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Preface

This book contains an expanded version of the material presented
in the short course of the same name given at IMPA during the XXX
Coléquio Brasileiro de Matemdtica. The aim of these notes is to in-
troduce and develop the elementary theory of generic linear recur-
rent sequences to show how it supplies a natural unified framework
for many seemingly unrelated subjects. Among them: traces of an
endomorphism and the Cayley-Hamilton theorem, Generic Linear
ODEs and their Wronskians, the exponential of a matrix with inde-
terminate entries (revisiting Putzer’s method dating back to 1966),
universal decomposition algebras of a polynomial into the product
of two monic polynomials of fixed smaller degree, vertex operators
obtained via Schubert calculus tools (Giambelli’s formula) inspired
by previous work by the author and by Laksov and Thorup over
the past decade. The emphasis is put on the characterization of de-
composable tensors of an exterior power of a free abelian group of
possibly infinite rank. An alternative way is described for deducing
the expression of the vertex operators employed in the description
of the Kadomtsev-Petshiasvilii (KP) hierarchy.
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Introduction

Originally proposed to model the reproduction of rabbits, the Fi-
bonacci! sequence (1,1,2,3, 5,8,...), whose two initial conditions
are equal to 1 and the n-th term (n > 3) is the sum of the preced-
ing two, is perhaps the most popular example of Linear Recurrent
Sequence (LRS in the following). For instance, the italian artist Mario
Merz? (see e.g. http://fondazionemerz.org/en/mario-merz/) real-
ized several neon lights models of the first few Fibonacci’s numbers.
One of them, Il volo dei numeri®, was placed some years ago on the
spire of the Mole Antonelliana, the tower symbol of the italian town
of Torino, which nowadays hosts the italian National Cinema Mu-
seum (http: //www.museocinema.it/).

Fibonacci’s numbers obey to the same recursive law enjoyed by
the powers (1,a,a?,...) of one of the two possible roots (1 + /5)/2
of the polynomial X? — X — 1, whence the equality a®> = 1(1 + a)

l1+a

A golden rectangle with a = 1 + ¥5

that points its kinship with the famous golden ratio, which the ancient
Greek architects used to design the planimetry of their temples.

1Leonardo Pisano, known as Fibonacci (Pisa,1170-1240) wrote the famous Liber
Abaci in 1202 where the number zero appeared for the first time. Its name came from
“zephyrus”, which is a wind blowing from the west.

2Mario Merz, Milano 1925-2003, painter and sculptor who used poor materias for
his artworks.

3 Numbers flying.
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Historical curiosities aside, Fibonacci’s numbers supply an ex-
ample of a Z-valued LRS of order 2, with characteristic polynomial
X? — X — 1. In a broader sense, a LRS generalizes the sequence
(1,a,a?,...) of the powers of the roots of a given monic polynomial
P:=X"—e(P)X " '+...4+(—1)"e,(P) of degree r, with coefficients
in a commutative ring A with unit. A sequence m := (mg,my,...) of
elements of an A-module M is a LRS with characteristic polynomial P
if the relation m; 1, — e1(P)mj4r—1 + ...+ (—=1)"e,(P)m; = 0 holds
for all j > 0: the degree of P is said to be the order of the LRS.

The sequence (1, f, f2,...) of the powers of an endomorphism
of a free A-module of rank r is an example of a LRS with charac-
teristic polynomial Py(X) := det(X 1 — f), due to the celebrated
theorem by Cayley and Hamilton, revisited and substantially gen-
eralized in Chapter 2. One further relevant instance of LRS is the
sequence (y,y’,y"”,...) of the derivatives of the solutions to a linear
ODE with constant coefficients, whose elementary theory is phrased
in Chapter 1 within a purely algebraic language, which amounts to
construct the D-module associated to a generic linear ordinary dif-
ferential operator of order r (see e.g. [12, Chapter 6] and [40, Exam-
ple 1.2.4]).

As it is easy to guess, there is an enormous deal of literature (e.g.
[2,9,10, 68, 39,57, 67,76,78, 79] just to quote some) and many excel-
lent expository books (such as [3, 16, 42]) concerning Linear Recur-
rent Sequences. It is hard to add anything substantial to this subject
without taking the risk to be trivial and, in fact, these notes will not
pursue such an ambitious goal. Rather, they will focus on the ele-
mentary notion of generic LRS just as a pretext to make an interdisci-
plinary journey to visit a few, and just a little, amusing mathematical
landscapes whose snapshots we believe could be put into a common
picture frame.

The characteristic polynomial of a generic M -valued LRS of or-
der r is, by definition, the generic monic polynomial p.(X) := X" —
e1 X" '+...+(—1)"e, € B,[X]. Here B, denotes the ring of polyno-
mials with integral coefficients in the r indeterminates (e, ..., e,).
The letter “B” used in the notation reflects the fact that if one de-
notes by By, the polynomial ring Zle1, es, . . .] in the infinitely many
indeterminates (eq, eq, .. .), then B := B, ®7C can be interpreted as
the bosonic Fock representation of the Heisenberg oscillator algebra, i.e.
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the Weyl affinization [44, p. 51] of the trivial one-dimensional complex
Lie algebra (see the historical remark 0.3.3). Such analogy is not that
audacious as it may seem. Along our path through generic LRS, we
shall encounter and recognize the approximation of the same vertex
operators that describe the celebrated Kadomtsev-Petshiasvili (KP)
Hierachy in terms of the Pliicker embedding of an infinite Grass-
mannian (Chapters 4 and 5). Their expression is essentially deduced
by invoking Schubert Calculus arguments (mainly Giambelli’s for-
mula) phrased as, e.g., in the papers [22] and [58, 59], basically ex-
ploiting what nowadays people refer to as the Satake identification
of H*(G(r,n)) with A" H*(P"~1) [34, 37] (see also [23, p. ix]).
Below we shall briefly describe, with a little more detail, the main
topics covered in the exposition and how the notes are organized.

Chapter 0 is a Prologue, whence the choice to distinguish its
numbering from that of the “official” part of the exposition. It aims
to draw a quick and non-technical expository path through the Ko-
rteweg and de Vries non-linear PDE, that model the solitary waves
observed by John Scott Russel in 1834, and its generalization, due to
Kadomtsev and Petviashvili, for applications to plasma physics. Al-
though it does not seem immediately related with the main subject
of the notes, the chapter culminates with the appearance, as a kind of
a Deus ex-machina, of certain vertex operators acting on a polynomial
ring in infinitely many indeterminates, able to encode the full system
of PDEs known under the name of KP hierarchy. These arise as com-
patibility conditions for another system of infinitely many PDEs and
thanks to the work of Sato [74] and Date-Jimbo-Kashiwara-Miwa
[13, 14] they can be phrased as Pliicker equations for the Grassmann
cone of the decomposable tensors in an infinite wedge power of an
infinite-dimensional vector space.

The elementary linear algebraic roots of such geometric interpre-
tation will be made explicit in Chapter 4, by characterizing decom-
posable tensors in the r-th exterior power of a free abelian group of
countable rank, so that the limit for » — oo returns the equation of
the KP hierarchy as displayed in Section 0.4.

Chapter 1 contains a quick introduction to the elementary the-
ory of generic LRS with values in a module M over a B,-algebra.
The main piece of information one gains from this chapter is the
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universal expression of the solution to the Cauchy problem for lin-
ear ODEs with constant coefficients and with analytic forcing term
(Corollary 1.6.6). This is achieved by means of a distinguished se-
quence (u;);ez of By-valued generic LRS, introduced first in [32] and
then generalized in [28]. Such a sequence will reveal itself to be an
extremely useful formal tool, although not indispensable, to deter-
mine the explicit expression of the vertex operators we alluded to.
In particular it will be used in Chapter 5 to construct certain infi-
nite exterior powers as limit of finite exterior powers of modules of
generic LRS of finite order.

As for Chapter 2, it revisits the classical theorem by Cayley and
Hamilton through the (re-)definition of the traces (or the principal
invariants) of an endomorphism of a free module in terms of deriva-
tions of its exterior algebra, in the sense of [22, 23, 31]. Its standard
formulation, each endomorphism is a root of its own characteristic poly-
nomial, turns out to be a special case of a more general vanishing
statement, involving the whole exterior algebra. The purpose of this
chapter is to lay out the pre-requisites for the sequel of the story. In
due course, applications will be shown to the exponential of a ma-
trix without using the Jordan canonical form, simplifying methods
by Putzer [72, 1966], Leonard [63, 1996] and Liz [62, 1998], and to
the explicit determination of prime integrals of linear ODEs of or-
der n that miss the derivative of order n — 1. The latter leads, as
in Example 2.5.6, to a cubic generalization of the popular formula
cos?z + sinz = 1, easily extendable to higher degrees (with the
help of a computer).

Chapter 3 and 4 form the core of the notes. In order to keep the
exposition as self-contained as possible, the well-known natural Z-
module isomorphism between B, and the r-th exterior power of a
free abelian group of infinite countable rank is proven anew. Such
an identification can be seen either as a kind of toy version of the
so-called boson-fermion correspondence [5, 54, 47, 71, 44, 64] or as the
essential algebraic content of Giambelli’s formula in classical Schu-
bert Calculus, once one identifies the cohomology of the Grassman-
nian G(r,n), a la Satake (see Remark 3.6.12), with the r-th exterior
power of P"~!, as in [22, 23, 31] and [58, 59]. See also the recent [43].
The main content of Theorem 4.5.3 is the announced formula, en-
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coding the Pliicker quadrics cutting out G(r,n) in its own Pliicker
embedding. The pleasant feature of the formula is that, as r,n go to
00, it produces precisely the KP Hierarchy. The proof of such a for-
mula (reproduced as in [30]) is based on several ingredients that we
believe are interesting by their own means. A crucial one consists
in equipping a free Z-module M, of infinite countable rank, with a
structure of free B,-module of rank r, denoted by M,., for all > 1,
with the effect of turning its basis into a generic LRS. This is achieved
by applying the Cayley-Hamilton theorem to the characteristic poly-
nomial operator, in the sense of Chapter 2, associated to the shift en-
domorphism mapping each element b; of an (ordered) basis of Mj to
bi+1. It turns out that such traces coincide with the endomorphisms
of the exterior algebra used in the paper [22] to rephrase Schubert
calculus via derivations.

The traces of the shift endomorphism of step —1 also play a cru-
cial role in the theory and they are the counterpart in the finite-
dimensional setting of the partial derivatives involved in the expres-
sion of the vertex operators. It is worth to remark that to study de-
composable tensors in A" M, one is led to consider the interaction
of A" M, with A"~' M,_; and A" M,, whose different structures
as modules of rank 1 (over B,, B,_; and B, respectively) is lost
in the limit » — oo. The fact that a formula, living in the realm
of finite Grassmannians, recovers the KP Hierarchy in the limit for
r — 00, reveals that the latter’s embryo is contained in the classical
Pliicker embedding equations for the finite Grassmannian, as Alex
Kasman [51, 35, 53] pointed out in his work from a different point of
view.

Chapter 5 is yet another take on the material of Chapter 4, albeit
from a more concrete point of view, due to the identification of M
with the Z-module spanned by generic LRS of finite order. Using the
distinguished basis introduced in Chapter 1, numbered by decreas-
ing indices, one may constructs a suitable infinite exterior power,
by wedging all together its elements. The latter are interpreted as
a fermionic Fock space like those described e.g. in the book [47].
The vertex operators showing up in the Prologue make their return
in this chapter as well, by suitably generalizing and/or modifying,
where necessary, the statement and the proofs exposed in Chapter 4.






Chapter 0

Prologue

0.1 The KdV equation

0.1.1 The KdV equation is a non-linear Partial Differential Equation
(PDE) empirically deduced by the dutch mathematicians Diederik
Johannes Korteweg (1848-1941) and Gustav de Vries (1866-1934)
[56] to model the dynamics of solitary waves, or solitons, observed for
the first time in 1834 by John Scott Russel [73] who was observing
two horses rapidly pulling a boat in a narrow channel. For more on
this picturesque story see e.g. [51, p. 45]. The most general form of
the KdV equation would be af; + bf fz + ¢fezx = 0, for arbitrary
complex constants a, b, ¢, but, mostly for pedagogical reasons and to
be more adherent to the many excellent expositions on the subject,
like [70, 5] or [47, p. 75], we shall write it as follows:
of of _o°f

y ot 12f81‘ ox3 0 @
where f is sought in the class of C3-functions defined in a neighbor-
hood of the real plane (z,t).

In spite of the empirical origin, equation (1) reveals several inter-
esting features, not to speak of its amazing relationship with many
topics in algebraic geometry. It can be written in a number of equiv-
alent ways and to find exact explicit solutions is not that difficult,
even without being experts in PDEs.

1
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A natural and standard way to deal with (1) is to look for solu-
tions of the form p := p(x — ct), the constant “c” being interpreted as
the speed of the “wave” motion:

f = —p(x—ct)—f—K, (2)

where K is an arbitrary constant free to vary according to the con-
venience. Substitution of (2) into (1) gives:

p" —12pp’ — 4cp’ + 12Kp' =0 3)

and writing K as ¢/3, equation (3) gets rephrased in the simpler form
p"" = 12pp/, that begs for being integrated once, giving

1

P’ =6(p)* — 592 (4)

where —g2/2 is an arbitrary constant. Multiplying (4) by p’:

1
'y =6(p)%p + 59219’

a further integration yields:

(p')? = 4p® — gop — g3. (5)

At the cost of looking for solutions among complex functions of one
complex variable, equation (5) is satisfied by the famous Weierstrass
p-function:
1 1 1
=3 T3 T 13 6
oa(2) i > EESVERDT (6)
AeA\{0}
where A := ZX @ Z)\, is a lattice ' in C. The coefficients g, and
g3 depend on the lattice A, which can be identified with a complex
number with positive imaginary part, and are indeed modular forms?
of weight 4 and 6 respectively. In fact

g2 = g2(A) =60G, and g3 := g3(A) = 140Gs

1A discrete subgroup A of C such that dimg A ®z R = 2.
2A modular form is a complex valued function f, defined on the space H of the
complex numbers with positive imaginary part, such that f(gz) = (cz + d)* f(z) for

allg = (“ b) € Sla(Z). See the exciting survey e.g. [77]

c d
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where, for k > 1

Gor(A)= > A% 7)

AeA\{0

is the famous Eisenstein modular form of weight 2k [75, p.157]. Con-
versely, for general values of g2, g3 € C, there exists a lattice Ay, g, in
the complex plane, depending on g, and g3, such that (6) satisfies (5)
for A = Ay, 4,. Infact, an equivalence class of lattices modulo the ac-
tion of the group Sl3(Z) is parameterized by a point 7 of the Poincaré
half-plane H and the j-invariant j : H — C

1728¢5(7)3
92(7)3 — 27g3(7)?

is surjective, i.e. for each pair g»,g93 € C there exists 7 such that
the lattice Z ¢ Zt does provide, via the Weierstrass p-function , the
parameterization of (5). We have so found solutions to (1) of the
form

() =

Fim—onla— )+ &

called periodic solutions. Using elliptic functions to solve (1) suggests
another kind of substitution. See below.

0.1.2 The g-dimensional Siegel generalized domain is the set of all g x ¢
hermitian matrices with positive definite imaginary part:

HY := {Q € C99| QT =, Im(Q) > 0}

where 7 denotes transposition and —~ complex conjugation. If g = 1
then H := H' consists of the complex numbers with positive imagi-
nary part. Clearly, the matrix Aq := (L15x4,9) € C9%29, where Lyxg
is the g x g identity matrix, defines a g-dimensional lattice® in CY. Re-
call that a principally polarized abelian variety is a pair (X, ©) where X
is C9/Aq and © is an ample divisor class which is the fundamental
class of the zero locus of the f-function defined on C9:

0o (z) = Z expmy/—1(nT-Q-n+2n’ - z). 8)

nez9

3That is, a discrete abelian subgroup A of C9 such that dimg (A ®z R) = 2g.
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The theta function as defined by (8) is not invariant by the action of
the lattice A on CY9. However the equality:

Oa(z+n+ Q- -m)=exp2rv— (—2m Q- m-—m” )99()
shows that its zero locus is well defined modulo Aq. If g = 1 we

have
= Z expmV/—1(n%r 4 2nz) )
neL
where 3(7) > 0. The theta function (9) is related to the Weierstrass
p-function associated to the lattice A, := (1, 7) according to [75, pp.
155-156]:

d? 1
pa-(2) = — 25 log0 2+ 5(1+7) ) + K

and this last remark suggests that solutions to (1) can be sought in
terms of # functions on an elliptic curve rather than in terms of the
Weierstrass p-function.

This last remark is perhaps the origin of the so-called Hirota trick.
It consists to look for solutions to the KdV in the form

f= & logv(x t), (10)

where v = v(z,t) is a sufficiently regular function with no zero in
the considered domain. Substitution of (10) into (1) gives:

93 1og(v) B 1282 log(v) - 93 1og(v) B 9 log(v)
020t Oz ox3 ox5

- & (3 () (G (5) -5 ()
- w1 ) (m ) - 0),

from which

0 = 4




[SEC. 0.1: THE KDV EQUATION 5
where v = 7(t) is an arbitary function which does not depend on x.
A further expansion of (11) gives:

’yv2 + 4vzvp + 3?1%93 — A0V300 — A0Vt + VVgaaa —0

02

Clearing the denominators, one finally obtains the Hirota bilinear
form of the KAV equation:

71}2 + 4dv,vs + 3v§z — 40 Uppe — VU4 + VVUzgee = 0. (12)

0.1.3 Example. There are many classical and elementary problems
of mathematical physics whose solution invoke the use of elliptic
functions. An example is provided by the equations of the motion
of a rigid body with a fixed point, due to Euler, which, for sake of
exercise, have been explicitly solved in detail in [26]. The most clas-
sical is perhaps that of the simple pendulum.

Its linearized dynamics (in a neighborhood of the stable equilibrium
point) is described by the classical linear ODE of the harmonic oscil-
lator

0+w?0=0 (13)

which possesses the prine integral *: 6> + w?6? = 2E, where E is a
constant called the fotal energy °. The non-linearized dynamics of the
simple pendulum is

6+ w?sing = 0. (14)

It possesses a prime integral as well,

6% — 2w? cos§ = 2E, (15)

A function which is constant on the integral curves of a vector field.
5 More precisely it is the total energy divided by the mass of the material point P
and by the length ¢ of the supposed massless string.
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obtained by multiplying by @ both sides of (14) and integrating. Re-
parameterizing the cosine by means of v = tan(6/2) one gets

cosf = %Zj and 6= % (16)
Substituting into (15) and simplifying:
20% — w?(1 —u?)(1 4+ u?) — E(1 +u?)* =0, (17)
which we shall rewrite in the form
20% = B(u® + 1) (u? — o?) (18)

where, for generic values of E and w?, we have put 3 := E — w? and
denoted by « a square root of

E + w?
w?2—FE’

Putting v =: 4, the equation 2v% — B(u? + 1)(u? — o?) = 0 describes
(the affine part of a) double covering of the projective line with 4
ramification points (£1/—1 and +a), i.e. it defines an elliptic curve.

o

The graph in the (u, v) plane of the real part of the curve
207 — B(u? +1Dw? —a?)=0
B=1/6,a=2)
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The solution of (17) can be obtained via a standard sequence of
steps. First change the variable u, by acting on P! via some element
of Si3(C), to send one of the ramification points to co and another
one to 0. A further change of variable will be performed to kill the
degree 2 term, in order to obtain the elliptic curve in the Weierstrass
canonical form (5). One finally reaches the sought canonical form via
the Mébius transformation

B (5% — 1)u + ba + o

Y= u—a (19
which maps « — co. Inversion of 19 gives
. 24X + 584 o2p
24X — B —5a2f3’
which substituted into (17) gives
X2 =4X% — g2 X% — g (20)

after clearing the denominator in any neighborhood of ¢ where it
does not vanishes, having set

go i= 6—2(1 — 140? + %) (21)
48
and (a2 )
Pt —1) 4 2
95 = —Imog (o' +340% +1). (22)

Thus, in the variable X, the solution to (18) is given by

X =g, (2(1),

where A, is any lattice such that (pa, (t), 0y (t)) gives the parame-
terization of (20) with g5 and g3 given respeétively by (21) and (22),

ie.

2404, (2(t)) + 56 + a26>

24pn, (2(t)) = B — 502
is the explicit solution of (14), which has so been linearized. The pa-
rameter z = z(t) is the equation of the linear flow, which has unitary
speed, i.e. z(t) = z + a, where a is a constant.

6(t) = 2 arctan (a
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0.2 The KP equation

0.2.1 In the Seventies, Kadomtsev and Petviashvili [50] generalized
the KdV equation motivated by application to plasma physics. Their
turned it into a seemingly more complicated one:

9%f 9 [ Of of  f\

Solutions are now functions in three variables (x,y,t). It is appar-
ent that each solution of the KdV equation (constant along y) is a
solution of (23). If Kadomtsev and Petviashvili were algebraic ge-
ometers, their generalization of (1) could seem rather an attempt to
further promote the many algebraic beauties behind it. Once (23)
is turned into a bilinear form, using the same Hirota trick (10) em-
ployed for the KdV equation, it is very easy to find families of exact
solutions, if one looks for them in the form
2
f = o5 logw)

where w := w(z,y,t). Then
82 2logw 82 [0 [w, 0 rweN\)> 0w,
V=350 2y o2 <4at(w)‘6<ax(w)) “ae () ) =

2 2 3
- () - (R () -3 ()
from which:
TR ()G () - () e

Here v; := 7;(y,t) (i = 1,2) is an arbitrary function that independs
on the variable z. Thus:

1
— <— 3w§ + dwiw, + 3wg2m — AW Wagy + SWWyy — dWWay+
w
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+ wwrmca:) + vz + 72 =0,

that in turn can be rephrased in the form

2 2
WWagrr + dWyyW — 4WWgy + Wy, — Bwy + 4dwpw, — AWpWape+

~ (nat et = 0. @4)

Equation (24) is the most general form of the Hirota bilinear form of
the KP equation.

