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Figure 6.20. Crack path for the single fiber RUC, GIC,2 curve.
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Figure 6.21. Hexagonally packed cell: mesh 2.
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Figure 6.22. Stress/strain curves comparison for the progressive failure analysis of two
hexagonally packed cell in a mesh objective way.
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Chapter 7

Conclusions

In this work two different multi-scale approaches have been proposed for the analysis
of fiber-reinforced composite structures. In chapters 3, 4 and 5 results were evaluated
in terms of displacements, stress/strain fields and failure indexes. Different structural
problems were discussed, including fiber-matrix cells, laminated beams and composite
C-shaped beams. The failure analysis has been conduced applying different criteria for
the failure initiation and the crack band method for the progressive failure analysis as
explained in Chapter 6. Comparisons with Solid models from different commercial codes
were proposed (ANSYS, Patran/Nastran); for the two-scale analysis approach the 1D CUF
has been included in Abaqus environment to model the micro-scale. The results obtained
suggest that:

1. multiscale techniques have to be taken into account if the failure mechanism of
composite structures wants to be analyzed. Detailed models would be extremely
helpful in improving the design of composite structures reducing the test activity
costs; however a compromise between accuracy of results and computational cost
has to be reached. Despite the increasing development in computer hardware, the
computational effort of these methods is still prohibitive for extensive applications.
The reduction of the computational time and cost required to perform failure analysis
is still a challenging task;

2. the 1D CUF is an extremely powerful tool to investigate the behavior of composite
structures. Higher-order elements allow a refined description of the stress and strain
states at different levels with a reduced computational cost. A small number of
elements on the cross-section is enough to obtain the solid-like accuracy;

3. the 1D nature of the fibers makes easy to model properly their orthotropic behavior
through 1D elements, properties are defined in the beam axis direction;

4. in the framework of the 1D CUF, the LE models proved to be the best accu-
racy/computational cost choice to facilitate the identification of failure according
to the employed criteria;
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7 – Conclusions

5. based on the 1D CUF with the LE polynomials the CW approach has been devel-
oped for the modelling of a fiber-reinforced composite structure. This approach is
a concurrent method that allows to simultaneously model different length scales in
the same model;

6. the proposed CW approach offers significant improvements in detecting the mechan-
ical behavior of laminated structures in particular when stress fields around fiber
and matrix cells have to be accurately computed;

7. in the CW approach, cells can be opportunely included in order to refine the model
in areas that were considered critical following preliminary analyses; as a general
guideline, the CW approach should be adopted in a global-to-local analysis scenario
where results from globally refined models are exploited to evaluate the most critical
areas of a given structure and where locally refined models are then employed to
obtain accurate stress fields in those critical areas;

8. Critical zones can be identified introducing integral quantities. Subdomains can be
part of the macro- or the micro-structure. Evaluations on 3D subdomains have been
proposed nevertheless, the same approach can be extended to 1D- and 2D-regions;

9. within the CW approach, the failure analysis can be performed directly on the
components. Conducing progressive failure analysis in a mesh objective way, it is
possible to predict the crack evolution without knowing the path in advance and
without introducing different types of finite elements;

10. computational advantages from CUF 1D can be even more evident when iterative
strategies have to be introduced to perform the progressive failure analysis (hierar-
chical multiscale techniques);

11. a two-scale analysis has been developed using the CW approach at the microscale
to perform linear analysis in a multiscale scheme. This approach is of particular
interest for the analysis of structures with complex shapes since the macroscale can
be modelled through a commercial code, nevertheless the 1D CUF can also used
to model the macroscale. The progressive failure analysis can be extended to the
macroscale to compute the failure propagation in the global structure;

12. it has been proved that the present 1D formulation is extremely advantageous in
terms of computational costs if compared with solid models.
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6.1 Failure phenomena [Camañho, Dávila, Pinho and Remmers: Mechanical
response of Composites]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.2 Reference system for the failure analysis. . . . . . . . . . . . . . . . . . . . . 105

6.3 Stress-strain diagram for the fracture process. . . . . . . . . . . . . . . . . . 111

6.4 Stress-strain diagram for the fracture process. . . . . . . . . . . . . . . . . . 112

136



List of Figures

6.5 σ − δ
′

diagram for the fracture process. . . . . . . . . . . . . . . . . . . . . 112
6.6 Algorithm used to implement the Crack-Band method in the 1D CUF for-

mulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.7 Evaluation of the characteristic lenght, lc. . . . . . . . . . . . . . . . . . . . 114
6.8 Plate cross-section. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
6.9 Failure Indexes CW single cell models at y = 0. . . . . . . . . . . . . . . . . 123
6.10 Failure Indexes CW double cell models at y = 0. . . . . . . . . . . . . . . . 124
6.11 Three layers laminate with a fiber/matrix cell inclusion in the first ply. . . . 125
6.12 Maximum stress and Tsai-Wu criteria FI distributions in the cell subdomain

in the 1st ply of the three layers laminate. Bending load applied. . . . . . . 125
6.13 Maximum stress and Tsai-Wu criteria FI distributions in the cell subdomain

in the 1st ply of the three layers laminate. Torsion load applied. . . . . . . 125
6.14 Isotropic square cell for a mesh objectivity preliminary assessment. . . . . . 126
6.15 Model descriptions for the mesh objectivity preliminary assessment: 9 L9,

