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Abstract—Recent studies have addressed the development of 

optimal control strategies for hybrid electric vehicles (HEVs). 

Achieving global optimality for the fuel economy prediction while 

minimizing the computational efficiency still is a research and 

development challenge. This paper aims at presenting a novel 

technique for managing the energy flows in a power split HEV 

named slope-weighted energy-based rapid control analysis 

(SERCA). After presenting the HEV plant model and the optimal 

control problem, the currently most adopted energy management 

strategies are analyzed. The SERCA technique is then illustrated 

and its operating steps are detailed. The simulation results for the 

considered HEV energy management strategies in the standard 

drive cycles subsequently indicate that the SERCA can efficiently 

achieve near-optimal fuel economy while limiting the 

computational costs. This suggests the potential use of SERCA 

for rapid component sizing of HEV powertrains. 

 
Index Terms— Control strategy, electrified powertrain, energy 

management, fuel consumption minimization, hybrid electric 

vehicles, optimal control, power split, rapid sizing  

I. INTRODUCTION 

HE evolution towards a sustainable and cleaner 

transportation system requires higher efficiency vehicles 

with significantly lower fuel consumption and emissions [1]. 

To achieve these goals, the transportation electrification vision 

currently represents the leading path in society and automotive 

industry [2][3]. Electrical power systems provide remarkable 

efficiency, ease of controllability, and flexibility in the energy 

supply with respect to the conventional internal combustion 

engine (ICE) [4]. 

Hybrid Electric Vehicles (HEVs) are particularly registering a 

significant growth in popularity as they ensure improved fuel 

economy while satisfying customer acceptance constraints, 

particularly by preventing the typical range anxiety of battery 

electric vehicles [5]. Since its effectiveness in blending the 

benefits of series and parallel configurations [6], the power-

split powertrain architecture reveals the most successful HEV 
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powertrain being incorporated in the largest portion of the 

current population of HEVs [7]. This configuration employs 

the usage of planetary gear (PG) sets and performs well in 

many different road vehicle categories, including passenger 

cars [8][9][10], sport utility vehicles [11], buses [12] and 

heavy-duty vehicles [13]. 

Control strategy is considered a crucial issue in the design of 

HEVs. Finding an energy management strategy that 

guarantees optimal fuel economy, light computational burden 

and ease of on-board real-time implementation still represents 

an open research question. This paper deals with off-line HEV 

control strategies, where the knowledge of the vehicle speed 

profile for the entire considered drive cycle is needed before 

running the simulation.  In general, off-line HEV controllers 

can be divided into rule-based and optimization-based 

procedures. Rule-based control strategies may be based on 

deterministic approach or fuzzy logic [14]. Typically, they 

guarantee reduced computational burden and ease of 

implementation. However, their operation can be optimized 

for specific drive cycles solely, therefore they rarely guarantee 

optimal fuel economy in various driving scenarios. 

On the other hand, two main control approaches have been 

proposed during the past two decades related to global 

optimization in HEV off-line operation simulation [15]: the 

equivalent fuel consumption minimization Strategy (ECMS) 

introduced by Paganelli in 2002 [16] and based on the 

Pontryagin’s minimum principle (PMP) [17], and dynamic 

programming (DP). Based on the Bellman’s principle of 

optimality presented in 1957 [18], the DP technique was first 

applied in HEV studies in late 70s [19]. However, since it was 

constrained by the computational power needed, this approach 

did not draw much attention until the early 2000s. Since then, 

researchers and designers have been extensively studying DP 

and increasingly adopting it for HEV optimal control 

[20][21][22]. In 2008, Liu and Peng derived and applied 

ECMS and DP control strategies for a power-split HEV 

configuration [23]. In order to enable rapid component sizing 

of power split HEVs with multiple operating modes, Zhang et 

al. proposed a DP based near-optimal energy management 

strategy named power-weighted efficiency analysis for rapid 

sizing (PEARS) [24][25]. The PEARS algorithm has been 

studied in detail by the authors. Initially, an improved version 

of the algorithm minimizing mode-shifting occurrence was 

proposed [26]. Subsequently, the technique found application 

in a rapid design methodology for a multimode power split 
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hybrid electric vehicle transmission [27].  

Nevertheless, all the strategies illustrated above present some 

drawbacks: the ECMS does not guarantee the global optimum 

and requires the calibration of the tuning factor for the 

electrical energy consumption. DP can achieve the globally 

optimal solution; but, it suffers from consistent computational 

burden necessary for the exhaustive search followed by an 

iterative calculation. The PEARS algorithm is computationally 

rapid and it can satisfy the charge-sustaining criterion without 

recurring to iterative calculation, however it exhibits non-

uniform proximity with the global optimum. Therefore, there 

still remains a need for a validated off-line control strategy 

suitable for rapid sizing of multimode HEVs.  