0.2.2 We want to limit ourselves to the case v; = v2 = 0 which, due
to its exceptional importance, we write once again:

WWagrs T 3Wyy W — 4WWat + 3w32m - 3w3 +4wiw, — 4w, Wep, = 0. (25)

An important peculiarity of (25) is that the sum of the coefficients is
zero, a fact enabling to find in an easy way many solutions. Imitating
Kasman [51] we give the following

0.2.3 Definition. A function w := w(z,y,t) is nicely weighted if
Way = Wy ANd Wezy = Wy.

0.2.4 Proposition. Any nicely weighted function is a solution of (25).
Proof. If w is nicely weighted, the following equalities
w  Pwye  Pwy  Owgy  Owy w
TEEET 92 022 oy oy WY

hold. Similarly one has w3, = w; and the nicely weighted function
is a solution of (25). "

It is very easy to produce nicely weighted functions. The most

obvious is w = exp(zA + yA? 4 tA3). In fact

0" w 0" w 0"w

= \" Z )\2n

9 W Gyn Yo g

In this case, however f = (logw)ze = (zA + yA? + tA\3),, = 0, and

then not that interesting, as trivial solution of the original KP equa-

tion. To produce plenty non—trivial solutions one may however con-
sider the family of functions g; defined by

1+ Zgi(ac, Y, A" = exp(z\ + yA? +1A®).

i>1

= A\,
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Notice that
09iyi — Aexp(zd +yA% +1A%) = g X!
—~ Ox ;
>0 >0
from which % = ¢;—1. Similarly
dgi &g and dgi Py
oy ~ 92T a2 ot~ 93T Gas

In other words, each g; is nicely weighted and as such is a solution
of the Hirota equation (25). For instance

3

=§+xy+t

gs

is nicely weighted as one can easily check. It follows that

02 x3 3(12tz — x* — 12y?)
= ——log [ == t) =
/ Ox? 0g<3! tayt > (6t + 62 + x3)?

is a solution to the KP equation (23), as the brave reader can patiently
check.

0.3 Vertex Operators

0.3.1 Let B := Q[z1, z2, . . .| be the algebra of polynomials in the in-
finitely many indeterminates (z1,z2,...) with rational coefficients.
For each ¢ > 0, the multiplication by z; and the partial derivative

0

are Q-endomorphisms of B. They form indeed a Lie algebra, since
[0i, 5] = bij
Let

B[z71,2]] := {Z a;z"|a; € B}

€L
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be the formal Laurent series with B-coefficients in a further indeter-
minate z. The following maps

, 1 9 -
['(z) :==exp Zmiz’ exp —Z el I B — B[[z71, 2]
i>1 i>1 g

(26)
and

Vi . i 19\, -1
IV(z) :=exp ;xzz exp ; il I B — B[z, 2]]
(27)
are known in the literature as vertex operators (see [47]) °. It is easily
seen that I'(z) and I'V(z) map B to B((z)) := B[z7!,z]]. Each ele-
ment of B is in fact a polynomial in finitely many variables z;, , . .., z;
and then it suffices to check the statement on each monomial. To this

purpose we first observe that

s

D(z)z; =exp [ @iz <1~j - > € B((2))

i>1
and that
- 1
I'V(2)z; = exp Z —z;2" (:Ej + jzﬂ) € B((2)).
i>1

Secondly, we observe that

1 0

12t Oy

G(z):=exp | — Z

12t Oy
1

and GV (z) :=exp Z
j i>1
are ring homomorphisms B — B[z71], because both G(z) and GV (z)
are the exponential of a derivation (Cf. Lemma 5.5.1). Thus I'(z) and
I'V(z) map indeed any polynomial to B((z)).

5Qur present definition of I'V () is 1/ times that used e.g. in [47], but in Chapter 5
the standard conventions will be restored.
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0.3.2 Example. The image of 27 + x5 + 23 is

F(z)(x% + x129 + x%) =

= GXP(; xizi) [(331 - i)z + (Jsl - i) <JJ2 — 212> +
=)

; 51‘1 To 7
= exp( g x;2") (m% +arymy +as — - — 22 4 2)
1 2z z 4z
i 1 (5 7
= exp( E x;2") (m% +xymy + 25 — ~ (Qxl - 2302) + 422> .
i>1

0.3.3 Historical Remark. It is often convenient to allow not just

polynomials, but also elements of the completion B = Q[lz1, x2,.. ).
In fact a differential operator on B can be identified with linear map

B — B (Cf. [48, p- I)- Examples of such operators are the multipli-

cation by z,, as well as (T, f)(z1,z2,...) = f(z1 + a1,22 + az,...),

which by Taylor’s formula is nothing but

(T f)(x1,29,...) = eXpZai£ f.

i>1 v

Vertex operators of the form (26) and (27) arise naturally in the rep-
resentation theory of the affine Kac-Moody algebras.
The easiest example of Kac-Moody algebra is the Weyl affiniza-

tion m of the simple Lie algebra sl;(C) of the traceless 2 x 2 com-
plex matrices. Its support is the vector space sl5(C) ® C[t~1,¢] & Ck
and the Lie bracket are defined as

[a@t™ b@t"] = [a,b] @ ™" +m - tr(ab)dm, _nk

for all a,b € sl3(C) and m,n € Z, while k is a central element, i.e.
it commutes with all the elements of sl3(C). The same definition
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applied to the trivial one-dimensional Lie algebra C gives rise to
the oscillator Heisenberg Algebra H := C[t~',t] with commutation
relations [t™,t"] = md,,, _,k. In 1978 Lepowsky and Wilson [61]
found a concrete realization of sm by representing it on the space
(C[x% T3, J. Let Y; be the coefficient of 27 (j € 3Z)in the expansion
of of the vertex operator

Y :=exp Z %z" exp | —2 Z ziﬁb%

nezN= nezN*

The main theorem in Lepowsky-Wilson [61] claims that

C1e P C-zno P c.a%@@cyj

n€eiN= n€ LN+ JjELZ

is a Lie algebra of operators on C[y;] ;¢ 1y-, with respect to the usual
commutator, which is isomorphic to the affine Kac-Moody algebra

m. A few years later such a result was generalized in the mile-
stone paper [48], where the so-called basic representation of an “Eu-
clidean Lie algebra” g is realized as a ring of operators on B ® C :=
Clz1, 2, ...] spanned by the identity, the annihilation and creation
operators (namely multiplication by x,, and differentiation with re-
spect to z,,, n € N*) and the homogeneous components of operators
of the form

exp Z,u,;j:z:j exp ZV@'%

i>1 7>0 J

In their article the authors recall that a differential operator on B¢ :=

B ®g C can be seen as a linear map D : B¢ Be and in Corol-
lary 3.1 they show that if [z;, A] = a;A and [0/0x;, A] = b;A then
A = Cexp(d_,; aiw;) exp(— > ;5 bi(9/0x;)), where C' is a constant.

Taking A = T, with
11 1
“T\Toras
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a simple exercise shows that

1

[l‘j,Ta] = _ﬁTa.
Moreover 9

|:7 Ta:| =z T,

ox yi

which yields, for instance, formula (26). The strategy employed in
Chapter 4 and 5 to determine expressions (26) and (27) is differ-
ent and is based on Schubert Calculus as formulated e.g. in [22]
or [58, 59] via derivation on an exterior algebra. It amounts to com-
pute a “finite” approximation of I'(z) and I'V(z) on a ring B, in r-
indeterminates, that can be seen as the ratio of two characteristic
polynomials. See Section 2 and 4.

0.4 The KP Hierarchy via Vertex Operators

Although the use of the same symbol for different meanings should
be frowned upon, it belongs to the tradition to denote by 7 both
a point of the Poincaré half-plane as well as a solution to the KP-
hierarchy. We hope that respecting the tradition will cause no confu-
sion.

0.4.1 Definition. A “tau” function for the KP Hierarchy is an element
T of B solving the equation

Res,—ol'V(2)7 @ T'(2)7 = 0.
where T'(z) and TV (2) are as in (26) and (27) respectively.

0.4.2 Here is another reason why (0.4.1) is geometrically significant.
Let V be a Q-vector space of (countable) infinite dimension with ba-
sis (b;);ecz. All elements of V are finite linear combinations of (b;);cz-
By the vacuum vector of total charge i one means the expression

D, =b;ANbj_1 Nbj_o..., i € 7.

If (A1, Ag,...,Ar) is a partition of length at most 7, let us denote by
®; 4 the “excitation” of ®; via A:
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Diin =bigxn, Abicign, Ao Abicrgpign, NPy

and let
Fi= Q- ®ia,

AEP

where P is the set of all of the partitions (Cf. Section 3.1.1). Fol-
lowing [47], we call fermionic Fock space of total charge i the vector
space F;. The space F; can be seen as an infinite exterior power of
an infinite dimensional vector space, whose construction we shall
sketch in Section 4.6. Since F; N F; = 0if ¢ # j, it is customary to set
NPV = @,z Fi- For practical purposes it works as an ordinary
exterior power of a vector space of sufficiently high dimension. In
particular, each monomial ®;, 5 changes sign whenever two vectors
in the exterior monomial are exchanged.

Denote by Gl (Q) the group of all automorphisms M of V such
that Mb; = b; for all but finitely many j. Such a group (see [47])
can be identified with the group of all the invertible matrices M :=
(aij)i,jez such that a;; — 6;; = 0 for all but finitely many entries.
Hence one may think of Gl (Q) as an invertible matrix (a;;) €
Gl,(Q) embedded in an infinite array, where all the off-diagonal en-
tries are 0 but finitely many and all the elements along the diagonal
i = j are 1 but finitely many.

0 0 0

0 0 0
(7% i i+1 i i+4+2

Qi1 Q41,041 Ai41,54-2

Ai424  Qi42i4+1  Ai42,542
0 0 0
0 0 0

SO OO OO
O OO o oo

—amatrix (a;;) € Gl3(Q) embedded in Gl (Q) —
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0.4.3 It is well known that the ring B = Q[z1,x2,...] possesses a
basis parameterized by the set of all of the partitions (see e.g. Chap-
ter 3). In fact each element of B is a finite linear combination of
certain Schur Polynomials:

B:= Q- Sx(x),

AEP

where x := (21, 22, ...) and, by definition,
ijo Sj(x)z7 = eXP(2j21ijj)»
Sa(x) = det(Sx,—j+i(x))-

What is important is that Schur polynomials are parametrized by
partitions. This gives rise to an obvious vector space isomorphism
v; + F; = B, by taking the Q-linear extension of the set-theoretical
bijection ®; 5 — Sx(x). In particular ®; — 1. Following [47], the
isomorphism ¢; will be said boson-fermion correspondence: it asso-
ciates to each element of F; a polynomial living in B. The group
Gl (Q) acts on F; via the determinant representation introduced by
Kac and Peterson [46]: for M € Gl (C), let

det(M)@H)‘ = Mbi+)\1 VANPIAN Mbi,rJrlJr)\T AMb;_ ANMb;_r_1...
Via the boson-fermion correspondence, the group Gl (Q) acts on

B as well, via M - Sx(x) = ¢;(det(M)®P;1). A linear combination
Yoaep Piyx € F;, where ax = 0 for all but finitely many X, is

decomposable if there exist finitely many vectors vy, ...,v, € V such
that
Z ax®iixn = VI AVIA .V Abi—p A1 Abi—p_a A ...
AeP

= VIAVA...0. AND,_,. = det(M)(I)i,

where M is the unique element of Gl (Q) such that Mb;_; 14, =
vj for 1 < j < rand Mb; = b; otherwise. The locus of polynomials
of B that do correspond to decomposable tensors of F; (for all i € Z)
are then in the Gl (Q)-orbit Q of 1 € B.
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From now on, to fix the ideas, choose ¢ = 0 and look for equations
describing Q in B. An arbitrary element of £ € Fj is a finite linear

combination:
n
§= E a;i7;
i=1

where a; € Q and 7}; € Fy. By definition of Fj, there is a big enough
integer r and 71,72, ...,m, € \" V such thatforall1 <i<n

N =M ANP_p = Ab_g ANb_g—1 Nb_p—2 N\ ...

Thus ¢ is decomposable if and only if ", a;n; is a decomposable
vector in A" V. One then invokes Theorem 4.1.4 guaranteeing that
n € A"V is decomposable if and only if

> (b Am) @ (Bim) =0, (28)

i€z
where 3;(b;) = d0;; and 3;.n is the contraction of n against 3; € V.

The sum (28) makes sense: it is obviously finite because ;.1 = 0
for all but finitely many . Define the formal Laurent series

b(z) = Z bz’ and B(z) = Zﬁiz*i.

1€L 1E€EZ

A simple inspection shows that (28) holds if and only if

Res.—o (b(2) A1) @ (B()m) = 0. (29)

Using the boson-fermion correspondence ¢y : Fy — B, in both
Chapter 4 and 5, we will show that equation (29) translates into

Res.—ol'(2)po(n) @ TV (2)po(n) = 0. (30)

It follows that a “tau” function 7 corresponds to a decomposable
tensor in Fy if and only if (30) holds and (30) can be seen as the set
of Pliicker equation defining the Grassmann cone of I in B.
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0.4.4 Equation (30) takes places in the tensor product BB = Q[x’, x|
where x' = (2, 25,...)and x” = (2, 2%,...) and so T € Bisa “tau”
function if and only if the residue of

exp (g(w - xé’)zi) exp (—;; <a§;g - aig)) 7(x)7(x")

h (31)

at z = 0 vanishes.

0.4.5 At this point, the best for the reader is to see the details in ei-

ther [47, pp. 72-75] or the introduction of [49] or [5, Section 4]. We

summarize here the arguments explained in those references just for

sake of self-containedness. Perform a change of variable, putting
ri=z; -y and 2 =zity

to write (31) in the form

esxp (Z(—zyiz%i) e (—Z = (aay)) = y)r(x+y),
i>1 i>1 v

where y := (y1,y2,...) i.e., using the definition of the polynomial
expression S;:

D Si(=2y)zt Y Si(0y) T | r(x—y)T(x+y)  (32)

i>1 i>1

where 9, = (i 1210 ) The residue at z = 0 of (32) is
Si(=2y)Si41(y)T(x = y)T(x +y)

equation which can be written, equivalently,

> Si(=2)Si1(0)T(x —y = OT(X — ¥ + C)je

i>1
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where ¢ := ((1, (2, . ..) are auxiliary variables. Using the Taylor for-
mula for polynomials, we can then conclude that 7 corresponds to
an element of the Gl (Q)-orbit of 1 € B if and only if

ZS —2y)Sit1 3§ exp (Zyﬂa ) T(x = Q)7 (X+C)|<=0:0~

i>1 j>1

33)
In particular, all the coefficients of the expressions y/'y/> ...y *in
the expansion of (33) in formal power series of y-monomials, must
vanish. It is easy to check that the coefficients of y; and of y, are
identically 0 (Cf. [47, pp. 72-74], while the vanishing of the coeffi-
cient of y3 gives the equation

3860C; 40¢2 "
1o 1/0 0
- 128411_2<8C4+ ca@))“xmﬂx_o”zo

<1 H? 1 92

which is equivalent to

4 2 2
(8 d 46

S Yt ) T T O =0 6

because all the partial derivatives of odd order of the product 7(x —
¢)T(x+(), with respectto (;, 4 > 1, vanish at ¢ = (0,0, ...). We leave
to the patient reader the task of expanding the first member of (34)
to show that then 7(x) must satisfy the Hirota bilinear form (25) of
the KP equation.

The main purpose of Chapter 4 will be to explain why the em-
bryo of the KP Hierarchy is contained in the ideal which define any
finite Grassmannian in its Pliicker embedding.






Chapter 1

Linear Recurrent
Sequences

1.1 Sequences in A-modules

1.1.1 Let M be the A-module of all the maps m : S — M, where
0 # 8 C Z, ie. the A-module of the M-valued sequences defined
over S. The image of s € S is denoted by m;. We shall be concerned
mostly with the cases S = Nand § = Z. If S = N, the elements of
M" will be represented through the list of its images (mq, ms,...).
Let

M) = { S mt? my € M} (1.1)

Jj=0

be the A-module of formal power series with coefficients in M, where
t is any indeterminate over A. If M = A, then A[[t]] is an A-algebra
with respect to the usual product

k
Zaiti . Zajtj = Z ( aiak_i> tk, a; € A. (12)
0

i>0 >0 k>0

i=

21
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The obvious generalization of (1.2) endows M|[t]] with a structure
of A[[t]]-module:

k
Zaiti . ijtj = Z ( aimk_l) tk, (ai,mj) cAx M.
0

i>0 §>0 k>0 \i=

1.1.2 If P € A[X] is a polynomial of degree n, where X is another
indeterminate over 4, denote by (—1)%e;(P) the coefficient of X"~¢,
0<i<n:

P=cy(P)X"™ —e1(P)X" ' + ...+ (=1)"e,(P).
The polynomial P is monic if eq(P) = 1.
1.1.3 Examples.

i) Let P := 2% — 3X% + V2X — 3 € Z[V2]. Then ¢y(P) = 1,
61(P) = 0, 62(P) = —3, 63(P) = —\/§ and 64(P> = -3.

ii) If P € A[X] splits as the product of r distinct linear factors:
P=(X-x1)-...- (X =z,

then e1(P), ea(P),. .., e, (P) are precisely the r elementary sym-
metric polynomials in the roots (z1,...,x,) of P. This moti-

vates the notation we have chosen to denote the coefficients of

a polynomial.

1.1.4 Definition. A sequence m := (mg,my,...) € MY is a linear
recurrent sequence (LRS) of order r if there exists a polynomial P of
degree 1 such that the equality

Mytj — el(P)m,-+j_1 + ...+ (—1)Te,.mj =0 (1.3)
holds for all j > 0.

The polynomial P occurring in Definition 1.1.4 is said to be the
characteristic polynomial of the linear recurrent sequence and (1.3)
is the Linear Recurrent Relation enjoyed by the given LRS. Expres-
sion (1.3) is also said linear difference equation. All the linear recurrent
sequences associated to the same polynomial form the module of
solutions to a homogeneous linear difference equation.
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1.1.5 Examples

i)

ii)

iii)

Leta € Abearootof P := X?—e;(P)X +ey(P) € A[X]. Then

(10,0203, ...)

satisfies the LRR of degree 2 having P as characteristic poly-
nomial.

Let M be a square n x n matrix with coefficients in some com-
mutative associative Z-algebra. By abuse of notation denote
by (—1)’e;(M) the coefficient of X"~ in the polynomial

Pu(X) :==det(X - 1, — M) (1.4)
of M. According to Cayley-Hamilton theorem (see Theorem 2.4.8),
the equality Py((M) = 0 holds, i.e. M is a root of (1.4). Hence

(1,,, M, M?,...)is a LRR of order n, with Py((X) as character-
istic polynomial.

Let M = A =Zand P;(X) = X? — X — 1. The unique LRS

(fo, f1,-..) having characteristic polynomial P; and initial con-

ditions fo = fi = 1 is the Fibonacci sequence':

(1,1,2,3,5,...).
The following equality holds:
Z f’ntn = i t2
n>0

i.e. the n-th coefficient of the formal Taylor expansion of the
last side is precisely fi,.

1.1.6 Let M((t)) :== M[t~',]] be the A-module of the M-valued for-
mal Laurent series, i.e.

M((t)) = {Y_ myt' |m; € M,i € N}.

Jj=—i

ITo people who have skipped the introduction, we recall that Leonardo Pisano,
known as Fibonacci (Pisa,1170-1240), wrote the famous Liber Abaci in 1202 where the
number zero appeared for the first time. Its name came from “zephyrus”, which is a
wind blowing from the west.
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Each element of M ((t)) has only finitely many non-zero coefficients
of negative powers of . A quick check shows that the kernel of the
A-epimorphism M((t)) — M[[t]] mapping ;- ; m;td to its “holo-
morphic” part 3_ -, m;t/ is the submodule t~' M[t~']. Let

. _M((1)

be the induced isomorphism. Define

ti

Dim(t) := op (m(t) + th[tl]> , j=>0. (1.6)

More concretely:
Dj Z miti = Z mH_]‘ti.
i>0 i>0

Clearly D7 € Enda(M[[t]]) is the j-th iteration of the composition of
D := D' with itself. We set D = 1, the identity endomorphism
of M. Via the identification M[[t]] = MY, the endomorphism D’ is
nothing but the shift operator m; — m; ;.

1.1.7 Example. The unique solution of the equation Da(t) = a(t)
with initial condition ag is

a(t)

In other words ag/(1 — t) is related to D as exp(aot) is related to 0,
the derivative with respect to ¢t. See Section 1.6 below.

T 1-—t

=ag(l+t+t*+...).

1.2 Generic Polynomials

1.2.1 From now on (e, ..., e,;) will denote a finite sequence of inde-
terminates over Z. Let B, be the polynomial ring in the indetermi-
nates ey, . . ., e, with integral coefficients

B, :=1Zley,...,e].
Define the two polynomials:
E.(t):=1—eit+...+(=1)7e t" (1.7)
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and the generic monic polynomial of degree r:
pr(X)i=X"—e X" (=), (1.8)

where ¢t and X are two indeterminates over B,..

In the rings B,((t)) := B,[t™!,]] and B,.((X)) := B.[X !, X]] of
formal Laurent series in ¢ and X respectively, the polynomials E,(t)
and p, (X)) are obviously related:

E,(t) = t'p, (1> and  pr(X) = X"E, ()1()

t

Let H,.(t) := ), cz hnt™ € B.((t)) given by

H,(t) := Erl(t) =1+ ;(Er(t) - 1" (1.9)

By definition h; = 0if j < 0 and ho = 1, while h; is an explicit poly-
nomial expression in (e, . . ., e, ) which is homogeneous of degree 4,
once each indeterminate e; is given weight i. For example:

2 3
hi =eq, hgzel—eg, h3:€1—26162+€3,...

In general, h,, can be computed recursively using the equation
H,(t)E,.(t) = 1, equivalent to (1.9). Indeed E,(t)>,~qhnt"” = 1
if and only if hg = 1 and the coefficient of ", in the left hand side,
vanishes foralln > 1, i.e.

hn - elhn,1 + ...+ (—1)”enho = 0, (110)

with the usual convention that e,, = 0 if n > r. Using such relations
one can show (see e.g. [65]) that

hp = det(ej_i1)o<i j<n-

1.2.2 The sequence H, can be alternatively defined through the equal-
ity

Z hy 1
X+ pr(X)’

Jj=0
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from which )
Xi-1

pr(X)’
where the residue of a formal Laurent series 3, a; X7 is by defini-
tion a_1. See also [58, 59].

hj = ResX:o

1.2.3 Note that the ring B, can be thought of as a quotient of a poly-
nomial ring with infinitely many indeterminates, considering the
unique Z-module homomorphism

- Z[Xl,Xg, .. ] — B,,.7

mapping X; — h,. Itis clearly an epimorphism, because any ele-

ment of B, is a polynomial in ey,...,e, and each ¢; is a weighted
homogeneous polynomial expression of degree ¢ in hq,...,h;. The
quotient
Z[X1,X2...,]
Zlhy, hay. .., = —————=
[ 1,702, 7] ker(ﬂ)

will be denoted by Z[H,|. So B, := Zley, . . ., e;] may be also seen as
Z[H,], where H,. denotes the sequence (h1, ha,...).

