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Abstract

The design and analysis of aerospace structures requires a detailed evaluation of stresses. Nevertheless, the

complexity of large structures and the use of composite materials can significantly increase the computational

costs of the models. The computational burden of such analyses can be reduced by a suitable global/local ap-

proach developed in a very general Finite Element framework. Generally, a global/local modelling approach

aims at using a finer mesh in the “local” zones where a detailed evaluation of stress/strain field is required,

whereas a coarse mesh is used in the rest of the structure. This work proposes a global/local methodology to

set up a high-order beam model in the Carrera Unified Formulation framework only for a reduced region of

the global model. The methodology makes use of two steps. In the first step, a static analysis of the global

structure is done by means of a commercial software in order to identify the critical regions deserving more

accurate investigations. In the second step, thus, a high-order beam model is employed for the local region

based on the information from the previous global analysis. Linear elastic static analysis are considered in

this work, and the attention is mainly focussed on the capability of the method to provide stable solutions and

accurate 3D stress fields in the local region, even in the case of laminated composite structures. Hence, the

effectiveness of the proposed approach is proven through some meaningful benchmarks.

Keywords: Global/Local Analysis, Finite Element Method, Refined Beam Theories, Unified Formulation
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1 Introduction

In the aeronautical field, when dealing with the design of an aircraft structure the finite element (FE) model

of the system is usually built by combining 1D and 2D elements, which opportunely discretize mathematical

domains of stringers, panels, ribs, and other components. Clearly, this discretization results in a simplification

of the reality. In fact, it may be necessary to determine 3D stress fields in certain regions of the model. To

accurately capture these localized 3D stress fields, solid models or high-order theories are often necessary.

However, in order to make the model more efficient, i.e. to balance computational cost and results accuracy,

a global/local approach is often employed. Three main approaches are available in the literature to deal

with a global/local analysis: (1) refining the mesh or the shape functions within critical regions [1–5]; (2)

formulating multi-model methods, in which different subregions of the structure are analysed with different

mathematical models [6–13]; (3) using models based on the Static Condensation also known as “Super-elements

Methods” [14, 15].

The first method listed above mainly faces convergence problems in those regions where singularities occur.

Adaptive techniques are often used to couple coarse and refined subregions of a structure. The h-adaption

method [1] is used when the structure subregions differ in mesh size, whereas the p-adaption method [2]

can be applied when the subregions differ in the polynomial order of the shape functions. Moreover, the

hp-adaption [3] can allow the implementation of subregions differing in both mesh size and shape functions.

Other techniques allowing for the coupling of different meshes are, for instance, the multi-grid method [4],

and the extended finite element method (XFEM) [5]. All these methods can be addressed as single-model

methods. In the case of multiple-model methods, where different subregions of the structure are modelled

with kinematically incompatible elements, the compatibility of displacements and equilibrium of stresses

at the interface between dissimilar elements have to be achieved. In the s-version of the finite element

method (FEM) [6, 7], the resolution in a certain subregion of the structure is increased by superimposing

additional meshes of high-order hierarchical elements. Shim et al. [8] combined 1D and 2D elements with 3D

solid elements via multipoint constraint equations evaluated by equating the work done on both sides of the

dimensional interface. In [9], the coupling of structural models with different dimensionalities was achieved

by exploiting conditions derived from the governing variational principle formulated at the continuum level.

Ben Dhia [11] proposed the Arlequin method to couple different numerical models. This method was adopted

by Hu et al. [12] for the linear analysis of sandwich beams modelled via 1D and 2D finite elements.

Among the multiple-model methods, there are the so-called “Multi-steps methods” in which the analysis

of the critical region requires the boundary conditions (BCs) at the interface level that are extracted by the

analysis on the global structure. For instance, in the global/local method proposed by Mao et al. [10], a coarse

mesh was used to analyse the entire structure to obtain the nodal displacements which were subsequently

used as boundary conditions for the refined local analysis. According to [10], the application of the boundary

conditions in the local region unavoidably introduces errors. To minimize the effect of such errors, the
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local analysis generally requires a region larger than the critical region where accurate stress fields are to

be evaluated. Ransom and Knight [16] presented a method for performing a global/local stress analysis.

The method makes use of spline interpolation functions which satisfy the linear plate bending equation to

determine displacements and rotations from a global model, which are then used as BCs for the local model.

The local analysis is done in a second step and it is completely independent of the global one. This method

can be used to determine detailed stress states for specific structural regions using independent, refined local

models which exploit information from less-refined global models, thus reducing the computational effort.