This paper consequently introduces a novel approach to the 

off-line energy management problem for HEVs that aims at 

exploiting the advantages and minimizing the drawbacks of 

each aforementioned optimization method. Particularly, the 

slope-weighted energy-based rapid control analysis (SERCA) 

for HEVs is based on first-order derivatives and energy 

balance. Improving the performance of HEV control and 

ameliorating the effectiveness of HEV powertrain design 

methodologies through consistent reduction of computational 

effort are the main targets of the introduction of SERCA. 

These objectives are demonstrated by SERCA exhibiting the 

best trade-off between fuel economy optimality and 

computational burden compared to the other control strategies.  

Organization of the paper is as follows: the HEV configuration 

under study is presented and modeled. The novel energy 

management strategy is then illustrated and detailed. 

Subsequently, simulation results in MATLAB© software for 

different control strategies are compared highlighting the 

performance of SERCA. Conclusions are finally given. 

II. VEHICLE AND POWERTRAIN MODEL 

The HEV power-split powertrain retained in this paper 

comes from the industrial state-of-art and integrates two 

electric motor/generators (MGs) and an ICE [28]. The 

correspondent double PG lever diagram, accompanied by its 

gear parameters, is shown in Fig. 1. The HEV can operate in 

electric or hybrid mode according to the grounding clutch 

being engaged or disengaged. 

In general, a vehicle model constituted by analytical 

equations is simulated in a backward quasi-static approach 

[29]. Detailed modeling for the components of the considered 

HEV powertrain is presented as follows. 

A. Road load and vehicle 

The requested torque at the output shaft of the PG2 can be 

evaluated at each time step using (1).  

𝑇𝑜𝑢𝑡 = (𝐹𝑟𝑜𝑎𝑑  + 𝐼𝑣 ∙
𝑎

𝑟𝑑𝑦𝑛
2) ∙

𝑟𝑑𝑦𝑛

𝜏
              (1) 

Froad represents the road resistance forces (evaluated using 

experimental road load coefficients [27]), Iv is the vehicle 

equivalent inertia evaluated at the wheel shaft, a represents the 

vehicle acceleration calculated from the vehicle speed in 

adjacent time points. rdyn and τ are the wheel rolling radius and 

the final drive ratio, respectively. 

B. Hybrid transaxle 

Looking at Fig. 1, the MG2 operating speed 𝜔𝑀𝐺2 is 

proportionally constrained to the output speed 𝜔𝑜𝑢𝑡, while the 

MG1 speed 𝜔𝑀𝐺1 is a function of the ICE speed 𝜔𝐼𝐶𝐸  (which 

is a defined control variable). The kinematic constraints can 

thus be summarized in (2). 

 [
𝜔𝑀𝐺1

𝜔𝑀𝐺2
] = [

−𝑅1/𝑆1
𝑅1

𝑆1
+ 1

𝑅2

𝑆2
+ 1 0

] [
𝜔𝑜𝑢𝑡

𝜔𝐼𝐶𝐸
]                (2) 

 𝑅 and 𝑆 represent the number of teeth for the ring and the 

sun of the PGs, respectively. When the ICE is grounded 

through the clutch in electric operation, 𝜔𝐼𝐶𝐸  is set to 0. 

Assuming unitary efficiency for the transmission, the torque 

split between the two PGs can be determined arbitrarily to 

satisfy the output energy demand. 

C. Power components 

Once the torque and speed values are determined for the 

MGs, the requested battery output power 𝑃𝑏𝑎𝑡𝑡 can be 

evaluated using (3). 

𝑃𝑏𝑎𝑡𝑡 = ∑ 𝜔𝑀𝐺𝑘 ∙ 𝑇𝑀𝐺𝑘 ∙ 𝜂𝑀𝐺𝑘
−𝑠𝑖𝑔𝑛(𝑇𝑀𝐺𝑘)

2

𝑘=1

 (3) 

𝜂𝑀𝐺 are the efficiency values of the MGs, evaluable by 

numerical efficiency maps including inverter efficiencies. The 

rate of battery State-of-Charge (SOC), 𝑆𝑂𝐶̇ , can thus be 

calculated in (4) adopting an equivalent open circuit model. 

𝑆𝑂𝐶̇ =
√𝑉𝑂𝐶

2−4∙𝑅𝐼𝑁∙𝑃𝑏𝑎𝑡𝑡−𝑉𝑂𝐶

2∙𝑅𝐼𝑁∙𝑄𝑏𝑎𝑡𝑡
        (4) 

𝑉𝑂𝐶 , 𝑅𝐼𝑁 and 𝑄𝑏𝑎𝑡𝑡 are the output voltage, the internal 

resistance and the capacity of the battery, respectively. 

Particularly, 𝑅𝐼𝑁 and 𝑉𝑂𝐶  are assumed to be independent from 

the SOC since a previous study demonstrated that it is still 

possible to achieve a globally optimal solution with this 

hypothesis [30]. 

The fuel consumption can be evaluated as well from an 

experimental furl flow map of the considered ICE with torque 

and speed as independent variables. 