1.3 Generic Linear Recurrent Sequences

1.3.1 In this section M will be assumed to be a module over a B,.-
algebra A, fixed once and for all. Define linear maps U, : M([t]] - M
via the equality:

> Ui(m(t)t' == E.(t)m(t), (m(t) € M[[t]]). (1.11)

i>0

Comparing the coefficients of ¢* on both sides of (1.11) we obtain
Up(m(t)) = mg and, for i > 0:

Ui(m(t) =m; + Y (1) e;mij, (1.12)
j=1

with the convention that e; = 0if j > r. So, for example,

Uo(m(t)) = my, U1 (m(t)) =mi — e1my,
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Ug(m(t)):mg—elm1+egmo, Ug(m(t)):m3—61m2+€2m1—63m0, e

1.3.2 The fundamental sequence. In the following, a special role
will be played by the sequence (u;);cz of elements of B, [[t]] defined
by

w; = D'H,(t) and  wu_;:=t"H.(t), (1.13)
for all ¢ > 0. In particular vy = H,(t). By the very definition of the
endomorphism D of A[[t]] (Cf. (1.6) for M = A), it follows that for
all (4,j) e Nx Z

D'uj = uiyj,

an equality whose quick check is left to the reader.

1.3.3 Proposition. Each m(t) € M]|[t]] admits the unique expansion

m(t) = > U;(m(t))u_;. (1.14)

320

In particular, if M = A,

tJ
m(t) = J;Uj(m(t))Er(t)
= > Um@)H(t) =Y Uj(m(t))u_;.
j=0 72>0

In particular t/ = E, () H, (t)t/ = E,(H)u_j = >~ U;(u_;)t" if M =
Aand (1.15) follows. B .

1.3.4 Let X be an indeterminate over A. If M := A[X], consider the
formal power series

- Xt = > X" e AX][[t]). (1.16)

n>0
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1.3.5 Proposition. For j > O:
1 A - . L
v (1_;@) — 5 (X) = X — er X 4 (<) e, X
by agreeing that X* = 0 if i < 0.

Proof. In fact

1 j Eft i nyn
Zuj(l_Xt>tﬂ = 1—()315 (1—2 Deit') > X"t

>0 j=1 i>0

= D> (X7 —e X0 4 (<) e X,

and the claim follows. L]

1.3.6 Definition. The sequence (mg,m1,...) € M" is a generic Linear
Recurrence Sequence (generic LRS) of order r if

UT_,_j(m(t)) =My —C€1Mypg 51 + ...+ (—l)rermj =0
forall j > 0.

The r-tuple (mg,m1,...,m,_1) is said to be the initial data of
the generic LRS. The characteristic polynomial of the generic LRS
is clearly p,(X) — the generic polynomial of degree r. Within the
language of M-valued formal power series, we can say that m(t) :=
>0 Myt is a generic LRSif and only if U, j(m(t)) = 0 forall j > 0.
If D := D' € Enda(M][[t]]) is like in (1.6), let p, (D) be the endomor-
phism of M{[t]] obtained by evaluating p,(X) at D.

1.3.7 Proposition. The formal power series m(t) € M][t]] is a generic
LRS of order r if and only if p,(D)m(t) = 0.

Proof. In fact

pr(D)m(t) = (D" —erD" ' 4.+ (=1)e,) > myt!
3>0
= Y (Megj —exmegjo1 ..+ (=1) epmy)t?

=0

= ) Upyj(m(t)t

Jj=0



[SEC. 1.3: GENERIC LINEAR RECURRENT SEQUENCES 29
Thus p,(D)m(t) = 0 if and only if U, ;(m(¢)) = 0 forall j > 0. n

1.3.8 Let K, be the B,-submodule ker p,.(D) of B,.[[t]], i.e.
K, = {u € B,[[f]] | p.(D)u = 0} (1.17)
and define in addition K,.(A) = K, ®zAand K,.(M) := K,.(A) @4 M.
1.3.9 Proposition. Each m(t) € K, (M) can be uniquely written as
m(t) = ugUp(m(t)) +u_101(m(2)) +. ..+ u_pp1U_r41(m(t)). (1.18)

Proof. By formula (1.14):

m(t) = Y Uj(m(t))u-;.

320

If m(t) € K, (M) then U,;(m(¢)) = 0 for all j > 0, and (1.18) fol-
lows. "

1.3.10 Corollary. The r-tuple (ug, u—1, ..., u—_r11) is an A basis of K, (A).
Proof. Each a(t) € K,(A) can be written as Zg;é Uj(a(t))u—; by

virtue of Proposition 1.3.9. In addition U,4;(u_;) = d;,+,; which
isOintherange 0 <i <r —1,ie u_; € K, (A). "

1.3.11 Remark. What about u; if the index j does not run in the
range —r + 1 < j < 0? First of all, if j > 0, then u; € K, (A) for all
B, -algebras A. In fact

pr(D)u; = p,(D)D’ug = D’p,(D)ug = 0,

where in the most left equality we used the first of (1.13). In particu-
lar

Uj; = Uo(Uj)’UJO + Ul (uj)u_l + ...+ Ur—l(uj)u—r+17 (119)
where

Ui(Uj) = hi+j — 61h7;+j_1 + ...+ (—l)iilei_lhj. (120)
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If j < —r+1,then j = —r — i for some i > 0 and then
pr(D)u_,_; =t (1.21)

In fact
1
pr(D)u_, =p, (t) t"ug = Er(t)ug = E.(t)H,.(t) = 1,

and consequently:
pr(D)u—r—i = pr(D)t'u_ = t'p(D)u_, = t',
which proves (1.21).
1.3.12 Observation. We notice that m(t) is a generic LRS if and only

if (Cf. 1.1.6):
oM (pr (1) @ +t—1M[t—1]) =0

in M((t)). In this case
m(t) = Up(m(t))uo + U(m(t))tug + ... + U1 (m(t))t" ug
= Ug(m(t))Drflu_H_l —+ Ul(m(t))Drfzu_H_l —+ ...
+ Uoa(m(t))u—rs

and o) = ke (pr (7) 22). ©<j<ro.

The situation is analogous to that of M-valued formal distribu-
tions M[[z7!, z,w™!, w]] belonging to the kernel of the multiplica-
tion by a power of z — w. In fact, if m(w, z) € M[[z*!, w*!]], then
(z —w)'m(z,w) = 0if and only if

m(z,w) =
= P (w)d(z —w) + D (w)ywd(z —w) + ...+ " V(W) V(2 — w)
where 6(z —w) = Y, ., 27" 'w" is the formal Dirac é-function
; 1995(z — w)
D§(z —w) = —
0 6(z —w) = T o
and ‘ '
9 (w) = Res,(z — w)’m(z,w).
See [44, p. 17] or [45, Theorem 1.6].
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1.4 Cauchy Problems for Generic LRS

1.4.1 Definition. Two M-valued formal power series m(t), m(t) share
the same initial conditions modulo (") if m(t) — m(t) € t"M[[t]].

In particular m; = m; for 0 < ¢ < r — 1. An easy induction
shows that m(t), m(¢) have the same initial conditions modulo ¢" if
and only if U;(m(¢)) = U;(m(¢)) for 0 <i <r — 1.

1.4.2 Lemma. If m(t) € K, (M) and U;(m(t)) =0for 0 < i <r—1,
then m(t) = 0.

Proof. Obvious. In fact by hypothesis all the coefficients of the ex-
pansion (1.14) of m(t) vanish. n

If f := (fo, f1,...) is a further sequence of indeterminates over
A, set Alf] := Alfo, f1,...] and M[f] := M ®4 A[f]. Form f(t) =
>i>0 f;t. Extend p,-(D) to an endomorphism of M [f][[¢]] in the ob-
vious way.

1.4.3 Proposition (Cauchy Theorem for generic LRS). Let m(t) €
MI[t]) € MIE][[]). Then
m(t) = U0<ﬁ1<t))uO +...+U_41 (IYl(t))u,T+1 + Z U,T,jfj (1.22)

J=0

is the unique element of p,.(D) ™' (£(t)) sharing the same initial conditions
of m(t).
Proof. Apply p, (D) to both sides of 1.22, exploiting its “ M -linearity”

r—1
pr(D)m(t) =Y U;(m(t)pr (D)u—j + Y fipr(D)u_s—j.
Jj=0 J20

The equality p,(D)u_; = 0for 0 < j < r — 1 together with (1.21) im-
ply p-(D)m(t) = 3,5, f;t7 as required. It is clear that (1.22) shares
the same initial condition as m(t). Were m’(¢) another element of
p-(D)~1(£(t)) with the same initial conditions as m(¢), one would
obtain m(t) —m’(t) € K,.(M), with the same initial conditions as the
null series 0 € M{[t]]. Hence m(¢) = m'(¢) because of Lemma 1.4.2.m
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1.4.4 Universality. Formula (1.22) is universal in the following sense.
Let A be any Z-algebra, M any A-module and P € A[X] be any
monic polynomial of degree 7. Let m(t) and g(t) := 3~ g;t’ be M-
valued formal power series. Then the unique element of P(D)~!(g(t))
sharing the same initial conditions as m(¢) is

r—1
D um))u ;i + Y giu,
j=0 §>0

where A isregarded as a B, [f]-module through the unique Z-algebra
homomorphism mapping e; — e;(P) and f; — g;.

1.4.5 Corollary. The following Cauchy sequence

0 — K, (M) — M[[t]) =2 M) — 0 (1.23)
is exact.

Proof. The map K, (M) — M][t]] is the inclusion. It is then obvious
that (1.23) is a complex. In addition the map p,.(D) is surjective, as a
consequence of Proposition 1.4.3. "

1.5 Generic LRS via Formal Distributions

1.5.1 Sequences of elements of the A-module M may be identified
with the A-module Hom 4 (A[X], M) = M @ A[X]Y. In fact the map

{wM : Homu(A[X],M) — M][t]]
N (1.24)
v — X:iZOU(X’)?fz

sending v — > .., v(X")t" is obviously an A-module homomor-
phism. Then M-valued formal power series can be seen as formal
distributions, namely linear map defined on A[X], viewed as a space
of “test functions” (the polynomials).

For f € A[X], consider the multiplication-by-f homomorphism of
A-modules:
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Its pullback f* : Homa(A[X],M) — Homa(A[X], M), given by
(f*v)(g) = v(fg), induces on Hom 4 (A[X], M) a structure of A[X]-
module. If f € A[X] and v € Hom 4 (A[X], M) we shall simply write
fv instead of f*v if no confusion is likely.

If M = A, a convolution product “x” is defined on A[X]Y by re-
quiring that the map (1.24)

(A[XTY, %) — (A[#]); )

is a ring isomorphism. An easy check shows that Hom 4 (A[X], M)
is then an (A[X]Y, *)-module isomorphic to the A[[t]]-module M|[t]].
Considering the map p,(X) : Homa (A[X], M) — Homa (A[X], M),
the module of the generic Linear Recurrent Sequences can be identified
with ker(p,(X)-). In fact p,(X)v = 0 if and only if

(pr(X)0)(X™) =0,
forall n > 0, i.e. if and only if
0 = (P (X)X") =X —e X" 4 4 (=1)"e, X))
V(X" — eu(XTTTY 4 4 (D) e u(XM).

In other words (v(1),v(X),...,v(X""1),v(X"),...) or, equivalently,
> isou(X9)this a LRS. Let A[¢] := A[X]/(p,(X)), where £ := X +
p-(X). Elementary commutative algebra say that the sequence of
A[X]-modules and homomorphisms

0 — kerp,(X) — A[X] — A[{] — O
is exact. Moreover it is split. A section s : A[{] — A[X] is given by
s(f +pr (X)) =r(f),

where r(f) is the remainder of the euclidean division of f by p,(X).
As the contravariant functor Hom 4 (—, M) is exact on split exact se-
quences, we obtain the Cauchy Exact Sequence:

0 — Hom 4 (A[¢], M) — Homa(A[X], M) — Hom4(A[X], M) — 0.

It says that the Cauchy problem p,(X)v = w with fgiven initial con-
ditions v(z) = a;, 0 < i < r — 1 has a solution and this is unique.
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1.5.2 Forall j > 0, let
V_;(X") = hpj and v; = Xy,
ie. a(vj) = u; forall j > 0. Each v € A[X]Y can be uniquely
written as
T
Jj=0
where by definition U;(v) = U;(¢¥4(v)). Moreover v corresponds to

a LRS if and only if v € kerp,(X). An A-basis for v € kerp,(X) is
precisely

(Vo, V-1, Vpy1) = (Xr_lv—r+17 ey XU, Vo),
and then
r—1
vEkerp,(X) <= v= z Ur—1—j(v) X v_pq1. (1.25)
§=0

1.6 The Formal Laplace Transform and Lin-
ear ODEs

1.6.1 Let M be a module over any Z-algebra A. The A-linear map
map L : M[[t]] — M|[t]] defined as

LY mith) = jlm;t?, (1.26)

Jj=0 J=0

will be said formal Laplace transform. If A contains the rational num-
bers, the formal Laplace transform is invertible:

. tJ
L_1 ijﬁj = mj—'
>0 >0 7

Define 9, : MI[t] — M][[t]] as:

om(t) =Y (j + Dmjat’.

Jj=0
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1.6.2 Proposition.
Lo, = DL. (1.27)

In particular, L maps ker p,(0;) to K,(M).
Proof. Just matter of routine calculation.

Ly Y mit! = (j+ D)myat/ =D jlmt) = DL mj;t!.

7>0 7>0 7>0 j>0

In particular L o 9] = D% o L and thus L maps kerp,(9;) to K,.(M). m

If A contains the rational numbers, then L is invertible. In this
case 9; = L™' DL, by induction 9] = L™! D'L and ker p,-(9;) is isomor-
phic to K, (M). In other words, to determine ker p,.(9;) it suffices to
determine K, (M).

1.6.3 From now on we assume M = A. Then 9, is a derivation of
A[[t]], ie.

di(a(t)b(t)) = dra(t)b(t) + a(t)dib(t)
a well known equality which is left as an exercise.

1.6.4 Lemma. For all f(t) € A[[t]] the expansion
£() = S U LEE)L (usy) (1.28)
Jj=0
holds.
Proof. InfactL(f(?)) = 3 ;- U;(L(f(t))u—;. Taking the inverse trans-

form of both members, and using A-linearity, formula (1.28) follows.
u

1.6.5 Given f(t) € A[[t]], the pre-image p,(9;) "' (f(t)) is, by defini-
tion, the set of the solutions to the generic linear Ordinary Differential
Equation (ODE)

Yy — ey 4 (=) ey = £(0), (1.29)
where y*) := 0iy. We say that y(t) € A[[t]] shares the same initial

conditions of ¢ € A[[t]] modulo t" if y(t) — p(t) € t"A[[t]]. Thus
Proposition 1.4.3 has the following important
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1.6.6 Corollary. The unique element of p,(0;) "' (£(t)) sharing the same
initial conditions of ¢ modulo t" is:

r—1
y=> Ui(Le)L  (ums) + Y AL (upy). (1.30)
i=0 j>0

Proof. Just apply p,(9;) = L™'p, (D)L to both sides of (1.30):

r—1
p(0)y = L7p, (D)L (vauso»rlwi)) +
=0

+ L7'p (D)L (Z L (u—r—j))

Jj=0

Using the A-linearity of L and the fact that p,(D)u—; =00f0 < ¢ <
r — 1, the last member is:

L (Z_g Uz’U-'(‘P))Pr(D)(U—i)) +L7'p,(D) (Zj!fju_T_j)

320

— 0 +L7YL(f(t)) = L7t (Zj!fjtj)

720

=D fit! =1(t).

720

The unicity is obvious. L

1.6.7 Example. It is worth to see a couple of examples. Suppose one
wants to solve the linear ODE

Y 4wy =" (1.31)

Write n + 2 in the form 4p + ¢ where p € Nand ¢ € {0,1,2,3}, and
rewrite (1.31) in the form

Y +wiy =Pt (dptq>2)
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Solution of (1.6.7) amounts to solve
(D? +w”)L(y) = (4p +q — 2)PHa72,

There is a unique morphism By — Q sending e; — 0 and ex — w?.
Let ¢ = ag + a1t € Q[t] and look for the unique solution such that
y — ¢ =0 mod t2. Then

ug = Ha(t) = 1_|_ +Z 1) w2
7j>1

and

1 o )
u_q = tug = = wt + Z(—l)ﬂw2j+1tzj+1
j=1

The solution to the Cauchy problem is then

L(y) = apup + a1u—1 + (4p + q¢ — 2)lu_4p—,

Now
U_gp—q t4p+qu0 = it (wt)4p+q7.t0

1 1

= 2(2¢-1)(¢—1)(g —3)uo + 5—q(q — 2)(q — 4)wu_1
3 3w
1 1

+ gq(q —1)(q — 2)wt — §q(q —1)(g—3)

p

_ Z(_l)aw2a+qt2a+q’

a=0

a formula that the reader can easily check by exercise. Since
-1 —1 1 .
L™ (ug) = cos (wt) and L™ (u_q) = —sin (wt)
one finally obtains

Yy = ag coswt + N inwt + (4p + q — 2)'L™  (uapsq),
w
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where
_ _ 1 _
L 1(“—4p—q) - I 1(t4p+quo) — mL 1((wt)4p+quo)
1 /(2¢-D@-1@—-3)
= i ( 3 coswt
—2)(qg—4
+ % sin wt
P t2a+q
_ Z(_1)2a+qw2a+q7
= (2a + q)!
1 1
+ gela =Dl —2wt —Zala-1)(¢-3) ).

1.6.8 Example. In Example 1.6.7, put p = 1 and ¢ = 3 to solve

y// + w2y — t5.
Then
a . 5! witd  WOEP .
Yy = apcoswt+ —sinwt+ — | wt — —— + — sinwt
w w’ 3! 5!

£t aq 51\ . ‘o 5! y w?t3 L wtd
= agcosw — — — |sinwt+ — |t — .
0 w W’ wb 3! 5!



Chapter 2

Cayley-Hamilton
Theorem Revisited

2.1 Exterior Algebras of Free Modules

2.1.1 Throughout this chapter, and unless otherwise stated, M will
denote a module over a commutative ring A and A M its exterior
algebra. The latter is the quotient of the fensor algebra T'(M ) modulo
the bilateral ideal generated by all the elements of the form m ® m,
m € M. LetT(M) — /\ M be the canonical epimorphism: the image
of m; ® my is usually denoted by m; A ms. The graduation of T'(M)
induces a graduation on (A M, A):

J
Av=@ A
=0
The degree j piece A’ M of \ M is called the j-th exterior power of

M. Notice that (A M, A) is a superalgebra, i.e. it possesses a Z/27Z
graduation:

AM = (A Mo (\M);

39
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where

2j+1

Ns=@ A wa A= @ A w

Jj=0 j>0

so that the A-product is super-commutative. In fact if « € \' M and
B € N\ M, then -
ahNB=(-1)YBAa.

2.1.2 We will mainly work with free A-modules of finite or count-
able rank:
M= Ab,
0<i<n

where n € Norn = oo and B = (b, b1,...) is an A-basis of M.
In this case A" M can be defined as the A-linear span of N'B =
(big A - Ay o<ip<ip<...<ip_, and

bicoy N---Nb =sgn(o)bi, A... Abi_,,

lo(k—1)

for all permutations o on k elements. If rk4 M = n, then

k
rka A\ M = (Z) 2.1)

The exterior algebra of any sucha moduleisjust A\ M = ;- N M
with A-product given by juxtaposition: -

(biy A v Al ) A (Djy Ao Abj ) =biy Ao Abiy Abjy A Aby,

and where by convention AN’ M = Aand \' M := M. In addition
N M = 0if j > rkaM, while no exterior power vanishes if M has
infinite rank.

2.2 Derivations on Exterior Algebras

2.2.1 Let A\ M be the exterior algebra of an arbitrary A-module. If
D := (Dy, D1, ...)is asequence of endomorphisms of A\ M, letD(t) :=
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> is0 Dt € Enda(/A M)[[t]]. The multiplication

D)D(t) = > (D DioDypi)t"

n>0 i=0

defines a structure of End 4 (/A M)-algebra. If D(t) € Enda(A M)[[t]],
it induces an A-homomorphism

D(t): \ M — \ M[[t]],

indicated in the same way by abuse of notation, that maps o +—
D(t)a = Doa+ Dy -t + ... € A M][t]]. Endow the module A M[[¢]]
with the algebra structure:

Zaiti A Zﬂjtj = Z ( Z (ai AN Bj))tk.

i>0 >0 k>0 itj=k

2.2.2 Definition. A derivation of A M is a A-algebra homomorphism
D) : AM — AMJ[t]], ie forall o, € A M

D(t)(a A B) =D(t)a AD(t)8.

In [22], the set of all the derivations of A\ M was denoted by
HS(\ M) (from the initials of Hasse and Schmidt')

2.2.3 Proposition. HS(A M) is a subalgebra of Enda(A\ M), ie. if

D(t),D(t) € HS(\ M) then D(t)D(t) is a derivation.
Proof. Using the hypothesis that D(t) and D(t) are derivations:

D)D) aAf) = D

AD(t)D(t) B. .

If C is a ring and A any C-algebra, a Hasse Schmidt derivation is a C-
homomorphism ¢ : A — A[[t]] such that ¢(ab) = ¢(a)p(b) (CL. [66, p. 207]) We
do the same by replacing A with the exterior algebra of a module with respect to the
“A” product.
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2.2.4 Proposition. The series D(t) = > .., D;t" is a derivation on
N\ M if and only if Dy, satisfies the Leibniz’s rule for all k > 0:

Di(anpB) = ZDa/\Dk . (2.2)
i=0

Proof. Consider the equality

> Dilanp)tt = [ Dit" | (anp)

k>0 k>0
= ZDZOétZ/\ZD]ﬂtj
i>0 j>0
k
= Y > (Dia A Dp_ip)tk. (2.3)
k>0 i=0

Comparing the coefficient of t*of the first and the last side of (2.3)
gives precisely (2.2). The converse obviously holds. "

2.2.5 Definition. An element D(t) € Enda(/A M)[[t] is invertible if
there exists D(t) € Enda(/\ M)[[t]] such that D(t)D(t) = D(t)D(t) =
1, where 1 is the identity endomorphism of \ M.

2.2.6 Proposition. The series D(t) € Enda (A M)[[t]] is invertible if and
only if Dy is an A-automorphism of \ M.

Proof. If D(t) is invertible, obviously Dy is invertible. Conversely,
suppose Dy is invertible. We look for an inverse of the form D(t) =

1 — Dyt + Dot? — ... Write D(t) = Do(1 + D}t + D4t?> + ...), where
D)= Dy'D;. Then the equation

(1+ Dyt +Dot* +...)(1 =Dyt + Dot* +...) =1

enables to find D; as polynomial in 1, Dy,...,D;. Thus D(t) :=
Dy '(1 — Dyt + Dat? 4 ...) is the required inverse. "

2.2.7 Proposition. The inverse of an invertible derivation is a derivation.
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Proof. Let D(t) be the inverse in A\ M[[t]] of D(¢).
A\

D(t)(@AB) = D)(DHD(t)a AD()D(t)B)
(DODE) (D) AD()B)

)D(t
= Dt)aAD(t)B. .

.

