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Estimation of horizontal-to-vertical spectral ratios (ellipticity) of Rayleigh
waves from multistation active-seismic records

Binbin Mi1, Yue Hu2, Jianghai Xia1, and Laura Valentina Socco3

ABSTRACT

The horizontal-to-vertical spectral-ratio (HVSR) analysis of
ambient noise recordings is a popular reconnaissance tool used
worldwide for seismic microzonation and earthquake site charac-
terization. We have expanded this single-station passive HVSR
technique to active multicomponent data. We focus on the calcu-
lation of the HVSR of Rayleigh waves from active-seismic
records. We separate different modes of Rayleigh waves in
seismic dispersion spectra and then estimate the HVSR for the
fundamental mode. The mode separation is implemented in
the frequency-phase velocity (f-v) domain through the high-

resolution linear Radon transformation. The estimated Rayleigh-
wave HVSR curve after mode separation is consistent with the
theoretical HVSR curve, which is computed by solving the Ray-
leigh-wave eigenproblem in the laterally homogeneous layered
medium. We find that the HVSR peak and trough frequencies
are very sensitive to velocity contrast and interface depth and that
HVSR curves contain information on lateral velocity variations.
Using synthetic and field data, we determine the validity of es-
timating active Rayleigh-wave HVSR after mode separation. Our
approach can be a viable and more accurate alternative to the em-
pirical HVSR analysis method and brings a novel approach for
the analysis of active multicomponent seismic data.

INTRODUCTION

The horizontal-to-vertical spectral-ratio (HVSR) method is an
analysis technique that calculates the ratio of the horizontal-to-ver-
tical Fourier spectra derived from seismic noise or ambient vibration
recordings, typically recorded at a specific location by a 3C broad-
band sensor. This single-station approach was introduced by Naka-
mura (1989). During the following quarter-century, this quick,
reliable, and low-cost HVSR method has become an increasingly
popular tool and is used worldwide for seismic site characterization
to retrieve the resonance frequencies of unconsolidated sediments
over the high-velocity bedrock (we refer the reader to the latest re-
view paper by Molnar et al., 2018). However, the large use of
HVSR analysis is predominantly a consequence of its ease in ap-
plication rather than of a full understanding of its theory (Molnar

et al., 2018). The recorded ambient noise is a mixture of various
wave types (body and/or surface waves), which contain information
on the sources and transmission paths of waves and subsurface
structures (e.g., Lachet and Bard, 1994; Fäh et al., 2001; Okada, 2003;
Malischewsky and Scherbaum, 2004). Recent developments in the
theoretical basis of ambient noise HVSR response consider the noise
wavefield as being comprised of diffuse waves (Sánchez-Sesma et al.,
2011; Kawase et al., 2015; Lunedei and Albarello, 2015).
The physics behind the ambient noise HVSR manifestation is

wavefield-dependent; i.e., it is composed of body, surface, or dif-
fuse waves and/or combinations thereof (Molnar et al., 2018). It is,
however, impossible to isolate every wave from a single-station
noise record. Therefore, no single analytical expression exists as
yet for all real-world conditions. An empirical equation for the
HVSR peak frequencies in the model with a single soil layer over
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a stiff half-space is written as fn ¼ nðVS1∕4hÞ, where VS1 and h
represent the S-wave velocity and thickness of the soil layer, respec-
tively, and the index n (n ¼ 1, 3, 5, etc.) designates the nth mode of
oscillation (Haskell, 1960). Bonnefoy-Claudet et al. (2008) demon-
strate that this holds when noise records are composed of body and/
or surface waves.
Regardless of the controversial theory, in many studies, the HVSR

peak and/or its entire spectrum are inverted for the subsurface S-wave
velocity VS structure (e.g., Fäh et al., 2003; Arai and Tokimatsu,
2004; Hobiger et al., 2013; Lontsi et al., 2015; Bignardi et al.,
2016; García-Jerez et al., 2016; Piña-Flores et al., 2017), although
the physics-based forward-modeling codes used in the inversion vary
among different studies. Some researchers also jointly invert the
HVSR and Rayleigh-wave dispersion curves for 1D S-wave velocity
profiles (e.g., Picozzi et al., 2005; Gribler and Mikesell, 2016).
Our aim in this paper is to obtain the HVSR curve from active-

