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Summary

Most of the engineering problems of the last two centuries hee been solved thanks to
structural models for both beams, and for plates and shells.Classical theories, such as
Euler-Bernoulli, Navier and De Saint-Venant for beams, andKirchho -Love and Mindlin-
Reissner for plates and shells, permitted to reduce the gemie 3-D problem, in one-
dimensional one for beams and two-dimensional for shells a@nplates. Re ned higher
order theories have been proposed in the course of time, asdhclassical models do not
consent to obtain a complete stress/strain eld.

Carrera Uni ed Formulation (UF) has been proposed during the last decade, and
allows to develop a large number of structural theories witha variable number of main
unknowns by means of a compact notation and referring to fewdndamental nuclei. This
Uni ed Formulation allows to derive straightforwardly hig her-order structural models, for
beams, plates and shells. In this framework, this thesis aimto extend the formulation for
the analysis of Functionally Graded structures, introducing also the thermo-mechanical
problem, in the case of functionally graded beams. Followig the Uni ed Formulation, the
generic displacements variables are written in terms of a bse functions, which multiplies
the unknowns. In the second part of the thesis, new bases futions for shells modelling,
accounting for trigonometric approximation of the displacements variables, are considered.






Sommario

La maggior parte dei problemi ingegneristici degli ultimi due secoli sono stati risolti grazie
a modelli strutturali per travi, piastre e gusci. Le teorie classiche, come ad esempio Eulero-
Bernoulli, Navier e De Saint-Venant per le travi, e Kirchho - Love e Mindlin-Reissner per
piastre e gusci, hanno permesso di ridurre il generico probia 3-D, a problemi mono-
dimensionali per le travi e bidimensionali per gusci e piase. Teorie di ordine superiore
sono state proposte nel corso del tempo, in quanto i modellilassici non consentono di
ottenere un campo completo di tensioni e deformazioni. La Caera Uni ed Formulation
(UF) A- stata proposta nel corso dell'ultimo decennio, e permete di sviluppare un gran
numero di teorie strutturali con un numero variabile di incognite mediante una notazione
compatta e con riferimento pochi nuclei fondamentali. Queta formulazione uni cata per-
mette di derivare semplicemente modelli strutturali di ordine superiore, per travi, piastre
e gusci. In questo quadro, questa tesi si propone di estendeta formulazione uni cata
per l'analisi di strutture Functionally Graded (FGM), intr oducendo anche il problema
termomeccanico, nel caso di travi FGM. Grazie alla formulaione uni cata, le generiche
variabili spostamento sono scritte in termini di funzioni di base, che moltiplicano le inco-
gnite. Nella seconda parte della tesi sono state introdottenuove basi di funzioni per la
modellazione di strutture a guscio, basate sull'approssirazione delle variabili spostamento
secondo funzioni trigonometriche.






Resune

La plupart des probemes d'ingnierie des deux derniers gcles ontet esolus grace a
des mockles structuraux pour poutres, plaques et coques. ds theories classiques, tels
que Euler-Bernoulli, Navier et de Saint-Venant pour les potres, et Kirchho -Love et
Mindlin-Reissner pour plagues et coques, ont permis de edire le probeme grerique
3-D, dans le probeme unidimensionnel pour les poutres et dux dimensionnelle pour les
coques et les plaques. Theories rares d'ordre sugerieur ontee propofes au cours du
temps, comme les mockles classiques ne consentez pasalatenir une compéte domaine
des contraintes et des deformations. La Carrera Uni ed Formulation (UF) aete propos
au cours de la dernere cecennie, et permet de cevelopperun grand nombre de tteories
structurelles avec un nombre variable d'inconnues principles au moyen d'une notation
compacte et se etranta des nuclei fondamentales. Cete formulation uniee permet de
ceriver carement des mockeles structurels d'ordre superieur, pour les poutres, plagues
et coques. Dans ce cadre, cette trese vise a etendre la fonulation pour l'analyse des
structures fonctionnellement gradwes (FGM), en introduisant aussi le probeme thermo-
necanique, dans le cas des poutres fonctionnellement graels. Suite a la formulation
uniee, les variables greriques deplacements sonte crits en termes de fonctions de base, qui
multiplie les inconnues. Dans la deuxeme partie de la these, de nouvelles fonctions de bases
pour la mocklisation des coques, qui repesentent une appoximation trigononetrique des
variables ceplacements, sont pris en compte.
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Chapter 1

Introduction

The present thesis concerns with a uni ed approach, named '@rrera Uni ed Formula-
tion (UF)' that allows to formulate several axiomatic theor ies for beams, plates and shells
structures. The rst part of the thesis present the formulat ion for beam structures. After a
brief introduction and literature survey on beam modelling, we introduce the UF for beam
with solid and thin-walled cross-section and results for the modal analysis of such struc-
tures is carried out. The concept of the Uni ed Formulation in beams structure analysis is
to assume AN -order polynomials approximation on the cross-section fothe displacement
unknown variables. The three-dimensional kinematic eld is derived in a compact form
as a genericN -order approximation, being N a free parameter of the formulation. The
governing di erential equations and the boundary conditions are derived by variationally
imposing the equilibrium via the principle of virtual displ acements. They are written in
terms of a fundamental nucleo that does not depend upon the ggroximation order. The
free vibration analysis of solid and thin-walled isotropic beams is carried out through a
closed form, Navier type solution. Bending, torsional and &ial modes, as well as local
modes are considered. Results are assessed toward nite elent solutions.

The free vibration analysis of functionally graded beams va higher-order models and
uni ed formulation is straight after considered.

Functionally graded materials are a class of composite matéls, whose mechanical and
thermal properties vary continuously on the space directims according to a speci c gra-
dation law, in order to accomplish certain functions. Bonesare an example of functionally
graded materials present in nature. In general these mateails are made of a metal and a ce-
ramic component, since their principal purpose concern hilg-temperature application. We
considered a power law distribution in terms of volume fracton of material constituents,
along the cross-section of the beam. Young's modulus, Poiss's ratio and density vary
along one or two dimensions of the cross-section. A Navierpe, closed form solution is
adopted. Higher-order displacements-based theories thaaccount for non-classical e ects
are formulated. Classical beam models, such as Euler-Bernbi's and Timoshenko's, are
obtained as particular cases.

The thermal behaviour of beams made of orthotropic and funcionally graded materi-
als is also investigated. The governing equations are derd from the principle of virtual
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displacements accounting for the temperature eld as an ex¢rnal laod only. The required
temperature eld is not assumed a priori, but is determined lving Fourier's heat conduc-
tion equation. Numerical results for temperature, displa@ments and stress distributions
are provided and moreover a comparison with nite elements slutions obtained via the
commercial code ANSYS are presented.

The second part of the thesis presents the derivation of vadus shell's and plate's the-
ories, based on the Uni ed Formulation, where the assumed diplacements eld is written
in terms of new trigonometric basis functions of the thickness coordinate. To introduce
this topic we presented a comparison of several, signi canshell theories to evaluate the
free vibration response of multi-layered, orthotropic cyindrical shells. Carrera Uni ed
Formulation for the modelling of composite spherical shellstructures is adopted. Via this
approach, higher order, zig-zag, layer-wise and mixed the@s can be easily formulated.
As a particular case, the equations related to Love's approknations and Donnell's approx-
imations and as well as of the corresponding classical lamation and shear deformation
theories (CLT and FSDT) are derived. The governing di erential equations of the dy-
namic problem are presented in a compact general form. Thesequations are solved via
a Navier-type, closed form solution.

Equivalent single layer and Layer-wise shells theories ba&sl on trigonometric functions
expansions are derived in chaptell6. The aim of this part is ito extend the bases functions
used for higher order shell theories, in the framework of Caera Uni ed Formulation, to
new trigonometric basis functions, outlined in an appropriate way. These theories are then
considered to evaluate the static behaviour of multilayere, orthotropic plates and shells.



Chapter 2

Beam's Higher-order Modelling

2.1 Introduction

Modelling refers to the process of generating a model, and iparticular a mathematical
model, as a conceptual representation of some phenomenon. rAathematical model is a
representation, similar but simpler, of an object or system using mathematical concepts
and language. A beam is a structural element, characterizedy a prevalent dimension
over the other two, that is capable of withstand load primarily by resisting bending.
An important feature of the beams is the cross-section shapehat can be solid or thin-
walled. Many primary and secondary structural elements, seh as helicopter rotor blades,
automotive frames, robot arms and space erect-able boomsan be idealised as beams.
These structures play an important role in engineering elds (such as aeronautics and
space) in which an e ective and safe design is mandatory.

2.2 Modelling Literature Review

There are dierent beam models with di erent accuracy present in literature. Classi-
cal beam models are based on the theories developed by EulBernoulli [12], [43], De
Saint-Venant [40], [40] and Timoshenko[[115],[116]. The st two models neglect trans-
verse shear deformation, whereas the last model accountsrfaniform shear distribution
along the beam cross-section. Non classical e ects are notéahti ed by these theories and
therefore it required the development of higher-order theades. A review of historical con-
tributions to re ned beams theories can be nd in the book of Carrera et al. [31]. The free
vibration characteristics are of fundamental importance n the design of beam structures,
and therefore, the analysis of solid and thin-walled isotrpic beams via re ned theories
represents an interesting research topic. Benamar et al_[] presented a general model for
large vibration amplitudes of thin straight beams. Hamilton's principle was used to deter-
minate a set of non-linear algebraic equations. A conditioris imposed on the contribution
of one motion in order to obtain a numerical solution for the non-linear problem. Simply
supported and clamped-clamped boundary condition were ingstigated. Matsunaga [72]
analysed the natural frequencies and buckling loads of simp supported beams subjected

3
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to initial axial forces. Thin rectangular cross-sections vere investigated. A bi-dimensional
displacement eld was assumed. Chen et al[[37] combined thetate space method with the
di erential quadrature method to obtain a semi-analytical m ethod for the free vibration
analysis of straight isotropic and orthotropic beams with rectangular cross-sections. A
discussion about properties of the natural frequencies andhodes for a Timoshenko beam
was presented by Van Rensburg and Van Der Merwe [118]. In[7] téarnejad et al. intro-
duced the basic dispacement functions (BDF), that are calclated solving the governing
di erential equations of transverse motion of Timoshenko beams by means of power series
method. BDF are applied for free vibration analysis of non-pismatic beams. Gunda et
al. [51] analysezed the large amplitude free vibration of Tinoshenko beams using a nite
element formulation. Transverse shear and rotatory inerta are considered, togheter with
several boundary conditions. Tanaka and Bercin[[113] stuaid the natural frequencies of
uniform thin-walled beams having no cross sectional symmey. A study on the free vibra-
tion of axially loaded slender thin-walled beams is preserd in the work by Jun et al. [56].
The e ects of warping sti ness and axial force are included within the Euler-Bernoulli
beam theory. Chen and Hsiao[[3b] investigated the natural fequency of the axial and
torsional vibration for Z-section beams. The governing eqations are derived by the prin-
ciple of virtual work. Numerical examples investigate the eect of boundary conditions.
In [36], the same authors presented a nite element formulaibn for the coupled free vibra-
tion analysis of thin-walled beams with a generic open crossection. Duan [42] presented
a nite element formulation for the non-linear free vibrati on of thin-walled curved beams
with non-symmetric open cross-section. \Veres [123] acaonted for the coupling between
di erent vibration modes considering that is induced not only by the eccentricity of ge-
ometry but also by steady state lateral loads and internal stess resultants. The governing
di erential equations and boundary conditions were derivedusing the linearized theory of
large rotations and small strains, the principle of virtual work and a nite element model
with seven degrees of freedom per node. Ambrosiril[3] 4] pressted a numerical and ex-
perimental study on the natural frequencies of doubly non-gmmetrical thin-walled and
open cross-section beams. Vlasov's theory equations of monh were modi ed to include
the e ects of shear deformation, rotatory inertia and variable cross-section properties.
An extension of the previous theory is used in the work of Born and Ambrosini [39]
to investigate natural frequencies of thin-walled beams abally loaded. They carried out
experimental tests in order to verify the proposed theory.

2.3 Higher-order models based on Carrera's Uni ed Formu-
lation

In the following sections we present results for higher-ordr beams models derived via a
Uni ed Formulation (UF) that has been previously formulate d for plates and shells, (see
Carrera [2€]). In the Uni ed Formulation the displacements' assumptions are written in a
compact form. The governing equations variationally consstent with the made hypothesis
are derived through the Principle of Virtual Displacements, in terms of ‘fundamental
nucleo'. This is a free parameter of the formulation, sincetidoes not depend upon the order

4
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of expansion. As a result, an exhaustive variable kinematianodel can be obtained that
accounts for transverse shear deformability and cross-ston in- and out-of-plane warping.
Classic and higher modes are predicted although no warpinguhctions are assumed.

2.3.1 Preliminaries

A beam is a structure whose axial extensionl) is predominant if compared to any other
dimension orthogonal to it. The cross-section () is identi ed by intersecting the beam
with planes that are orthogonal to its axis. A Cartesian reference system is adopted:y-
and z-axis are two orthogonal directions laying on . The x coordinate is coincident to
the axis of the beam. Cross-sections that are obtainable byhte union of N « rectangular

sub-domains:
N g

= L " (2.1)
with: n 0
“= i)Yy oy Vs oz B (2.2)
n o]
are considered, see Fig. 1. Terms yi"; zj" :i;j =1;2 are the coordinates of the corner

points of a k sub-domain. Through the paper, superscript k' represents a cross-section
sub-domain index, while, as subscript, it stands for summabn over the range [IN «].
The cross-section is considered to be constant alorng. The displacement eld is:

ut (xy;2) = ux(Xy;z) uy(Xy;z) Uz (Xy;z) (2.3)

in which uy, uy and u, are the displacement components along-, y- and z-axes. Su-
perscript “T' represents the transposition operator. Stress, , and strain, ", vectors are
grouped into vectors ., ", that lay on the cross-section:

nT _— n n n

T _
nT o oy e T T Ty e (2.4)
and p, "p laying on planes orthogonal to :
T~ nT _ n n n
p - yy zz yz p~ yy 2z yz (2.5)

The strain-displacement geometrical relations are:

||T —
n = Uxx Uxy T Uyx Uxz t Uzx

WT L (2.6)
b=

Uyy Uzz Uyz ¥ Uzy

Subscripts X', 'y' and “z', when preceded by comma, represent derivation versus theocre-
sponding spatial coordinate. A compact vectorial notation can be adopted for Egs. [2.5):

"n=Dnppu+ Dpxu

.o 2.7)
p= Dpu

5
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where D np, Dy, and D, are the following di erential matrix operators:

2 3
20 00° 0o @ o
@ o @y o
— 0 0 = | = = =
E @y % Dnx = 1@y Do 0 0 o, (2.8)
@ 0 @ @
@z ° @z @y

| is the unit matrix. Under the hypothesis of linear elastic materials, the generalised
Hooke law holds. According to Egs. [Z#) and [[Z5), it reads:

=Cpy'pt Cpp"
p= Cpppt Cpn'n 29
n= Cnp"p"'cnn"n ( )

Matrices Cpp, Cpn, Cnp and Cp, in Egs. (29) are:

2 3 2
Cx C2z O C 00
Cop=4Cp; Ci3 0 5 Cp=Cp,=4Ciz 0 05
0 0 Cu 0 00
2 3 (2.10)
Cu 0 0
Cm = 4 0 Ces O S
0 0 Css

In the case of isotropic material, coe cients C;; are:

1
Ci11=Cypp=C33= E Ci12=Ci3=Cy3= E
11 22 33 (l+ )(l 2) 12 13 23 (1+ )(1 2)
1 (2.12)
Cas = Cs5 = Cep = mE

being E the Young modulus and the Poisson ratio.

2.4 Hierarchical Beam Theories

The variation of the displacement eld over the cross-sectbn can be postulated a-priori.
Several displacement-based theories can be formulated ohe basis of the following generic
kinematic eld:

u(x;y;z)=F (y;2)u (x) with =1; 2, i1, Ny (2.12)

N, stands for the number of unknowns. It depends on the approximation order N that
is a free parameter of the formulation. The compact expressin is based on Einstein's
notation: subscript indicates summation. Thanks to this notation, problem's governing
di erential equations and boundary conditions can be derivad in terms of a single “funda-
mental nucleo'. The theoretical formulation is valid for th e generic approximation order

6
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N N, F
0 1 Fi=1
1 3 F2: Yy F3: V4
2 6 Fs=y? F5=yz Fg= 2z°
3 10 F;=y® Fg=vy2%z Fg=yz? Fig= 73
N (N+D)(N+2) Fivzensa) = YN Fuzenes) = YN 1z

2 2 2

Fniney = yzN 1 Fineyoneg = zN
2 2

Table 2.1. Mac Laurin's polynomials terms via Pascal's triangle.

and approximating functions F (y;z). In the following, the functions F are assumed to
be Mac Laurin's polynomials. This choice is inspired by the @assical beam models.N

and F as functions ofN can be obtained via Pascal's triangle as shown in TablE21. fie

actual governing di erential equations and boundary conditions due to a xed approxi-

mation order and polynomials type are obtained straightforwardly via summation of the

nucleo corresponding to each term of the expansion. Accordg to the previous choice of
polynomial function, the generic, N -order displacement eld is:

Ux = Ux1+ Ux2y + Ux3Z + +u (N2+N+2)yN + T U (N N+2) zN
Xf - 2
_ N N
Uy = Uyg + Uyoy + Uy3Z + + uy(N 2in+2) Y + + Uy(N +1)(2N +2) Z (2.13)
2

Uz = Uzp + Uzy + Uz3Z + +u (N2+N+2)yN + U (NN zN
Z——F—— - 2
2

As far as the rst-order approximation order is concerned, the kinematic eld is:

Ux = Ux1+ Uxoy + Ux3Z
Uy = Uy1 + Uyoy + Uy3Z (2.14)
Uz = Uz1 + Uzy + Uz3Z

Classical models, such as Timoshenko's beam theory (TB):

Ux = Ux1+ Uxoy + Ux3Z
Uz = Uz1

and Euler-Bernoulli beam theory (EB):

Ux = Ux1 Uy1xyY UzixZ
Uz = Uz

are straightforwardly derived from the rst-order approxi mation model. In TB, no shear
correction coe cient is considered, since it depends upon everal parameters, such as the

7
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geometry of the cross-section (see, for instance, CowpergBand Murty [/8]). Higher
order models yield a more detailed description of the shear ethanics (no shear correction
coe cient is required), of the in- and out-of-section deformations, of the coupling of the
spatial directions due to Poisson's e ect and of the torsiond mechanics than classical
models do. EB theory neglects them all, since it was formulagd to describe the bending
mechanics. TB model accounts for constant shear stress andrain components. In the
case of classical models and rst-order approximation, thematerial sti ness coe cients
should be corrected in order to contrast a phenomenon knownni literature as Poisson's
locking (see Carrera and Brischetto [[28["29]).

2.5 Governing Equations

The Principle of Virtual Displacements reads:
I—i+ Lin:0 (217)

stands for a virtual variation, L; represents the strain energy andL;, stands for the
inertial work.

2.5.1 Virtual Variation of the Strain Energy

According to the grouping of the stress and strain componert in Egs. (Z4) and [Z5), the
virtual variation of the strain energy is considered as sum 6two contributes:
1 0 1
Z Z Z Z
Li= @ [ ,dAdx+ @ [ ,dA dx (2.18)
| k K | k K
By substitution of the geometrical relations, Egs. (Z.1), the material constitutive equations,
Egs. (Z39), and the uni ed hierarchical approximation of the displacements, Eq. [2.1R),
and after integration %y parts, Eq. (218) reads:
z Z nh
Li= u @ D/xCrpF (DpFsl) D CKF (DpFsl) +
| k
D CKF FsDnx +(DnpF 1) CK, (DpFsl)+(DppF 1)T C, (DnpFsl) +
+(DnpF 1)T CK FsDny +(DF |)Tc'g,p(Dist|)+(DpF )T CK, (DnpFsl)+ (2.19)
+ (DpF 1)T CKyFsDnx d  Us dx+
2 0 7 1 3x=1
h i
+duT@ Clo (DpFsl) + Cly (DnpFsl)+ CK FsDnx d A usk
k k x=0
In a compact vectorial form:

Li= u'K®%ugdx+ u' S ug i:(l) (2.20)
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The components of the di erential linear sti ness matrix K ° are:

s @ s @
K = 3% + 3%, Jlsl@ Ky = J3%g 32, %X
Ky? = ‘]Z;is;y + J?‘Z‘S;Z JGSG@ Kyf( = J:'Lis JGSE?y @x
K S = j44 33 55@ KS - j13 55 @
Kzz_‘]:ys;y+‘]:zs;z JS@ K= J3%s J%, @x (2.21)
- @
KXSZ = ‘]5'55 ‘]133
' Z 1 Z @X
K3 =323 4 34
yz 1y Siz 1 zSly
vak:]
Koy = 3%, + 3%s,
The generic termJg(f‘ )s. ) IS @ cross-section moment:
0 7 1
gh — k
3% sy = @ CgnF (\Fs, d A (2.22)
k
k
Be:
F . Fs., = kyy™k,z" (2.23)

whereky, Kz, ny and n, are constant depending upon indexes and s as in Table[2.] and

whether di erentiation with respect to y and z should be performed or not, the analytical
solution of integral in Eq. (£22) is:

k ny+1 ny+1 k nz+1 nz+1
Joh = ck K K Z z5 zX 2.24
TS, ghny+l Y2 Y1 n,+1 2 1 ) ( )
As far as the boundary conditions are concerned, the compomés of S are:
@
§=itg, $7I%, 4=
S_JGG@ S_J66 S_O (225)
wT Vs @x X TSy yz = '
@
zszz JSSS@X st: JSSE;)Z ZSY:O
2.5.2 Virtual Variation of the Inertial Work
The virtual variation of the inertial work is:
1
4 0 Z
Lin= @ KkKuykekd A dx (2.26)
| k K
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where dot stands for di erentiation versus time. Upon substitution of Eq. (£12), Eq. (£.28)

becomes:
7 0 7 1
Lin= u'@ KFFd A ugdx (2.27)
[ k K
In a compact vectorial form: ~
Ln= u' M usdx (2.28)

The components of the matrixM ° are:
S

My = ks with i;j = xy;z (2.29)
where j; is Kronecker's delta and:

0Z 1

Jo=@ FF,d A (2.30)

k K

2.5.3 Governing Equations' Fundamental Nucleo

The explicit form of the fundamental nucleo of the governingequations is:
Ux
11 55 66 66 12 55 13
JglUxsie + 005, T 00s, Uxst J00s Jg, Uysy + 375 Jg, Uz,

+ kJquS:O

Uy

12 66 66 22 44 23 44
. . . . R o NP + AP NP
J I,(ys J Sy UXS,X J S uysrXX J vy Sy J 1285z Uys J 1y Siz J yzSly Uzs (231)
+ “Jseys=0
ys

u;z
13 55 23 44 55 33 44
I7%s I, Uxsic  J05s, T I0s, Uy JSUzs + T, s, Uss
The boundary conditions are:
h I x=1
1 12 13 -
Ux JgUxs;, +J6 Uys+ I Usgs X_O_O
h i x=1 B
66 66 -
Uy J5, Uxs + J5Uys;, o 0 (2.32)
55 55 x=1 _
Uz J7§,Uxs ¥ J5Uzsy g =

For a xed approximation order, the nucleo has to be expandedversus the indexes and
s in order to obtain the governing equations and the boundary onditions of the desired
model.

10
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2.6 Closed Form Analytical Solution

The previous di erential equations are solved via a Navier-ipe solution. Simply supported
beams are, therefore, investigated. The following harmomi displacement eld is adopted:

Ux = Uy cos(x)e'n!

uy = Uy sin(x)e' m! (2.33)

u; = U, sin(x)e'mt
where is: m

= with m2 NnO (2.34)
m represents the half-wave number along the beam axis.i = p_l is the imaginary
unit and t the time. fU; :i = x;y;zg are the maximal amplitudes of the displacement

components. The displacement eld in Egs. [Z.3B) satis es he boundary conditions since:

Uy, (0) = Ux;, (1)=0
uy (0)=uy (D=0 (2.35)
uz; 0)=u; ()=0

Upon substitution of Egs. (Z.33) into Egs. (Z31), the fundamental nucleo of the algebraic
eigensystem is obtained:
U : KS 12MS Ug=0 (2.36)

The components of the algebraic sti ness matrix (K ) and of the inertial one (M %) are:

s _ 2711, 155 66 S = 66 12
K = s+ 3%+ 00sy, Kg = J00s I,
s = 2766, 722 44 S = % 12
Ky = 9+ I0sy ¥ 900, Kyx= 6, JIi0s
s _ 2755, 133 44 S = 55 13
Ky = J% +‘]§z5;z+‘]?y5?y Kax = JS;Z J;Zs (2.37)
KsS= 35 Ji3
XZ ;zS Siz
s — 123 44
Kyz =J T ySiz +J 1283y
s — 123 44
sz‘ J:zs;y+‘]:ysiz
and:
_ k ith i"i = x v
Mijs = 5 Js with i;j = xy;2 (2.38)

For a xed approximation order and m, the eigensystem has to be assembled according to
the summation indexes and s. Its solution yields as many eigenvalues and eigenvectors
(or modes) as the degrees of freedom of the model.

