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Abstract:

The objective of this paper is to investigate the position of the resultant force in involute spline coupling teeth due to

the contact pressure distribution for both ideal and misaligned conditions. In general, spline coupling teeth are in contact all
along the involute profile and the load is far from uniform along the contact line. Theoretical models available in publications
consider the resultant contact force as it is applied at the pitch diameter, and this study aims to evaluate the error introduced
within the confines of a common approximation environment. This analysis is carried out through using finite element method
(FEM) models, considering spline couplings in both ideal and misaligned conditions. Results show that the differences between
the load application diameter and pitch diameter are not very obvious in both ideal and misaligned conditions; however, this ap-
proximation becomes more important for the calculation of the tooth stiffness.

1 Introduction

Involute spline coupling teeth are similar to
gear teeth, but they work in substantially different
types of conditions. In particular, in using the gears
the force is transmitted, theoretically, by a point or a
line, and the position of the contact point varies dur-
ing the functioning of the gear due to the relative
motion between the engaging teeth (Cuffaro et al.,
2014); in spline couplings the force F is transmitted
along the whole involute profile and there is not any
relative motion between the engaging teeth, as
schematically shown respectively in Figs. 1a and 1b
(Cura et al., 2013).

In both gears and splined coupling teeth (Cor-
nell, 1981), the load application point is very im-
portant when calculating the individual tooth defor-
mation or its stiffness: as a matter of fact, an error
concerning the application point may cause a differ-

ent value of stiffness and a variation in the engaging
phenomena of the teeth.

Teeth stiffness is an important parameter in
splined couplings when calculating the contact pres-
sure distribution between the teeth (Adey ef al., 2000;
Tjernberg, 2001a; Medina and Olver, 2002; Barrot et
al., 2009; Cuffaro et al., 2012; Cura et al., 2013).
Many theoretical models calculated the teeth stiff-
ness of the gears and splined couplings (Silvers et al.,
2010), considering the individual tooth as a cantile-
ver beam (Cornell, 1981) subjected to different load-
ing conditions, as bending, shear, and compression;
in addition, the contribution of the root deformation
was also taken into account in performing these cal-
culations (Vogt, 1925; O’Donnell, 1960). The effect
of the individual tooth profile (Terauchi and
Nagamura, 1981), pressure angle (Oda et al., 1986),
and the load conditions (Weber, 1949) were also in-
vestigated as part of ongoing studies.

In calculating teeth stiffness of spline couplings,
many previous studies considered the resultant load
as applied on a point of the pitch diameter R, (Weber,
1949; Dudley, 1957; Liu and Zhao, 2007; Silvers et



al., 2010), as shown in Fig. 2. In this way, the calcu-
lation of the teeth deflection was carried on by con-
sidering the teeth as a cantilever beam loaded at its
extremity. This hypothesis used an approximation in
the calculations, because the load distribution along
the teeth height was not uniform (Barrot et al., 2006),
but many studies evaluated the exact application
point of the actual force resultant and discussed the
corresponding approximation in the calculations.
This assumption is investigated in this work.
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Fig. 1 Contact in gear teeth (a) and spline coupling teeth (b)

Fig. 2 Distributed load on a spline coupling teeth and
its resultant force F

Considering splined couplings, the resultant
contact force may vary not only due to the pressure
distribution along the teeth heights, but also because
of possible misalignment conditions, which can
cause parallel offsets (Weber, 1949). In these cases,
when the torque was applied on the spline coupling,
at the initial phase only, one tooth pair was engaged
and only one edge of the tooth was in contact; then,
by increasing the torque, the tooth deformation al-
lowed all teeth surfaces to be in contact. In this par-
ticular case, the problem related to the calculation of
the tooth deformation in publications was also by-
passed by considering the tooth as a cantilever beam

loaded into the corresponding pitch diameter (Silvers
etal.,2010).

In this work, the position of the application
point of the resultant contact force in the involute
spline coupling teeth and the corresponding effects
are investigated. This study is carried out by using
finite element method (FEM) models, and considers
spline couplings in ideal conditions and also with
parallel offset misalignments.

2 Calculation of the resultant application
point

Load distribution along the tooth profile is not
uniform (Barrot et al., 2006) and its trend cannot be
reproduced as a simple function (i.e., linear, parabol-
ic, etc.), so it is not easy to analytically determine the
resultant application point. In this work, the load dis-
tribution has been obtained by means of FEM mod-
els giving the nodal force applied on each point of
the contact profile, so the load distribution can be
approximated as a series of rectangular shapes with
the force magnitude as the height and the element
dimension as the base (Fig. 3). Then, the application
point can be obtained by calculating the center of the
area for the corresponding rectangular shapes.