2.3 The Trace Operators Polynomials

2.3.1 Suppose now that M is a free A-module of finite rank r. To
each f € Ends(M) we attach a sequence D1(f), D2(f),...,Dr(f)
of endomorphisms of A M satisfying the following propertles

i) A\' M C ker D;(f) whenever 0 < i < j;
ii) Dy(f)m = f(m) forallme M = \' M C \ M;
iii) The characteristic polynomial operator
D(f;t) :=1=Di(f)t+ ...+ (=1)"Dp(f)t" € Enda(/\ M)[t]
(2.4)

is a derivation, namely D(f;t)(aAB) = D(f; t)a AD(f;t)3, for
alla, 5 € A M.

2.3.2 Itis easy to see that D;( f) are uniquely determined by (2.2) and
the properties i), ii), iii) above. For instance, if m;, mo € M
bz(f)(ml N mg) = EQ(f)ml A mo + El(f)ml N bl (f)mg +
+ mi A EQ (f)mg
= Di(f)mi A Di(f)ma = f(m1) A f(ma),

where in the first equality we used iii) to apply Leibniz’s rule, in the
second equality we used i) for the vanishing of Dy(f)m; and, finally,
the inital conditions prescribed by ii).

2.3.3 The characteristic polynomial operator D(f;t) given by (2.4) is an
invertible derivation. Let D(f,t) be its inverse:

=Dyl (ch. 5 (2.5)

>0

where Do = id pr-
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2.3.4 Remark. The equality D(f;t)D(f;t) = 1 holding by definition
implies

Di(f) = Di(f)Die—1(f) + ...+ (=1)*Di(f) =0
forall k > 1.

2.3.5 Since \" M is free of rank 1, there exist

e1(f),e2(f),....er(f) €A (2.6)
such that
D= el Yo£Ce M.
Let
E.(f,t)y=1—er (f)t+ ...+ (=1)7e.(/)t" € A[t]. (2.7)

Similarly, let us denote by h;(f) the eigenvalues of D;(f)

IAr ne*

hi(f)C=Di(f)g,  0#¢e A\M.
Because of (2.5), one has the equality

Er(f7 t)Hr(fa t) =1,

where we set

Hr(fa t) = Zhl(f)tzv

€7

adopting the convention 4;(f) = 01if j < 0. The eigenvalue e, (f) is
classically said to be the determinant of f, while ey (f) is the trace. We
shall call e;(f), 1 < i <r, the i-th trace of f.

2.3.6 Proposition. The equality
Di(f)(m) = f(m) (2.8)

holds for all m € M.
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Proof. By induction on ¢ > 1, the case ¢ = 0 being obvious. If i = 1,
one has

D1(f)(m) = D1(f)(m) = f(m),
because D;(f) = D1(f) and by 2.3.1, item ii). Assuming the equal-
ity 2.8) forall 1 <j <4—1:

D;i(f)(m) = (D1(f)Di—1(f) + ... — (=1)'Dy(f))(m).
Induction, and the fact that D; vanishes on M fori > 1, implies:
Di(f)(m) = Di(f)Di1(f)(m) = Di(f)(f*~ (m))
F(f7Hm)) = f*(m).

2.3.7 Recall that the multinomial coefficient

i) dnlial. i

is the coefficient of %' - ... - tir in the expansion of (t; + ...+ t,)’. In
particular if » = 2 one recovers the classical definition of binomial
coefficient. The following Lemma will be useful in the sequel and is
very much related with the paper [11].

2.3.8 Lemma. For each o, 3 € A\ M, the Newton binomial formula
holds:

piann= % (]

i1+i2=1

)Dl(f)“oz ADPRE  (29)

ilaiQ
Proof. Is a matter of a simple induction on the integer i. One has:

Di(f)(anp) = Di(flanp+aADi(f)B

and (2.9) holds for i = 1. Suppose now that (2.9) holds for all 1 <
j <i—1.Then

DiffianB) = Di(f) (Do)~ (ahB)
BNCEDS ("1)D1<f>“<a>AD1<f>i2<ﬁ>

11,17
iitip=i—1 N 172
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> (L)@@ D)

11,17
itig=i—1 N 172

+  Di(f)" (@) ADi(f)=H(B))

> ()P @A o),

inriami N 02
having used well known properties of the binomial coefficients. m
As a consequence we have:
2.3.9 Proposition. The formula
Dy(f)“(miA...Am,) = Z ( b )fil(ml)/\.../\f“(mr)
inbodig=i Nt

(2.10)
holds for all r > 2.

Proof. The case r = 2 follows from (2.9) for a = m;, 8 = my and the
fact that Dy (f)?(m) = D} (f)(m) = f7(m) if m € M. Suppose now
that formula (2.10) holds for all A* M with2 < s <r — 1. Then

Dl(f)i(ml Ao Amge_1 Am,) =

= Z( ! )Dl(f)j(ml/\...Amr1)/\D1(f)“mrz

X
jrin=i MU

= > (1) 3 (Z_l".ijvir_)fil(ml)A.../\fi"(m,,):

Jtir=i s tr i1t tip_1=j
— Z ( , )f“(ml)/\.../\f“(mr)
. . A\, ..Uy
11+ Fi=1
as desired. -

2.3.10 Corollary. If f € Ends(M) and tkaM = r, then

Al macnm) = 3 () A s ),

. X A\l ...y
11+ Fi.=1 L T



[SEC. 2.4: GENERIC CAYLEY-HAMILTON THEOREM 47

Proof. Obvious, since Dy (f)(mi A... Am,) =e1(f)(mi A...Am,),
by definition of ey (f). "

2.3.11 Proposition. Consider [ —t -1y € Endap(M @4 Alt]). Then
er(f—t-1m) = E.(f,1)
Proof. If 0 # ¢ € \" M, then

er(f—t-Tp)mi Ao Ame=Dp(f —t-1py)mi A... Am,
= (fft'].Iw)mo/\.../\(f*t-].M)mr_l

= > (X )AL A Sy

J=0 hW+...+i,=j
0<ip<1

= D (~1)'Di(f)(mi A... Amp )t
=0

= > (“Dej()imiA...Am)t) = E(f.tymy AL Am,.
j=0

2.4 Generic Cayley-Hamilton Theorem

The content of this section is among the outputs of the collaboration
with Inna Scherbak begun in [32, 33].

2.4.1 In the following, the endomorphism f of M considered in Sec-

tion 2.3.1 shall be understood. Thus, we shall write D;, D; instead
of D;(f) and D;(f). We shall also write H,(t) = >,5,h;t" and
E.(t) = 1432, (=1)%e;t (convention: e; = 0if i > r). Our arbitrary
endomorphisn; f is so identified with the restriction of D; = D; to
M = \' M. The equality

E.(t)D(t) =Y _U(D(t)t’ (2.11)

€L
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defines U;(D(t)) € Enda(\ M) for i € N. Equality (2.11) implies
that U;(D(t)) = 0if j < 0. Moreover:

Uo(D(t)) = Do=1,
Ul(D(t)) = D1 — €1D0,
UT(D(t)) : DT - €1DT_1 +...+ (—1)T6TD0.

2.4.2 Lemma. The endomorphism U;(D(t)) vanishes on \" M for all
j=>1

Proof. Relation E,(t)H,(t) = 1 implies that
hj—eihj_1+ ...+ (=1)"e;hj—_, =0
forall j > 1. Now,if 0 # ¢ € \" M:
U;(D(t))¢ = (hj—erhj_1+...+(=1)"e;h;—)¢ = 0. "
2.4.3 Warning. In general, U;(D(t)) does not vanish on the whole

A M for 0 < j < r. For example, let M = R? and f be any invertible
matrix. If U1 (f) = 0, then

(f—e(f))v =0

forall v € R?, i.e. e;(f) (the trace of f) is an eigenvalue of f. Then f
should have a null eigenvalue contradicting the invertibility.

In spite of its simplicity, the following statement is very impor-
tant and one of our key tool to discover vertex operators in elemen-
tary context as well as to compute them (See Theorem 4.3.1).

2.4.4 Lemma. The integration by parts formula holds:
D(t)a A B =D(t)(aAD(t)B). (2.12)
Proof. In fact

D(t)a A B = D(t)a ADHD(t)B = D(t)(a AD(1)B),



[SEC. 2.4: GENERIC CAYLEY-HAMILTON THEOREM 49

using the fact that D(t) and D(t) are inverse of each other and that
D(t) is a derivation. "

Taking the coefficient of ¢/ on both sides of (2.12), for each j > 1,
formula (2.12) implies the following more explicit identity,

DjOé/\ﬁ = Dj(a/\ﬁ)—Dj,l(a/\ﬁlﬁ)+...+(—1)jo¢/\ﬁjﬁ
J

= Y (-1)'D;j_i(a ADiB). (2.13)
1=0

2.4.5 Corollary.

[U(D(t))a] A B = _U;_;(D(t))(a A D;B). (2.14)
j=0
Proof. In fact, invoking (1.11)
> (U(DE)a)t' A B = E(t)D(t)a A B. (2.15)
i>0

Using integration by parts (2.12):

— E0)(D0)(aADH)B) = 3 U,(D(t)(a ADH)S)Y

720

D U(DE)(a A (~1)/D;(1)5)e

k=0 J=0

3 (Z Ui (D)) (@ ADZ-_J—W)) £ (2.16)

i>0 \ j=0

Comparing the coefficients of ¢’ in the Lh.s. of (2.15) and the rh.s.
of (2.16), gives precisely equality (2.14). n

Using Lemma 2.4.4 and Corollary 2.4.5 we can finally prove

2.4.6 Theorem (Cayley-Hamilton). The endomorphism U, ;(D(t)) van-
ishes on the whole exterior algebra \ M.

Proof. It is obvious that U, ;(D(t))a = 0 for a € A’ M := Aand
for « € A" M, due to Lemma 2.4.2. Assume then a € A" M, for
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0 < i < r, and let us show that U, ;(D(t))a = 0 for all j > 0.
To prove this, it suffices to prove that U, ;(D(t))a A B = 0 for all

B e N 7" M. Using (2.14):

U (D)anB = ZUH'J k(D(t))(a A Dif)
r+j
+ ZUHJ k(D(t)) (o A Dy ).

But D3 = 0 for all k > r, because 8 € \"~* M and r —i < r, by
item i) of 2.3.1. Moreover, for each k > 0, a A Dy € /\r M, hence
Ur4,—&(D(t)) vanishes on it. n

2.4.7 Recall, by Remark 2.3.4, that
D;=Dj_1D1—D; 2Dy +...—(-1)’D;.

Since Dym = 0 for all k > 2 and all m € M (Cf. 2.3.1 item i)), the
equality Djm = D1D’~'m = D;D’~"m holds. An easy induction
then shows D;m = D{m for all m € M.

2.4.8 Corollary. (Cayley—-Hamilton Theorem, classical form)
pr(D1) :== D] — elD{_l +...+ (=" =0.
Proof. In fact
(D} — e D7+ (= 1D)7e) (m
= (Dr—e1Dp1+ ...+ (—=1)"e,)m =0,

where last equality is due to Theorem 2.4.6. "

2.5 The Exponential of an Endomorphism.

Notation as in the previous sections. Let f € End (M) and e;(f) €
A be its i-th trace. Equip A with the B,-module structure induced by
the unique Z-algebra homomorphism B, — A mapping e; — ¢;(f).
If ¢ is an indeterminate over 4, by (1, — tf)~ € Enda(M)[[t]] we
mean the formal power series 1 + ft + f2t? +
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2.5.1 Proposition. The following equality holds (notation as in 1.3.5):

(IL]W — tf)_l = 1puo + pl(f)u,l + ...+ prfl(f)’u,,rfl. (2.17)

Proof. In fact:

Ep(t)(Ia —tf) ™ =D Ui((lar —tf) "t =D pi( /). (2.18)

i>0 i>0

According to Cayley-Hamilton Theorem 2.4.8 , p,1;(f) = 0 for all
i > 0, and thus the right hand side of (2.18) is a finite sum

En(t)(Ia —tf)” sz

Dividing both sides by E,(t) and using the definition of u_;, we

finally obtain (2.17). "
We note in passing that
. 1 1
det[(1—tf)""]= H,(f,t) =uo®14.

er(ar —tf) ~ E(fit)

2.5.2 Definition. Assume that A is a Q-algebra. Then exp(tf) is the
formal power series defined by:

exp(tf) = L7H(Am—tf)™) =L A+ ft+ 2 +..)
> ﬂ € Enda(M)][[t]]. (2.19)
>0 !

2.5.3 Proposition. One has:

exp(tf) = po(f)L™ (uo) + ...+ pr1(f)L™ (umpsr).  (220)

Proof. In fact

exp(tf) = L7 (1w —tf)™")

r—1
O S pi(fu-y) ij Hu—y),
7=0
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as desired. -

The finite sum expression (2.20) to write exp(tf) permits to iden-
tify it with an endomorphism of A[[t]] ® 4 M. The latter is a free
A[[t]]-module of rank r. It is then meaningful to speak of its de-
terminant. The following is a well known result, here spelled in a
purely algebraic context.

2.5.4 Proposition. The determinant of the exponential is the exponential
of the trace:

er(exp(tf)) = exp(e1(f)t).

Proof. By definition:

er(exp(tf))miA...Am,: = D.(exp(tf))(miA... Am;)

= Dy(exp(tf))mi A ... A Dy(exp(tf))m
=exp(tf)mi A... Nexp(tf)m,. (2.21)
However, (2.21) is nothing but:

Zf“(ml /\Zf“ my) t“

1120 i 2>0

which is in turn equal to

Z 2 <i17-‘.j.’zT>fZl(m1) A Fir (my)

]>0 Tt tie=j

that is, using Corollary 2.3.10:

—Zel ml/\ S Amy) =expler(f)t)ymy Ao Amy,
7>0
proving the desired formula. "

Formula (2.20) and Proposition 2.5.4 give rise to some interesting
identities.
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- Y

thought of as endomorfism of M := A? where A := Q[a,b,¢,d|.
We make A into a By-algebra through the unique homomorphism
mapping e; — a+d and es := det(f) = ad — be. Let ug := Ha(t) and
U_1 = tHg(t) Then

2.5.5 Example. Let

(Lar —tf)™' = Tpuo + (f —erlp)u_y = (uo —duy bu—s )

Cu_1 Up — aU_q
and

exp(tf) = L7 (A —tf)7")

= ILMLil(UQ) + (f — 611M)L71(U,1)

o Vo — d’l},l b’l),l
o cv_q vy —av_1 )’

where by simplicity we set v; :== L™ (u;). Then
ea(exp(tf)) = vi — ervou_1 + ev? ;.

On the other hand es(exp(tf)) = exp(e1(f)t) = exp(est), from which
the identity
Vg — e1vou_1 + eav® | = exp(ert).

In particular, if e; = 0 we have the relation
v+ egv?, = 1.

which, if e, = 1 is the classical formula cos?t + sin?t = 1 (Cf. [25,
p. 64] for additional details). Taking into account that d;v_1 = vy
and putting y = v_; we obtain

(y/)Q + €2y2 =1

which is a prime integral of ¥ + eoy = 0.
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2.5.6 Example. It is possible to obtain similar formulas for higher
order square matrices. For instance let M be a 3 x 3 matrix having
e1, es and es as traces. Then

exp(t./\/l) = U0]13><3 +1)_1(./\/l - 61]13><3) + 'U_Q(MQ - €1M + 62]13><3),

where v; = L™ (u;), i.e. (v, v_1,v_2) is the canonical basis of solu-
tions to the generic linear ODE y"”' — e1y” 4 e2y’ — e3 = 0. Then a
tedious but simple computation shows that

det(exp(tM)) = exp(ert)
can be explicitly phrased as:

exp(ert) = vy — 2e1v5v_1 + (€5 + e2)vgv_o + (ea + €3)vov?; +

— (e1ea + 3e3)vov_1v_o + e1e3vpv? 4 + (€3 — e1e2)v> | +

2y.2 2 2 2 2 3
+ (eres + e5)v2v_o+(er1e5 — 2ese3 — 2eTe3)v_1v- 5 + €507 ,.

If e; = 0 one obtains

e + 62’[}2’()_2 + 621}01)2_ — 3e3v9V_1V_o + egvi +
0 0 1 1

+ €302 g — 2ege30_ 1075 + €303, = 1.
Putting e; = 0 and e3 = —1, one deduce the relation
3 3 3 _
vy + 3vgu_1v_g — v + 02, =1 (2.22)

between the canonical solutions of the linear ODE y"”" + y = 0. For-
mula (2.22) can be then seen as a cubic generalization of the pop-
ular relation cos?t + sin®t = 1 enjoyed by the canonical solutions
vy = cost and v_; = sint of the second order linear ODE 3" +y = 0.
Setting y := v_», equation (2.22) gives

W) +3y"y =)’ +y’ =1 (2.23)
Notice that differentiating (2.23) gives
" + (") +yy') =0.

In other words the prime integral (2.23) is obtained from y"”' +y = 0
via multiplication by the factor (y")? + yy'.



Chapter 3

Exterior Algebra of a Free
Abelian Group

3.1 Schur Polynomials.

3.1.1 Recall that a partition is a monotonic non-increasing sequence
of non negative integers

AMZ2A2>...20

All the parts \; are zero but finitely many. Let A := (A1, Ag,...) be
a partition. Its length £(X) is the number of its non zero parts. Its
weight is [A| = ). A\;. Let P be the set of all of partitions. Then
A € P is a partition of the integer w := |A|. The Young diagramme of a
partition (A1,...,A.) is an array Y () of left justified rows of boxes,
such that the first row has \; boxes, ..., the r-th has \,.-boxes. Below
is depicted the Young diagramme of the partition (3,2,2,1) and of
its conjugated (4,3, 1)

55
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The number of partitions of a given integer is ruled by a gener-
ating function essentially due to Euler:

1
p(k)qk =7 1k
,Z% [Tien(d —4*)
3.1.2 Denote by P, the set of partitions of length k& < r: if the length
is strictly less than » we may, according to the convenience, add a
string of r—k zeros. To each partition A € P, we associate an element
Ax(H,) € B, to be computed as follows:

Ax(Hy) = det(hx;—j+i)1<ij<r-

More explicitly:
hx, N L W
AN(H,) = h,\%+1 h'AQ e h,\,.jr+2
h)\ﬁ;rfl hxy4r—2 -+ hx.
In practical terms, one allocates k), ..., h), along the principal di-

agonal from top down. Then, above each h,, in the same column, the
index decreases by one unit for each row and below hj,, in the same
column, increases by one unit per row. The element Ay(H,) € B,
is called Schur polynomial associated to the partition A. Using Schur
determinants one can check that

6]‘ = A(lj)(HT),
where by (17) denotes the partition (1,. .., 1) with j parts equal to 1.
——
J times

3.1.3 Example. Let A be the partition (2,2, 1) of the integer 5. Then,
according to 3.1.5:

he hi O
Apo1y(Hy) = |hs hs 1| =hih3 —hihs — hohs + hihy
ha hs h

3.1.4 Exercise. Show thatif 1 <r < 2then Ay 1)(H,) = 0.
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3.1.5 Thering B, is a graded ring. Giving the indeterminate e; weight
1 (< i < r) each monomial
iy i i

el'e) -...-er

has degree i; + 2ip + ... + 74,. To each such a monomial one may
associate a partition A = (11,2% ... rir), having i, parts equal to
1, iy parts equal to 2, ..., i, parts equal to . The transpose of the
Young diagramme of any such a partition is the Young diagramme
of a partition X of length at most r and of the same weight. By abuse
of notation we shall write e* to denote the monomial ej'e?’ - ... - elr,
which has degree |A\| =i +2is+ ... + iy, ineq, ..., e, Then

BT' - @(BT)k

k>0
where (B,)r = @)= Ze>.

3.1.6 Example Let r = 3. Then e¢*!) = efes, e(222) = ¢2, (321 =
€1€2€3, 6(111) = €3, 6(3) = 6?.

3.2 Shift Endomorphisms

From this section onwards, a free abelian group My := @,y Zb;
(e.g. := Z[X]) will be fixed once and for all. Denote by By the ba-
sis (bo, b1,...) of My. Imitating (and abusing) the notation of Sec-
tion 1.1.6 in another (but related) context, we shall denote by D; the
shift endomorphism of Mj given by D1b; = b; ;.

3.2.1 Let My, = @;:01 Zb;: it is a submodule of M, direct sum-
mand of D, My := DY My = ) .., Z - b;. We aim to make My, My,
and D,, M, into modules over B,, with the purpose of studying the
locus of decomposable tensors in both A" My and in \" M ,,, as in the
forthcoming Chapter 4.

By D, B, we denote the basis (b;, bi+1, . ..) of D; M, (in particular
DyBy = Byp). Forall A := (Aq,...,\.) € P, let

britx = bigx, Abigioa,_ Ao Abipr_14a, € /\DiMO (3.1)
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and, accordingly,

br,i = br,i-{-(O) =b; A bi+1 AN A biJrT,l € /\ D; M.
3.2.2 If i = 0, we set b, » := b, g4, so that
bro=bo AbiA... Abry.

The weight of b, x is by definition [A| :== >"/_; \;. Let

(/\ Mo)w = Bja|=wZ - by (3.2)

be the sub-module of A" Mj generated by monomials of weight w.
The weight graduation of \" My is:

A Mo = D\ Mo)u- (33)

w>0

3.2.3 For our purposes it is also important to consider the shift en-
domorphism of step —1:

o fbia i 21,
D_yb; := { 0 if j—o. (3.4)
The homomorphisms D ; have degree £1 with respect to the weight
graduation (3.3) of My = /\1 My (wt(b;) = j) and D_; is locally nilpo-
tent, i.e. for all m € My there exists j := j(m) such that (D_1)'m = 0
foralli > j.

3.2.4 Denote by D, (z),D_(z) € Endz(/ Mo)[z~!] the characteris-
tic polynomial series associated to D; and D_; respectively, defined
precisely like in Section 2.3.1. Recall that, in particular, this means
Di(2)(aAB) =Di(z)aADi(2)p).

We shall also need the series

Di(z) := Z D2 and D_(z) := ZD,iz_i,

i>0 i>0

such that D, (2)D4(2) = 1 € Endz(\ My)|[[z]] and D_(2)D_(z) =
1 € Endz(\ Mp)[[z!]]. Observe that for each a € A M, we have



[SEC. 3.2: SHIFT ENDOMORPHISMS 59

D_(z)a € A\ My[z]. Furthermore, once one declares that the degrees
of D;j and D; are j, D; is an explicit homogeneous polynomial ex-
pression of degree i in (D1, D2, D3, .. .). This is because the equality
D, (2)D4(z) = 1 implies the identities
Di+3>_,(=1)D;D;_; = 0.