2.7 Numerical Results and Discussion

The proposed formulation has been applied to the free vibrabn analysis of solid and
thin-walled beams and these results have been compared witthree-dimensional FEM

11



2 { Beam's Higher-order Modelling

models. Beams made of the aluminium alloy 7075-T6 are conséded. Mechanical prop-
erties are: Young's modulus equal to 71700 MPa, Poisson's tia equal to 0:3. Solid and
thin-walled cross-sections are considered. For thin-wadld cross-sections, the ratio between
a representative dimension of the cross-sectionaj and the walls' thickness (h) is 20. a
is assumed equal to 210 2 m. The length-to-side ratio is as high as 100 and as low as
5. Slender and deep beams are, therefore, investigated. Glsical (bending and torsional)
and higher modes up to the axial one are investigated. For thesake of brevity the natural
frequency related to the axial mode is not included in tables since this modal shape is
already accurately provided by classical theories. Naturhfrequencies are put into the

following dimensionless form: r

T =10%1a = (2.39)

As far as validation is concerned, results are compared wittlthree-dimensional FEM so-
lutions obtained via the commercial code ANSYS . The quadratic three-dimensional
\Solid95" element is used. A convergence analysis of the tlee-dimensional FEM solution
versus the element sides' lenghtXe; Ye; Ze) is also carried out. Modal shapes are compared
via visualisation. Although the three-dimensional FEM solution and the analytical one
are di erent in nature, some considerations about computatonal time and e ort can be
addressed. For the reference FEM simulations, the computabnal time is as high as about
ve minutes (re ned meshes) and as low as about a minute (coase meshes). In the case
of the proposed analytical solutions, the computational time is less than a second for the
highest considered approximation order N = 15). The same amount of time is required
by a FEM model based on the proposed theories and a very ne més(see Carrera et
al. [30]). As far as the computational e ort is concerned, it should be noticed that the
degrees of freedom (DOF) of the three-dimensional referercsolution are, at least, about
6 10*, whereas in the case of a I?-order analytical model, they are 273.

2.7.1 Square Cross-Section

A square cross-section is considered. Tablés 2.2 [o 2.4 pess the dimensionless natural
frequencies forl=a = 100, ten and ve. Flexural (Mode I, Il) and torsional (Mode | II)
modes are reported. The half-wave numbem is assumed equal to one and two. Results
are compared with three-dimensional FEM solutions where tw di erent meshes (a re ned
and a coarse ones) are used in order to show the convergencetioé solution.

Due to cross-section symmetry, two bending modes are presenBending occurs on
planes rotated by 45 degrees versug-axis, since the cross-section presents the minimum
inertia along those directions. Classical theories resust agree with FEM 3D solution for
the exural modes, with a maximum error rate of 0:05% in the casem = 2. The torsional
mode is not provided by classical theories. The HierarchidaBeam Theories show a good
agreement with the FEM 3D solutions. For the exural mode T~ converges already for
N = 3, while an expansion order higher than 10 is required to hae convergence also
for the torsional mode for the casem = 2. The FEM 3D analysis carried out using a
re ned mesh gives results more accurate only in the case oh = 2, but the time needed to
perform the computation increases noticeably. Deep beam arinvestigated in Tables[2.3

12
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m=1 m=2
Mode I, I Mode Il Mode I, Il Mode Il
™ 107 1 10 1
FEM 3D?2 2:8487 17894 11389 35787
FEM 3DP 2:8487 17894 11391 35788
N 10 28486 17894 11389 35787

N =8;9 2:8486 17894 11389 35788
N=6;7 2:8486 17899 11389 35798
N =45 2:8486 17904 11389 35808
N =3 2:8486 19483 11389 38967
N =2 2:8487 19483 11390 38967
N=1 2:8487 19483 11390 38967
TB 2:8487 ¢ 1:1390

EB 2:8490 1:1395

a: mesh 80 15 15 elements.b. mesh 50 10 10 elements.
c: mode not provided by the theory.

Table 2.2. Dimensionless natural frequency, square cross-seatid=a = 100.

m=1 m=2
Mode I, I Mode Il Mode I, I Mode IlI
- 1 10 ¢ 10 ¢ 10 ¢
FEM 3D% 2:8038 17893 10730 35786
FEM 3DP 2:8038 17894 10731 35786

N =12 2:8039 17893 10730 35786
N =10;11 28039 17894 10730 35786
N=28;9 2:8039 17894 10730 35787
N=6;7 2:8039 17899 10730 35797
N=5 2:8039 17904 10730 35807
N=4 2:8039 17905 10731 35819
N=3 2:8039 19483 10731 38967
N=2 2:8086 19483 10796 38967
TB 2:8081 ¢ 1:0788

EB 2:8374 1:1213

a: mesh 40 20 20 elements.b: mesh 20 10 10 elements.
c: mode not provided by the theory.

Table 2.3. Dimensionless natural frequency, square cross-seatid=a = 10.

13
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m=1 m=2
Mode I, I Mode Il Mode I, Il Mode Il
~ 10 * 10 * 10 * 10 *
FEM 3D?2 1:0730 35786 37362 71563
FEM 3DP 1:0730 35786 37363 71565
10 10730 35786 37362 71563

N=8;9 1:0730 35787 37362 71565
N=7 1:0730 35797 37362 71586
N=6 1:0730 35797 37362 71587
N=5 1:0730 35807 37362 71611
N=4 1:0731 35819 37369 71707
N=3 1:0731 38967 37383 77933
N=2 1:0796 38967 38024 77933
N=1 1:0788 38967 37955 77933
TB 1:0788 ¢ 3:7955

EB 1:1213 4:2848

a: mesh 40 20 20 elements.b. mesh 20 10 10 elements.
¢: mode not provided by the theory.

Table 2.4. Dimensionless natural frequency, square cross-seatid=a = 5.

and [Z4. Table[2Z3 shows results fol=a = 10. Classical theories provide acceptable
results for the exural modes, with a maximum error rate of 4:5% in the casem = 2.
As seen for slender beams, the hierarchical beam theories éigtssed before provide good
agreement with results obtained via the FEM 3D analysis, eva for the torsional mode.
Table 24 is referred tol=a = 5. As expected the frequencies predicted by the proposed
hierarchical beam theories are smaller than those predictkby the classical beam theories.
In fact, as known from mechanical vibrations, natural frequencies decrease as the sti ness
of a structure decreases. Furthermore, the di erence betwae the frequencies of classical
theories and the hierarchical beam theories decreases asetlvalue of |=a increases, with
respect of the exural mode. Then it can be notice that the classical theories can be
accepted only for slender beams. The natural frequencies @énease when the value of=a
is reduced, by virtue of the fact that the longer beam is lessigid. Moreover the natural
frequencies increase as the half-wave numben along the beam axis increases.

2.7.2 Box Cross-Section

A beam with a box cross-section is considered, as shown in Fig.l. The half-wave num-
ber m is assumed equal to one. Several modes have been identi ed.i &ent behaviors
between slender and deep beams can be observed. Talle]2.5 qaets the natural di-
mensionless frequency in the case dfa = 100. Since the cross-section of the beam is
symmetric two exural modes are present, indicated as Mode | II. Torsion is addressed as

14
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Figure 2.1. Box-beam cross-section geometry.

Mode Ill. Modes | and Il lay on planes rotated by 45 respect to the cross-section axes.
Two three-dimensional FEM solutions are provided, in orderto present a convergence
analysis. For the exural modes the hierarchical beam theoies match the FEM solution

Mode I, Il Mode Il

N 107 1
FEM 3D2  3:8311 17067
FEM 3DP  3:8311 17078

N=14 3:8313 17214
N =12 3:8313 17229
N =10 3:8313 17311
N=8 3:8313 17326
N=6 3:8314 17387
N=4 3:8315 17703
N=2 3:8321 19483
TB 3:8321 £

EB 3:8328 -

a: mesh 200 40 40 elements.
b. mesh 100 20 20 elements.
c: mode not provided by the theory.

Table 2.5. Dimensionless natural frequency, box cross-sectiofra = 100.

15



2 { Beam's Higher-order Modelling

with an expansion order as low as 4. The natural frequency relted to the torsional mode

Mode I,II Mode Il Mode IV Mode V

i 1 10 1 10 1 10 1
FEM 3D?2 3:6483 10028 16585 16980
FEM 3DP 3:6488 10139 16594 16991

N =15 3:6544 11399 16625 17133
N =13 3:6560 12463 16666 17150
N=11 3:6583 12546 16700 17239
N=9 3:6616 15908 16921 17260
N=7 3:6672 21342 17067 17361
N=6 3:6708 £ 2:1612 17385
N=5 3:6720 - 23703 17702
N=4 3:6823 - - 17705
N=2 3:7362 - - 19483
TB 3:7353 - - -

EB 3:8048 - - -

a: mesh 80 40 40 elements.
b: mesh 40 20 20 elements.
¢: mode not provided by the theory.

Table 2.6. Dimensionless natural frequency, box cross-sectiofra = 10.

converges more slowly and a higher order of expansion is reiged in order to minimize
the error, which is less than 1% forN = 14. Classical theories yield good results for the
exural modes, di ering the values from the FEM solution only in the fourth signi cant
digit. Torsional mode is not provided by classical theories The casel=a = 10 is presented
in Table 2.6, where values for the rst ve dimensionless naural frequencies are presented.
Modes | and Il refer also in this case to symmetric exural moces rotated by 45 . Mode
I1l is a shear mode on planeyz, as shown in Fig.[Z2. Fig.[ZBshows Mode IV, charac-
terised by bending on di erent sense for two contiguous side®f the cross-section. Mode
V correspond to torsion. The highest expansion order is regued for modes Ill, IV and V
in order to achieve a good convergence with the FEM solution However, the shear mode
di ers from the FEM solution by about 14% even when N = 15. This problem could
be solved by using a local approach. It should be noted that folow expansion orders
not all the modal shapes are obtained. In particular, for Moce Il an expansion order
equal to seven is necessary. This explains the error rate obsred before. Higher modes
are not provided by medium-low order theories, then higher alues of N are required to
match the FEM results. Classical theories are not suitable vmen I=a = 10 because only
the two exural modes are provided. The corresponding valus of the frequencies are in
accordance with the FEM solution, being the error about 4%. Table [Z1 presents the
dimensionless natural frequencies for a deep beant=@ = 5). The rst eight values of T~

16



17

2 { Beam's Higher-order Modelling

> o .TO
- ~LC <= O
=% 8o
nwymg
] o] S S BANS AL AR
H.mwee
— ®© g >
» 0 =
s>28§55
) ,%C%
M/V.\w.Bo
2
- QO @
LT Q4
MWam.m
; =4 >
R _ oo
A o Sﬂmn%
— 2S5 @
= .mmven
P 29 E g
g T30
o o 0N = i
s Q200 o
=257 377
- 5m val mmm“
= N as o W
@ S = c e
() eoeuo LI
M v Q> ¢
@ 220 g
0]
vlarOX
N S0 ?
- <)
P =25 . E
2 = c o =
S - £ O = i
2 c © O x
- @©
LL aSMgm
IW(_IH 1
S o
%Vn%m
c2og”
Opﬂa%\ms
= 0 cSLl g 3
£ 2%F o <
- - ¥ -9
Q€ g9
rld = o
9o2So
Do+w 4 O
L2285
C O @ 0 <

Box beam, Mode 1V, |=a = 10.

Figure 2.3.



2 { Beam's Higher-order Modelling

Mode I,Il Mode Il Mode IV Mode V Mode VI, VIl Mode VIII
~ 10 1 10 1 10 1 10 1 10 1 10 1
FEM 3D?2 1:2487 13043 17032 33320 34390 38525
FEM 3DP 1:2503 13123 17044 33348 34630 39189
N =15 1:2673 14065 17152 33669 37586 47429
N =13 1:2727 14914 17302 33716 38908 48897
N =11 1:2798 14983 17333 33956 41046 57512
N=9 1:2898 17844 18052 34038 44573 58295
N=38 1:2952 22817 18075 34349 45126 <
N=7 1:3080 22829 18443 34558 - -
N=5 1:3189 51352 29848 35393 - -
N=4 1:3309 - - 35422 - -
N=2 1:3969 - - 38967 - -
B 1:3957 - - - - -
EB 1:4894 - - - - -

a: mesh 80 40 40 elements.
b: mesh 40 20 20 elements.

¢: mode not provided by the theory.

Table 2.7. Dimensionless natural frequency, box cross-sectiotra = 5.

Figure 2.4. Box beam, Mode VI and VII, I=a= 5.

agreement with the FEM solution. The maximum error, about 20%, is found for Mode
VIII. This modal shape is provided only for high expansion oders (N

18
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Figure 2.5. Box beam, Mode VIII, I=a=5.

that are provided already from N = 2 are the exural modes (I and II) and the torsion
(V). The others modal shapes are detected at higheN . For instance, N =5 is necessary
to identify modes Ill and IV, whereas N = 8 is the minimum expansion order that yields
Modes VI and VII. Classical theories are not applicable becase only two modes (I, 1)
are provided.

2.7.3 | Cross-Section

| Q3 | A
7
Y a
X
QZ
a/20+
Lo! | v

A
Y

Figure 2.6. I-shaped cross-section geometry.
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A beam with I-shaped cross-section is investigated (see Fi@.g).

Table [Z8 presents the rst three dimensionless natural frguency for a slender beam
(I=a = 100), considering a half-wave numberm =1 and m = 2. It is possible to identify a

m=1 m=2
Mode | Modell Mode lll Mode | Modell Mode lll
r 107 107 10 10° 10 10

FEM 3D2 2:3671 41451 11915 94639 16538 25143
FEM 3DP 2:3671 41451 11934 94646 16539 25178
N =15 2:3670 41452 13134 94641 16540 27446
N=12 2:3671 41453 13780 94642 16540 28680
N =10 2:3671 41453 14725 94643 16541 30491
N=8 2:3671 41454 18149 94644 16542 37122

N=7 2:3671 41454 31243 94644 16542 62883
N=4 2:3671 41458 33051 94653 16548 66508
N=3 2:3671 41458 16774 94653 16548 33548
N=2 2:3672 41474 16774 94658 16574 33550
B 2:3671 41474 £ 9:4657 16574 -
EB 2:3673 41483 - 94641 16540 -

a: mesh 200 40 40 elements.
b. mesh 100 20 40 elements.
¢: mode not provided by the theory.

Table 2.8. Dimensionless natural frequency, I-shaped cross-g&am, |=a = 100.

exural mode on the xy plane, bending on thexz plane, and a torsional mode. They are
referred to in Table as Mode I, Il and Ill, respectively. Fift eenth-order model matches the
FEM solution except for the torsional mode, where the error 8 around 10%. This value is
however acceptable if compared with lower-order theory sut as seventh-order, where the
error overcomes 150%. Classical theories do not provide Medlll. Modes | agrees with
FEM solution already for N = 3, in the case ofm = 1.

Table 2.9 refers to a deep beam. Only the casen = 1 is reported. The rst six values
of the dimensionless natural frequency are presented. Modestands for a exural mode
on planexy, whereas Mode Il refers to a exural mode on planexz. Between these two
modes is found the torsional mode (Il). Higher modes, due tolte fact that beams with
thin-walled cross-sections present a “plate' behaviour leally, are also found. Modes IV,
V and VI are shown in Figs.[Z14,[Z8 and_Z.B, respectively.  Angansion order up to
fteen is used. Results match the FEM solution for the exural modes and the torsional
one. Local modes are found for higher expansion orders and &ast N = 11 is required
to detect mode VI. Mode IV and V appear from N =4 and N = 6, respectively, but low
expansion orders are not accurate. Tabl€—2.10 refers to theasel=a = 5. Mode | and IV
correspond to a exural mode respect to the planexy, with di erent symmetries of the

20



2 { Beam's Higher-order Modelling

Mode | Mode ll Mode Il Mode IV Mode V Mode VI
FEM 3D& 2:3277 25626 38133 72068 13179 21843
FEM 3DP 2:3278 25633 38138 72230 13263 21957

N =15 2:3292 26093 38275 76793 15355 25236
N =13 2:3295 26382 38305 78576 16135 26179
N=11 2:3301 26811 38355 81270 17669 27787
N =10 2:3312 26812 38390 82092 19696 £
N=7 2:3334 37276 38531 96172 23787 -
N=6 2:3360 37711 38648 10661 70623 -
N=5 2:3372 39052 38653 21908 - -
N=4 2:3415 39067 38856 24367 - -
N=3 2:3416 16780 38867 - - -
N=2 2:3446 16808 40262 - - -
TB 2:3436 - 40257 - - -
EB 2:3607 - 41129 - - -

a: mesh 80 40 40 elements.
b: mesh 40 20 40 elements.
¢: mode not provided by the theory.

Table 2.9. Dimensionless natural frequency, I-shaped cross-gem, |=a = 10.

ns, as shown in Figs.[Z10 and 2.T]l. Between these two modahapes the torsional mode
(I) and the exural mode respect to the plane xz (Mode Ill, see Fig. [Z12) are found.

Figure 2.7. I-shaped cross-section beam, Mode IM=a = 10.
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Figure 2.9. I-shaped cross-section beam, Mode Vlza = 10.
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Mode | Mode Il Mode Il Mode IV Mode V
FEM 3D2 7:5865 85485 93928 11939 14575
FEM 3DP 7:5977 85596 94017 11952 14646
N =15 7:9297 87744 96487 12308 16514
N =13 8:0482 88484 97658 12393 17245
N =11 8:1934 89472 99520 12531 18705

N=9 8:4642 91832 10422 12752 20843
N=7 8:7776 10209 11754 12958 25757
N=6 8:9600 10285 14747 13074 £
N=4 9:0737 10447 32061 13322 -
N=3 9:0792 33599 - 13362 -
N=2 9:1235 33812 - 14903 -
TB 9:1098 - - 14897 -
EB 9:3635 - - 16043 -

a: mesh 80 40 40 elements.
b: mesh 40 20 40 elements.
¢: mode not provided by the theory.

Table 2.10. Dimensionless natural frequency, I-shaped crosset®mn, |=a = 5.

The fhth frequency (Mode V) is associated with the higher mode shown in Fig.[ZT3.
The same considerations done fol=a = 10 are valid also in this case. Classical theories
provide only modes | and IV.
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2.7.4 C Cross-Section

Q3 | A
Z
A
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X
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Figure 2.14. C-shaped cross-section geometry.

A free vibration analysis of slender and deep beams with C-skped cross-section is
carried out (see Fig.[2Z14). Forl=a =100, Tab. 2711, three modal shapes are present: two
exural modes on planexy (Mode |) and xz (Mode Il) and a torsional mode (Ill). For the
rst mode an expansion orderN = 4 matches already the FEM solution. For modes Il and
[1l, a higher expansion order is required in order to match the FEM solution. N = 14 gives
a relative error around 1% for the second exural mode and arand 3% for the torsional
mode.

Up to seven values ofi™ can be retrieved whenl=a = 10, Tab. .12l Mode | corresponds
to a bending on planexz, whereas Mode Il stand for a exural mode on planexy. In
Fig. 213 the third modal shape is presented. The torsional made is addressed as Mode
IV. Other two modal shapes (V and VI) are found, related to a local behaviour of the
beam's faces. These are shown in Fif. 2116 afd 2]17, respeety. An expansion order
up to N = 6 is necessary to identify them, whereasN = 4 provides Mode Il only. Since
the beam is deep a high expansion order is required, in partidar when higher modes are
taken into account. Figs.[2.18[2.19 and2.20 show the behawir of T respect toN in the
case ofl=a = 5. Modes I, Ill and VI are found for N 5 and correspond to a exural
mode on planexz (see Fig.[2.21), a shear mode (see Fig._2]22) and a local modseé
Fig. Z23). Modes Il, IV and V are found already for N = 2 and correspond to bending
on planexz (see Fig.[224#), a bending on planey and to the torsional mode. Other two
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Mode | Mode Il Mode IlI
T~ 107 107 10

FEM 3D2 3:2098 36048 12469
FEM 3DP 3:2098 36066 12485
N=14 3:2098 36466 12857
N=11 3:2098 36861 13286
N=9 3:2098 37695 14421
N=7 3:2098 39056 17488
N=6 3:2098 40340 24709
N=4 3:2098 41026 38367
N=3 3:2099 41446 16110
N=2 3:2100 41474 18860
TB 3:2101 41474 £
EB 3:2105 41483 -

a: mesh 200 40 40 elements.
b. mesh 100 20 20 elements.

c: mode not provided by the theory.

Table 2.11. Dimensionless natural frequency, C-shaped crossetien, I=a = 100.

Mode |

Mode Il  Mode llI

Mode IV

Mode V' Mode VI

FEM 3D2 14328
FEM 3DP 1:4339
N = 14 1:4500
N =12 1:4577
1:4866
1:5163
1:8337
2:2074
2:3205
3:7922
4:0234
4:0257
4:1129

1
=
o

I
N Wk OO ©

HzZzzzzz2z=222

m
w W

30814 34639
30828 34813
30940 36994
30967 37704
31014 39789
31098 44073
31150 52359
31252 17940
31273 22289

31326
31490
31524
31940

66624 17554
66629 78192
66646 85880
66652 90209
66672 95124
66724 11273
67889 15947
70154 £

71906 -

16320 -
18867 -

22717
22741
22869
22924
23077
23307
28907

a: mesh 80 40 40 elements.
b: mesh 40 20 20 elements.
¢: mode not provided by the theory.

Table 2.12. Dimensionless natural frequency, C-shaped crossesien, |=a = 10.
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These modes are shown in

8

higher modes are found when the expansion order ibl

All curves show

Figs.[Z29 andZ.Z6 and are indicated as Mode VII and VIII, repectively.

a decreasing trend as the expansion order increase since thggher the number of degree
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Figure 2.17. C-shaped cross-section beam, Mode Vlra = 10.
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Figure 2.18. Frequency convergence versi, Mode |, Il and VI, C-shaped

of freedom in the model, the lower is the sti ness of the structre. Convergence depends
on the considered mode. The maximum error respect to the FEM alution is achieved for
mode VIII. The axial mode is not reported in the graphics sin it is already outlined by
lower expansion orders.
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Figure 2.19. Frequency convergence versi, Mode I, IV and V, C-shaped
cross-section beam|=a = 5.
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Figure 2.20. Frequency convergence versull, Mode VII and VIII, C-
shaped cross-section beani=a = 5.
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Figure 2.23. C-shaped cross-section beam, Mode Viza = 5.

Figure 2.24. C-shaped cross-section beam, Mode lika = 5.
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2.8 Conclusions

A uni ed formulation (UF) has been proposed in the previous part and some application

to the free vibration analysis of solid and thin-walled beamstructures have been presented.
Via this approach, higher-order models that account for shar deformations, in- and out-
of-plane warping can be formulated straightforwardly. Classical models, such as Euler-
Bernoulli's and Timoshenko's, are regarded as particular ases. A closed form, Navier-type
solution has been addressed. Thin-walled beams with sevdreross-sections (box, I-shaped
and C-shaped) have been investigated. Three-dimensionalEM solutions obtained via the
commercial code ANSYS have been considered as reference solutions. On the basis of
the presented results, the following conclusions can be dven:

the proposed formulation allows obtaining results as accuate as desired through
an appropriate choice of the approximation order. Results 6 one-dimensional CUF
models match the three-dimensional FEM solution.

The description of warping does not require any speci ¢ warfng-function within
CUF. It derives from the formulation itself.

No local reference coordinates for the cross-section have be de ned.
Classical models are not applicable, except for exural mods of slender beams.

Mechanics due to torsional modes as well as local modes is neodi cult to describe
accurately. Higher approximation order than for the exural modes are required.