seismic multicomponent records. We focus on Rayleigh waves,
which are dominant in the P-SV wavefield. Rayleigh-wave data
from active-seismic records can be used to estimate the near-surface
S-wave velocity distribution by dispersion-curve inversion using the
multichannel analysis of surface waves (MASW) method (Song
et al., 1989; Miller et al., 1999; Park et al., 1999; Xia et al., 1999).
During the past two decades, the MASW method has been effi-
ciently applied to a wide range of problems in geotechnical and
environmental engineering (Socco et al., 2010; Foti et al., 2011;
Xia, 2014; Mi et al., 2017). Commonly, Rayleigh waves are ob-
tained only from the vertical component of P-SV waves. However,
the multimodal Rayleigh waves estimated from the horizontal (ra-
dial) component data have a different energy distribution compared
with those estimated from the vertical component data (Dal Moro
and Ferigo, 2011). The combined use of the horizontal component
data with the vertical component data would contribute to prevent-
ing mode misidentification (Boaga et al., 2013) and improving
S-wave velocity estimations (Ikeda et al., 2015).
The HVSR of Rayleigh waves is the ratio between the horizontal

and vertical particle motions of Rayleigh waves, which is the ellip-
ticity of Rayleigh waves. It strongly depends on the local soil struc-
ture over high-velocity bedrock (e.g., Fäh et al., 2001; Tuan et al.,
2011; Hobiger et al., 2013). Boaga et al. (2013) illustrate that the
Rayleigh-wave ellipticity polarization is linked to the mode oscu-
lation, which is the energy peak shifting from the fundamental to the
first higher mode at low frequencies (e.g., Boaga et al., 2013; Mi
et al., 2018). Large contrasts in the subsurface produce the mode
osculation and a high peak (horizontal polarization) and a low
trough (vertical polarization) in the ellipticity curve of the Rayleigh-
wave fundamental mode (Boaga et al., 2013). Fäh et al. (2001) dem-
onstrate in the ambient noise HVSR that the fundamental-mode
Rayleigh wave is not the dominant wave type at the peak frequency;
rather, higher mode Rayleigh waves are.
In active-seismic records, Rayleigh waves are dominant at more

than one wavelength from the source, but the records also contain
body and/or leaky waves (Gao et al., 2014) and/or noise. Moreover,
the interference of different Rayleigh-wave modes may introduce
errors in the calculation of HVSR for a specific mode. In this paper,
we propose to separate different modes of Rayleigh waves from
active seismic data and then estimate the HVSR using the part of
the signal that is associated with the fundamental mode. After de-
scribing the methodology, we use a 1D synthetic model to show that
it is necessary to separate different modes of Rayleigh waves from

active seismic data and then estimate the HVSR for the fundamental
mode. Based on the widespread application of the HVSR technique
for the estimation of the impedance contrasts, we test the method of
calculating active Rayleigh-wave HVSR in the presence of high-
velocity contrasts and lateral variations. We also analyze the rela-
tionship between Rayleigh-wave fundamental-mode HVSR peak/
trough frequencies and parameters of the subsurface model. The
method is then applied to a field-data example.

METHODOLOGY

In 2D active seismic surveys, P-SV wavefields are recorded by
multichannel vertical and horizontal component geophones. The
terms fHðt; xÞ and fVðt; xÞ represent the recorded horizontal and
vertical component data, respectively, where t is the time and x
is the offset. The terms fHðt; xÞ and fVðt; xÞ are a mixture of differ-
ent wave types. Before calculating the HVSR, the fundamental
mode of the Rayleigh-waves is first separated from the mixed wave-
field records fHðt; xÞ and fVðt; xÞ.
Rayleigh-wave mode separation can be performed using the

high-resolution linear Radon transformation (HRLRT) (Luo et al.,
2008, 2009), with which data are transformed from the time-offset
(t-x) domain to the frequency-phase velocity (f-v) domain. The
mode separation of Rayleigh waves using HRLRT basically
requires three steps (Luo et al., 2009):

1) Transform the t-x domain multichannel seismic records fðt; xÞ
into the f-v domain Fðf; vÞ and generate the energy image in
the f-v domain.

2) Select spectra regions of one mode (fundamental mode) man-
ually in the f-v domain F0ðf; vÞ.

3) Transform the selected mode back to the t-x domain f0ðt; xÞ.
Finally, f0ðt; xÞ is the fundamental mode of the Rayleigh-wave

seismic record. Luo et al. (2009) demonstrate the effectiveness of
HRLRT as a means of separating and reconstructing multimode,
dispersive Rayleigh-wave energy. The amplitude and phase can
be preserved well using forward and inverse HRLRT (Hu et al.,
2016). Accurate mode identification and selection are necessary
to separate the fundamental mode.
Mode separation is carried out for both of the 2C data. We can

obtain the horizontal fH0
ðt; xÞ and vertical fV0

ðt; xÞ components of
the fundamental mode of Rayleigh waves. At the offset x0, the Fou-
rier spectra of the two components are FH0

ðf; x0Þ and FV0
ðf; x0Þ.