III. OPTIMAL CONTROL OF HEVS 

The optimal control problem for an HEV aims at 

minimizing the estimated fuel consumption (EFC) over a 

certain period. The resulting mathematical formulation is 

stated in (5): 

 
Fig. 1. Lever diagram of the HEV powertrain under study 
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min { 𝐽 = ∫ 𝐿(𝜔𝐼𝐶𝐸 , 𝑇𝐼𝐶𝐸 , 𝑡)𝑑𝑡
𝑡𝑒𝑛𝑑

𝑡0

 } 

subject to:   

𝑆𝑂𝐶(𝑡0) = 𝑆𝑂𝐶(𝑡𝑒𝑛𝑑) 

𝑆𝑂𝐶̇ = 𝑓(𝑆𝑂𝐶, 𝜔𝑀𝐺1, 𝑇𝑀𝐺1 , 𝜔𝑀𝐺2, 𝑇𝑀𝐺2) 

𝜔𝐼𝐶𝐸 𝑚𝑖𝑛
≤ 𝜔𝐼𝐶𝐸 ≤ 𝜔𝐼𝐶𝐸 𝑀𝐴𝑋

 

𝜔𝑀𝐺1𝑚𝑖𝑛
≤ 𝜔𝑀𝐺1 ≤ 𝜔𝑀𝐺1𝑀𝐴𝑋

 

𝜔𝑀𝐺2𝑚𝑖𝑛
≤ 𝜔𝑀𝐺2 ≤ 𝜔𝑀𝐺2𝑀𝐴𝑋

 

𝑇𝐼𝐶𝐸 𝑚𝑖𝑛
≤ 𝑇𝐼𝐶𝐸 ≤ 𝑇𝐼𝐶𝐸 𝑀𝐴𝑋

 

𝑇𝑀𝐺1𝑚𝑖𝑛
≤ 𝑇𝑀𝐺1 ≤ 𝑇𝑀𝐺1𝑀𝐴𝑋

 

𝑇𝑀𝐺2𝑚𝑖𝑛
≤ 𝑇𝑀𝐺2 ≤ 𝑇𝑀𝐺2𝑀𝐴𝑋

 

𝑃𝑏𝑎𝑡𝑡𝑚𝑖𝑛
≤ 𝑃𝑏𝑎𝑡𝑡 ≤ 𝑃𝑏𝑎𝑡𝑡𝑀𝐴𝑋

 

(5) 

Where 𝐿(𝜔𝐼𝐶𝐸 , 𝑇𝐼𝐶𝐸 , 𝑡) represents the instantaneous rate of 

fuel consumption. Charge-sustaining (CS) criteria is defined 

by imposing equivalent battery SOC values at the beginning 

and the end of the considered time period. Finally, speed and 

torque of power components are restricted within the 

correspondent actual operating regions. The most common 

approaches to solve the illustrated problem can be briefly 

described as below. 

A. Equivalent Consumption Minimization Strategy 

The ECMS represents a direct derivation of the PMP, which 

consists of a general case of the Euler-Lagrange equation in 

the calculus of variation. The key idea of ECMS is that, in 

both charge and discharge, an equivalent fuel consumption can 

be associated with the use of electrical energy. The total 

instantaneous equivalent fuel consumption �̇�𝑓𝑢𝑒𝑙𝑒𝑞
 can thus be 

defined in (6): 

�̇�𝑓𝑢𝑒𝑙𝑒𝑞
= �̇�𝑓𝑢𝑒𝑙_𝐼𝐶𝐸 + �̇�𝑓𝑢𝑒𝑙_𝑒𝑙𝑒𝑐        (6) 

Where �̇�𝑓𝑢𝑒𝑙_𝑒𝑙𝑒𝑐 represents the equivalent fuel 

consumption of the HEV electrical power path and can be 

calculated in (7). 

�̇�𝑓𝑢𝑒𝑙_𝑒𝑙𝑒𝑐 =
𝑠(𝑡)

𝑄𝐿𝐻𝑉
𝑃𝑏𝑎𝑡𝑡(𝑡)       (7) 

𝑄𝐿𝐻𝑉  is the fuel lower heating value, while 𝑠(𝑡) represents a 

constant equivalence factor which assigns a cost to the use of 

electricity, thus converting electrical power from the battery 

into equivalent fuel consumption. 𝑠(𝑡) can be tuned by 

minimizing the Hamiltonian derived from ICE fuel 

consumption and battery SOC variation, as stated in [31]. 

Using a single equivalence factor allows estimating the fuel 

consumption regardless of the torque and speed of power 

components. However, accuracy may be questionable when 

the operating conditions change. Moreover, tuning the 

equivalence factor may result computationally inefficient 

when dealing with component sizing in the HEV powertrain 

design procedure. 

B. Dynamic Programing 

DP is by far the most commonly adopted approach to solve 

the HEV optimal control problem. It involves generating a 

globally optimal solution backward along a time horizon by 

searching through all feasible discrete control actions for all 

the state grid points [32]. This translates for the HEV 

powertrain control problem in the minimization of the cost 

function illustrated in (8) over the considered time horizon 

[23]. 

