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Abstract

In this paper we present a layerwise finite element model for the analysis of
sandwich laminated plates with a viscoelastic core and laminated anisotropic face
layers. The stiffness and mass matrices of the element are obtained by the Carrera’s
Unified formulation (CUF). The dynamic problem is solved in the frequency domain
with viscoelastic frequency-dependent material properties for the core. The dynamic
behaviour of the model is compared with solutions found in the literature, including
experimental data.
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1 Introduction

Sandwich plates with viscoelastic core are very effective in reducing and con-
trolling vibration response of lightweight and flexible structures, where the soft
core is strongly deformed in shear, due to the adjacent stiff layers. The theo-
retical work on constrained layer damping can be traced to DiTaranto [1] and
Mead and Markus [2] for the axial and bending vibration of sandwich beams.
Since then, different formulations and techniques have been reported for mod-
elling and predicting the energy dissipation of the viscoelastic core layer in a
vibrating passive constrained layer damping structure [3–5]. Other proposed
formulations include thickness deformation of the core layer dealing with the
cases where only a portion of the base structure receives treatment [6].

Due to the high shear developed inside the core of the sandwich, equivalent
single layer plate theories, even those based on higher order deformations, are
not adequate to describe the behaviour of these sandwiches, also due to the
high deformation discontinuities that arise at the interfaces between the vis-
coelastic core material and the surrounding elastic constraining layers. The
usual approach to analyse the dynamic response of sandwich plates uses a
layered scheme of plate and brick elements with nodal linkage. This approach
leads to a time consuming spatial modelling task. To overcome these diffi-
culties, the layerwise theory has been considered for constrained viscoelastic
treatments, and most recently, Moreira et al. [7,8], among others, presented
generalized layerwise formulations in this scope.

More recently, Araújo et al. [9–12] have presented and used for optimisa-
tion and viscoelastic material identification purposes a sandwich finite element
model based on an eight nodded serendipity plate element. The viscoelastic
core layer is modelled according to a higher order shear deformation theory
and adjacent elastic and piezoelectric layers are modelled using the first order
shear deformation theory. All materials are considered to be orthotropic, with
elastic layers being formulated as laminated composite plies. Passive damping
is accounted for by using the complex modulus approach, allowing for fre-
quency dependent viscoelastic materials and active damping is incorporated
through feedback control laws for co-located control. Also in this framework,
Moita et al. [13] developed a simple and efficient non conforming triangular
finite element where the viscoelastic core is modelled according to Reissner-
Mindlin laminated plate theory and the face layers are modelled according
the Kirchhoff-Love plate theory. Another sandwich plate model presented by
Moita et al. [14] is based on Reddy’s third order shear deformation theory
for the core and the face layers are also modelled according to the classical
laminated plate theory. These models also contemplate hybrid active-passive
damping. A similar model was also presented by Bilasse et al. [15] for non
linear vibrations of sandwich plates.
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In the present work the stiffness and mass matrices are obtained by the Car-
rera’s Unified Formulation (CUF), firstly proposed in [16–18] for laminated
plates and shells and extended to functionally graded (FG) plates in [19–21].
The present formulation considers a displacement-based layerwise formulation,
with linear expansion of displacements in each layer, with degrees of freedom
u, v, w at each laminate interface.

The dynamic response of the finite element model is validated using a few
reference solutions from the literature.

2 Stiffness and Mass matrices by the Unified Formulation

This section intends to detail how the stiffness and mass matrices are obtained,
in order to support the relevant (nonlinear) eigenproblem, to be discussed
later.

2.1 Geometry and notations for multilayered plates

Consider a laminated plate with Nl layers, where we will denote k for the layer
number that starts from the bottom surface. Let x and y be the plate middle
surface Ωk coordinates, where Ω0 and Ω will also denote the reference surface.
Let Γk be the layer boundary on Ωk. Let z and zk be the plate and layer thick-
ness coordinates; and h, hk denote plate and layer thickness, respectively. In
order to compute integrals in the thickness direction, we also denote Ak as the
kth-layer thickness domain. Symbols not affected by k subscript/superscripts
refer to the whole plate.

