 1.7020 3.3184
3D(θc,3D) 0.2718 0.4771 0.5572 0.7856 1.6977 3.3162

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 0.0936 0.7345 2.3955 8.7090 52.699 209.77
3D(θc,1D) 0.0936 0.7345 2.3955 8.7090 52.699 209.77
3D(θc,3D) 0.0958 0.6221 2.2634 8.5750 52.565 209.64

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) 13.240 10.687 10.238 10.105 10.065 10.059
3D(θc,1D) 13.240 10.687 10.238 10.105 10.065 10.059
3D(θc,3D) 2.7489 7.2060 9.1706 9.8214 10.019 10.047

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) 6.4558 9.6469 10.911 11.331 11.458 11.477
3D(θc,1D) 6.4558 9.6469 10.911 11.331 11.458 11.477
3D(θc,3D) 9.3207 10.155 10.997 11.347 11.461 11.478

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) -1.4933 -0.8115 -0.5003 -0.3950 -0.3628 -0.3581
3D(θc,1D) -1.4933 -0.8115 -0.5003 -0.3950 -0.3628 -0.3581
3D(θc,3D) -0.6148 -0.6468 -0.4205 -0.3887 -0.3619 -0.3579

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) 1.0518 0.9566 0.5860 0.3108 0.1265 0.0634
3D(θc,1D) 1.0518 0.9566 0.5860 0.3108 0.1265 0.0634
3D(θc,3D) 0.5278 0.7701 0.5501 0.3057 0.1261 0.0633

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) -1.0666 -0.9325 -0.5815 -0.3101 -0.1264 -0.0634
3D(θc,1D) -1.0666 -0.9325 -0.5815 -0.3101 -0.1264 -0.0634
3D(θc,3D) -0.5417 -0.7727 -0.5500 -0.3056 -0.1261 -0.0633

σzz[Pa] at (α = a/2, β = b/2, z = −h/4)
3D(θa) 1955.6 136.85 11.229 0.7601 0.0199 0.0013
3D(θc,1D) 1955.6 136.85 11.229 0.7601 0.0199 0.0013
3D(θc,3D) -503.79 -10.923 0.4205 0.0598 0.0018 0.0001

Table 4: First benchmark, simply-supported one-layered 0◦ composite square plate with external sovra-
temperature amplitudes Θt = +0.5K and Θb = −0.5K (m = n = 1). Proposed 3D thermo-elastic
solution uses order N = 3 for the exponential matrix and M = 300 mathematical layers.
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a/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) -0.0791 -0.1779 -0.3388 -0.6635 -1.6472 -3.2909
3D(θc,1D) -0.0791 -0.1779 -0.3388 -0.6635 -1.6472 -3.2909
3D(θc,3D) -0.0400 -0.1451 -0.3191 -0.6532 -1.6430 -3.2888

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 0.4834 0.5408 0.5747 0.7919 1.6999 3.3173
3D(θc,1D) 0.4834 0.5408 0.5747 0.7919 1.6999 3.3173
3D(θc,3D) 0.2610 0.4471 0.5426 0.7798 1.6956 3.3152

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 0.1159 0.8948 2.6731 9.0380 53.045 210.12
3D(θc,1D) 0.1159 0.8948 2.6731 9.0380 53.045 210.12
3D(θc,3D) 0.1132 0.7622 2.5294 8.9002 52.910 209.99

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) 14.818 11.928 10.728 10.246 10.088 10.065
3D(θc,1D) 14.818 11.928 10.728 10.246 10.088 10.065
3D(θc,3D) 3.5819 8.2513 9.6365 9.9607 10.042 10.053

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) 6.9043 9.8311 10.943 11.336 11.459 11.477
3D(θc,1D) 6.9043 9.8311 10.943 11.336 11.459 11.477
3D(θc,3D) 9.4299 10.275 11.024 11.352 11.461 11.478

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) -1.0256 -0.6194 -0.4439 -0.3805 -0.3605 -0.3575
3D(θc,1D) -1.0256 -0.6194 -0.4439 -0.3805 -0.3605 -0.3575
3D(θc,3D) 0.4520 -0.5005 -0.4177 -0.3745 -0.3596 -0.3573

