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Gauss–Seidel Iterative Solution of Electromagnetic
Pulse Coupling to Three-Conductor

Transmission Lines
Jun Guo, Yan-zhao Xie, and Flavio G. Canavero

Abstract—This paper proposes a distributed analytical
representation and Gauss–Seidel iterative technique (Seidel-
DARIT-field), which has a faster convergence rate than the
Jacobi-DARIT-field method in the simulation of electromagnetic
pulse (EMP) radiated field coupling to multiconductor transmis-
sion lines (MTLs) and is more valid and accurate. The process of
the first iteration in this method is similar to that in the Jacobi-
DARIT-field method. At the second iteration and after, every line
will be updated based on the present iteration state of other lines.

Index Terms—Analytical solution, electromagnetic pulse,
Gauss–Seidel iteration, iterative method, transient analysis,
transmission-line modeling, waveform relaxation.

I. INTRODUCTION

THE electromagnetic pulse (EMP) field could couple to
multiconductor transmission lines (MTLs), and would lead

to high amplitude of the voltage and current response and put the
connected electronic equipment at risk. Therefore, it is of high
significance to investigate in this kind of field-wire coupling
phenomenon and to predict the voltage and current response of
MTLs.

Much of the research has been done on this issue [1]–[6]. In
2013, Y.-z. Xie, J. Guo, and F. Canavero proposed the Jacobi-
DARIT-field method [7] for the field-wire coupling analysis.
Based on the Waveform Relaxation and Transverse Partitioning
(WR-TP, [8]–[24]) algorithm, this method adopts an analytical
Jacobi iterative way. Therefore, the high computational effi-
ciency and good simulation accuracy could be obtained after
only a few iteration steps in most situations such as in the case
of interconnected lines on PCB.

However, when using this method in the cases, which have big
number of conductors or the power distribution lines as shown
in Fig. 1, only a few iteration steps were insufficient due to the
decrease of the convergence rate. As the Jacobi-DARIT-field
method did not use all the updated informations in the iteration
process, to speed up the convergence rate of the DARIT-field

Fig. 1. Structure of the power distribution line.

method, this paper developed the Seidel-DARIT-field method,
which could make the maximum use of the updated informa-
tions in every iteration step. Similar to the Jacobi-DARIT-field
method, the first iteration in the Seidel-DARIT-field method is
to deal with the incoming EMP wave interacting with each line
independently. At the second iteration and after, the voltage and
current informations of adjacent lines used are obtained from
the results of front lines, which is updated in this iteration step,
and of after lines, which is updated in previous iteration step.
When adopting this method in the power distribution line case,
the result shows a better performance compared with the Jacobi
method.

The rest of this paper is organized as follows. Section II intro-
duces the basic idea of proposed Seidel-DARIT-field approach
briefly. Section III explains the derived formulae in detail. Sec-
tions IV and V present the validation examples and conclusions,
respectively.

II. SCHEME OF THE SEIDEL-DARIT-FIELD METHOD

The problem to be investigated is that the incoming EMP
plane wave radiated to the MTLs, which terminates with linear
loads. Similar to the Jacobi-DARIT-field method, the process
of the Seidel-DARIT-field method begins from the frequency-
domain Telegrapher’s equations in the matrix form. By resolving
the equations and applying waveform relaxation techniques to
it, a recursive set of decoupled differential equations based on
the Gauss–Seidel iteration for line i are obtained

dv
(r+1)
i (x, s)

dx
+ z′ii(s)i

(r+1)
i (x, s)= e

(r+1)
A,i (x, s) + eB ,i(x, s)

di
(r+1)
i (x, s)

dx
+ y′

ii(s)v
(r+1)
i (x, s)= q

(r+1)
A,i (x, s) + qB ,i(x, s).

(1)

where (r + 1) represents the (r + 1)th iteration, r ≥ 0. Note
that, there are two parts on the right-hand side of the equations.