25 L9, 45 L9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
6.16 Stress/strain curve for the mesh objectivity preliminary assessment. . . . . 127
6.17 Single fiber RUC progressive failure analysis boundary conditions. . . . . . 127
6.18 Stress/strain curve for the progressive failure of the single fiber RUC varying

GIC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
6.19 Crack path for the single fiber RUC, GIC,2 curve. . . . . . . . . . . . . . . . 129
6.20 Crack path for the single fiber RUC, GIC,2 curve. . . . . . . . . . . . . . . . 130
6.21 Hexagonally packed cell: mesh 2. . . . . . . . . . . . . . . . . . . . . . . . . 131
6.22 Stress/strain curves comparison for the progressive failure analysis of two

hexagonally packed cell in a mesh objective way. . . . . . . . . . . . . . . . 131

137



List of Tables

List of Tables

2.1 L3 cross-section element point natural coordinates. . . . . . . . . . . . . . . 16

2.2 L4 cross-section element point natural coordinates. . . . . . . . . . . . . . . 16

2.3 L9 cross-section element point natural coordinates. . . . . . . . . . . . . . . 16

2.4 Shape function coefficients for B2 elements. . . . . . . . . . . . . . . . . . . 18

2.5 Shape function coefficients for B3 elements. . . . . . . . . . . . . . . . . . . 18

2.6 Shape function coefficients for B4 elements. . . . . . . . . . . . . . . . . . . 19

3.1 Material properties and failure coefficients. . . . . . . . . . . . . . . . . . . 32

3.2 Displacement of the single cell homogeneous model at the loading point. . . 34

3.3 Displacement for the single cell CW model at the loading point. . . . . . . . 34

3.4 Stress values [N/mm2] for the single cell CW model at Point B,D (y = L/2)
and Point B’,D’ (y = 0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.5 Strain values for the CW cell model at y = 0. . . . . . . . . . . . . . . . . . 36

3.6 Displacement values for the single cell model. . . . . . . . . . . . . . . . . . 38

3.7 Stress values for the single cell model. . . . . . . . . . . . . . . . . . . . . . 38

3.8 Displacement of the double cell CW model at [a/2,L,h/2]. . . . . . . . . . . 42

3.9 Stress values [N/mm2] for the double cell CWmodel at Point E,F (y = L/2)
and Point E’,F’ (y = 0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.10 Displacement values for the double cell model. . . . . . . . . . . . . . . . . 43

3.11 Stress values for the double cell model. . . . . . . . . . . . . . . . . . . . . . 44

3.12 Transverse displacement, at [b/2, L, 0], and axial stress, at [0.5, 0, −0.2],
of the laminate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.13 Shear stress, σxy MPa, at two different points of the laminate, A[0.8, 0, 0]
and B [0.55, 0, −0.2], LE models. . . . . . . . . . . . . . . . . . . . . . . . . 49

3.14 Cross-Section dimensions of the C-shaped cross-section. . . . . . . . . . . . 52

3.15 Vertical displacement, uz × 102 mm, at the loading point of the C-shaped
beam, first loading case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.16 Axial stress, σyy×102 MPa, at [a/2, 0, −h/2], C-shaped beam, first loading
case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.17 Vertical displacement, uz [mm], at [a, L, h/2], C-shaped beam, second
loading case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.1 Brick8 element point natural coordinates. . . . . . . . . . . . . . . . . . . . 63

138



List of Tables

4.2 Brick20 element point natural coordinates. . . . . . . . . . . . . . . . . . . . 67
4.3 Brick27 element point natural coordinates. . . . . . . . . . . . . . . . . . . . 69
4.4 Strain energy distribution in homogeneous beam subvolumes. . . . . . . . . 71
4.5 Strain Energy in beam subvolumes. . . . . . . . . . . . . . . . . . . . . . . . 75
4.6 Strain Energy the matrix subvolumes. . . . . . . . . . . . . . . . . . . . . . 75
4.7 Strain Energy in the fiber subvolumes. . . . . . . . . . . . . . . . . . . . . . 77
4.8 Strain Energy in fiber and matrix subvolumes. . . . . . . . . . . . . . . . . 77
4.9 Local Effect on matrix due to the bending loads. . . . . . . . . . . . . . . . 78
4.10 Failure index integrated over the subvolumes normalized with respect to

the number of subvolumes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.11 Strain energy distribution in a laminate beam under torsion F = 1 N load. 82
4.12 Strain energy distribution in a laminate beam under bending F = 5 N load. 82
4.13 Strain energy distribution in a fiber/matrix cell included in a laminate beam

under d torsion F = 1 N loads. . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.14 Strain energy distribution in a fiber/matrix cell included in a laminate beam

under bending F = 5 N loads. . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.15 MS Failure index integrated over the fiber,matrix and whole cell subvolumes

under bending F = 5 N and torsion F = 1 N loads. . . . . . . . . . . . . . . 84
4.16 Strain energy distribution in a laminate beam with 8-fiber/matrix cell in-

cluded under bending F = 5 N. . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.17 CW vs Solid. Total energies. . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.18 MS Failure index integrated over the fibers, matrix and whole cells subvol-

umes under bending F = 5 N. . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.1 Notched laminate dimensions. . . . . . . . . . . . . . . . . . . . . . . . . . . 95