Then, the HVSR is estimated as

HVSR ¼ jFH0
ðf; x0Þj

jFV0
ðf; x0Þj

; (1)

where FH0
ðf; x0Þ is the Fourier spectra of the horizontal-component

seismic trace relevant to fundamental-mode Rayleigh waves at the
offset x0 and FV0

ðf; x0Þ is the Fourier spectra of the vertical-
component seismic trace relevant to fundamental-mode Rayleigh
waves at the offset x0.
For 1D layered earth models, the ellipticity of the fundamental

Rayleigh waves is offset-independent. In other words, if the near-
field effects can be ignored at far offsets, the estimated HVSR
curves should be the same with different offsets for 1D models.
Here, we compare the estimated HVSR curves with the theoretical
HVSR curve, which is computed by solving the Rayleigh-wave
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eigenproblem in the laterally homogeneous layered medium (e.g.,
Thomson, 1950; Haskell, 1953; Schwab and Knopoff, 1972; Abo-
Zena, 1979; Kennett, 1983; Keilis-Borok et al., 1989; Chen, 1993;
Hisada, 1994; Lai, 1998; Herrmann and Ammon, 2002). The theo-
retical HVSR is the ratio of the horizontal to vertical eigendisplace-
ments of the fundamental mode of Rayleigh waves at the free
surface (Appendix A).

RAYLEIGH-WAVE HVSR ESTIMATION FOR
MULTIMODAL DATA

In this section, we present a synthetic layered example (model 1,
Table 1) to show the necessity and validity of separating the fun-
damental mode and then computing the HVSR of Rayleigh waves
from active seismic data. The synthetic 2C seismic data are com-
puted through finite-difference method solving the 2D elastic P-SV
wave equations (Virieux, 1986; Xu et al., 2007; Zeng et al., 2011).
We use a vertical point source, which is a 10 Hz (peak frequency)
Ricker wavelet with a 100 ms delay, located at the free surface. For
the finite-difference implementation, the model is uniformly discre-
tized into 0.1 × 0.1 m cells so that the grid sample density is suffi-
cient (at least 20 points per wavelength). The time step size is
chosen as 0.02 ms to ensure that the finite-difference algorithm
is numerically stable. The 2C seismic responses are recorded on
the free surface with a 150-channel receiver array. The nearest offset
is 1 m, with a subsequent 1 m receiver interval. Figure 1a and 1b
shows the synthetic horizontal and vertical component data, respec-
tively. The energy of Rayleigh waves is dominant in the horizontal
and vertical component data.

We obtained the dispersion images in the f-v domain (Figure 1c
and 1d) from the 2C multichannel records by the HRLRT, respec-
tively. The energy of Rayleigh waves is nonnormalized in the im-
ages and indicates the different mode energy of the horizontal and
vertical components, which is due to the different amplitudes be-
tween the horizontal and vertical particle motions of Rayleigh
waves. The crosses and circles in Figure 1c and 1d represent the
theoretical fundamental and first higher mode dispersion curves, re-
spectively (Thomson, 1950; Haskell, 1953). The higher mode ex-
ists, although the energy is much lower than that of the fundamental
mode.
We first calculated the HVSR directly from the synthetic 2C re-

cords of model 1. The results (Figure 2) show that if the mode sep-
aration is not performed, the HVSR curves calculated from active
seismic data are not consistent with each other at different offsets for
a 1D earth model. We separated the fundamental mode from the
synthetic 2C data for model 1 (Figure 3). The energy of the Ray-
leigh-wave fundamental mode is concentrated at approximately 10–
25 Hz for the horizontal and vertical components (Figure 3a and
3b), and the dashed yellow lines represent the selected fundamental
mode range. Figure 3c and 3d shows the horizontal and vertical
component data after the separation of the fundamental mode. Then,
we computed HVSR from the fundamental-mode 2C records. The
results (Figure 4) show that HVSR curves with different offsets

Table 1. Parameters of model 1.

Layer number VP (m∕s) VS (m∕s) Density (g∕cm3) h (m)

1 800 200 2.0 5

2 1200 400 2.0 Infinite

Figure 1. Synthetic (a) horizontal and (b) vertical
component data for model 1 and (c and d) corre-
sponding dispersion images generated by HRLRT.
The crosses and circles in (c and d) represent the
theoretical fundamental and first higher mode
dispersion curves, respectively.

Figure 2. HVSR for model 1 computed from the 2C records in
Figure 1a and 1b at different offsets.

Estimation of Rayleigh-wave ellipticity EN83
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for the layered model 1 are very close to each other. The small
differences between the estimated HVSR curves at different loca-
tions could be due to the calculation errors caused by the low energy
of Rayleigh waves at lower frequencies (<12 Hz).
The theoretical HVSR curve (the dashed black line in Figure 4) is

the ratio of the horizontal-to-vertical eigendisplacements of the fun-
damental mode of Rayleigh waves at the free surface, computed by
solving the Rayleigh-wave eigenproblem in the laterally homo-
geneous layered medium (model 1). The small shift of peaks
and troughs of the HVSR between the synthetic and theoretical data
is due to the model discretization in the finite-difference modeling
(as we illustrate in the next section).

