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HIGHLY OSCILLATORY UNIMODULAR FOURIER
MULTIPLIERS ON MODULATION SPACES

FABIO NICOLA, EVA PRIMO, ANITA TABACCO

Abstract. We study the continuity on the modulation spaces
Mp,q of Fourier multipliers with symbols of the type eiµ(ξ), for
some real-valued function µ(ξ). A number of results are known,
assuming that the derivatives of order ≥ 2 of the phase µ(ξ) are
bounded or, more generally, that the second derivatives belong to
the Sjöstrand class M∞,1. Here we extend those results, by assum-
ing that the second derivatives lie in the bigger Wiener amalgam
space W (FL1, L∞); in particular they could have stronger oscil-
lations at infinity such as cos |ξ|2. Actually our main result deals
with the more general case of possibly unbounded second deriva-
tives. In that case we have boundedness on weighted modulation
spaces with a sharp loss of derivatives.

1. Introduction

Fourier multipliers represent one of the main research field in Har-
monic Analysis, where a number of challenging problems remain open
[24]. The connections with other branches of pure and applied mathe-
matics are uncountable (combinatorics, PDEs, signal processing, func-
tional calculus, etc.). In this paper we consider Fourier multipliers in
Rd of the form

(1.1) eiµ(D)f(x) :=

∫
Rd
e2πixξeiµ(ξ)f̂(ξ) dξ

for some real-valued phase µ.
The prototype is given by the phase µ(ξ) = |ξ|2. In that case the

operator eiµ(D) is the propagator for the free Schrödinger equation, and
similarly for other constant coefficient equations. Hence it is of great
interest to study the continuity of such operators on several functions
spaces arising in PDEs. Whereas such operators represent unitary
transformations of L2(Rd), their continuity on Lp(Rd) for p 6= 2 in
general fails. Hence recently a number of works addressed the problem
of the continuity in other function spaces. Among those, the more
convenient spaces, at least in the case of the Schrödinger model, turned
out to be the modulation spaces Mp,q(Rd), 1 ≤ p, q ≤ ∞, widely
used in Time-frequency Analysis [16, 19]. The basic reason is that the
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Schrödinger propagator is sparse with respect to Gabor frames [10],
which in turn give a discrete characterization of the modulation space
norms. For p = q = 2 we have M2,2(Rd) = L2(Rd) and, in general,
the modulation space norm gives a measure of the size of a function or
temperate distribution in phase space or time-frequency plane, exactly
as the Lebesgue space norms Lp provide a measure of the size of a
function in the physical space. The couple of indices p, q allows one to
measure the decay both in the time and frequency domain, separately.
We refer to the next section for the definition and basic properties of
modulation spaces.

It is known (see e.g. [27, Proposition 1.5] and [1]) that the Schrödinger
propagator (hence µ(ξ) = |ξ|2 in (1.1)) is boundedMp,q(Rd)→Mp,q(Rd),
for every 1 ≤ p, q ≤ ∞. This result motivated the study of the con-
tinuity of more general unimodular Fourier multipliers on modulation
spaces. The recent bibliography in this connection is quite large; see
e.g. [1, 2, 4, 5, 7, 9, 13, 14, 20, 21, 22, 23, 30, 31, 32]. In short, it turns
out that, for unbounded (smooth enough) phases, the properties which
play a key role are:

Growth and oscillations of the second derivatives ∂γµ, |γ| = 2.

To put our results in context, let us just recall three basic facts.

(a) No growth, mild oscillations [1, Theorem 11]. Suppose that

|∂γµ(ξ)| ≤ C for ξ ∈ Rd, 2 ≤ |γ| ≤ 2(bd/2c+ 1).

Then eiµ(D) : Mp,q(Rd) → Mp,q(Rd) is bounded for every 1 ≤
p, q ≤ ∞.

This result generalizes the case of the Schrödinger propagator, where
the second derivatives of µ are in fact constants.

(b) No growth, mild oscillations [7, Lemma 2.2]. Suppose that

∂γµ ∈M∞,1(Rd) for |γ| = 2.

Then eiµ(D) : Mp,q(Rd) → Mp,q(Rd) is bounded for every 1 ≤
p, q ≤ ∞.

Actually, [7, Lemma 2.2] provides a partial but key result in this con-
nection, from which it is easy to deduce that the symbol σ(ξ) = eiµ(ξ) is
then in the Wiener amalgam space W (FL1, L∞) (see below for the def-
inition), which is sufficient to conclude (see also [3, 6, 26]). The result
in (b) is also a particular case of [12, Theorem 2.3] where Schrödinger
equations with rough Hamiltonians were considered.

Observe that the result in (b) improves that in (a), because of the
embedding Cd+1(Rd) ↪→ M∞,1(Rd) ([19, Theorem 14.5.3]). We also
notice that M∞,1(Rd) ⊂ L∞(Rd), so that here the second derivatives
of µ do not grow at infinity, but they could oscillate, say, as cos |ξ|α,
with 0 < α ≤ 1 (cf. [1, Corollary 15]).
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(c) Growth at infinity, mild oscillations [22, Theorem 1.1]. Let α ≥
2, and suppose that

|∂γµ(ξ)| ≤ C〈ξ〉α−2 for 2 ≤ |γ| ≤ bd/2c+ 3.

Then eiµ(D) : Mp,q
δ (Rd) → Mp,q(Rd) is bounded for every 1 ≤

p, q ≤ ∞ and δ ≥ d(α− 2)|1/p− 1/2|.
Here Mp,q

δ is a modulation space weighted in frequency, so that we have
in fact a loss of derivatives, which is proved to be sharp.