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) 1.1161 0.9225 0.5754 0.3091 0.1263 0.0634
3D(θc,1D) 1.1161 0.9225 0.5754 0.3091 0.1263 0.0634
3D(θc,3D) 0.5190 0.7375 0.5398 0.3040 0.1260 0.0633

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) -1.3762 -0.9939 -0.5889 -0.3110 -0.1265 -0.0634
3D(θc,1D) -1.3762 -0.9939 -0.5889 -0.3110 -0.1265 -0.0634
3D(θc,3D) -0.6537 -0.8164 -0.5567 -0.3065 -0.1262 -0.0633

σzz[Pa] at (α = a/2, β = b/2, z = −h/4)
3D(θa) 1704.4 124.34 11.042 0.7725 0.0205 0.0013
3D(θc,1D) 1704.4 124.34 11.042 0.7725 0.0205 0.0013
3D(θc,3D) -512.45 -16.459 0.3721 0.0744 0.0024 0.0002

Table 5: Second benchmark, simply-supported three-layered 0◦/90◦/0◦ composite square plate with
external sovra-temperature amplitudes Θt = +0.5K and Θb = −0.5K (m = n = 1). Proposed 3D
thermo-elastic solution uses order N = 3 for the exponential matrix and M = 300 mathematical layers.
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Rα/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) 3.0170 1.8209 0.9969 0.5167 0.2105 0.1059
3D(θc,1D) 3.0170 1.8209 0.9969 0.5167 0.2105 0.1059
3D(θc,3D) 3.0032 1.8196 0.9967 0.5167 0.2105 0.1059

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 0.9712 -0.1470 -0.1879 -0.1232 -0.0563 -0.0293
3D(θc,1D) 0.9712 -0.1470 -0.1879 -0.1232 -0.0563 -0.0293
3D(θc,3D) 0.9488 -0.1481 -0.1880 -0.1232 -0.0563 -0.0293

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 4.7030 2.3414 1.2126 0.6117 0.2453 0.1227
3D(θc,1D) 4.7030 2.3414 1.2126 0.6117 0.2453 0.1227
3D(θc,3D) 4.7108 2.3416 1.2126 0.6117 0.2453 0.1227

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) -93.780 -115.72 -123.27 -126.90 -128.99 -129.68
3D(θc,1D) -93.780 -115.72 -123.27 -126.90 -128.99 -129.68
3D(θc,3D) -93.790 -115.72 -123.27 -126.90 -128.99 -129.68

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) 128.80 134.91 133.67 132.27 131.19 130.78
3D(θc,1D) 128.80 134.91 133.67 132.27 131.19 130.78
3D(θc,3D) 128.97 134.91 133.67 132.27 131.19 130.78

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) 4.3550 3.4394 2.0110 1.0738 0.4451 0.2250
3D(θc,1D) 4.3550 3.4394 2.0110 1.0738 0.4451 0.2250
3D(θc,3D) 4.2954 3.4341 2.0102 1.0737 0.4451 0.2250

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) -8.4089 -4.3683 -2.3272 -1.1947 -0.4846 -0.2434
3D(θc,1D) -8.4089 -4.3683 -2.3272 -1.1947 -0.4846 -0.2434
3D(θc,3D) -8.3275 -4.3624 -2.3264 -1.1946 -0.4846 -0.2434

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) -9.8045 -4.9447 -2.5480 -1.2810 -0.5125 -0.2561
3D(θc,1D) -9.8045 -4.9447 -2.5480 -1.2810 -0.5125 -0.2561
3D(θc,3D) -9.7151 -4.9382 -2.5472 -1.2809 -0.5125 -0.2561

σzz[10
4Pa] at (α = a/2, β = b/2, z = −h/4)

3D(θa) 14.109 5.3127 2.5599 1.2521 0.4937 0.2456
3D(θc,1D) 14.109 5.3127 2.5599 1.2521 0.4937 0.2456
3D(θc,3D) 13.978 5.3055 2.5591 1.2520 0.4937 0.2456