Hub
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Fig. 3 Scheme of the contact forces obtained by the
FEM models

The coordinates for this center of the area
(Fig. 3), corresponding to the coordinates of the



resultant application point (Xz, Yz), can be calculated
by the following classical equations (Curti and Cura,
1999):

DA X,
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Y, —Tma (2)
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Ay =2 Ay, (6)

where x; and y; is the X and Y coordinate of the ith
nodal force, Ax; and Ay; is the area contribution in the
X and Y direction, Fy; and Fy; is the component along
the X and Y direction of the ith nodal contact force
(all nodal forces are expressed in N), sy; and sy; are
the ith element thickness projected along the X and Y
direction, respectively. Note that for the first and the
last nodes in contact (Fig. 3), the area values should
be calculated by taking into account only one half of
the element thickness: Axi=Fx1-sx1/2, Ayi=Fy1'sy1/2,
AXn:FXn'SXn/Za and Ayn:FYn'SYn/Z.

The resultant radius R,, corresponding to the re-
sultant application point, is given by

R =\X;+Y;. ()

3 Finite element method models

Three 2D FEM models were created to study
the resultant contact force in a spline coupling in
ideal conditions, with respectively 0.02 mm and
0.08 mm parallel offset values.

Fig. 4 shows an example of spline coupling 2D
model (obtained using 2D plain strain solid ele-
ments), whose characteristics are given in Table 1.

The nodes on the hub outer diameter were
bounded in all directions, excluding the radial dis-
placement (in this way the radial expansion, due to
the radial component of the contact load between

teeth, is allowed), and the load was applied on the
nodes of the shaft’s inner diameter (Fig. 4).

o
Fig. 4 Spline coupling FEM model
Table 1 Spline coupling parameters
Parameter Value
Modulus (mm) 1.27
Number of teeth 26
Pitch diameter (mm) 33.02
Pressure angle (°) 30
Material Steel
Elastic modulus (MPa) 206000
Poisson’s ratio 0.3

The contact between the teeth was modelled by
means of contact elements.

FEM results provide the load distribution along
the teeth height, in terms of contact forces shared be-
tween nodes of the engaging teeth. Fig. 5 shows the
mesh of the model and the obtained results in terms
of load distribution (nodal forces were considered).

Fig. 5 Spline coupling mesh and load distribution

(The color legend represents the contact force in N)



The FEM model in nominal conditions was run
with five different loading levels: 200, 500, 1000,
3000, and 5000 N-m. FEM models with parallel off-
set misalignments have been run with three load lev-
els, 200, 1000, and 5000 N-m. Totally, 11 test cases
were considered.

4 Results and discussion

The load application diameter, obtained by the
calculations in nominal condition (no parallel offset
misalignment) for each loading level, was compared
with the theoretical value related to the pitch diameter.

Table 2 shows the results obtained for the five
test cases, where the spline coupling was considered
in nominal conditions (without parallel offset misa-
lignment), including the applied torque, the load ap-
plication diameter, and the percentage differences
between calculated and nominal (pitch) diameters.

Table 2 Comparison between nominal (pitch) and calcu-
lated diameters

Testcase LOrdUe Load application  Difference
(N-m) diameter (mm) (%)
1 200 32.78 0.74
2 500 32.74 0.85
3 1000 32.52 153
4 3000 32.50 1.57
5 5000 32.49 1.60

Table 2 shows that it is possible to observe the
differences between load application and pitch diam-
eter increases by increasing the loading level and the
maximum percentage difference is 1.60% at the
torque of 5000 N-m.

When considering spline couplings with a par-
allel offset error (PO) (this means that the shaft is
shifted in the radial direction with respect to the hub),
the theoretical pitch diameter D, changes tooth by
tooth with a sinusoidal behavior which can be calcu-
lated by

D, (i) =D,, + PO -sin(0(i)), (6)

where Dy(i) is the ith pitch diameter corresponding
to the ith tooth, PO is the parallel offset error, and (i)
is the ith angle corresponding to the ith tooth starting
from the first tooth, as shown in Fig. 6.

Fig. 6 Spline coupling with parallel offset misalignment

Load application diameters obtained from misa-
ligned models were compared, tooth by tooth, with
the theoretical values obtained by Eq. (6).

Results are shown respectively in Figs. 7 and 8
(0.02 mm and 0.08 mm PO misalignments), where
the numbers from 1 to 26 represent the tooth number.
Figs. 7 and 8 represent the load application radius
obtained for each loading level (200, 1000, and 5000
N-m) for each tooth and the corresponding theoreti-
cal pitch diameters obtained by Eq. (6).

Fig. 7 shows that for the case of the 0.02 mm
misalignment, the load application diameter decreas-
es by the increase of the loading level. In this case,
the maximum percent difference between FEM re-
sults and the theoretical pitch diameter is 1.60%, ob-
tained with a torque of 5000 N-m.