It was proved in [1, Lemma 8] that, more generally, the operator
eiµ(D) is bounded on all Mp,q(Rd) for every 1 ≤ p, q ≤ ∞ if its sym-
bol eiµ(ξ) belongs to the Wiener amalgam space W (FL1, L∞)(Rd) [15],
whose norm is defined as

‖f‖W (FL1,L∞) = sup
x∈Rd
‖g(· − x)f‖FL1

where g ∈ S(Rd) \ {0} is an arbitrary window. This suggests to look
at conditions on µ(ξ) in terms of this space, rather than modulation
spaces. Here is our first result in this direction.

Theorem 1.1. (No growth, strong oscillations). Let µ ∈ C2(Rd), real-
valued, satisfying

∂γµ(ξ) ∈ W (FL1, L∞)(Rd) for |γ| = 2.

Then

eiµ(D) : Mp,q(Rd)→Mp,q(Rd)

is bounded for every 1 ≤ p, q ≤ ∞.

Observe that M∞,1(Rd) ⊂ W (FL1, L∞)(Rd) ⊂ L∞(Rd) so that this
result improves that in (b) above. Here the second derivatives of µ are
still bounded, but they are allowed to oscillate, say, as cos |ξ|2 (cf. [1,
Theorem 14]). This result is strongly inspired by [7, Lemma 2.2] and in
fact the proof is similar. However, our main result deals with the case
of possibly unbounded second derivatives, as stated in the following
theorem.

Theorem 1.2. (Growth at infinity, strong oscillations). Let α ≥ 2.
Let µ ∈ C2(Rd), real-valued and such that

〈ξ〉2−α∂γµ(ξ) ∈ W (FL1, L∞)(Rd) for |γ| = 2.

Then

eiµ(D) : Mp,q
δ (Rd)→Mp,q(Rd)

is bounded for every 1 ≤ p, q ≤ ∞ and

(1.2) δ ≥ d(α− 2)

∣∣∣∣1p − 1

2

∣∣∣∣ .
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The above threshold for δ agrees with that in (c), and also with
the examples in [1, Theorem 16], where even stronger oscillations were
considered, but only for model cases.

Theorem 1.1 is of course a particular case of Theorem 1.2 and will
be used as a step in the proof of the latter.

There are a number of easy extensions that could be considered.
For example, the conclusion of Theorem 1.1 still holds for a phase
of the type µ(ξ) = µ1(ξ) + µ2(ξ), where µ1 satisfies the assumption
in that theorem and µ2 ∈ W (FL1, L∞)(Rd). Hence one could allow
phases that in a compact set do not have any derivatives but only FL1

regularity, such as a positively homogeneous function of order r > 0.
We leave these easy developments to the interested reader.

In short the paper is organized as follows. In Section 2 we collected
a number of definitions and auxiliary results. Section 3 is devoted to
the proof of Theorem 1.1, whereas in Section 4 we prove Theorem 1.2.

Notation. We define |x|2 = x · x, for x ∈ Rd, where x · y = xy is
the scalar product on Rd. We set BR(x0) for the open ball in Rd of
centre x0 and radius R. The space of smooth functions with compact
support is denoted by C∞0 (Rd), the Schwartz class is S(Rd), the space
of tempered distributions S ′(Rd). The Fourier transform is normalized

to be f̂(ξ) = Ff(ξ) =
∫
f(t)e−2πitξdt. Translation and modulation

operators are defined, respectively, by

Txf(t) = f(t− x) and Mξf(t) = e2πiξtf(t).

We have the formulas (Txf )̂ = M−xf̂ , (Mξf )̂ = Tξf̂ , and MξTx =
e2πixξTxMξ. The inner product of two functions f, g ∈ L2(Rd) is

〈f, g〉 =
∫
Rd f(t)g(t) dt, and its extension to S ′(Rd)×S(Rd) will be also

denoted by 〈·, ·〉. The notation A . B means A ≤ cB for a suitable
constant c > 0 depending only on the dimension d and Lebesgue ex-
ponents p, q, . . . , arising in the context, whereas A � B means A . B,
and B . A. The notation B1 ↪→ B2 denotes the continuous embedding
of the space B1 into B2.

2. Preliminary results

In this section we recall the definition and some properties of mod-
ulation and Wiener amalgam spaces, which will be used later on. We
refer to [16, 17, 19, 28] for the general theory.

We consider the functions 〈ξ〉s := (1+ |ξ|2)s/2, s ∈ R, as weight func-
tions. Then, weighted modulation spaces are defined in terms of the
following time-frequency representation: the short-time Fourier trans-
form (STFT) Vgf of a function/tempered distribution f ∈ S ′(Rd) with
respect to the window g ∈ S(Rd) \ {0} is defined by

(2.1) Vgf(x, ξ) = 〈f,MξTxg〉 =

∫
Rd
e−2πiξyf(y)g(y − x) dy,
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i.e. the Fourier transform of fTxg.
Given a window g ∈ S(Rd) \ {0}, 1 ≤ p, q ≤ ∞ and δ ∈ R, the

modulation space Mp,q
δ (Rd), consists of all tempered distributions f ∈

S ′(Rd) such that Vgf ∈ Lp,q
1⊗〈·〉δ(R

2d) (weighted mixed-norm Lebesgue

space). The norm on Mp,q
δ is therefore defined as

‖f‖Mp,q
δ

= ‖Vgf‖Lp,q
1⊗〈·〉δ

=

(∫
Rd

(∫
Rd
|Vgf(x, ξ)|p〈ξ〉δp dx

)q/p
dξ

)1/p

(with obvious changes when p = ∞ or q = ∞). If p = q, we write
Mp

δ instead of Mp,p
δ , and if δ = 0 we write Mp,q and Mp for Mp,q

0

and Mp,p
0 , respectively. Then Mp,q

δ (Rd) is a Banach space and different
windows g ∈ S(Rd) \ {0} give equivalent norms. For the properties of
these spaces we refer to the literature quoted at the beginning of this
subsection.