The first part ′A′ (e(r)
A,i and q

(r)
A,i) of ith line is the iterative term,

which represents the neighboring effects due to the influence of
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the adjacent lines and is updated in each iteration step, and it
is the main difference compared with the Jacobi-DARIT-field
method. Based on the Gauss – Seidel iteration algorithm, this
part would be updated on the basis of the state of line 1∼ i − 1 at
the present iteration and line i + 1∼ N at the previous iteration.
Depending upon the value of i, the expressions of e

(r)
A,i and q

(r)
A,i

are as follows.
1) Case 1: For (i = 1)

e
(r+1)
A,i (x, s) = −

N∑

j=2

z′ij (s)i
(r)
j (x, s)

q
(r+1)
A,i (x, s) = −

N∑

j=2

y′
ij (s)v

(r)
j (x, s). (2)

2) Case 2: For (1 < i < N )

e
(r+1)
A,1 (x, s) = −

i−1∑

j=1

z′1j (s)i
(r+1)
j (x, s)

−
N∑

j=i+1

z′1j (s)i
(r)
j (x, s)

q
(r+1)
A,1 (x, s) = −

i−1∑

j=1

y′
ij (s)v

(r+1)
j (x, s)

−
N∑

j=i+1

y′
ij (s)v

(r)
j (x, s). (3)

3) Case 3: For (i = N )

e
(r+1)
A,1 (x, s) = −

N −1∑

j=1

z′1j (s)i
(r+1)
j (x, s)

q
(r+1)
A,1 (x, s) = −

N −1∑

j=1

y′
ij (s)v

(r+1)
j (x, s). (4)

The second part ′B′ (e(r)
B,i and q

(r)
B,i) is the general term due

to the excitation of incoming EMP wave, which has the same
form as that in the Jacobi-DARIT-field method.

The load responses would be calculated with the BLT equa-
tion [25]. The main task of each iteration step is to get the
source terms S

(r)
i+ and S

(r)
i− , which are in BLT equation as input

parameters
[

S
(r)
i+

S
(r)
i−

]
=

⎡

⎣
∫ L

0 e−γi (L−x ′) [e(r)
i (x′, s) + zc,iq

(r)
i (x′, s)]dx′

−
∫ L

0 e−γi x
′
[e(r)

i (x′, s) − zc,iq
(r)
i (x′, s)]dx′

⎤

⎦

=

[
Si+ ,A + Si+ ,B

Si−,A + Si−,B

]
. (5)

III. MATHEMATICAL DERIVATION OF THE PROPOSED

SEIDEL-DARIT-FIELD ALGORITHM

All the expressions in Seidel-DARIT-field method should be
derived as new ones because of the iterative scheme it adopts is

different from Jacobi-DARIT-field method. In this section, the
MTLs model with three conductors would be considered and
the formulae of three iterations would be derived.

A. Iteration 1

At this iteration, there are no coupling effects from the neigh-
boring lines since the initial states of the lines are zeros, which
is the same as in the Jacobi-DAARIT-field method (the expres-
sions in iteration 1 can be seen in [7]).

B. Iteration 2

From this step on, each line is excited by the incoming EMP
wave and the coupling effects of all the other adjacent lines. For
the voltages and currents on the mth line, we have

dv
(2)
m (x)
dx

+ z′mm i(2)
m (x) = e

(2)
m,A (x) + V ′

m (x)

di
(2)
m (x)
dx

+ y′
mm v(2)

m (x) = q
(2)
m,A (x) + I ′m (x). (6)

Since the Gauss–Seidel iteration method is adopted, the ex-
pression form of e

(2)
m,A (x) and q

(2)
m,A (x) are different in each

conductor, and we compute them one after another.
1) Conductor #1: When analyzing the state of line 1, the

voltage and current states of the other adjacent lines used are
obtained from iteration 1 for line 2 and 3. The virtual p.u.l.
distributed voltage and current sources due to the effects of
adjacent lines are

e
(2)
1,A (x) =−

3∑

m=2

z′1m i(1)
m (x) q

(2)
1,A (x) =−

3∑

m=2

y′
1m v(1)

m (x).

