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Correlated nonlinear phase-noise in multi-subcarrier
systems: modeling and mitigation

Ori Golani, Dario Pilori, Fernando Pedro Pereira Guiomar, Gabriella Bosco, Andrea Carena, and Mark Shtaif

Abstract—In multi-subcarrier wavelength-division-multiplexed
(WDM) systems, spectrally close subcarriers are influenced by
nonlinearity in a similar way. This causes the nonlinear inter-
ference noise (NLIN) that affects them to be correlated — a
fact that can be exploited for nonlinearity mitigation. Focusing
on the effect of nonlinearity-induced phase noise (NLPN), we
find the auto-correlation and cross-correlation functions of the
NLPN influencing different subcarriers, and propose a mitigation
algorithm that takes advantage of these correlations so as to
improve the overall system performance. We validate our results
numerically and experimentally.

Index Terms—Optical fiber communication, Nonlinear Inter-
ference, Time varying inter symbol interference, Nonlinearity
mitigation.

I. INTRODUCTION

THe modeling and mitigation of nonlinear interference
effects in fiber-optic transmission has been the holy grail

of optical communications research almost from its inception
[1]–[4]. Particularly challenging in this context, is the treat-
ment of inter-channel nonlinear interference effects, which
is the dominant source of nonlinear interference in modern
high-channel-count wavelength-division-multiplexed (WDM)
systems [5]. Inter-channel interference is imposed on each
of the propagating channels by all other channels that are
co-propagating with it along the fiber. From the standpoint
of an individual channel’s receiver, inter-channel interference
manifests itself as noise, because the data carried by the
interfering channels is unknown to it [6], [7]. In what follows,
we refer to this noise as nonlinear interference noise, or NLIN.

An important aspect that distinguishes inter-channel NLIN
from the noise that is generated by optical amplifiers, is the
fact that it is characterized by various correlations that can be
used for its mitigation. Most notable are correlations between
different time-samples of the NLIN affecting a given data-
channel [3], [8], and the correlations between the two polariza-
tion channels propagating on the same WDM wavelength [9].
These have been studied extensively [10]–[12] and exploited in
a variety of reported equalization schemes [13]–[17]. In this
paper we focus on a different type of correlations — those
that exists between the NLIN processes of different frequency
channels. Our goal is to model these correlations analytically,
and then to propose a simple equalization scheme that exploits
their existence in order to improve performance.

The general idea is illustrated in Fig. 1, where we consider
two spectrally close channels (labeled as A and B) and a
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third channel (labeled as channel C) that is well separated
from them in frequency. Owing to chromatic dispersion, all
three channels propagate at different group velocities, but
while the velocities of channels A and B are similar (because
of the small frequency separation between them), they differ
considerably from the group-velocity of channel C. Therefore,
many of the symbols in channels A and B are passed by nearly
the same symbols of channel C in the process of propagation,
implying that the contributions of channel C to the NLIN
affecting channels A and B will be strongly correlated with
one another.

While correlations between different frequency channels
are fairly generic, they are particularly important when con-
sidering different subcarriers of the same WDM channel in
systems using subcarrier multiplexing (SCM), i.e. when each
WDM channel is digitally divided into several independently
modulated subcarriers.1 The reason for this is twofold. Firstly,
the channel separation between subcarriers is typically smaller
than it is between different WDM channels, and hence the
correlation between them is stronger. Secondly, since the
processing of the different subcarriers is performed by the
same receiver, these correlations can be exploited for NLIN
mitigation. Systems using SCM have been studied extensively
in recent years. One reason for this is the claimed reduction of
certain aspects of transceiver complexity [18], [19]. Another
reason is that it is the most suitable scheme for implementing
the symbol-rate optimization (SRO) procedure, which has been
shown to reduce the total NLIN accompanying the signal and
increase the system’s maximum-reach [11], [20], [21]. We
will characterize the correlations between different frequency
subcarriers specifically with respect to the nonlinear phase-
noise (NLPN) component of the NLIN. The NLPN is known
to be the strongest NLIN component in many cases of interest
[22], and particularly so in systems using SCM [23]. The trend
of deploying probabilistic shaping in transmission systems
is likely to enhance the relative significance of NLPN even
further [24], [25].