𝐽 = ∑(�̇�𝑓𝑢𝑒𝑙𝑘
+ 𝛼 ∙ 𝛥𝑆𝑂𝐶2)

𝑁−1

𝑘=0

 

𝛥𝑆𝑂𝐶 = {
𝑆𝑂𝐶𝑘 − 𝑆𝑂𝐶𝑡𝑎𝑟𝑔𝑒𝑡     𝑆𝑂𝐶𝑘 < 𝑆𝑂𝐶𝑡𝑎𝑟𝑔𝑒𝑡

0                                   𝑆𝑂𝐶𝑘 ≥ 𝑆𝑂𝐶𝑡𝑎𝑟𝑔𝑒𝑡
   (8) 

𝑆𝑂𝐶𝑡𝑎𝑟𝑔𝑒𝑡 is the desired value of battery SOC, while 𝛼 

represents an operating factor. While DP is demonstrated 

achieving global optimality under a wide range of operating 

conditions, its major drawback refers to the computational 

power needed for exhaustively searching through all the 

possible solutions [33]. 

C. Power-weighted Efficiency Analysis for Rapid Sizing 

The Power-weighted Efficiency Analysis for Rapid Sizing 

(PEARS) has been introduced by Zhang et al. as a near-

optimal control strategy for HEVs [24]. In the PEARS 

algorithm, overall efficiency values for each mode are retained 

as the weighting factor for selecting hybrid or electric 

powertrain operation. Beforehand, speed and torque of power 

components are swept to determine the optimal combination 

in terms of mode efficiency at each driving cycle point. 

Once the entire driving cycle is analyzed to extract the 

efficiency-based optimal power split for each operating mode 

at each time step, the powertrain is initially set to operate in 

electric modes only (the most efficient mode to achieve the 

speed and torque output). Subsequently, a recursive process 

starts that aims at replacing electric with hybrid operation in 

the driving cycle points where the smallest ranges between 

hybrid and electric mode efficiencies are observed. This 

iterative procedure is conducted until the charge-balance is 

realized and the battery State-of-Charge (SOC) exhibits equal 

values at the beginning and at the end of the driving cycle. The 

mode-shifting schedule and the resulting fuel consumption can 

be evaluated in this way. Details regarding the operation of the 

algorithm can be found in [26]. 

IV. THE SLOPE-WEIGHTED ENERGY-BASED RAPID CONTROL 

ANALYSIS 

In this section, the Slope-weighted Energy-based Rapid 

Control Analysis (SERCA) is introduced as a novel approach 

for the HEV optimal control problem. This methodology can 

be divided in three phases, as illustrated in Fig. 2: the division 

into sub-problems, the definition of the generalized optimal 

operating points and the energy balance realization process. 

A. Sub-problems Exploration 

The first step of SERCA aims at exploring the possible 

solutions of each sub-problem, particularly represented by the 

single drive cycle point. The sub-problems are characterized 

with the specific values of current vehicle speed and desired 

acceleration, respectively. The exploration of the possible 

solutions can be performed in three stages: the discretization 

of the control variables, the solutions formation via operating 

constraints consideration and the solutions evaluation. A 

graphical interpretation of these stages can be observed in Fig. 

3. 
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1) Discretization of the control variables 

The torque and speed maps of the power components can 

be discretized based on selected resolution values, as 

performed in the traditional DP technique. The red 

operating points of Fig. 3 are thus obtained, respecting the 

limits imposed by the maximum torque curves. 

2) Solutions formation 

The solutions for a sub-problem are constituted by specific 

combinations of operating points for the power 

components. These can be found by appropriately 

sweeping the operating points from the power component 

maps previously identified. Each solution is required to 

satisfy two performance requirements:  

 the PG kinematic constraints imposed in (2)  

 the algebraic sum of the mechanical powers 

provided by the components must equal the 

requested output power.  

As example, Fig. 3 reports two possible solutions where the 

two-way arrows may represent operating constraints for the 

solutions. Both hybrid and pure electric operations are 

considered in this process. 

3) Solutions evaluation 

After all the possible solutions for the sub-problem are 

identified, their performance can be evaluated. 

Particularly, the correspondent fuel consumption can be 

assessed through the fuel map, while the variation in the 

battery SOC can be calculated using (3) and (4). The 

dashed arrows in Fig. 3 represent a graphical interpretation 

of this step. 