(7)

After we get the expressions of the combined voltage source
wave

(
S

(2)
1+ ,A (x)

)
and

(
S

(2)
1−,A (x)

)
, the corresponding elements

in the source vector of part A may be given as follows:

S
(2)
1+ ,A = e−γ1 L

[
−

3∑

m=2

(
B

(2)
1+ (1,m)Q(2)

1+ ,m

+B
(2)
2+ (n,m)K1+ ,m+ + B

(2)
3+ (n,m)K1+

)]

S
(2)
1−,A =

3∑

m=2

(
B

(2)
1− (1,m)K1−,m−

+B
(2)
2− (1,m)Q(2)

1−,m + B
(2)
3− (1,m)K1−

)
. (8)

where, in order to abbreviate the length of the formulae, we use
the notations as follows:

Kn+ ,m+ =
e(γn +γm )L − 1

γn + γm

Kn+ ,m− =
e(γn −γm )L − 1

γn − γm

Kn−,m+ =
e(γm −γn )L − 1

γm − γn
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Kn−,m− =
e(−γn −γm )L − 1

−γn − γm

Kn+ =
e−(γn +jk cos ψ cos φ)L − 1
−(γn + jk cos ψ cos φ)

;

Kn− =
e(γn −jk cos ψ cos φ)L − 1

γn − jk cos ψ cos φ

B
(r+1)
l+ (n,m) =

(
z′nm f

(r)
il

(m) + zc,ny′
nm f (r)

vl
(m)

)

B
(r+1)
l− (n,m) =

(
z′nm f

(r)
il

(m) − zc,ny′
nm f (r)

vl
(m)

)
.

(9)

In order to implement the iterating procedure, the symmetry of
the MTLs, which indicates whether the propagation constants
of one line is equal to the other’s, should be considered. The
values of Q

(2)
1+ ,m and Q

(2)
1−,m are determined depending upon

the symmetry as follows.
1) Unsymmetrical Cases of MTLs (γn �= γm )

Q
(2)
1+ ,m = Kn+ ,m−, Q

(2)
1−,m = Kn−,m+ . (10)

2) Symmetrical Cases of MTLs (γk = γg , the case of k = g
included)

Q
(2)
1+ ,m = L, Q

(2)
1−,m = L. (11)

The load responses could be solved by means of the BLT
equation. Then, incorporating the terminal conditions, the volt-
age v1(x) and current i1(x) can be obtained. They are given as
follows:

v
(2)
1 (x) = f (2)

v1
(1)e−γ1 x + f (2)

v2
(1)eγ1 x + f (2)

v3
(1)e−jk cos ψφx

+f (2)
v4

(1)xe−γ1 x + f (2)
v5

(1)xeγ1 x + f (2)
v6

(1)e−γ2 x

+f (2)
v7

(1)eγ2 x + f (2)
v8

(1)e−γ3 x + f (2)
v9

(1)eγ3 x

i
(2)
1 (x) = f

(2)
i1

(1)e−γ1 x + f
(2)
i2

(1)eγ1 x + f
(2)
i3

(1)e−jk cos ψφx

+f
(2)
i4

(1)xe−γ1 x + f
(2)
i5

(1)xeγ1 x + f
(2)
i6

(1)e−γ2 x

+f
(2)
i7

(1)eγ2 x + f
(2)
i8

(1)e−γ3 x + f
(2)
i9

(1)eγ3 x

(12)

where f
(2)
v1∼9 , f

(2)
i1∼9

are the predefined coefficients depending
upon whether the case is symmetrical or not.

2) Conductor #2: When calculating the state of line 2, the
voltage and current states of the other adjacent lines used are
obtained from iteration 2 for line 1 and iteration 1 for line 3.
The virtual p.u.l. distributed voltage and current sources due to
the adjacent lines are

e
(2)
2,A (x) = −z′21i

(2)
1 (x) − z′23i

(1)
3 (x),

q
(2)
2,A (x) = −y′

21v
(2)
1 (x) − y′

23v
(1)
3 (x). (13)