The e ciency of the models is very high since the computational cost is few seconds
for the highest order model considered, whereas the threekiensional nite element
models require about 10 minutes.
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Chapter 3

Functionally Graded Materials

3.1 Introduction

Functionally graded materials (FGM) are a particular kind o f composite materials, char-
acterised by the continuous variation of the properties of heir components, in order to
accomplish speci ¢ functions. The mechanical and thermal esponse of materials with
spacial gradients in composition and micro-structure is nwadays of considerable interest
in several technological elds. The use of structures maderbm functionally graded mate-

rials is increasing because a smooth variation of material fpperties along some preferred
direction, provides continuous stress distribution in the FGM structures. An overview on

functionally graded materials, fabrication processes, aa of application and some recent
research studies is presented in the work of Mahamood et al68]. FGM structures can

be studied assuming that the material properties, such as Yong's modulus, poisson ratio
and density, vary through the directions of the structures according to several gradation
laws.

3.2 FGMs Laws

In literature we nd various gradation laws, proposed to study structures made of FGM,

whose parameters may be varied to obtain di erent distributions of the component mate-

rials through the dimensions of the structure. One of the mos exploited gradation laws

was adopted by Praveen and Reddy([88] and is based on a powemlaistribution. For

plates it reads:

2z+h "
2h

Z is the thickness coordinate andh is the total thickness of the plate. P stands for the
generic material property, subscriptsc and m refer to the ceramic component and the
metallic component, respectively. n is the volume fraction exponent (( 0). When n is
equal to 0 we have a fully ceramic plate. The above power law asimption re ects a simple
rule of mixtures that allows to obtain the e ective propertie s of a ceramic-metal plate.
The previous power law distribution is found also in severalworks [44,[64, 83/ 108], 126,

P(z)=(Pc Pm) + Pm (3.1)
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9, 33,[63,[57/ 54, 71]. Qian et al[96] and Ganapathi [49] evated the e ective material
moduli by using the Mori-Tanaka homogenization technique [F5].

K Kp 3Ke Km)

— M -y 1+(1 V)& M/

Ke Km ¢ ( C)3Km+4Gm

G Gp (Gc Gm)

— "M - 1+(1  V)— —M7 3.2

GC Gm C ( C) Gm+f1 ( )
Gm(9Km +8Gn)

f]_:
6(Km"'ZGm)

K and G are the bulk modulus and the shear modulus, wherea¥ is volume-fraction of
phase material. It should be mentioned that in [33], an expoential gradation law is also
applied:

1 Pm

P(z)=(Pmexp( (1 2z=h)); = =log

509 5 (3.3)

3.3 Free vibration analysis of Functionally Graded Beams:
Overview

Free Vibration and modal analysis of beams represents an ietresting and important re-
search topic. A brief overview of recent works about the freevibration of functionally
graded beams is reported below. Fundamental frequency angis of functionally graded
(FG) beams with several boundary conditions have been caread out by Simsek [110D] using
classical, rst order and various higher order shear deformation beam theories. Kapuria
et al. [58] validated through experiments the static and free vibration response of layered
functionally graded beams. A third order zigzag theory basd model in conjunction with
the modi ed rule of mixtures (MROM) for e ective modulus of el asticity has been consid-
ered. Timoshenko beam theory is adopted by Xiang and Yand [18] for the study of free
and forced vibration of laminated functionally graded beam of variable thickness under
thermally induced initial stresses. Aydogdu and Taskin [8]investigated free vibration of
simply supported FG beam by di erent higher order shear defomation and classical beam
theories. Young's modulus of beam varies in the thickness déction according to power
and exponential law. Static and dynamic behaviour of functonally graded Timoshenko
and Euler-Bernoulli beams is investigated by Li [63] adoptng a uni ed approach. [111]
A new rst-order shear deformation beam theory is used by Sima et al. [I11] to analyse
free vibration of functionally graded beams. The equationsof motion are derived using
Hamilton's principle. Di erent boundary conditions are con sidered. FG beam properties
are assumed to be according to a simple power law function ofne volume fractions of
the beam material constituents. The free vibration analyss of FG beams is investigated
using numerical nite element method in the work of Alshorbagy et al. [2]. Material
graduation in axially and transversally through the thickn ess based on a power law is
considered. The system of equations of motion is derived bysing the principle of vir-
tual work under the assumptions of the Euler-Bernoulli beamtheory. Mur An et al. [[/7]
consider linear beam theory to establishing the equilibriutm and kinematic equations of
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multi-layered FGM sandwich beams. The shear force deformabn e ect and the e ect of
consistent mass distribution and mass inertia moment have ben taken into account. Nu-
merical experiments were performed to calculate the eigerdquencies and corresponding
eigenmodes. The solution results are compared with those ¢dined using a commercial
nite element model (FEM) code. A free vibration analysis of FGM beams via hierarchical
models is presented in the following. The Uni ed Formulation (UF) that has been previ-
ously presented (Chaptel2) is extended to functionally graled beams. Material gradation
is considered through a power law function of either one or tw cross-section coordinates.
The proposed models are validated through comparison with iree-dimensional FEM so-
lutions. Numerical results show that very accurate resultscan be obtained with small
computational costs.

3.4 Constitutive equations for FG beams

In the case of isotropic FGMs, the matrices' coe cients Cpp, Cpn, Cnp and Cp, of the
constitutive equations (2.9) take into account the variation of the coe cients Cj as follow:

1

C11=C22=C33=(1+ a 2)E C12=C13=C23=(1+ a Z)E
1 (3.4)
Ca4= Cs5= Cpp = mE

being Young's modulus E) and Poisson's ratio ( ) function of the position above the
cross-section. The generic material propertyf is assumed to vary versusy or/fand z
coordinate according to a power law distribution:

f=(f1 f)(yy+ PV ( 22+ ) +1s (3.5)

This gradation law is obtained through the assumption of a paver gradation law of the
volume fraction of two constituent materials and the rule of mixtures, see Reddy[[88] and
Chakraborty et al. [33].

3.5 Numerical Results and Discussion

FGMs beams made of alumina and steel are considered. The meafical properties of
alumina are: E; =3:9 10° MPa, 1 =0:25, ;1 =3:96 10° kg/m 2. In the case of steel, the
following mechanical properties are usedE, = 2:1 1°P MPa, ,=0:31, ,=7:80 10°
kg/m3. E, and vary along either y-axis or both y and z directions accordingto the
power gradation law. Unless di erently stated, a linear variation is considered in Eq[3.5b.
Square cross-sections are considered. The sides of the @@&ction area= b=0:1m. The
length-to-side ratio I=a is equal 100, ten and ve. Slender and deep beams are, thereé
investigated. The half-wave numberm in Eq. 234 is assumed equal to one. Flexural,
torsional and axial free vibration modes are investigated.Natural frequencies are put into
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the following dimensionless form:
r

r=10%1a (3.6)

2
E>
As far as validation is concerned, results (in terms of both mtural frequencies and modes)
are compared with three-dimensional FEM solutions obtainé via the commercial code
ANSYSR®, see ANSYS theory manual [[5], Madenci and Guven[[68] and Basdro [10].
The three-dimensional quadratic element \Solid95" is used Each element is considered as
homogeneous by referring to the material properties at its entre point. The accuracy of the
three-dimensional FEM solution depends upon both the FEM numerical approximation
and the approximation of the gradation law. In order to present the convergence of the
three-dimensional reference solution, for each case thra# erent meshes are considered.
Acronym FEM 3D?2 stand for a three-dimensional FEM model with 40 elements alog
the axial direction and 30 elements along y and z directionsCoarser solutions FEM 30°
(30 20 20 elements) and FEM 30 (20 10 10 elements) are also considered. Although
the three-dimensional FEM solution and the analytical one ae di erent in nature, some
considerations about computational time and e ort can be addessed. For the reference
FEM simulations, the computational time is as high as about two hour (re ned mesh) and
as low as about a minute (coarsest mesh). In the case of the pposed analytical solutions,
the computational time is less than a second regardless theoasidered approximation
order.

3.5.1 Material gradation along a cross-section direction

In this rst example, material properties are supposed to vay along the y-axis only.
Tables [31 to[3.3 present the dimensionless natural naturafrequencies forl=a = 100,
ten and ve. Mode | and Il are two exural modes on planes xz and xy, respectively.
Mode lll is a torsional mode and Mode IV is an axial one. Re nedand coarsest three-
dimensional solutions di er by less than about 01%. Increasing the number of degrees of
freedom, the frequencies decrease since a less sti modeldensidered. Considering ve
signi cant digits, the considered natural frequencies corerge for an expansion order equal
to eight in the case of slender beams and ten fol=a  10. Convergence is determined
by the torsional mode, higher-order terms are required to acurately describe the in-plane
cross-section warping. Torsional natural frequencies coputed via a second- and a third-
order theory di er from the FEM 3D 2 solution by about 9%. In the case ofN =4, the
di erence reduces to about 01%. Converged results di er from FEM 3D? solution by the
last signi cant digit only. Classical models account for a gi cross-section in its plane
and, therefore, no torsional mode is present. EB yields veryaccurate exural natural
frequencies in the case of slender beams, whereas they di ey labout 4:5% from the FEM
reference solution in the case of=a = 5.

3.5.2 Material gradation along both cross-section directi ons

Changes in properties along both y and z directions are condered. Fig.[3.1 shows the
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Mode II  Mode 11> Mode 111°® Mode V4
T 107 107 1 1
FEM 3D2 3:8627 39217 24860 43247
FEM 3D  3:8635 39223 24860 43247
FEM 3D¢  3:8665 39244 24858 43247

N 8 38623 39214 24861 43247
N =6;7 3:8623 39214 24868 43247
N =5 3:8623 39214 24876 43247
N =4 3:8624 39214 24877 43247
N =3 3:8624 39214 27011 43247
N=2 3:8639 39235 27080 43247
TB 3:8622 39215 4:3239
EB 3:8626 39219 4:3248

1: Flexural mode on plane xz. 2: Flexural mode on plane xy.
3: Torsional mode. 4: axial mode.

Table 3.1. Dimensionless natural frequencies:(y), (y), (y), I=a=100, n; =1.

Mode II  Mode 11> Mode 111® Mode V4
N 1 1 10 1 10 1

FEM 3D2 3:8027 38568 24872 43163
FEM 3DP  3:8029 38568 24872 43163
FEM 3D¢  3:8038 38569 24870 43163
10 38026 38568 24873 43163
38026 38568 24874 43163
38026 38568 24881 43163
3:8026 38568 24889 43163
3:8027 38569 24892 43163
3:8027 38574 27023 43163
3:8099 38656 27091 43174
3:8076 38663 4:3203
3:8455 39060 4:3271

1: Flexural mode on plane xz. 2: Flexural mode on plane xy.
3: Torsional mode. 4: axial mode.

I
~N ©

mdzzzzz222
Il
N WA OO

o W

Table 3.2. Dimensionless natural frequencies: (y), (y), (y), I=a=10, ny =1.

39



3 { Functionally Graded Materials

Mode I Mode 112 Mode I1I® Mode V4
r 10 1 10 1 10 1 10 1
FEM 3D2 14563 14726 49822 85820
FEM 3DP  1:4563 14726 49822 85821
FEM 3D¢  1:4566 14727 49816 85826

N 10 14562 14725 49824 85819
N =8;9 14562 14725 49825 85819
N =7 1:4562 14725 49839 85819
N =6 1:4562 14725 49840 85819
N =5 1:4562 14726 49856 85819
N=4 1:4563 14726 49873 85819
N =3 1:4564 14735 54117 85822
N=2 1:4648 14827 54251 85912
B 1:4633 14861 8:6192
EB 1:5179 15436 8:6680

1: Flexural mode on plane xz. 2: Flexural mode on plane xy.
3: Torsional mode. 4: axial mode.

Table 3.3. Dimensionless natural frequencies: (y), (y), (y), I=a=5, ny =1.
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Figure 3.1. Material gradation law.

variation of the Young modulus. Due to the material gradation law, the cross-section is
less sti and heavier than the case of variation along one diection only. Lower natural
frequencies are, therefore, expected. Results are presedtin Tables[3.4 to[3.6 for slender
up to deep beams. Due to the material gradation law, cross-&tion axes of symmetry y'
and z' are identi ed by a anti clock wise rotation of =4 around the positive direction of
x-axis. Mode | and Il are two exural modes on planes xz' and xy, respectively. Mode Il
is a torsional mode and Mode IV is an axial one. The same commé&imade in the case
of Tables [3] to[3.3, are also valid in this case. Figurds_3.2nd [3.3 show the e ect of the
power law exponentsn; and n, on the modal frequencies seen before. The power law
exponent plays an important role on the modal frequencies ofhe FGM beam. For seek of
brevity only the case of gradation along both cross-sectiordirections is reported, since a
similar behaviour is found considering variation of the matrial along only a cross-section
coordinate. For all the mode analysed is evident that an incease in the value of the power
law exponent leads to a decrease in the values of the frequéas The highest frequency
values are obtained for a beam that is almost fully ceramic ii; = n, = 0:1), while the
lowest frequency values are obtained for almost fully metdic beam (n1 = n, = 10). This
is due to the fact that an increase in the value of the power lawexponent results in a
decrease in the value of elasticity modulus and the value of énding rigidity.
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Mode I Mode 112 Mode 1113  Mode IV4

I 107 107 1 1
FEM 3D2  3:2532 34149 21047 36968
FEM 3DP  3:2535 34155 21047 36968
FEM 3D¢  3:2567 34165 21047 36968
N 8 32520 34153 21048 36968
N=6:7 32520 34153 21054 36968
N =4:5 32520 34154 21061 36968
N =3 3:2522 34155 22875 36968
N =2 3:2526 34168 22906 36970
TB 3:2521 34153 3:6960
EB 3:2524 34157 3:6968

1: Flexural mode on plane xz'. 2: Flexural mode on plane xy'.
3: Torsional mode. 4: axial mode.

Table 3.4. Dimensionless natural frequencies= (y;z), (Y;2z), (y;z), I=a=100,n; = ny =1.

Mode I Mode 112 Mode 1113  Mode IV4

N 1 1 10 1 10 1
FEM 3D2 3:2021 33596 21053 36916
FEM 3DP  3:2024 33595 21053 36916
FEM 3D¢  3:2039 33586 21052 36916
N 8 32019 33597 21053 36916
N=6:7 32019 33597 21059 36916
N=5 3:2019 33597 21066 36916
N =4 3:2019 33598 21068 36916
N =3 3:2023 33599 22880 36916
N =2 3:2077 33667 22911 36924
B 3:2072 33654 3:6944
EB 3:2386 34018 3:6978

1: Flexural mode on plane xz'. 2: Flexural mode on plane xy'.
3: Torsional mode. 4: axial mode.

Table 3.5. Dimensionless natural frequencies: (y;z), (Yy;2z), (y;z), l=a=10, ny = n, =1.
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Figure 3.2. Variation of the modal frequencies with power law exponets n; and n,
I=a=100, E(y;2), (y;2)., (¥;2).
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Figure 3.3. Variation of the modal frequencies with

l=a=5, E(y;2), (V;2), (v;2).
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Mode I Mode 11 Mode I1I° Mode IV?

r 10 1 10 1 10 1 10 1
FEM 3D2 1:2263 12837 42135 73520
FEM 3DP  1:2264 12837 42135 73520
FEM 3D¢  1:2269 12833 42135 73523
N 10 12262 12838 42136 73519
N =8:9 1:2262 12838 42137 73519
N=6:7 1:2262 12838 42149 73519
N =5 1:2262 12838 42163 73519
N =4 1:2263 12839 42178 73520
N =3 1:2267 12840 45790 73522
N =2 1:2338 12920 45850 73571
TB 1:2338 12917 7:3792
EB 1:2791 13442 7:4018

1: Flexural mode on plane xz'. 2: Flexural mode on plane xy'.
3: Torsional mode. 4: axial mode.

Table 3.6. Dimensionless natural frequencies: (y;z), (Y;2), (y;z),|1=a=5, ny = ny=1.

3.6 Conclusions

A uni ed formulation of one-dimensional beam models has bee proposed for the free vi-
bration analysis of functionally graded beams. Via this appoach, higher order models that
account for shear deformations, in- and out-of-plane warpig can be formulated straight-
forwardly. Classical models, such as Euler-Bernoulli's ad Timoshenko's, are regarded as
particular cases. A closed form, Navier-type solution has ben addressed. Material proper-
ties (Young's modulus, Poisson's ratio and density) have ben supposed to vary above the
cross-section according to a power gradation law. Flexuraltorsional and axial frequencies
and mode shapes have been investigated. Results have beeridated through compar-
ison with three-dimensional FEM solutions obtained via the commercial code ANSYS.
On the basis of the presented results, it can be concluded thighe proposed formulation
allows obtaining results as accurate as desired through anpgpropriate choice of the ap-
proximation order, results of one-dimensional CUF models ratch the three-dimensional
FEM solutions. The description of warping does not require ay speci ¢ warping-function
within the proposed formulation. It derives from the formul ation itself. The e ciency of
the proposed models is very high since the computational tira is less than a second for
the highest considered approximation order, whereas the ttee-dimensional FEM solution
can require hours.
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Chapter 4

Thermo-mechanical analysis of
orthotropic and FG beams

4.1 Introduction

Many typical aeronautical and space structures concern baa-like structures that must op-
erate in severe temperature environment. Hence the interésn detailed thermo-mechanical
analyses that allow to understand the behaviour of beams sujlected to various conditions
of thermal loads. Furthermore, the materials with which these structures are made, must
be capable of withstanding high temperatures. Functionaly graded materials are high-
temperature resistant materials, therefore, in the folloning, the thermal problem will be
dealt by referring to these materials. In literature we nd several works on the thermo-
mechanical problem, dealing with isotropic, composite andgm beams. Various application
of the theory of thermoelasticity can be found in the book of Hetnarski and Eslami [52].
In particular, the thermal stress analysis of beams based oculer-Bernoulli assumptions
was presented. Beams made of functionally graded materialwere also investigated. The
thermo-elastic stress analysis of multilayered beams wasacried out by Carpinteri and
Poggi in [16]. Analytical solution were given under the Eule-Bernoulli hypotheses, when
rigid interfaces between the layers were taken into account Functionally graded materi-
als were also investigated, considering a linear variatiorof material properties along the
beam's thickness. A nite element semi-discretisation forcomposite beams was presented
by Ghiringhelli [50]. The temperature distribution within the beam cross-section was
computed by a two-dimensional nite element procedure. Thestructural thermo-elastic
problem was discussed and comparison with three-dimensiah nite element analysis were
presented. Beams with variable thickness and subjected tohermo-mechanical loads were
investigated in the work of Xu and Zhou [129]. The non-lineartemperature pro le along
the beam's thickness was computed solving the heat conduain equation. Results were
compared with those obtained from the commercial nite elenent software ANSYS. A
three-noded thermomechanical beam nire element for the aalysis of laminated beam
was derived by Vidal and Polit [120]. Kapuria et al. |[59] preated a higher order zigzag
theory for thermal stress analysis of laminated beams undethermal loads. The thermal
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eld is approximated as piecewise linear across the thickngs. The governing equations
are derived using the principle of virtual work and Fourier series solutions are obtained
for simply-supported beams. Tanigawa et al.[[I14] considethe transient thermal stress
analysis of a laminated beam. The heat conduction problem isreated as one-dimensional
in the thickness direction. The thermal stress distributions was obtained using the ele-
mentary beam theory and Airy's thermal stress function method. Sayman [107] studied
the elasto-plastic thermal behavior of steel ber-reinforced aluminium metal-matrix com-
posite beams. Linear variation of the temperature is taken ito account. The problem
of thermal stresses in FGMs was addressed by Noda[82]. The tmal gradation pro les
to decrease the thermal stresses in FGMs were discussed. Tiigermoelastic behaviour
of functionally graded beams was also studied by Chakraboyt et al. [33]. A beam nite
element based on Thimoshenko's theory was developed, acating for an exponential and
a power law through-the-thickness variation of elastic andthermal properties. A meshless
method for thermo-elastic analysis of functionally gradedmaterials combined with radial
basis functions was presented by Wang and Qin[124]. Mahi etla[7/Q] studied the free
vibration of FGM beams subjected to initial thermal stress. Exact solutions based on sev-
eral shear deformation theories were presented considegrdi erent boundary conditions.
The temperature pro le was computed solving a one-dimensinal steady-state heat con-
duction equation. Thermal buckling and thermo-elastic vibration analysis of FGM beams
were carried out by Wattanasakulpong et al. [125] by means o# third-order shear defor-
mation theory. Material properties were considered to depadent on the temperature via
a non-linear polynomial law [117]. The thermal response of thotropic laminated plates
was investigated by Carrera[[20], through the comparison biveen theories formulated on
the basis of the principle of virtual displacements (PVD) and mixed theories based on the
Reissner's mixed variational theorem (RMVT). The e ect of th e through-the-thickness
temperature pro le on the accuracy of classical and advancg plate theories was studied
by Carrera in [24]. The static response of functionally graed plates subjected to thermal
loads was addressed by Brischetto et al[14]. The temperate eld was determined by
solving Fourier's equation. Di erent volume fractions of th e material constituents were
considered to evaluate the temperature, displacement andtsess distributions.

4.2 Unied formulation for thermo-mechanical analysis of
beams: overview

The Uni ed Formulation (UF) seen in SecZ], is extended in orcer to cover also the thermal
analysis of composite and FGM beams. The temperature eld isobtained by solving
Fourier's heat conduction equation. Material gradation along the beam cross-section is
concerned for functionally graded materials. The numericinvestigations are carried out
considering a power law variation along the beam thickness idection of the elastic and
thermal material properties.
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4.2.1 Constitutive equations for thermo-mechanical probl ems

In the case of thermo-mechanical problems, the constitutie equations [Z9) are:

p= pe pt=CppptCpn'n T 4.1
n= ne nt = Cnp"p* Chn"n nT (4.1)

where subscripts € and 't' refer to the elastic and the thermal contributions, respedively.
The coecients , and p:

n= 100 b= 2 30 (4.2)
are related to the thermal expansion coe cients , and p:

n= 100 p= 2 30 (4.3)

through the following equations:

p=Cpp pt Cpn n

4.4
n=Cnp pt* Cmn n (4.4)

A Lagrange approximation on N, Chebyshev points alongy and z cross-section co-
ordinates based on Newton series expansion is assumed foetmaterial sti ness coe cients
Cj and thermal coe cients :

Ci(viz) ! ! @G o yu =200y sZos 2o s 2] L =0, L N,
i(y;2) 1! (D il yu iy szoy zas iz ]
(4.5)
being: 8
<1 m=0
! = mMl 4.6
nO= 0 ) mamng (4
n=0
and Cjj [:::;:::]and [:::;:::] the divided di erence of the approximated function, see

Philips [86]. Chebyshev's points are de ned on the domain [ 1;+1] via the following
equation:

m = COS m with m=0; 1; :::; Np 4.7

Np

These points are then mapped into the cross-section domainia a variable transformation.
In this manner the software implementation of the proposed nodels is general and does
not depend upon a speci ¢ gradation law that, once de ned, wil be approximated via a
Newton series expansion.
The beam models are derived considering the temperatureT() as an external loading
resulting from the internal thermal stresses. This requires that temperature pro le is
known over the whole beam domain. Fourier's heat conductiorequation is solved in order
to obtain T. The temperature is written as follows:

TXy;z2)= n(xX)  (v:2) (4.8)
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4 { Thermo-mechanical analysis of orthotropic and FG beams

4.2.2 Fourier's heat conduction equation

A solution of Fourier's heat conduction equation for FGM beams can be obtained by ideally
dividing the cross-section into N « non-overlapping sub-domains (or layers) along the

through-the-thickness direction z:
N
— k
= k[=1 (4.9

Each sub-domain is, then, supposed to be homogeneous, beitige elastic and material
properties constant and equal to the value at sub-domain's entre. For a k™ homogeneous
and isotropic layer, the Fourier di erential equation becomes:

Tk Tk Tk
@+ L+ D=0 (4.10)

In order to obtain a closed form analytical solution, it is further assumed that the tem-
perature does not depend upon the through-the-width co-orthate y. This also implies
that the material gradation law should be independent fromy. The continuity of the

temperature and the through-the-thickness heat ux g, hold at each interface between
two consecutive sub-domains:

Ttk - Té(+l
qlz( B qlz(ﬂ (4.12)
tT b

Subscript 't' and “b' stand for sub-domain top and bottom, respectively. The through-
the-thickness heat ux is proportional to the temperature derivative versus z:

k — k@-r
&= Kg, (4.12)

being K ¥ the thermal conductivity. The following temperatures are imposed at cross-
section through-the-thickness top and bottom:

T=Tisin(x)

T = Tpsin(x ) (4.13)

Ti and T; are the maximal amplitudes and has been introduced in EqCZ.34. The following
temperature eld:

TX(x;z)= X (2)sin(x )= TXexp(sz)sin(x) (4.14)

represents a solution of the considered heat conduction pldem. T§ is an unknown con-
stant obtained by imposing the boundary condition, whereass is obtained by replacing
Eq. 413 into Eq.[4.10:

S12= (4.15)

K (z), therefore, becomes:

“(2)= Téexp(+ 2 )+ Texp( z) (4.16)
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or, equivalently:

k(z) = CXcosh(z )+ Cksinh(z) (4.17)
The solution can be written as:
h i m x
T(x;z) = Ckcosh skz + CXsinh skz sin —— (4.18)

where the unknown coe cients C¥ and CX are constant for each layerk. If N is the
number of layer, we have N; unknowns and we need R, equations to determine them.
The temperature at the top and bottom surfaces is known and tterefore we have the
following two conditions:

Tp = Cicosh slz, + Clsinh siz,
N N (4.19)
= C'cosh s)'z + C)'sinh s)'z

Others N; 1 equations can be obtained from the continuity of temperatue at each
interface, whereasN| 1 equations result from the continuity of the heat ux throug h the
interfaces, as written in Equation (4.11). We can write:

CKcosh szf + Cksinh skzF  C¥'™ cosh sk K1+ ck*lsinh sk*IZk* =0

KECYsfsinh sz + KECkskcosh sz K Ck &k sinh k™ zf* +

k+1 k+1

K k+1 Ck+l k+l S|nh S b - O

(4.20)
In Equation E20, z{ and z"+1 represent the top of the k th layer and the bottom of
the (k +1) th Iayer respectlvely. Solving the system given by Equatios[4.19 and4.2D
we obtain the N; coe cients CK and CX. Therefore we can compute the temperature at
di erent values of z and x coordinates.

