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I. Introduction

A EROELASTIC phenomena are increasingly important in the
analysis of aeronautical and space structures. They can

sometimes involve only one component of the structure. Panels are a
typical example: they are usually subjected to high aerodynamic
loads and can be afflicted by a dangerous aeroelastic phenomenon
called panel flutter. Panel flutter was observed for the first timewhen
the first supersonic flights were performed and it was studied
theoretically in the fifties by Hayes [1], Miles [2], and Shen [3].
Significant contributions have been made by Dowell [4–6]. The
classical approach to panel flutter analysis considers both the aero-
dynamic and the structural model as linear. The fluid is usually ap-
proximated via the “piston theory” proposed byAshley and Zartarian
[7], while the structural model uses classical approaches such as plate
and shell models [8].
Refined structural models are required when non-classical

configurations are considered. The effects of thermal [9] and in-plane
[10] loads can be considered as well as the use of anisotropic, layered
and composite materials as shown in theworks by Shiau and Lu [11],
Dixon and Mei [12], and Kouchakzadeh et al. [13]. The use of
advanced aerodynamic models allows the analysis to be extended to
larger Mach number regimes, as shown by Gordiner and Visbal [14]
and Hashimoto et al. [15]. Advanced structures such as the thermal
insulation panels used in launcher structures are larger than common
aeronautical panels; these are usually connected to the main structure
by means of pinched points. Their features make these panels very
flexible and therefore they could be affected by aeroelastic
phenomena. In the works by Carrera and Zappino [16] and Carrera
et al. [17,18], a refined one-dimensional structural model was used to
analyze the aeroelastic behaviour of such panels.
In the present paper, the effects of unconventional boundary

conditions and of advanced composite materials on panel flutter are
investigated. A refined shell model originally introduced by Cinefra
and Carrera [19] is extended to the aeroelastic formulation to

overcome the limitation of the classical models. The structural model
is based on the Carrera Unified Formulation, CUF, which allows any
model to be derived with a unified and compact formulation. The
theoretical foundations of the method can be found in Carrera et al.
[20]. Both equivalent single layer (ESL) and layer-wise (LW)models
are considered. The solution is obtained via finite element method
(FEM) using a 9-node element based on theMITC9 formulation [21].
The fluid model is based on the linear formulation of the piston
theory, therefore only supersonic regimes are investigated. Where
possible, the results are compared with those from the one-
dimensional model presented in [16].

II. Aeroelastic Model

The aeroelastic model can bewritten using the Principle of Virtual
Displacements:

δLint � δLine � δLext (1)

where Lint is the internal virtual work due to the elastic forces, Line is
the work due to the inertial forces, and Lext is the work due to the
external forces. δ denotes virtual variations. Using FEM, Eq. (1) can
be written in matrix form:

��K� � �Ka��fqg � ��Da��f _qg � ��M��f �qg � 0 (2)

where �K� is the stiffness matrix, �M� is the mass matrix, �Ka� is the
aerodynamic stiffness matrix, and �Da� is the aerodynamic damping
matrix.

A. Advanced Shell Elements

The refined shell model used in the present paper is derived using
CUF [22]. As in any shell theory the generic three-dimensional
displacement field can be expressed as a contribution on the reference
surface and a contribution on the thickness. The displacement field
therefore assumes the following form:

uk�α;β; z� � Fτ�z�Ni�α;β�qkiτ τ � 1; : : : ;N; i� 1; : : : ;Nn (3)

where �α; β; z� is the curvilinear reference system shown in Fig. 1 and
k identifies the generic layer.Fτ is a functionwhich depends only on z
and is used to approximate the deformation through the thickness of
the shell. The choice of Fτ is discussed below and τ is the number of
terms in the expansion. Ni are the Lagrangian shape functions
introduced by the FEM formulation.
Two different approaches are used in the thickness approximation:

ESL and LW approximation. In the case of ESL models, a Taylor
expansion is employed in the thickness direction. In this work, these
models are indicated with the acronym ED − N where N is the
number of terms of the expansion. In the case of LW models, the
displacement is defined at layer level. These models are denoted
using LD − N where N is the number of terms of the expansion
in each layer. The LW models allow the zig-zag form of the
displacement distribution in layered structures to be modelled, while
the ESL models would require some improvements, the Murakami
zig-zag functions, to provide an accurate displacement distribution.
More details can be found in Cinefra et al. [21] and in Carrera
et al. [20].
The internal work, δLint, can be expressed in terms of elastic

energy using the equations introduced in the section above:
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T
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where C is the material coefficients matrix and D is a differential
operatormatrix used to derive the strains from the displacements. The
mass matrix is derived from the variation of the work made by the
inertial forces:

δLine �
Z

V

δu �uρk dV

� δqk
T

iτ

�Z

V

�Fτ�z�I · Ni�α; β� · Nj�α; β� · Fs�z�I · ρk� dV
�

�qksj

� δqk
T

iτ m
kijτs �qksj (5)

Double dot denotes acceleration. The explicit form of stiffnessmatrix
and the mass matrix can be found in Carrera et al. [22].