Haryadi et al. presented a two-step global/local methodology to compute the static response of a simply

supported composite plate with cutouts [17] and small cracks [18]. In these works, the Ritz method is used for

the computations of the kinematic BCs of the local region and subsequently standard finite element method

for the analysis of the local model. Their method resulted in accurate prediction of stresses with considerable

computational cost savings. The work of Thompson et al. [19] is one of the first examples of global/local

analysis from a 2D global model to 3D local one. As a first step, they realised a 2D global model of the

laminate composite plate using a zooming technique to refine the mesh in the proximity of the hole to avoid

the displacements interpolation in the interfaces between global/local model. In recent works [13], the Arlequin

method was formulated in the context of the Carrera Unified Formulation (CUF) to couple 1D finite elements

differing in the approximation order of the displacement field. The global mechanical problem was solved by

merging two sub-domains via the Arlequin method. An overlapping zone was thus necessary to guarantee

the structural integrity via a Lagrangian multiplier field and a coupling operator that links the degrees of

freedom (DOFs) of each sub-domain within the overlapping zone. Similar results were reproduced by Carrera

et al. [20] by coupling models with different kinematics by using point-wise Lagrange multipliers. The main

difference between the Arlequin-based and the Lagrange multipliers-based variable kinematic models is that

the former includes an overlapping region, in which two solutions coexist. Nevertheless, both methods are

suitable for building variable kinematic models. Recently, CUF has been extended in [21] to deal with the

global/local analysis of laminates by employing its intrinsic variable-kinematics capability.

A different approach is used in the case of the super-elements method where a large structure is divided

into many small ones (super-elements) which are then processed individually. The processing of each super-

element results in a reduced set of matrices that represent the properties of the super-element as seen at its

connections to adjacent structures. The reduced matrices are computed using the static condensation by the

Guyan’s method [14, 15] and they are assembled with the residual structure.

This work proposes a global/local methodology that consists of a two-step procedure for the evaluation of

accurate stress fields in critical regions of structures. In the proposed method, the first step is devoted to the

static analysis of a global model of the structure and it could be done by commercial software using 1D/2D

elements. A criterion is established to identify the most critical region, which is subsequently analyzed in

the second step by using high-order models, to obtain accurate stress fields. The refined theories used in
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the detailed analysis are implemented in the CUF framework. Over the last few years, CUF models have

been demonstrated to be very efficient and effective for evaluating complex strain/stress fields of composite

structures [22, 23] and also successful in the elastoplastic and progressive failure analyses [24, 25]. The main

advantage of the proposed global/local methodology is that by exploiting the information of the static analysis

on a global model composed 1D/2D elements, it is possible to obtain a detailed description of the stress

field using high-order beam theories in the CUF framework in critical region of the structure, at reduced

computational costs. Recently, the global/local methodology has been extended to the elastoplastic analysis

of compact and thin-walled structures via refined models [26] and following works may address localized

buckling analysis and global/local optimization processes for aerospace structure design. Figure 1 shows some

of the possible applications of the proposed global/local methodology.

F

(a) Local deformation in sandwich plate (b) Free edge phenomena in composite
stringer

(c) Delamination in composite plate (d) Local optimization

Figure 1: Examples of applications of the global/local CUF methodology

This paper is structured as follows: a brief introduction of 1D models based on the CUF is given in Section

2, followed by a description of the global/local methodology in Section 3, where the application of BCs and

coupling effects are also discussed. In Section 4, meaningful benchmarks are presented to assess the validity

of the proposed global/local methodology. Finally, the conclusions of this work are presented in Section 5.
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2 1D models based on the Unified Formulation

Consider a generic beam structure whose longitudinal axis, with respect to a Cartesian coordinate system,

lies on the coordinate y and its cross-section is defined on the xz-plane, as shown in Fig. 2.

x

z
y

Ω

Figure 2: Coordinate frame of the beam model

Let us introduce the transposed displacement vector, uT (x, y, z) = {ux(x, y, z), uy(x, y, z), uz(x, y, z)}. The

cross-section of the structure is denoted by Ω, and the beam boundaries over y are 0 ≤ y ≤ L. The strain ǫ

and stress σ components are arranged according to the Voigt’s notation as:

ǫ
T =

{

ǫxx ǫyy ǫzz ǫyz ǫxz ǫxy

}

,

σ
T =

{

σxx σyy σzz σyz σxz σxy

}

.
(1)

In the case of small displacements with respect to a characteristic dimension the strain - displacement relations

are

ǫ = Du, (2)

where D is the linear differential operator. The stress components can be attained by means of the Hooke’s

law

σ = Cǫ, (3)

where C stiffness matrix of the material. For the sake of brevity matrices D and C are not reported here but

they can be easily found in [27].

According to CUF, the displacement field over the cross-section can be expressed as follow:

u(x, y, z) = Fτ (x, z)uτ (y), τ = 1, 2, ....,M , (4)

where Fτ vary over the cross-section, uτ is the generalized displacement vector and M stands for the number

of terms of the expansion where the repeated subscript, τ , indicates summation.