The derivation in detail is given in Appendix A.
In this step, the voltage and current on line 2 are expressed

by v2(x) and i2(x), respectively. They are given as follows:

v
(2)
2 (x)= f (2)

v1
(2)e−γ2 x +f (2)

v2
(2)eγ2 x + f (3)

v3
(2)e−jk cos ψ cos φx

+f (2)
v4

(2)e−γ1 x + f (2)
v5

(2)eγ1 x + f (2)
v6

(2)xe−γ2 x

+f (2)
v7

(2)xeγ2 x + f (2)
v8

(2)xe−γ1 x + f (2)
v9

(2)xeγ1 x

+f (2)
v1 0

(2)e−γ3 x + f (2)
v1 1

(2)eγ3 x

i
(2)
2 (x)= f

(2)
i1

(2)e−γ2 x +f
(2)
i2

(2)eγ2 x + f
(3)
i3

(2)e−jk cos ψ cos φx

+f
(2)
i4

(2)e−γ1 x + f
(2)
i5

(2)eγ1 x + f
(2)
i6

(2)xe−γ2 x

+f
(2)
i7

(2)xeγ2 x + f
(2)
i8

(2)xe−γ1 x + f
(2)
i9

(2)xeγ1 x

+f
(2)
i1 0

(2)e−γ3 x + f
(2)
i1 1

(2)eγ3 x . (14)

where, f
(2)
v1∼1 1 , f

(2)
i1∼1 1

are the predefined coefficients.
3) Conductor #3: When analyzing the state of line 3, the

voltage and current states of the other adjacent lines used are
obtained from iteration 2 for line 1 and 2. The virtual p.u.l.
distributed voltage and current sources due to the adjacent lines
are

e
(2)
3,A (x) = −z′31i

(2)
1 (x) − z′32i

(2)
2 (x)

q
(2)
3,A (x) = −y′

31v
(2)
1 (x) − y′

32v
(2)
2 (x). (15)

The derivation in detail is given in Appendix A depending upon
whether the case is symmetrical or not.

In this step, the voltage and current on line 3 are expressed
by v3(x) and i3(x), respectively. They are given as follows:

v
(2)
3 (x)= f (2)

v1
(3)e−γ3 x + f (2)

v2
(3)eγ3 x +f (2)

v3
(3)e−jk cos ψ cos φx

+f (2)
v4

(3)e−γ2 x + f (2)
v5

(3)eγ2 x + f (2)
v6

(3)xe−γ1 x

+f (2)
v7

(3)xeγ1 x + f (2)
v8

(3)xe−γ3 x + f (2)
v9

(3)xeγ3 x

+f (2)
v1 0

(3)xe−γ2 x + f (2)
v1 1

(3)xeγ2 x + f (2)
v1 2

(3)xe−γ1 x

+f (2)
v1 3

(3)xeγ1 x + f (2)
v1 4

(3)x2e−γ2 x + f (2)
v1 5

(3)x2eγ2 x

i
(2)
3 (x)= f

(2)
i1

(3)e−γ3 x + f
(2)
i2

(3)eγ3 x +f
(2)
i3

(3)e−jk cos ψ cos φx

+f
(2)
i4

(3)e−γ2 x + f
(2)
i5

(3)eγ2 x + f
(2)
i6

(3)xe−γ1 x

+f
(2)
i7

(3)xeγ1 x + f
(2)
i8

(3)xe−γ3 x + f
(2)
i9

(3)xeγ3 x

+f
(2)
i1 0

(3)xe−γ2 x + f
(2)
i1 1

(3)xeγ2 x + f
(2)
i1 2

(3)xe−γ1 x

+f
(2)
i1 3

(3)xeγ1 x + f
(2)
i1 4

(3)x2e−γ2 x + f
(2)
i1 5

(3)x2eγ2 x .

(16)

where f
(2)
v1∼1 5 , f

(2)
i1∼1 5

are the predefined coefficients.

C. Iteration 3

The Telegrapher’s equations for this step are the same as
those for Iteration 2. Note that the convergence of each line
is different due to the iteration sequence, and line 3 has the
best computational accuracy, whereas line 1 has the worst one.
In order to balance the accuracy, the inversion computation
sequence is adopted in iteration 3. Except for the inversing
iteration sequence, the derivation process in this iteration is
similar to that in iteration 2 and would not be listed here due to
the page limit.
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Fig. 2. Far-end response of line #1 with coupling factors of 0.05
(Example 1).