B. Aerodynamic Model

The aerodynamic model is based on the Piston Theory presented
by Ashley and Zartarian [7]. The piston theory assumes that the flow
on a panel is similar to a one-dimensional flow in a channel (e.g., in a
piston). The pressure distribution can be expressed as:

Δp�y; t� � 2λ
���������������

M2 − 1
p

�

∂uz
∂α

�M2 − 2

M2 − 1

1

V∞

∂uz
∂t

�

(6)

where the flow parameters are the Mach number, M, the flow
velocity,V∞, and the dynamic pressure, λ. uz is the component of the
displacement in z-direction while α denotes the longitudinal direc-
tion, in accordancewith Fig. 1. The aerodynamic stiffness matrix can
be derived by evaluating the work, δLaer, made by a differential
pressure, Δp, on the reference surface, Ω, due to the slope of the
surface in the flow direction.

k
kijτs
a � 2λ

���������������
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p FτFsjz

2

4

0 0 0

0 0 0

0 0
R

Ω
Nj
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3

5 (7)

To notice that dΩ � dα · dβ. The aerodynamic damping matrix can
be derived by evaluating the work, δLaer, made by a differential
pressure, Δp, due to the vertical velocity of the surface.

d
kijτs
a � 2λ
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(8)

III. Numerical Results Analysis

This section shows the performances of the present refined shell
model and the impact of higher-order models on the aeroelastic
analysis. Different panel configurations are investigated. The effects
of non-conventional boundary conditions, lamination, sandwich
material and curvature are considered.

A. Convergence Analysis and Assessment

Eight meshes were considered, from 2 × 2 to 9 × 9 elements.
Two panels were investigated: a simply supported (SS) flat plate
with dimensions b � 0.5 m and a � 1 m and a square flat panel
pinched supported (PPPP) at the four corners with dimensions
a � b � 0.5 m. Both models had a thickness of 0.002 m and they
were built with an aluminium alloy: E � 73 GPa, ν � 0.3, and a
density of ρ � 2700 kg∕m3. An ED2 structural model was used in
both cases. The flow parameters were derived according to the
standard atmosphere model. The first panel was analysed at an
altitude of 11,000 m while the second at 20,000 m. These altitudes
would permit flutter at supersonic speed by preserving the validity of
the used piston-theory. Table 1 shows the results of the FEM
convergence analysis. The SS model needs a rather coarse mesh to
achieve very good convergence (3 × 3mesh) while the PPPP models
converge only with a 9 × 9 mesh, although the solution with a 5 × 5
mesh is quite close to the reference model.
The aeroelastic model based on refined structural theories was

assessed comparing the results with those by Krause [23]. The PPPP
model described abovewas used. Both the ESL and LWmodels were
considered as well as expansions of first, second and third order. A
6 × 6 mesh was used for both models. Table 2 shows the results in
terms of critical Mach number and flutter frequency. All the models
provide good results and are comparable with the reference model.

B. Number of Pinched Point Effects

The effect of the number of the pinched points on the flutter
boundary is investigated in this section. The results are compared
with those obtained by the authors in the work [16]. A square panel
(a � b � 0.5 m) with thickness of 0.002 m is considered, where
the material had E � 75 GPa, ν � 0.3, and the density was
2700 kg∕m3. No displacements or rotations were allowed in the
pinched points. TheMach numberwas fixed to 3.0, the temperature at
216 K and the critical value of density (ρcr) was investigated.
Different numbers of pinched points and different structural models
were considered. A 6 × 6 mesh was adopted.
The results are reported in Table 3. As the number of pinched

points is increased the critical density values also increase, while the
structural model does not have much impact on the results, so
classical models can be considered accurate. The results for the fully
clamped panel show non-physical values of ρcr. This means that, for
this configuration, flutter cannot appear in the real atmosphere.
The results computed using an LD4 model are compared with

those from [16] in Fig. 2. The critical condition evaluated using the
shell model appears earlier than those of the one-dimensional model.

Fig. 1 Geometry and reference system.