4.3 Governing Equations
The governing equations and the boundary conditions are deved through the PVD:

where stands for a virtual variation and L; represents the strain energy. According to the
grouping of the stress and strain components in Eqs[{2]4) ah (Z.5), the virtual variation
of the strain energy for a thermo-mechanical case is:

ZZ
L= nCne )+ pCpe  pp) d dx (4.22)
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By substitution of the geometrical relations, Eqgs. (Z.1), the constitutive equations, Eqgs. [4.1),

and the uni ed hierarchical approximation of the displacements, Eq. (Z12), Eq. [£.22) be-

comes.
Z p

Li= u'  (DnpF )" Crp (DpFs) +(DnpF )" Cin (DnpFs) + (DnpF )T CpnFsDnx
+(DpF )" Cpp(DpFs) +(DpF )T Cpn (DnpFs) + ( DpF )T CpnFsD nx
7 7 rTD;chpF (DpFs)+ DI,.CanF (DnpFs)+ D], CmnF FSPnX d usdx

u™  OmF) (n D+(DF)' (p N+DLF (n 1) d ,dx
|

(4.23)
After integration by parts, Eq. (£23) reads:
4 Z n

Li= u'  (DnpF )  Crp(DpFs)+(DnpF )" Crn (DnpFs) + (DnpF )T CinFsDny

+(DpF )T Cpp(DpFs) +(DpF )" Cpn (DnpFs) +(DpF )T CpnFsDnx

hDIanpF (DpFs) DixCmF (DnpFs) DxCmF FsDnx d usdx
|

Z Z
u™  (DmpF) (0 D*+(DpF) (p 1) DLF (n 1) d ndx
I Z
+u' F [Chp (DpFs)+ Cpn (DnpFs) + CanFsDnxld UsJii(I)
Z

ut  F (n DA a5,

(4.24)
In a compact vectorial form:
Z Z | |
Li= u' K, usdx UTK, ndx+ ul = Rus., U, 0, (4.25)
[ |
The components of the di erential sti ness matrix K, are:
- S @ 7S @ 7 S @
KUUxx = J(;S?S;y + J?ESZZ J]-SI@ Kuuxy = J?ss Jlszyy @X KUUXZ = J?ES Jlssyz @X
WS - 722 44 66@ w s = 12 66 @ w s — 123 44
Kquy _J;yS;y+J;zS;z Js@ Kuuyx - J;ys JS;y @X Kuuyl _J;)’S;Z+J;ZS;V
— S @ —> S @ —> S
Ku,, = ‘]A;u;s;y + J?Es;z JE?@ Kuug = ‘]}Es J535§z @x Ko, = ‘]2§§5§y + ‘]A;u;s;z
(4.26)
The generic termJg(t1 y$¢: ) iS a cross-section moment:
z
gh —
I sey = CanF (Fs ) d (4.27)
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The components of the di erential thermo-mechanical couplng matrix K, are:

_ @ — _
Ky, = J1@X Ky, =32, Ky, =733 (4.28)

The generic termJg(_ | is:

3¥o= R d (4.29)

As far as the boundary conditions are concerned, the compomés of _U‘Z are:

—S :Jll@ —s  -gl2 TS _ 313

UU xx S @X UU xy - Sy Uuxz — Sz
—Ss — 7166 @ —S — 7166 —Ss —

wyy = J's @x Uuwx T ISy uuy, = 0 (4.30)
—s _ g5 @ —s g s g

uuzz S @X uu zx S)z uu zy

and the components of |, are:

b =3 w70, =0 (4.31)
The fundamental nucleo of the governing equations in a compa vectorial form is:
u: Kgous=Ky, n (4.32)
In explicit form:
U x
JUxsie + 3%, + J?ﬁs;y Uxs + J?ﬁs Jlsz;y Uysi + 320 %, Uss, = I
Uy
J%S ‘J636?y Uxs:x ‘JGSBUVS?XX * Jz:iS:y * ‘]L;uzls;z Uys + Jz:?S:z * ‘]A;uzls;y Uzs = ‘]z;y n
uz
‘]}Es J%F;)z Uxs;x + ‘]Z;Es;y + ‘]‘;uyls;z Uys ‘]isuZS;xx + ‘]?ES:z + ‘]L?lis?y Uzs = J?Z n

(4.33)
The fundamental nucleo of the natural and mechanical bounday conditions at x = 0 and
| are:

either ux = Tx OF JgUxs, + I Uys+ I Uzs ' 1 =0
either uy, =Ty or J% uxs+ I%Puys, =0 (4.34)
either u, = U, or J% Uxs+ J¥Uss, =0

For a xed approximation order, the nucleo has to be expandedversus the indexes and
s in order to obtain the governing equations and the boundary onditions of the desired
model.
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4.4 Closed Form Analytical Solution

The di erential equations are solved via a Navier-type soluton. Simply supported beams
are, therefore, investigated. The following harmonic formfor the axial variation of the
displacement and temperature elds is adopted:

ux = Ux F (y;2)cos(x )

uy = Uy F (y;2)sin(x)

uz = Uz F (y;2)sin(x) (4.35)
T=  (y;2) a(x)=  sin(x)
where is: -
R (4.36)
m 2 N* represents the half-wave number along the beam axistU; :i = x;y;zg are the

maximal amplitudes of the displacement components. Upon dostitution of Eqgs. (£35)
into Eqgs. (#.33), the algebraic fundamental nucleo is obtaied:
Ux
IR F 3N Uer 3%, IE, Usr I IE, Us= 3

1255z vz

=y
66 12 2166 22 44 23 44 - 12
Js;y J?ys st+ JS +J§y5;y+‘];zs;z Uys+ J;yS;Z+J;ZS;y UZS_J;y

U,
55 13 23 44 2155 33 44 — 13
Js;z J;zs st+ J;zs§y+‘];ys§z Uys+ JS+J;ZS;Z+J;yS§y UZS_J;Z

(4.37)

45 Numerical Results and Discussion

4.5.1 Isotropic material

Isotropic beams made of an alluminium alloy are rst consideed. The mechanical proper-
tiesare:E =72GPa, =0:3,K =121W/m C,e=23 10 ® C !. Square cross-sections
are considered. The sides of the cross-section age= b= 0:1 m. The length-to-side ratio
I=bis equal to 100, ten and ve. Slender and deep beams are, thdwe, investigated. The
half-wave number m in Equation is assumed equal to one. The thermal boundar
conditions are: T, =25 C and T; = 500 C. Displacements and stresses are evaluated in
the following points:

ux at (I, a=2,b=2) uy at (I=2,0;b=2) u, at (I=2;a=2;b=2)

wat (I=20a2) o at (0: a=20) ,,at (=2 a=2:0) (4.38)
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Results are reported in TabledZ1F4J6 and in FigureE411-4.

u, Uy 16 uy 10°
FEM 3D2 11074 36608 57491
FEM 3D? 1:1074 36608 57480

N 6 11074 36608 57499
N=3 5 11074 36608 57498
N =2 1:1074 36607 57496
TB 2:4480 80953
EB 2:4480 80951

a: mesh 50x20x20
b. mesh 50x10x10

Table 4.1. Displacements ([m]), isotropic beam)=b= 100

Figure 4.1. Axial displacement uyx ([m]), isotropic beam, I=b = 10 via (a) FEM
3-D solution and (b) N =8 model

As far as validation is concerned, results are compared withthree-dimensional FEM solu-
tions obtained via the commercial code ANSYS . The accuracy of the three-dimensional
FEM solution depends upon the FEM numerical approximation. In order to present the
convergence of the three-dimensional reference solutiofgr each case two di erent meshes
are considered. Acronym FEM 3 stand for a three-dimensional FEM model with 50
elements along the axial direction and 20 elements along y @&hz directions. A coarser so-
lution FEM 3D P (50 10 10 elements) is also considered. Although the three-dimeimnal
FEM solution and the analytical one are di erent in nature, some considerations about
computational time and e ort can be addressed. For the refereace FEM simulations, the
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N —
=.574E-03 =~ 31903 SL.GIIE-0L 191503 AAGE-03
-.aq8E-03 - 191803 6B 318E-02 574803
195-03

@ (b)

Figure 4.2. Transverse displacementy, ([m]), isotropic beam, I=b= 10 via (a) FEM
3-D solution and (b) N =8 model

XX 10 4 Xz 10 © 27 10 4

FEM 3D? 34121 14966 16846
FEM 3DP 3:2153 14851 16603
N =13 3:1923 15003 16930
N =12 3:1984 15025 16963
N =11 3:2027 15025 16963
N =10 3:1989 14917 17028
N = 3:2007 14917 17028
N = 3:1705 14963 17114
N = 3:1473 14963 17114
N = 3:2616 15951 15673
N = 3:0066 15951 15672
N = 3:3814 13200 10693
N = 4:1457 13200 10693
N = 8:1480 11880 5:4997
B 1:0031E+9  30745E-6

EB 1:0031E+9

a: mesh 50x20x20
b: mesh 50x10x10

Table 4.2. Stresses ([Gpa]), isotropic beaml=b= 100
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u, 10 uy 10° uy 10
FEM 3D?2 1:1511 36847 57362
FEM 3DP 1:1511 36847 57362

N 9 11511 36847 57362
N =8 1:1511 36848 57362
N=7 1:1511 36848 57361
N = 1:1511 36845 57356
N = 1:1511 36845 57349
N = 1:1513 36868 57337
N = 1:1513 36868 57330
N = 1:1501 36757 57111
B 2:4440 80546

EB 2:4440 80546

a: mesh 50x20x20
b: mesh 50x10x10

Table 4.3. Displacements ([m]), isotropic beam]=b= 10

XX 10 © Xz 10 / 27 10 ©

FEM 3D2 31717 14860 16574
FEM 3DP 3:2093 14745 16333
N =13 3:1560 14898 16657
N =12 3:1620 14920 16690
N =11 3:1664 14920 16690
N =10 3:1627 14812 16753
N = 3:1642 14813 16755
N = 3:1342 14859 16844
N = 3:1106 14860 16841
N = 3:2221 15843 15441
N = 2:9749 15841 15398
N = 3:3527 13100 10496
N = 4:1150 13100 10518
N = 8:0406 11822 5:4328
TB 99390

EB 99390

a: mesh 50x20x20
b: mesh 50x10x10

Table 4.4. Stresses ([Gpa]), isotropic beamli=b= 10
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u, 10° uy 10° u, 10°
FEM 3D2  3:2029 18774 56949
FEM 3DP  3:2029 18774 56949

N 11 32029 18774 56949
N =10 3:2029 18774 56948
N = 3:2029 18774 56948
N = 3:2029 18775 56946
N = 3:2029 18775 56942
N = 3:2029 18770 56922
N = 3:2030 18770 56894
N = 3:2044 18813 56846
N = 3:2046 18813 56818
N = 3:1910 18599 55971
TB 6:0802 39679

EB 6:0802 39679

a: mesh 50x20x20
b: mesh 50x10x10

Table 4.5. Displacements ([m]), isotropic beam|=b=5

« 1107 L, 107 ,, 10°

FEM 3D2 1:2257 29092 63141
FEM 3DP 1:2401 28857 62204
N =13 1:2197 29168 63462
N =12 1:2221 29214 63588
N =11 1:2239 29214 63587
N =10 1:2225 28999 63826
N =9 1:2228 29000 63859
N =8 1:2111 29096 64232
N = 1:2012 29102 64186
N = 1:2425 31042 59066
N = 1:1526 31025 58409
N = 1:3072 25603 39693
N = 1:6096 25605 40041
N = 3:0914 23297 20:949
B 96:706

EB 96:706

a: mesh 50x20x20
b: mesh 50x10x10

Table 4.6. Stresses ([Gpa]), isotropic beaml=b=5

57



4 { Thermo-mechanical analysis of orthotropic and FG beams

computational time is as high as about 20 minutes (re ned mek) and as low as 5 min-
utes (coarsest mesh). In the case of the proposed analyticablutions, the computational

time is few second regardless the considered approximatioorder. For slender beams, low
expansion orders results match already the FEM solutions fodisplacements, whereas for
stresses, higher expansion orders are required. This behaur becomes more evident for
deep beams. N = 9 or 11 is necessary to obtain good results for displacemestwhen

I=bis 10 and 5. For stresses, the higher expansion orders are mssary even for deep

beams. Classical theories provide very poor results if congred with those obtained via
higher-order models.

L

.01077

.01094 .011104 01128

7. . .0112& 01143
.010852 .011022 -011185

flo11348 T Lo11s11

S—
.010777 .o -01004 TCI1104 011267
010852 .011022 .011185

(a) (b)

.01143
.011348 .011511

Figure 4.3. Transverse displacement, ([m]), isotropic beam, I=b= 10 via (a) FEM
3-D solution and (b) N =8 model

Figures[4.1-[4® show the displacements and stresses elds the beam cross-section
in x =0 or x = |=2. The considered expansion order iN = 8 and the slenderness ratio
is I=b = 10. In general, N = 8 is su cient to achieve a good overall solution along the
cross-section of the beam, while in tables there is a set sef punctual values, and then
higher orders of expansion are necessary to reduce the error
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LH LH
[ Sa————— |

L S — |
= BLIEHT —122E07 723333 2GTENDT AGIE-07

= 3L7EH07 1238107 723333 267107 ABZEHO]
2205407 250000 L0 L 364EH07 LSSEHDT

-.2208-07 250000 TR 364ETT LSS

Figure 4.4. Axial stress yx ([GPa]), isotropic beam, I=b = 10 via (a) FEM 3-D
solution and (b) N =8 model

i
I ey
. 145E+08 ~.100E-08 —.513EH07 216667 AGIE-07

1258408 — ST -.269E-07 L2208H07 LTDSEHDT

Figure 4.5. Shear stress y, ([GPa]), isotropic beam, I=b = 10 via (a) FEM 3-D
solution and (b) N =8 model
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i i
— E—
. 166507 CLLEEDT ~E6E5T0 “leaass 326860 — —

141807 914927 418212 78503 575218

g BN E=) 189855 326360
. 141m107 914927 416212 78503 575218

(a) (b)

Figure 4.6. Out-of-plane stress ,, ([GPa]), isotropic beam, I=b= 10 via (a) FEM
3-D solution and (b) N =8 model
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4.5.2 Orthotropic material

Figure 4.7. Deformation of the beam,|=b= 10

Composite beams are considered in this section. The mechanail properties are: E| =
17272 10° Pa, Et = 6:91 10° Pa, Gt = 3:45 10° Pa, Grr = 1:38 10° Pa,
Lt = 77 =0:25, K| =36:42 WmK, Kt =0:96 WmK, e_=0:57 10 °K 1 ey =
3560 10 ®K 1. A two layers [0/90] lamination, starting from the bottom, i s considered.
Square cross-sections are considered. The sides of the a@&ction area= b=1 m. The
length-to-side ratio I=b is equal to ten. The thermal boundary conditions are: T, = 0 K
and T; =1 K. In Figure £.7]is reported the deformed shape of the beam.The behaviour
after deformation is due to the 90 layer that is on the top of the beam and has a small
value of e_. Results for displacements and stresses are presented inguire [4.8. Higher-
order models result necessary when we consider compositednes. From the pictures we
notice that at the interface of the two layers we have the higler errors, compared to the
FEM3D solution. A layer-wise approach could better identify the behaviour of the beam.
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k

|r

STm0d 950805 ~.190E-05 510505 13304
-.153-04 —. 570805 L130E-C5 L950E-05. 11104

(@) uy (m), FEM3D solution

k

361504 321E-04 282804 —.242E-01 S.20504
- M1E-04 302804 262501 -.z2E0e - 18304

(c) uz (m), FEM3D solution

k

H
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(e) x (Pa), FEM3D solution

~.171E-04 ~.950E-05 —.190-05 _ ST0E-05 L1338-04
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(b) uy (m), N=15
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Figure 4.8. Composite beam]=b= 10
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4.5.3 Functionally Graded Materials

Beams made of ceramic metal Functionally Graded Materials FGMs) are able to combine

temperature resistance and a continuous stress distributin because of the smooth varia-
tion of material properties along some preferred directios.

A ceramic-metallic gradation along the thickness directio is considered. The ceramic
phase is made of Zirconia (ZrQ), whereas Monel (70Ni-30Cu), a nikel-based alloy, is con-
sidered as metallic phase. Materials properties are preseéd in Table. £7. The generic

E [GPa] K [W/mK] [10 ® K 1]
Zirconia 15101 Q300 209 10
Monel 17940 (368 2500 15

Table 4.7. FGM constituents elastic and thermal properties.

material property, f, is assumed to vary versus the thickness coordinate according to
the power law distribution of Eq. Bl

f=(fr f2)( z+ z)nz+f2 (4.39)

n, is the power law exponent and it is equal to the unit,f; is the generic material property
of each constituent and , and , are two constant coe cients that depend upon the
through-the-thickness extension of the FGM layer and the through-the-thickness position
of the center of the reference system, which is centred at theross-section bottom left
corner. A mono-layer and a sandwich FGM cross-section con gration are investigated.
In the case of the mono-layer FGM cross-section and for the asimed reference system,

; =1=band , =0. The half-wave number m in Eq. (&38)) is equal to one. The thermal
boundary conditions (see Eql[4.IB)are:T; = +400 K and T, = +300 K. Square cross-
sections with sides lengtha = b = 1 m are considered. The length-to-side ratiol=a is
equal 100 and 10. Slender and deep beams are, therefore, iptigated. As far as tabular
results are concerned, the displacements and stresses exated at the following points are
considered:

Uy = Uy (0;a=2;b) Uy = uy (I=2;a;b) U, = Uz (I=2;a=2; b=2)
T = o (IF2a=2,b2) Tz = %2 (0;0,b=2) T, = 2 (1=2;a=2;b=2)

(4.40)

Results obtained using the proposed higher-order models arcompared with three-dimensional
FEM solutions obtained via the commercial code ANSYS . The three-dimensional quadratic
element \Solid90" is used for the thermal analysis, whereathe 20-node element \Solid186"

is considered for the mechanical problem. For a FGM layer, ezh element is considered
as homogeneous by referring to the material properties at & centre. The accuracy of the
three-dimensional FEM solution depends upon both the FEM numerical approximation
and the approximation of the gradation law. In order to present the convergence of the
three-dimensional reference solution, two di erent meshesre considered for each analysis.
The acronym FEM 3D? stands for a three-dimensional FEM model with a 30 30 30
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elements mesh, whereas the coarser 2020 20 mesh solution is addressed by FEM 3B
Although the three-dimensional FEM solution and the analytical one are di erent in na-
ture, some considerations about computational e ort can be adressed. The degrees of
freedom (DOFs) of the three-dimensional FEM mechanical prblem over a beam cross-
section as function of the number of elements for each side, are 3(h +1)(n+1). nis
as low as 20 (DOFs = 3843) and as high as 30 (DOFs = 8463). For a ®gd approximation
order N, the DOFs of the proposed solutions are 3§ +1) (N +2) =2. In the case of the
highest considered expansion orderN = 13) they are 315.

Mono-layer FGM beam

Beams made of a single FGM layer, see Fig. 4.9, are rst invegjated. The temperature

Y/ A |:| zirconia

- monel

Figure 4.9. Mono-layer FGM beam.

variation over the cross-section at mid-span in presentedn Figs. [4.10. The solution of
Fourier's equation via the procedure presented in the SEc.Z.2 has been obtained consid-
ering 16 ctitious layers. It matches the FEM 3D 2 solution. Table 4.8 to[4.11 present the
displacements and the stresses in Eq§._410 for slender antick beams. Di erently
from a bending mechanical load, a thermal load results in axl and through-the-thickness
displacement components as well as normal stress componsnbf comparable order of
magnitude. This is due to the fact that in the former case the nechanics is mainly gov-
erned by bending (and shear, for thick beams), whereas the mmal stresses along the
other two directions are mainly due to the coupling governedby the Poisson e ect. In
the thermo-mechanical case, the deformations are governeay the thermal expansion co-
e cients. Classical theories yield a zero through-the-width displacement since, according
to their kinematic hypotheses (see Eqs[[2.15 an@ 2.16), therass-section is rigid on its
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300 322.222 344.444 366.667 388.889
311.111 . 333.333 : 355.556 . 377.718 : 400
@)
300 322.222 344.444 366.667 388.889
311.111 . 333.333 : 355.556 . 377.718 : 400
(b)

Figure 4.10. Mono-layer FGM beam temperature pro le [K] at x=I = 1=2 via (a) Fourier's
equation solution and (b) FEM 3D?, I=a = 10.
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10 U, 10 Ux 10° my
FEM 3D?2 6:583 1204 1972
FEM 3DP 6:527 1205 1967
N = 13 6533 1205 1961
N = 6:533 1205 1960
N = 6:533 1205 1958
N = 6:534 1205 1955
N
N
N
N

= 6:534 1205 1950
= 6:538 1205 1948
= 6:537 1205 1937
= 6:697 1202 1889
TBT 6:522 1205 Q000
EBT 6:521 1205 Q000

a: mesh 30 30 30.
b: mesh 20 20 20.

Table 4.8. Mono-layer FGM beam, displacements [m]/=a = 100.

10 1 “xx 10 ° “xz 10 6 iz

FEM 3D2 1:088 2247 5522
FEM 3DP 1:098 2239 5590
N =13 1:109 2232 5582
N =12 1:119 2235 5778
N =11 1:119 2240 5770
N =10 1:121 2231 5804
N=9 1:120 2225 5800
N =8 1:115 2218 5736
N = 1:117 2191 5772
N = 1:171 2293 6618
N = 1:156 2289 6333
N = 0:885 1892 1516
N = 0:945 2020 2451
N = 2:351 1573 2355
TBT 0:793 4135 d
EBT 0:787

a: mesh 30 30 30.

b: mesh 20 20 20.

c: scale factor 10° (instead of 10 °).
d: result not provided by the theory.

Table 4.9. Mono-layer FGM beam, stresses [Pa]=a = 100.
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10° u, 107 ux 10° uy

FEM 3D?2 6:704 1195 1953
FEM 3DP 6:644 1196 1958
N =12;13 6648 1197 1955
N=9 11 6648 1197 1954
N =8 6:648 1197 1953
N = 6:648 1197 1952
N = 6:648 1197 1947
N = 6:648 1197 1943
N = 6:653 1197 1940
N = 6:655 1197 1929
N = 6:854 1194 1866
TBT 6:649 1191 Q000
EBT 6:648 1191 Q000

a: mesh 30 30 30.
b: mesh 20 20 20.

Table 4.10. Mono-layer FGM beam, displacements [m]|=a = 10.
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10 6 _XX 10 6 _XZ 10 6 _ZZ

FEM 3D2 8635 2292 6459
FEM 3DP 8:738 2284 6535
N =13 8:865 2276 6521
N =12 8:968 2279 6722
N =11 8:964 2285 6714
N =10 8:980 2276 6740
N = 8:977 2270 6735
N = 8:915 2261 6663
N = 8:942 2232 6703
N = 9:540 2335 7648
N = 9:374 2331 7330
N = 6:383 1925 2011
N = 7:024 2058 3020
N = 23:19 1601 2753
TBT 10:62 409C° d
EBT 10:57

a: mesh 30 30 30.

b: mesh 20 20 20.

c: scale factor 10° (instead of 10 ).
d: result not provided by the theory.