The paper consists of two major parts. The first (covered
in Sec. II) is devoted to the analytical derivation of a model
that accurately predicts the correlations between the NLPN
processes that affect different subcarrier channels. The model
validation is performed numerically (by means of extensive
split-step simulations) and experimentally. While the numeri-
cal validation clearly demonstrates the model’s accuracy, the
agreement with the experimental results is only qualitative.

1We should clarify that the derivation performed in this paper also applies
to other scenarios, such as system using OFDM or WDM super-channels, but
our examples will only focus on SCM transmission, where the phenomena
that we explore are strongest.



JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. ??, NO. ?, APRIL 2019 2

Frequency

……

𝜙𝒜
𝜙ℬ

Ωℬ

COI ICICIC

𝒜 ℬ 𝒞

Ω𝒜 Ω𝒞

Fig. 1. Schematic description of NLPN generation in an SCM scheme. The
NLPN processes φA and φB that are imposed on the subcarriers A and B
of the channel of interest (COI) are produced by the nonlinear interference
generated by subcarrier C of a well separated interfering channel (IC).

The reason for the difficulty of achieving a close quantita-
tive match between the experiment and the theory (or the
experiment and the simulation) follows from the presence of
laser phase-noise in the experiment and from the fact that the
experiment inevitably deploys equalization mechanisms (for
phase and polarization recovery) whose modeling is outside
the scope of our current work. Nonetheless, the qualitative
behavior that is predicted by the theory is clearly evident in the
experimental results. In the second part of the paper (covered
in Sec. III), we examine the usefulness of the correlations be-
tween different subcarriers for the purpose of NLIN mitigation.
This is done by means of an adaptive equalization algorithm
that is based on a modification of the well-known Wiener filter,
which exploits the correlations between different subcarriers.
The equalization gain is characterized over a broad range of
system parameters, and is demonstrated both numerically (with
split-step simulations) and experimentally.

II. MODELING NLPN
Our goal in this section is to characterize the correlation

between the NLPN processes imposed on two different subcar-
riers (labeled by the indices A and B) of the channel of interest
(COI), by an interfering subcarrier (labeled by the index C)
that belongs to a different WDM channel2. In the framework
of the first-order perturbation theory, the NLIN that is imposed
by the interferer C on the n-th symbol of A can be written as
[3], [26],(
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where the meaning of the symbols relating to subcarrier B is
self explanatory. We note that the effect of amplification noise

2The same derivation also hold if subcarrier C belongs to the same WDM
channel as A and B, but in this case the treatment of the NLPN as noise is
less warranted, as it could be regarded as a deterministic effect with respect
to the COI, and mitigated by means such as digital back propagation.

is immaterial within the framework of the current analysis and
therefore it is not included in Eqs. (1) and (2). As demonstrated
in [3], the NLPN processes φA and φB are given by
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where c(n)
x and c(n)

y denote the two polarization components of
the n-th data-symbol of C, and X(A)

h,k,0, X
(B)
h,k,0 are a set of inter-

action coefficients that are independent of the transmitted data
and determined only by the link structure, the fundamental
waveforms used by the various subcarriers, and the frequency
separation between them [27].

Notice that the only difference between Eqs. (3) and (4) is
in the coefficients X(A)

h,k,0 and X
(B)
h,k,0, and hence as long as

these coefficients are closely related to one another, a strong
correlation between the two NLPN processes is expected.
Physically, the coefficients X(A)

h,k,0 and X
(B)
h,k,0 represent the

strength of the nonlinearity and account for the effect of walk-
off due to the dispersion and the frequency difference between
the interfering subcarriers. Therefore, one can expect them to
be similar when the frequency separation between A and B is
much smaller than the frequency differences between A and
C or between B and C.

A. Calculating the statistical properties of NLPN

The goal of this section is to describe the 2nd order statis-
tics characterizing the NLPN component, which consists of
the auto-covariance functions (ACF) and the cross-covariance
functions (CCF) of φ(n)

A and φ(n)
B . While the derivation of auto-

covariances has been described in [3], the cross-covariance
functions are described in what follows.