It is worthwhile to note that there should be a correction term
in the expression of source term after iteration 1, which is small
in ordinary case but would be larger in the high resonance case
such as in the open-circuit system. To deal with this effect, some
variation method and perturbation theory could be considered.

IV. VALIDATION OF THE PROPOSED ALGORITHM

As described in [26], the coupling factors (CF, which was
defined in [7]) and ratio of the line length over the wavelength
(L/λ) are the key influence factors of the convergence in the
Jacobi-DARIT-field method. The convergence speed would be
low if the value of CF or L/λ is high. Therefore, two exam-
ples will be shown in this section to show the advantages of
the Seidel-DARIT-field method. The first example demonstrates
the performance of the Seidel-DARIT-field in handling with the
high CF case. The second example illustrates the advantage of
the Seidel-DARIT-field method in the power distribution line
case and shows the performance of the proposed method in the
cases with different line length. The MTLs structure in both the
examples consists of three conductors that are above the lossy
ground. The relative dielectric constant and electrical conduc-
tivity of ground are 10 and 0.01 S/m, respectively. In both the
examples, MTLs are illuminated by the incoming EMP wave as
defined by IEC 61000-2-9[2] and with the incidence angles of
α = 0◦, ψ = 30◦ and φ = 0◦.

A. Example 1: High Value of CF

This example aims to show the capability of the Seidel-
DARIT-field method in handling with the high CF case and
to compare its computational accuracy with the Jacobi-DARIT-
field method at different CF levels. In this example, MTLs with
the length of 40 cm, height of 2 cm, and diameter of 1 mm are
considered. The loads on both ends are 50 Ω. There are ten cases
in this example with the distance between lines ranging from
60 to 6.2 mm to make the CF range from 0.05 to 0.5 in step of
0.05. Figs. 2 and 3 show a sample of the computed waveforms
from iteration 3 of the proposed Seidel-DARIT-field method
and iteration 3 and 4 of the Jacobi-DARIT-field compared to
the computed waveforms from the conventional stamp method.
It can be seen that when CF is at a low level, the results from

Fig. 3. Far-end response of line #1 with coupling factors of 0.5 (Example 1).

Fig. 4. Relative error of far-end response of line #1 with different coupling
factors (Example 1).

the two DARIT-field methods are all in good agreement with
the result from the conventional stamp method. When CF is at
a high level, the results show clearly that the Seidel method has
a higher convergence rate than the Jacobi method.

In order to quantify their accuracy, the relative error ε based
on energy norm in time domain is adopted. Fig. 4 shows the
accuracy of the two DARIT-field methods with different CF. It
can be seen clearly that the Seidel-DARIT-field method is more
convergent than the Jacobi-DARIT-field method.

B. Example 2: High Value of L/λ

Since λ is determined in certain EMP waveform, convergence
rate is highly dependent on the line length L. A 380-V power
distribution line case is presented in the following. The structure
of the power distribution line is shown in Fig. 1. The height of
lines and distance between lines are 3 and 1.5 m, respectively.
There are three lines with the type of LGJ-16/3. The loads at
both ends are equal to characteristic impedance of lines. The line
length is 60 m, which is the distance between two towers. Fig. 5
shows the comparison of simulation results from the Jacobi-
DARIT-field method and the Seidel-DARIT-field method. From
the plot, it can be seen that the results from the Jacobi method
is not satisfactory, whereas the result from the Seidel method
agrees well with the conventional method. When calculating
relative errors, it is 34%, 21%, and 8.5% corresponding to iter-
ation 3 and 4 of the Jacobi method and iteration 3 of the Seidel
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Fig. 5. Computed waveforms of far-end response of line #1 (Example 2).

Fig. 6. Computed waveforms of far-end response of line #1 when the lines
length is 15 m (Example 2: Long Wire).

method, respectively. It can be seen that the result from the Sei-
del method could meet the computational accuracy requirement
well in this example.