The choice of Fτ determines the class of the 1D CUF model that has to be adopted. In this paper, Fτ are

Lagrange Expansions (LE) which are based on the use of Lagrange polynomials as generic functions above the

cross-section. The cross-section is divided into a number of local expansion sub-domains, whose polynomial
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Point ατ βτ

1 −1 −1
2 0 −1
3 +1 −1
4 +1 0
5 +1 +1
6 0 +1
7 −1 +1
8 −1 0
9 0 0

Table 1: L9 cross-section element point natural coordinates

degree depends on the type of Lagrange Expansion employed. Three-node linear L3, four-node bilinear L4,

nine-node cubic L9, and sixteen-node quartic L16 polynomials can be used to formulate refined beam theories.

LE allows for taking into account arbitrary section geometries. Fig. 3, shows the point locations of one L9

sub-domain and Tab. 1 reports the point natural coordinates. In the case of a L9 element the interpolation

functions are given by:

Fτ = 1

4
(α2 + αατ )(β

2 + ββτ ), τ = 1, 3, 5, 7 ,

Fτ = 1

2
β2
τ (β

2 + ββτ )(1 − α2) + 1

2
α2
τ (α

2 + αατ )(1 − β2), τ = 2, 4, 6, 8 ,

Fτ = (1− α2)(1 − β2), τ = 9 ,

where α and β vary between −1 and +1. In the case of L9 polynomials, the displacement field reads:

ux = F1ux1 + F2ux2 + F3ux3 + F4ux4 + F5ux5 + F6ux6 + F7ux7 + F8ux8 + F9ux9,

uy = F1uy1 + F2uy2 + F3uy3 + F4uy4 + F5uy5 + F6uy6 + F7uy7 + F8uy8 + F9uy9,

uz = F1uz1 + F2uz2 + F3uz3 + F4uz4 + F5uz5 + F6uz6 + F7uz7 + F8uz8 + F9uz9,

1 2 3

8 9
4

7 6 5

8 9 x

z

Figure 3: L9 expansion on the beam cross-section.

Refined beam models can be obtained by adopting high-order Lagrange polynomials or by using a combina-

tion of Lagrange polynomials on multi-domain cross-sections, e.g. in Fig. 4 three assembled L9 polynomial

expansion sub-domains are represented. More details about Lagrange-class models can be found in [23, 27]

For the sake of clarity, thanks to the multi-domain nature of the LE models, Layer - Wise models can be
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8 9
x

z

Figure 4: Three assembled L9 expansions.

implemented straightforwardly by considering one or several local expansions for each layer in the case of

composite structures.

In order to discretise the structure along the y-axis, the Finite Element Method is adopted. This process is

conducted via a classical finite element technique, where the generalized displacement vector uτ (y) can be

approximated by the nodal shape functions Ni(y).

u(x, y, z) = Ni(y)Fτ (x, z)uiτ , τ = 1, ...,M, i = 1, ..., nn, (5)

where Ni(y) stands for the i − th shape function, nn is the number of nodes in one element and uiτ is the

vector of nodal unknowns. For the sake of brevity, the shape functions are not reported here. They can be

found in classical books as, [3]. Elements with four nodes (B4) are adopted in this work, in this way a cubic

approximation along the y-axis is assumed. The correspondent virtual variation of the displacement can be

written as:

δu(x, y, z) = Nj(y)Fs(x, z)δujs, s = 1, ...,M, j = 1, ..., nn. (6)

The governing equations are derived by applying the Principle of Virtual Displacements (PVD). For a static

problem:

δLint = δLext, (7)

where δLint stands for the virtual variation internal work, δLext is the virtual variation of work done by the

external loads. The virtual variation of the internal work can be expressed as:

δLint =

∫

V

δǫTσdV. (8)

By using Eq. 2, 3 and 5 the previous expression simplifies to:

δLint = δuT
jsK

ijτsuiτ , (9)

where V = Ω ·L is the volume of the beam and Kijτs is the stiffness matrix in the form of a 3×3 fundamental

nucleus (FN). The derivation FN is not reported here, but for the sake of completeness, it is described in [23].
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However, the terms Kijτs
xx and Kijτs

xy are given for clarity purpose.

Kijτs
xx = (λ+ 2G)

∫

L
NiNj dy

∫

Ω
Fτ,xFs,x dΩ +G

∫

L
NiNj dy

∫

Ω
Fτ,zFs,z dΩ+

+G
∫

L
Ni,yNj,y dy

∫

Ω
FτFs dΩ,

Kijτs
xy = λ

∫

L
Ni,yNj,y dy

∫

Ω
FτFs,x dΩ +G

∫

L
NiNj dy

∫

Ω
Fτ,xFs dΩ,

(10)

where G and λ are the Lamé’s parameters and comma denotes partial derivatives. It can be proven that all the

components of Kijτs can be derived from Eq. 10 by permutations. Furthermore, it should be noted that the

formal expressions of the components of the fundamental nucleus Kijτs of the stiffness matrix do not depend

on the choice of the cross-sectional functions Fτ , which determine the theory of structure, and shape functions

Ni, which determine the numerical accuracy of the FEM approximation. This means that any classical or

high-order beam element can be automatically formulated by opportunely expanding the fundamental nuclei

according to the indexes τ , s, i, and j.