The CCF of φ(n)
A and φ(n)

B is defined as
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where E[·] represents the ensemble expectancy operation.
Using the machinery and methods detailed in Appendix A
of [3], this can be rewritten as
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9
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(6)

where P is the launch power of channel C, M =
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is the normalized kurtosis of channel C’s
constellation, and
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The values of the summations SA,B1 [∆n] and SA,B2 [∆n] can
be found using numerical integration. They are given by

SA,B1 [∆n] =
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where g(ω) is the subcarriers’ spectral shape, T is the symbol
duration, and ΩA, ΩB, and ΩC are the central angular fre-
quencies of subcarriers A, B, and C, respectively. The function
f(u) can be referred to as the ’link function’ as it describes the
accumulated effect of nonlinearity, dispersion, and the link’s
gain/loss profile. It is defined as

f(u) =

∫ Ltot

0

γ(z)h(z)eid(z)udz, (13)

where γ(z) is the nonlinear coefficient at point z along
the link, h(z) describes the gain/loss profile,3 d(z) is the
accumulated dispersion from the fiber’s input to point z,
and Ltot is the total link length. In the common case of a
link composed of N identical spans of fiber using lumped
amplification, Eq. (13) reduces to

f(u) = γ
1− e(iβ2u−α)L

iβ2u− α
· e

iβ2uNL − 1

eiβ2uL − 1
, (14)

where L is the span length, α is the loss coefficient, β2 is
the chromatic dispersion coefficient, and γ is the nonlinearity
coefficient.

Looking at Eq. (6), one can observe an interesting property.
The modulation format affects not only the NLPN’s vari-
ance, but also the shapes of its cross-correlation functions.
In general, modulation formats with higher kurtosis values
will be characterized by longer correlation times and stronger
correlations between different subcarriers, compared to those
with a lower kurtosis, as observed in [28].

3In the case of lumped amplification h(z) is a decaying exponential when
z is within the fiber span with jumps at the amplifier locations.

TABLE I
PHYSICAL SYSTEM PARAMETERS

Simulations Experiments
Loss coefficient, α 0.2 dB/km 0.162 dB/km
Dispersion
coefficient, β2

−21.27 ps2/km −25.9 ps2/km

Nonlinear coefficient,
γ

1.3 (W · km)−1 1.3 (W · km)−1

Baud-rate 32/Ns GBaud 24/Ns GBaud
Channel spacings 50/Ns GHz 28/Ns GHz

B. Numerical validation

In order to estimate the accuracy of the analytical model,
we performed a large set of numerical simulations to assess
the properties of NLPN. In all of the examples shown in this
section, we used 21 polarization-multiplexed WDM channels
on a 50-GHz DWDM grid. Each channel wass then divided
into Ns subcarriers, each modulated with a 64-QAM con-
stellation, with symbol rate 32/Ns GBaud and separated by
50/Ns GHz. As a COI, we picked the central channel in the
WDM spectrum. The number of subcarriers Ns, was 1, 2, 4
and 8. The link consisted of identical 100-km spans of SMF
(α = 0.2 dB/km, β2 = −21.27 ps2/km, γ = 1.3 (W·km)−1,
without polarization mode dispersion), separated by amplifiers
that fully compensate for the span loss. These parameters are
summarized in table I. Fiber propagation is emulated using a
GPU-assisted implementation of the split-step Fourier method
(SSFM) [29]. Step size was updated according to the non-
linear phase criterion (NLP) [30], with a maximum tolerable
nonlinear phase of 4 × 10−4. The simulation bandwidth was
chosen such that the maximum occupied optical bandwidth
is not greater than 80% of the simulation bandwidth. The
number of spans was set to be between 1 (100 km link) and
20 (2000 km link) so as to provide insight into both short-
reach and metro scenarios. The receiver performed electronic
dispersion compensation, followed by least mean squares-
based adaptive equalization. The equalizer was adaptive only
for the first 5500 symbols, afterwards the adaptation was
discontinued for the remaining 40960 symbols, in order to
avoid any modification of the NLPN statistics.

In order to extract the NLPN φ
(n)
A for subcarrier A, we

invert Eq. (1) as follows
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ã

(n)
x − a(n)

x

a
(n)
x

+
ã
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An equation equivalent to (15), and an estimator φ̂(n)
B for the

NLPN of subcarrier B, are defined analogously with b(n)
x,y and

b̃
(n)
x,y replacing a

(n)
x,y and ã

(n)
x,y , respectively in all places. The

quantities φ̂(n)
A and φ̂

(n)
B have the same ACFs and CCF as

those of φ(n)
A and φ(n)