For 1 ≤ p, q ≤ ∞ the Wiener amalgam space W (FLp, Lq)(Rd) con-
sists of the temperate distributions f ∈ S ′(Rd) such that

‖f‖W (FLp,Lq) =
(∫

Rd
‖g(· − x)f‖qFLp dx

)1/q
<∞,

where g ∈ S(Rd) \ {0} is an arbitrary window (with obvious changes
if q =∞). It is easy to show that the Fourier transform establishes an
isomorphism

F : Mp,q(Rd)→ W (FLp, Lq)(Rd).

The duality theory goes as expected, namely (Mp,q
δ )∗ = Mp′,q′

−δ , with
1 ≤ p, q <∞, p′, q′ being the conjugate exponents.

Here is the basic complex interpolation result (see e.g. [15, 16, 17]
and [29, Theorem 2.3] for a direct proof).

Proposition 2.1. Let 0 < θ < 1, pj, qj ∈ [1,∞] and δj ∈ R, j = 1, 2.
Set

1

p
=

1− θ
p1

+
θ

p2
,

1

q
=

1− θ
q1

+
θ

q2
, δ = (1− θ)δ1 + θδ2.

Then

(Mp1,q1
δ1

(Rd),Mp2,q2
δ2

(Rd))[θ] = Mp,q
δ (Rd).

We now recall the dilation properties. For (1/p, 1/q) ∈ [0, 1]× [0, 1],
we define the subsets

I1 : max(1/p, 1/p′) ≤ 1/q, I∗1 : min(1/p, 1/p′) ≥ 1/q,

I2 : max(1/q, 1/2) ≤ 1/p′, I∗2 : min(1/q, 1/2) ≥ 1/p′,

I3 : max(1/q, 1/2) ≤ 1/p, I∗3 : min(1/q, 1/2) ≥ 1/p,

as shown in Figure 1 below.
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Fig. 1. The index sets.

and

µ2(p, q) =

⎧
⎨

⎩

−1/p if (1/p,1/q) ∈ I1,

1/q − 1 if (1/p,1/q) ∈ I2,

−2/p + 1/q if (1/p,1/q) ∈ I3.

The above mentioned result by [35, Theorem 3.1] reads as follows:

Theorem 3.3. Let 1 ! p,q ! ∞, and A = λI , λ ̸= 0 .
(i) We have

∥fA∥Mp,q " |λ|dµ1(p,q)∥f ∥Mp,q , ∀|λ| # 1, ∀f ∈ Mp,q
(
Rd

)
.

Conversely, if there exists α ∈ R such that

∥fA∥Mp,q " |λ|α∥f ∥Mp,q , ∀|λ| # 1, ∀f ∈ Mp,q
(
Rd

)
,

then α # dµ1(p, q).
(ii) We have

∥fA∥Mp,q " |λ|dµ2(p,q)∥f ∥Mp,q , ∀0 < |λ| ! 1, ∀f ∈ Mp,q
(
Rd

)
.

Conversely, if there exists β ∈ R such that

∥fA∥Mp,q " |λ|β∥f ∥Mp,q , ∀0 < |λ| ! 1, ∀f ∈ Mp,q
(
Rd

)
,

then β ! dµ2(p, q).

Here is our extension.

Theorem 3.4. Let 1 ! p,q ! ∞. There exists a constant C > 0 such that, for every symmetric
matrix A ∈ GL(d,R), with eigenvalues λ1, . . . ,λd , we have

∥fA∥Mp,q ! C

d∏

j=1

(
max

{
1, |λj |

})µ1(p,q)(min
{
1, |λj |

})µ2(p,q)∥f ∥Mp,q , (22)

for every f ∈ Mp,q(Rd).

Figure 1. The index sets

We introduce the indices:

(2.2) µ1(p, q) =


−1/p if (1/p, 1/q) ∈ I∗1 ,
1/q − 1 if (1/p, 1/q) ∈ I∗2 ,
−2/p+ 1/q if (1/p, 1/q) ∈ I∗3 ,

and

(2.3) µ2(p, q) =


−1/p if (1/p, 1/q) ∈ I1,
1/q − 1 if (1/p, 1/q) ∈ I2,
−2/p+ 1/q if (1/p, 1/q) ∈ I3.

Here is the main result about the behaviour of the dilation operator in
modulation spaces. Set Uλf(x) := f(λx), λ 6= 0.

Theorem 2.2. [25, Theorem 3.1] Let 1 ≤ p, q ≤ ∞, and λ 6= 0.

(i) We have

‖Uλf‖Mp,q . |λ|dµ1(p,q)‖f‖Mp,q , ∀ |λ| ≥ 1, ∀f ∈Mp,q(Rd).

Conversely, if there exists α ∈ R such that

‖Uλf‖Mp,q . |λ|α‖f‖Mp,q , ∀ |λ| ≥ 1, ∀f ∈Mp,q(Rd),

then α ≥ dµ1(p, q).

(ii) We have

‖Uλf‖Mp,q . |λ|dµ2(p,q)‖f‖Mp,q , ∀ 0 < |λ| ≤ 1, ∀f ∈Mp,q(Rd).

Conversely, if there exists β ∈ R such that

‖Uλf‖Mp,q . |λ|β‖f‖Mp,q , ∀ 0 < |λ| ≤ 1, ∀f ∈Mp,q(Rd),

then β ≤ dµ2(p, q).