RAYLEIGH-WAVE HVSR IN THE PRESENCE OF
HIGH-VELOCITY CONTRASTS

The HVSR analysis technique is efficient for qualifying the
impedance contrasts of layered-earth models, which usually exhibit
the unconsolidated sediments over high-velocity bedrock. However,
if there exists a strong velocity contrast in the earth model,
Rayleigh-wave mode osculation happens. This phenomenon in
Rayleigh-wave analysis may cause mode misidentification, so that
a pure single mode cannot be separated for the estimation of HVSR.
We use a two-layer model (model 2, Table 2) to test the estima-

tion of Rayleigh-wave HVSR in the presence of high-velocity con-
trasts. Parameters in the finite-difference modeling are the same as
those for model 1. Figure 5a and 5b shows the synthetic horizontal

and vertical component data for model 2, respec-
tively. Figure 5c and 5d shows the corresponding
spectra. The crosses and circles represent the
theoretical fundamental and first higher mode
dispersion curves, respectively (Thomson, 1950;
Haskell, 1953). In Figure 5c and 5d, we noted
that mode osculation occurs at approximately
13 Hz and the energy peak shifts from the fun-
damental to the first higher mode for the horizon-
tal and vertical component data. In this case, it is
not possible to perfectly separate the fundamen-
tal mode by looking at the spectra. Here, we se-
lect the fundamental mode using the information
provided by the theoretical fundamental mode
dispersion curve (the dashed yellow lines in Fig-
ure 5c and 5d). The separated fundamental mode
of the horizontal and vertical component data is
shown in Figure 5e and 5f. The estimated HVSR
from the 2C records of the separated fundamental
mode is shown in Figure 6. The HVSR curves
with different offsets for the layered model 2
are very close to each other (Figure 6). There
are differences between the synthetic and theo-
retical data at lower frequencies (<13 Hz). This
is because there is almost no energy for the fun-
damental mode of Rayleigh waves at frequencies
lower than that of the osculation point. We could
not obtain the accurate Rayleigh-wave HVSR at

lower frequencies from the active-seismic records in the presence of
high-velocity contrasts.
In this synthetic example, the separation of the fundamental mode

in the presence of high-velocity contrasts is based on the accurate
selection of the fundamental mode range along the theoretical fun-
damental dispersion curve. In real-world applications, however, the
theoretical dispersion curve is unknown. Mode misidentification
could be unavoidable, and the selected single mode could be an im-
pure fundamental mode that contains the high mode energy at lower

Figure 4. HVSR with different offsets for the layered model 1, es-
timated from the 2C records of the separated fundamental mode in
Figure 3c and 3d. The theoretical HVSR curve for the fundamental
mode of Rayleigh waves is computed by solving the Rayleigh ei-
genfunction in the laterally homogeneous layered medium (model
1). The small shift of peaks and troughs of the HVSR curves be-
tween the synthetic and theoretical data is due to the model discre-
tization in the finite-difference modeling.

Table 2. Parameters of model 2.

Layer number VP (m∕s) VS (m∕s) Density (g∕cm3) h (m)

1 800 180 1.9 5

2 1500 500 2.0 Infinite

Figure 3. The selected single (fundamental) mode range (the dashed yellow lines) in
the dispersion image of (a) horizontal and (b) vertical component data for model 1 and
the separated fundamental mode of (c) horizontal and (d) vertical component data by the
inverse HRLRT.
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frequencies (Figure 7). With the 2C records of the
separated impure fundamental mode (Figure 7c
and 7d), HVSR curves are estimated in Figure 8.
HVSR curves (Figure 8) at higher frequencies
(>13 Hz) estimated from the impure fundamental
mode are similar to those in Figure 6. The mode
energy misidentification on account of mode
osculation has no influence on the estimation
of HVSR at frequencies higher than that of the
osculation point. The estimated HVSR at lower
frequencies (<13 Hz) is the result of the Ray-
leigh-wave first higher mode, which is different
from the theoretical HVSR of the fundamental
mode of Rayleigh waves.
These synthetic results show that in the pres-

ence of high-velocity contrasts, mode osculation
has no influence on the estimation of Rayleigh-
wave HVSR at frequencies higher than that of
the osculation point, where HVSR troughs
appear for the near-surface two-layer model. We
can hardly obtain the accurate HVSR at frequen-
cies lower than that of the osculation point,
where HVSR peaks appear for the two-layer
model, either because of the lack of energy of
the fundamental mode or because of the exist-
ence of energy of the first higher mode.
The HVSR peak and trough frequencies are