B with the exception of the point ∆n = 0
in the case of the ACF, where there is a strong contribution
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Fig. 2. Cross-correlation functions CφA,φB [∆n], where subcarrier A is
chosen to be the lowest-frequency channel within the COI, and subcarrier
B is placed at a frequency offset of 6.25 GHz (red), 18.75 GHz (yellow),
31.25 GHz (purple), and 43.75 GHz (green). The blue curve corresponds to
the ACF of subcarrier A, CφA,φA [∆n]. Results are shown when Ns = 8
for (a) 5 × 100 km link, (b) 10 × 100 km link, and (c) 20 × 100 km link.
The launch power was -9 dBm per subcarrier. In all cases, the solid curves
correspond to the analytical model and the markers correspond to results
obtained using split-step simulations.

of the measurement noise, as observed in [11]. In order to
overcome this difficulty, we evaluate the ACFs at ∆n = 0 by
taking advantage of the fact that w(n)

A,B are complex-circular
variables, whereas φ(n)

A,B are real-valued. Hence, we can write
for ∆n = 0
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and similarly for the case of φ(n)
B . The CCF and the ACFs for

values of ∆n 6= 0 were calculated by replacing φ
(n)
A,B in Eq.

(5) by their estimates φ̂(n)
A,B, and by performing the averaging

of the samples in the time domain.

(a) 

(b) 

(c) 

walkoff 

width 

Fig. 3. Walkoff and width of the cross-correlation functions. The CCF’s
walkoff and width, as a function of link length and subcarrier frequency
separation, are shown in (b) and (c), respectively. Results are shown for 100
km, 200 km, 500 km, 1000 km, 1500 km, and 2000 km links, where both the
walkoff and width increase monotonically with link length, as indicated by the
arrow. The circular (o), cross (×), and plus sign (+) markers correspond to the
cases where the channel is divided into 2, 4, and 8 subcarriers, respectively.
Note that a channel separation of zero correspond to the ACF of a single
subcarrier.

Figure 2 shows the ACFs and the CCFs for the case of
Ns = 8 subcarriers, in several link examples. Solid lines
correspond to the prediction of the analytical model discussed
in the previous section, whereas the markers correspond to the
results of split step simulations. The agreement between the
model and simulations is self evident. Looking at the curves
in Fig. 2, one can observe an interesting characteristic of
the CCFs. While the ACFs (blue curves) are, by definition,
symmetric and centered around ∆n = 0, the CCFs show
a significant walkoff of the function’s peak location and a
broadening of its width. Both the walkoff and the CCF’s width
increase with the frequency offset between the subcarriers, and
with the link length, and both are independent of the launch
power. Figure 3 shows the walkoff and width of the CCFs,
as a function of the frequency separation between subcarriers.
The walkoff is defined as the offset between the maxima of
the ACF and the CCF, whereas the width is calculated in a
full-width half max (FWHM) sense, i.e. as the point where the
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Fig. 4. Experimental setup for subcarrier multiplexing transmission over long-haul distances using a recirculating loop.

CCF drops to half of its maximum value, as illustrated in Fig.
3(a). Both the walkoff and the width are expressed in units of
time, i.e. the symbol offset ∆n is multiplied by the symbol
duration, T . This allows displaying the results obtained for
different values of Ns on the same curve.

The results for different numbers of subcarriers are prac-
tically superimposed on each other. This indicates that both
the walkoff and width of the CCFs depend on the frequency
separation between the subcarriers, but not on the subcarrier
spectral width. Furthermore, the walkoff varies linearly with
the frequency separation and the link length. This indicates
that the origin of this effect is from the dispersion-induced
walkoff between subcarriers.

C. Experimental demonstration

In addition to the numerical results, the effect of correlated
NLPN was demonstrated experimentally. This was done by
means of a set of transmission experiments, performed us-
ing the recirculating loop setup described in Fig. 4. At the
transmitter, the COI is generated in a 4-port digital to analog
converter (DAC) at 64 GSa/s and fed to a dual-polarization IQ
modulator (DP-IQM), where it modulates the optical carrier
provided by an external cavity laser (ECL) with <100 kHz
linewidth. Besides the tested channel, 30 additional interfering
channels are generated using similar subcarrier multiplexing
modulation with uncorrelated data sources. Distributed feed-
back lasers (DFB) are utilized for the interfering channels,
which are grouped into an even-and-odd set of optical carriers
and independently modulated in single-polarization IQMs (SP-
IQM). A polarization multiplexing emulator (PME) consisting
of a 3 dB splitter, optical delay line and polarization beam
combiner is then applied to the combined odd and even
channels. In order to analyze the impact of NLPN in SCM
systems, each of the 31 transmitted channels is then modulated
with a varying number of subcarriers, Ns ∈ [1, 2, 4, 6, 8, 12],
with a baud-rate of 24/Ns GBaud. All subcarriers are 16-
QAM modulated. The recirculating loop is composed of 4
spans of pure silica core fiber (PSCF) with average length of
108 km, dispersion parameter of β2 = −25.9 ps2/km and
attenuation coefficient of α = 0.162 dB/km. The total span
loss, including all insertion losses, is 18.75 dB. We use EDFA