Table 4.11. Mono-layer FGM beam, stresses [Pa]=a = 10.

68



4 { Thermo-mechanical analysis of orthotropic and FG beams

own plane and the problem is symmetric versus a plane paralléo Oxz and passing at
mid-width. Nevertheless, they provide a well globally estmated displacement eld. As

| S — |

—.008859 -.007928 —.006997 —.006066 -.005135
-.008393 —.007462 -.006531 —.0056 —.004669

@)

| S — |

—.008859 -.007928 —.006997 —.006066 -.005135
-.008393 —.007462 -.006531 —.0056 —.004669

(b)

Figure 4.11. Mono-layer FGM beam,u, [m] at x=I = 1=2 via (a) N =4 and (b)
FEM 3D?, I=a=10.

shown in Figs.[4.11 to[4.1B, where the variation of the displeement components over the
cross-section is presented, lower-order theories match éhreference solution FEM 3D.
For instance, a fourth-order model is able to predict the traugh-the-width variation of
the axial displacement component, which it is constant in the case of TBT. As far
as the stresses are concerned, higher-order models (e.j., as low as eight) are required
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—.014223 —.01371 —.013197 —.012684 -.012171
—.013966 —.013453 —.01294 -.012427 -.011914

@

—.014223 =033 ~ 013187 —.012684 —=-0I217%
—.013966 —.013453 -.01294 —.012427 —.011914

(b)

—.014223 =033 ~ 013187 —.012684 —=-0I217%
—.013966 —.013453 70 -.01294 —.012427 —.011914

(©

Figure 4.12. Mono-layer FGM beam,ux [m] at x=I = 0 via (a) TBT, (b)
and (c) FEM 3D?2, |=a = 10.
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Figure 4.13. Mono-layer FGM beam,uy [m] at x=I = 1=2 via (a) N =4 and (b)
FEM 3D?, I=a=10.
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Figure 4.14. Mono-layer FGM beam, . [Pa] at x=I = 1=2 via (a) TBT, (b) N =4, (c)
N =13 and (d) FEM 3D 2, |=a = 10.
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Figure 4.15. Mono-layer FGM beam, , [Pa]at x=I =0 via (a) N =4, (b) N =13, (c)
FEM 3D? and (d) TBT, I=a=10.

for an accurate solution. The stress eld is three-dimensioal. Figs. [414 show the ax-
ial stress component at mid-span cross-section. Results arobtained via, TBT, fourth-
and 13"-order model and FEM 3D?. The latter presents a relevant though-the-width
variation and a high through-the-thickness gradient, espeially at cross-section top. This
is very di erent from a typical mechanical problem of global bending. The solution for
N = 13 compares globally well with the reference solution. Theshear component y;, is
presented in Figs.[4Ib. TBT yields a solution several ordeiof magnitude smaller than
the reference solution. A di erent scale has been used in thegure and the tables for this
reason. A steep stress gradient is present at both cross-4em sides. N = 13 solution
matches the reference one. Fig$. 4.16 presenty, computed viaN =4 and 13 and FEM
3D2. The fourth-order theory yields an acceptable estimation h the neighbourhood of
cross-section's centre. The last two solutions compare vgrwell. This is also true for the
shear component , presented in Figs.[4.1V. The normal stress componentyy is shown
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(b)

‘}Z(
—.216E+07 ~.120E+07 ~240000 720000 .168E+07
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Figure 4.16. Mono-layer FGM beam, ,, [Pa]atx=I =0via (a) N =4, (b) N =13
and (c) FEM 3D?, I=a = 10.
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@)

(b)

Figure 4.17. Mono-layer FGM beam, , [Pa] at x=I = 1=2 via (a) N =13 and
(c) FEM 3D ?, I=a=10.
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@

(b)

76
(©)

Figure 4.18. Mono-layer FGM beam, y, [Pa] at x=| = 1=2 via (a) N = 4, (b)
N =13 and (c) FEM 3D 2, I=a = 10.
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@

(b)

Figure 4.19. Mono-layer FGM beam, ,, [Pa] at x=I =1=2 via (a) N =13 and
(c) FEM 3D?, I=a = 10.

in Figs. 4.18. N =13 and FEM 3D 2 solutions compare fairly well. This stress component
presents a relevant thought-the-width variation and localised stress zones. A fourth-order
approximation is obviously not su cient to describe it. N = 13 yields also a fairly accu-
rate prediction of ., as demonstrated by Figs. 4.19. The results presented in a gpical
form have been all obtained forl=a = 10. The case of slender beams is very similar and it
is not presented here for the sake of brevity.
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454 Sandwich FGM beam

A FGM sandwich con guration is investigated, see Fig. 4.20. A FGM core connects the top

ZA |:| zirconia
. monel
b @@ OO N
_______ hy

Figure 4.20. Sandwich FGM beam.

and bottom layers that are entirely made of zirconia and moné The thickness, h¢, of the
top and bottom faces is 01 times the cross-section side length. The solution of Fouerr's
equation is accurate when compared to the FEM 3D solution. It is not presented here for
the sake of brevity. The main di erence versus the mono-layercon guration is in a globally

slightly cooler bottom part of the cross-section since the eramic layer acts as a further
thermal barrier.  Displacements and stresses for slender ahthick beams are presented
in Table 4.12 to 4.15. Higher-order models match the referete three-dimensional FEM
results. Lower-order and classical theories yield good didacements but are not capable of
predicting the stress eld properly. When compared with the mono-layer con guration, a

higher transverse displacement (resulting in higher streses) is observed. The temperature
pro le for the sandwich FGM beam is showed in g. 4.21.
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1 u, 10 ux 10° uy
FEM 3D2 1:022 1126 1919
FEM 3DP 1:019 1127 1902
N =11 13 1023 1126 1900
N =9;10 1023 1126 1899
N = 1:023 1126 1898
N = 1:023 1126 1890
N = 1:024 1126 1883
N = 1:024 1126 1868
N
N
N

= 1:024 1126 1865
= 1:024 1126 1827
= 1:047 1122 1763
TBT, EBT 1:021 1126 Q000

a: mesh 30x30x30.
b: mesh 20x20x20.

Table 4.12. Sandwich FGM beam, displacements [m]=a = 100.

10 1 XX 10 ° Xz 10 © 7z

FEM 3D?2 1:457 3881 7721
FEM 3DP 1:460 3871 7737
N =13 1:465 3870 7828
N =12 1:462 3883 7739
N =11 1:449 3911 7479
N =10 1:444 3919 7416
N=9 1:463 3912 7811
N =8 1:487 3852 8293
N = 1:502 3749 8528
N = 1:533 3883 8843
N = 1:422 3826 6777
N = 1:036 3285 0:090
N = 1:300 3721 3897
N = 3:118 2459 3122
TBT 1:037 486F d
EBT 1:032

a: mesh 30x30x30.

b: mesh 20x20x20.

c: scale factor 10° (instead of 10 9).
d: result not provided by the theory.

Table 4.13. Sandwich FGM beam, stresses [Palra = 100.
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(a) FEM-3D

(b) N=13

Figure 4.21. Sandwich FGM beam temperature pro le [K] at x=I = 1=2 via (a) Fourier's
equation solution and (b) FEM 3D?, I=a = 10.
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1 u, 107 ux 10° uy

FEM 3D?2 1:033 1118 1894
FEM 3DP 1:029 1119 1895
N =12;13 1034 1118 1894
N =10;11 1034 1118 1893
N =8:9 1:034 1118 1892
N=7 1:034 1118 1883
N=6 1:034 1118 1877
N=5 1:033 1118 1861
N =4 1:034 1118 1858
N =3 1:034 1118 1818
N =2 1:063 1114 1741
TBT 1:033 1113 Q000
EBT 1:033 1112 Q000

a: mesh 30x30x30.
b: mesh 20x20x20.

Table 4.14. Sandwich FGM beam, displacements [m]l=a = 10.

For the sake of brevity, only a 13"-order model is considered for the plots over the
cross-section of displacements and stresses. Figs. 4.22ais the displacement components.
Results are practically identical. The stress components , are presented in Figs. 4.23.
The proposed results and the reference solutions match. Theresence of an inner and
outer homogeneous layer changes the pro le of the axial stss increasing the maximum
and minimum values and introducing a stress gradient also athe cross-section bottom.
Finally, Figs. 4.24 present the stress components ,. The normal stress components also
present localised stress areas that make them di cult to be ©rrectly predicted, especially
in the case of ,,. Nevertheless, fairly good results are obtained. A future wrk perspective
consists in a the formulation of higher-order theories by mans of a layer-wise approach
that should enhance the accuracy of the approximation.
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(@) uz, N =13, x=l =1=2 (b) u;, FEM 3D?, x=I =1=2
(c) ux, N =13, x=I =0 (d) ux, FEM 3D?, x=I =0
(e) uy, N =13, x= =1=2 (f) uy, FEM 3D ?%, x=l =1=2

Figure 4.22. Sandwich FGM beam, displacements components [m] vil = 13
and FEM 3D?, I=a = 10.
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(@ ., N =13 x=l=1=2 (b) ., FEM3D?, x=I =1=2
© x.,N =13 x=1=0 (d) «.,FEM3D? x=I=0
(€) »,N =13, x=1=0 (f) »,FEM3D? x=l=0

Figure 4.23. Sandwich FGM beam, | stress components [Pa] vidN = 13 and
FEM 3D?, I=a = 10.
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(@ yw,N=13 (b) y,FEM3D?
(€ 2z,N=13 (d) .,FEM3D?
() yz,N=13 (f) y., FEM3D?

Figure 4.24. Sandwich FGM beam, , stress components ak=l =1=2viaN =13
and FEM 3D?2, |=a = 10.
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10 7 XX 10 6 Xz 10 6 zZ

FEM 3D?2 1:237 3921 8701
FEM 3DP 1:239 3910 8721
N =13 1:245 3910 8802
N =12 1:242 3922 8700
N =11 1:229 3951 8441
N =10 1:222 3959 8358
N=9 1:242 3951 8757
N =8 1:269 3891 9299
N=7 1:284 3785 9526
N =6 1:317 3920 9888
N=5 1:206 3863 7790
N =4 0:783 3311 0269
N =3 1:053 3752 4346
N =2 3:080 2483 3513
TBT 1:303 4816° d
EBT 1:297

a: mesh 30x30x30.
b: mesh 20x20x20.
c: scale factor 0:1 (instead of 10 ).
d: result not provided by the theory.

Table 4.15. Sandwich FGM beam, stresses [PalFa = 10.

4.6 Conclusions

A uni ed formulation of one-dimensional beam models has bee proposed for the ther-

mal analysis of isotropic, composite and functionally gragd beams. The temperature
eld has been obtained by solving Fourier's heat conductionequation and it has been
accounted for in the mechanical analysis as an external loadResults have been validated
through comparison with three-dimensional FEM solutions dtained via the commercial

code ANSYS®. In has been shown that the considered thermo-mechanical pblems, al-

though presenting a global bending deformation, are govered by three-dimensional stress
elds that call for very accurate models. Through an appropriate choice of the approxi-

mation order over the cross-section, the proposed formulabn yields accurate results with

reduced computational costs.
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Chapter 5

Re ned shell's and plate's theories
via Uni ed Formulation

5.1 Introduction

The development of appropriate shell theories is a well estaished topic in structural anal-
ysis of shell panels that are used to build signi cant structural parts of automotive, ship
and aerospace vehicles, and shell-made civil constructisn Carrera Uni ed Formulation
for the modelling of composite shell and plate structures igresented in the following. Via
this approach, higher order, zig-zag, layer-wise and mixedheories can be easily formu-
lated. As a particular case, the equations related to Love'sapproximations and Donnell's
approximations and as well as of the corresponding classitégamination and shear defor-
mation theories (CLT and FSDT) are derived. Classical theoies (Classical Lamination
Theory, CLT) developed for thin elastic shells are based on bve-Kirchho 's [66] assump-
tions: (1) the shell is thin, (2) the de ections of the shell are small, (3) normal stresses
that are perpendicular to the middle surface can be neglectt in comparison with other
stresses, and (4) straight lines that are normal to the undefrmed middle surface remain
straight and normal to the deformed middle surface. The lastassumption leads to neglect
the transverse shear strains. Over the last years, curved @l structures made of compos-
ite laminae have gained widespread acceptance for primanytrsictural components due to
high value of strength- and sti ness-to-weight ratios. Love-Kirchho 's kinematic assump-
tions applied to layered anisotropic composite shells may ot yield a correct prediction of
displacement and stress elds. An elastic shell theory in with the thinness assumption is
delayed has independently been derived by Flagge [48], LUE [67], and Byrne [15]. The
introduction of transverse shear and normal stress represis an improvement to classical
theories. The e ects of transverse shear deformations (SDTShear Deformation Theory)
and normal stresses have been considered by Hildebrand, Rener and Thomas [53] and
Reissner [100]. Non-linear theories were considered by Sders [106]. Moreover, other
approximations on curvature terms for shallow shell analyss have been introduced by
Donnell [41] and Mushtari [79]. A survey of various classichshell theories can be found
in the works of Naghdi [80] and Leissa [62].
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The analysis of the vibration characteristics for shells anl plates is a fundamental topic
at the early design stage of these structures. The open litature o ers several works con-
cerning free vibration analysis of shell. Some of these areviewed in the following text. A
review of the recent researches (2000-2009) done on the dyni& behaviour of composites
shells is presented by Qatu et al. [95]. This review includesbout 200 references that
are organized according to the following criteria: 1- shelltheories, 2- shell geometries, 3-
type of dynamic analysis, 4- material complexity, and 5- stuctural complexity. Laminated
composite deep thick shells are investigated in the works oQatu [89] and [90]. In [90]
accurate stress resultant equations are derived includingnitial pre-twist and, further, the
term (1+ z=R). Free vibration analysis yielded frequencies that are clee to those obtained
by 3-D theory of elasticity. Homogeneous and composite thic barrel shells were investi-
gated by Qatu in [93]. Several natural frequencies analyseare carried out, taking into
account the curvature and thickness e ects. Reddy and Liu [99 investigated the statics
and the free vibrations of shallow thick cylindrical and spherical shells made of orthotropic
layers via a cubic through-the-thickness approximation ofthe displacement components
laying on shell surface and a constant transverse displacesnt. Governing equations were
solved through a Navier-type solution. Chaudhuri and Kabir [34] used four classical shal-
low shell theories - Donnel, Sanders, Reissner and modi edaders - to obtain Fourier
series solutions for cross-ply doubly curved panels with siply supported boundary condi-
tions. They extended CLT-based analytical solutions for coss-ply curved panels to other
types of boundary conditions. A boundary-discontinuous daible Fourier series approach
was used to solve a system of three partial di erential equatbns (one fourth-order and two
second-order, in terms of the transverse displacement). Ithe work of Ferreira et al. [47],
Reddy's higher-order shear deformation theory of laminate orthotropic elastic shells was
implemented through a multiquadrics discretization of equations of motion and boundary
conditions. Static and free vibration analyses of doubly cuved laminated elastic shells
were carried out by the use of third-order theory in combinaion with a meshless technique
based on the multiquadric Radial Basis Function (RBF) method. Another mesh-free ap-
proach for vibration analysis of laminated composite cylirdrical panels was presented by
Zhao and Liew [132].

Some studies of vibration response of composite shells incled the presence of a cut-out.
In the work of Poore et al. [87] a semi-analytical solution méhod is presented for deter-
mining the natural frequencies and mode shapes of laminatedylindrical shells containing
a circular cut-out. Sai Ram and Sreedhar Babu [105] investigted the free vibration of
composite spherical shell caps with and without a cut-out. The analysis is carried out
using the nite element method based on a higher-order sheadeformation theory that
accounts for rotary inertia and parabolic variation of transverse shear strain across the
thickness. The transverse displacement of the shell is assed constant through the thick-
ness. Narasimhan and Alwar [81] studied the free vibration borthotropic annular spheri-
cal shells with clamped boundary conditions at both the edge using Chebyshev-Galerkin
spectral method. Fundamental frequencies were presentedaif cross-ply laminated shells
with bres oriented in circumferential and meridian direct ions. Xavier et al. [127] modelled
the vibration of thick orthotropic laminated composite shells using a simple higher-order
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layer-wise theory. The theory accounts for a cubic variation of both the in-plane dis-
placements and the transverse shear stresses within eachyé&a. They de ned the General
Performance Index (GPI) as a measure of the natural frequencand stress predicting ca-
pability of a theory. Composite cylindrical shells and their applications concerning free
vibration analysis have been analysed by Yadav and Verma in130], while Liew et al.
presented a three-dimensional vibration analysis for sphrcal shells subjected to di erent
boundary conditions in [65]. Matsunaga [73] presented a twaimensional global higher-
order theory of cross-ply laminated composite circular cyihdrical shells, able to accurately
predict natural frequencies and buckling stresses. The e ds of both shear deformations
with thickness changes and rotatory inertia were considerg.

Approximated three-dimensional solutions can be obtainedassuming that the ratio be-
tween the panel thickness and its middle surface radii is ndigjible as compared to unity.
Bhimaraddi [13] analysed the free vibration of homogeneouand laminated doubly curved
shells on rectangular planform and made of orthotropic mateial using the three-dimensional
elasticity equations. Ye and Soldatos [131] studied the thee-dimensional exural vibra-
tion response of laminated cylindrical shell panels of symmetric and antisymmetric cross-
ply material. Recently, static and free vibration characteristics of anisotropic laminated
cylindrical shell were analyzed applying the di erential quadrature method (DQM) by
Alibeigloo [1].

Nowadays, the use of composite materials is well establisbesince these materials exhibit
high transverse shear deformation and discontinuous matéal properties in the thickness
direction. Both of these features require the development bre ned theories, [23, 25]
for an accurate and e ective design. Soldatos [112] presentea good survey of the the-
ories adopted in the dynamic analysis of composite laminaté shells, while a review of
equivalent-single-layer and layerwise laminate theoriess presented by Reddy [98]. In the
rst survey, governing equations and numerical results arequoted for Donnell's, Love's,
Sanders' and Flsgge's theories based on CLT approximatios, and for Donnell's, Love's
and Sanders' theories based on SDT approximations. In [17]he rst author investigated
of CLT and SDT assumptions and Donnell, Love and Flsgge theoies on buckling and
vibrations of cross-ply laminated composite shells. More @cent analyses are reported in
the articles by Qatu [91, 92] and more extensively in the bookoy the same author [94]
that documents some of the latest research in the eld of vibation of composite shells
and plates, presenting also deep thick shells. To the best ahe authors' knowledge, no
exhaustive results are known in which the approximation reated to re ned models, in-
cluding transverse normal strain e ects, are compared with tiose introduced by curvature
(Love, Donnell).

The Uni ed Formulation (UF) [18, 26] allows formulating sev eral two-dimensional mod-
els on the basis of the choice of the a-priori main unknowns (dplacements or mixed
models), the approximation level (laminate or lamina leve), the through-the-thickness
polynomial approximation order. As a result, an exhaustivevariable kinematic model has
been obtained: models that account for the transverse normiaand shear deformability, the
continuity of the transverse stress components and the zigag variation along the thickness
of displacement and transverse normal stresses can be fortated straightforwardly. The
use of the re ned theory has made it possible to conduct a quié comprehensive analysis
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of the thickness locking phenomenon (also known as Poissondking) in the bending and
vibration of metallic shells [29].

5.2 Geometry

Shells are bi-dimensional structures with one dimension,n general the thickness along
z direction, negligible with respect to the others two on thereference surface directions.
The main features of shell geometry are shown in Fig. 5.1.

Figure 5.1. Geometry and reference system for cylindrical shell.

A laminated shell composed ofN, layers is considered. The integelk, used as su-
perscript or subscript, indicates each layer starting fromthe shell bottom. The layer
geometry is denoted by the same symbols as those used for thehale multilayered shell
and vice-versa.  and g are the curvilinear orthogonal co-ordinates (coinciding wth
lines of principal curvature) on the layer reference surfae | (middle surface of the k-
layer). zyx denotes the rectilinear co-ordinate measured along the naonal direction to .
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The following relations hold in the orthogonal system of coodinates above described:
ds? = HXd 2+ Hkd 2+ Hkdz?
d Kk = Hkad kd k (5.1)
dV = HXHKHXd d dz

Wheredsﬁ is the square of line elementd  is the area of an in nitesimal rectangle on
and dV is an in nitesimal volume. Here
Hk = Ak 1+ z =R

Hk = Ak 1+ Zszk ,Hé(:l (5.2)

RK and R¥ are the radii of curvature along the two in-plane directions , and  respec-

tively. AX and B¥ are the coe cients of the rst fundamental form of | [61]. For shells
with constant curvature these coe cients are equal to unity.

5.3 Overview of the considered Shell Theories

Since a large variety of two-dimensional theories can be fonulated on the basis of di erent
kinematic assumptions, it may be useful to recall some detés of the theories considered
in this chapter.

5.3.1 Classical theories
Classical Lamination Theory

Shells' Classical Lamination Theory (CLT) is based on LoveKirchho 's kinematic as-
sumptions [66]. The relative displacements model can be witen as follow:

Ug (s ;

)= Ug(; ) ZUzpq d= ;
uz(;:z ) ; ®3)

that is, normals to the reference surface remain normal, sttight and unstrained after defor-
mation. Subscript "0' denotes the variable value in correspndence to the reference surface
. Subscripts preceded by comma represent spatial derivaton. The transverse shear and
the through-the-thickness deformations are discarded. Tl corresponding stresses can be
obtained 'a posteriori' upon integration of the inde nite e quilibrium equations, see Car-
rera [22]. Poisson's locking is corrected via the assumptioof reduced sti ness coe cients

in Hooke's law as derived from the assumption of a plane stresstate (see Carrera and
Brischetto [29, 28]).

First Order Shear Deformation Theory

Mindlin [74] postulated a kinematic eld that accounts for c onstant transverse shear strain
components along the thickness, whereas the normal deforrtian is neglected. Such a
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model is known as First Order Shear Deformation Theory (FSDT):
Ug(: 3z )= Ugp(; )+ zZuup(; ) 9=,
uz(; 52 )= uzo(; )

As for CLT, more accurate results can be obtained upon “a postiori' integration of the
inde nite equilibrium equations.

(5.4)

5.3.2 Higher Order Theories

According to Koiter [60] statement: \... a re nement of Love's rst approximation theory

is indeed meaningless, in general, unless the e ects of traverse shear and normal stresses
are taken into account at the same time, Higher Order Theories (HOTs) can be formulated
adopting the following expansion for displacements variakes u:

Ug(; 32 ) = Ug(; )+ Z'ugr(s )

qq= v Zr =q1;2;:::;N ! (5.5)
The summing convention for repeated indexes has been adomte N is the order of ex-
pansion and it is a free parameter. In the following, an appraimation order as high as
4 is considered. A N-order theory based upon Eq. 5.5 is addresd as "EDN'. Letter "E'
denotes that the kinematic is preserved for the whole layer®f the shell, as in the so-called
Equivalent Single Layer (ESL) approach. "D’ indicates that only displacement unknowns
are used. 'N' stands for the expansion order of the throughhke-thickness polynomial
approximation. For instance, the displacement eld of an ED3 model is:

U =Uqg+zuqi+ 2%u o+ Z%u 3
U =Ugp+2zuq1+ 2% o2+ 2% 5 (5.6)
Uz = Uz + ZUz1 + Z%Uzp + Z3Ug3

This theory accounts for a parabolic and cubic variation alang the thickness of transverse
normal and shear strains, respectively. If transverse norral strain is discarded the previous
theory becomes:
Ug(; 52 )= Ug(; )+ Z'uge(; )
g=,; r =1;2:::5;N (5.7)
uz(; 52 )= Uzo(; )
and is denoted as 'EDNd'.

HOTs including Zig-Zag E ect

Laminate structures are characterized by a change in slopefaisplacements and transverse
normal and shear stresses at layer interfaces. These quatiis are C° class function of
the transverse coordinate. EDN and EDNd models are based o@?! functions in z and,
therefore, are intrinsically incapable to describe this zf-zag variation. This latter can be
accounted for within an ESL approach via Murakami's function M ( ) (see Murakami [76]
and Carrera [27]):

M()=( (5.8)
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wherek counts the laminae, hy stands for the thickness of ak-layer and ¢ = z¢=2hyx such
that 1 k 1, being zx a k-layer local coordinate. The following properties hold:
a) M ( ) is a piece-wise linear function of the local coordinatezy, b) its slope assumes
opposite sign between two adjacent layers. The kinematic & including Murakami's
function is:

Ug(s ;2 ) = Ug(; )+ Z'ugr(5 )+

+( DX gugnsa (G ) (5.9)

q= ,,zr =1;2;:::; N
A model based on Murakami's function is addressed as "EDZN'Other possible manners
of modeling the zig-zag variation are reported in Carrera [3].