The formal expression of the load vector coherent to the considered model and theory can be found in [27].

3 Global/local methodology in the CUF framework

The primary objective of this study is the assessment of a global/local modelling strategy, in CUF framework.

This global/local approach is useful when complex and localized stress fields have to be computed in complex

structural models. Solid models are generally required to capture these localised stress fields but global/local

approaches based on CUF can be used to make the analysis computationally efficient.

z
G

y
G

x
G

z
L

y
L

x
L

Figure 5: Global plate model and the isolated critical region
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The considered global models are built by using 1D, 2D or a combination of 1D and 2D elements and

they are realized by commercial software. In general, such models are low-fidelity models involving low

computational costs, thus they are not suited to determine complex stress fields (e.g. out-plane stresses),

due to the hypotheses at the basis of the associated kinematic model. The idea of the global/local approach

developed in the CUF framework is to identify the critical regions in the global models, to isolate them and

to set up CUF high-order beam models for detecting complex stress fields with very good level of accuracy

and a reduced computational effort in localized and critical areas.

The proposed methodology consists of two-steps. The first step involves the analysis of the global model to

identify the critical region using a criterion that is established by the analyst and to extract a proper set of

BCs to be applied to the local model which is analysed with CUF. At this stage, two important questions

arise:

1. What type of BCs have to be transferred from the global to the local model? Two types of BCs are

discussed in the following: Mechanical-BCs and Geometrical-BCs

2. How to couple the global model realized in commercial software to the local one realized in CUF

framework, which are intrinsically inconsistent? This is an interesting problem because the CUF 1D

elements are kinematically different from those available in commercial software.

The above points are elaborated in the following sections. The second step of the methodology is devoted to

the setting of a CUF local model and the related local static analysis. For instance, in Fig. 5, a global model

of a plate is shown along with local critical region and the associated local CUF model.

3.1 Application of boundary conditions

The global/local coupling can be made by applying two types of BCs, i.e. Mechanical BCs and Geometrical

BCs.

• Mechanical BCs

The application of forces and moments at the interface makes the FE static problem indeterminate. The

structure is unconstrained, and consequently, its stiffness matrix is singular. These kind of problems are

frequent in the aerospace field and they are solved by making use of a procedure known in the literature

as Inertia relief, [28–31]. This procedure, implemented by commercial software as MSc-Nastran and

Abaqus CAE, allows to simulate unconstrained structures in static and dynamic analysis. In fact, taking

into account the rigid body motions of the structure, it removes the singularity of the stiffness matrix

so the final algebraic system could be solved. For a deeper insight in the matter the interested reader is

addressed to [29, 30].
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• Geometrical BCs

The application of displacements and rotations at interface does not require further procedures because

the system is constrained, resulting in a determinate problem that can be solved. This is the reason for

the prevalence of Geometrical BCs in the majority of global/local approaches, see [10, 16, 19].

The Geometrical - BCs will be applied in the local CUF models for the numerical results of this work.

Figure 6 shows a plate model to be analysed with the global/local approach. The static analysis on the entire

structure is done by a commercial software, and the displacements and rotations at the interface nodes are

known. For the sake of simplicity, consider two structural nodes A and B, located at the interface between

the global model and the critical region, as shown in Fig. 6(a). Exploiting the displacements and rotations of

the nodes A and B and using linear shape functions, it is possible to determine for all the middle plane nodes

of the CUF local model located nodes A and B the value of both displacements and rotations, as illustrated

in Fig. 6(b). A linear interpolation function is used to maintain conformity with the kinematics of the global

model. Furthermore, such interpolation procedures allow the use of the global and local meshes, which are

incompatible at the interface.

Once the displacements and rotations are computed at the interface nodes located on the middle plane of

the local CUF model, a strategy is needed to compute the BCs in all the nodes at the interface level. As

known, the commercial software gives translational displacements (ux, uy, uz) and rotations (θx, θy, θz) at

the interface nodes in the case of beam and plate models. On the other hand, the use of Lagrange polynomials

in CUF results solely in pure displacement degrees of freedom (DOFs) at each node. Therefore, a strategy

must be provided to transform rotational DOFs of the global model in pure displacements for CUF local one.

The above issue can be resolved via two approaches based on the type of elements of the global model.