Table 6: Third benchmark, simply-supported one-layered isotropic Al2024 cylinder with external sovra-
temperature amplitudes Θt = +0.5K and Θb = −0.5K (m = 2 and n = 1). Proposed 3D thermo-elastic
solution uses order N = 3 for the exponential matrix and M = 300 mathematical layers.
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Rα/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) 1.2933 0.2640 -0.3392 -0.6804 -0.8952 -0.9683
3D(θc,1D) 0.3491 -1.5604 -2.4805 -2.9740 -3.2766 -3.3783
3D(θc,3D) 0.4135 -1.5375 -2.4736 -2.9721 -3.2763 -3.3782

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 1.4618 0.8157 0.8649 0.9555 1.0315 1.0604
3D(θc,1D) 2.9972 2.7826 3.1004 3.3448 3.5181 3.5802
3D(θc,3D) 2.8572 2.7563 3.0931 3.3429 3.5178 3.5801

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 0.9037 -0.6784 -1.4092 -1.7945 -2.0284 -2.1065
3D(θc,1D) -3.1677 -5.4294 -6.3630 -6.8341 -7.1132 -7.2051
3D(θc,3D) -2.8414 -5.3676 -6.3469 -6.8300 -7.1125 -7.2050

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) -60.434 -77.267 -82.907 -85.559 -87.072 -87.561
3D(θc,1D) -103.96 -121.98 -127.17 -129.39 -130.57 -130.94
3D(θc,3D) -100.49 -121.39 -127.02 -129.35 -130.57 -130.94

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) 121.30 123.62 121.82 120.33 119.24 118.85
3D(θc,1D) 105.78 102.14 97.324 94.173 92.057 91.316
3D(θc,3D) 107.14 102.42 97.404 94.195 92.061 91.317

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) 5.7913 3.8577 2.1752 1.1434 0.4698 0.2369
3D(θc,1D) 9.9534 5.7771 3.1362 1.6193 0.6583 0.3308
3D(θc,3D) 9.5595 5.7469 3.1324 1.6188 0.6583 0.3308

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) -6.2364 -3.2046 -1.6959 -0.8672 -0.3509 -0.1760
3D(θc,1D) -10.571 -4.8990 -2.5119 -1.2649 -0.5072 -0.2537
3D(θc,3D) -10.179 -4.8738 -2.5088 -1.2645 -0.5072 -0.2537

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) -9.4212 -4.4541 -2.2626 -1.1307 -0.4509 -0.2251
3D(θc,1D) -10.034 -4.5094 -2.2221 -1.0907 -0.4298 -0.2137
3D(θc,3D) -9.8714 -4.5011 -2.2213 -1.0906 -0.4298 -0.2137

σzz[10
4Pa] at (α = a/2, β = b/2, z = −h/4)

3D(θa) 12.392 4.6425 2.2412 1.0977 0.4333 0.2156
3D(θc,1D) 13.659 4.7199 2.2012 1.0583 0.4129 0.2047
3D(θc,3D) 13.403 4.7109 2.2004 1.0582 0.4129 0.2047

Table 7: Fourth benchmark, simply-supported two-layered isotropic Al2024/Ti22 cylinder with external
sovra-temperature amplitudes Θt = +0.5K and Θb = −0.5K (m = 2 and n = 1). Proposed 3D thermo-
elastic solution uses order N = 3 for the exponential matrix and M = 300 mathematical layers.
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Rα/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) -3.5730 -1.7728 0.6652 5.4209 19.623 43.275
3D(θc,1D) -3.5730 -1.7728 0.6652 5.4209 19.623 43.275
3D(θc,3D) -3.2200 -1.7140 0.6772 5.4223 19.622 43.274

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,1D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,3D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 2.0687 6.3251 13.444 27.651 70.233 141.18
3D(θc,1D) 2.0687 6.3251 13.444 27.651 70.233 141.18
3D(θc,3D) 2.1059 6.3144 13.431 27.642 70.229 141.18

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) 7.0586 0.0892 -0.5280 -0.4182 -0.2053 -0.1117
3D(θc,1D) 7.0586 0.0892 -0.5280 -0.4182 -0.2053 -0.1117
3D(θc,3D) -5.0098 -2.1901 -1.1261 -0.5712 -0.2301 -0.1179