Table 1 Critical Mach number for different FEM

discretizations and boundary conditions, model used: ED2

MESH 2 × 2 3 × 3 4 × 4 5 × 5 6 × 6 7 × 7 8 × 8 9 × 9

SS 4.91 4.39 4.39 4.39 4.39 4.39 4.39 4.39
PPPP 17.98 4.23 3.98 3.86 3.79 3.73 3.67 3.67

Table 2 Effect of the structural model on the aeroelastic

solution

[23] ED2 ED3 ED4 LD2 LD3 LD4

Critical M 4.5 4.39 4.36 4.36 4.36 4.36 4.36
Flutter Freq. 66.03 65.46 65.31 65.31 65.31 65.32 65.32

The results are compared with those from [23].
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This is due to the higher flexibility of the two-dimensional shell
formulation.

C. Tailoring of Composite Panel

The tailoring effects on the aeroelastic instability due to the
variation of lamination angle is investigated in this section. The
geometry of the panel is the same as that used in Sec. III.B. Different
boundary condition configurations were considered, that is, 4 and 8
pinched points. A three-layer orthotropic material was used and the
thickness of the layers was 0.0005∕0.001∕0.0005 m. The lamination
sequencewas set equal to 0∕θ∕0, therefore only themiddle layer has a
variable lamination angle, θ. The analyses were performed with the
flow parameters according to the standard atmosphere model at
20,000 m.

Table 4 shows the results, in terms of critical Mach number, of
three different models: ED3, ED4, and LD3. Different values of θ are
considered: 0, 15, 30, 45, 60, 75, and 90. The same results are
reported in Fig. 3. They show that lamination can play an important
role in the aeroelastic phenomena. Figure 3 shows a maximum
critical condition for a lamination angle close to 20 deg, and a
minimum for θ close to 60 deg for both the boundary condition
configurations. From the results it appears that the configuration with
more constrained points (8 P-P) does not provide a higherMcr for any
lamination angle, but, θ equal to 60 provides a Mcr lower than the
configuration with 4 P-P. If isotropic panels are considered, Mcr

increases by increasing the number of pinched points; quite
unexpected results could be obtained by varying boundary condition
and panels lamination lay-out.

D. Sandwich Panels Analysis

Classical shell models are not adequate for the analysis of
sandwich panels. The critical flutter condition of a sandwich panel is
investigated in this section. The panel is considered SS on the trailing
and leading edgeswhere the length is 0.5m, and thewidth is 1m. The
two outer skins have a thickness of 0.0005 m and are made of
aluminium alloy, E � 75 GPa, ρ � 2700 kg∕m3, and ν � 0.3. The
core has a thickness of 0.005 m and it is foam made with
E � 54 MPa, G � 23 MPa, ρ � 80 kg∕m3, and ν � 0.17. A 6 × 6
mesh was used. Four structural models were compared. The natural
frequencies evaluated using the different structural models are
reported in Table 5. The results obtained using the LD4 model are
used as a reference solution. The results show that the ESL models
need a high order displacement expansion to provide good accuracy.
LW models provide better results and both considered models
provide the same frequency value. Table 6 shows the results in terms
of critical Mach number. The results highlight that ESL models are
not very accurate.

E. Cylindrical Panel Analysis

The aeroelastic analysis of cylindrical panels with different
boundary conditions is carried out in this section. A square panel with
an edge of 0.5 m and thickness equal to 0.002 m is considered. The
material hasE � 75 GPa, ν � 0.3, andρ � 2700 kg∕m3. A fully SS
panel, a partially SS panel (only trailing and leading edge), a 4-point

Table 3 Critical density value for a square
panelwithdifferent numberof pinchedpoints at

M equal to 3

ρcr, Kg∕m
3

MODEL ED2 ED4 LD2 LD3 LD4

P-P 0.111 0.111 0.111 0.111 0.111
P-P 0.586 0.578 0.586 0.578 0.579
P-P 1.059 1.084 1.059 1.085 1.085
Clamped 1.424 1.453 1.424 1.453 1.453

Fig. 2 Effects of the number of pinched points on the critical dynamic
pressure, defined as λcr �

1
2
ρcrV

2. The present results, evaluated by LD4
model, are compared with those from [16].

Table 4 Effects of the lamination angle on the critical Mach
number

Lamination angle Θ, deg

Model 0 15 30 45 60 75 90

ED2 4 P-P 3.231 6.356 6.794 3.231 2.231 2.356 2.544
ED4 4 P-P 2.856 6.356 6.856 3.231 2.231 2.356 2.544
LD3 4 P-P 2.856 6.356 6.919 3.231 2.231 2.356 2.544
ED2 8 P-P 4.544 10.856 8.356 3.419 1.981 2.794 4.231
ED4 8 P-P 4.544 10.856 8.356 3.481 2.044 2.856 4.231
LD3 8 P-P 4.544 10.856 8.356 3.481 1.981 2.856 4.231

4 and 8 pinched point panels are considered.Different structuralmodels are compared.