By a conjugation with the Fourier transform one deduces the follow-
ing dilation property for Wiener amalgam spaces.
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Corollary 2.3. [8, Corollary 3.2] With the above notation,

‖Uλf‖W (FL1,L∞) . ‖f‖W (FL1,L∞) ∀ 0 < |λ| ≤ 1,∀f ∈ W (FL1, L∞)(Rd).

The following proposition can be deduced, via Fourier transform,
from the convolution properties of modulation spaces.

Proposition 2.4. [8, Proposition 2.5] For every 1 ≤ p, q ≤ ∞ we have

‖fu‖W (FLp,Lq) . ‖f‖W (FL1,L∞)‖u‖W (FLp,Lq).

We conclude this preliminary section with a known result (see e.g.
[1, Lemma 8]), which we recall together with a shorter proof for the
benefit of the reader.

Lemma 2.5. Let σ ∈ W (FL1, L∞). Then,

σ(D) : Mp,q →Mp,q

is bounded, for every 1 ≤ p, q ≤ ∞.

Proof. We can write σ(D) = F−1 ◦ Aσ ◦ F , where Aσf(ξ) = σ(ξ)f(ξ).
Using Proposition 2.4 we have

‖Aσf‖W (FLp,Lq) = ‖σf‖W (FLp,Lq)

. ‖σ‖W (FL1,L∞)‖f‖W (FLp,Lq),

so that Aσ : W (FLp, Lq) → W (FLp, Lq) is bounded, for every 1 ≤
p, q ≤ ∞. Hence, since the Fourier transform establishes an isomor-
phism F : Mp,q → W (FLp, Lq), we see that σ(D) : Mp,q → Mp,q is
bounded too. �

3. No growth, strong oscillations

This section is devoted to the proof of Theorem 1.1. We begin with
a preliminary result which is strongly inspired by [7, Lemmas 2.1 and
2.2], where a similar investigation is carried on in the framework of
modulation spaces (as opposite to the Wiener amalgam spaces consid-
ered here).

Lemma 3.1. Let f ∈ W (FL1, L∞)(Rd) and χ ∈ C∞0 (B), where B is
an open ball with center at the origin. Let

gx0(x) = χ(x− x0)
∫ 1

0

(1− t)f(t(x− x0) + x0) dt,

for some x0 ∈ Rd.
Then gx0 ∈ W (FL1, L∞)(Rd), and for some constant C independent

of x0 and f we have

‖gx0‖W (FL1,L∞) ≤ C‖f‖W (FL1,L∞).
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Proof. Using Proposition 2.4 and Corollary 2.3 we have

‖gx0(x)‖W (FL1,L∞) =

∥∥∥∥χ(x− x0)
∫ 1

0

(1− t)f(t(x− x0) + x0)dt

∥∥∥∥
W (FL1,L∞)

. ‖χ(x− x0)‖W (FL1,L∞)

∥∥∥∥∫ 1

0

(1− t)f(tx+ (1− t)x0)dt
∥∥∥∥
W (FL1,L∞)

≤ ‖χ(x− x0)‖W (FL1,L∞)

∫ 1

0

(1− t) ‖f(tx+ (1− t)x0)‖W (FL1,L∞) dt

= ‖χ‖W (FL1,L∞)

∫ 1

0

(1− t) ‖f(tx)‖W (FL1,L∞) dt

. ‖χ‖W (FL1,L∞)

∫ 1

0

(1− t) ‖f‖W (FL1,L∞) dt

. ‖f‖W (FL1,L∞) .

�
Lemma 3.2. Assume that B ⊂ Rn is an open ball, µ ∈ C2(Rd) is
real-valued and satisfies ∂γµ ∈ W (FL1, L∞)(Rd) for all multi-indices
γ with |γ| = 2 and that f ∈M1(Rd)∩E ′(B). Then feiµ ∈M1(Rd) and
for some constant C which only depends on d and the radius of the ball
B we have

‖feiµ‖M1 ≤ C‖f‖M1 exp
(
C
∑
|γ|=2

‖∂γµ‖W (FL1,L∞)

)
.

Proof. We may assume that B is the unit ball which is centered at the
origin. By Taylor expansion it follows that µ = ψ1 + ψ2, where

ψ1(x) = µ(0) + 〈∇µ(0), x〉, ψ2(x) =
∑
|γ|=2

2

γ!

∫ 1

0

(1− t)∂γµ(tx)dt xγ.

Since modulations do not affect the modulation space norms we have
‖feiψ1‖M1 = ‖f‖M1 . Furthermore, if χ ∈ C∞0 (Rd) satisfies χ(x) = 1 on
B, then it follows from the previous Lemma that, for some constant
C1 > 0,

‖χψ2‖W (FL1,L∞) ≤ C1

∑
|γ|=2

‖∂γµ‖W (FL1,L∞).

Hence, by Proposition 2.4, for some C2 ≥ 1 we have

‖eiχψ2‖W (FL1,L∞) =

∥∥∥∥∥
∞∑
n=0

(χψ2)
n

n!

∥∥∥∥∥
W (FL1,L∞)

≤
∞∑
n=0

Cn−1
2

n!
‖χψ2‖nW (FL1,L∞)

≤ exp
(
C2‖χψ2‖W (FL1,L∞)

)
≤ exp

(
C1C2

∑
|γ|=2

‖∂γµ‖W (FL1,L∞)

)
.
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Using M1 = W (FL1, L∞) and Proposition 2.4 again, this gives

‖feiµ‖M1 = ‖feiψ1eiχψ2‖M1 . ‖feiψ1‖M1‖eiχψ2‖W (FL1,L∞)

≤ C‖f‖M1 exp
(
C
∑
|γ|=2

‖∂γµ‖W (FL1,L∞)

)
.