2.2 Displacement assumptions

The present Layerwise (LW) approach considers independent layers, with dis-
placement components u at each laminate interface. The typical expansion for
displacements is expressed as

uk = Ftu
k
t + Fbu

k
b = Fτ uk

τ ; τ = t, b; k = 1, 2, ..., Nl (1)
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where t, b denote the top and bottom surfaces of the laminate.We are using
linear functions in each layer, as follows:

Fb = 0.5 − 1

h(k)



z − z
(k)
b + z

(k)
t

2



 ; Ft = 0.5 +
1

h(k)



z − z
(k)
b + z

(k)
t

2



 (2)

The thickness for each layer is obtained as h(k) = z
(k)
t − z

(k)
b . The quantities

referred in equation 2 are illustrated in figure 1 for a 3-layered laminate.
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Fig. 1. A 4-layer laminate; definition of degrees of freedom at interfaces

2.3 Strain-displacement relations

Resorting to the small deformation assumptions, the in-plane (p), and out-of-
plane (n) strain components ǫp, ǫn are linearly related to the displacements u

according to
ǫp = Dpu (3)

ǫn = Dnu = (DnΩ + Dnz) u (4)

where u denotes the array of the displacement components,

u =
[

ux uy uz

]T

(5)

The differential matrices are expressed as

Dp =















∂
∂x

0 0

0 ∂
∂y

0

∂
∂y

∂
∂x

0















; Dn =















∂
∂z

0 ∂
∂x

0 ∂
∂z

∂
∂y

0 0 ∂
∂z















; DnΩ =















0 0 ∂
∂x

0 0 ∂
∂y

0 0 0















; Dnz =















∂
∂z

0 0

0 ∂
∂z

0

0 0 ∂
∂z















(6)
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2.4 Hooke’s law for orthotropic lamina in the material reference system

The linear elastic laminae are considered to be homogeneous. The Hooke’s law
for the anisotropic k-lamina is written in the form σi = Cijǫj , where the sub-
indices i and j, ranging from 1 to 6, stand for the index couples 11, 22, 33, 13, 23
and 12, respectively. The material is assumed to be orthotropic. Therefore,
C14 = C24 = C34 = C64 = C15 = C25 = C35 = C65 = 0. This implies that σk

13

and σk
23 depend on ǫk

13 and ǫk
23 only. In matrix form it can be written



































σ11

σ22

σ12

σ13

σ23

σ33



































=



































C11 C12 0 0 0 C13

C12 C22 0 0 0 C23

0 0 C66 0 0 0

0 0 0 C55 0 0

0 0 0 0 C44 0

C13 C23 0 0 0 C33





































































ǫ11

ǫ22

ǫ12

ǫ13

ǫ23

ǫ33



































(7)

2.5 Hooke’ law for orthotropic lamina in the plate reference system

Multilayered plates are often composed by layers made up with different ori-
entation. It is therefore of interest to write the Hooke’s law on the material
coordinate system 1,2,3 into the reference coordinate system x, y, z. The rela-
tions between the two coordinate systems are expressed as:

σ = Tσm; ǫm = TT
ǫ ; σm = Cǫm (8)

where

σm =
[

σ11 σ22 σ12 σ13 σ23 σ33

]T

(9)

ǫm =
[

ǫ11 ǫ22 ǫ12 ǫ13 ǫ23 ǫ33

]T

(10)

σ =
[

σxx σyy σxy σxz σyz σzz

]T

(11)

ǫ =
[

ǫxx ǫyy ǫxy ǫxz ǫyz ǫzz

]T

(12)

and T denotes the matrix of direction cosines of the coordinate transformation.
Using previous relations, we can finally obtain the stress-strain relations in the
reference coordinate system as

σ = TCTT
ǫ = C̃ǫ (13)
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2.6 Viscoelastic core