The same holds verbatim for D_;: it is a homogeneous polynomial
expression of degree —i in (D_1,D_5,...), once one declares that
the degree of both D_; and D_; is —j. The definition makes ob-
vious that D; (resp. D;, D_;, D_;) are Z-homomorphisms of A M,,
homogeneous of degree zero, i.e. each degree \" M of the exte-
rior algebra is an invariant submodule for them. When restricted
to A" My, they are homogeneous of degree +i with respect to the
weight graduation (3.3). Let A(D_.) be the minimal Z-sub-algebra of
Endz(\ M) containing Dy := (D1, Da,...). Clearly D; € A(D.)
for all j > 0. It turns out that A(D.) is a commutative sub-algebra
of A\ My, by virtue of Proposition 3.2.5 below.

3.2.5 Proposition. Forall « € A\ My andall i,j > O:

DZ‘D]'CV = DjDiCk. (35)
Proof. We know that D;D;m = D{"/m = D;D;m, for all 4,j > 0
and all m € M. Suppose (3.5) holds for all @ € A" M and all 1 <

i <r. Writinga € A" M as >~ pinite i A Bi, it suffices to check the
commutativity of D; and D; on elements of the form m A 3. Now:

J
DiDj(mAB) = Di( Z D;ym A D;_;, )
j1=0
; Jlj
> Y DiDjymAD; D ;8. (3.6)

11=071=0

By the inductive hypothesis, the last side of (3.6) is equal to

J

> DyDimAD; ;Dif

J1=014,=0

= DJ(Z Dilm/\ Difilﬂ) = DjDi(m/\ ﬂ) u

i1=0
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3.2.6 Proposition. For all integers A > 0 and o € A\ M
D)\(bi/\a):bi/\D)\a-l-D)\,l(bH,l Aa). (37)

Proof. The best way to prove (3.7) is to use integration by parts (2.12).
One has:

bi A\Di(z)a = Di(2)(Di(2)b A a)
= D, ()b A a) — Do ()(biss M)

from which

Do (2)(bi Aa) = bi ADy(2)a + Dy (2)(bit1 A ). (3.8)
Formula (3.7) then follows by taking the coefficient of 2* on both
sides of 3.8. "

3.2.7 Corollary. The following equalities hold for all k > 1:
i) Dy(2)(bog A ... Abg—1) Abg =bg Aby A .. Aby;
il) Dax(bg A ... Abg_1 Abg Aa) =bog A... Abg—1 A Dx(bg A a);
i) Da(bo A...Abp_1) =boA...Ab_oAb_14x.

Proof. To prove item i), we argue by induction. For k = 1, the prop-
erty is true:

(5+(2)b0) ANby = (bo — blz) Abi =bg Aby.

Suppose it holds for all positive integers less or equal than k& — 1.
Then

(Dy(2)boA...Abp_1)Abr =Dy (2)(boA...Nbp_2) ANDy(2)bp_1 Aby
=D (2)(bgA...Abp_2)A(bg_1—brz) Abr = boA...Abg_oAbx_1 Aby,

as desired.
To prove item ii) we use integration by parts (2.12) and i):

bo A... Abg—1 A D4y (2) (b A @) (3.9
=Dy (2)(Ds(2)(bo A ... Abr_1) ANbi A @)
=Di(2)(bo A... ANb A ). (3.10)

Equating the coefficients of 2* of (3.9) and (3.10) gives ii). Item iii)
follows from ii) putting o = b, _1. n
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3.3 The B,-Module Structure of A" M,

Define a B,-module structure on \" My by imposing the equality

e; 0= EZ‘OZ7 Va € /\MO (311)

By construction \" M, is an eigen-module of all D; with e; as eigen-
value. Let Z[X] := Z[ X1, X3, .. .] and evp be the composition

Xi—h; VD

Z[X] B, —— Enda(/\ Mo),

which is the unique Z-algebra homomorphism mapping X; — D;.
For P € Z[X] let P(D,) := evp, (P) € Endz(\" My). Call A,(Dy)
its image. Clearly A, (D, ) is the restriction to A" M of the algebra
A(D,), introduced in 3.2.4. By abuse of notation we have denoted
by the same symbol the restriction of D; to A" Mp.

3.3.1 Proposition. The ring A,(D..) coincides with Z[D, ..., D,] :=
evp, (Z[Xq, ..., X,]), where we have denoted by the same symbol D, its
restriction to \" M.

Proof. Since A,.(D.) contains Dy, Do, ..., D, the inclusion A,.(D)

D Z[Dy,...,D,] is clear. In addition A,(D,) is the restriction of
a polynomial algebra generated by (D1, Do, ...), which implies the

reversed inclusion A, (D+) C Z[Dy, ..., D,]. In particular A, (D) is
the minimal commutative sub-algebra of Endz (A" My) containing

(D1, Do, ...) because Z[D1, Do, .. ] is. n
We have the natural Z-module evaluation homomorphism:
eVh,, - B, — AN M
- (3.12)
Pler,...,er) P(D-i-)b'r',o

3.3.2 Proposition. The map (3.12) is a Z-module epimorphism.

Proof. Given that D; is a weighted homogeneous polynomial ex-
pression in Dy,. .., D,, of degree i, to prove the claim amounts to
show that for all A € P, there exists G € Z[X1, Xa, ...] such that

b, x = GA(D4)bryo. (3.13)
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We argue by induction on the length of the partition. If A = (\) we
have

b()\) =boAD1 Ao Abr_14A = D,\(bo A by /\.../\br_l),

because of 3.2.7, item ii). In this case G,)(D) = D). Assume now
that the property holds for all partitions of length at most k — 1 <
r — 1. Then

bo Ao  Abr—kang Ao Abp_igy,
= D,\k (bo VANPIAN brfk) A\ br7k+1+)\k_1 VANPIAN bT,1+)\1
Ak

> (=)D —i(br k.0 A Dilbr—kr14xe_y Ao Abpo14,)-
=0

Each term b, 0 A D;i(by—k+142,_, A --- A br_14y,) is an integral
linear combination of elements of the form a;b,, A where A;; is a
partition of length at most k£ — 1. By the inductive hypothesis, there
exists G;(D4 ) such that

br—k,0 A Di(br—kt14x, 4 Ao Abro1yn,) = Gi(D4)bro.

Thus .
GA(D+) =Y (—1)'Dy,—iGi(Dy) € A (D4)
=0

is a polynomial with the required property. "

Denote by GA(H,) € B, the eigenvalue of Gx(D4) having the
whole A" M, as eigen-module. In spite we shall reprove this fact by
our formalism, the following result is well known: see e.g. [65]. It
basically says that any Z-polynomial ring in r indeterminates pos-
sesses a Z-basis parameterized by partitions of length at most 7.

3.3.3 Theorem. The data (Gx(H,) ||\ = w) form a Z-basis for (B;).
In particular the epimorphism (3.12) is a Z-module isomorphism.

Proof. It is clear that GA(H,) € B, for all A € P,. Recall (Cf. 3.1.5)
that (e* | |[A| = w) is a Z-basis of (B,),,. We contend that

(GA(Hy) | [A] = w)



[SEC. 3.4: THE B,.-MODULE STRUCTURE OF M. 63

are linearly independent over the integers. Infact }°  _; axGa(H,) =
0 implies

0= Z a)\G)\(HT)bnO = Z a)\br)\a

[A|=w [A]|=w

which in turn forces all a being zero, because (b, x | |A| = w) is a Z-
basis of (A" Mp).. It remains to show that B, = D aj—w ZGA(H,).
To this purpose we observe that both (ex)|xj=w and (Gx(H,))a|=w
are bases of the Q-vector space (B, ®z Q),,. Thus:

= Z axpGp(Hy)

|n]=w

where ay,, € Q. Evaluating the left hand side at D and applying to
b, o gives:
D) ...D,/byo= Y axuGu(H;)b,o
[n|=w
Since the left hand side is an integral linear combination of the basis
elements of (A" Mp),, so is the right hand side, i.e. ax, € Z. n

3.3.4 Corollary. The map A,.(Dy) 2 Z[Dy,...,D,] — N\ My mapping
Ax(D4) — by x is a Z-module isomorphism.

Proof. By its very construction, the map evy,, : B, — A" M, fac-
torizes through evp, : B, — A, (D) and the claimed isomorphism
follows. n

3.4 The B,-Module Structure of M,.

Our next goal is to construct out of M a free B,-module M, of rank
r such that A" M,. := B, ®z \" M. This will enable us to prove the
equality G (H,) = Ax(H,), a Giambelli’s like formula.

3.4.1 Lemma.

1. Let m € My such that m Ao = 0 forall a € /\’“_1 My. Then
m = 0.
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2. If my, mo € My are such that my Ao = maAaforall o € N My,
then mi = msy

Proof. Let
m = aobio + albil + ...+ aikbik71 € My

expressed as a finite linear combinations of elements of the basis By
of My. Foreach 0 < j < k — 1, choose a monomial o € /\P1 By
such that b;; A a; # 0. Then

m/\aj = aobio /\Oéj —|—a1bi1 /\O[j +... —&-aikbik_l /\ij

is a Z-linear combination of linear independent elements of /\T Bo,
such that b; A o; # 0. This impliesa; = 0, forall0 < j <k —1,1ie.
m = 0.

Item ii) follows immediately from i): the hypothesis is equivalent
to(m; —mg) Aa=0foralla € /\’nf1 My, whence m; —ms =0. =

3.4.2 Basing on Lemma 3.4.1, forall 1 < i < r and m € M, define
e;m
as the unique element of M, := B, ®z M, such that

emAa=e¢e(mAa)=D;(mAa). (3.14)

3.4.3 Proposition. The shift Dy : My — My is B,-linear and then ex-
tends to an endomorphism of M,..

Proof. It suffices to show that
Dy(e;m) = e;Dym, Vi<i<r.

In fact, using integration by parts (2.13) for j = 1:

(Diegm) AN = Di(egm Aa) —eym A Dy
= e (DimAa)+emADia—e;mA Dy
= (e;Dim) A«

and the claim is proven. "
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3.4.4 Proposition. Equation (3.14) defines on My a structure of free B,-
module of rank r (denoted by M, in the following).

Proof. Since D; is B,-linear and D (z) is the characteristic poly-
nomial operator (i.e. Di,...,D, are the traces endomorphims, in-
duced by D;, of the B,-module N M,), by the theorem of Cayley
and Hamilton we have:

pT(Dl)bj =0,

ie. (bo,b1,...,br_1,b,) are surely linearly dependent over B,.

Consider the evaluation map evy, : B.[X] — M, defined by
P(X) — P(Dn1)bg. Itis clearly surjective. We claim that if P is any
non zero polynomial of degree < r — 1, then P(D;)by # 0. To see
this, let

P(X)=a X'+ X' + ... +a, a;, € B,,
with ag #20and 0 < i <r — 1, so that:
P(D1)bg = apb; + a1bi—1 + ... + a;bp.
Thus
(P(D1)bo) Abg A ... Abi—y Ab; Abigr A ... Abp_y = tagbyg # 0,

i.e. P(X) does not belong to the kernel of evy,. Suppose now that
P € kerevy,. Then deg(P) > r. Write P as p,(X)Q(X)+7r(X), where
deg(r(X)) < r — 1. Then

0= P(Dl)bo = Q(DI)PT(Dl)bO + T(Dl)bo = T(Dl)bo

from which r(X) = 0, i.e kerevy, = p,(X). In other words M, :=
B, ®z My, with the module structure defined by (3.14), is a free B, -
module of rank r isomorphic to B, [X]/(p- (X)) and, moreover,

A M. =B, & \ Mo,

where in the last side the B,-module structure is given by (3.11). =
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3.5 Giambelli’s Formula

3.5.1 Recall that the residue Res(g) of a Laurent series g = 3, ;X ‘

(n € Z) is the coefficient g_; of X ~*. The following definition is due
to Laksov and Thorup [58, 59]:

3.5.2 Definition. The residue of an ordered r-tuple

Qiizzginj7 0<i<r—-1
j<n;

of Laurent series with B,.-coefficients is:

Res(go, 91y -5 Gr1) i=

Res(go) Res(g1) e Res(gr—1)
_ Res(:Xgo) Res(:Xgl) . Res()fgr_l) (315)
ReS(XT_lgo) Res(X.T_lgl) Res(XT._lgT_l)
Clearly Res(go, g1, - -, gr—1) is Br-multilinear and alternating:

Res(90(0), 9o(1)s - - - > Go(r—1)) = sgn(o)Res(go, 91, -+, gr—1),

where ¢ € S, (the permutations on r elements) and sgn(o) is its
parity £1. If at least one among the g; is a polynomial, the j-th row
of the determinant (3.15) vanishes, which causes

Res(g()7 g1, .- 797‘71) = 0.
The following result is also due to Laksov and Thorup:
3.5.3 Lemma. Let f(X) = X*+a; X*~'+.. .+ay bea monic polynomial
of degree \ with coefficients in a B-algebra A. Then, forall1 < i <r

Xlf(X
Res (f()> = hirpxtathirpx1+...tarhi .
PT(X)

A
Z My r—j. (3.16)
j=0
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Proof. Recall that

Zthn

n>0

The equality X1 f(X) = Z;:o a; XM gives:

XZ 1f ZJX)\+zlthXrn

n>0

=> ( > ajhn) XP (3.17)

PEZ \j+n=A+i—1—r—p

The sought for residue is the coefficient of X ! in (3.17), i.e

X“f(X)> ¢
Res | ———— | = a;jh, = aih;_rix_;. L]
( Pr(X) Z J jz:;) J +A—j

Jtn=A+i—r
3.5.4 Theorem. Let fy, f1,..., fr—1 be polynomials. Then
fo(D1)bo A fi(D1)bo A ... A fr—1(D1)bo

_ Jr1(X) fr—2(X) fo(X)>
—Res( pT(X) 5 pT(X) ,...7PT(X) bo/\bl/\.../\brfl. (318)

Proof. Both member of (3.18) are B,-multilinear and alternating in
fo, fi,..., fr—1. If one of the f; is divisible by p,(X) one has f; :=
qJ‘(X)pT(X), but then fj (D1>b0 = qj (Dl)pT(Dl)bQ = 0. Then both
sides of (3.18) vanish if one of f; is divisible by p,(X). Moreover
they are equal when f;(X) = X*. In fact the first member would be
just bo AN bl VANAN br—l while

1 0 ... 0
xr-1 xr—2 1 hy 1 ... 0
Res ( , N > = . . ] =1
pr(X) pT(X) PT(X) : : A
hr—1 he—a ... 1

Then equality (3.18) holds. n
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3.5.5 Corollary. One has:
brx = Ax(Hy)bro = Ax(D;)bro.

Proof. In fact

box = DMbgAD; A bg AL A DT A
XA XA Xr—1+M >
= Res R RN boANby A...Ab._1
(pr(X) PT(X) PT(X)

= Ax(H)bo Abi A... Abe_y.

Last equality holds because A (H,) is eigenvalue of Ax (D). "

3.5.6 Corollary. The Schur polynomials Ax(H,) form a Z-basis of B,.

Proof. It follows from 3.3.3 and the fact that GA(H,) = Ax(H,). =

3.5.7 Notation. Corollary 3.5.6 says that the map
A)\(Hr) — AA(Hr)bnO = br,)\

extends to a Z-module isomorphism B, — A" M. The inverse iso-
morphism A" M — B, will be denoted as

(&%
o —

(3.19)
7,0

to mean the unique element of B, which multiplied by b, o gives
back a.

3.6 Application to Modules of Finite Rank

3.6.1 Consider the submodule D, M, := D7 M, of My generated by
(bntj = D7 7by) ;0. Then

My = MO,n @ Dy, My
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where M ,, := @Z:Ol Z - b;. The truncation map

Yon My — Mo
(ni S Z)
> im0 b — Zv o Mibi

is a homomorphism of abelian groups with kernel D,, M,. We have
a canonical graded epimorphism

Non: A\ Mo — \ Mo (3.20)
defined by
brax — Yrn(bra) =700 (0r) Ao Ao (D—rt14a,)

From now on, and for sake of notational brevity, we set:

Yrm = [\ Yom- (3.21)

3.6.2 Proposition. The kernel of the map (3.20) is precisely the bilateral
ideal
/\ Mo A DMy :={byx| A1 >n—r+1}

generated by D, My in \ M.

Proof. It suffices to prove that ker v, ,, = /\T_1 Mo A D, M. It is clear
thatif A\ > n —r + 1 then

b)\r AN b1+,\r_1 VAAN bT71+)\1 S ker('yr,n).
Conversely, suppose that 7, (b, x) = 0. As 7o, is an isomorphism
when restricted to My ,,, such a vanishing implies thatr — j+A; > n

for at least one j € {0,1,...,r — 1}, forcing the inequality A\; >
n —r + 1. Thus

> axb,x € ker(r.), (0 ax € 7Z), (3.22)

if and only if all the summands belong to A"~ My A D,, M. .
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3.6.3 We have just proved that v, , induces an isomorphism

A" Mo
N My A D, My

— /r\ MO,n-

For sake of brevity denote by evy,, o the composition B, — AN Mo,
of the evaluation map (3.12) with ~,,,. Let

B:

B, = ——.
ker evp,.

)

Then the epi-morphism B, — A" M, ,, factorizes as

Tr,n Vb

Br B'r‘,n o /T\MO,na

where 7, ,, is the canonical projection and and the second arrow is an
isomorphism which, by a reasonable abuse of notation, is denoted
as that occurring in formula (3.12). The following diagramme is
obviously commutative:

Tr,mn

B, —— B,,
evbml levbho (3.23)
N Mo = N My
for all r € N*.
3.6.4 Proposition. We have: ker(evp, ;) = (hn—rt1s-- -5 hn).

Proof. If j > O then h,, 114, € kerevy, . In fact

’Yr,n(hn—r+1+jb0 A bl ARRIA br—l) =

= /\'YO,n(bO Abi AN A bn+j) =bgA...Nb-_o /\’VO,n(anrj) = 0.

Conversely, suppose that ), axAx(H,) € B, belongs to ker&vy, .
Then

0=%n(Y_ axAx(H)bro) = > ax e (b)),
A A
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which implies b, » € A"~ My A D,, M, because of Proposition 3.6.2.
So, all the partitions occurring in the sum have A\; > n—r+1. In the
case A\ = n —r + 1 then

AA(HT’) S (hn77“+17 LARE hn)

We contend that h,,414+, belongs to (hp—y41,...,hy,) forall j > 0.
Using the relation

hotips + Y (=D eihnirj—i =0,
=1

it is apparent that hy414; € (Anyjs.-. hntj—r). By induction
ker(evp, ,) = (An—rs1,- .., hy) as claimed. n

3.6.5 Corollary. The Z-algebra homomorphism

Z[Dy,...,D,]
B, —
’ (Dn—7'+1a RS Dn)

defined by e; — D is an isomorphism.

Proof. Due to the fact that the evaluation maps evy, , : B, — A" M

factorizes through Z[D;, ..., D,] and that P(H,)b, o = 0 if and only
if P(D4 )by = 0. .

3.6.6 Notation as in 3.6.3. It turns out that m, ,(hn—r+;) = O for all
j > 1. Let H,.,, be the sequence
o (Hr) = (1,h1, ..., hp—p, 0,0,...), (3.24)

and P, , be the subset of the partitions of length at most » whose
Young diagramme is contained in a 7(n — r) rectangle.

] |
] ] ]
@ @ (Y @1

The non-null partitions of Pa 2.

A

§

B
LN
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Thus B, := @acp, , ZAx(H;n) and is obviously isomorphic to
the sub-module EBAQ;T . ZAx(H,) of B,. The equality 7, ,Ax(H,) =
Ax(mrnHy) holds because Tr,n 1S a ring epimorphism. Notice in ad-
dition that H, ,, = m, ,(H,) is defined by the equality

n—r+1

E.(t) > hit' =1,
=0

holding in B,.,, = 7, (B,). In fact m,. ,Ax(H,) = 0 implies b, » €
N MoAD, My, ie. Ax(H,) € (hp_ri1, ..., hy), thatis Ay > n—r+
1 and then the Young diagram of A cannot be contained in r(n — r)
rectangle.

3.6.7 Proposition. The map v, : \" My — N Mo, is a B,-B,.,,
module homomorphism, i.e.
Ve (Ax(Hy )by o) = (7 n AX(H;))bro = Ax(Hypn)bro.  (3.25)

Proof. If X ¢ P, ,, then A\; > n — r + 1, then both members of (3.25)
vanish. If A € P, ,,, instead

A)\(Hr)br,o = br,)\ € /\MO,n
ie. br,)\ = A)\(Hr,n)br,o = Wr.nA)\(Hr)br,& L

3.6.8 The Z-algebra homomorphism =, ,, : B, — B, , has a natural
extension to an epi-morphism B, ((z)) — B, ,((z)) denoted by the
the same symbol by abuse of notation. The algebra B, ,, can be also
viewed as the quotient:

Z[el,. . .,er,hl,. . '5hn7r]
(Er(t)(l +hit+...+ hn_rtnfr) — 1)

Br,n = (326)
Notation (3.26) means that the quotient is taken with respect to the
ideal generated by the coefficients of positive degree in the expan-
sion E,.(¢)(1 + hit + ... + hp—pt™7).

3.6.9 Corollary. The isomorphism B,.,, — \" My, makes \" My ,, into
a free B, ,-module \" M,.,, of rank 1 generated by b,.o, such that for each
AePrn

b'r',)\ = AA(Hr,n)br,O
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Proof. For all A € P, ,,, define the B, ,-module structure through
AA(Hr,n)br,p == AA(Hr)br,;u

which is well defined for A € P, ,, the map Ax(H, ) — Ax(H,)isa
section B,.,, — B,. Moreover for all A € P,

br,)\ - A}\(Hr)br,o - AA(Hr,n)bT,O- u

3.6.10 Corollary. Let B,.,, ®z \" My be the B, ,,-structure of \" Mo,
described in Corollary 3.6.9. Then My ,, can be equipped with a structure
of free B,. ,,-module of rank v, M,. ,, such that \" M,.,, = B, @ \" Mo p.

Proof. The epimorphism My — M, ,, induces a B,-module structure
on My, which factorizes through B, ,. Hence M, , can be given
a structure of free B, ,-module of rank r that we denote by M,.,,.
Clearly A" M,.,, = By, @ \" Mo .. "

3.6.11 Example. The factorization B, — B,.,, — N\ M., allows to
simplify some computations. For instance, suppose one wants to

compute
A(3}1) (HQ)b1 A by

in /\2 M. One has, on one hand:

(hsh1 — hy)(bo Ab2) = (D3D1 — Dy)(bg A b2)
= D3(by Aby+ by Abs) — by Abg
= by Abs+ by Aby+ by Abs+ by Abg — by N bg
= 2b; Abs + by Aby.