Reissner - Mindlin displacement field is used when the global model is a 2D model, in order to compute the

translational displacements for each node at the interface of the CUF local model. The Reissner - Mindlin

displacement field is reported in Eq. 11.

u(x, y, z) = u0(x, y) + zθy(x, y),

v(x, y, z) = v0(x, y)− zθx(x, y),

w(x, y, z) = w0(x, y).

(11)

When the global model is a 1D model, Timoshenko displacement field Eq. 12 is used.

u(x, y, z) = u0(y),

v(x, y, z) = v0(y) + xθz(y)− zθx(y),

w(x, y, z) = w0(y).

(12)

Where u0, v0, w0 are the displacements and θx, θy, θz are the rotations of the nodes of the global model located
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z
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(a) Global and local regions

ϑxA

ϑyA
ϑzA

uxA

uyA

uzA

A

ϑxB

ϑyB
ϑzB

uxB

uyB

uzB

B

(b) Global to local

ux (x,y,z) = uxi
 + z �yi

Reissner Mindlin displacement �eld

uy (x,y,z) = uyi
 + z �xi

uz (x,y,z) = uzi

uxi

uyi
uzi

i

uxt

uyt
uzt

t

uxb

uyb
uzb

b

uxi

uyi

uzi

i

t

b
�xi

�yi
�zi

(c) Kinematics from global to local

Figure 6: Application of geometrical BCs.

at the interface. In both cases, the rotations are used to compute displacements in all the cross-section nodes

at the interface level and the resulting displacements constitute the BCs for the local model.

For instance, in Fig. 6(c), the displacements and rotations computed at the node ’i’ give the translational

displacement at the nodes ’t’ and ’b’ through the use of the Reissner - Midlin displacement field. In this way, it

is possible to obtain from the displacements and rotations in the middle plane the translational displacements

in all the nodes at the interface level.
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3.2 Coupling effects

As shown in the work of Mao et al. [10], the application of the boundary conditions at the interface level

introduces detrimental effects in the accuracy of the solution of the local static problem.

There are several strategies available to reduce these effects. In this paper the following techniques are used:

• Once the critical local region is identified, a transition zone is considered which surrounds the actual

local region, as shown in Fig. 7. The displacements and rotations are applied on the nodes located at

the edge of this zone following the strategy described in the previous section.

Transi�on zone

Local region

Figure 7: Global and local regions with the transition zone

• A mesh local refinement is adopted to confine the detrimental effects of the BCs application into the

interface zone. This strategy consists of a non-uniform mesh in which the structural nodes and the sub-

domain expansion points along x-axis are distributed with the square root of the well-know Chebyshev

node formula. For instance, the sub-domain expansion points along x-axis are computed as:

xk =

√

cos(
2k − 1

2n
π), k = 1, ..., nx. (13)

Where nx is a positive integer computed from the number of sub-domains Nxexp
used for the cross-

section of the local CUF model along the x-axis, nx = 2 · Nxexp
− (Nxexp

− 1). Using the previous

node formula, the mesh of the local CUF model is refined in the proximity of the BCs. In this way,

it is possible to limit the detrimental effects of the BCs only in this more refined zone. Instead, the

sub-domain expansion points along z-axis are equally spaced. Figure 8(a) shows an example of the

cross-section for a local model in which the point distribution follow the Eq. 13 instead in Fig. 8(b) the

correspondent beam local model in the CUF framework is presented. In both the images, it is possible

to remark the refinement in the proximity of the boundaries of the model to confine the detrimental

effects of the displacements application.
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x

z

(a) Local cross-section refinement

x

y

z

(b) Local plate region in CUF framework

Figure 8: Mesh refinements to decrease the detrimental effect of application of BCs

4 Numerical results

Various benchmarks related to metallic and composite structures have been solved to prove the effectiveness

of the proposed method.

4.1 Cantilever beam with a point load at the free edge

This first example is done to explain and to demonstrate the ability of the proposed methodology in detecting

an accurate 3D stress field, at a reduced computational cost. A cantilever beam is considered in this first

case. The rectangular cross-section is characterized by b = 1.0 mm, h = 10.0 mm and the beam length L is

90.0 mm as illustrated in Fig. 9. An isotropic material is used for the structure with Young’s modulus E = 75

GPa, Poisson ratio, ν = 0.33 and density, ρ = 2700 kg/m3.