only amplification (noise figure of 5.2 dB) and a spectrally-
resolved gain equalizer (GEQ) to compensate for the EDFA
gain-tilt and ripples. Finally, a loop synchronized polarization
scrambler is used to statistically average the polarization
effects. The signal was circulated 4 to 7 times through the loop,
which corresponds to transmission distances from 1700 km to
3000 km. At the receiver, the COI was filtered by a tunable
optical filter (TOF), mixed with an ECL (<100 kHz linewidth),
coherently detected and sampled by a 50 GSa/s real-time
oscilloscope (Tektronix DPO73304DX).

The offline digital signal processing (DSP) chain is im-
plemented as follows. First, we perform receiver frontend
correction, including Gram-Schimdt orthonormalization, DC
removal and IQ deskew. Then, chromatic dispersion is com-
pensated by a frequency-domain zero-forcing equalizer. After
frequency recovery through spectral peak detection, the SCM
subcarriers are demultiplexed (i.e. filtered and down-converted
to baseband). Polarization demultiplexing is performed by
a 3-taps 2 × 2 adaptive equalizer driven by the constant
modulus algorithm (CMA) over each subcarrier. Carrier phase
estimation (CPE) is implemented by the Viterbi & Viterbi
algorithm with QPSK partitioning, varying the number of
taps between 101 and 1001, in order to study its impact
on the overall phase noise auto-correlation. Note that the
actual process of phase estimation is applied only over one
of the central subcarriers, and then the estimated phase noise
is equally removed from all subcarriers. Finally, an 8 × 8
real-valued adaptive equalizer with 51 taps is applied over
pairs of frequency-symmetric subcarriers to compensate for the
transmitter-side IQ skew [31]. After data-aided convergence,
the 8× 8 equalizer taps are frozen to avoid any impact on the
subsequent PPRN mitigation.

Figure 5 shows the measured NLPN cross correlation func-
tions alongside model predictions, for the example of a trans-
mission distance of 3000 km and 8 subcarriers. It is evident
that correlated NLPN exists in the experimental data, and that
the shape of the measured CCFs is very similar to that of
the model predictions. However, unlike the simulation results,
we were unable to match the theoretical (or equivalently, the
numerical) curves with the experimental ones in a satisfactory
quantitative manner. This mismatch is most likely the result
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(a) (b)
ACF

Δ𝑓 = 3.5GHz

Δ𝑓 = 10.5GHz

Δ𝑓 = 17.5GHz

ACF

Δ𝑓 = 3.5GHz

Δ𝑓 = 10.5GHz

Δ𝑓 = 17.5GHz

Fig. 5. Comparison of theoretical CCFs (a) and experimentally measured
CCFs (b). Results are shown for the case of 8 subcarriers transmitted
over 3000 km. The blue curves correspond to the auto-correlation function
of the NLPN of a single subcarrier, whereas the red, yellow, and purple
curves correspond to the cross-correlation functions between the NLPN
affecting subcarriers with a frequency separation of 3.5 GHz, 10.5 GHz, and
17.5 GHz, respectively. The launch power was -8 dBm per subcarrier. For
the experimental results, a CPE equalizer with 101 taps was used to mitigate
laser phase noise.

of laser phase noise and the CPE algorithm, which are not
part of the model and affect the reconstruction of the various
correlation functions. The fast-varying NLPN is superimposed
on the slow-varying laser phase noise, and cannot be easily
differentiated from it. Furthermore, the CPE removes both the
laser phase noise and some of the low-frequency components
of the NLPN, causing a distortion to the shape of the NLPN’s
ACFs. This is evident by comparing the sharp peak of the
measured ACF (blue curve in Fig. 5b) to the more gradual
descent of the theoretical ACF (blue curve in Fig. 5a).