B. Generalized Optimal Operating Points Definition 

Once all the possible solutions are identified for a specific 

sub-problem(i.e. a target cycle point), they can be assessed 

based on fuel consumption and battery SOC variation, as 

illustrated in Fig. 4. The general descending trend of the 

point cloud reminds how battery recharging can be achieved 

through the gradual increase of fuel consumption. This 

representation can be interpreted as a sort of Pareto frontier 

for all the operating solutions of the HEV powertrain in the 

considered sub-problem. The solutions at the lower edge of 

the point cloud thus correspond to the optimal ones, as they 

exhibit the highest ratio between charged battery energy  and 

correspondently consumed fuel. As consequence, these 

points should be considered for eventual hybrid operation in 

an attempt of reaching the global optimal solution in a 

considered drive cycle. In the ECMS a similar approach is 

employed to derive an optimal engine operating line [30], 

however the SERCA considers discrete operating points rather 

than continuous variables. 

The next step aims at identifying the optimal solutions for 

the considered sub-problems and storing them in a variable 

used in the following stage to solve the overall drive cycle 

control problem. This procedure can be divided in different 

sub-steps: 

1) Discretization of the fuel consumption interval 

The fuel consumption interval for the considered sub-

problem is represented by the span [�̇�𝑓𝑢𝑒𝑙_𝑚𝑖𝑛, �̇�𝑓𝑢𝑒𝑙_𝑀𝐴𝑋] 

of Fig. 4. This interval is discretized with a selected 

number of equidistant points �̇�𝑓𝑢𝑒𝑙𝑘
. The number of points 

is set to 15 in this paper as a result of the sensitivity  study 

conducted later in this section.  

2) Optimal solutions identification 

A correspondent optimal solution can be identified for 

each selected point of the fuel consumption interval. 

Referring to Fig. 4, the formulation of this problem related 

to the general point �̇�𝑓𝑢𝑒𝑙𝑘
 can be expressed in (9). 

min [𝑆𝑂𝐶̇ (�̇�𝑓𝑢𝑒𝑙)] 

subject to:  �̇�𝑓𝑢𝑒𝑙 ∈ [(�̇�𝑓𝑢𝑒𝑙𝑘
−

𝛥�̇�
𝑓 

2
) ; (�̇�𝑓𝑢𝑒𝑙𝑘

+
𝛥�̇�

𝑓 

2
)] 

(9) 

Repeating this operation for each member of the discretized  

fuel consumption interval thus returns a vector representing 

the discrete hull of the optimal solutions for the considered 

sub-problem.  

 
Fig. 4. Example of solutions comparison for a sub-problem 

 

 
Fig. 2. Workflow of SERCA  

 
Fig. 3. Discretization, relationships and outcomes related to the control variables 
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3) Slope-based relaxation  

The discrete hull identified above generally presents 

considerable irregularities, as illustrated in Fig. 5. 

Particularly local hollows, characterized by a lack of 

increase in the battery SOC despite increasing the fuel 

consumption, can be frequently observed. These local 

concave regions may prevent the optimization algorithm 

from descending along the optimal hull, thus  reducing the 

probability to achieve an optimal solution. As 

consequence, a filtration technique should be applied to 

overcome this draft. In this procedure the points of the 

discrete hull are evaluated backward starting from 

�̇�𝑓𝑢𝑒𝑙_𝑀𝐴𝑋 to �̇�𝑓𝑢𝑒𝑙_𝑚𝑖𝑛. The generic point k is then 

maintained if the condition expressed in (10) is respected, 

otherwise it is discarded from the variable memorizing the 

hull.  

𝑆𝑂𝐶̇ (�̇�𝑓𝑢𝑒𝑙𝑘
) < 𝑆𝑂𝐶̇ (�̇�𝑓𝑢𝑒𝑙𝑘+1

)      (10) 

The discretized light blue hull of Fig. 5 is obtained in this 

way. This nevertheless exhibits a persistently fluctuating 

trend, which may subsequently cause the same issues 

described above for the local hollows. As consequence, a 

relaxation of the hull should be performed in order to 

enhance its convexity. The slope between two adjacent 

points of the optimal hull is firstly defined as θ in (11). 

𝜃(𝑘 − 1, 𝑘) =
𝛥𝑆𝑂𝐶̇

𝛥�̇�𝑓𝑢𝑒𝑙
=

𝑆𝑂𝐶̇ (𝑘)−𝑆𝑂𝐶̇ (𝑘−1)

�̇�𝑓𝑢𝑒𝑙(𝑘)−�̇�𝑓𝑢𝑒𝑙(𝑘−1)
     (11) 

The relaxation technique applied in this paper consists in 

examining the points of the hull backward once more 

verifying the discrimination criteria for adjacent points 

presented in (12). 

|𝜃(𝑘 − 1, 𝑘)| ≥ |𝜃(𝑘, 𝑘 + 1)|          (12) 

The point k is maintained or discarded according to 

condition (8) being respected or not. This allows obtaining 

the relaxed hull displayed in red in Fig. 5. Smooth trend 

with steeper slopes at lower levels of fuel consumption can 

be obtained in this way. Each point of the discretized hull in 

the stored variable is accompanied with the correspondent 

slope value θ, as illustrated in Fig. 5. 