On the other hand, the partitions (3,1) and (1) are both contained
ina 2 x 3 rectangle, and then computations can be performed in the

By 5-module /\2 Moy 5, where hy = 0. In this case

(hghl — h4>(b0 AN bg) = h3h1(b0 A\ bg)
—  Dy(by Abs + by Abs)
— 9y Abs + by Aby,

having used the fact that o 5(bg) = 0.
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3.6.12 Remark. There is Z-algebra isomorphism between B, , and
H*(G(r,C™),Z), the singular cohomology of the Grassmann variety
parameterizing r-dimensional subspaces of C". The isomorphism is
given explicitly by h; — o; := ¢;(Q,), where Q, is the universal quo-
tient bundle over the Grassmannian. The cohomology of the grass-
mannian is a free Z-module of rank (}) generated by {ox | A € Py},
the Poincaré dual of the classes of the closure of the cells associated
to a complete flag of C". The isomorphism holds because of Gi-
ambelli’s formula o) = Ax(o), where o0 = (1,01, 09, ...) (Cf. [2JGH
or [20, p. 271]).

Another argument is based on the known fact that in the coho-
mology ring of the Grassmannian, the polynomial X™ universally
factorizes into the product of two monic polynomials of degree r
and n — r (Cf. Section 3.7 below). Then H*(P"~1) = H*(G(1,C")) =
By, = Zlei]/(e}) and the hyperplane class corresponds to e; €
B, . Capping with the fundamental class

N[G(r,n)] : H*(G(r,C"),Z) = B,,, — H.(G(r,C")) (3.27)

gives the Poincaré isomorphism between the cohomology and the
homology of the Grassmannian. The Z-module isomorphisms B; ;,, =
My, and B,,, — A" My, show that there is a natural isomor-
phism between A\" H,(P"~',Z) and H*(G(r,n),Z). This fact was
used in [22] (see also [23]) to describe Schubert Calculus in Gras-
mannians via derivations on a Grassmann algebra. Composing the
isomorphism A" H.(P"~!,Z) — H*(G(r,n),Z) with the Poincaré
isomorphism (3.27), yields what in [34] and [37] is named the Satake
identification

{Sat : N H* (P 1) — H*(G(r,n))

Oxy4r—1 N Oxgpr—2 N ANON. —> Ox,

r

where oy, 1, = (6777"7") is the special Schubert class of P"~! =

G(1,n), namely the class of a linear space of dimension n—r+i— A,.

The arguments used there are based on the “take the span map”
Pl X P - - 5 Gnn)

r times
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and on the fact that the cohomology groups of P"~! and G(r, n) are
representations of Gl(n,C): H*(P"~1) is the standard representa-
tion of GI(H*(P"~!)) = GL(n,C) and H*(G(r,n)) is the r-th wedge
power of the standard representation. Using a quantum version of
the Satake identification essentially as in [34, p. 47—48] one obtains
quantum Pieri’s formulas substantially as in [22, Corollary 2.7].

3.7 Universal Factorizations of Polynomials

3.7.1 If A is any ring and P(X) € A[X] any monic polynomial of
degree n, there is a unique A-algebra Ap,(, ), up to isomorphism,
such that the polynomial P, regarded as element of Ap,, ,)[X], can
be written as the product of two monic polynomials P, P,_, €
Ap,(rn)[X] of degree r and n — r respectively, satisfying the follow-
ing universal property. If A’ is any A-algebra where P decomposes
into the product of two monic polynomials Q,., Qn—» € Ap;(rn)[X],
there is a unique algebra homomorphism mapping the coefficients
of P, to those of @), which maps the coefficients of P,,_, to those of
Qn—r- Such a distinguished algebra is called in [58] the universal fac-
torization algebra of P into the product of two monic polynomials of
degree r and s.

3.7.2 Proposition. The Z-algebra B, ,, is the universal factorization alge-
bra of X™ into the product of two monic polynomials of degree r and n — r
respectively.

Proof. In the ring B, ,,[[t]] we have the following equality:

=1+ hit+ ...+ hypot" 3.28
B Tttt (3.28)

In fact, on one hand the inverse of E,(t) is ), -, h,t™ but, on the
other hand, h,—,4+14; = 0 in the ring B, ,, for all ; > 0. This
proves (3.28). Putting X = 1/t one has

X" = X"E.(t)(L+hit+...4+hp_rt")
= (X —e X" (D)) (X g X L+ Ry,
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Last equality proves that X™ decomposes in B, ,, as the product of
two monic polynomials of degree r and n — r respectively. To prove
the universality, let A be any Z-algebra where X™ decomposes as

X"=P.(X)P,_(X) € A[X].
Let us write P,.(X) as
X" —ei(P)X" 4+ (=) (P),  e(P)€EA
and
Py o(X)=X"" 4 (P ) X" "4y (P).

As eq,...,e, generate B, , as Z-algebra, there is a unique homo-
morphism B,., + Ap,,n), mapping e; — e;(P,). Since h1 = e;
and hy(P,_,) = e1(P,) the homomorphism maps hy +— hy(P,—,).
Assume that hq, ..., h;_1 are mapped to hq(Py—r), ..., hj—1(Po—r).
Then

hj = elhj—l + ...+ ( er Gj—r Z 1+1 hj—z(Pn r)
= hj (P’rb—r)
as desired. -

3.7.3 More generally, let P(X) = X" —a; X" '+.. .4a, € Z[X]and,
for each i € 0,1,...,7—1, let Ung+i = P(Dl)qb1 Then (1}0,1)17 .. ) is
a Z-basis of My (the matrix of basis change is triangular with all 1
along the diagonal). Notice that My, = @/ 'Z-b; = @' Z - v,
and so the basis (v;) supply us with another projection vp : My —
Mo, defined by >° -, y;v; = Z?;OI y;v;. Thus there is an induced
epimorphism B, — A" M, obtained by composing the isomor-
phism B, — A" M, with the epimorphism A" vp : A" Mo — A" Mo,
which factors through a Z-algebra B, p isomorphic to A" My, =
N (My/p(D1)Mp). We contend that B, p is precisely the univer-
sal factorization algebra of the polynomial P as the product of two
monic polynomials of degree r and n — r. To see this let us consider
a new sequence of element of B,, (h}, hs, .. .), defined by

()Y bt =1 —at+...+ (=1)"ant"). (3.29)
n>0
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Keeping into account the relation E,.(t) >, ., hnt", an easy check
shows that: -

hy = hi — a1, hy = hy —a1hy + az, ...,

hiz =h, —athp—1+...+ (—1)”an.

In general by = h; + >\ aihj_i (e = 0if k < 0). Let now D'(z) :=
> ;>0 D'’ be the unique derivation of A Mo such that D’;v; = v; ;.
Now

D;7T+jv0/\.../\vr,1 =V A ... ANUp_o AUpyj
=g A...Nbr_ag A(ar1by—14j — a2bp_ot; + ... — (=1)"apbny)
(Pn—rtj — @1hp—pyj—1+ ...+ (=D "Ta,h Yoo Ao Abry
=hy i jbo A Abry

and then we have, basically arguing as in 3.6.3:

B,
(h;zfrJrlv e h;z) .
3.7.4 Proposition. The algebra B, p is the universal factorization algebra

of the polynomial P(X) as the product of two monic polynomials P,(X)
and P, _.(X).

B,,.P =

)

Proof. It is clear that the polynomial P(X) factorizes in B, p as

PX)=(X"—e1 X" "+ . 4+ (=1)"e) (X" "R X"+ 4R
(3.30)
In fact relation (3.29) reads in B, p as

(1—eit+...+(=1)"et") (1 +hit+...+h,_ ")

= (1 —ait+...+(=1)"ant")

i.e,, putting X = 1/t precisely (3.30). It remains to check the univer-
sality for which one argues exactly as in Proposition 3.7.2. n



Chapter 4

Decomposable Tensors in
Exterior Powers

In order not to loose the reader’s attention, it is good to make clear
since now that the purpose of this chapter is to prove a formula
which detects the locus of decomposable tensors in the Z-module
A" My (Theorem 4.5.3). Were M, a C-vector space, the formula would
encode all the quadratic equations defining the Pliicker embedding
of the complex Grassmannian G(r, C"). The reason why one should
appreciate this equivalent phrasing of the Pliicker embedding is that
the limit for r,n — oo gives precisely the equation of the KP hierar-
chy in the form mentioned in Section 0.4. This Chapter is the output
of a joint research with P. Salehyan, begun in [28] and prosecuted in
the forthcoming [30].

4.1 Wedging, Contracting and Decomposing

The purpose of this section is to recall a well known criterion to es-
tablish the decomposability of an element of A" Mj.

78
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4.1.1 Wedging and Contracting. Each m € M, induces a wedging
homomorphism

mA /\kMO — /\kJrlMQ
o — mA Q.

On a dual side, let My := Homy (M, Z) and (53;)>0 be the basis
of My dual of By, i.e. such that 3;(b;) = d;;. Each u € M,’ induces a
contraction homomorphism

r r—1
JZ /\MO — /\MO

For our purposes, it suffices to define it by induction as follows. If
m € My := /\1M0, let
pram = p(m).

Then, supposing /. being defined for all a € A’ M, for j < r, we
set:

pabig A (biy Ao oAb ) = pl(biy)biy, AL AN+
— big Apa(bi, A AD ).
4.1.2 Example. Let ;o € M. Its contraction against A’ My is:
a(big A biy Abiy) = pu(big)biy Abiy —big A pa(biy Abiy).  (41)
Now:
p3(biy Abiy) = pa(biy )biy — biy A pabiy, = p(biy )biy, — p(biy)biy. (4:2)
Finally, substituting (4.2) into (4.1):
pabig Nbiy Abiy =
= p(big)bi; Abiy — p(biy )iy Abiy 4 1(biy)big A by, .

4.1.3 Definition. A tensor o € "My is divisible by m € M, if
a Am = 0; it is decomposable if there exist mq,..., m, such that
a=miA...\m,.
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Clearly, a € A"M, is decomposable if the kernel of the map
My — /\THMO sending m — a A m has rank r. We have the fol-
lowing characterization:

4.1.4 Theorem. The r-vector o is decomposable if and only if

D (@A) @ (Biua) = 0. (4.3)

i>0

4.1.5 Remark. Notice that (4.3) is a finite sum. In fact « is a finite
Z-linear combination axb, x and then §; «a = 0 for all but finitely
many j.

Proof of Theorem 4.1.4. First notice that « is divisible by m if and
only if

r—1 r—1
O:a/\m:aAZﬁi(m)bi :Z(a/\bi)ﬁi(m) =0. (4.4)
=0 i=0

Suppose that « is decomposable, i.e. that & = mo A ... A m,_; for
somem; € My (0<i<r—1)

r—1

Z(O& N bz) ® Bi_l(mo VANPAN mT._l) =

=0

r—1 r—1

= D (17> (aAb)Bi(mj)mo A... AT AL Am_y =0,
7=0 =0

where the last vanishing is due to (4.4) applied to each sum
Soi_i(a Ab)Bi(my), < j < r— 1. The notation “ ;" means that
m; is omitted.

Conversely suppose that (4.3) holds. We claim that « is divisible.
If @ = 0 this is clear. If « # 0 then 3;_a cannot vanish for all 4, and
there must exist £ € (A" "Mo)" such that a; = £(Bina) # 0 for

some i. Thus )
Z ai(aAb;)=0
i=0

is a non trivial linear relation and then « is divisible by the initial
remark of the proof. Write « = my A oy, for some m; € M and
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a1 € N7' M. Then

0= Z(bZ AmiAar) @ (Bia(mi Aay)) =

i>0

Z(bi Amy Aar) @ (Bi(mi)ar —my A Biaa) =
i>0

Z(bi/\m1/\041)®(5¢(m1)a1)‘f’Z(mlAbiAOél)@(mlA(ﬁual)) 4.5)
i>0 i>0

ie.

Z(ml Ab; A 041) X (m1 A (61'_1041)) =0 (46)
>0

because the first summand of (4.5) is zero, due to (4.4). Since (4.6)
holds if and only if >, (b; A a1) ® (Biaa1) = 0, then o is divisible
and can be in turn written as a; = mo A a for some mo € M and
ay € N7 M. lterating the process supplies my,my, ..., m, € M
such thata =m; A ... Am,. n

4.1.6 Proposition. The epi-morphism (3.21), Yo : N"Mo — N Mo,
maps decomposable tensors onto decomposable tensors.

Proof. Suppose o = my A ... Am, € N"'My. Then A"y, (o) =
Yo.n(M1)A. . . AYo.n(m,). Conversely, if « € A" My, is decomposable,
then o :=my A ... Am, € N"Mp,, € \" My, and the claim follows
because 7, ,, restricted to \"Mp ,, is the identity . n

4.1.7 Corollary. The tensor o € \" Mo, is decomposable if and only if

n—1

> (bi Ae) ® (Bie) =0. (4.7)

=0

Proof. Because of the inclusion A\"My,, C A" My, if a is decompos-
able then equality (4.3) holds. However, since « is a linear combi-
nation of b, », with A € P,.,,, all the tensor factors ;s vanish for
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j > n, whence formula (4.7). Conversely, if « € \" M, satisfies (4.7)
then

n—1
0=> (b Ae)® (Biae) + Y _(bi Aa) @ (Biaa),
i=0 i>n
because 8;.a = 0if ¢ > n. n

4.2 Further Properties of D_(z)

4.2.1 Recall from 3.2.4 the definition of characteristic polynomial op-
erators D (z) associated to the shift operators D, and their inverse
D (z) in Endz(A M)[[z*!]] respectively. For each 7 > 1 and j € Z
we have Z-module endomorphisms D;, D; : B, — B, defined as
follows:

(Djp)br,o = Dj(tho) and (ﬁjp)br70 = Ej(Pbr7o).
(4.8)
In spite of the apparent symmetry of the expression (4.8), the be-
haviour of D;, D; is quite different depending on j being negative
or positive.

4.2.2 Lemma. For all j,n > 0and r > 1 we have:
D_jhy = hp—j. (4.9)

Proof. Let (n) be the partition (n, 0,...,0)
——

r—1 times

Then

(D_jhn)bro = D_j(hpbro) =D_jb, )y =D_j(b_10Abr_14n) =

J

= Z D_ji b1 0 AND_jbp_14p =
i=0

= b1 0Ab—14n—j=hn jbro

whence (4.9). L]
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4.2.3 Lemma. Let n > 0 and r > 1. For each j > 0:

D_5_jh, =0.
Proof. In fact
(D—s_jhu)bry = D_s j(hubrg) = Do jby () =
= D_o j(by_10Abr—itn) =

= br1,0AD 9 jbr_14n+D_1br_10Abrin
= D_1br_10Abr_24n,

_ ) 1
because D_,_; vanishes on A\ My = Mj and

D_1b,_109=(D_1ho)br_10 = (D_1ho)br_10=0

because D_; = D_; and Lemma 4.2.2. "

4.2.4 Warning. Although the expression D;h,, makes perfectly sense
in B, for all » > 1 and positive j, its output does depend on the in-
teger 7. A uniform formula like (4.9) is not available in this case. For
example, in By one has

D;b brtj
Djh, = =1 = % —p,,
Jitn bO bO +J
while in Bs:
Db . Dj(bg AN b1+n) . bo N b1+n+j + Dj—l(bl AN b1+n) .
il = = =
bo N by bo A by
Dj_1(bi ANbiyn)
= hpyj + ——F——— F# hnyj.
fins bonby 7
4.2.5 Corollary. The following equality holds in B, for all r > 1:
— B —
D_(2) hyp = hy — =L,
z

Proof. By definition

Now use equality D_; = D_; and lemmas 4.2.2 and 4.2.3. ]
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4.2.6 Corollary. Forall r > 1:

D_(2)hn = iy

2J
720

Proof. Recall that h; = 0if i < 0. By definition
D_jh,
7>0

and then the formula follows by Lemma 4.2.2. "
4.2.7 Proposition. The operator D_(z) commutes with taking Ax:

5—(2)A)\(Hr) = Ak(ﬁ—(z)Hr)a (410)
where D_(2)H, = (1,D_(2)h1,D_(2)ha,...).
Proof. By definition:

@, (Z)A)\(Hr)br)o = 67 (Z)br’)\ =

=D_ (Z)b,\r AD_ (Z)b1+,\1,71 A...AND_ (Z)brf1+)\1 =

bx,— b b, -
= <b>"r U 1>/\(b1+>\7~_1 _ Ar_l)/\---/\(br—1+>\1 _ >‘T2+>‘1) —
z z P

= fo(D1)bo A f1(D1)bo A ... A fr—1(D1)bo (4.11)
where
, A1
fj(X):Xﬁ/\"*j—iX ) 0<j<r—1.
V4
By Lemma 3.5.3
X (X)) Py, —jvi-1 =
Res <p,(Xj)) = hx,—jri — + =D_(2)hr;—j+i-
By applying Theorem 3.5.4:
~ fr—l(X) fO(X)>
D_(z)Ax(H,) = Res< ey =
()AL 5 (X) " p(X)
= det(D_(2)hn, i) = AA(D-(2)H,) .
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4.2.8 Corollary. For all r-tuple (hi,,...h;, ) € By

Proof. Each product h;, - ... - h;, is a linear combination of Schur
polynomials:

hi1 Ceeet hir = Z a)\A)\(HT).
AEP-

where ax = 0 for all but finitely many A € P,.. Thus
D_(2)(hiy --..-hi)) = Y axD_(2)Ax(H,) =
A

= Z(IAA/\(ﬁf(z)HT) =
A
= D_(2)hi -...-D_(2)hs,

as desired. -

4.2.9 Warning. The Z-module homomorphism D_(z) : B, — B,((2))
is not a ring homomorphism. To see this, take » = 1. Then

— h
D_(2)hy = hy — —.
z

On the other hand, for r = 1, hy = h?. However

B_(2)h1 - D_(2)hn = (hl - i)Q _

2hq 1 —
+ 5 #D-()ha.

hy — —
z
4.2.10 Proposition. The operator D_(z) commutes with taking Ay.
D_(2)Ax(H,) = Ax(D_(2)H,), (4.12)

where D_(2)H, = (1,D_(z)h1,D_(2)ha,...).
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Proof.
(D_(Z)AA(HT))bnO = D_ (Z)(bAT A b1+>\r—1 VAN br_1+)\1)
= D_ (Z)b)\r AN...ND_ (Z)b,«,pr)\l =
= fo(D1)bo A fr(D1)bo A ... A fr—1(D1)bo,
where N
.7+ r—3 ] PR
J XJ+>‘T73 p
LX) = Y
p=0
By Lemma 3.5.3
) Nj—j+i
Xlilfrfj (X) K h>\j—j+i—P
Res (pr()()) = Z;) T =D_ (Z)h)\_j—j+i~

In conclusion:

S Fea(X) (X)) (X)) ]
Reb( pr(X) " pr(X) ""’pr(X)) = AX(D_(2)H,),

as claimed. -

The following is the analogous of Corollary 4.2.8 for which we
omit the completely analogous proof.

4.2.11 Corollary. For all r-tuple (h;,,...h;.) € B}
D_(Z)(h“ hz ) :D—(Z)hil ZD_(Z)hZ7 L]

r

4.3 The Vertex-like Operator I',(z)

We have seen that an arbitrary exterior power A" M of a free abelian
group My (Cf. Section 3.2) can be naturally made into a free B,-
module A" M, of rank 1 generated by b,.o. The purpose of this sec-
tion is to study the map B, — B,1((2)) given by the unique Z-
linear extension of:

(ngo bjz’ Abyx) ® g,

br+1,0

FT(Z)A)\(HT) =
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If X € Py, thenb, x € A" M, ,,. The main result to be proven in this
section is

4.3.1 Theorem.

2"(D—(2)Ax(Hy+41))
Er+1(z) ’

where by D_(z)H,..1 we mean the sequence (1,D_(z)hy,D_(2)ha,...)

T,(2)A(H,) = (4.13)
4.3.2 Lemma. Forallr > land all A € P,
bo A Dby x = Ax(Hy11)bo Aby A ... Ab,. (4.14)

Proof. It is a consequence of the definition of D, and Corollary 3.5.5:

bo ADybrx = by ADy(bx, A... Abr_142,)
= bO/\b1+Ar/\---/\br+A1:
= A)\(HT»+1)b0/\b1 /\.../\b,-. L]

4.3.3 Proposition. Forall o« € \"M,:
%bo AD4(2)a=D_(2)(bo A D). (4.15)
Proof. It suffices to prove (4.15) for a = b,. ». We have
Di(2)byx =b.x —Dib.axz+ ...+ (=1)"D,b, x2". (4.16)
Now

bo ADibyx = bg ADji(by, Abiia, , AeeiAbp_11n,) =

= by A Z b)\,y,+i1 A\ b1+)\,,_71+i2 VANAAN br71+>\1+ir7
4.17)

where the sum is over all (i1,...,4,) such that 0 < i; < 1 and

> i; =i. Putting j, =1 —idp,sothat 0 < j, < land > j, =r —3,
formula (4.17) can be rewritten as:

> bo Abria, gy Abaga, i A Abrgpa i, (4.18)
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summing over all (ji,...,j.) suchthat0 < j, <land ) j,=r—1i.
Thus (4.18) is precisely the definition of

Ei—rbr-‘rl,)\ = ﬁi—?"(bO A Erbr,)\)~ (419)

Plugging the right hand side of (4.19) into (4.16) one obtains

1 = " (-1)D,_, — — _
—ho A D (2)a = > (2)7,7_],](190 AD,a)=D_(2)(by A Dycv)

Jj=0

as desired. n

4.3.4 Proof of Theorem 4.3.1. We first notice that for all « € \"M,.:
Z bz’ N =Dy (2)by A a=Di(2)(bg ADi(2)a),
Jj=0

last equality due to integration by parts, formula (2.12). Using the
fact that A" "' M, is eigen-module for D (z) and Proposition 4.3.3,
with eigenvalue H,11(z) = 1/E,+1(2):

. 2" _ _
. ~J =
E bzl A Fr () D_(z)(bo A Drav). (4.20)
j=>0 +

Puttingnow o = Ax(H, )b, o in equation (4.20) and using Lemma 4.3.2

T

. z —
E ijj /\A)\(Hr)b,«,o = D_(Z)A)\(Hr+1)br+17o,
>0 Er+1(z)
J>
as desired. n

4.3.5 Corollary. The following equality holds:

T, (2)AN(H,) = Z’Axgl ((>)H+>

Proof. Just apply Proposition 4.2.7 to the numerator of (4.13). The
commutation is allowed because A is a partition of length at most r
and, then, of length at most r 4 1 (Cf. Remark 4.4.4 below). n
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4.3.6 Corollary. Let A € P,.,, and b, x € \"M,.,. Then

n—1
bzl Abyx = D_(2)Ax(Hys1.0).
jzz(:) J Er+1(z) + )

Proof. We use diagramme (3.23) for  + 1. We have

n—1
ijzj /\br,)‘ + ijzf /\b'r,/\ = ijzj /\br,)\
j=0 i>n 320

- ﬁAX(ﬁ— (2)Hp11)bry10.  (421)

Applying the homomomorphism v, 1 5, 1= /\7-+1 7o, to the first and
last side of (4.21) and using Proposition 3.6.7, one obtains:

n—1
. 1 _
> bj2? Abpx = ——~A\(D_(2)Hys1,0)bri10- .
- Er+1(z)

Jj=0

4.4 The Vertex-like Operator I')(z)

Denote by 3 (2~") the formal power series 3 ;- 3z 7.