To ascertain that the difference between the model and the
experimental results is indeed caused by the laser’s line width
and the receiver’s DSP, we added their effect to the simulations
performed in Sec. II-B. Namely, we added ASE and laser
phase noise to the received signal, and passed it through the
same DSP chain used in the experiment. The laser line width
that was used was 100 kHz. Figure 6 shows an example ACF
and CCF, with and without the effect of laser phase noise and
the receiver’s CPE. Much like in the case of the experimental
results, the CPE is able to reduce both the laser phase noise
and the NLPN, causing the ACF and CCF to be lower, and

(a) (b)

Fig. 6. The effect of laser phase noise and CPE on simulated data. Results
are shown for the case of 8 subcarriers transmitted over 2000 km. The ACFs
are shown in (a), while (b) shows the CCFs beween two subcarriers with a
frequency separation of 18.75 Ghz. Solid curves correspond to the analytical
results, while red circles and yellow diamonds show simulation result with
and without the effect of laser phase noise and CPE, respectively.

(a) (b)

Fig. 7. The effect of the number of taps in the CPE on the measured ACFs
(a) and CCFs (b) when Ns = 8. The CCFs in (b) correspond to a pair
of subcarriers that are separated by 7 GHz. The blue, red, yellow, purple,
and green curves correspond to 101 CPE taps, 201 taps, 501 taps, 751 taps,
and 1001 taps, respectively. In all cases, the launch power was -8 dBm per
subcarrier.

with a shorter correlation times.
The effect of the receiver’s CPE on the NLPN is further

explored in Fig. 7. The CPE’s number of taps was varied
between 101 and 1001 taps, and the NLPN CCF was measured
in each case. Figure 7a shows the ACFs, while Fig. 7b shows
the CCF between two subcarriers that are spaced 7 GHz
apart. The sharp peaks of the NLPN’s ACF and CCF are
superimposed on gradually descending CCFs which are caused
by the laser phase noise. Increasing the CPE’s number of taps
simply raises the combined CCFs (NLPN + laser phase noise),
but does not affect the shape or position of the NLPN’s peak.

III. JOINT PROCESSING OF SUBCARRIERS FOR PPRN
MITIGATION

An important consequence of the existence of correlations
between different subcarriers is the potential of exploiting
them for the purpose of NLPN mitigation. A simple approach
for doing that is explored in the current section. The algorithm,
which is described schematically in Fig. 8, is an adaptation of
the well known Wiener filter, designed to exploit the estimated
CCFs between subcarriers.

Let the received signal of the j-th subcarrier in time
instance n be s(n)

j,x,y , and let D
(
s

(n)
j,x,y

)
be an estimation of

the corresponding transmitted symbol. The algorithm starts
by calculating a crude estimation of the NLPN affecting the
received signal by using a variation of Eq. (16),

φ̃
(n)
j =

1

2
Im

s(n)
j,x −D

(
s

(n)
j,x

)
D
(
s

(n)
j,x

) +
s

(n)
j,y −D

(
s

(n)
j,y

)
D
(
s

(n)
j,y

)


= φ
(n)
j + w

(n)
j . (18)

Here φ(n)
j is the actual value of the NLPN and w(n)

j is mea-
surement noise. As discussed in [10], this measurement noise
is a white additive process, and is caused by the combined
contributions of ASE, other components of NLIN (non-phase
noise), as well as symbol estimation errors.

In order to clean up the phase estimation and reduce the
effect of the measurement noise we implement a filtering
procedure which is conducted as follows. First we wish to
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Fig. 8. Block diagram of joint NLPN equalization algorithm.

time-shift the individual subcarries so that the CCFs between
each pair of subcarriers as well as all the ACFs peak at the
same position. This is possible owing to the fact that the
CCF walkoff depends linearly on channel separation, as can
be seen in Fig. 3. Namely, each subcarrier is delayed by an
interval ∆Tj , where j is the subcarrier index, and where ∆T1

is arbitrarily set to zero. We then construct a vector containing
NT samples of each of the initial phase estimates,

~φ(n) =

(
φ̃

(n−NT2 )
1 . . . φ̃

(n+
NT
2 )

1 . . . φ̃
(n−NT2 )

Ns
. . . φ̃

(n+
NT
2 )

Ns

)T
.

(19)

The parameter NT is called the equalizer’s number of taps, so
that the vector contains NTNs elements.