Once the steps described above are repeated for each sub-

problem, i.e. all the time points of the target cycle, the results 

can be stored in a variable presenting the structure illustrated 

in TABLE I. p represents the control variables related to the 

operating point (i.e. torque and speed of power components), 

while u contains the correspondent state variables and can be 

described in (13) for the generic point k of the discretized 

convex hull for the target cycle point i. 

𝑢1|𝑖,𝑘
= 𝜃𝑖(𝑘 − 1, 𝑘) 

𝑢2|𝑖,𝑘
= 𝑆𝑂𝐶̇ 𝑖(𝑘) − 𝑆𝑂𝐶̇ 𝑖(𝑘 − 1) 

𝑢3|𝑖,𝑘
= �̇�𝑓𝑢𝑒𝑙𝑖

(𝑘) − �̇�𝑓𝑢𝑒𝑙 𝑖
(𝑘 − 1) 

(13) 

An additional variable is created containing the state and 

control variables related to the optimal pure electric solution 

for each point of the target cycle. Hence, the state variables 

{u} for the first column in TABLE I take into account the pure 

electric solutions for the values related to the column (k-1). 

C. Energy Balance Realization 

The last step of the SERCA technique aims at efficiently 

solving the optimal control problem for the overall considered 

target cycle. This procedure has been inspired by the energy-

balance realization method adopted in the PEARS algorithm 

[26].  The flowchart of this step is illustrated in Fig. 6 and 

detailed as follows: 

1) Step C.1: First it is assumed that, when possible, all the 

target cycle points operate in the pure electric mode. 

Particularly, in the Pareto frontier of Fig. 3 the pure 

electric point with the lowest 𝑆𝑂𝐶̇  is retained and the 

powertrain is set to operate according to the correspondent 

control variables in the considered target cycle point. The 

total required electrical energy EEV is subsequently 

obtained by the sum of the battery energy consumption in 

each point where pure electric mode is operable. The 

global fuel consumption 𝑚𝑓𝑢𝑒𝑙_𝑇𝑂𝑇 is set to 0. 

2) Step C.2: From the first column of the variable 

illustrated in TABLE I, the target cycle point i exhibiting 

the highest value of slope (|θi| =|θMAX|) is retained for 

hybrid operation. The correspondent control variables are 

set to operate in the target cycle point. 

 

TABLE II 

VEHICLE AND POWERTRAIN DATA 

Component Parameter Value 

Vehicle Mass  2248 Kg 
 Wheel dynamic radius  0.358 m 

ICE Capacity 3.3 L 

 Maximum power 188 kW @ 5800 rpm 
 Maximum torque 320 Nm @ 4400 rpm 

MG1 Maximum power 60 kW 

MG2 Maximum power 85 kW 
Battery 𝑉𝑂𝐶 359 V  

 𝑅𝐼𝑁_𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔 0.0898 Ω  

 𝑅𝐼𝑁_𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔 0.0984 Ω 

 𝑄𝑏𝑎𝑡𝑡 18.5 kWh 

 

 

TABLE I 

STORED VARIABLE FOR THE TARGET CYCLE 

Target 

cycle 
point 

Optimal 

hybrid 
point #1 

… 

Optimal 

hybrid 
point k 

… 

Optimal 

hybrid point 
#20 

… … … … … … 

i-1 pi-1,1 , ui-1,1 … pi-1,k , ui-1,k … pi-1,20 , ui-1,20 

i pi,1 , ui,1 … pi,k , ui,k … pi,20 , ui,20 
i+1 pi+1,1 , ui+1,1

 … pi+1,k , ui+1,k … pi+1,20 , ui+1,20 

… .. … … … … 

 

 
Fig. 5. Example of discrete optimal hull identification for a sub-problem 
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3) Step C.3: Once the target cycle point i is selected, the 

variables related to the overall target cycle operation are 

updated in (14). Particularly, the value of electrical energy 

needed is reduced by the control variable (negative) value 

corresponding to the selected point i. Meanwhile, the 

global fuel consumption 𝑚𝑓𝑢𝑒𝑙_𝑇𝑂𝑇 is increased with the 

increment provided by the selected hybrid operating point. 

E𝐸𝑉 = E𝐸𝑉 + 𝑢2|𝑖,1
 

m𝑓𝑢𝑒𝑙_𝑇𝑂𝑇 = m𝑓𝑢𝑒𝑙_𝑇𝑂𝑇 + 𝑢3|𝑖,1
 

(14) 

Finally, the state and control variables for point i need to 

be updated in (15) after being selected. In other words, a 

left shift is performed in row i
th

 of the variable of TABLE I 

(e.g. values of cell (i,2) become the values of cell (i,1)). 

This operation allows considering the adjacent hull point 

for the target cycle point i in the following iteration of the 

algorithm. 

{𝑢|𝑖,𝑘
} = {𝑢|𝑖,𝑘+1

} 

{𝑝|𝑖,𝑘
} = {𝑝|𝑖,𝑘+1

} 
(15) 

4) Step C.4: A check is conducted for the CS operation 

being respected. This corresponds to the value of EEV being 

null or negative. If this condition is not respected, steps 

C.2 and C.3 are iterated. Otherwise, the algorithm is 

concluded and the correspondent fuel consumption, 

together with the overall powertrain operation for the 

target cycle, can be extrapolated. 