L

x

z

b

y

z

h

P

Figure 9: Geometrical features of the cantilever beam

A point load P along z-axis is applied at the free edge of the beam at [0, L, 0] and its magnitude is equal

to −1 N . The local region on the structure is shown in Fig. 10, whose domain extends between points A =

[0, 30, 0] mm and B = [0, 60, 0] mm in the global reference system. A ‘monolithic’ beam model is set in the

commercial software MSc Nastran using 30 1D-beam elements. A preliminary static analysis of this model

gives the displacements and rotations (geometrical BCs) at the boundary nodes of the local region. In the

second step, a CUF local beam model is set for the local region applying the geometrical BCs.
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θ

B
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θ
A

u
A

u
B

P
z

y

u
A,i u

B,i

CUF 

Local model

Figure 10: Global and local structure for the cantilever beam static analysis

In Fig. 10, the displacements uAi
and uBi

are the generic traslational displacements of the cross section ’i’

point. They are computed with Timoshenko’s displacement field exploiting the vertical displacements (uA

and uB) and rotations (θA and θB) of the static analysis in the global model.

z

x

(a) 3 x 3 L9

z

x

(b) 1 x 5 L16

Figure 11: Sub-domain distributions over the cross-section of the local CUF beam model

Two different CUF models have been used in the global/local approach: 3x3 L9 and 1x5 L16, where 3x3

L9 means that three subdomains L9 are used along the x-axis and three along the z-axis, in the second

global/local model 1 L16 subdomain along x and five subdomains L16 along z. For both the CUF models,

10 B4 elements are used for the structural mesh along y-axis. The sub-domains over the cross-section of the

aforementioned CUF local models are reported in Fig. 11. Figure 12 shows the distribution of the shear σyz

along the y-axis in x = 0, z = h/2 comparing: a Timoshenko beam model, a 3D MSc-Nastran model and two

global (MSc Nastran 1D)/local (CUF ) models with geometrical BCs.

Table 2 and Fig. 13 show the comparison between the monolithic 3D model and the global/local models in

terms of axial stress σyy and shear stress σyz . The distributions of Fig. 13 are computed at x = 0, yglobal = 45.0

[mm] and the stress values, which are reported in Table 2, are at the z coordinate that gives the maximum

value of these stress.
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σyy [MPa] σyz [MPa] DOFs
Monolithic ABAQUS 3D 2.571 −0.148 14209
NASTRAN 1D / CUF - 3x3 L9 2.721 −0.149 546 / 4557
NASTRAN 1D / CUF - 1x5 L16 2.717 −0.153 546 / 6054

Table 2: σyy and σyz for the cantilever beam with a point load

(a) σyz along the y axis in the global reference

-0.15

-0.1

-0.05

0

0.05

0.1

30 35 40 45 50 55 60

σ
y

z
[M

P
a]

y [mm]

GLB: ABQ 3D (Ref.Model)
Timoshenko Beam Theory 

LCL: NAS1D/CUF - 3x3 L9
LCL: NAS1D/CUF - 1x5 L16

(b) σyz along the y axis in the local reference

Figure 12: Shear σyz distribution along the y axis at the top of cross-section

The following remarks can be inferred from this preliminary analysis:

• The global/local analysis permits to detect 3D stress field reducing the computational cost of the model.

In fact, it is known from theory of elasticity that the shear stress σyz has to be null at the top and the

bottom of the cross-section for the equilibrium but this result can not be obtained with a 1D model and

not even with a full 3D model in which the σyz is computed but it is not zero. With CUF high-order

beam model, it is possible to obtain nearest null shear σyz stress at the top and the bottom of the

cross-section.

• The global/local model, after an initial oscillation that is due to the BCs application, can detect a

nearest null shear stress σyz . It is important to isolate a suitable region for local analysis, since the

application of BCs can affect the accuracy of results. It is recommended to consider a larger area for the

local analysis by including a transition zone around the critical region in order to avoid the detrimental

effects of BCs application.

• Table 2 compares the axial and shear stresses obtained via monolithic and global/local analyses. All

the global/local model results present good confidence with the monolithic Nastran 3D model, which
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Figure 13: Axial σyy and shear σyz distribution along the z axis at xglobal = 0 [mm], yglobal = 45.0 [mm] for
the cantilever beam

constitutes a numerical reference solution. The significant achievement is the reduction of the compu-

tational cost and the possibility to detect the shear stress correctly with a high-order beam model that

is set with BCs that come from a lower order beam model done by commercial software.

• Figure 13 shows the stress distribution through the thickness at yglobal = 45.0 mm . There are no

remarkable differences for the axial stress σyy, however in the case of shear stress σyz , it can be noticed

that only the global/local model with 1x5 L16 subdomains can detect a close to zero stress at the top

and bottom of the cross-section, as predicted by the theory.

4.2 Isotropic plate under bending

An isotropic square plate is considered in this example. The plate is characterized by a width b = 1.0 [m] and

a thickness t = 0.01 [m]. An isotropic material is used for the structure with E = 75 GPa, Poisson’s ratio,

ν = 0.33 and density, ρ = 2700 kg
m3 . The plate is clamped on each side and a pressure P = 1 Pa is applied at

the top surface of the plate.