�
Proof of Theorem 1.1. Let us first show that eiµ(x) ∈ W (FL1, L∞). We
know that there exists χ ∈ C∞0 (Rd) (cf. [15, 16]) such that

‖eiµ(x)‖W (FL1,L∞) = sup
k∈Zd
{‖χ(x−k)eiµ(x)‖FL1} � sup

k∈Zd
{‖χ(x−k)eiµ(x)‖M1}

where the last equivalence follows from that fact the for functions sup-
ported in a ball the FL1 and M1 norms are equivalent, with constants
depending only on the radius of the ball.

Hence, using Lemma 3.2 we can continue our estimate as

≤ sup
k∈Zd

{
C‖χ(x− k)‖M1 exp

(
C
∑
|γ|=2

‖∂γµ‖W (FL1,L∞)

)}
= C‖χ‖M1 exp

(
C
∑
|γ|=2

‖∂γµ‖W (FL1,L∞)

)
.

Hence eiµ(x) ∈ W (FL1, L∞) and by Lemma 2.5 we deduce that
eiµ(D) : Mp,q →Mp,q is bounded, for every 1 ≤ p, q ≤ ∞. �

4. Growth at infinity, strong oscillations

In this section we are going to prove Theorem 1.2.
We begin with the following preliminary result.

Lemma 4.1. Let µ(ξ) be a real-valued C2 function, satisfying

(4.1) 〈ξ〉2−α∂γµ ∈ W (FL1, L∞)(Rd) for |γ| = 2.

Then

(i) 〈ξ〉−αµ ∈ W (FL1, L∞)(Rd),

(ii) 〈ξ〉1−α∂γµ ∈ W (FL1, L∞)(Rd) for |γ| = 1.

Proof. To prove (i), consider a Taylor expansion

µ(ξ) = µ(0) + 〈∇µ(0), ξ〉+
∑
|γ|=2

2

γ!

∫ 1

0

(1− t)∂γµ(tξ)dt ξγ.

Hence

(4.2) 〈ξ〉−αµ(ξ) = µ(0)〈ξ〉−α + 〈∇µ(0), ξ〉〈ξ〉−α

+
∑
|γ|=2

2

γ!

∫ 1

0

(1− t)∂γµ(tξ)dt ξγ〈ξ〉−α
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where

µ(0)〈ξ〉−α ∈ W (FL1, L∞)(Rd), 〈∇µ(0), ξ〉〈ξ〉−α ∈ W (FL1, L∞)(Rd),

because α ≥ 2. Here we used that fact that the functions 〈ξ〉−α
and ξj〈ξ〉−α are bounded together their derivatives of every order, so
that they belong to M∞,1(Rd) ([19, Theorem 14.5.3]) and hence to
W (FL1, L∞)(Rd) as well.

Let us show that the last summation in (4.2) belongs toW (FL1, L∞)(Rd)
too. We have∥∥∥∥∫ 1

0

(1− t)∂γµ(tξ)dtξγ〈ξ〉−α
∥∥∥∥
W (FL1,L∞)

=

∥∥∥∥∫ 1

0

(1− t)∂γµ(tξ)〈tξ〉2−α〈tξ〉−2+αdt ξγ〈ξ〉−α
∥∥∥∥
W (FL1,L∞)

.
∥∥∥∥∫ 1

0

(1− t)〈t〉−2+α∂γµ(tξ)〈tξ〉2−αdt ξγ〈ξ〉−α〈ξ〉−2+α
∥∥∥∥
W (FL1,L∞)

.

Using Proposition 2.4 and Corollary 2.3 we can continue the above
estimate as

.
∫ 1

0

(1− t)〈t〉−2+α
∥∥∂γµ(tξ)〈tξ〉2−α

∥∥
W (FL1,L∞)

dt
∥∥ξγ〈ξ〉−2∥∥

W (FL1,L∞)

.
∫ 1

0

(1− t)〈t〉−2+αdt
∥∥∂γµ(ξ)〈ξ〉2−α

∥∥
W (FL1,L∞)

∥∥ξγ〈ξ〉−2∥∥
W (FL1,L∞)

.
∥∥∂γµ(ξ)〈ξ〉2−α

∥∥
W (FL1,L∞)

∥∥ξγ〈ξ〉−2∥∥
W (FL1,L∞)

.

This concludes the proof of (i) because, arguing as above, we have
ξγ〈ξ〉−2 ∈M∞,1 ⊂ W (FL1, L∞), whereas ∂γµ(ξ)〈ξ〉2−α ∈ W (FL1, L∞)
by assumption.

To prove (ii), consider the Taylor expansion of ∂γµ, for |γ| = 1

∂γµ(ξ) = ∂γµ(0) +
∑
|β|=1

∫ 1

0

∂γ+βµ(tξ)dt ξβ,

so that

〈ξ〉1−α∂γµ(ξ) = ∂γµ(0)〈ξ〉1−α +
∑
|β|=1

∫ 1

0

∂γ+βµ(tξ)dt ξβ〈ξ〉1−α.
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Now ∂γµ(0)〈ξ〉1−α ∈ W (FL1, L∞), because α ≥ 2, and arguing as
above ∥∥∥∥∫ 1

0

∂γ+βµ(tξ)dt ξβ〈ξ〉1−α
∥∥∥∥
W (FL1,L∞)

=

∥∥∥∥∫ 1

0

∂γ+βµ(tξ)〈tξ〉2−α〈tξ〉−2+αdt ξβ〈ξ〉1−α
∥∥∥∥
W (FL1,L∞)

.
∥∥∂γ+βµ(ξ)〈ξ〉2−α

∥∥
W (FL1,L∞)

∥∥ξβ〈ξ〉−1∥∥
W (FL1,L∞)

,

where ξβ〈ξ〉−1 ∈ M∞,1(Rd) ⊂ W (FL1, L∞)(Rd) because |β| = 1, and
moreover ∂γ+βµ(ξ)〈ξ〉2−α ∈ W (FL1, L∞)(Rd) by assumption, because
γ + β = 2. �

We observe that, by complex interpolation of weighted modulation
spaces, namely Proposition 2.1, it suffices to prove the conclusion of
Theorem 1.2 when (p, q) is one of the four vertices of the interpolation
square, (1, 1), (1,∞), (∞, 1), (∞,∞), with δ = d(α − 2)/2, as well as
for the points (2, 1), (2,∞) with δ = 0. To this end, we reduce matters
to the case of unweighted modulation spaces by means of the following
easy lemma.