6.1 Orthotropic material properties. . . . . . . . . . . . . . . . . . . . . . . . . 115
6.2 Failure indexes at x = b/2, y = L/10, thin plate. . . . . . . . . . . . . . . . 116
6.3 Failure indexes at x = 0, y = L/10, thin plate. . . . . . . . . . . . . . . . . 116
6.4 Failure indexes for the isotropic beam at L/2. . . . . . . . . . . . . . . . . . 116
6.5 Material properties and failure coefficients. . . . . . . . . . . . . . . . . . . 117
6.6 Failure Index for the single cell CW model Point B,D and Point B’,D’:

Maximum Stress criterion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
6.7 Failure Index for the single cell CW model: Maximum Strain criterion. . . . 119
6.8 Failure Index for the double cell CW model: Maximum Stress criterion. . . 120
6.9 Failure Index for the double cell CW model: Maximum Strain criterion. . . 120
6.10 Isotropic square cell dimensions . . . . . . . . . . . . . . . . . . . . . . . . . 121
6.11 DOFs for the isotropic preliminary assessment in the mesh objective failure

analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
6.12 Material properties fort the analysis of the single fiber/matrix RUC . . . . 121

139



Bibliography

[1] F.C. Campbell. Manufacturing Technology for Aerospace Structural Materials. Else-
vier, 2006.

[2] R.M. Jones. Mechanics of Composite Materials (Second Edition). Taylor & Francis,
1999.

[3] E. Carrera. Theories and finite elements for multilayered, anisotropic, composite
plates and shells. Archives of Computational Methods in Engineering, 9(2):87–140,
2002.

[4] E. Carrera. Theories and finite elements for multilayered plates and shells: a uni-
fied compact formulation with numerical assessment and benchmarking. Archives of
Computational Methods in Engineering, 10(3):216–296, 2003.

[5] E. Carrera and G. Giunta. Refined beam theories based on Carrera’s unified formu-
lation. International Journal of Applied Mechanics, 2(1):117–143, 2010.

[6] E. Carrera, G. Giunta, and M. Petrolo. Beam Structures: Classical and Advanced
Theories. John Wiley & Sons, 2011.

[7] E. Carrera, G. Giunta, P. Nali, and M. Petrolo. Refined beam elements with arbitrary
cross-section geometries. Computers and Structures, 88(5–6):283–293, 2010. DOI:
10.1016/j.compstruc.2009.11.002.

[8] E. Carrera, M. Petrolo, and E. Zappino. Performance of cuf approach to analyze the
structural behavior of slender bodies. Journal of Structural Engineering, 2011. In
Press, doi:10.1061/(ASCE)ST.1943-541X.0000402.

[9] E. Carrera, G. Giunta, and M. Petrolo. A Modern and Compact Way to Formu-
late Classical and Advanced Beam Theories, chapter 4, pages 75–112. Saxe-Coburg
Publications, Stirlingshire, UK, 2010. doi: 10.4203/csets.25.4.

[10] E. Carrera, M. Petrolo, and P. Nali. Unified formulation applied to free vibra-
tions finite element analysis of beams with arbitrary section. Shock and Vibrations,
18(3):485–502, 2011. doi: 10.3233/SAV-2010-0528.

140



BIBLIOGRAPHY

[11] E. Carrera, M. Petrolo, and A. Varello. Advanced beam formulations for free vibration
analysis of conventional and joined wings. Journal of Aerospace Engineering, 2011.
In Press, doi:10.1061/(ASCE)AS.1943-5525.0000130.

[12] M. Petrolo, E. Zappino, and E. Carrera. Unified higher-order formulation for the
free vibration analysis of one-dimensional structures with compact and bridge-like
cross-sections. Submitted.

[13] E. Carrera and M. Petrolo. On the effectiveness of higher-order terms in refined beam
theories. Journal of Applied Mechanics, 78(3), 2011. doi: 10.1115/1.4002207.

[14] E. Carrera and M. Petrolo. Refined beam elements with only displacement variables
and plate/shell capabilities. Submitted.

[15] E. Carrera and M. Petrolo. Refined one-dimensional formulations for laminated struc-
ture analysis. AIAA Journal, 2011. In Press.

[16] J. N. Reddy. Mechanics of laminated composite plates and shells. Theory and Analysis.
CRC Press, 2nd edition, 2004.
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