5.3.3 Layer-Wise Theories

Multi-layered shells can be analyzed by independent kinemtic assumptions for each layer.
According to Reddy [97], this approach is stated as Layer-Wse (LW). In order to satisfy
the compatibility of the displacement eld, a MacLaurin's e xpansion across the thickness,
typical of ESL models, is not convenient. Interface values Isould be rather assumed as
unknown variables. The following expansion is, thereforeadopted:

k — k k k
Ug = Fruge + Folgy+ Frug,

g= ;;zr =2;3::;N k=1;2::1; N, (5.10)

N, represents the total number of layers. Subscriptst’ and "b' denote values evaluated at
top and bottom surface of ak-layer, respectively. The thickness functionsF;, Fp and F;
depend on . They are de ned as follows:
Po+ P Po P
Fi= =5 Fo= —5— F=P P
r=2;3,:;N

(5.11)

P; = Pj( k) is a Legendre's polynomials of ordefj. The rst four Legendre's polynomials
are:

321
P():l P]_: k P2: k
_ 53 3, o _ 354 152 4 (5.12)
Ps= 5 5 Pa= =5 —Z“+3

The following properties hold:

k=1: F=1, Fp=0; F, =0
= 1

Ft=0; Fp=1; F, =0 (5.13)

Top and bottom displacements of each lamina are assumed as known variable. Inter-
laminar compatibility of displacements can be easily linkal:

ugt:ug:;l) q= ;;z k =1;2::0N 1 (5.14)
The acronym used for these theories is "LDN', where "L' stans for the LW approach. For
all the models that has been previously described, the govaing equations and the bound-

ary conditions are derived via the Principle of Virtual Displacement (PVD) in Sec. 5.4.
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5.3.4 Mixed Theories based on Reissner's Mixed Variational Theorem

The kinematics described previously does not satisfy the iterlaminar continuity of trans-
verse shear and normal stresses. It can be ful lled “a prioriassuming transverse shear and
normal stresses together with displacements as primary vdables by means of Reissner's
Mixed Variational Theorem [101, 102] (RMVT). Transverse stresses ¥ , X and ¥ are
approximated via the same model as that addressed in Eq. 5.10

k = F, K +Fb|(§zb+Fr k

qz — qzt qzr
g= ;;z r =2;3::;N k=1;2::1; N (5.15)

The interlaminar continuity is imposed straightforwardly :

Kt = S;El) q= ;;z k =1;2;::5N) 1 (5.16)

This group of models is denoted by 'LMN'. "M' means mixed modks based on RMVT.

5.3.5 Carrera Uni ed Formulation

Carrera's Uni ed Formulation (UF) allows several two dimen sional models to be obtained
for shells, thanks to the separation of the unknown variabls into a set of thickness func-
tions only depending on the thickness coordinate z, and the arrespondent unknowns
depending on the in-plane coordinates { ). In force of that the considered theories can
be all uni ed considering that CLT and FSDT are a peculiar case of ESL higher order

models. These latter models can be regarded as a particulaase of LW models in which

the number of layers is equal to one and the through-the-thikness polynomial approxi-

mation is performed via the classical baséz' : r =0; 1; :::;Ng. In the case of EDZN

models, Murakami's function is also considered. Egs. 5.3,.8, 5.5, 5.9, and 5.10 can be
uni ed into the following compact notation:

uk=Fus q=;;:z =t b;r
K,=F & r=2;3 11N (5.17)
k=1; 2, :::; Ny

The governing equations are derived according to the chosevariational statement (either
PVD or RMVT) in a general way that does not depend upon the approximation approach
(ESL or LW) and the polynomial expansion order.

5.4 Governing Equations

The displacement approach is formulated in terms ofu® by variational imposing the equi-
librium via PVD. In the dynamic case, this establishes:

M RR
k sTop+ NN dzcd =
=1 khk
mORR ., . (5.18)
= uke Kdv
k=1 khk
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8 9 8 9
< = < z =
p= . n= z
8 9 8 22 9 (5.19)
< = < z =

p= . . n—. z .
. ’ . )
zz

"T' as superscript stands for the transposition operator. signi es virtual variations and

K denotes mass density. The variation of the internal work hasbeen split into in-plane
and out-of-plane parts and involves the stress obtained frm Hooke's Law and the strain
from the geometrical relations. Geometrical relations lirk strains and displacementsu.
Strains are conveniently grouped into in-plane and normal omponents denoted by the
subscripts p and n, respectively. The geometric relations ie:

k k
Dpu® + Apu

5.20
Dn Uk+ DAnuk+ Dnzuk ( )

SX TX

in which Dy, D, , and Dy, are di erential matrix operators and A, and A, are geomet-
rical terms accounting for the through-the-thickness variation of the curvature:

2 3
Hk @ 00 HERK
0 i_@b 0 1
D) = M@ "2 AeTRO 0 Lo
1@ 1 @
m@ m@ 0 00 0
2
2 00 i_@S 1 0 0
Hk@ HkRk
_ 1 @ _ 1
D = — =4 A= 521
n 00 Hk@ n 0 HKRK 0 ( )
00 0 0 0 0
2 @ 3
@z
O =
@z

Hk and HX account for the change in length of ak-layer segment due to the curvature.
D IS a trace operator, it has been introduced to identify termsthat are neglected in the

Donnell-type shallow shell theories.

The aim of this part is to evaluate the e ect of a second class ofshell theories derived

from approximations on curvature terms in the strain-displacement relations. It can be

shown, see Kraus [61] that by putting p = 0, the shell curvature becomes that of the
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corresponding plate as it is in Donnell- type approximationtheory. Donnell's approxima-
tion is strongly related to the geometrical parametera=R and b=R .

Love's shell theory is instead related to the following appoximation for the coe cients of
the second fundamental form (see Eq. 5.1) of the shell:

It appears evident that Love's approximation is related to the shell parameterh=R and
h=R , whereh is the shell thickness.

In the case of linear elastic material, stresses and strairare related via Hooke's generalized
law:

k- ek ki ek k
p~ @pp p+@pn n (523)
k= gk k4 €k k '

n np p nn n
Terms €K, €K,, €X, and €, are the material stiness matrices for a k-layer in the

global reference system, see Carrera [26]. By replacing EgS.23, 5.20 and the unied
displacement eld in Eqg. 5.17. into Eqg. 5.18, PVD reads:

i Z Z
ukT f( F Dy + F A])€5,(FsDp+
k=1 i} hy
+FsAp) + @Isn(FsDn + FsAp + Fsz)]+
+( F Dy +F AL+ F )€ (FsDp+ FAp)+
+@En(FsDn + FsAp + Fs;z)]ngdeZkulé d ¢+
R Z Z
+ Ukt fF 1] [€5,(FsDp + FsAp)+ (5.24)
k=1 . h
k
+€K,(FsDn + FsAn + Fo)l+
+F I} [€F,(FsDp+ FsAp) + €K (FsDp
+FsAp + Fsz)lgHXHKdzuk d | =

X Z
- UKT KE Ege &
k=l
being: 5 . 3 ) .
— 1
HK i 0 00 ¢
=8 0 % 07 1, =§o o L (5.25)
1 1 H
Hk AKX 0 0 0 O

By assigning the de nition of virtual variations for the unk nown displacement variables,
the di erential system of governing equations and related baindary conditions for the N,
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k-layers in each  domain are found. The equilibrium and compatibility equations are:

Kgoug= M eug (5.26)
with boundary conditions
k — ok . g
ur=u geometrical on |/
Ksuk= ksuk mechanical on [ (5.27)

Di erential sti ness, inertia and mechanical boundary condi tions matrices are:

Z
K§S= f( FDJ+F ADEK(FsDp+

hy
+FsAp)+ €K (FsDn + FsAp + Fg )+ (5.28)

+( FDp +FAQ+ F;z)[@ﬁp(Fst"‘
+FsAp) + €K (FsDn + FsAp + Fg)lgH “HKdz

z
MKS = KE FgIHXH Xdz (5.29)
h
z
K= fF IJ[€5,(FsDp+ FsAp)+
hy
+€5n(FsDn + FsAp + Fg )+ (5.30)

+F I} [€Rp(FsDp+ FsAp)+

| is the unit array. Eqg. 5.26 is solved via a Navier-type soluton upon assumption of the
following harmonic form for the unknown displacements:

P m ..n ;
uk = UK(z) cos — sin — @' mt
m=1n=1 a b
prpP ... m n -
uk = Uk(z) sin — cos — @' m't (5.31)
m=1n=1 a b
o _m .n -
uk = Uk(z) sin — sin — ¢'mt
m=1n=1 a b

where a and b are the lengths of the shell along the two coordinates and . m and
n represent the number of half-waves in and direction, respectively. These rbumbers
characterize the vibration mode associated to the circularfrequency! p,. 1 = lis
the imaginary unit and t the time. Capital letters indicate maximal amplitudes. These
assumptions correspond to the simply-supported boundary @enditions. Upon substitution
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of Eg. 5.31, the governing equations assume the form of a liae system of algebraic
equations in the time domain:

K 0= 12 M0 (5.32)

where K is the equivalent stiness matrix obtained by means of static condensation
(for further details see Carrera [19, 21]),M is the inertial matrix and O is the vector of
unknown variables. By dening mn, = !2,, the solution of the associated eigenvalue
problem becomes:

jiK mnMjj =0 (5.33)

The eigenvectors ) associated to the eigenvalues m, (or to circular frequencies ! mn)
de ne the vibration modes of the structure in terms of primary variables. Once the wave
numbers (m;n) have been de ned in the in-plane directions, the number of dtained
frequencies becomes equal to the degrees of freedom of the pdoyed two-dimensional
model. It is possible to obtain the relative eigenvector, interms of primary variables, for
each value of frequency, in order to plot the modes in the thikness direction.

5.5 Results

The free vibration response and the e ect of various through he thickness and curva-
ture approximations in multilayered orthotropic cylindri cal composite shells are evaluated
through a comparison of several, signi cant shell theories Re ned theories with up to
fourth-order displacement eld for both in-plane and transverse displacements, and two
approaches for modelling variables (ESL, equivalent singl layer and LW, Layer Wise)
are compared to evaluate the free vibration response of cyldrical and spherical shells.
The UF is employed to derive shell equations that are solveddr the case of simply sup-
ported boundary conditions and doubly curved shells with castant curvatures. Navier-
type closed form solution are obtained. Love's and Donnel$ approximations are compared
in the framework of higher order theories and classical onesParametric analysis have been
carried out since the behaviour of laminated composite shid made of high-modulus and
low-density materials are strongly dependent of the degreef orthotropy of the individual
layer, the stacking sequence of laminates and the thicknegsarameter of the shells. Unless
otherwise speci ed, the mechanical material properties ofthe lamina are those used by
Pagano [84]: E. = 25E1, Gt = 05Et, Gyt = 0:2E7, 1t = 7171 = 0:25, = 1:0,

= 1:0. Subscript "L' stands for direction parallel to the bres, "T' identi es the trans-
verse direction, .t is the major Poisson ratio, denotes the density, and the shear
correction factor. = 5=6 is adopted inFSDT 5 theory. The bre orientation of the dif-
ferent laminae alternate between 0 and 9@legwith respect to the -axis. Both symmetric
and antisymmetric laminations with respect to the middle surface are considered. Cylin-
drical shell geometry have been studied using the side-tokhickness parametera=h = 10,
whereas the other geometric features are speci ed in each sa. All the numerical results
are shown as the dimensionless quantity:

P
=1 & =h?E, (5.34)
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The analysis were carried out in order to investigate the e ets on the natural frequencies
and the accuracy of the UF two-dimensional models with respet to Love's and Donnell's
approximation theories.

55.1 Assessment

Firstly, an assessment of the present solutions with resu#t from literature is presented.
A comparison with the exact solution by Ye and Soldatos [131]has been provided in
Table 5.1. The superscript accompanying exact numerical rgults in Table 5.1 indicates

R =a 5 10 50 100
Exact 10:305% 10:027%° 9:834* 9:81%
| Present analysis

LM 4 10:305 10027 9834 9815
LM 3 10:305 10027 9834 9815
LM 2 10306 10027 9835 9816
LM 1 10324 10046 9855 9836
LD 4 10305 10027 9834 9815
LD 3 10305 10027 9834 9815
LD 2 10307 10028 9835 9816
LD 1 10368 10091 9899 Q2880
ED4 10453 10178 9987 9969
ED3 10453 10179 9988 9969
ED?2 11:291 11040 1086 1084
ED1 11:294 11043 1086 1085
EDZ 3 10307 10030 9837 9819
EDz 2 10367 10090 9898 Q2879
EDzZ 1 10383 10104 9908 9890
FSDT5® 10958 10698 1051 1050
FSDT 11:295 11044 1086 1085
CLT 13708 13507 1335 1333

Table 5.1. Comparison of present analysis with available reference kdion for [0=90,;=0]
cylindrical shell. Values of! for a=h=10, m =1, n given in superscripts.

the circumferential wave number, n, for which the fundamental frequency was detected.
In the case that corresponding results values were obtainetbr the same value ofn such a
superscriptis omitted. A three-layered, moderately thick cylindrical ringed shell [0=90,; =0]
has been considered, where the subscri@t meansh; = hz = hy,=2 (h; is the thickness
of each lamina,i = 1;2;3). Mixed theories solutions match the exact one and accordzce
is still veried even for the lowest order theory LM1. Furthermore, LW4 accuracy is
con rmed. Concerning ESLM, it should be noted that the higher-order theory ED4 can

98



5 { Re ned shell's and plate's theories via Uni ed Formulati on

R =a 1 2 5 10 20 1

Y S [131] 10697 94951 94951 89778 89778 89248
B [13] 10409 93627 90200 89564 89341 89179
Q [93] 10666 94577 90286 89479 89199 89001
| Present analysis

LM 4 10698 94936 90598 89759 89460 89241
LM 3 10698 94936 90598 89759 89460 89241
LM 2 10714 95123 90791 89953 89653 89434
LM 1 10734 95230 90841 89986 89679 89452
LD 4 10698 94936 90598 89759 89460 89241
LD 3 10698 94937 90598 89759 89460 89241
LD 2 10735 95384 91066 90229 89929 89709
LD 1 10785 95920 91612 90774 90474 90252
ED4 10721 95219 90892 90054 89755 89536
ED3 10765 95656 91322 90479 90177 89955
ED2 10785 95920 91612 90774 90474 90252
ED1 10721 95190 90857 90019 89719 89500
EDZ 3 10729 95275 90946 90109 89810 89592
EDZ 2 10769 95705 91379 90540 90239 90018
EDZ 1 10744 95529 91302 90500 90219 90017
FSDT 5% 10:668 94582 90287 89479 89199 89001
FSDT 10751 95564 91309 90502 90219 90017
CLT 11:225 10105 96992 96184 95887 95661

Table 5.2. Comparison of present analysis with available reference kdion for
[90=0] cylindrical shell. Values of! for a=h=10, a=b=1, m=n=1, 1, =0:25,
13 = 0:03, 23 = 0:4.

lead to poorer results than EDZ3 and EDZ2. Because of the di eent continuity conditions

of displacement components at the interface between the lars the layer-wise theories
results always more accurate then the equivalent single-{ger theories. Fine results with
respect to standard classical displacement formulation a found. Re ned theories lead
to lower values of ™ according to the related reduction in sti ness. A second assesment
analysis is carried out considering a two layer [90/0] cylimrical shell. The fundamental
frequency parameter?” is shown in Table 5.2 and compared with corresponding resuit
by Ye and Soldatos [131], Bhimaraddi [13] and Qatu [93]. Thelsell has equal axial and
circumferential lengths and 0 deg outer layer. Similar consideration to that made for
Table 5.1 about the accuracy of the proposed theories are val also in this case.
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5.5.2 Inuence of the degree of orthotropy

Fundamental frequencies parameters computed via the UF twalimensional models are
presented in Table 5.3 for several values of the degree of dtwdtropy of the single layer.

E|_ :ET 3 10 25 40
R =h=4
CLT 18.095 20.896 25.447 29.202

FSDT 16.680 18.841 21.741 23.729
FSDT®%® 16.437 18.505 21.201 23.009
ED1 17.167 18.792 21.691 23.670
ED4 16.520 18.494 20.974 22.575
EDZ 1 16.906 18.765 21.134 22.649
EDZ 3 16.348 18.335 20.779 22.323

LD 2 16.352 18.345 20.799 22.351

LD 4 16.345 18.317 20.690 22.151

LM 2 16.350 18.329 20.718 22.193

LM 4 16.345 18.317 20.690 22.151
R =h=100

CLT 5.0841 9.0638 14.205 17.864

FSDT 4.9462 8.3217 11.748 13.576
FSDT®>® 49200 8.1951 11.400 13.051
ED1 49387 8.3177 11.746 13.574
ED4 4.8851 8.0322 10.989 12.471
EDZ 1 4.9394 7.9805 10.819 12.240
EDZ 3 4.8548 7.9065 10.700 12.084

LD 2 4.8548 7.9070 10.702 12.089
LD 4 48546 7.9059 10.698 12.081
LM 2 4.8548 7.9065 10.700 12.085
LM 4 4.8546 7.9059 10.698 12.081

Table 5.3. E ect of degree of orthotropy of the individual layers E_. =Et+ on T~ of three
layers [0=90=0] symmetric cylindrical shells. = =3, m=1, n=1.

E| =Ey is considered to be as low as 3 and as high as 40. A symmetricsfiD=0] cross-ply
laminated composite cylindrical shell is considered, withequal thickness of each lamina and
= =3. A deep moderately thick shell and a shallow thin one are cosidered, depending
on the radii-to-thickness parameter R =h = 4 or R =h = 100, respectively. Considering
the UF-two dimensional models, similar consideration madefor the assessment can be
done also for each analysis once the parameters are xed. Rdss for R =h = 100 and
E. =E7 = 3 show that in this case classical theories lead to a good aacacy respect to the
re ned UF-two dimensional theories. The hypotheses at the lase of classical theories are
quite veri ed in this case. As E| =Et increases, the di erence between classical theories
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and higher-order ones becomes more signi cant. Analogousoasideration can be done for
the caseR =h = 4, but here the error between classical theories and HOTSs inreases, as the
thickness assumption is not veri ed. CLT gives higher values of~ then FSDT s, whereas
these last theories agree with HOTSs, and this e ect is more exdent when the ratio E| =Et
is low. The extreme case of highest degree of orthotropy andetp moderately thick shell
yields to the most signi cant di erences between classical heories and re ned models.

5.5.3 E ect of the lamination sequence

The in uence of the lamination sequence on the fundamental fequencies parameter™ of
cross-ply laminated composite shells with simply supportd edges is presented in Tables 5.4
and 5.5.

[0=00] [0=00p [0=90F [0=90], [0=90k
CLT 6.984 9922 10.376 10530 10.60
FSDT 6.714 8987 9.299  9.402  9.449
FSDT5® 6.665 8.834 9.127 9.223  9.266

ED2 6.707  8.956 9.283 9.393 9.443
ED3 6.686  8.687 9.050 9.181 9.242
ED4 6.675 8.571 9.038 9.179 9.241

EDZ 2 6.703  8.758 9.076 9.184 9.233
EDZ 3 6.686 8.441 8.831 8.972 9.037

LD1 6.714  8.448 8.812 8.944 9.005
LD 2 6.694  8.397 8.785 8.928  8.995
LD 4 6.665 8.395 8.785 8.927 8.995
LM 1 6.671  8.407 8.791 8.931  8.997
LM 3 6.665 8.395 8.785 8.927 8.995
LM 4 6.665 8.395 8.785 8.927 8.995

Table 5.4. E ect of the stacking sequence of laminates ori~ of cross-ply anti-symmetric
cylindrical shells. = =3, R =h=100,m=1, n=1.

All the layers have the same thickness. Both symmetric and atir-symmetric lamina-
tions with respect to the middle plane are considered. Compet notation is adopted to
indicate the lamination sequence [55]. The rst value in the sequence refers to the rst
layer of the laminate, starting from the bottom of the shell. In the symmetric laminates
having an odd number of layers, the Odeglayers are at the outer surfaces of the laminate.
As the number of layer increases, results obtained via HOTslteories move away from
those that come by classical theories. To remark the result lotained with FSDT 5 and
[0=90], that is practically the same achieved using re ned theoies, as LD4 and LM4. In
fact a shear correction factor = 5=6 means to correct the de ciencies ofF SDT theory
(non-parabolic variation of shear stresses and non-vanishg of the shear stresses at the
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[0500F [0=90=0], [0=00=0=90} [0=00=0=90=0]s

CLT 14.205  13.030 12.437 12.084
FSDT 11.748  11.028 10.655 10.430
FSDT>®% 11400 10.735 10.389 10.180
ED1 11.746  11.026 10.653 10.427
ED2 11.746  11.027 10.654 10.429
ED3 10.990  10.709 10.413 10.214
ED4 10.989  10.709 10.413 10.214
EDZ 1 10.819  10.422 10.182 10.027
EDZ 2 10.808  10.408 10.167 10.011
EDZ 3 10.700  10.328 10.075 9.9084
LD 1 10.810  10.362 10.087 9.9072
LD 2 10.702  10.318 10.063 9.8930
LD 3 10.698  10.317 10.063 9.8930
LD 4 10.698  10.317 10.063 9.8930
LM 1 10.751  10.334 10.071 9.8973
LM 2 10.700  10.318 10.063 9.8930
LM 3 10.698  10.317 10.063 9.8930
LM 4 10.698  10.317 10.063 9.8930

Table 5.5. Eect of the stacking sequence of laminates on~ of cross-ply symmetric
cylindrical shells. = =3,R =h=100,m=1, n=1.

top and bottom surfaces of the shell), but still violates coriinuity requirement of the inter-
laminar shear stresses. Usually a comparison betwedeDZ 3 and ED 4 theories, bring to
better results for the rst one. This trend is not veri ed in t he case of [890] lamination.
When the number of layers is not high, for instanceN_ = 2, ED 4 model yields more
accurate results thenEDZ 3 do. On the contrary, when the number of layer is high, the
results achieved with EDZ 3 theory are de nitively ner than the same obtained with
higher-order theory ED 4.

5.5.4 Inuence of the Radius-to-Thickness ratio and Love's approxima-
tion

A three layers [0=90,; =0] composite shell with variable thickness parameteR =his consid-
ered. An e ective comparison of the e ect of shear deformation higher order shear defor-
mation, through-the-thickness strain and Love's approximation could be conveniently built
for such shell geometry. Fundamental frequency parameter- are compared in Tables 5.6
and 5.7.

R =his considered to be as low as 2 and as high as 1000, going from eegp moder-
ately thick shell to a shallow thin one. Two values of the numker of wavesn along the
circumferential  direction are considered, whereas the axial wave numben is xed to 1.
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R =h 2 4 10 100 1000
CLT 107.22 31.879 15.493 13.678 13.330
CLT,owe 155.75 124.96 57.377 13.695 13.330
FSDT 63.693 25.841 13.367 11.289 10.846
FSDT.,oe 63.384 25818 13.372 11.289 10.846
FSDT5® 59.855 25.011 13.077 10.956 10.496
FSDT e 59.584 24.989 13.082 10.956 10.496
ED4 58.534 24.435 12.660 10.455 9.9688
ED4o. 58197 24.409 12.663 10.455 9.9688
EDZ 3 58.658 24.362 12.545 10.313 9.8187
EDZ 3o 58.261 24.334 12.548 10.313 9.8187

LD 4 57.713 24.104 12535 10.309 9.8154
LD 4,e 57.340 24.063 12.536 10.309 9.8154
LM 4 57.688 24.103 12.535 10.309 9.8154

LM 4, 57.312 24062 12536 10.309 9.8154

Table 5.6. Evaluation of Love e ects in re ned theories. Comparison on T~ of 0/90/0

multilayer composite shell. E, =Er =25, = =3, m=1, n=1.
R =h 2 4 10 100 1000
CLT 1078.0 543.64 240.53 14.877 13.336

CLT.ove 1076.2 543.43 24052 16.491 13.336
FSDT 890.37 439.66 167.71 12.366 10.850
FSDT.,oc 888.47 439.41 167.68 12.366 10.850
FSDT5® 813.17 402.09 154.66 12.014 10.500
FSDT v 811.44 401.86 154.65 12.014 10.500
ED4 686.84 402.27 154.46 11.519 9.9724
ED4o. 701.12 404.69 154.44 11.519 9.9724
EDZ 3 705.85 410.38 155.54 11.377 9.8222
EDZ 3o 722.30 41292 15552 11.377 9.8222

LD 4 640.58 394.39 153.67 11.367 9.8190
LD 4,e 65153 396.45 153.65 11.367 9.8190
LM 4 639.66 393.23 153.37 11.367 9.8190

LM 4, 649.27 39497 153.35 11.367 9.8190

Table 5.7. Evaluation of Love e ects in re ned theories. Comparison on T~ of 0/90/0
multilayer composite shell. E, =Er =25, = =3, m=1, n=10.