Lemma 4.2. A multiplier σ(D) is bounded from Mp,q
δ (Rd) to Mp,q(Rd)

if and only if the multiplier σ(D)〈D〉−δ is bounded on Mp,q(Rd).

Proof. We know e.g. from [27, Theorem 2.2, Corollary 2.3] that 〈D〉t
defines an isomorphism Mp,q

s (Rd) → Mp,q
s−t(Rd) for every s, t ∈ R, so

that the conclusion is immediate. �
Therefore we may work with the operator

Tf(x) =

∫
Rd
e2πixξeiµ(ξ)〈ξ〉−δf̂(ξ)dξ.

We have to prove that T is bounded on M1,1, M1,∞, M∞,1, M∞,∞ for

δ = d(α−2)
2

, and on M2,1 and M2,∞ for δ = 0.

Boundedness on M1,1 and M∞,1 for δ = d(α−2)
2

. We will need the
following lemma (cf. [11, 25]).

Lemma 4.3. Let χ be a smooth function supported where B−10 ≤ |ξ| ≤
B0 for some B0 > 0. Then, for 1 ≤ p ≤ ∞,

∞∑
j=1

‖χ(2−jD)f‖Mp,1 ≤ C‖f‖Mp,1 .

Proof. We will use the following characterization of the Mp,q norm [28]:
let ϕ ∈ C∞0 (Rd) such that ϕ(ξ) ≥ 0,

∑
m∈Zd ϕ(ξ − m) = 1, ∀ξ ∈ Rd.

Then

‖f‖Mp,q �
( ∑
m∈Zd

‖ϕ(D −m)f‖qLp
)1/q

.
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Hence it turns out
∞∑
j=1

‖χ(2−jD)f‖Mp,1 �
∞∑
j=1

∑
m∈Zd

‖ϕ(D −m)χ(2−jD)f‖Lp

=
∑
m∈Zd

∞∑
j=1

‖χ(2−jD)ϕ(D −m)f‖Lp .

Now, the number of indices j ≥ 1 for which suppχ(2−j·) ∩ suppϕ(· −
m) 6= 0 is finite for every m, and even uniformly bounded with respect
to m. Hence the last expression is

.
∑
m∈Zd

sup
j≥1
‖χ(2−jD)ϕ(D −m)f‖Lp .

Since the operators χ(2−jD) are uniformly bounded on Lp we can con-
tinue the estimate as

.
∑
m∈Zd

‖ϕ(D −m)f‖Lp � ‖f‖Mp,1 .

�

Consider now a Littlewood-Paley decomposition of the frequency
domain. Namely, fix a smooth function ψ0 such that ψ0(ξ) = 1 for
|ξ| ≤ 1 and ψ0(ξ) = 0 for |ξ| ≥ 2. Set ψ(ξ) = ψ0(ξ) − ψ0(2ξ). Then
ψj(ξ) := ψ(2−jξ) for j ≥ 1 is supported where 2j−1 ≤ |ξ| ≤ 2j+1. We
can write

(4.3) T = T (0) +
∞∑
j=1

T (j)

where T (j) is the Fourier multiplier with symbol σj(ξ) := eiµ(ξ)ψj(ξ)〈ξ〉−δ,
j ≥ 0.

Now, T (0) is bounded on Mp,q for every 1 ≤ p, q ≤ ∞ as a conse-
quence of Lemma 2.5, because σ0 ∈ M1 ⊂ W (FL1, L∞) by Lemma
3.2.

Consider now the above sum over j ≥ 1.
Let

λj = 2−
α−2
2
j,

and consider the operators T̃ (j) defined by

(4.4) T (j) = Uλj T̃
(j)Uλ−1

j
,

where Uλf(x) = f(λx), λ > 0, is the dilation operator. In other terms,

T̃ (j)f(x) =

∫
Rd
e2πixξeiµ(λjξ)ψj(λjξ)〈λjξ〉−δf̂(ξ)dξ.
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Let χj(χ) := χ(2−jξ) with χ ∈ C∞0 (Rd) supported where 1
4
≤ |ξ| ≤ 4

and χ(ξ) = 1 on the support of ψ, so that χj(ξ) = 1 on the support of
ψj. We can therefore write

T̃ (j)f(x) =

∫
Rd
e2πixξeiχj(λjξ)µ(λjξ)ψj(λjξ)〈λjξ〉−δf̂(ξ)dξ,

hence

(4.5) T̃ (j) = AjBj,

where
Aj = ei(χjµ)(λjD), Bj = ψj(λjD)〈λjD〉−δ.

Taking into account that on the support of ψj(λjξ) we have λj|ξ| � 2j

and δ = d(α− 2)/2, the following estimate is easily verified:

|∂γ(ψj(λjξ)〈λjξ〉−δ)| . 2−
d(α−2)

2
j, ∀γ ∈ Zd+.