—® - 200 N-m —#—1000 N-m 5000 N-m =>¢ Theoretical value

Fig. 7 Pitch radius with 0.02 mm parallel offset
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Fig. 8 Pitch radius with 0.08 mm parallel offset

Considering the spline coupling with 0.08 mm
parallel offset misalignment, results for the 200 N-m
torque are less uniform with respect to the other case;
this fact may be due to the high misalignment level
that, with a relative low load value, causes an imper-
fect (not total) contact between teeth. However, in
this case, the maximum percentage difference be-
tween FEM results and theoretical pitch diameter is
2.94%, obtained with a torque of 200 N-m.

The results presented above show a small dif-
ference between the theoretical application point of
the resultant force and the actual one. However, by
calculating the tooth stiffness with the actual load
application point, it is possible to emphasize that this
approximation produces a fundamental effect on the
tooth stiffness.

In particular, Fig. 9 shows the comparison be-
tween the normalized tooth stiffness (normalized re-
spect to the stiffness nominal value obtained with the
theoretical load application point at the pitch diame-
ter) calculated with the model described in (Cura and
Mura, 2013) by using the load application points
presented in Table 2. Tooth stiffness was obtained,
as already described, by considering the tooth as a
cantilever beam whose deformation was obtained as
the sum of three elastic contributions: bending, shear,
and tooth root deformation (Cura and Mura, 2013).

It is possible to observe that a small difference
in the approximation of the load application point
(up to 1.60%) brings about a more important differ-
ence related to the tooth stiffness value (up to about
15%) (Fig. 9).
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Fig. 9 Comparison between normalized tooth stiffness
values (test cases of Table 2)

Fig. 10 shows the effect of the teeth stiffness on
the axial pressure distribution. This figure represents
the contact pressure trend versus the normalized axi-
al position, obtained by dividing the actual axial po-
sition by the tooth width (Cuffaro et al., 2012). Pres-
sure distributions was obtained by means of the
Tjernberg model (Tjernberg, 2001b), with a
200 N'm torque and considering different tooth
stiffness values, obtained for different resultant force
application points described as follows: (1) nominal
case, stiffness corresponding to the pitch diameter;
(2) test cases 1 to 5, stiffness corresponding to those
reported in Table 2.

—Nominal — Testcase 1 == Test case 2 /

13} =-Testcase3 — Testcase4 == Testcase5
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Fig. 10 Comparison between axial contact pressure
trends



5 Conclusions

In this work, the position of the resultant force
shared in the involute spline coupling teeth due to
the contact pressure distribution was investigated.
This study verified the approximation which consid-
ers the resultant contact force in spline coupling en-
gaging teeth applied on the pitch diameter.

The investigation was conducted using FEM
models. The resultant force application diameter was
numerically obtained for a spline coupling in nomi-
nal conditions and with parallel offset misalignments.
In particular, two levels of parallel offset misalign-
ment were considered (0.02 mm and 0.08 mm). For
each case, different loading levels were applied.

Results show that in nominal conditions, the
difference between load application diameter and
pitch diameter increases with the increase of loading
level and the maximum difference is 1.60%. In mod-
els with parallel offset misalignment, the maximum
difference between FEM results and theoretical pitch
diameter is 2.94%, obtained in the case of a 0.08 mm
misalignment.

In general, it is possible to point out that the dif-
ferences between the load application diameter and
pitch diameter is not very high in both ideal coupling
and with the parallel offset misalignment spline cou-
pling, but this approximation becomes more im-
portant if the tooth stiffness is calculated with the
actual load application points. In fact, the difference
between the stiffness values obtained considering the
load applied on the pitch diameter and those ob-
tained with the actual load application point increas-
es to about 15%.

The effect of the load application point varia-
tions was evaluated related to the axial pressure dis-
tribution, showing that this parameter may also be
influenced by the position of the load application
point.

Acknowledgments
Thanks to Exemplar s.r.l., Torino, Italy for their aid in
the creation of the FEM models.

References

Adey, R.A., Baynham, J., Taylor, J.W., 2000. Development
of analysis tool for spline couplings. Proceedings of the
Institution of Mechanical Engineers, Part G: Journal of

Aerospace Engineering, 214(6):347-357. [doi:10.1243/
0954410001531935]

Barrot, A., Paredes, M., Sartor, M., 2006. Determining both
radial pressure distribution and torsional stiffness of in-
volute spline couplings. Proceedings of the Institution of
Mechanical Engineers, Part C: Journal of Mechanical
Engineering Science, 220(12):1727-1738. [doi:10.1243/
09544070JAUTO279]

Barrot, A., Paredes, M., Sartor, M., 2009. Extended equations
of load distribution in the axial direction in a spline cou-
pling. Engineering Failure Analysis, 16(1):200-211.
[doi:10.1016/j.engfailanal.2008.03.001]

Cornell, R.W., 1981. Compliance and stress sensitivity of
spur gear teeth. ASME Journal of Mechanical Design,
103(2):447-459.