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) 1.5486 -0.2240 -0.2448 -0.1544 -0.0694 -0.0351
3D(θc,1D) 1.5486 -0.2240 -0.2448 -0.1544 -0.0694 -0.0351
3D(θc,3D) -1.7924 -0.7635 -0.3792 -0.1879 -0.0747 -0.0364

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,1D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,3D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) 0.8436 -0.0115 -0.0174 -0.6241×10−2 -0.1177×10−2 -0.0324×10−2

3D(θc,1D) 0.8436 -0.0115 -0.0174 -0.6241×10−2 -0.1177×10−2 -0.0324×10−2

3D(θc,3D) -66.928 -0.1246 -0.0321 -0.8098×10−2 -0.1297×10−2 -0.0339×10−2

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,1D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,3D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

σzz[Pa] at (α = a/2, β = b/2, z = −h/4)
3D(θa) 346.96 -27.698 -51.184 -19.624 -3.8665 -0.9796
3D(θc,1D) 346.96 -27.698 -51.184 -19.624 -3.8665 -0.9796
3D(θc,3D) 14.887 -285.50 -91.627 -25.148 -4.2371 -1.0266

Table 8: Fifth benchmark, simply-supported one-layered Ti22 isotropic cylindrical shell with external
sovra-temperature amplitudes Θt = 1.0K and Θb = 0.0K (m = 1 and n = 0). Proposed 3D thermo-
elastic solution uses order N = 3 for the exponential matrix and M = 300 mathematical layers.
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Rα/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) -10.134 -6.2106 0.7010 14.818 57.457 128.61
3D(θc,1D) -10.547 -6.0658 1.7093 17.534 65.279 144.94
3D(θc,3D) -10.428 -6.0160 1.7227 17.536 65.279 144.94

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,1D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,3D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 2.8059 15.568 37.159 80.036 208.30 421.89
3D(θc,1D) 3.0068 17.794 42.099 90.160 233.78 472.91
3D(θc,3D) 3.4353 17.879 42.112 90.159 233.78 472.90

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) 40.943 30.197 28.954 28.961 29.193 29.302
3D(θc,1D) 57.526 46.613 45.332 45.332 45.565 45.674
3D(θc,3D) 50.807 45.457 45.031 45.255 45.553 45.671

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) 11.276 5.8276 5.0898 4.8953 4.8300 4.8193
3D(θc,1D) 6.0584 0.8660 0.1630 -0.0221 -0.0839 -0.0936
3D(θc,3D) 3.7887 0.6018 0.1018 -0.0369 -0.0863 -0.0941

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,1D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,3D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) 2.4049 0.8769 0.4277 0.2118 0.0843 0.0421
3D(θc,1D) 2.3775 0.8540 0.4130 0.2036 0.0808 0.0403
3D(θc,3D) 1.8442 0.8126 0.4077 0.2029 0.0808 0.0403

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,1D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3D(θc,3D) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

σzz[10
4Pa] at (α = a/2, β = b/2, z = −h/4)

3D(θa) -22.828 0.1782 0.1182 0.0657 0.0278 0.0142
3D(θc,1D) -728.70 0.2087 0.1288 0.0698 0.0292 0.0148
3D(θc,3D) -273.08 0.2005 0.1273 0.0696 0.0292 0.0148

Table 9: Sixth benchmark, simply-supported sandwich Al2024/PVC/Al2024 cylindrical shell with ex-
ternal sovra-temperature amplitudes Θt = 1.0K and Θb = 0.0K (m = 1 and n = 0). Proposed 3D
thermo-elastic solution uses order N = 3 for the exponential matrix and M = 300 mathematical layers.

35



Rα/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) -2.9176 -1.7996 -0.8976 -0.3635 -0.1096 -0.0478
3D(θc,1D) -2.9176 -1.7996 -0.8976 -0.3635 -0.1096 -0.0478
3D(θc,3D) -2.4554 -1.7161 -0.8837 -0.3617 -0.1095 -0.0478

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 0.6033 1.3064 1.0998 0.6572 0.2771 0.1394
3D(θc,1D) 0.6033 1.3064 1.0998 0.6572 0.2771 0.1394
3D(θc,3D) 0.7619 1.2903 1.0921 0.6558 0.2770 0.1394