Then, by the classical boundedness results of pseudodifferential op-
erators on modulation spaces (see e.g. [19, Theorems 14.5.2, 14.5.2])
we have

(4.6) ‖Bj‖Mp,q→Mp,q . 2−
d(α−2)

2
j,

for every 1 ≤ p, q ≤ ∞.
Let us now prove that

(4.7) ‖Aj‖Mp,q→Mp,q . 1,

for all j ≥ 1 and for every 1 ≤ p, q ≤ ∞.
Using Theorem 1.1 it is sufficient to check that

‖∂γ[χj(λjξ)µ(λjξ)]‖W (FL1,L∞) . 1,

for |γ| = 2 and all j ≥ 1 (we are in fact using the fact that the operator
norm of the multiplier in Theorem 1.1 is bounded when ∂γµ, |γ| = 2,
belong to a bounded subset of W (FL1, L∞)).

For |γ| = 2, we have

∂γ[χj(λjξ)µ(λjξ)] = λ2j∂
γ[χjµ](λjξ),

and by Leibniz’ formula it is enough to prove that

λ2j‖(∂γχj)µ‖W (FL1,L∞) . 1 |γ| = 2(4.8)

λ2j‖∂γχj∂βµ‖W (FL1,L∞) . 1 |γ| = |β| = 1(4.9)

λ2j‖χj∂γµ‖W (FL1,L∞) . 1 |γ| = 2.(4.10)

First, let us prove (4.8). Using Lemma 4.1 (i), Proposition 2.4 and the
embeddings Cd+1(Rd) ↪→ M∞,1(Rd) ↪→ W (FL1, L∞)(Rd) ([19, Theo-
rem 14.5.3]) we can estimate

λ2j‖(∂γχj)µ‖W (FL1,L∞) . λ2j‖〈ξ〉−αµ‖W (FL1,L∞)‖〈ξ〉α∂γχj‖W (FL1,L∞)

. λ2j
∑
β≤d+1

‖∂β[〈ξ〉α∂γχj]‖L∞ .
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On the other hand,

|∂β[〈ξ〉α∂γχj(ξ)]| =

∣∣∣∣∣∑
ν≤β

(
β

ν

)
∂ν〈ξ〉α∂γ+β−νχj(ξ)

∣∣∣∣∣
.
∑
ν≤β

(
β

ν

)
〈ξ〉α−|ν|2−j|γ+β−ν|

∣∣(∂γ+β−νχ)(2−jξ)
∣∣

.
∑
ν≤β

(
β

ν

)
2(α−|ν|)j2−2j . 2j(α−2),

because on the support of χj, |ξ| � 2j and |γ + β − ν| ≥ 2. Thus

λ2j‖(∂γχj)µ‖W (FL1,L∞) . λ2j2
j(α−2) = 1.

Now, let us prove (4.9), using Lemma 4.1 (ii) and arguing as above
we write

λ2j‖∂γχj∂βµ‖W (FL1,L∞) . λ2j‖〈ξ〉1−α∂βµ‖W (FL1,L∞)‖〈ξ〉α−1∂γχj‖W (FL1,L∞)

. λ2j
∑
β≤d+1

‖∂β[〈ξ〉α−1∂γχj]‖L∞ .

On the other hand,

|∂β[〈ξ〉α−1∂γχj(ξ)]| .
∑
ν≤β

(
β

ν

)
〈ξ〉α−1−|ν|2−j|γ+β−ν|

∣∣(∂γ+β−νχ)(2−jξ)
∣∣

.
∑
ν≤β

(
β

ν

)
2(α−1−|ν|)j2−j . 2j(α−2),

because now |γ + β − ν| ≥ 1. Thus

λ2j‖∂γχj∂βµ‖W (FL1,L∞) . λ2j2
j(α−2) = 1.

Finally, let’s us prove (4.10), using the hypothesis 〈ξ〉2−α∂γµ(ξ) ∈
W (FL1, L∞)(Rd), |γ| = 2, we have

λ2j‖χj∂γµ‖W (FL1,L∞) . λ2j‖〈ξ〉2−α∂γµ‖W (FL1,L∞)‖〈ξ〉α−2χj‖W (FL1,L∞)

. λ2j
∑
β≤d+1

‖∂β[〈ξ〉α−2χj]‖L∞ .

Moreover, arguing as above

|∂β[〈ξ〉α−2χj(ξ)]| .
∑
ν≤β

(
β

ν

)
〈ξ〉α−2−|ν|2−j|β−ν|

∣∣(∂β−νχ)(2−jξ)
∣∣

.
∑
ν≤β

(
β

ν

)
2(α−2−|ν|)j20 . 2j(α−2).

Thus

λ2j‖χj∂γµ‖W (FL1,L∞) . λ2j2
j(α−2) = 1.
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Hence, by (4.5), (4.6) and (4.7) we have

(4.11) ‖T̃ (j)f‖Mp,q = ‖AjBjf‖Mp,q . 2−
d(α−2)

2
j‖f‖Mp,q ,

for every 1 ≤ p, q ≤ ∞.

We now combine this estimate with those for the dilation operator,
given in Theorem 2.2. For p = 1,∞ and q = 1 they read

‖Uλjf‖M1,1 . 2
d(α−2)

2
j‖f‖M1,1 ,

‖Uλjf‖M∞,1 . ‖f‖M∞,1 ,
and

‖Uλ−1
j
f‖M1,1 . ‖f‖M1,1 ,

‖Uλ−1
j
f‖M∞,1 . 2

d(α−2)
2

j‖f‖M∞,1 .

Therefore we obtain, for p = 1,∞,

‖T (j)f‖Mp,1 . 2−
d(α−2)

2
j2

d(α−2)
2

j‖f‖Mp,1 = ‖f‖Mp,1 .