linked to parameters of the earth model (e.g.,
Tuan et al., 2011). Figure 9a shows different
theoretical HVSR curves of the Rayleigh-wave
fundamental mode for the two-layer model 2
with various thicknesses of the first layer. With
the increasing thicknesses, the HVSR peaks
and troughs shift from high frequencies to low
frequencies. The shift of the HVSR curve for
a thickness variation of 0.5 m at different depths
is shown in Figure 9b. At shallow depths, a 0.5 m
change of thickness of the first layer produces a significant shift of
the HVSR trough. This example shows that HVSR peak and trough
frequencies are very sensitive to the depth of bedrock in near-
surface models and that sensitivity to depth is higher for shallow
depths.
Let us go back to the shift of the HVSR peaks and troughs

between the synthetic and theoretical data (Figures 4, 6, and 8).
In our finite-difference modeling, the grid step for the model
discretization is 0.1 m, which means that the layer thickness for
the synthetic data could be different compared to the theoretical
data because of the model discretization. This leads to the shift
of HVSR curves between the synthetic and theoretical data. This
phenomenon of shifting can also be observed by comparing the
dispersion energy generated from synthetic data and the theoretical
dispersion curve (Figure 5c and 5d for model 2). We use another
model (Figure 10) to show that HVSR troughs estimated from the
synthetic data can be almost the same with the theoretical one if the
discretization can be neglected in comparison to the interface depth.
The model in Figure 10 has a deep interface. The estimated HVSR
troughs are basically the same as the theoretical one. HVSR peaks
are not obtained due to the high-velocity contrast in the model. The

Figure 5. (a and b) Synthetic horizontal and vertical component data for model 2. (c and d)
The selected single (fundamental) mode range (the dashed yellow lines) in the dispersion
image of horizontal and vertical component data. (e and f) The separated fundamental mode
of horizontal and vertical component data. The crosses and circles in (c and d) represent the
theoretical fundamental and first higher mode dispersion curves, respectively.

Figure 6. HVSR with different offsets for the layered model 2, esti-
mated from the 2C records of the separated fundamental mode in Fig-
ure 5e and 5f. The theoretical HVSR curve for the fundamental mode
of Rayleigh waves is computed by solving the Rayleigh eigenfunction
in the laterally homogeneous layered medium (model 2). The shift of
the HVSR troughs between the synthetic and theoretical data is due to
the model discretization in the finite-difference modeling.
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Figure 8. HVSR with different offsets for the layered model 2, es-
timated from the 2C records of the separated impure fundamental
mode in Figure 7c and 7d. The theoretical HVSR curve is of the
fundamental mode of Rayleigh waves, computed by solving the
Rayleigh eigenfunction in the laterally homogeneous layered
medium (model 2). The shift of the HVSR troughs between the syn-
thetic and theoretical data is due to the model discretization in the
finite-difference modeling.

Figure 9. (a) Theoretical HVSR of the fundamen-
tal mode of Rayleigh waves for the layered model
2 with various thicknesses of the first layer, com-
puted by solving the Rayleigh eigenfunction in the
laterally homogeneous layered medium. (b) The
shift of the HVSR curve for a thickness variation
of 0.5 m at different depths of model 2.

Figure 7. (a and b) The selected mode range re-
gardless of the mode osculation (the dashed yel-
low lines) in the dispersion image of horizontal
and vertical component data. (c and d) The sepa-
rated impure mode of horizontal and vertical com-
ponent data. The crosses and circles in (a and b)
represent the theoretical fundamental and first
higher mode dispersion curves, respectively.

Figure 10. HVSR for the model with deeper layer interface. The
thickness of the top layer is 15 m. The values of VP, VS, and density
in the top layer are 1900 m∕s, 480 m∕s, and 2.1 g∕cm3, respec-
tively. In the half-space, the values of VP, VS, and density are
4000 m∕s, 1500 m∕s, and 2.3 g∕cm3, respectively. For this model,
HVSR troughs estimated from the synthetic data are basically the
same with the theoretical one. HVSR peaks are not obtained due to
the high-velocity contrast.
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comparison makes sense only at frequencies higher than the oscu-
lation frequency.

RAYLEIGH-WAVE HVSR IN LATERALLY
VARYING MEDIA

A slope synthetic model (Figure 11) is used to test for the effect
of lateral variations in the estimation of Rayleigh-wave HVSR. The
model consists of two layers (the VP, VS, and densities are the same

with model 2), and there is a dipping interface that makes the thick-
ness of the first layer vary linearly from 4 to 5 m. The parameters in
the finite-difference modeling are the same as those for model 2.
Seismic signals are recorded on the free surface with a 49-channel

Figure 11. Illustration of a model with lateral variations. The model
consists of two layers (VP, VS, and densities are the same with
model 2), and there is a sloping interface that makes the thickness
of the first layer increases gradually from 4 to 5 m (from the left to
the right). Seismic responses are recorded on the free surface with a
49-channel 2C receiver array, which is right above the sloping inter-
face. The nearest offset is 30 m, with a subsequent 1 m receiver
interval.