4.4.1 Definition. Let I'Y(z) : B, — B,_1((2)) be the unique Z-linear
extension of the map

B(="")sAA(H )by

IY(2)Ax(H,) = (4.22)
b,_10
4.4.2 Lemma. Foreach b, € \"M,:
B (Zil)Jbr,A =
Z—)\l Z—/\2+1 . Z—)\r-‘r’l‘—l
1 | har hox P (5 W
= 1 1 ,2 bo Abi A ... ANbr_s.
A
ha4r—1 haggr—2 ... b,

(4.23)
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(Sketch of) Proof. In fact

B (27 1) ba, Abipn, s Ao Abp_ign, =

r—1

1 .
= D o (Db,

Jj=0

1 1
= 1 Z ZAT7j+1_(7n_j)bT—1,>\j (4.24)
j=0

where \; denotes the partition of length at most » — 1 obtained by
removing the j-th part from A := (A1, A2,..., A;). Now

brfl)\j = A)\j (H'r71>br71,0
and so (4.24) is equivalent to:

2, (1)

’I" 1A, ;
or—1 Z )\, j+1—(r— j) or—1 Z j A J+1 (r— j)br71,0~
(4.25)
A quick inspection shows that (4.25) is precisely the expansion of the
last side of (4.23). n
4.4.3 Theorem. The following equality holds:
B z71 b, E._1(z
N NCEEYARE
7 (4.26)
D,(Z)h)\l D,(Z)hAZ,l 'D,(Z)h)v_,rjq
Erfl(Z) D_ (Z)h)\1+1 ID—(Z)}DQ D—(Z)hAw +r—2
I : : 3 z
'D,(Z)h)\l+7~,1 D,(Z)h)\zjq«,g N 'D,(Z)h)\r
(4.27)

Proof. Recall from Section 1.3.2 the definition (1.13) of u; € B,_1[[#]]:

uj = E Py 2"

n>0
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for j > 0, where H,_1(z)E,_1(z) = 1. Since
ET(Z)’U,]‘ = UQ(Uj) -+ U1 (Uj)Z + ...+ Ur_l(Uj)Zril, (428)

where each U;(u;) is a B,_i-linear combination of A, hjy1, ..., hjti—2,
the determinant

E._1(z)ux,+1 Er—1(z)ux, ... Er_1(2)ur, 4r—2
P41 hx hx,4r—2
T - . (4.29)
Pag4r—1 haggr—2 ... P,
vanishes by skew-symmetry. Notice that
1 Erfl(Z)Hrfl(Z)
5= T B () (D () + 2uas),
from which
z~M z=retl o Al
1| s P W
o1 : : : =
h}\lJr’l‘*l h)\2+7‘72 s h}\,
D_(2)hy, + zun;+1 -« D_(2)ha, —r+1 + 2Ux, —ri2
E._1(2) hi+1 e P, +r—2
- or—1 . . =
Ry +r—1 ha,
D_ (Z)h)\l D_ (Z)h,\2_1 .o D—(Z)h)w—r-‘rl
Er_l(Z) h>\1+1 hkz cee hAT+r—2
== : : . . (4.30)
Ry 4r—1 Pxgqr—2 ... ha,

the last equality due to the vanishing of (4.29).
To conclude the proof observe that forall 1 <4, j <t

D_(2)hr;—j+i = ha,—j+i + D—(2)ha,—jti—1
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and thus, exploiting once again the skew-symmetry of the determi-
nant, expression (5.26) is equivalent to

D_(Z)}b\l D_ (Z)h)\Q_l N D—(Z)hz\r—r—i-l
E,_1(2) | P=(2)hx 41 D_(2)hx, .- D_(2)hx,4r—2
P! : : :
D_(Z)h)\ﬁ_r_l 'D_(Z)hkz_,_r_g 'D_(Z)hAT
which proves that, according to the Definition 4.4.1,
FE,._1(z
rY(z) = ZT%(I)AA(D_(z)HT_l),
as desired. -

4.4.4 Remark. It is important to notice that, unlike the case regard-
ing I',.(z) (Cf. Corollary 4.3.5), here, in general,

AX(D_(2)H,_1) # D_(2)Ax(H,_1).
For instance, Ay (H;) = 0 for all partitions of length 2. Thus
0 = D_()Aan(Hy) = D_(:)(hd — h2) #

hi+i 1| A
A Aan(P-()H) = [M0F 1=

z

However Ax(D_(z)H,_1) = D_(z)Ax(H,_1) if A has length at most
r — 1 as a consequence of Proposition 4.2.10.

4.4.5 Corollary. Let A € P, ,,. Then the equality

Y (2)An(H)bro = 2= A D ()H i )bre (431

Zr—l

holds in \" ™" M.
Proof. First of all, by virtue of Theorem (4.4.3), one has:

Er_l(Z)

Z'r‘fl

AX(D_(2)Hy—1)br—10 = Z Bi(z71) b,

Jj=0
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n—1

= Y Bi(z7")abya,

j=0
where in the last equality we used the fact that if A € P,., then
Bjabrx = 0forall j > n —r + 1. Now one uses the fact that if A €

Pr.n, then Ax(D_(z)H,_1)b,_1 lands in /\TﬁlMo,n and is equal to
Ax(D_(z)H;—_1,n)b;_1,0, basically by Proposition 3.6.7. n

4.5 Pliicker Equations for Grassmann Cones

Let P(H,) € B, (i.e. the element of B, obtained by evaluating P €
Z[X] at X; = h;). Then P(H,) = > axAx(H,). When does P corre-
sponds to a decomposable tensor P(D, )b, € A\"My? The trick to
ease computations is to use the B,-module A" M, constructed out of
A" M.

4.5.1 Theorem. A polynomial P(H,) € B, corresponds to a decompos-
able tensor of \" My if and only if

Res,—ol'(2)P(H,) @ -~ =0. (4.32)

Proof. By Theorem 4.1.4, the tensor o := P(D4 )b, is decompos-
able if and only if the residue at z = 0 in the expansion

1 . )
= > (b2 AP(D1)byg) ® (27 B;aP(Dy)byyg)
>0
vanishes. Now
, 1
> (biz' A P(Di)byg) @ - > (Bj2P(Dy)byg) @7 15, =
i>0 j>0

IY(2)P(H,)b,_
=T, (2)P(H,)bpy10® e (2)P(H)br—10

z

and so the residue at z = 0 of the last side vanishes if and only
if (4.32) holds. n
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4.5.2 An arbitrary P(H,) € B, is of the form:

P(H,) = Y axAx(H,), (ax €Z)
AEP,.

where all ax = 0 for all but finitely many A € P,. Substituting
in (4.32) the explicit expressions (4.13) and (4.26) of I',.(z) and I')/ (2)
respectively, we have proven the following

4.5.3 Theorem. The Z-linear combination ), axAx(H,) € B, corre-
sponds to a decomposable tensor in \" My if and only if

D_ (2)Ap(Hri1)

= 0.
Er-i-l(z)

Res.—o Z axapEr_1(2)AX(D_(2)Hr—1) ®
Ap

(4.33)

4.54 Corollary. Let P(H;) := > ycp  axAx(H;). The polynomial
P(H,) corresponds to a decomposable tensor if and only if

D_(2)Au(Hri1,n)

2= E,_1(2)AX(D-(2)Hr-1n =0.
Res,—g %axa” 1(2)Ax(D_(2) 1n)® Frr(2) 0
(4.34)

Proof. In fact « := P(H,)b,o € A\"M,, by hypothesis. Thus we
may apply Corollaries 4.3.6 and 4.4.5. "

This formula can be written in a more intelligible form once one
identifies the tensor product of polynomial rings with a bigger poly-
nomial ring (Cf. 0.4.4)

/ / 1 "
B,_1® By =1Zley,....e._1,€],...,e 4]

We denote by E._;(z) = 1 — ez + ...+ (=1)""tel_;2"! and by
Bl (2) =1—efz+.. +(=1)""te ”+1z’"+1 Similarly welet H._,(z) =
Y onso bz and H' (z) = 3" -, hii2" as being the inverse of E_(2)
and E},,(z) in B.[[z]] and B]![[z]] respectively. Formula (4. 33) can
be then written as

Res.— OE” Za,\a“AA (2)H._1) - D_(2)Au(H/ 1) =0
r+1
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4.5.5 Corollary. The polynomial
Z a)\AA(Hr,n) S Br,n

AEPr n

corresponds to a decomposable tensor in \" Mo ,, if and only if

Z —
Res.— oE,, > axauAN(D_(2)H]_y ) D (2)Au(Hy ) =0
ABEPrn

r+1(z

Proof. Let a = Y, p aab.x € A\"My, be decomposable. Then
Ax(H,)b,o = Ax(H;.n)b, o and because of the inclusion \" M., C
N My, we have

() _
0 = Res,— OE” 3 Za,\auA,\ (2)H,_1)-D_(2)Ap(H) )

r+1
El_,(2) —
:ReSz OE// 1 Z ZG/)‘GI-’/A)\ ) r— ln).D*( )A (H’l/‘/+1 n)
r+1

4.5.6 Example. Let

P(HQ) : = ag+arhy +ashs
+ a11Aary(Hz) + ag1A 1) (H2) + a2 (22)(Hz2) € Bs.

The goal is to determine conditions on the coefficients (ax | A € P2.4)
ensuring that P(Hy)by, is a decomposable tensor in \*Mj. To this
purpose we use the By-module structure of A*Ms := By @ \*Mo.

Since P(Hz)by € /\2M274, the Bs-module structure of /\2M2 can be
factored through that of B; 4. Let us compute

T3 (2)P(Ha,) € Bia((2))
according to the recipe (4.31). We have:

P(D_(2)H, 4) ag + a1D_(2)h1 + asD_(2)h3

a11A11)(D-(2)H1) + az1A 21y (D-(2) Hy)
A(22)(D-(2)Hy)

- -
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from which
Ty (2)P(Hz4) =

1—e12

1
<a0 +arhy + azh% + ;(al + aghl) + zz) S Bl((z))
On the other hand

P(D_(2)Hz4) = ZGAA)\ z)Hs,4)

= Z a(x,n0) det(hn, —jrio1 — ha,—j1iz ) € B3a((2))
)\6772,4

and so the equality below
2
z _
F2(Z)P(H2) = m E)\ a(Ah)\Z) det(h)\j,jJri,l — h)\j,]’Jﬂ'Z 1)

holds in Bs 4((z)). We now restrict the output above in the case of
Bs 4. We have

By = Zley, ez, e3] ~ Z[y]

’ (h27 h37 h4) (y4)

where we put y = e; + (he, h3, hy). Indeed, the relation he = 0
implies that eo = e?. Moreover hs — e1hy + eahy + e3 = 0 together
with hy = h3 = 0 yields e3 = hies = e}. In addition hy — e1hs +
62h2 — €3h1 = 0, whence €3h1 = 6411 =0 mod (hg, h3, h4) Slmllarly
Zlz] _ Z[z]

M () T (@)

where we put z = e; + (hq). In fact the relation

(1 —e12)(1+ hiz + hoz? + hs2®) =1,

holding in By 4, says that hy = e, hy = €3, h3 = €} and e} = 0. So
we have

1—xz 1 T 1
FX(Z)P(HQA) = > (ao +a (-’IJ + Z) + a2 ($2 + ; + 22) +

x r  a? z?
+ ans tan |5+ | tang
z z z z
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and

To(2)P(Haa) = (1 +y2) {ao ta (y _ i) s

y 1 y v v
+ an (y2+2> + as21 <2) +axn=|.
z oz z z z

Finally, after some computations, that the author did with the help
of CoCoA [1]

Res.—o- T (=) P(H3,0)) (T () P(HY.) =

(—a1ra2 + ajaz — a0a22)9€3 + (a11a2 — ara21 + aoa22)332y—
(a11a2 — ara91 + f106122)96y2 + (a11a2 — a1a21 + a0a22)y3
= (a11602 — ar1a21 + aoazz)(y3 — P+ 2Py — 153)
which is identically zero if and only if the Pliicker equation
ai1az — aiaz; + agagzz =0 (4.35)

holds.
4.5.7 Remark. If V = My 4 ®; C = C* and

2
Z A(xy n0)00y A b14a, € /\C4,

22X12X220

equation (4.35) is the equation of the Klein quadric in P5 whose zero
locus corresponds to points of the Grassmann variety G(2,4) param-
eterizing 2-dimensional subspaces of C*.

4.5.8 Example. In the similar way adopted in Example 4.5.6, one can
find the locus of polynomials of By := Z[eq, 2]

P(Hy):= Y axAx(Hy)
A€EP2 5

corresponding to decomposable tensors in A\’ M. As before, to per-
form computations, one can use the Bs 5s-module /\2M2,5. In By 5
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we put b = x and in B 5 we set hY = y; and hY = y2. Thus the
equation of decomposable tensors is given by the vanishing of the
residue at z = 0 of

1 _
S —z2)(l e+ 122°) > Ax(D_(2)H] 5)Ax(D—(2)HY5).
A HEP2 5

Executing computation precisely as in Example 4.5.6, one finds
(@11a20 — a10a21 + agotaz)Ps(z,y)
+ (a1aso — ajpasi + agoasz)Pa(z,y)
+  (a21a30 — ago0as1 + agoass)Ps(x,y)
+  (ag2a30 — agoase + aioass)FPs(x,y)

+  (a2a31 — asiasz2 + ariass)Pr(z,y) =0

where to short notation we have set y = (y1,y2) and

Py(z,y) = o —2y1ye — a2yl + 2y + 2y — 2%
Py(z,y) = yiys —Ys — Y1y + oz’ —

Ps(z,y) = w9 — ysx + yox® — yrat;

Ps(z,y) = v —y32® +yiyea® — yiat + yoat;
Pr(z,y) = wyir —yyaa” + yiyer® — 2%ys — 2z yys.

The expression above vanishes if and only if the coefficients of the
forms of degree 3,4,5,6, 7 in (z, y1, y2) vanish. One easily recognize
in such coefficients the five Pfaffians of the 5 x 5 skew-sym- metric
matrix

0 agp  @ip G20 30
—aopo 0 a1l G21 431
—a1p —a11 0 azz2  ase
—az0 —a21 —a22 0 a33

—azg —asz1 —aszz —aszz O
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as it had to be (Cf. e.g. [69]).

4.6 The Infinite Exterior Power

We have seen that there is a Z-module isomorphism B, — A"M,
mapping Ax(H,) — b, x. Notice that replacing the finite sequence
of indeterminates (e, eg, . . ., ;) with an infinite sequence (eq, €2, . . .)
it makes sense to consider the polynomial ring

By = Zley,ea, .. .]

in infinitely many indeterminates. The latter, following [65], is the
projective limit of B, in the category of graded ring. It can be explic-
itly constructed as follows. Recall that each B, is a graded ring by
weight:

(Br)w = P ZA(H,)

[Al=w

and that there is a Z-module isomorphism (B,),, — (A"M),, map-
ping Ax(H,) — Ax(H,)b, . For all s > r there is a diagramme of
Z-module homomorphism

(AN°Mo)w — (N Mo)w
| (4.36)
(Bs)w — (Brw

whose horizontal arrows are the epi-morphisms mapping
A)‘(HS) — A)‘(HT) and bs,)\ — br,)\ (437)

if A € P, and 0 otherwise. The epi-morphisms (4.37) have a section.
The former is given by Ax(H,) — Ax(H;) and the latter by b, » —
bs A

Each diagramme like (4.36) factorizes through (B;)w — (A'Mp)w
foralls>t>r>1:

(N Mo)w — (A'Mo)w — (N Mo)w

| |

(Bs)w — (Bt)w — (Br)w
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Hence the data ((Bs)w — (A°Mo)w, psr, Trs) is an inverse system
(ptspsr = prr and TysTs = Ty, for all s > t > r) and one can then
take the inverse limit (Boo)w — (A°°M),, where clearly A™M),,
is a notation for lim, (B,),byo = lim. (A" Mp),. One so define

AMo = (\Mo)w = Bo - booo

w>0 w>0

where boo,O =bog Aby ANby A ...

In Chapter 5, we shall identify M, := M, ®z B, as in Section 3.4
with the Z-module of generic linear recurrent sequences of order 7.
This will suggest a formalism whose underlying idea is that of em-
bedding an r-th exterior power inside an infinite exterior power of a
module of countable infinite rank. As r goes to co, a module which is
isomorphic to A M, defined above will be recovered. The vertex-
like operators met in this chapter will appear to be a prototypical
version of the vertex operators properly said, whose expression will
be computed, yielding exactly that encountered in the Section 0.3.1
of the Prologue and in the literature on the subject.



Chapter 5

Vertex Operators via
Generic LRS

The purpose of this chapter is to sketch a construction of the infi-
nite wedge power of a module of infinite rank using as a model for
M, the B,-module K, defined in Section 1.3.8. The infinite wedge
power will be seen as the limit of \" K,. for r — oo. There is a rich
literature which is concerned with the infinite exterior power of a
in infinite dimensional vector space. Beside the pioneristic work by
Kac and Peterson [46], the reader may look at e.g. [6, 47, 54, 64].

5.1 Preliminaries

5.1.1 For some integer r > 1, fixed once and for all, let £.,.(t), H,(t) €
B, [[t]] as in Section 1.3. Recall the sequence (u;)icz

U; = Z hn—i—jtnv

n>0
with the usual convention h, = 0if £ < 0. Also recall that u; is a

generic LRS for all ¢ > —r + 1. The map b; — w;_r41 gives a natural
model for the free abelian group My, considered in Chapter 4, with

101
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the Z-module

P z u (5.1)

i>—r+1

In this case, the module M, = B, ®z Mj, constructed in Section 3.3
is precisely the free B,-module K, generated by (uo,...,u_rt1), as
defined in (1.17). Clearly A" K, is a free B,-module of rank 1 gener-
ated by

U, 0 = Uo ANu_1 N...A U—r41

and the map
A)\(Hr) =W = UN, AU, A AU 14,

is a Z-module isomorphism B, — A\" K. Let

Vo=@PZ ui=P 2 wue P Z u.

i€Z i<—r i>—r+1

The reason for the subscript  is to keep track of the B,—module
structure of V;., induced by the basis u; € B,. The completion of
V,. with respect to the topology for which {t"u,} is a fundamental
system of neighborhoods of 0 is B, [[t]]. In fact V. @z B, = B,[t]uo,
due essentially to Proposition 1.3.3, and then the completion of V,. ®7,
B, with respect to t"ug is B, [[t]Jug = B,[[t]]. Define the two shift
endomorphisms Dy € Endyz(B, ®z V,) of step 1, as in Chapter 4,
namely Dyu; = uj4 and D_ju; = u;_;. The role played by D; and
D_, is not as symmetric as it may seem. In fact D, is B,-linear by
construction (it is precisely the endomorphism (1.6)) while D_; is
not. To see this, notice that foralli > 1, u;_; € K, := kerp,(D) and
that

Uj—1 = D_l(ui) = D_l(z Uj(ui)u_j) 7é ZUj(ui)u_j_l % kerp,.(D).

Jj=0 J=0

5.2 Semi-Infinite Exterior Powers

5.2.1 Notation. Forall 7,7 € Z and X\ € P, let:

. T
1) Wyt 1= Uit ANUi—14x N oo o ANUj—rq 140, € /\ V.
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ey ap _ _
i) 7 :=wu; Auj_1 Auja ...
iii) (I);'_"_)\ =W A AP = A A U140, AP

Following [47] and others references, the expression @7, , will be
called semi-infinite exterior monomial. For the limited purposes of this
exposition it will be considered no more than a notation. For all
1 € 7, we consider the Z-module:

F = P Z- . (5.2)
AEP,
5.2.2 Let u, » := u,o+a. There is an obvious canonical Z-module

isomorphism between A" K, and Fj given by
u, ) — (1)6+>\ = U AN (I)T_r,

which amounts to the identification Fj = A" K, A ®" .. So to speak,
F{ can be seen as a way to embed the exterior power of a module
of finite rank inside an infinite wedge power of a module of infinite
rank. Notice that F]' N F] = {0} if i # j.

5.2.3 For (i,j) € N x Z define
ﬁzq)g = Uj41 A Uj VANAN Uj—i4+2 A @;‘—i' (53)

and o
D,Z@; =0 (5.4)

For example
bl(bg :ul/\CI)’;l =U NU_1 ANu_o A...

Do®) =us Aug AP g =ug Aug Au_a Au_3 A ...

In particular

Do (2)®) =Y D;®}2 € FJ[[]]

>0
is well defined. Equalities (5.3) and (5.4) enable us to extend the
definition 2.3.1 of the characteristic polynomial operator to that of
characteristic polynomial series D1 (2) = >~ D; 20 € Endz(A\V,)[[2]]
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and D_(z) = Y, D277 € Endz(A\V;)[[z7"]], associated to the
shifts D; and D_; respectively. They are defined over F by setting:

Dy(2)®7,n = Di(2)(wpisa ADP]_,) =
= Di(2)urisa A D1 (2)®]_, (5.5)
and
D_(2)®{x = D-_(2)(unitaN®{_,) =

= D_(Junisa AD-(2)®], =
= D (uiaABL, (5.6)

In other words D (z) are derivations of the exterior algebra A V..

5.2.4 Remark. Let X be a partition of length at most k. Let us show
that (5.5) implies:

Ei(p§+)\ = Ei(un]q_)\ AN (Dj_k) = Zﬁi_pum_p\ /\Ep@j_k. (57)

p=0

In fact
A= Z Di®j,; 52"

>0
On the other hand
Di(2)uyjia A ﬁ+(z)<1>;-;k = Z Eilumur)‘z“ A Z D;, @T’j,kzi"‘

il ZO iQZO
— (5.8)
and so D;(u, j+a A ®;_) is the coefficient of z* on the right hand
side of (5.8) , which is precisely the right hand side of (5.7). "
Define 1
Di(2) = =—— € Endz(/\ V})[[2]]
D, (z) /\

and

D_(2) = plm € Endz(/\V;)[[=7"]
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Clearly D4(z) are derivations of the exterior algebra AV, as well,
being formal inverse of D (%) and (2.2) also holds.

5.2.5 Proposition. For all (i,j) € Z4 X Z:
a) D;j®7 = uj1 ADj_1®7_y;
b) u; AD;®; | =0 foralli>1;
c) If Xhas length k > 1,

ﬁ_i‘l)g,)\ = ﬁ_i(Uj+)\1 VARAN uj—k—i—l—i-/\k) A @;_k.