It is con rmed that the error of CLT increases as the thickness increases. Larger absolutes
errors are obtained from an increase of the circumferentialvave numbern. All the theories
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match in the case of thin shells. Slight di erences between L@ and LM4 theories can
be noticed for lower values ofR =h, while the results agree when the radius-to-thickness
parameter rises. This e ect becomes more evident when the nuber of wavesn increases.
Love type approximations are signi cantly subordinate to t he thickness parameterR =h.
Tables 5.6 and 5.7 compares Love's approximation results Wi the exact (Flagge type
ones). CLT, FSDT and fourth-order shell theories are consiéred forn =1 and n = 10
waves numbers. Love's results match to exact solutions for igh values of the thickness
parameter. In fact in such cases the termH is almost equal to the unit.

5.5.5 Analysis of curvature parameter and Donnell e ect

A three layer [0/90/0] deep moderately thick cylindrical shell with a variable span angle
is considered. A comparison ot~ of curvature approximation through UF two-dimensional
models is presented in Table 5.8.

CLT FSDT ED 1 ED4 EDZ1 EDZ3 LD2 LD4 LM2 LMA4

=12 248.90 147.36 147.36 140.36 14440 140.81 140.61 138.72 138.95 6138.6

=10 202.31 11794 11793 112.46 11542 11276 112.79 111.15 11140 211.1

= 169.54 103.16 103.14 098.476 100.93 98.689 98.784 97.307 97.555 97.290
= 138.38 88.387 88.352 84.509 86.488 84.631 84.764 83.483 83.715 83.473
= 82.756 59.240 59.174 56.921 58.056 56.882 57.010 56.209 56.374 56.206
=5 59.380 45.292 45219 43.650 44.423 43.548 43.645 43.105 43.224 43.105
= 39.898 32400 32.332 31.294 31.744 31.142 31.199 30.903 30.972 30.902
= 25447 21.741 21.691 20.974 21.134 20.779 20.799 20.690 20.718 20.690
=2 17963 15891 15871 15320 15.270 15.121 15.120 15.104 15.109 15.104

Table 5.8. Evaluation of curvature approximation through Classical Vs Re ned theories
comparison on?~ of [0/90/0] cylindrical shells. R =h=4, m =1, n=1.

As the span angle ranges from =12 to =2 the frequency parameter decreases,
depending on the reduction in sti ness and the augment in mas®f the structure analysed.
Lower errors are found in the case of higher span angle, comparing classical theories
with re ned ones. In the case of = =12, the aspect ratio of the shell isa=b 10
and, therefore, the structure can be considered nearly ondimensional. For this reason
CLT, leads to relative errors of about 80% respect the highetorder theories reported in
Table 5.8. Using a First Order Shear Deformation Theory this error falls to about 6%.
Rather it cannot be notice any improvement from FSDT when a ED1 model is adopted.
When = =2 the aspect ratio of the shell is about 16 and therefore the error between
classical theories and re ned ones decrease signi cantlydue to the best two-dimensional
approximation of the problem. Layer-wise second-order moels provide good results, which
are even better in the case of mixed formulation. Notable reglts are obtained adopting
a EDZ3 model. In Tab 5.9 a comparison between Donnell type apmximations and exact
solutions (Flagge type ones), for Classical and Higher-Oder shells theories is presented.

Two values of the radius-to-thickness parameter are repokd considering a thin shallow
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CLT FSDT EDZ3 LD4 LM4
Exact Donnell Exact Donnell Exact Donnell Exact Donnell Ex act Donnell
R =h=100

=12 14116 14975 11.605 11.605 10.530 10.531 10.528 10.529 10.528 910.52
=10 14.101 14.703 11.600 11.601 10.530 10.530 10.528 10.529 10.528 910.52

= 14.099 14589 11.605 11.605 10.537 10.538 10.535 10.536 10.535
= 14102 14491 11.615 11.615 10.550 10.551 10.548 10.549 10.548
= 14.126 14.345 11.652 11.652 10.594 10.595 10.592 10.593 10.592
= 14.147 14299 11.680 11.680 10.625 10.626 10.624 10.624 10.624
= 14174 14271 11.713 11.713 10.662 10.662 10.660 10.660 10.660
=3 14205 14.260 11.748 11.748 10.700 10.700 10.698 10.698 10.698

10.536
10.549
10.593
10.624
10.660
10.698

R =h=4

=12 24890 248.98 147.36 148.48 140.81 141.88 138.72 139.72 138.66 7139.6
=10 202.31 219.47 11794 119.20 112.76 11398 111.15 11231 111.12 8112.2

= 169.54 205.42 103.16 104.52 98.689 99.995 97.307 98.558 97.290
= 138.38 191.98 88.387 89.844 84.631 86.031 83.483 84.832 83.473
= 82.756 167.51 59.240 60.925 56.882 58.489 56.209 57.776 56.206
=5 59.380 156.84 45292 47.090 43.548 45261 43.105 44.785 43.105
= 39.898 14753 32400 34.272 31.142 32929 30.903 32.664 30.902
=3 25.447 139.82 21.741 23510 20.779 22.486 20.690 22.379 20.690

98.540
84.821
57.773
44.784
32.663
22.379

Table 5.9. Evaluation of Donnell e ect in Classical Vs Re ned theories comparison ont~
of [0/90/0] cylindrical shells. m =1, n=1.

shell whenR =h = 100 and a deep moderately thick shell whenR =h = 4. In the rst
case the curvature parameter is irrelevant on the values off™. The sti ness and the mass
of the structure do not vary signi cantly and the frequency p arameter remains almost the
same. The aspect ratioa=branges from 04 to 0.01, then the shell is more like a ring.
Donnell's approximation results in such case are nearly idatical to the exact ones and
are not in uenced by the variation of . This is due to the radius-to-thickness parameter
R =h =100, and, in such case, the structure correspond to a thin sallow shell.

On the contrary, when R =h = 4, it can be noticed that the Donnell's approximation
is meaningful respect to the curvature parameter . As increases, the error between
exact solution and Donnell's one is becoming more important To conclude, considering
high-order e ect in shell theories can result meaningless uless an accurate description of
the curvatures term related to is made at the same time.

5.5.6 Natural frequencies versus wave mode number curves

The rst two natural frequencies without axial stress are plotted in Figure 5.2. A sym-
metric [0=90=0] cross-ply laminated composite cylindrical shell is coridered, with equal
thickness of each lamina and = =3. A shallow thin shell is considered, since the radius-
to-thickness parameterR =h = 100. Only results obtained using a LD4 model are plotted,
as the same trend can be found also for all higher-order the@s. The dominant rst two
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eigenvalues that correspond to the lowest two natural freqencies are of most concern.
The lower natural frequency T is a exural mode with some shear deformations, whereas
the upper frequency’ is an extensional mode with thickness changes. Figures 5.8 6.5
show the variation of the rst two natural frequencies for m = 1 3 with respect to
n=0 10. Although, in general, the natural frequencies increasas the circumferential
wave numbern grows, the lowest frequencies occur at speci ¢ higher modes the case
of the rst natural frequencies for m = 1;2, as shown in detail in Figures 5.3, 5.4. When
m = 3 also the rst natural frequency increases asnh goes from 0 10 (see Figure 5.5).

100 Wp === //,/'0‘ 4
80 | _/_/g—"// //,4“ /,,Er// i
60 | :

40 - P 4

frequency parameter

20 B

Figure 5.2. Natural frequency parameter versus circumferentiamode number curves of a
[0=90=0] cylindrical shell. a=h=10, = =3, R =h=100.
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frequency parametev,

frequency parametev;

Figure 5.3. Detail for ;3 with axial wave number m=1.
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Figure 5.4. Detail for T; with axial wave number m=2.
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frequency parametev;
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Figure 5.5. Detail for T; with axial wave number m=3.
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5.6 Conclusions

A uni ed approach to formulate two-dimensional shell theories has been here addressed to
evaluate the free vibration response of cylindrical multilayered shells made of composite
materials. Both thin shallow shells and moderately thick deep ones are considered, as well
as lower and higher vibration modes. Analyses are carried duwconsidering the in uence
of the stacking sequences of laminate, the degree of orthaipy, the thickness and the
curvature parameters. Higher-order theories are consided in the framework of Love-
and Donnell-type approximations. Classical theories havdbeen considered for comparison
purpose. The following main remarks can be made: 1- Classitanodels yield good results
only for thin shallow shells, 2- Zig-zag function increase¢he results accuracy of Equivalent
Single Layer Models, 3- a very accurate description of the Wdration response of highly
anisotropic thick shells requires a Layer-Wise approach. Aove all it must be highlighted
that inclusion of shear deformation and higher-order e ectscould result meaningless unless
curvatures terms are correctly included in a given theories
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Chapter 6

Trigonometric basis functions and
Uni ed Formulation

6.1 Introduction

The aim of the present section is to extend the bases functionused for higher order shell
theories to a trigonometric basis functions. Carrera Uni ed Formulation for the modelling
of composite shell structures is adopted. Equivalent sing layer and layer-wise shells theo-
ries based on trigonometric functions expansions are thenansidered to evaluate the static
behavior of multilayered, orthotropic plates and shells.

Classical theories (Classical Lamination Theory, CLT) deeloped for thin elastic shells are
based on Love-Kirchho 's assumptions [61]. Nowadays curvé shell structures made of
composite laminae have gained widespread acceptance foriprary structural components
due to high value of strength- and sti ness-to-weight ratios. Love-Kirchho 's kinematic
assumptions applied to layered anisotropic composite shisl may not yield a correct pre-
diction of displacements and stresses elds. These materig exhibit high transverse shear
deformation and discontinuous material properties in the thickness direction. These fea-
tures require the development of re ned theories [23, 25]. Acording to published research,
various theories in mechanics for composite structures havbeen developed. They can be
classi ed as:

Equivalent Single Layer (ESL): the number of unknowns is incependent from the
number of layers, but the shear stress continuity on the intefaces of layers is often
violated.

Layer-wise approach (LW): this theory aims at overcoming the restriction of the ESL
about the discontinuity of in-plane displacement on the interface layers.

A review of equivalent single layer and layer-wise laminateheories is presented by Reddy [98].
Concerning trigonometric theories for structural analysis the following literature is found.
Shimpi and Ghugal [109] have used trigonometric terms in thedisplacements eld for the
analysis of two layers composite beams. An ESL model is dewged by Arya et al. [6]
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using a sine term to represent the non-linear displacement eld across the thickness in
symmetric laminated beams. An extension of [6] to compositglates is presented by Fer-
reira et al. [46]. A trigonometric shear deformation theory is used to model symmetric
composite plates discretized by a meshless method based ofolgal multiquadric radial
basis functions. A specialized version of this theory with alayer-wise approach is pro-
posed by the same authors in [104]. Vidal and Polit [121] deghed a new three-noded
beam nite element for the analysis of laminated beams, bas#® on a sinus distribution
with layer re nement. A recent work from the same authors [122] deals with the in uence
of the Murakami's zig-zag function in the sine model for statc and vibration analysis of
laminated beams. Static and free vibration analysis of lamnated shells is performed by
radial basis functions collocation, according to a sinusalal shear deformation theory in
Ferreira et al. [45]. It accounts for through-the-thickness deformation, by considering a
sinusoidal evolution of all displacements with the thickness coordinate.

In the framework of the Uni ed Formulation 5.3.5, to postula te the displacements distri-
bution, we present a new set of trigopnometric functions of tte shell thickness coordinate
z. This approach is adopted in ESL and LW models. In the next sulsections we present
the uni ed and compact form of resulting equations.

6.2 Trigonometric Shell Theories

6.2.1 Equivalent single layer model

Considering equivalent single layer formulation, the two dmensional shells theories seen
in Sec. 5.3.2 have been extended to a new trigonometric basisnction de ned as:

f1;z;coq z=h);sin( z=h);coq2 z=h);sin(2 z=h); coq3 z=h); ;cogn z=h);sin(n z=h)g

(6.1)
The complete displacements eld can be written as:
U= ug+uiz+uzcos ¢ +uzsin & +ugcos2 £ +ussin 2 & +
(6.2)
+UgCOS 3 £ + +unycos N & +un+1sin N

whereu = fu ;u ;u,g. We mention this theory with the acronym "TN', where 'T' refe rs
to the trigonometric basis functions adopted to write the assumed displacements eld. The
kinematics of the proposed theory (Eq. 6.2) is useful, becae if the trigonometric term
(involving thickness coordinate z) is expanded in power series, the kinematics of higher
order theories (which are usually obtained by power seriesni thickness coordinatez) are
implicitly taken into account. Thus the use of trigopnometri c functions in the thickness
coordinate (in the kinematics) also results in the reduction of the number of unknown
variables as compared to other theories, as Layer-Wise (LW)

The ESL theories mentioned above have the number of unknownariables that are inde-
pendent from the number of constitutive layers N;.
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6.2.2 Layer-wise approach

If detailed response of individual layers is required and ifsigni cant variations in dis-
placements gradients between layers exist, as it is the casef local phenomena descrip-
tion, a layer-wise approach is necessary. That is, each layas seen as an independent
plate/shell and compatibility of displacement components with correspondence to each
interface is then imposed as a constraint. Legendre Polynorals basis functions is usu-
ally adopted(Eqgs. 5.10, 5.11). In the framework of trigononetric functions expansions,
we present and validate a new set of thickness functions forayer-wise approach. We use
functions containing sine and cosine terms instead of Legeiie Polynomials. This new set
of trigonometric functions meets conditions in Eq. 5.13. Tle thickness functionsF; and
F, are de ned as previously:

Po+ P1 E = Po P1
2 T2

whereasF;, r =2;3;:::;N, are rede ned in the following way:

Fo = (6.3)

F, = cos 5 ; Fz3=sin 5 k; Fa=cos( k)+1; Fs=sin( )
3 3 .
Fe = cos - ko F7 = sin - K + ;s Fg=cos(2 ) 1, Fg=sin(2 )
5 5
F.0=cos — F11=cos —
1 5 k 1 5 k k

(6.4)
The maximum expansion order introduced isN = 11. Besides to the sine and cosine
functions, in some case we added a unit or a linear term, so a® tsatisfy the conditions
of Eq. 5.13 seen before. The displacements expansion of Eq16 is still valid, but F, are
now de ned by Eqg. 6.4. We refer to this theories with the acrorym 'LDTN', where 'T'
stands for trigonometric thickness functions basis.

6.2.3 Carrera Uni ed Formulation

Carrera Uni ed Formulation (UF) is adopted to obtain two dim ensional models for shells.
In case only displacements assumption is introduced, the flowing expansion in the thick-
ness coordinatez can be written:

uk=F (2u*(; ) k=1;2 155 N (6.5)
where:

u = fu ;u ;u,g are the three displacement components of the generic shellomt
P(; ;z ) measured in a curvilinear reference system{;z ).

u =fu ;u ;u.gare the introduced displacement variables that depend onlyon
the coordinates and , lying on the reference shell surface.

F are the introduced functions of the thickness coordinates.
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N, is the number of layers of the laminate.

Einstein convention for repeated indexes is referred to. Th order of the expansion as well
as the choice of the base functions used to build the thicknesfunction F is completely
free. Therefore the set of trigonometric functions (Eq. 6.) proposed in the present section
can be easily introduced. The introduced assumptions for diplacements 6.5 can be made
at layer or at multilayer level. Layer-Wise (LW) descriptio n is obtained in the rst case
whereas Equivalent Single Layer (ESL) description is acquid in the latter one. If LW
description is employed thanu are layer variables. These are di erent in each layer. If
ESL description is referred to, thenu are shell variables. These are the same for the
whole multilayer. Examples of ESL and LW assumption are give in Fig. 6.1.

The governing equations and the boundary conditions are daved via the Principle of

Figure 6.1. Examples of ESL (left) and LW (right) assumptions. Linear and cubic cases.

Virtual Displacements (PVD) in a general way that does not depend upon the variable
description (ESL or LW) and the expansion order (Sec. 6.3). @rrera Uni ed Formu-
lation (UF) is employed to derive shell equations that are séved for the case of simply
supported boundary conditions and doubly curved shells wih constant curvatures. Navier-
type closed form solutions are obtained (Sec. 6.4). Resulf®r multilayered cross-ply shells
and plates are presented to validate the proposed theory, ahfurther are compared with
exact solutions present in literature.

6.3 Governing Equations

6.3.1 Equations for the N, layers

The displacements approach is formulated in terms ofuk by variationally imposing the
equilibrium via PVD, considering also an external load pk:

M RR
PRR e o
=k (6.6)
PR KT k
= uc' p*d
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where
8 9 8 9 8 9 8 9
< = < 5 = < = < 4, =
p= . .oon = z . p—. .+ oon=T . z . (6.7)
Y4 zZ

"T' as superscript stands for the transposition operator.  signi es virtual variations.
pkT = fp*; p*; pkgis a generic pressure loading acting on the top (}) and on the bottom
( E) of each lamina. The variation of the internal work has been glit into in-plane and
out-of-plane parts and involves the stresses obtained frorilooke's law 5.23 and the strains

from the geometrical relations 5.20, which replaced togetar with the uni ed displacement
eld of Eq. 6.5 into Eg. 6.6, gives:

W Z Z

ukT f( F Dg +F Ag)[@Ep(FstJf FsAp) + @En(FsDn + FsAn+ Fg)l+( F Dy +

k=1 v hy

+F AL+ F;z)[@Ep(Fst*‘ FsAp) + @En(FsDn + FsAp + Fs;z)]ngdezkulg d «+
Wi Z Z

+ ukT fF |g[@|;§p(Fst+ FsAp) + @En(FsDn + FsAp + Fsz)l+ F I} [eﬁp(Fst"'
k=1 hy
X 2
+FsAp)+ €K (FsDpn + FsAp + Fsz)lgH H dzuk d « = uTpkd
k=1 b[ t
k k
(6.8)
being:
15 o0 243
HK 00 ¢
1 H
=08 0 % O |n:§ooik§ (6.9)
11 H
HK RHEK 0 0 0 O

pk = fp* ;pk ;p¥ g are the variationally consistent load vectors coming from e applied
loadingspX. By imposing the de nition of virtual variations for the unk nown displacement
variables, the di erential system of governing equations aml related boundary conditions

for the N, k-layers in each  domain are found. The dierential system of governing
equations is:

uk: KEKSuk=pk (6.10)
with boundary conditions:
k = ok - g
ut=m geometrical on ¢
k'sk k s 7k i m (6'11)
qous = §°Us mechanical on |
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The further subscript d signi es values employed in the displacements formulation Dif-
ferential sti ness and mechanical boundary conditions matiices are:

Z
K§S= f( FDy+F ADEF(FsDp+ FsAp)+ €5, (FsDpn + FsAp + Fop)l+
hy
+ F DZI +F AL+ F )€K (FsDp+ FsAp)+ €5, (FsDn + FsAn + Fsz)lgH “H ¥dz
KS= fF IJ[€K,(FsDp+ FsAp)+ €K (FsDn + FsAp+ Fer)l+
hy

+F I-rl; [@Ep(Fst + FsAp) + @En (FsDn + FsAp + Fs;z)]gH “H dek
(6.12)
Previous equations consist of 3 3 fundamental nuclei. The following sub/super-scripts
are applied: , s and k. Explicit forms of the governing equations for each layer ca be
written by expanding the introduced subscripts and superscipts in the previous arrays as
follows:

k=1;2;:::;N;; =0;1;:::;Ns=0;1;:::;N (6.13)

6.3.2 Assemblage and Multilayer equations

PVD has been written for the N, independent layers. C? requirements must be imposed
to drive equations from layer to multilayer level. Multilay ered equations can be written
according to the usual variational statements: sti ness rehted to the same variables is
accumulated in this process. Interlaminar continuity conditions are imposed at this stage.
An example is shown in Figs. 6.2 and 6.3. Details on this proaure can be found in
Carrera's papers [26]. Multilayered arrays are obtained atthe very end of the assemblage.
The equilibrium and boundary conditions for the displacements formulation take on the
following form:

u

o

Kau=p - (6.14)
U=T Oor gqu= 4O

6.4 Closed form solution

In order to assess the proposed models, equations 6.10 arerdia solved for a special case
in which closed form solutions are given. The particular cas in which the material has
the following properties (as it is the case of cross-ply shis) €16 = €6 = €35 = €45 has
been considered, for which Navier-type closed form solutits can be found by assuming
the following harmonic forms for the applied loadingsp, = fp* ;p* ;p¥ g and unknown
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Figure 6.2. Assemblage from layer to multilayered level in ESLM descrifion
for a three layered plate.

Figure 6.3. Assemblage from layer to multilayered level in LW description for a
three layered plate.

displacementuy = fuk ;uX ;uk g variables in eachk-layer:

= m .n
uk cpk = UK (2);PK (z) cos — | sin —
m=1n=1 ay b(
P m n
K .pk — K .pk ;
u© ; = u* (z);P* (z2) sin — cos —
P m=1n=1 @) 2) ak K b « (6.15)

PP . m . n
uk s pk = - Uk (2); Pk (}}6S|n a2 - sin ok
m=1n=
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which correspond to simply-supported boundary conditions ax and by are the lengths of
the shell along the two coordinates  and k. m and n represent the number of half-
waves in  and  direction, respectively. Capital letters indicate amplitudes. Upon
substitution of Eq. 6.15, the governing equations assume th form of a linear system of
ordinary di erential equations.

6.5 Numerical Results and Discussion

The higher-order trigonometric theories described above &ve been applied to the static

analysis of multilayered composite plates and shells. The echanical material properties

of the lamina are: E,. = 25E7, Gt =0:5E1, Grt =0:2E7, .t = 171 =0:25. Subscript

‘L' stands for direction parallel to the bres, 'T' identie s the transverse direction, |1 is

the major Poisson's ratio. Thin and moderately thick plates and shells are considered. The
total thickness of the laminate is h. We present results for “classical' and trigopnometric
ESL and LW theories. A comparison with available exact solutons is given in the following

paragraphs.

6.5.1 Assessment

Tables 6.1 and 6.2 show a comparison between the ESL models.

U,(a=2;a=2;0) — (a=2;a=2;1=2) 7 (0;a=2;0)

layers 3 9 3 9 3 9
3D [85] 1709 1512 0559 0551 Q301 Q247
N=4 1:665 1413 0559 0546 0284 (384
N = 1:665 1413 0560 Q547 0284 (384
N=2 1:448 1342 Q504 Q517 Q141 Q262
N=1 1:436 1333 0501 Q515 Q140 Q260
T4 1672 1412 Q560 0546 Q295 Q389
T3 1672 1412 0561 Q547 Q295 0389
T2 1448 1342 Q504 Q517 Q141 Q262
CLT 1 1 0539 0539 Q339 0259

Table 6.1. Comparison between ESL with Lagrange polynomial basis fuctions and ESL
with trigonometric basis functions results. Maximum transverse deection T, and maximum
stresses- and —, for 3-ply and 9-ply square plate, a’/h=10 [85].

Results for the Lagrange polynomial basis functions and forthe trigopnometric ba-
sis functions are reported for a multilayered square plate ad a circular cylindrical shell
(see [85] and [119]). In table 6.1 we consider 3 and 9 layersoss-ply plates, with xed
side to thickness ratio a=h = 10. An expansion order up to four is taken into account.
Considering the same strati cation, with the trigonometri c models we obtain almost the
same results as that of the 'classical' ESL models or at leastome improvements of about
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u,(z=0) “22(z=0) —,(z=0)

R =h 100 10 4 100 10 4 100 10 4
3D [119] Q4715 1223 4009 830 1:27 062 3127 3264  2:349
N =4 0:4708 1141 3720 6:28 129 0:59 1:730 2292 1761
N =3 0:4708 1141 3718 6:28 129 0:59 1:730 2:292 1:760
N=2 0:4692 0952 2921 252 1:.03 0:56 0:631 1:158 1:002
N=1 0:4674 Q951 2953 263 102 054 0:630 1:157 1013
T4 04732 1212 4323 6:55 1:37  0:67 1:845 2:535  2:099
T3 04732 1212 4312 6:54 1:37 0:68 1:845 2:525  2:095
T2 04716 1003 3367 253 1:.08 0:66 0:635 1:221 1:154

CLT 0:4656 05205 Q4796

Table 6.2. Comparison between ESL with Lagrange polynomial basis fuctions and ESL
with trigonometric basis functions results. Maximum transverse deection T, and maximum
stresses,, and —, for [90 =0 =90 ] circular cylindrical shell [119].