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 2.5188 5.1544 6.5432 6.7022 6.3930 6.2141
3D(θc,1D) 2.5188 5.1544 6.5432 6.7022 6.3930 6.2141
3D(θc,3D) 2.1970 4.9750 6.4703 6.6807 6.3894 6.2132

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) -26.340 -45.030 -81.526 -124.05 -157.00 -168.52
3D(θc,1D) -26.340 -45.030 -81.526 -124.05 -157.00 -168.52
3D(θc,3D) -76.934 -57.708 -84.933 -124.86 -157.12 -168.55

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) -11.391 31.845 99.865 144.84 168.36 174.67
3D(θc,1D) -11.391 31.845 99.865 144.84 168.36 174.67
3D(θc,3D) -26.667 28.711 98.425 144.33 168.26 174.65

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) -63.025 -43.070 -17.981 -5.0090 -0.6002 -0.0429
3D(θc,1D) -63.025 -43.070 -17.981 -5.0090 -0.6002 -0.0429
3D(θc,3D) -50.132 -40.541 -17.589 -4.9637 -0.5977 -0.0426

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) 16.767 3.5155 -2.2579 -3.0027 -1.7068 -0.9349
3D(θc,1D) 16.767 3.5155 -2.2579 -3.0027 -1.7068 -0.9349
3D(θc,3D) 6.5367 2.3933 -2.3892 -3.0150 -1.7074 -0.9350

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) 14.469 4.0791 -2.4801 -3.1541 -1.7412 -0.9443
3D(θc,1D) 14.469 4.0791 -2.4801 -3.1541 -1.7412 -0.9443
3D(θc,3D) 15.652 3.9491 -2.4699 -3.1478 -1.7406 -0.9442

σzz[10
4Pa] at (α = a/2, β = b/2, z = −h/4)

3D(θa) 1.4441 2.9960 3.6512 2.6452 1.2471 0.6508
3D(θc,1D) 1.4441 2.9960 3.6512 2.6452 1.2471 0.6508
3D(θc,3D) 4.8006 3.0618 3.6338 2.6400 1.2466 0.6507

Table 10: Seventh benchmark, simply-supported one-layered isotropic Steel spherical shell with external
sovra-temperature amplitudes Θt = 1.0K and Θb = 0.0K (m = n = 1). Proposed 3D thermo-elastic
solution uses order N = 3 for the exponential matrix and M = 300 mathematical layers.
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Rα/h 2 5 10 20 50 100

u[10−5m] at (α = 0, β = b/2, z = +h/2)
3D(θa) -2.7765 -1.6822 -0.8444 -0.3527 -0.1118 -0.0502
3D(θc,1D) -2.8569 -1.6278 -0.7481 -0.2799 -0.0771 -0.0320
3D(θc,3D) -2.5560 -1.5832 -0.7414 -0.2791 -0.0771 -0.0320

v[10−5m] at (α = a/2, β = 0, z = −h/2)
3D(θa) 0.6479 1.6264 1.3680 0.8175 0.3458 0.1743
3D(θc,1D) 1.3282 2.0430 1.5665 0.8946 0.3680 0.1838
3D(θc,3D) 1.3841 2.0187 1.5592 0.8934 0.3679 0.1838

w[10−5m] at (α = a/2, β = b/2, z = 0)
3D(θa) 2.9557 5.8248 7.4366 7.7817 7.6037 7.4685
3D(θc,1D) 3.1261 6.2203 7.6461 7.7384 7.3669 7.1651
3D(θc,3D) 2.9405 6.1003 7.5992 7.7248 7.3647 7.1646

σαα[10
4Pa] at (α = a/2, β = b/2, z = +h/2)

3D(θa) -30.353 -39.796 -63.025 -94.912 -121.52 -131.22
3D(θc,1D) -16.005 -31.260 -63.948 -101.82 -131.33 -141.73
3D(θc,3D) -49.975 -38.883 -65.959 -102.30 -131.40 -141.75

σββ[10
4Pa] at (α = a/2, β = b/2, z = −h/2)

3D(θa) -6.2333 5.5609 34.884 56.468 69.026 72.734
3D(θc,1D) -21.024 0.0635 32.842 54.605 66.248 69.464
3D(θc,3D) -23.195 -0.3048 32.583 54.502 66.227 69.458