Figure 12. (a and b) Synthetic horizontal and ver-
tical component data for the slope model in Fig-
ure 11. (c and d) The selected single (fundamental)
mode range (the dashed yellow lines) in the
dispersion image of horizontal and vertical com-
ponent data. The spectra are restricted in the S-
wave velocity range of the true model (180 m∕s
in the top layer and 500 m∕s in the half-space).
(e and f) The extracted mode of horizontal and ver-
tical component data.

Figure 13. HVSR at different traces for the slope model in Fig-
ure 11, estimated from the 2C records of the separated fundamental
mode in Figure 12e and 12f. From trace 1 to 49, the thickness of the
first layer increases from 4 to 5 m. The dashed red and magenta
lines represent the theoretical HVSR curves for the two-layer model
with 4 and 5 m thickness of the first layer, respectively.
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2C receiver array, which is right above the dipping interface. The
nearest offset is 30 m (to reduce near-field effects, as illustrated in
Pan et al., 2013), with a subsequent 1 m receiver interval. Figure 12a
and 12b shows the synthetic horizontal and vertical component data
for the slope model, respectively. We show the corresponding spec-
tra in Figure 12c and 12d. The dashed yellow lines (Figure 12c and
12d) represent the selected fundamental mode range. The extracted
mode of horizontal and vertical component data is shown in Fig-
ure 12e and 12f.
The estimated HVSR curves for the slope model are different at

different traces (Figure 13). The HVSR peaks from the synthetic
data at low frequencies are incorrect due to the lack of fundamental
mode energy in the presence of strong velocity contrasts (as dis-
cussed in the previous section). However, the HVSR troughs from
synthetic data lay between the two theoretical HVSR curves of the
two-layer model with the 4 and 5 m thicknesses of the first layer.
From traces 1–49, the HVSR troughs shift from high frequencies to
low frequencies, with the increasing thickness of the first layer. This
indicates that HVSR estimation can be carried out in the presence of
lateral variations and the HVSR estimated from the fundamental
Rayleigh-wave mode contains the information on bedrock depth
lateral variations, which can be used to constrain the reconstruction
of 2D subsurface structures.

HVSR PEAK/TROUGH FREQUENCIES VERSUS
MODEL PARAMETERS

The fundamental Rayleigh-wave HVSR exhibits a peak at the
low frequency and a trough at the high frequency for models with
a soft layer over a stiff half-space (Figure 9). The peak and trough
frequencies are strongly linked to the model parameters. To evaluate
the possibility of using a simple relation for the interpretation of the
HVSR results, we carried out a Monte Carlo simulation computing
the frequency of fundamental-mode HVSR peak and trough for
5000 randomly generated models. Each model contains a single soil
layer (S-wave velocity VS1 varies from 80 to 600 m∕s) over a stiff
half-space (S-wave velocity VS2 varies from 300 to 2000 m∕s), in

which we make sure the S-wave velocity in the first layer is lower
than the half-space. The thickness (h) of the soil layer varies from
0.5 to 50 m. The Poisson’s ratio and density are constants (0.43
and 1.9 g∕cm3 in the first layer and 0.40 and 2.0 g∕cm3 in the
half-space, respectively). The HVSR peak and trough of the
Rayleigh-wave fundamental mode are computed by solving the
Rayleigh eigenfunction. For each model, we apply a similar empir-
ical equation in a passive HVSR analysis (Nakamura, 1989):

f ¼ 1

k
VS1

h
; (2)

where VS1 and h represent the S-wave velocity and thickness of the
soil layer, respectively, f is the peak/trough frequency, and k is the
coefficient.
The plots of the peak and trough frequencies with respect to

VS1∕h (Figure 14) show that the coefficient k is not constant in
the relationship between the peak/trough frequencies of the funda-
mental-mode Rayleigh-wave HVSR and the model parameter
VS1∕h. The value of k is indeed influenced by the velocity contrast
VS1∕VS2 (VS2 is the S-wave velocity of the stiff half-space). For low
VS1∕VS2 (higher velocity contrasts), the value of k decreases. The
value of k can vary from 20 to 2.5 for the HVSR peak frequencies
(Figure 14a). If the velocity contrasts are extremely strong
(VS1∕VS2 < 0.2), k tends toward 4.0 for the peak frequencies. For
the trough frequencies, k is confined in a range from 2.5 to 2.0 (Fig-
ure 14b). This indicates that the trough frequencies have lower sen-
sitivity to the velocity contrast and can therefore be used to estimate
the interface depth with only knowledge of VS1 (equation 2).