Finally, to sum over j ≥ 1 these last estimates we take advantage
of the fact we are working with functions which are localized in shells
of the frequency domain. Precisely, let χ as before, namely a smooth
function satisfying χ(ξ) = 1 for 1/2 ≤ |ξ| ≤ 2 and χ(ξ) = 0 for
|ξ| ≤ 1/4 and |ξ| ≥ 4 (so that χψ = ψ). With χj(ξ) = χ(2−jξ) and
p = 1,∞ we have

‖T (j)f‖Mp,1 = ‖T (j)(χ(2−jD)f)‖Mp,1 . ‖χ(2−jD)f‖Mp,1 ,

so that Lemma 4.3 gives us∥∥∥∥∥∑
j≥1

T (j)f

∥∥∥∥∥
Mp,1

≤
∑
j≥1

‖T (j)f‖Mp,1 . ‖f‖Mp,1 .

Boundedness on M1,∞ and M∞,∞ for δ = d(α−2)
2

. We first establish

the following lemma (cf. [26, Proposition 1.4] and [11, 25]).

Lemma 4.4. For k ≥ 0, let fk ∈ S(Rd) satisfy supp f̂0 ⊂ B2(0) and

supp f̂k ⊂ {ξ ∈ Rd : 2k−1 ≤ |ξ| ≤ 2k+1}, k ≥ 1.

Then, if the sequence fk is bounded in Mp,∞(Rd) for some 1 ≤ p ≤ ∞,
the series

∑∞
k=0 fk converges in Mp,∞(Rd) and

(4.12)

∥∥∥∥∥
∞∑
k=0

fk

∥∥∥∥∥
Mp,∞

. sup
k≥0
‖fk‖Mp,∞ .
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Proof. The convergence of the series
∑∞

k=0 fk in Mp,∞(Rd) is straight-
forward. We now prove the desired estimate.

Choose a window function g with supp ĝ ⊂ B1/2(0). We can write

Vg(fk)(x, ξ) = (f̂k ∗M−xĝ)(ξ).

Hence, suppVg(f0) ⊂ B5/2(0) ⊂ B22(0), and

suppVg(fk) ⊂ {(x, ξ) ∈ R2d : 2k−1 − 2−1 ≤ |ξ| ≤ 2k+1 + 2−1}
⊂ {(x, ξ) ∈ R2d : 2k−2 ≤ |ξ| ≤ 2k+2},

for k ≥ 1. Hence, for each ξ, there are at most four nonzero terms in
the sum

∑∞
k=0 ‖Vg(fk)(·, ξ)‖Lp . Using this fact we obtain

‖
∞∑
k=0

fk‖Mp,∞ � ‖
∞∑
k=0

Vg(fk)‖Lp,∞ ≤ sup
ξ∈Rd

∞∑
k=0

‖Vg(fk)(·, ξ)‖Lp

≤ 4 sup
k≥0

sup
ξ∈Rd
‖Vg(fk)(·, ξ)‖Lp = 4 sup

k≥0
‖Vg(fk)‖Lp,∞

� sup
k≥0
‖fk‖Mp,∞ .

�
We now consider the same decomposition as above, namely (4.3),

and the operators T̃ (j) in (4.4), j ≥ 1. From (4.11) for q =∞ we have
the following estimate:

‖T̃ (j)f‖Mp,∞ ≤ 2−
d(α−2)

2
j‖f‖Mp,∞ .

We then combine this estimate with those for the dilation operator
which here read

‖Uλjf‖M1,∞ . 2d(α−2)j‖f‖M1,∞ ,

‖Uλjf‖M∞,∞ . 2
d(α−2)

2
j‖f‖M∞,∞ ,

and

‖Uλ−1
j
f‖M1,∞ . 2−

d(α−2)
2

j‖f‖M1,∞ ,

‖Uλ−1
j
f‖M∞,∞ . ‖f‖M∞,∞ .

Therefore we obtain, for p = 1,∞,

‖T (j)f‖Mp,∞ . 2−
d(α−2)

2
j2

d(α−2)
2

j‖f‖Mp,∞ = ‖f‖Mp,∞ .

We finally conclude by applying Lemma 4.4: for p = 1,∞,∥∥∥∥∥
∞∑
j=1

T (j)f

∥∥∥∥∥
Mp,∞

. sup
j≥1
‖T (j)f‖Mp,∞ . ‖f‖Mp,∞ .

Boundedness on M2,1 and M2,∞ for δ = 0. Indeed, we will prove
boundedness on M2,q for every 1 ≤ q ≤ ∞ and δ = 0. This is a special
case of the following result.
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Proposition 4.5. Any Fourier multiplier T with symbol σ ∈ L∞ is
bounded on M2,q for every 1 ≤ q ≤ ∞.

Proof. The desired result follows at once from the estimates ‖σ(D)f‖L2 ≤
‖σ‖L∞‖f‖L2 and [18, Theorem 17 (3)].

We provide and direct proof for the benefit of the reader. Namely

‖Tf‖M2,q = ‖‖Mxĝ ∗
(
σf̂
)
‖L2

x
‖Lq

= ‖‖
∫
e2πix(ξ−y)ĝ(ξ − y)σ(y)f̂(y)dy‖L2

x
‖Lqξ

= ‖‖σf̂Tξĝ‖L2‖Lqξ ,

where we used Parseval’s formula. In particular, this computation with
σ ≡ 1 gives ‖f‖M2,q = ‖‖f̂Tξĝ‖L2‖Lqξ , so we deduce at once the desired

estimate

‖Tf‖M2,q . ‖σ‖L∞‖f‖M2,q .

�
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