4%, on equal expansion order.

Table 6.2 is referred to a 3-layers [90=0 =90 ] circular cylindrical shell subjected to trans-
verse sinusoidal loadings at the inner layer. Thick and thinshells are considered. The
TN solution is better or worse than the N solution depending m the case, but there is
not a regular trend. For a given expansion order, ie. N = 4, the solution is worse for
u,, when R =h =100 and 4, and for ,, when R =h =10 and 4, whereas in other cases
we obtain better results. However the maximum improvement hat is achieved is at most
15%, compared to the N solution.

6.5.2 Bending of Plates
Pagano's square laminates

In this section, we investigate the bending of square bidiretional plates consisting of 3,
5, 7 and 9 layers, loaded via a bisinusoidal loadingy,,. The elastic solution for this
problem was given by Pagano and Hat eld in [85]. Symmetric laninations with respect
to the central plane are considered, with ber oriented alterning between 0 and 90 , with
respect to the -axis. The outer layers are 0 oriented and the total thickness of the 0 and
90 layers is the same. Moreover each layer with same orientatio have same thickness.
Results present the following dimensionless quantities:
4
uz = —Q uz
12 po h (a=h)*
1
Po (a=h)” (©19

Po (a=h)

whereQ=4G 1t +(E_.+ ET(1+2 17))=(1 LT TL) and pg is a constant representing
the load's amplitude. a is the edge length. In terms of normalized functions (6.16)the
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CLT solution is independent of the ratio a=h.

U,(a=2;a=2;0) — (a=2;a=2;1=2) —2 (0;a=2;0)

a=h 100 10 4 100 10 4 100 10 4
3D [85] 1008 1709 4491 0539 0559 Q720 0339 Q301 0219
T11 1008 1697 4446 0539 0558 Q717 Q317 0283 Q207
T10 1008 1694 4433 0539 0558 Q717 0338 0302 0158
T9 1008 1694 4433 0539 0558 Q717 0338 Q302 0222
T8 1007 1687 4410 0539 0558 Q715 Q371 Q332 0244
T7 1007 1687 4411 0539 0558 Q715 Q371 Q332 0244

T6 1:007 1686 4401 0539 0558 Q0714 Q377 Q335 0240
T5 1:007 1686 4400 0539 0558 Q714 Q377 Q335 0240

T4 1007 1672 4360 0539 0560 0723 0329 0295 0219
T3 1.007 1672 4363 0540 0561 Q724 0329 0295 0219
T2 1:005 1448 3454 0539 0504 0432 0149 0141 Q118
CLT 1 1 1 0539 0539 0539 0339 0339 0339

Table 6.3. Maximum transverse de ection U, and maximum stresses—
and —, for 3-ply square plate [85].

Table 6.3 reports the displacementl, and the stresses and—, for a 3-ply laminate.
When the plate is thin (a=h = 100) CLT results agree with the exact solution. It is almost
unnecessary the use of higher-order theories. We have everomst results, for instance
when we consider—, . We can conclude that TN theories do not give improvement in
the solution when a=h = 100. On the contrary considering a thick plate the proposedTN
model gives better results compared with CLT ones. For the diplacementt, we observe a
smooth progression, when we increase the expansion order thie model we obtain better
results. When a=h = 4, CLT leads to 77% error with respect to the reference soluion.
This error reduces to 23% using a T2 theory and it drops to lesshan 3% when a T3 is
considered. Simply adding a sinus term it leads to a marked improvement of the solution.
Finer solutions are obtained when we increase the expansioarder, till an error of 1%
when we take into account for a T11 theory.

In general considering all the quantities reported in the table it is important to notice
the signi cant improvement in the results passing from T2 to T3 theory. Between these
two theories an error up to 50% is seen. It is worth noting that in some cases, when a
cosine term is added in the adopted displacements eld the dation doesn't change. This
behavior is evident when we considefi, or —, at a=h = 10. Therefore it appears that
in these cases there is no in uence of the cosine term in the kdion. We can note also
an irregular trend for stresses. Fora=h = 4 the in-plane stress— agrees with the exact
solution when a T4 theory is considered, but adding other tems gives worse results. To
have the same error of theory T4 it is necessary to go up to a T9The same happens for
the transverse stress—, . When a=h = 100 or 10 a T11 gives a worse result then a T3
theory. For a=h = 4 an expansion order of 10 leads to an error of almost 30%, wheas
already with a T3 we obtain the same value of the 3D solution. What should be noted
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is that not always a higher order of expansion is associated ith a solution more accu-
rate. This means that some terms that are added to the displaements eld, instead of
improving the solution even lead to a worsening. We can conade saying that increasing
the expansion order can result meaningless. But when we coider the theories T2 and T3
instead, a great change in the results is seen. The sinus teradded in T3 theory leads to
a great improvement of the solutions. Tables 6.4, 6.5 and 6.68efer to square bidirectional
laminates consisting of 5, 7 and 9 layers respectively.

As we increase the number of layers and considering higher itkness, there is a more

Uz(a=2;a=2;0) — (a=2;a=2;1=2) 2 (0;a=2;0)
a=h 100 10 4 100 10 4 100 10 4
3D [85] 1006 1570 4291 0539 0545 0685 Q272 0258 0238
T11 1006 1548 4163 0539 0544 Q675 Q242 0229 Q209
T10 1006 1544 4140 0539 0543 0671 0240 0226 Q205
T9 1.006 1544 4140 0539 0543 0671 0240 0226 Q205

T8 1:006 1536 4094 0539 0542 0670 0280 0264 0239
T7 1:006 1536 4094 0539 0542 Q670 0280 0264 0239

T6 1:005 1496 3912 0539 0544 0671 0384 0364 0324
T5 1005 1496 3912 0539 0545 0672 0384 0364 0324
T4 1:005 1455 3692 0539 0536 0623 Q477 0453 0403
T3 1:004 1455 3695 0539 0537 0622 Q478 0453 0403
T2 1:004 1365 3143 0539 0506 0456 Q309 0292 0255
CLT 1 1 1 0539 0539 0539 Q272 0272 Q272

Table 6.4. Maximum transverse de ection U, and maximum stresses—
and —, for 5-ply square plate [85].

slowly convergence of the solution, both for displacement, and for the in-plane stress
— . Transverse stress , instead presents a di erent trend. As the number of layers in-
creases, even if we consider the thin case, the solution ohiteed with higher order theories
is worse than the results of CLT. The value that we consider inthe point (0;a=2;0) has
a swinging trend. We get to overcome a 50% error with for examie a T10 theory. This
behaviour can be explained by looking at gures 6.4 and 6.5.

A cross-ply 9 layers plate is considered. The reference soion is given by a fourth-order
Layer-wise approach (LD4) [26]. Layered structures are chaacterized by non-continuous
thermo-mechanical material property distribution in the t hickness direction. We eval-
uate the transverse stress—, a posteriori from Hooke's law and by integration of the
3D inde nite equilibrium equations, respectively. The di e rence among this two ways
of evaluating transverse shear stresses was investigated [iCarrera in [22]. Superscript
H denotes stresses evaluated with classical form of Hookelaw, while | denote stresses
obtained by integration of the 3D-inde nite equilibrium eq uations. H type analyses lead
to the poorest accuracy: interlaminar equilibria is violated in all the investigated cases.
Transverse stresses evaluated by integration of the 3D indeite equilibrium equations led
to the best description in all the considered models. Consigring gure 6.4 we can observe
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Uz(a=2;a=2;0) — (a=2;a=2;1=2) 2 (0;a=2;0)
a=h 100 10 4 100 10 4 100 10 4
3D [85] 1005 1529 4153 0539 0548 Q678 Q272 0255 Q219
T11 1005 1504 4002 0539 0545 0666 0286 0268 0230
T10 1005 1482 3878 0539 0544 0663 0238 0223 0192
T9 1.005 1482 3878 0539 0545 0663 0238 0223 0192
T8 1:.004 1482 3654 0539 0544 Q653 Q170 Q223 Q140
T7 1.004 1440 3654 0539 0545 0653 Q170 Q161 Q140
T6 1:.004 1431 3594 0539 0541 0638 Q147 0140 Q125
T5 1:.004 1431 3593 0539 0541 0638 Q147 Q0140 Q125
T4 1:004 1424 3540 0539 0542 0632 Q171 Q163 Q147
T3 1:.004 1424 3543 0539 0542 0631 Q171 Q163 Q147
T2 1.003 1348 3091 0539 0513 Q477 Q114 Q109 Q098
CLT 1 1 1 0539 0539 0539 Q272 Q272 Q272
Table 6.5. Maximum transverse de ection U, and maximum stresses—

and —, for 7-ply square plate [85].

Saz

0.5

z/h

Figure 6.4. Distribution of stress —, for 9-ply laminate, Hooke's law casea=h = 10.
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Figure 6.5. Distribution of stress =, for 9-ply laminate, Equilibrium equations case,a=h = 10.
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U, (a=2; a=2;0) — (a=2;a=2;1=2) ~ 2 (0;a=2;0)
a=h 100 10 4 100 10 4 100 10 4
3D [85] 1005 1512 4079 0539 0551 0684 0259 0247 Q223
T11 1005 1448 3705 0539 0548 0664 0333 0318 0288

T10 1004 1420 3544 0539 0546 0649 0406 0390 Q355
T9 1:004 1420 3544 0539 0546 Q650 Q406 0390 0355
T8 1:004 1419 3537 0539 0546 0651 Q404 0387 0347
T7 1:004 1419 3537 0539 0546 0651 Q404 0387 0347
T6 1:004 1415 3507 0539 0545 0647 Q376 0358 0317
T5 1:004 1414 3505 0539 0545 0648 Q376 0358 0317
T4 1:004 1412 3479 0539 0546 0646 0405 0389 0353
T3 1:004 1412 3482 0539 0547 0645 0405 0389 0353
T2 1:003 1342 3072 0539 0517 Q491 Q272 0262 Q240
CLT 1 1 1 0539 0539 0539 0259 0259 0259

Table 6.6. Maximum transverse de ection U, and maximum stresses—
and —, for 9-ply square plate [85].

that the value of =, in the central point (z=0) is close to that of the reference sdution
when a T2 theory is adopted. To increase the expansion ordeehds to worse results. But
if we consider the trend along the whole thickness of the plat, then we see that higher
order theories, such as T6, give overall reduced errors. If @vconsider the | case instead
we obtain the same solution for all the considered expansioanrders and this results match
the reference solution.

Table 6.7 reports the displacementu, for a 9 ply laminate. When the plate is thin
(a=h=100) we have agreement with the reference solution for allhhe considered theories
and expansion orders. Instead, whera=h decreases we notice the di erence between ESL
and LW theories. In the casea=h = 10 we have an error of 7% and it reaches 15% for
a=h= 4. For this case, the trigonometric theories do not give improvements respect to the
classic ones. This behavior is highlighted in Figure 6.6, wich represents the displacement
u; in function of the plate's thickness. The most thick plate case has been considered
(a=h=4). The ED4 and EDT4 curves are overlapped as well as those tated to LD4 and
LDT4. Figures 6.7, 6.8 and 6.9 show the distributions of dispacement u, and stresses
and for a 3-ply laminate, in the a=h = 10 case. Results for classical and trigonometric
theories are comparable.
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EDN EDTN LDN LDTN

a=h =100

Ref. [13] 1.005

N =4 1.004 1.004 1.005 1.005
N=3 1.004 1.004 1.005 1.005
N=2 1.003 1.003 1.005 1.005
a=h=10

Ref. [13] 1.512

N =4 1.413 1412 1512 1.512
N=3 1.413 1412 1512 1.512
N =2 1.342 1.342 1512 1.512
a=h=4

Ref. [13] 4.079

N =4 3.488 3.479 4.079 4.079
N=3 3.493 3.482 4.079 4.078
N =2 3.074 3.072 4.078 4.078
CLT 1

Table 6.7. Maximum transverse de ection U, evaluated in z = 0 for
9 ply square plate, Ref. [85].

Figure 6.6. Distribution of displacement U, for 9-ply laminate, a=h = 4, expansion order
N = 4. Results for classical and trigonometric ESL and LW models.
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Figure 6.7. Distribution of displacement U, for 3-ply laminate, a=h= 10

Figure 6.8. Distribution of stress—  for 3-ply laminate, a=h= 10
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Figure 6.9. Distribution of stress =, for 3-ply laminate, a=h =10

6.5.3 Bending of Shells
Ren's Cylindrical Panels

Results presented in Table 6.8 refer to a [90=0 =90 ] cylindrical shell with layers of equal
thickness, loaded via a bisinusoidal loadingp,, applied at the top (external) layer. Exact
solutions were considered by Ren [103] for cross-ply cylimital panels in cylindrical bend-
ing. The geometrical data (see g. 6.10) are: number of halfwaves in  direction n = 1
and R =b= =3. Layers are numbered, starting from the shell bottom internal surface.
The bre L-orientation coincided with the (-layers direction. Transverse displacement,
in-plane and transverse shear stresses values are normaii by:

o 10Er
“ poh(R=h*"
L 1
= R (6.17)
1

* mp(R=h °

We consider the trigonometric set of thickness functions dscribed in Sec. 6.2.1 to carry
out the analyses. Some considerations about table 6.8 are rda hereinafter.

We present results also for the classical ESL and LW models irorder to provide a
comparison with the new trigonometric basis functions. Cormerning the displacement,t,
trigonometric LW theories provide results in agreement with the reference solution for an
expansion order as low as 3 and for both thin and thick shellsTherefore higher expansion
orders are not necessary for this case. Instead, if we considthe TN models we note
that for the displacement U, there is a regular trend. Adding terms in the expansion
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Figure 6.10. Geometrical notations used for the investigated cylindcal panels
and cylindrical shells.

improves the result, especially considering thick shellsR =h = 4), but at least we get
to an error of 11%. When the shell is thin R =h = 100) higher-order theories do not
give improvement in the solution, respect the CLT results. In fact the di erence between
CLT and LDT11 solutions is about 1%. Considering stress— , with trigonometric ESL
models, we notice that in some cases adding a term in the expaion leads to major errors.
The thick shell case R =h = 4) presents an irregular trend. For example the solution that
we obtain with an expansion order of 10 is worse than that reldve to N = 3. Therefore it
becomes interesting to study the contribution of each term i the expansion. LDTN results
convergence to the reference solution already fol = 4 and thus we do not need to add
other terms to increase the accuracy of the solution. The trasverse shear component ,
presents an unexpected behaviour. The solutions that we olaiin with the trigonometric
ESL models are better than the LW ones, when we consider highxpansion orders. In
fact, the LW solutions do not change from N = 3 onwards, but the error remains high
especially in the case of thin plate where it reaches 30%. ThEDTN models instead have
a regular trend and as we add terms to the expansion we obtain re accurate solutions.

Varadan and Bhaskar's Cylindrical Shells

Varadan and Bhaskar [119] considered exact solutions for oss-ply laminated, cylindrical
shells, subjected to transverse pressurp,; at the bottom (internal) surface. The geomet-
rical data (see g. 6.10) are: a=R =4, m =1, n = 8. The three layers [90 =0 =90 ]
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U;(z =0) ~ (z=h=2) —2(z=0)
R =h 100 10 4 100 10 4 100 10 4
3D [103] Q0787 Q144 Q457 Q781 Q897 1367 0523 0525 0476
LDT4 11 (00786 0144 (0458 Q779 Q897 1367 Q367 Q497 Q442
LDT 3 0:0786 0144 Q458 Q779 Q0896 1363 Q367 Q497 Q442
LDT 2 0:0786 0144 Q454 Q779 Q895 1344 0366 Q496 0438
LD 4 0:0786 0144 Q458 Q779 Q897 1367 Q367 Q497 Q442
LD 3 0:0786 0144 Q458 Q779 Q897 1367 0367 Q497 Q442
LD 2 00786 0144 Q454 Q779 Q0896 1347 0366 Q496 0437
LD 1 00785 0141 Q441 Q779 Q0866 1213 0366 Q498 0446
T11 00782 0135 Q404 Q775 Q831 0910 0416 0524 0436
T10 00782 0135 0403 Q775 Q830 0895 0430 0537 Q454
T9 0:0782 0135 Q396 Q774 Q846 1140 0430 0537 0451
T8 0:0782 0135 Q395 Q775 0845 1136 0408 0515 0426
T7 0:0782 0135 Q397 Q775 Q849 1187 Q408 0515 Q427
T6 0:0781 0133 0388 Q775 Q845 1180 0337 Q446 Q365
T5 0:0781 0133 Q387 Q775 Q0846 1169 0337 Q446 Q365
T4 0:0781 0131 Q380 Q775 Q842 1179 0233 Q356 0317
T3 0:0781 0131 Q380 Q776 Q0844 1196 0233 Q355 0317
T2 00779 0113 0292 Q774 Q739 Q710 Q033 Q166 Q164
CLT 0:0776 0078 Q078 Q776 Q759 Q732

Table 6.8. Maximum transverse de ection U, and maximum stresses— and —, for
[90 =0 =90 ] cylindrical shell [103].

lamination schemes have been considered. Results are qudtan Table 6.9:

oo 0B
" pph (R =h?*

1
22 (6.18)

_ 710
* p(R=h °

Y4

P

The conclusions and comments reached for the cylindrical pzels (Sec. 6.5.3) can be
extended to cylindrical shells. For the transverse displaementt, a T2 (R =h = 100) or
at least a T3 (R =h = 10;4) theory is enough to match the reference solution. Actualy
by adding more terms the solution gets worse. We note the sambehaviour considering
stresses. For—, at R =h = 10 the error respect the reference solution goes from 5% to
15% when we consider a T5 or a T9 theory, respectively. In gues 6.11 and 6.12 we show
the behaviour of 7, and — , along the shell's thickness. We notice that the introduction of
trigonometric thickness functions can leads to variationsof the solution. It is meaningful
the wide variation between a T7 theory with respect to a T8 theory (Fig. 6.11).

Then it is evident that theories developed from a new basis otrigonometric thickness
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U,(z=0) 22(z=0) —2(z=0)
R =h 100 10 4 100 10 4 100 10 4
3D [119] Q4715 1223 4009 830 127 062 3127 3264 2:349
T11 04737 1264 4329 6:82 127 065 2:949 3664 2:895
T10 04737 1263 4332 7.08 1:31 086 3:.028 3736 2:800
T9 04737 1265 4508 7.08 127 061 3:.028 3739 2:840
T8 04737 1263 4497 716 126 055 2:898 3586 2:719
T7 04737 1262 4448 716 127 061 2:898 3585 2:709
T6 04736 1243 4343 6:93 128 062 2:468 3104  2:283
T5 04736 1243 4362 6:93 1:28 060 2:468 3:104 2:289
T4 04732 1212 4323 6:55 1:37 0:67 1:845 2:535 2:099
T3 04732 1212 4312 6:54 1:37 0:68 1:845 2:525  2:095
T2 04716 1003 3367 253 1.08 0:66 0:635 1:221 1:154

CLT 0:4656 05205 04796

Table 6.9. Maximum transverse de ection U, and maximum stresses ,, and —, for
[90 =0 =90 ] circular cylindrical shell [119].
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functions are e ective depending on the terms that are adoptel in the expansion. It
becomes interesting to evaluate the importance of higher+aoler terms (see [32]).

15
1 L 4
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Figure 6.11. Distribution of stress™,, for [0 =90 =0 ] cylindrical shell, a=h = 10.
3D solution in [119]

Shz

Figure 6.12. Distribution of stress™, for [0 =90 =0 ] cylindrical shell, a=h = 10.
3D solution in [119]

Another analysis was carried out considering a two layers [G=90 ] lamination scheme.
For the sake of brevity, results quoted in Figures 6.13, 6.14nd 6.15 are referred to the
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R =h =10 case and present the behaviour of the investigated quaiities (Eq. 6.18) along
the shell's thickness. We compared the solutions obtainedor N = 4 for each theory
that we have considered in the second part of the thesis, as thclassical theories and the
trigonometric ESL and LW. Being equal the approach adopted,the trends do not change,
with or without the use of trigonometric functions. This app lies especially to stresses,
whereas the displacementl, undergoes an improvement when we consider the TN model,
compared to the EDN one.

Figure 6.13. Distribution of displacementt, for [0 =90 ] cylindrical shell, a=h=
10. 3D solution in [119]
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Figure 6.14. Distribution of stress—,, for [0 =90 ] cylindrical shell, a=h = 10.
3D solution in [119]

Figure 6.15. Distribution of stress™, for [0 =90 ] cylindrical shell, a=h = 10.
3D solution in [119]
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6.6 Conclusions

In the framework of axiomatic approaches which can be devefmed on the basis of vari-
ational statements, new trigonometric displacement distibutions in the thickness of the

shell z have been postulated. We presented higher-order shell thees based on Equiv-
alent Single Layer approach that have been formulated on thebasis of new kinematic
assumptions. We built up a set of trigopnometric thickness functions to write the assumed
displacement eld. Governing equations and boundary condions were derived via the
Principle of Virtual Displacement. A uni ed approach to for mulate two-dimensional shell
theories has been here addressed to evaluate the static rempse of cylindrical multilay-

ered plates and shells made of composite materials. Navidype closed form solution is
considered, that corresponds to simply supported boundaryconditions. All results have

been compared with exact solutions available in literature On the basis of the presented
results, we can make some considerations about the e ectivass of the formulation. When
the thickness of the shell becomes high, we need to use higherder theories, which pro-
vide better results compared to classical theories. It shold be take into account that

depending on the case considered we note that some terms usiedthe expansion are not
very useful or even negative. We must therefore understand hich order of expansion is
appropriate depending on the problem being analysed. The thories that we have pro-
posed are suitable for further investigation and in the opirion of the authors can bring
improvements in the eld of shells structural models.
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Chapter 7

Conclusions

Carrera's Uni ed Formulation (UF) has been presented, in the framework of beams, as
well as plates and shells modelling. The UF is based on a comp@anotation allowing to
obtain classes of Equivalent Single Layer (ESL) or Layerwie (LW) theories characterised
by the type of the main unknowns via the assumption of either tie Principle of Virtual Dis-
placement (PVD) or the Reissner's Mixed Variational Theorem (RMVT). Concerning the
srt part of the thesis, the free vibration analysis of thin- walled isotropic beams is carried
out through a closed form, Navier type solution. Slender anddeep beams are investigated.
Bending, torsional and axial modes, as well as local modes arconsidered. Results are
assessed toward nite element solutions. The numerical ingstigation has shown that the
proposed uni ed formulation yields accurate results as log as the appropriate approxi-
mation order is considered. The accuracy of the solution degnds upon the geometrical
parameters of the beam.

Functionally graded beams have been introduced. Their modaresponse has been eval-
uated through higher-order models, in the framework of UF. Bending, torsion and axial
modes are investigated. Slender as well as short beams arens@ered. Numerical results
highlight the e ect of di erent material distributions on nat ural frequencies and mode
shapes and the accuracy of the proposed models.

The Uni ed formulation has been extended to evaluate the themal behaviour of beams
made of several materials. The temperature pro le is deternmed by solving Fourier's
heat conduction equation. The governing equations are, the, derived from the Princi-
ple of Virtual Displacements considering the temperature eld as an external load. A
Navier-type, closed form solution is used. Simply supportd beams are, therefore, con-
sidered. Functionally graded mono-layer and sandwich crassection con gurations are
investigated. Numerical results in terms of temperature, dsplacement and stress distri-
butions are provided for di erent beam slenderness ratios. Rsults are assessed towards
three-dimensional nite element solutions demonstratingthat accurate results can be ob-
tained with reduced computational costs.

Concerning the second part of the thesis, an introduction toEquivalent single layer and
layer-wise models for shells analysis has been presentedhé@se models have been applied
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to the modal analysis of thin and moderately thick as well as ballow and deep shells. Sev-
eral parametric analyses are carried out depending on the atking sequences of laminates,
on the degree of orthotropic ratio and the thickness and on tke curvature parameters. Con-
clusions are drown with respect to the accuracy of the theosgs for the considered lay-outs
and geometrical parameters. In the framework of shells moding, besides the polyno-
mial approximation for the main unknown variables, we presated new basis functions
for the assumed displacement eld, that account for trigonanetric variation. Equivalent
single layer and Layer-wise shells theories based on trigometric functions expansions are
considered to evaluate the static behavior of multilayered orthotropic plates and shells.
Carrera Uni ed Formulation for the modeling of composite shell structures is adopted,
extending the bases functions used for higher order shell #ories to trigonometric bases
functions. The governing di erential equations of the problem are presented in a compact
general form. These equations are solved via a Navier-type;losed form solution. The
static bahaviour of plates and shells is investigated. As asessment, results are compared
with available exact solutions present in literature.
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