FIELD-DATA EXAMPLE

We present an example of Rayleigh-wave HVSR estimation from
real-world 2C data. The field data were collected at the Boise Hy-
drogeophysical Research Site (BHRS), which is an experimental
well field located on a gravel bar adjacent to the Boise River,
15 km from downtown Boise, Idaho, USA. Down-hole seismic sur-

Figure 14. (a) Peak/(b) trough frequencies of fundamental-mode Rayleigh-wave HVSR versus the model parameter VS1∕h. The color scale
represents the value of VS1∕VS2, which shows the velocity contrasts between the soil layer and the half-space. The term k is the coefficient in
equation 2.
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veys (Michaels and McCabe, 1999) and surface-
wave dispersion analysis at the BHRS present the
S-wave velocities above a depth of 20 m, which
show that this area can be roughly divided into
two layers with strong velocity contrasts. The
VS of the first layer is approximately 150 m∕s
with 2–4 m thickness, and the VS of the half-
space is more than 500 m∕s. In the data acquis-
ition, 24 vertical component geophones (4.5 Hz)
and 24 horizontal component geophones (4.5 Hz,
inline) were used. The source was a 5 kg hammer
vertically impacting a metal plate. The receiver
interval was 1.25 m with the 12.5 m nearest
source-to-receiver offset. Rayleigh waves are
dominant in the recorded 2C data (Figure 15).
We first calculated the HVSR directly from the 2C records with-

out mode separation. The results of the first six traces are shown in
Figure 16. The HVSR curves are disturbed and appear disorderly
and unsystematic at high frequencies (>20 Hz). Then, we separated
the fundamental mode (Figure 17) and calculated the HVSR again
(Figure 18). In Figure 17a and 17b, higher modes are visible and it
is possible to separate them at least at a high frequency. With the
fundamental mode of Rayleigh waves only, the HVSR troughs
stand out at approximately 22 Hz for the first 12 traces (Figure 18).
HVSR curves with larger offsets (traces 13–24) are more noisy and
less consistent with each other. This could be caused by the lateral
variations or the low signal-to-noise ratio at far traces of the hori-
zontal components. HVSR peaks at low frequencies estimated from
field data could not be derived from the active fundamental Ray-
leigh waves because the energy is very weak at frequencies lower
than 15 Hz (Figure 17a and 17b).
We applied equation 2 to the field data for the depth estimation of

the soil layer. The HVSR trough frequency for the field data at trace
5 (Figure 18) is approximately 22 Hz. With
VS1 ¼ 150 m∕s and k between 2.0 and 2.5,
the depth of the soil layer is 2.7–3.4 m using
equation 2. The estimated soil layer depth is con-
sistent with the borehole results (Michaels and
McCabe, 1999).

DISCUSSION

We have verified that it is necessary to isolate
the fundamental mode of Rayleigh waves before
calculating the HVSR. The accurate mode iden-
tification and selection are essential to separate
the fundamental mode using HRLRT. If there
is mode osculation caused by the high-velocity
contrast, the HVSR peak of the fundamental
mode occurs at a frequency lower than the oscu-
lation frequency, and the trough occurs at a fre-
quency higher than the osculation frequency.
Therefore, the estimated HVSR troughs are im-
pervious in the presence of mode osculation.
In the synthetic data, there is a small shift be-

tween the estimated HVSR and theoretical one.
We have illustrated that it is due to the model dis-
cretization in the finite-difference modeling and
the high sensitivity of HVSR peak and trough
frequencies to the shallow depth of the bedrock.

Figure 16. HVSR at traces 1–6 of the field data, directly calculated
from the 2C records (Figure 15) without mode separation.

Figure 17. (a and b) Dispersion images of the horizontal and vertical component field
data (Figure 15) and the selected single (fundamental) mode range (the dashed yellow
lines). (c and d) The separated fundamental mode of horizontal and vertical component
data.

Figure 15. Field data at the BHRS: (a) horizontal (in-line) component, and (b) vertical
component.

Estimation of Rayleigh-wave ellipticity EN89

D
ow

nl
oa

de
d 

10
/2

1/
19

 to
 2

10
.3

2.
13

6.
42

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/



We have tried to use different discretization steps (0.5, 0.2, 0.1, and
0.05 m, the smaller step, the greater amount of computation) for the
seismic modeling of model 2. Results show that the shift becomes
smaller with smaller grid step, but the difference cannot be elimi-
nated because of the approximate numerical solution of the finite-
difference modeling. For model 2, if we set the depth of the first
layer a little larger than 5 m in the modeling (5.1 m, for example,
which can approximately make the thickness of the first layer be
equivalent to 5 m after discretization), the estimated HVSR curves
and theoretical one show great consistency.
In real-world applications, HVSR troughs without mode separa-