 

A sensitivity study is performed here to assess the 

discretization of both the control variables and the fuel 

consumption interval. TABLE II illustrates the vehicle and 

powertrain data considered in this paper. Particularly, several   

simulations are run considering the HEV controlled off-line by 

SERCA in the worldwide harmonized light vehicle test 

procedure (WLTP) cycle. Fig. 7 reports the obtained results, 

where the two axis refer to the number of equidistant points 

retained to discretized the fuel consumption intervals and the 

control variables, respectively. Fig. 7 (a) demonstrates how 

consistent fuel economy results can be achieved even with 

small mesh sizes. As regards the control variables, a consistent 

reduction of the predicted fuel consumption is observed 

between the mesh sizes of 5 and 15, followed by a quite 

constant trend. On the other hand, increasing the mesh size for 

the fuel consumption interval (i.e. more than 30 points) may 

lead the algorithm to operate ineffectively, especially at small 

control variable discretization intervals. The required 

computational time (CT) in Fig. 7 increases proportionally to 

the mesh size for the control variables, while it is overall 

constant with respect to the increase of discretization points 

for the fuel consumption interval. As a results, the value of 15 

for both the discretization processes may be adopted to 

combine optimality of fuel economy and computational 

advantage. 

V. SIMULATION RESULTS 

The SERCA technique aims at combining global optimality 

for the HEV control problem solution and simultaneous light-

weighting of the computational burden. In this section, two 

different analysis validate the proposed control strategy for 

HEVs powertrain. In the first one, a comprehensive sensitivity 

study is performed assessing the EFC and the correspondently 

required CT for SERCA, PEARS and DP. Then, four different 

drive cycles are considered to evaluate the performance of the 

aforementioned strategies together with ECMS. ECMS, DP 

and PEARS are particularly retained as benchmark energy 

management strategies for the SERCA algorithm. All the 

reported CTs refer to a desktop computer with Intel Core i7-

8700 (3.2 GHz) and 32 GB of RAM. In all the simulations, a 

CS operation has been simulated by imposing equal battery 

SoC values at the beginning and the end of the drive cycles. 

 

Fig. 7. Sensitivity study of SERCA parameters 

 

 
Fig. 6. Flowchart of step C 
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A. Sensitivity Study 

PEARS, SERCA and DP are specially selected for the 

sensitivity study as they are commonly employed in design 

and sizing techniques for power–split HEVs. ECMS would 

indeed require recursive tuning of the equivalence factor, thus 

resulting unpractical [34].  

In this study, control variables are discretized according to 

an equal number of equidistant points, referred to the mesh 

size. 15 points are retained for discretizing the fuel 

consumption interval of SERCA, as demonstrated in the 

previous section. Therefore, the sensitivity of both SERCA 

and PEARS algorithms only depends on the mesh size of the 

control variables. On the other hand, the operation of DP is 

affected by the discretization of the state grid (i.e. the battery 

SoC) [33]. Four different values of mesh size are consequently 

retained for the state grid of DP: 20, 50, 100 and 500. The 

sensitivity study is conducted simulating the retained HEV 

controlled off-line in the WLTP by the considered algorithms 

and varying the mesh size for the control variables and the 

state grid. Obtained results are illustrated in Fig. 8. 

Concerning DP, only values up to 45 were considered for the 

control variables mesh size related to the case of 500 SoC 

points. Indeed, increasing the mesh size would have led to 

excessively long CTs. As expected, increasing the mesh size 

reduces the EFC. However, this improvement drastically 

reduces after a certain value of mesh size for all the three 

algorithms. The SERCA algorithm is found remarkably 

improving the EFC compared to PEARS, while maintaining 

consistent CT. On the other hand, EFC values for PEARS and 

DP are similar only for reduced state grid mesh sizes (i.e. 20 

and 50). On its behalf, the SERCA algorithm demonstrates 

obtaining EFC results comparable with DP even with 

increased state grid mesh sizes (i.e. 100 and 500), while 

reducing the corresponding CT by near two orders of 

magnitude. 