Figure 14 shows the global and the local regions of the plate and highlights points A and B in which the

in-plane and out-plane stresses are evaluated, respectively. The global analysis is performed in Msc-Nastran

and consists of 60 x 60 plate elements (DOFs = 22326). The boundaries of the local region are: −0.167 ≤

x ≤ 0.167 m and 0.300 ≤ y ≤ 0.700 m; point A is located in the middle of the plate (xA = 0.00 m and

yA = 0.500 m) and point B is located at xB = 0.050 m and yB = 0.550 m.
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Figure 14: Global and local regions of the isotropic plate under bending

An ABAQUS solid model is build as a reference for the in-plane and out-plane stresses and it consists on 100

x 100 elements in plane and 10 through the thickness of the plate (DOFs = 855393). The local 1D model set

in CUF framework consists of 20 B4 structural elements and 10 x 9 L9 sub-domains across the cross-section

of the beam model (DOFs = 107787). In Fig. 15 the structural mesh of the beam axis and the distribution of

the L9 over the cross-section are presented. It is noteworthy that the distributions of the structural nodes of

the beam axis and the points of the L9 sub-domains of the cross-section follow the square root of Chebyshev

node formula, as reported in Sect.3.2. In Fig. 15(a) the grey rectangles represent the L9 sub-domains but the

points of each sub-domain are not reported to not weigh down the figure. Similarly, in Fig. 15(b), the 20 B4

structural elements are shown but only the shared nodes between the elements are represented.

z

y

x
(a) Structural mesh along the beam axis - 20 B4

x

z

(b) Sub-domain distribution over the cross-section

Figure 15: Structural mesh along the beam axis and sub-domain distribution over the cross-section of the
local 1D CUF model.

This benchmark is used to demonstrate that the global/local analysis in the CUF framework can detect the

in-plane stresses in accordance with the global 2D model in Msc-Nastran and it can also describe of the
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out-plane stress that can not be obtained from the global model.
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Figure 16: Comparison between the global model and the global/local model in the displacement magnitude
in mm

Figure 16 shows the displacement field magnitude in the global and in the local CUF model, while the axial

stress σyy distribution through the thickness at the point A of the plate is presented in Fig. 17.

The shear stresses σxy and σyz are computed it the point B and they are shown in Fig. 18.

From the obtained results, the following considerations arise:

• The benchmark represents a typical plate problem, where the characteristic length of the plate b is

much larger than the thickness t. This structure can be easily studied with the FE method using plate

elements and, in the case of stress analysis, the in-plane stresses can be detected with a reasonable level

of accuracy. Due to underlying kinematic assumptions, plate elements based on the classical theories

such as Kirchoff or Reissner-Mindlin are unable to detect out-of-plane stresses. A 3D global model is set

but, for this particular case, the computational cost can be very high so for this problem, a global/local

approach can be useful to detect the 3D stress field in the most critical subregions of the structure.
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Figure 18: Shear stresses σxy and σyz along the z-axis for the local region of the isotropic plate. The stresses
are computed at point B

• The global/local model detects correctly the results given by the global static analysis of the 2D model

with the commercial software and provides the distribution of the out-plane stresses too. Figure 18(b)

shows that the accuracy level of the global/local model is higher than the solid global model in the

detection of the shear stress σyz in fact it correctly predicts the null value of σyz at the top and bottom

of the cross-section.
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• The computational cost of the global/local model in terms of DOFs, considering the static analyses of

the global/local methodology, is 22326/107787 and it is one seventh of degrees of freedom required by

the 3D model which are 855393.

4.3 Notched plate under uni-axial tension

This example is an application of the current global/local approach in the refined analysis of specific regions

within a structure, where stress concentration is expected to occur. The structure is a plate of length L =

150 mm and width W = 36 mm with a central through hole of radius R = 3 mm, clamped at one end and

subjected to a uniform displacement of ux = 0.025 mm at the other end. A schematic representation of the

structure, along with the applied BCs is given in Fig. 19.

ux = 0.025

W
 =

 3
6

⌀6

L = 150

x

z

Figure 19: Schematic representation of the notched specimen along with the applied boundary conditions

20

20

Line A

Figure 20: The local region considered for a refined analysis in CUF

In this example, a 3D ABAQUS coarse model is set up for the global analysis, whose displacements are then

used to drive the local analysis in CUF. The region around the hole, where the maximum stresses are expected

to occur, is considered to be the domain of the local analysis and is shown in Fig. 20.

A refined 3D analysis of the entire global structure has also been performed in ABAQUS, which constitutes

a numerical reference solution. The mesh details of the various numerical models have been listed in Table 3.