In order to show the performances of the Seidel-DARIT-field
and the Jacobi-DARIT-field method with different wire length,
a set of examples with different line length were produced. In
these examples, the height, distance between lines and diameter
of the MTLs are 1 m, 1.5 m, and 1 mm, respectively. The loads on
both ends are 100 Ω. There are ten cases with the length of lines
ranging from 15 to 150 m in step of 15 m. Figs. 6 and 7 show two
samples of the computed waveforms from Jacobi-iteration 3 and
4 and Seidel-iteration 3 compared to the computed waveforms
from the conventional stamp method when the line length is 15
and 150 m, respectively. It can be seen that the two DARIT-field
methods are all in good agreement with the conventional stamp
method when the lines are relatively not so long. However, when
the lines become longer, the accuracy of these two methods
all declines at a different level. Despite this, the result from
the Seidel method still performs a reasonable precision. Fig. 8
shows the relative errors both from Jacobi-iteration 3 and 4 and
Seidel-iteration 3 with different line length L. The plot shows
clearly that the accuracy of the Seidel method is better than the
Jacobi method.

Since the line length is relatively long, there is a time delay in
the far-end response. To ensure that the computation results are

Fig. 7. Computed waveforms of far-end response of line #1 when the lines
length is 150 m (Example 2: Long Wire).

Fig. 8. Relative error of far-end response of line #1 with different length of
lines (Example 2: Long Wire).

Fig. 9. Time cost of the conventional method and the Seidel method with
different line length (Example 2: Long Wire).

accurate and contain many reflection peaks in the waveform, the
simulating time should be as long as possible. In this example,
the simulating time is ten times as long as the delay time. For
example, when the line length is 150 m, the delay time in the far-
end response approximately equals to 500 ns, and the simulating
time should be 5000 ns. However, this simulating time is so
long for the conventional method because of the high CPU cost.
Fig. 9 shows the CPU cost of the conventional method and the
Seidel-DARIT-field method when the line length ranged from
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15 to 150 m (run on PC with Core i3 CPU, 2-G RAM). The
comparison would make sense since the relative error of the
Seidel-DARIT-field method stays at a low level.

V. SUMMARY AND CONCLUSION

In this paper, the Seidel-DARIT-field method has been pro-
posed, which provides an iterative approach to predict EMP
coupling to MTLs in an analytical way. In the three-conductor
models, when updating the state of line 2, the voltage and current
informations of other lines used are obtained from the results of
line 1 which is updated in this iteration step and of line 3 which is
not updated. The validation results show that the Seidel-DARIT-
field method has a high convergence rate, which makes it more
accurate in some cases. However, the iterative expressions in
the Seidel method may be difficult to derive in the cases which
have a big number of conductors.

Future work will develop the new method in time domain to
handle with the nonlinear problem.

APPENDIX A
COEFFICIENTS

A. Derivation of Conductor #2 in Iteration 2: The S
(2)
2+ ,A

and S
(2)
2−,A are derived as follows:

S
(2)
2+ ,A = − e−γ2 L

[
A

(2)
1+ (2, 1)K2+ ,1− + A

(2)
2+ (2, 1)K2+ ,1+

+
[
A

(2)
3+ (2, 1)+B

(2)
3+ (2, 3)

]
K2+ +A

(2)
4+ (2, 1)KK2+ ,1−

+A
(2)
5+ (2, 1)KK2+ ,1+ + A

(2)
6+ (2, 1)L

+A
(2)
7+ (2, 1)K2+ ,2+ +

[
A

(2)
8+ (2, 1)

+B
(2)
1+ (2, 3)

]
K2+ ,3−

+
[
A

(2)
9+ (2, 1) + B

(2)
2+ (2, 3)

]
K2+ ,3+

]

S
(2)
2−,A = A

(2)
1− (2, 1)K2−,1− + A

(2)
2− (2, 1)K2−,1+

+
[
A

(2)
3− (2, 1)+B

(2)
3− (2, 3)

]
K2−+A

(2)
4− (2, 1)KK2−,1−

+A
(2)
5− (2, 1)KK2−,1+ + A

(2)
6− (2, 1)K2−,2−

+A
(2)
7− (2, 1)L +

[
A

(2)
8− (2, 1) + B

(2)
1− (2, 3)

]
K2−,3−

+
[
A

(2)
9− (2, 1) + B

(2)
2− (2, 3)

]
K2−,3+ . (17)

Where we use the notations as follows:

KKn+ ,m+ =
Le(γn +γm )L

γn + γm
− e(γn +γm )L − 1

(γn + γm )2

KKn+ ,m− =
Le(γn −γm )L

γn − γm
− e(γn −γm )L − 1

(γn − γm )2

KKn−,m+ =
Le(γm −γn )L

γm − γn
− e(γm −γn )L − 1

(γm − γn )2

KKn−,m− =
Le(−γn −γm )L

−γn − γm
− e(−γn −γm )L − 1

(−γn − γm )2

A
(r+1)
l+ (n,m) =

(
z′nm f

(r+1)
il

(m) + zc,ny′
nm f (r+1)

vl
(m)

)

A
(r+1)
l− (n,m) =

(
z′nm f

(r+1)
il

(m) − zc,ny′
nm f (r+1)

vl
(m)

)
.

(18)

APPENDIX B
DERIVATION OF CONDUCTOR #3 IN ITERATION 2

The S
(2)
3+ ,A and S

(2)
3−,A are derived as follows:

S
(2)
3+ ,A = −e−γ3 L

{[
A

(2)
1+ (3, 2) + A

(2)
6+ (3, 1)

]
K3+ ,2−

+
[
A

(2)
2+ (3, 2) + A

(2)
7+ (3, 1)

]
K3+ ,2+ +

[
A

(2)
3+ (3, 2)

+A
(2)
3+ (3, 1)

]
K3+ +

[
A

(2)
4+ (3, 2) + A

(2)
1+ (3, 1)

]
Q

(2)
31+

+
[
A

(2)
5+ (3, 2)+A

(2)
2+ (3, 1)

]
KK3+ ,1+ +A

(2)
6+ (3, 2)KK3+ ,2−

+A
(2)
7+ (3, 2)KK3+ ,2+ +

[
A

(2)
8+ (3, 2) + A

(2)
4+ (3, 1)

]
Q

(2)
32+

+
[
A

(2)
9+ (3, 2) + A

(2)
5+ (3, 1)

]
KK3+ ,1+ +

[
A

(2)
10+(3, 2)

+A
(2)
8+ (3, 1)

]
L +

[
A

(2)
11+(3, 2) + A

(2)
9+ (3, 1)

]
K3+ ,3+

}

S
(2)
3−,A =

[
A

(2)
1− (3, 2) + A

(2)
6− (3, 1)

]
K3−,2−

+
[
A

(2)
2− (3, 2) + A

(2)
7− (3, 1)

]
K3−,2+ +

[
A

(2)
3− (3, 2)

+A
(2)
3− (3, 1)

]
K3− +

[
A

(2)
4− (3, 2) + A

(2)
1− (3, 1)

]
K3−,1−

+
[
A

(2)
5− (3, 2) + A

(2)
2− (3, 1)

]
Q

(2)
31− + A

(2)
6− (3, 2)KK3−,2−

+A
(2)
7− (3, 2)KK3−,2+ +

[
A

(2)
8− (3, 2)+A

(2)
4− (3, 1)

]
KK3−,1−

+
[
A

(2)
9− (3, 2) + A

(2)
5− (3, 1)

]
Q

(2)
32− +

[
A

(2)
10−(3, 2)

+A
(2)
8− (3, 1)

]
K3−,3− +

[
A

(2)
11−(3, 2) + A

(2)
9− (3, 1)

]
L. (19)

The values of Q
(2)
31+ , Q

(2)
32+ , Q

(2)
31−, and Q

(2)
32− are determined

depending upon the symmetry as follows.[Comp: Please change
a) and b) to 1) and 2), respectively, in the following. Also remove
“:” before equations]

a) Unsymmetrical Cases of MTLs (γ1 �= γ3)

Q
(2)
31+ = K3+ ,1−, Q

(2)
32+ = KK3+ ,1−

Q
(2)
31− = K3−,1+ , Q

(2)
32− = KK3−,1+ . (20)

b) Symmetrical Cases of MTLs (γ1 = γ3)

Q
(2)
31+ = L,Q

(2)
32+ = L2/2;Q(2)

31− = L,Q
(2)
32− = L2/2.

(21)
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