B. Benchmark Study 

In this paragraph, the operation of SERCA, PEARS, DP and 

ECMS are assessed for different drive cycles. These 

particularly include the Urban Dynamometer Driving 

Schedule (UDDS), the Highway Federal Test Procedure 

(HWFET), the New European Driving Cycle (NEDC) and the 

WLTP. The mesh size for the control variables has been 

selected based on the lowest value for which the EFC of DP 

overtakes the one of SERCA  in Fig. 8, thus 30. The mesh size 

for the state grids of DP has been set to 100 to reduce the 

corresponding CT. As regards the ECMS, the equivalence 

factor 𝑠(𝑡) has been tuned for each drive cycle according to 

the CS criterion. TABLE III and TABLE IV report the 

obtained results for EFC and CT, respectively. The EFC 

values in TABLE III are in line with the global optimality 

principle of DP, with the remaining considered strategies 

achieving near-optimal results. For this particular HEV 

powertrain, the PEARS algorithm is revealed to under-

perform with respect to the other strategies, exhibiting as 

instance an EFC increase of  near 69% for the WLTP case 

with respect to DP. On the other hand, in TABLE IV PEARS 

establishes itself as the most rapid control strategy, while DP 

requires a CT greater by near two orders of magnitude. ECMS 

achieves appreciable results both in terms of EFC and CT, 

however this comparison does not account for the needed 

calibration of the equivalence factor. On its behalf, SERCA 

demonstrates both consistent proximity with the globally 

optimal EFC solution and rapidness close to the PEARS 

algorithm. 

Explanation for the PEARS ineffectiveness for this dual-

mode HEV powertrain can be related to the consideration of 

the overall powertrain efficiency value only when optimizing 

the entire target cycle operation. This translates in a single 

optimized point retained for each mode at each target cycle 

point, thus limiting the overall operational flexibility. 

However, when multiple modes are available, the EFC 

numerical distance between PEARS and the globally optimal 

solution can be significantly reduced. This correlates with the 

PEARS algorithm originally designed for rapid sizing of 

multimode HEV powertrains, where it is proved to achieve 

results similar to DP [24][34]. In this framework, the SERCA 

reveals more efficient compared to the current state-of-art, 

particularly when considering HEV powertrains with few 

operating modes. At the same time, the objective realization of 

the charge-sustaining operation allows avoiding recursive 

calculation thus enabling the implementation of SERCA for 

effective rapid sizing of powertrain components. 

TABLE III 

SIMULATION RESULTS – EFC  

 SERCA PEARS DP ECMS 

WLTP 
896.7 g 

(+0.5 %)  

1108.0 g  

(+24.1 %) 892.6 g 
944.9 g 

(+5.9 %) 

UDDS 
275.6 g 

(+0.8 %) 

443.3 g 

(+62.1 %) 
273.4 g 

305.7 g 

(+10.8 %) 

HWFET 
633.9 g 

(+0.4 %) 

747.9 g 

(+18.5 %) 
631.3 g 

697.6 g 

(+10.5 %) 

NEDC 
341.3 g 

(+0.3 %) 

574.2 g 

(+68.7 %) 
340.4 g 

362.0 g 

(+6.4 %) 

TABLE IV 

SIMULATION RESULTS – CT 

 SERCA PEARS DP ECMS 

WLTP 283 s 250 s 357.2 min 302 s 

UDDS 193 s 158 s 154.7 min 211 s 

HWFET 171 s 148 s 105.5 min 188 s 

NEDC 158 s 133 s 131.9 min 175 s 

 
Fig. 8 Comparison of SERCA, PEARS and DP 
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VI. CONCLUSIONS 

This paper introduces a novel rapid near-optimal energy 

management strategy for HEV powertrains named slope-

weighted energy-based rapid control analysis (SERCA). The 

operating steps of the SERCA techniques have been detailed, 

particularly the division into sub-problems, the construction of 

the generalized optimal operating hulls and the energy balance 

realization process. 

The SERCA addresses the problem of effective rapid 

component sizing for HEV powertrains with different grades 

of multimodality. This novel technique has been elaborated 

based on optimization concepts coming from different HEV 

energy management strategies. The division into sub-problems 

and their efficient exploration have been inherited from DP; 

the generation of the discrete optimal operating hull is derived 

from the instantaneous optimization of the Hamiltonian in the 

ECMS, while the objective realization of the charge-balanced 

operation comes from the PEARS algorithm procedure. 

The illustrated energy management strategy is validated 

based on two different analysis. First, an exhaustive sensitivity 

study is conducted to assess the behavior of SERCA, DP and 

PEARS according to the selected operating parameters. Then, 

SERCA, DP, PEARS and ECMS control strategies are 

simulated considering different drive cycles. The comparison 

of the resulting SERCA EFC with the globally optimal 

solution provided by DP reveals a narrow difference contained 

within 1%. Moreover, the SERCA technique is demonstrated 

achieving computational rapidness similar to the PEARS 

algorithm, while remarkably improving its EFC. Future work 

may consider the implementation of the SERCA in a design 

methodology for rapid component sizing of multimode power 

split HEV powertrains. Particularly, differences in the 

identified resulting optimal design may be expected compared 

to the current design methodologies that employ the PEARS 

algorithm [24][27]. Finally, an on-line energy management 

strategy may be developed based on the SERCA and 

implemented in an on-board control logic. For instance, off-

line SERCA optimization may be considered to derive optimal 

control policies [35]. Alternatively, the rapidness of SERCA 

may be associated to recent advances in intelligent 

transportation systems to establish on-line optimal adaptive 

HEV control strategies [36]. 
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