tion are disturbed by high-frequency interference waves or noises
(Figure 16). HVSR peaks could not be derived from the fundamen-
tal mode because the energy of active Rayleigh waves is very weak
at the low frequency. With the existence of mode osculation, the
higher mode Rayleigh waves can be dominant at the peak frequency
for the model with high-velocity contrast, which are also polarized
at the fundamental frequency of resonance of the sediments (Fäh
et al., 2001) and can explain the peak of the estimated HVSR curve
(Figure 18). Generally, using a light seismic source as those that are
mainly used for shallow near-surface investigations, it is difficult to
obtain the low-frequency (<10 Hz) energy. Therefore, estimating
the HVSR trough from real data is more easily achieved than peak
estimation.
The choice of the observation system (the nearest offset, the

receiver interval, and spread length) in the field data acquisition
is similar to the optimum layout for MASW (Park et al., 1999) be-
cause generating a good dispersion image from raw data is a pre-
condition for mode extraction and separation. More field data are
needed and should be tested with this method in the future.
We only analyzed the fundamental mode HVSR of Rayleigh

waves. The same method could be applied more generally to any

single mode (e.g., the first high mode). The Rayleigh-wave HVSR
peak and trough frequencies are highly sensitive to the parameters
of the near-surface model. It will be of great significance to inves-
tigate shallow subsurface 2D structures by inverting the HVSR peak
and trough and/or its entire spectrum derived from active seismic
data, or joint analysis with dispersion data (e.g., Castellaro,
2016) from the MASW method.

CONCLUSION

The different mode energy information from the horizontal and
vertical components in Rayleigh-wave analysis prompted us to ap-
ply the HVSR method to multicomponent active-seismic data. The
recorded active-seismic signals are a mixture of various wave types;
thus, we first isolate the fundamental mode of Rayleigh waves using
a high-resolution spectral estimator, and then we calculate the
HVSR. The mode separation is implemented in the f-v domain
by the HRLRT, which requires multiple channel records to generate
dispersion energy maps of Rayleigh waves. Being able to isolate the
fundamental mode in the frequency band of interest for HVSR es-
timation is a necessary condition. The HVSR is hence reliable only
in the frequency band within which the fundamental mode can be
reliably selected. The estimated Rayleigh-wave HVSR curve after
mode separation is consistent with the theoretical HVSR curve
computed by solving the Rayleigh-wave eigenproblem.
For simple models made of a soft layer underlying a stiff half-

space, the HVSR peak is very sensitive to the interface depth and
velocity contrast, whereas the trough frequency is sensitive to inter-
face depth only and it is poorly affected by the velocity contrast. A
simple relationship has been established between the fundamental-
mode Rayleigh-wave HVSR trough frequencies and the model
parameters. Because the estimation of the trough from real data

is also more reliable than peak estimation, the
HVSR trough is a good candidate for adding use-
ful information in the dispersion inversion and
interpretation.
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Figure 18. HVSR at different traces of the field data, estimated from the 2C records of
the separated fundamental mode in Figure 17c and 17d.
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obtained by contacting the corresponding author.

APPENDIX A

CALCULATION OF THE THEORETICAL
HVSR CURVE

The theoretical HVSR curve (ellipticity) of fundamental-mode
Rayleigh waves is calculated by solving the Rayleigh-wave eigen-
problem in the laterally homogeneous layered medium. Computing
the dispersion curves and their corresponding eigenfunctions for a
stratified earth model is fundamental in studying surface waves. A
large number of studies have been carried out since Thomson and
Haskell’s pioneering studies (e.g., Thomson, 1950; Haskell, 1953;
Schwab and Knopoff, 1972; Abo-Zena, 1979; Kennett, 1983; Kei-
lis-Borok et al., 1989; Chen, 1993; Hisada, 1994; Lai, 1998; Herr-
mann and Ammon, 2002). The main algorithms we used are based
on Hisada and Lai’s studies (Hisada, 1994; Lai, 1998).
We can obtain the horizontal rHðf; n; zÞ and vertical rVðf; n; zÞ

eigendisplacements of Rayleigh waves after solving the Rayleigh-
wave eigenproblem in a layered model, where f represents the fre-
quency, n (n ¼ 0, 1, 2, etc.) designates the nth mode, and z repre-
sents the depth. Thus, the theoretical HVSR of the fundamental-
mode Rayleigh waves is calculated as

HVSRtheoretical ¼
rHðf; n ¼ 0; z ¼ 0Þ
rVðf; n ¼ 0; z ¼ 0Þ ; (A-1)

where rHðf; n ¼ 0; z ¼ 0Þ and rVðf; n ¼ 0; z ¼ 0Þ are the horizon-
tal and vertical eigendisplacements of the fundamental mode of
Rayleigh waves at the free surface, respectively.
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