Cuffaro, V., Cura, F., Mura, A., 2012. Analysis of the
pressure distribution in spline couplings. Proceedings of
the Institution of Mechanical Engineers, Part C: Journal
of Mechanical Engineering Science, 226(12):2852-2859.
[doi:10.1177/0954406212440670]

Cuffaro, V., Cura, F., Mura, A., 2014. Experimental investi-
gation about surface damage in straight and crowned
misaligned splined couplings. Key Engineering Materi-
als, 577-578:353-356. [doi:10.4028/www.scientific.net/
KEM.577-578.353]

Cura, F., Mura, A., 2013. Experimental procedure for the
evaluation of tooth stiffness in spline coupling including
angular misalignment. Mechanical Systems and Signal
Processing, 40(2):545-555. [doi:10.1016/j.ymssp.2013.
06.033]

Cura, F., Mura, A., Gravina, M., 2013. Load distribution in
spline coupling teeth with parallel offset misalignment.
Proceedings of the Institution of Mechanical Engineers,
Part C: Journal of Mechanical Engineering Science,
227(10):2195-2205. [doi:10.1177/0954406212471916]

Curti, G., Cura, F., 1999. Comportamento Meccanico dei
Materiali: Lezioni-Esercizi. CLUT, Torino (in Italian).

Dudley, D.W., 1957. How to design involute splines. Product
Engineering, October, p.75-80.

Liu, Z.S., Zhao, G., 2007. Modeling research on radial force
in gear coupling with parallel misalignment. 12th
IFToMM World Congress, Besangon, France.

Medina, S., Olver, A.V., 2002. An analysis of misaligned
spline couplings. Proceedings of the Institution of
Mechanical Engineers, Part J: Journal of Engineering
Tribology, 216(5):269-279. [doi:10.1243/135065002760
364813]

Oda, S., Koide, T., Ikeda, T., Umezawa, 1986. Effects of
pressure angle on tooth deflection and root stress. Bulle-
tin of JSME, 29(255):3141-3148.

O’Donnell, W.J., 1960. The additional deflection of a cantile-
ver due to the elasticity of the support. ASME Journal of
Applied Mechanics, 27(3):461-464.

Silvers, J., Sorensen, C.D., Chase, K.W., 2010. A new statis-
tical model for predicting tooth engagement and load



sharing in involute splines. AGMA Technical Resources,
Alexandria, Virginia.

Terauchi, Y., Nagamura, K., 1981. Study on deflection of
spur gear teeth: 2nd report, calculation of tooth deflec-
tion for spur gears with various tooth profiles. Bulletin of
JSME, 24(188):447-452.

Tjernberg, A., 2001a. Load distribution and pitch errors in a
spline coupling. Materials and Design, 22(4):259-266.
[doi:10.1016/S0261-3069(00)00094-7]

Tjernberg, A., 2001b. Load distribution in the axial direction

%Zﬂgi

: TERBCENRTR R

in a spline coupling. Engineering Failure Analysis. 8(6):
557-570. [doi:10.1016/S1350-6307(00)00027-3]

Vogt, F., 1925. Uber Die Berechnung der Fundament Defor-
mation, Avhandlinger utgil av Det Norske Videnshaps,
Akademi I Oslo, I Math-Naturv., Klasse, 2 (in German).

Weber, C., 1949. The deformation of loaded gears and the
effect on their load carrying capacity. Sponsored Re-
search (Germany), British Department of Scientific and
Industrial Research, Report No. 3.

Analysis of a load application point in spline coupling teeth
s I TCERABA i 22 2% 1F T e fi i ) 70 A S BRI AEBE B T T A ) & S B
¢ PG T RIUE S AR AN R AL 2% 1R e BRI TR RO 22, T T A B A R I AN

P 370 AR B o

: 32 FA BRI 53 55 3 A 76 BEAR S AR A0 P il i 2 2 1 T AR BRIBRBZ RO M

Lt BE 7B S LN TR ME RIS IR A S RS . EBUE SRR, B EARA
AT 1 i 22 B A S R 0 3 RT3 N o 7E 0.08 mm PR AL B, A BRTiEIRAF M4 RS
BRI B IRZE N 2.94% . —fRif, TEFRARBREEAN WG Bl B TE SRR 1 T, 3 B4R
AT 22 IF AN K o A3 777 Ak 380457 A0 S Bt 280 s AT SRAS O T B Al Z2 45630 15% 0 280 AR AL
ST 5 k16 R 3 ) ARG, RIZ S B A B L B R

o JERRNKIR: WREDy, NRCE; AR S