The results of the various analyses are presented hereinafter. The axial stress σxx along the line joining the

points [x = 0.0, y = 1.25, z = 3.0] and [x = 0.0, y = 1.25, z = 10.0], i.e. the line A as shown in Fig. 20, has

been plotted in Fig. 21.
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Models Mesh Type DOFs
GLB: ABAQUS 3D (Ref.) 42120 C3D8 155898
LCL:ABQ3D/CUF 510 C3D8/1 B4 - 112 L9 2709/5760

Table 3: Mesh data for the numerical models used in the analysis of the notched specimen
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Figure 21: Axial stress σxx along the z axis

The following observations can be made:

1. A refined solution of the critical region can be found via the global/local approach, which requires about

18 times fewer DOFs with respect to a refined 3D finite element analysis.

2. From Fig. 21, it can be seen that accurate stresses can be obtained from the local CUF analysis without

the need for extensive mesh refinement. This is due to the use of advanced structural theories within

the CUF model.

3. Fig. 22 shows the axial stress σxx in the plane x-z comparing the global ABAQUS 3D models and the

global/local one and confirming that this last could detect complex stress with a comparable accuracy

to the refined 3D models. The plot of Fig. 22(b) is realized through an interface ABAQUS - CUF that

permits to show the results of CUF local analysis using ABAQUS visualization tools.

4.4 Cantilever composite beam under bending

In this example, a composite beam with 3 plies is considered. The considered beam is clamped at one end

and free at the other end, as described in [32].
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Figure 22: Axial stress σxx [MPa] in the plane x-z of the notched plate

The cross-section of the structure is presented in Fig. 23 and the structure is loaded by a point load along the

z-direction at the centre of the free end and its magnitude is −1 · 10−3 N .

x

y

z

0.001 [N]

L

(a) Plate model (b) Rectangular cross-section

Figure 23: Beam model and the geometrical features of its cross section

The geometrical characteristics of the structure are the length of L = 2.0m and the cross-section width b = 0.1

m. The total thickness of the cross-section is t = 0.003 m, the ply thickness is tply = 0.001 m and stacking

sequence of the laminate is [0◦/90◦/0◦]. An orthotropic material is taken into account with the following ma-
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terial properties: E11 = 40 GPa, E22 = E33 = 4.0 GPa, ν12 = ν13 = ν23 = 0.25,G12 = G13 = G23 = 1.0 GPa.

The global model is built in MSc-Nastran with a mesh of 10 x 200 plate elements.

The considered local region is a square region and constitutes a very small region within the global structure.

It is located at the centre of the model and its geometrical parameters are Llocal = 10.0 mm, blocal = 10.0

mm hlocal = t = 3.0 mm. In the Fig. 24 the global structure is shown with the highlighted local region.

x

y Llocal

blocal

Figure 24: Global and local regions for the cantilever composite beam.

In the CUF local model 20 B4 structural beam elements are used along the y-axis direction and two different

types of LE sub-domain distributions are adopted. The first one consists of 5x9 L9 sub-domains (5 along

x and 9 along z) while the second one consists of 5x9 L16 sub-domains (5 along x and 9 along z) with 3

sub-domains for each layer of the structure.

The results of the static analysis are evaluated at the centre of the local region that is coincident with the

global one.

In Fig. 25, the axial stress σyy and shear stress σyz distribution through the thickness are presented. The plot

compares the results of the global analysis in MSc-Nastran with those of the global/local approach.

The following considerations can be done from the graphs reported in Fig. 25:

• For this benchmark, the commercial code always gives constant values of in-plane and out-plane stresses

in each layer of the laminate. With the global/local approach, it is possible to detect the real trend of

all the stresses.

• In Fig. 25(a), it can be noticed that both the global/local models catch the linear behaviour of the axial

stress through the thickness of each layer and the results of the global/local model coincide with those

of the global one only in the middle of each layer. As known, the commercial code gives just the average

stress value of each layer.

• In Fig. 25(b), it can be noticed that both global/local models capture the quadratic behaviour of the

shear stress. In particular, the global/local model with 5x9 L16 sub-domains is able to predict the null

value of the σyz at the top and bottom of the cross-section
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Figure 25: Axial stress σyy and Shear stress σyz along the z-axis for the cantilever composite beam

5 Conclusions

A global/local approach is necessary when a complex structure requires a detailed stress analysis in critical

regions. In this work, a two-step methodology has been developed for Global/Local stress analysis in the

CUF framework. In the first step, a preliminary static analysis on the 1D/2D model by using software (i.e.

MSc-Nastran, Abaqus CAE ) is done for obtaining all the necessary information for the pre-processing phase

of the Local model. The second step is devoted to the static analysis of the local high order 1D CUF model

using geometrical BCs at the interface level. Several numerical meaningful benchmarks have been proposed to

assess the validity of the methodology, which is able to compute accurate 3D stress fields in the domain of the

local region by significantly reducing the computational burden with respect to detailed local models made

of 3D solid elements. Further developments of the methodology are under examination, as non-linear local

analyses and localized buckling with the possibility to couple the global/local methodology with optimization

tools for optimizing restricted (specified) areas of the global model, in order to reduce processing time.
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