σαβ[10
4Pa] at (α = 0, β = 0, z = +h/4)

3D(θa) -53.004 -34.402 -12.851 -2.7306 0.1396 0.2914
3D(θc,1D) -52.233 -28.954 -7.4856 0.7013 1.6463 1.0601
3D(θc,3D) -44.666 -27.810 -7.3394 0.7151 1.6469 1.0601

σαz[10
4Pa] at (α = 0, β = b/2, z = +h/4)

3D(θa) 11.410 2.8595 -1.3183 -2.0168 -1.1898 -0.6587
3D(θc,1D) 11.275 1.2740 -2.7727 -2.8863 -1.5517 -0.8396
3D(θc,3D) 7.2149 0.9005 -2.8097 -2.8889 -1.5517 -0.8396

σβz[10
4Pa] at (α = a/2, β = 0, z = −h/4)

3D(θa) 13.084 5.4242 0.6419 -0.6211 -0.4972 -0.2884
3D(θc,1D) 12.141 3.6918 -0.6355 -1.3225 -0.7766 -0.4262
3D(θc,3D) 11.798 3.6010 -0.6378 -1.3213 -0.7765 -0.4262

σzz[10
4Pa] at (α = a/2, β = b/2, z = −h/4)

3D(θa) -2.1848 -0.6175 0.5564 0.6729 0.3720 0.2022
3D(θc,1D) 2.6622 1.1518 1.5228 1.1590 0.5600 0.2944
3D(θc,3D) 3.3096 1.1724 1.5195 1.1579 0.5599 0.2944

Table 11: Eighth benchmark, simply-supported three-layered isotropic Al2024/Ti22/Steel spherical
shell with external sovra-temperature amplitudes Θt = 1.0K and Θb = 0.0K (m = n = 1). Proposed
3D thermo-elastic solution uses order N = 3 for the exponential matrix and M = 300 mathematical
layers.
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y=b

x=b

Geometry and temperature impositions for benchmarks 1 and 2

Q(top)=+0.5K (m=n=1)

Q(bottom)=-0.5K (m=n=1)

Figure 1: Benchmarks 1 and 2: plate geometry and applied temperature.

Q(top)=+0.5K (m=2,n=1)

Q(bottom)=-0.5K (m=2,n=1)

Geometry and temperature impositions for benchmarks 3 and 4

Figure 2: Benchmarks 3 and 4: cylinder geometry and applied temperature.

Q(top)=+1K (m=1,n=0)

Q(bottom)=0K

Geometry and temperature impositions for benchmarks 5 and 6

Figure 3: Benchmarks 5 and 6: cylindrical shell geometry and applied temperature.
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Q(bottom)=0K

Q(top)=+1K (m=n=1)

Geometry and temperature impositions for benchmarks 7 and 8

Figure 4: Benchmarks 7 and 8: spherical shell geometry and applied temperature.
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Figure 5: First benchmark, temperature profiles for thick (on the left) and thin (on the right) one-
layered 0◦ composite square plate. The maximum amplitude of the temperature θ(α, β, z) is evaluated
at (a/2,b/2).
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Figure 6: First benchmark, displacements and stresses for thick (a/h=10) one-layered 0◦ composite
square plate obtained via a 3D exact model based on a 3D calculated temperature profile (θc,3D).
Maximum amplitudes: w, σαα and σzz at (a/2,b/2); u at (0,b/2); v at (a/2,0); σαβ at (0,0).
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Figure 7: Second benchmark, temperature profiles for thick (on the left) and thin (on the right) three-
layered 0◦/90◦/0◦ composite square plate. The maximum amplitude of the temperature θ(α, β, z) is
evaluated at (a/2,b/2).
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Figure 8: Second benchmark, displacements and stresses for thick (a/h=10) three-layered 0◦/90◦/0◦