Proof. Item a) follows immediately from (5.3); To prove b) we apply
a):

U, /\Biq);71 = Uj A\ (u]' /\Eiflq);fl) = (’LL]' AN Uj) Aﬁi,1¢2‘71 =0
Item c) is a consequence of (5.6). n

The lemma below generalizes Corollary 3.2.7, although unfortu-
nately its proof does not.

5.2.6 Lemma. Forall py € AV, and j >0
Dj(pANui NO;_y) = Dj(p Aui) Ay
Proof. The property is obviously true for j = 0. For j = 1:

Dl(ﬂ A u; A q);fl) = Dl(/J, A ’U,l) NP | +puAu, AND1®]_| =
= Dl(u/\ul)/\@:_l+/L/\u1/\uz/\<1>:_2:
= Di(pAu) N4

Assume the property true for all 1 < k < j — 1 and recall that the
equality D, (2)D4(z) = 1 implies:

J
> (=1)*D;D; 4 =0. (5.9)
Then

i
Dj(u Ay A®T_y) = (=) DiDji(pn Aui A ®7_y)
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and by the inductive hypothesis:

j—1
Di(uAus AN®T_1) = Y (=DM Dy(Dyop(p Awg) ARF_) +
k=1
+ (=)D (pAug ARL_y) =
J ko o
= Y (D)"Y Dy pDjogu Aui) A Dp®i_y
k=1 p=0

- -

(=)' DDy g (p Awi) APy +

J
Z DDy D k(e Aug) A Dp®h

=p

+

bS]
Il
-

Because of (5.9), the second summand in the last equality vanishes
forall 1 < p < j and the proposition follows. n

5.2.7 Corollary.
D;i®7 =i AN Pi_y

Proof. In fact, by 5.2.6,

qu);:Dj(ui A ui—l) A (D;-N_Q = Ujtj A U;—1 A @;_2 =Uj4j A (D;"‘—l

By Corollary 5.2.7 it makes sense to consider the formal power series

Dyp(2)®) = ujp A 2" € FY[[2]].
i>0

Thus, invoking (5.5):
5.2.8 Proposition. The following equality holds

Di(2)®jx = Dy(z)(urjza N Pj_,)
= Di(2)urja ADy(2)2]_, (5.10)
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Proof. In fact
Dy(2)(urjsa AP5_,)

= Dy(2)(D4+(2)Dy(2)uyjix ADi(2)Dy (2)®%_,)

= Di(2)D4(2)(D4(2)urjsa A D (2)95 )
= Di(2)urjea AND(2)P]_,. =

5.2.9 Similarly to Section 3.2.4, we denote by A(D. ) the sub-algebra
of Endz(F]) generated by

(1aD17D27"')

An element of A(D, ) is a polynomial expression in Dy, D>, ... Ar-
guing analogously to the proof of Proposition 3.2.5, it follows that
A(Dy4) is a commutative sub-algebra of Endz(F]). Moreover, in
general, A(D.) is isomorphic to Z[Dy, D, ...,]. It turns out that
Lemma 2.4.4 can be extended to

5.2.10 Lemma (Integration by parts). The equality:
pAD;®F = Dj(pA®L)—Dj_1(D1pA®)+. ..+ (=1)Djund] (5.11)
holds for all p € \'V;.
Proof. We use the equality
HAD(2)®F = D (2)(Ds () A BY) (5.12)

like in Lemma 2.4.4. The sought for expression p A D;®7 is then
the coefficient of z7 in the expansion of the right hand side of (5.12),
which is precisely the right hand side of (5.11). n

5.2.11 Proposition. The Z-module F; is a free A(D )-module of rank 1
generated by D .

Proof. We shall prove that

Pl = A (D).
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for all A € P (not necessarily of length at most ). Lemma 5.2.6
implies that for any choice of iy, ..., i

DilDig . D“(I): = Di1 e Dir (’U,Z VANIAN ui—k+1) A (I):_k
Asa consequence
A)\('D_i_)q);’ = A)\(D+)(ui AN ui_k_H) A (I);’_k

and then we have reduced the Proposition to the same situation of
Corollary 3.5.5 applied to the module My := ;- Zb; where b; =
Uj—r41+;. The reason why there is no torsion is that Ax(D4) is a
basis of Z[Dy, D5, ...] and then the map Ax(D;) — @7, is a Z-
module isomorphism. "

5.2.12 Remark. If r = oo, the module structure stated in Proposi-
tion 5.2.11 is called in [47] boson-fermion correspondence.

5.2.13 Proposition. The space Fjj is an eigenspace of Ax (D) with eigen-
value Ax(H,).

Proof. We have, by (1.14):

Un, N oo o N U_pp140,. A (I)CT =

r—1 r—1
= > Ui(un Jug Ao A Y Ui (uprrgn, Ju—j A DT, =
=0 7=0
Uo(ux,)  Uo(u—14x,) - Uo(u—ri14a,)
Ui(ux,)  Ui(u—ren,) oo Un(uepgagn,) |
= . . . . 0o—
Uproi(uxn,) Upoa(uoi4a,) oo Upoa(uergign,)

= Ax(H,;)24 = Ax(D4)®p,
where we have used the equality up Au_1 A ... Au_py1 NPT = .

5.2.14 Remark. An alternative proof of 5.2.13, consists in observing
that u_; 4145, = Dr—igtx,u—ry1 and then

U, VANIAN U—r41+4N, A @T_r
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=D, 1 3 U—rg1 AN.. . ADx U_rp1 ANDT,

D,_1_» D, >
= R65< L Jug A AU—p 1l ADT
PT(D) pT(D) 0 i
= Ax(H,);.
having applied 3.5.4

5.2.15 Comparing module structures. For all i € Z the map D; :
V, — V, is a Z-module isomorphism. For each j € Z it induces an

isomorphism:
Z Zuj_k — Z Zu]‘_;,_i_k
k>0 k>0

and hence a determinant map

0 FT 5 FT,

mapping ®7 , — 7., . Weuseit toinduce on /\OO/2 Vi = @jep IV
a structure of free B,.(¢) := B, [¢,£~']-module of rank 1 generated by
®{. Indeed we have

AX(DL)®B] = &, 5 = (B}, = (A (H,) P,

Define operators X,.(z) : F — F/,; and X,/ (z) : F| — F/_,[[z7', 2]]
as follows:

Xe(2) A DY x =) 2lu; ADY 5 (5.13)
JEZ
and
XY (2)0®n =D 2 u) @7 (5.14)
JEL

where u} € VY is defined by u}/ (u;) = d;;.
5.2.16 Definition. Let I',.(z), ') (2) : B, (¢) — B,({)][[2]] defined by

(Xr(2) A D7 5) ® 15,
2

T, (=)0 Ax(H,) = (5.15)

and
(X ()97, 5) ® 15,

@5
They will be said truncated vertex operators to the order r.

LY (2)0'Ax(H,) =

(5.16)
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The terminology is suggested by the fact that they are truncation
of the vertex operators I'o.(2), 'Y, (2) arising in the representation
theory of the Heisenberg algebra. Our next goal is to compute ex-
plicitly I',(z) and I')Y(z) and to do this we are going to exploit the
B,-module structure of F{j. To this purpose observe that

r — Jo. LA—
Xp(2) NP\ = E Zuy NP7\ =
JEZ
= Zi+1 E ZjiiilDH_lu]'_i_l A £i+1®1;1+>\ =
JEZL
il j—i—lgitl,, r _
= z E z O (Ui NPT ) =
JEZ
= (it E ujzj NPTy,
jez

Thus, to compute I',.(2) it is sufficient to analyze the formal power
series > .., z’u; A ®", 5. The computation of I'/(z) can also be
reduced to a special case basing on the following easy

5.2.17 Exercise. Show that

2T (XY (2)29], ) = X (2) 097, 4 a (5.17)
According to Exercise 5.2.17

X (2)2@F 5 = 07 27X (2) 0@ 5

and then to determine the expression of I')/ (z) it sufficient to analyze
the formal power series XY (z)®]_ 5.

5.2.18 Exercise. Prove that

1 t\" z . 1
X (2) = E,(2) Z (z) = m 'Zz,tma (5.18)

=0

where if f(t,2) € Z[tT', 2F (t — 2)*Y, by 4,.4+(f(2,t)) one denotes
its expansion in powers of t/z (Cf. [44, p. 16]). (Hint. Multiply
> iez uj?’ by E,(2) and then use the fact that p,(D)u_;_, = ¢/ and
pr(D)u—_rt14; = 0forall j > 0).
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5.3 The Truncated Operator I, (2)

We begin the section with the analogue of Proposition 4.3.3.
5.3.1 Lemma. Let A be a partition of length k < r. Then, for each 0 <
j<k: _ _

U AD;® 1 5 = (—1) "Dy Pp s 5

Proof. Write ®” | y asu_14x, A ... Au_145, ADP",_;. Then

Asu_x AD;®", | =0fori > 0,due to5.2.5 item b), it follows that
U_f /\ﬁj@ZH)\ =U_k /\bj(u,1+)\1 VAN u,kJr)\k) A\ (I)Zk:fl'

Now

Dj(u—rgn, Ao ANupgn,) = Zu—1+)\1+j1 Ao AUkt Xt

where the sum is taken over all the k-tuples such that 0 < j; < 1and
> ji = j. Then:

U_k /\Ej(u_1+)\1 A A u_k+>\k) =

= (—1)ij(u,1+)\l /\.../\u,kJr)\k)/\u,k
= (D)"Y uria i A AUk AUk
= (—1)k Zu)\l_(l_jl) AN e AU 1y A — (1—j) N\ U—k- (5.19)

Putting s; :== 1 — j;, sothat 0 < s, < land ) s; = k — j, last side
of (5.19) can be written as

(—1)k ZU)\I_SI AN AN U142, —s, NU—f =

= (—l)ij_k(’UJ)\l VANRAWAN u_k+1+)\k) NUu_y
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In conclusion:

k/\D(I’ 1+A =

1) i k(ux, Ao AUu—pgrga, Au—g AP L)

u—
= ( 1) i k(U)\l/\..‘/\u,k+1+)\k)/\u,k/\q)r_k_1
(—
(=1)"D;_1®f , - .

5.3.2 Exercise. Let A be a partition of length 0 < k < r and let
0 < j < k. Then

(Hint. Use the fact that p,(D)u_;_, = 7).
5.3.3 Corollary. For all A € Py:

1 D T D) T
s (u—i AND1(2)®" 1, 5) = D—(2)®p4x

Proof. In fact, basing on Lemma 5.3.1:

U ADL(2)®" 1 5 = u_ k/\z Y D;®" 5 =
7>0
— Z(_l)JHcZJDjik@&A -
720
— Zk Z(_ ]+kZJ kD7 kq)0+)\ —
Jj=0
= D (2) 0+A>
that proves the claim. "

5.3.4 Theorem.

Xo(2) NPT\ 4Tl 1+1

Proof. By definition

Xo(2) NDT N = szuj AU—142 A e e AU—ppr, AU—ppg A
jEL
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which is equal to

. 1
= Z Zug NOT = ;D_F(z)u_,« NPT 5. (5.20)

jz-r

Since D, (z) behaves as a derivation on the exterior algebra (Cf. Propo-
sition 5.2.8), last side of (5.20) can be written as

Dy (2)(u_y ADL ()8 5

which, invoking Corollary 5.3.3, is in turn equal to

D (2)(D(2)845) = =D (=) Ax(H,) B},

r(2)
Thus
Xr(Z) NPT i+l i1 Xr(2) APy
Dr D AN gl ikt 2P Tl
@y @5
Pit1 541
 E.(2)

T, (2)0 Ax(H,) =

D_(2)Ax(H,). "
5.3.5 Corollary.

€i+1 Zi+1

T, (2)0'Ax(H,) = T(Z)AA(ﬁf(Z)Hr)-

Proof. Due to Proposition 4.2.7, which proves that D_(z) commutes
with taking Ax. n

5.3.6 Corollary.

_ 1 hnfl
Fr 14 1hn = hn - ’
=) B (2) ( : )

with the convention that h; = 0if j < 0.

Proof.

T, ()0 hy, = D_(2)h, = L (h - h”l) . .
z
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54 The Truncated Operator I'/(z)

The purpose of this section is to prove the following analogous of
Theorem 4.4.3.

5.4.1 Theorem. Let I}/ (z) as in formula (5.16). Then, for all i € Z:
FX(Z)KZAA(HT) = gi_lz_iEr('z)ID* (Z)AA(HT) (521)

Notice that because of Proposition 4.2.10 formula (5.21) is equiv-
alent to

LY ()0 Ax(H,) = 07 27" E(2) Ax(D_(2)H,.) (5.22)

The proof of Theorem 5.4.1 will be split into the proofs of some lem-
mas, analogous to Lemma 4.4.2.

5.4.2 Lemma. Let A := (\q, ..., ) be any partition of length at most r.
Then:

M 1A s 2T
(2X)(2)2®7, ) @1, | "l by, oo haqr—2
g : : ’ :
hay+r—1 Paggr—2 ... hax,
+ (=12 D, Ax(H,). (5.23)

where as usual h; = 0if j < 0.

Proof. The proof of equality (5.23) is straightforward. In fact:

z- X (2) 2P 15 =

2 X (2)a(uriag Atux, Ao Au_pgp1oa, AU_p A <I>§7_T_1)

= 2 MAGg o (He) = 2 AG f1g a0 (H))
+ (71)T712T71+)\7.A>\17-- Ar—l(Hr)

i

— (=" AG —1a ) (Hy)

+

_ Z(—l)jflzj*“”\fA(,\1+1,___7,\j,1+1,,\j+1,4..,/\7~)(Hr)+

Jj=1
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+ (=1)"2"An -1 -1 (Hy).

The first summand of (5.24) is precisely the determinant occurring
in (5.23), while the second determinant Ay, 1. x,—1)(H,) is pre-
cisely D, Ax(H,.). We remark that no power of z with exponent big-
ger than r can occur in the expansion above, because its coefficient
would be the Schur determinant associated to H, and to a partition
of length bigger than r, that vanishes. "

The proposition below is the analogous of Theorem 4.4.3. The
same kind of proof gets rid of (—1)"2"D,Ax(H,), the additional
summand occurring in formula (5.23).

5.4.3 Lemma.

(2 X (2) 291 15) @ 18,
P

= B, (:)AND-(2)H,).  (5.24)

Proof. As in the proof of Lemma 4.4.2, one first observe that
ET(Z)’LLJ- = Uo(’u,j) + U1 (Uj)Z +...+ Ur,l(uj)zr_l, (525)
where each U;(u;) is equal to hjy; plus a B,-linear combination of

hj+i,1, thri,Q, ey hz Then

1 E.(2)H,.(2)
Y s Ep(2) (D (2)hx, i1 + 2ux,—ig1) =

E,(2)D_(2)hx;—it1 + 2B (2)ur,—ip1 =

= Er(2)D_(2)hx i1 + Y Ujoa(un,—ig1)7.
j=1

Substituting into the displayed determinant on the right hand side
of (5.23) and using skew-symmetry, one obtains

D_ (Z)h)\l + h>\1+rzr ... D_ (Z)h)\r—r+1 + h)\T_HZT

h)\ “+1 “ee h)\r r—2
= E,(2) : i

hayar—1 . ha.
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D_ (Z)h)\l ... D_ (Z)h)\T,TJrl
A +1 ca h)\r r—2 —
= E.(2) tJr . + + (=) '2"D, Ax(H,)
h)\1+T—1 e h)\r
(5.26)
Thus the right hand side of (5.23) is equal to
D_ (2:)]7,,\1 ... D_ (Z)hkr—r-‘,-l
h)\l_H A h)\r+r—2
E.(2) . .
h)\l_;'_’,«_l “ee h’)\r

due to the cancelation of (—1)"~'2"D,Ax(H,) with the summand
(-1)"2"D,Ax(H,). To conclude the proof observe that for all
1<4,5<m

D_(2)hr;—j+i = ha;—j+i + D—(2)ha,—jti—1

and thus, exploiting once again the skew-symmetry of the determi-
nant, expression (5.26) is equivalent to E, (2)Ax(D_(z)H,), as de-
sired. -

Proof of Theorem 5.4.1. By definition, and using Exercise 5.2.17
(X) (2)297,,) © 15,

o5
(XY (2) 29} ,5) © 15,

o ’

DY(2)0 AN(H,) =

gi—lz—i-&-l

Thus

. , (XY o7 ®1
DY () An(H,) = ¢t EXr ) q)l“) =,
0

which, by Lemma 5.4.3, gives:
I (2)0' Ax(H,)

(127 B (2) AX(D_(2)H,)
(127 B (2)D_(2) Ax(H,),

where in the last equality we used Proposition 4.2.10. "
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5.5 The Vertex Operators I'(z) and I'V(2)

This final section is devoted to deduce the expression of the ver-
tex operators used to describe the KP hierarchy, introduced in Sec-
tion 0.3.1, as a limit for r — oo of the truncations T'.(z) and T (z)
previously computed in this chapter. We begin by recalling some
well known auxiliary results. Let k be any commutative ring with
unit and A any k-algebra. A k-derivation © on A is a k-module endo-
morphism of A satisfying the Leibniz rule:

5.5.1 Lemma. If D1, D5, ... is a sequence of k-derivations of Aand ©(z) =
> 519,77, where z is a formal variable, then
eXp(Z D,;27): A— Al[Z]]
j>1
is a k-algebra homomorphism.

Proof. If a, b € A, it is immediate to see that
D(z)(ab) =D(2)a-b+a-D(2)b,

just by applying Leibniz rule to ©;, for all j > 1. The equality

D(2)"(ab) = Z (’i‘)@(z)ia LD (2)" b

=0
is matter of a straightforward induction. It follows that

ep(®())(ah) = 3 D) (ab) =

n>0

-y % Zn: (?)@(z)ia D (2)" b =

n>0  i=0
D(2)'a D(2)7b
Ly Ry o
i>0 §>0
= exp(D(z)a) - exp(D(2)d)

as desired. -
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5.5.2 Proposition. If 1(2) := 1+ 3,5 927 + A — Al[2]] is a k-
algebra homomorphism, then there exists a unique sequence

D= (@1,@2, . )
of k-derivations of A such that ¢(z) = exp(D(z)).
Proof. Define
Z@z] log(1+ (¢(2) — 1)) Z Zq/)l
7j>1 n>0 >0
Then ®4,Dg, .. .is asequence of k-derivations of A and clearly ¢(z) =
exp(D(z)). n

5.5.3 If r = oo, the elements (hq, ho, .. .) of the sequence H, are al-
gebraically independents. In particular By, = Z[h1, he, .. .]. Clearly,
the sequences E, and H, generate also B := By, ®7 Q, ie. B =
Q[Ex] = Q[Hw]- See [29] and [19, p. 4].

5.5.4 Lemma. The Q-vector spaces homomorphisms D_(z),D_(z) : B —
Blz71], extending by Q-linearity those of Section 4.2, i.e.

_ P = h,
D_(2)hy = hy — ”21 and =Y Zj
=0

are ring homomorphisms.

Proof. The ring B is generated as a Q-algebra by Hy, := (hq, ha, .. .).
It suffices to prove that forall s > 1 and each 1 <i; <y < ... <1,

and similarly
D (2)hi, o i) =D (i, - D (ki) (528)

Letw =41 + ... + 45 and let > i,. Then in (B,),, we may apply
Corollaries 4.2.8 and 4.2.11, i.e. (5.27) and (5.28) hold for all » > s
and hence it holds in B, = EDI Al=w ZAx(Hs ) as well, the latter
being the projective limit of all the Q[H,|,, taken with respect to the
projection maps Q[H, ] — Q[H,ly (4.37), forall r > s. n
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5.5.5 Working over the rationals, it is meaningful to consider the
auxiliary sequence (z1,x2, . ..) of elements of B defined by:

exp(Y_wit!) = = hat™. (5.29)

i>1 n>0

Then each h,, can be regarded as a function of (z1,x2, ...). The first
few terms of H, as polynomial expressions of the z;s are:
x? z3
hi=z1, he= ?1-1-9627 hs = 3*}+$1332+$3,~--

(Cf. [47, p. 59] and Section 0.4.3 where the h;s are called S;. We are
rather using Macdonald notation [65] for the complete symmetric
polynomials). Clearly B = Q[x] := Q[z1, 22, ..., ] as well.

5.5.6 Lemma. For each (n, j) € Z x N*:

Oh,,

. = e (5.30)

Proof. In fact

Za—x]t" = 81‘] Zh t”——exp th’

n>0 >0

= exp(z zith) = Z P —t",

i>0 n>0

whence (5.30), by equating the coefficients of the same power of t. m

We can finally prove the following

5.5.7 Lemma.

D_(z) =exp —Z Lo

i>1

i 0z, (5.31)

and

1 9
D_(z) =exp - (5.32)
(; 1z 813)
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Proof. We have:

— hn—1 10
D_(2)hp=hy,— ——=(1—=——) hy.
() z ( z8x1>

Writing the right hand side as the exponential of its logarithm:

_ 1o 10
D_(2)hn = exp (Zzzaz) fin = exp (Zwax-) fins
1 K3

i>1 i>1

where the last equality is due to the relation d°h,,/0z} = Oh,0x;,
inferred from (5.30). Now, by Lemma 5.5.1, the right hand side
of (5.31) is a ring homomorphism B — B([[z]], because is the expo-
nential of the first order differential operator — )., (iz")~'9/0x;.
Since Ho := (h1, ha,...) generate B as a Q-algebra, and both mem-
bers of (5.31) coincide when evaluated at h,,, for all n > 0, they do
coincide. The proof of (5.32) is similar, and is based on the equality

ey 1 B 1 9
D_(Z)hn_jz:;) Z] - (1_101>hn—exp (Zzzzaxz) hn

z Ox i>1

which implies (5.32), given that its right hand side is the exponential
of the derivation and hence a ring homomorphism. .

5.5.8 Corollary. The following two equalities hold:

oo (2)0 AX(Hy) = 011201 exp(z z;2") - exp (_ Z 115’8) ’
izt Ox;

i>1 i>1

, , . , )
\Y i _ pi—1_—i AN -
TL () AN(Hy) =07 2 exp(— E x;2") - exp (g i )
i>1 i>1
Proof. In fact
£z+1 z+1

Foo(2)AXN(Ho) = m

—(2)Ax(Hso),
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and 4 . ‘
TY ()0 AX(Hy) = 67 27 By (2)D_ (2) Ax(Hoo)-

The claim then follows by definition (5.29) of the sequence x :=
(z1,22...), by (5.31) and (5.32). "

Define the operator R(z) : B({) — B({)[z] which sends any poly-
nomial f(x, /) to R(z)f(x,0) = (zf(x,£z). Let R(z)~! be its inverse:

R(2)7 f(x,0) = 7127 f(x, 0271,
Then we have (re)proven the following;:

5.5.9 Theorem (Cf. [47, Theorem 5.1]).

1 0
I'(z) epo:cZ exp( ;M%)

i>1

and

1 0
IV(z) = Lexp(— le exp (Zwa%) . L]

i>1 i>1
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