The discrete finite impulse response (FIR) Wiener filter
works by multiplying the vector ~φ(n) with a constant matrix,
whose structure is determined by the signal’s correlation
functions and the measurement noise variance [32]. Namely,
the estimated phases at time n are

φ̂
(n)
1
...

φ̂
(n)
Ns

 = C~φ,φC−1
~φ
~φ(n), (20)

where C~φ is the covariance matrix of the vector ~φ(n) and C~φ,φ

is the cross-covariance between ~φ(n) and the actual NLPN
elements, φ(n)

j . As the measurement noise w(n)
j is uncorrelated

with the NLPN elements, the two covariance matrices are

C~φ,φ =


~C1,1 . . . ~C1,Ns

...
...

~CNs,1 . . . ~CNs,Ns

 (21)

and

C~φ = σ2
wI +

 C1,1 . . . C1,Ns
...

...
CNs,1 . . . CNs,Ns

 , (22)

where σ2
w is the variance of w(n)

j , I is the unity matrix of
size NTNs × NTNs, and ~Ci,j , Ci,j are vector and matrix
representations of the cross-covariance functions,

~Ci,j =
(
Cφi,φj

[
−NT2

]
, . . . , Cφi,φj

[
NT
2

])
(23)

and

Ci,j = (24)
Cφi,φj [0] , Cφi,φj [1] , . . . , Cφi,φj [NT ]
Cφi,φj [−1] , Cφi,φj [0] , . . . , Cφi,φj [NT − 1]

...
...

...
Cφi,φj [−NT ] , Cφi,φj [1−NT ] , . . . , Cφi,φj [0]

 ,

where Cφi,φj [∆n] are the CCFs defined in Eq. (5). The param-
eters of the Wiener filter can be found either analytically, using
the procedure described in Sec. II-A, or from measurements,
using the method of Sec. II-B.

The process of NLPN mitigation is implemented by sub-
tracting the estimated phase φ̂

(n)
j from the received signal

s
(n)
j,x,y , so that the equalized subcarrier is given by(

ŝ
(n)
j,x

ŝ
(n)
j,y

)
= e−iφ̂

(n)
j

(
s

(n)
j,x

s
(n)
j,y

)
. (25)

A. Numerical results

The NLPN mitigation algorithm was demonstrated using
both the transmission experiments described in Sec. II-C and
the simulations described in Sec. II-B. For the simulation, ASE
was artificially added at the end of the link, and the EDFA
noise figure was set to 5 dB. In the experiments, we used a
101-taps CPE in addition to the NLPN equalization algorithm.
In order to observe the added value of using the correlations
between subcarriers, we compare the results of the above
described joint Wiener filtering to the results obtained when
using separate Wiener filtering for the individual subcarriers.
In all cases, we use filters with NT = 21 taps. We found that
increasing the number of taps further had a negligible effect
on performance.

Figure 9 shows the Q-factor4 as a function of the launch
power for two link examples; a 400 km link using 64-QAM
transmission, which is demonstrated using simulations, and
a 1700 km link using 16-QAM transmission which was mea-
sured experimentally. Notice that without joint Wiener filtering
the equalization gain reduces with the number of subcarri-
ers because the temporal correlations within each subcarrier
shorten when the number of subcarriers increases, thereby
making the NLPN estimation less accurate. In contrast, the
equalization gain that is obtained when joint Wiener filtering is
applied increases with the number of subcarriers, as expected.
This is because more information about the NLPN resides in
the cross-correlations between subcarriers when their number
increases. Note that the gain in the experimental results is
smaller than that obtained in the simulations. The reason for
this is that, as argued in Sec. II-C, the receiver’s CPE is able
to partially compensate for NLPN, leaving less phase noise to
be mitigated.

The effect of transmission distance on equalization gain is
studied in Fig. 10. In order to provide insight to short reach,
metro, and long haul scenarios, we estimated the gain for
transmission distances ranging from 200 km to 3000 km. The

4The Q factor is defined through the relation BER =
1√
2π

∫∞
Q exp(−x2)dx.
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(c) (d)