composite square plate obtained via a 3D exact model based on a 3D calculated temperature profile
(θc,3D). Maximum amplitudes: w, σαα and σzz at (a/2,b/2); u at (0,b/2); v at (a/2,0); σαβ at (0,0).
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Figure 9: Third benchmark, temperature profiles for thick (on the left) and thin (on the right) one-
layered isotropic Al2024 cylinder. The maximum amplitude of the temperature θ(α, β, z) is evaluated
at (a/2,b/2).
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Figure 10: Third benchmark, displacements and stresses for thick (Rα/h=10) one-layered isotropic
Al2024 cylinder obtained via a 3D exact model based on a 3D calculated temperature profile (θc,3D).
Maximum amplitudes: w, σββ and σzz at (a/2,b/2); u at (0,b/2); v and σβz at (a/2,0).
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Figure 11: Fourth benchmark, temperature profiles for thick (on the left) and thin (on the right)
two-layered isotropic Al2024/Ti22 cylinder. The maximum amplitude of the temperature θ(α, β, z) is
evaluated at (a/2,b/2).

45



-2.8 -2.75 -2.7 -2.65 -2.6 -2.55 -2.5 -2.45

10
-5

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

3 3.1 3.2 3.3 3.4 3.5 3.6 3.7

10
-5

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-6.4 -6.3 -6.2 -6.1 -6 -5.9 -5.8 -5.7 -5.6 -5.5

10
-5

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-1.5 -1 -0.5 0 0.5 1

10
6

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0

10
4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.5 1 1.5 2 2.5 3 3.5 4

10
4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 12: Fourth benchmark, displacements and stresses for thick (Rα/h=10) two-layered isotropic
Al2024/Ti22 cylinder obtained via a 3D exact model based on a 3D calculated temperature profile
(θc,3D). Maximum amplitudes: w, σββ and σzz at (a/2,b/2); u at (0,b/2); v and σβz at (a/2,0).
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Figure 13: Fifth benchmark, temperature profiles for thick (on the left) and thin (on the right) one-
layered isotropic Ti22 cylindrical shell. The maximum amplitude of the temperature θ(α, β, z) is eval-
uated at (a/2,b/2).
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Figure 14: Fifth benchmark, displacements and stresses for thick (Rα/h=10) one-layered isotropic Ti22
cylinder obtained via a 3D exact model based on a 3D calculated temperature profile (θc,3D). Maximum
amplitudes: w, σαα, σββ and σzz at (a/2,b/2); u and σαz at (0,b/2).

48



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(
a
)

(
c
,1D)

(
c
,3D)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(
a
)

(
c
,1D)

(
c
,3D)

Figure 15: Sixth benchmark, temperature profiles for thick (on the left) and thin (on the right) sand-
wich Al2024/PVC/Al2024 cylindrical shell. The maximum amplitude of the temperature θ(α, β, z) is
evaluated at (a/2,b/2).
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Figure 16: Sixth benchmark, displacements and stresses for thick (Rα/h=10) sandwich
Al2024/PVC/Al2024 cylinder obtained via a 3D exact model based on a 3D calculated temperature
profile (θc,3D). Maximum amplitudes: w, σαα, σββ and σzz at (a/2,b/2); u and σαz at (0,b/2).
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Figure 17: Seventh benchmark, temperature profiles for thick (on the left) and thin (on the right)
one-layered isotropic Steel spherical shell. The maximum amplitude of the temperature θ(α, β, z) is
evaluated at (a/2,b/2).
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Figure 18: Seventh benchmark, displacements and stresses for thick (Rα/h=10) one-layered isotropic
Steel spherical shell obtained via a 3D exact model based on a 3D calculated temperature profile (θc,3D).
Maximum amplitudes: w and σαα at (a/2,b/2); u and σαz at (0,b/2); v at (a/2,0); σαβ at (0,0).
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Figure 19: Eighth benchmark, temperature profiles for thick (on the left) and thin (on the right)
three-layered isotropic Al2024/Ti22/Steel spherical shell. The maximum amplitude of the temperature
θ(α, β, z) is evaluated at (a/2,b/2).
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Figure 20: Eighth benchmark, displacements and stresses for thick (Rα/h=10) three-layered isotropic
Al2024/Ti22/Steel spherical shell obtained via a 3D exact model based on a 3D calculated temperature
profile (θc,3D). Maximum amplitudes: w and σαα at (a/2,b/2); u and σαz at (0,b/2); v at (a/2,0); σαβ
at (0,0).
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