Fig. 3 Tailoring effects: evolution of the critical Mach number with the
lamination angle.

Table 5 Effect of the structural model on the first ten
natural frequencies for sandwich panel

Mode ED2 ED4 LD3 LD4

1 43.33�3.4%� 42.51�1.4%� 41.92�0.0%� 41.92
2 88.46�10.2%� 82.33�2.5%� 80.30�0.0%� 80.30
3 88.46�10.2%� 82.33�2.5%� 80.30�0.0%� 80.30
4 110.32�10.5%� 101.45�1.6%� 99.85�0.0%� 99.85
5 203.79�13.6%� 185.88�3.6%� 179.36�0.0%� 179.36
6 213.54�9.6%� 199.53�2.4%� 194.85�0.0%� 194.85
7 256.08�10.9%� 236.50�2.5%� 230.83�0.0%� 230.83
8 256.08�10.9%� 236.50�2.5%� 230.83�0.0%� 230.83
9 347.53�12.4%� 316.53�2.4%� 309.19�0.0%� 309.19
10 388.25�13.6%� 352.83�3.3%� 341.64�0.0%� 341.64
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and a 8-point pinched supported panel are considered. Each model
was analysed using a ED3 theory. The results are reported in Fig. 4.
The critical dynamic pressure, λ, of each model is reported for
different curvature values. The curvature is represented by the
dimensionless ratioR∕L, whereR is the curvature radius and L is the
length of the leading edge of the panel. The results show that the
critical flutter condition is affected to a great extent by the curvature
and, as shown in the previous sections of this paper, by the boundary
conditions. The critical dynamic pressure does not show amonotonic
behaviour as the curvature increases (lower values ofR∕L), but rather
it has several maximum and minimum values for all the constraint

settings. This is a typical result of stability analysis in which different
flutter modes can appear at different curvature values. To notice that,
for R∕L � 2, the configuration with 8 pinched points has a lower
critical dynamic pressure than the model with 4 pinched points.
Figure 5 focuses attention on the behaviour of the 4 pinched

point model. The evolution of the frequencies over a wide range of
dynamic pressures is reported for R∕L equal to 2.43, 2.56, and 4.16.
This figure highlights why ‘steps’ can be observed in Fig. 4. At
R∕L � 2.56, the instability arises due to the coupling between the
fourth and the fifth frequencies, and it appears at about 5 × 106 Pa. A
second instability appears at about 1.5 × 107 Pa. If the curvature is
increased slightly (R∕L � 2.43), the first instability disappears and
the critical dynamic pressure abruptly increases from 5 × 106 Pa to a
value of 1.5 × 107 Pa.

IV. Conclusions

In this paper, an advanced shell element has been used to perform
aeroelastic analyses of non-conventional panels. The structural
model is based on a refined shell element developed using theCarrera
Unified Formulation. The aerodynamic model is based on the linear
piston theory. The advantages of the use of refined models in the
aeroelastic analysis have been investigated. Isotropic, composite, and
sandwich panels have been considered and different curvature values
and boundary condition configurations are also analyzed.
The analysis of different boundary conditions focuses on the

pinched point constraint configuration. The results have shown that,
in the case of flat panels, the critical dynamic pressure increases with
the number of pinched points at the edges. The effects of the
boundary condition can be contrasted by the orientation of the fibers
of the used composite panels, that is to say that tailoring play a crucial
role in the aeroelastic design of panels. The use of refined models is
recommended in the analysis of sandwich panels where the thickness
deformation can not be neglected. Finally, panel curvature has a
strong impact on aeroelastic instabilities and should be considered in
the at early design stage.
In conclusion, the model presented in this paper appears to be

suitable for aeroelastic analysis of conventional and unconventional
panel configurations. More accurate aerodynamic models should be
introduced in future works in order to extend the present model to
both lower and higher speed regime.

Table 6 Critical Mach number and flutter
frequency for a sandwich panel, comparison

between different structural models

ED2 ED4 LD3 LD4

Mcr 2.61�38.1%� 2.04�7.9%� 1.92�1.6%� 1.89
fcr 67.04�9.0%� 62.65�1.9%� 61.49�0.0%� 61.49
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