𝑁𝑠 = 2
𝑁𝑠 = 4𝑁𝑠 = 8

𝑁𝑠 = 2
𝑁𝑠 = 4

𝑁𝑠 = 8 𝑁𝑠 = 6

𝑁𝑠 = 12

Fig. 9. The gain produced by NLPN equalization. (a) and (b) show Q-
factor vs. power curves for different numbers of subcarriers and equalization
methods. Simulation results are shown in (a), for the case of a 4×100 km link.
Experimental results are shown in (b), for the case of a 16× 108 km link (4
circulations of the recirculating loop setup). The blue, red, purple, yellow, and
green curves correspond to Ns = 2, 4, 6, 8, and 12 subcarriers, respectively.
Circular markers correspond to the case where no NLPN equalization was
used, square markers correspond to the case of disjoint estimation of the
NLPN in the various subcarriers, and the triangular markers represent the
case of joint estimation of the NLPN. The peak equalization gain (i.e. the
difference in the maxima of the Q versus power curves) is shown in (c) and
(d), for the simulations and experiments, respectively. The blue bars show the
gain from using disjoint NLPN estimation, while the red bars show the added
gain from joint estimation of NLPN.

shorter links (less than 1000 km) used 64-QAM modulation
and were evaluated using simulations, whereas the longer links
(more than 1700 km) used 16-QAM and were measured in
experiment. Equalization gains of up to 0.6 dB were reached
for the shortest links (200 km), decreasing gradually as the
link length is increased. The main reason for the lower
performance in longer links is the effect of symbol errors
– as the NLPN estimation algorithm is decision-directed,
high values of symbol error rates degrade the performance.
For this reason, this fairly naive algorithm is likely to be
useful in systems utilizing a low-complexity, hard decision
forward error correction code (FEC), such as ITU-T G.975.1.
In systems with a higher error rate and more complicated
soft-decision FECs, one may incorporate the joint-equalization
method inside a Turbo-equalization scheme. As shown in [33],
[34], incorporating the FEC in the equalization process can be
used to achieve performance similar to that of ideal symbol

(a) (b)

Fig. 10. Equalization gain as a function of the transmission distance.
Simulation results are shown in (a), and experimental results in (b). Blue
circles correspond to Ns = 2, red squares to Ns = 4, purple right-pointing
triangles to Ns = 6, yellow diamonds to Ns = 8, and green left-pointing
triangles to Ns = 12. Dashed curves show the gain from disjoint NLPN
estimation for the various subcarriers, and the solid curves show the gain
from joint estimation of the NLPN.

estimation (i.e. without estimation errors). The implementation
of such a system is left for future work.

B. A quick discussion on complexity

One of the advantages of the proposed joint-processing
algorithm is its fairly low computational complexity. As
the NLPN is a stationary stochastic process, the covariance
matrices of Eq. (20) are constant and their product can be
calculated beforehand. This means that at each time instance
and for each subcarrier, the algorithm simply takes the scalar
product of two NTNs×1 real-valued vectors (the initial phase
estimation, ~φ(n), and a single line of the matrix C~φ,φC−1

~φ
).

The preparation of the initial phase estimation vector, ~φ(n),
involves 2 complex multiplications, 3 complex additions, and 2
decision operations, per subcarrier. Note that it is not necessary
to calculate the full vector at each time instant. Instead, one can
store the phase values of previous steps, calculating only the
phase of the latest data point. Lastly, the equalization process
itself uses 2 complex multiplications per subcarrier. Assuming
that the multiplication operations are the most costly, and that
each complex multiplication is equivalent to 4 real-valued
multiplications, the overall computational cost, in terms of
number of real-valued multiplications, is

Cost = NTNs + 16 (26)

per dual-polarization symbol per subcarrier.

IV. CONCLUSIONS

We have studied the correlations between the NLPN pro-
cesses added to different frequency channels, and explored the
prospects of exploiting these correlations for NLPN mitigation.
Our study focused on the particularly relevant case of subcar-
rier multiplexed systems. When the number of subcarriers is
tuned to minimize the NLIN power, it has been shown [11]
that the frequency separation between adjacent subcarriers is
relatively small (of the order of 3 GHz), in which case we
have seen that the correlation between the NLPN affecting
different subcarriers is significant. We have shown that this
correlation can be used to further reduce the NLPN. While the
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performance improvement that our NLPN mitigation method
produced was notable, our goal here was only to demonstrate
the existence of a potential benefit and not to find an algorithm
that maximizes it. The latter problem is left for future work.

We have rigorously derived expressions for the cross-
correlation between different frequency channels and demon-
strated their validity by comparison with split-step simulations.
It should be emphasized that, while we showed results only
for the case of subcarrier multiplexed systems, the model is
general and applies to other cases, such as OFDM and WDM
super-channels.
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