For the viscoelastic core layer, the stiffness coefficients Cij are complex quan-
tities. The complex modulus approach was used in this work, according to the
elastic-viscoelastic correspondence principle. In this case, the usual engineer-
ing moduli may be represented by complex quantities, considering isothermal
conditions (see Araujo et al. [11] for details), as

E∗

1(jω) = E1(ω)(1 + jηE1
(ω))

E∗

2(jω) = E2(ω)(1 + jηE2
(ω))

E∗

3(jω) = E3(ω)(1 + jηE3
(ω))

G∗

12(jω) = G12(ω)(1 + jηG12
(ω))

G∗

23(jω) = G23(ω)(1 + jηG23
(ω))

G∗

13(jω) = G13(ω)(1 + jηG13
(ω))

ν∗

12(jω) = ν12(ω)(1 − jην12
(ω))

ν∗

13(jω) = ν13(ω)(1 − jην13
(ω))

ν∗

23(jω) = ν23(ω)(1 − jην23
(ω))

(14)

where E1, E2, E3, G12, G23, G13 and ν12, ν13, ν23 denote storage moduli, ηE1
,

ηE2
, ηE3

, ηG12
, ηG23

, ηG13
and ην12

, ην13
, ην23

are the corresponding material loss
factors, ω represents the angular frequency of vibration and j =

√
−1 is the

imaginary unit.

2.7 Finite element interpolations

Following standard finite element method (FEM) approximations, the un-
known variables in the element domain are expressed in terms of their values
at the element nodes. According to the isoparametric description, displace-
ments are expressed as

uk
τ = Niq

k
τi (i = 1, 2, ..., Nn) (15)

where

qk
τi =

[

qk
uxτi qk

uyτi qk
uzτi

]T

(16)

Here, Nn is the number of element nodes, Ni are the shape functions and qk
τi

are nodal variables. Also here ξ, η are the natural coordinates.

The assumed displacemnt field is first introduced in the expression for the
strains, leading to the following expressions,
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ε
k
p = Dpu

k= Dp

(

Fτ uk
τ

)

(17)

ε
k
n = Dnuk = (DnΩ + Dnz)

(

Fτ uk
τ

)

= DnΩ

(

Fτ uk
τ

)

+ Fτ,z
uk

τ (18)

In which the notation Fτ,z
= ∂Fτ

∂z
has been introduced. Being the base functions

Fτ independent of x and y, the strains can now be written as

ε
k
p = Fτ Dp (NiI) qk

τi ; ε
k
n = Fτ DnΩ (NiI) qk

τi + Fτ,z
Niq

k
τi (19)

in which I is the identity matrix. By introducing the strain–displacement re-
lations along with the Hooke’s law, the internal virtual strain energy can be
expressed via the Principle of Virtual Displacements (PVD) statement as

δLk
int =

∫

Ω δqkT
τi DT

p (NiI) C̃k
pp

[

∫

Ak
(Fτ Fs) dz

]

Dp (NjI) qk
sjdΩ+

+
∫

Ω δqkT
τi DT

p (NiI) C̃k
pn

[

∫

Ak
(Fτ Fs) dz

]

DnΩ (NjI) qk
sjdΩ+

+
∫

Ω δqkT
τi DT

p (NiI) C̃k
pn

[

∫

Ak

(

Fτ Fs,z

)

dz
]

Njq
k
sjdΩ+

+
∫

Ω δqkT
τi DT

nΩ (NiI) C̃k
np

[

∫

Ak
(Fτ Fs) dz

]

Dp (NjI) qk
sjdΩ+

+
∫

Ω δqkT
τi DT

nΩ (NiI) C̃k
nn

[

∫

Ak
(Fτ Fs) dz

]

DnΩ (NjI) qk
sjdΩ+

+
∫

Ω δqkT
τi DT

nΩ (NiI) C̃k
nn

[

∫

Ak

(

Fτ Fs,z

)

dz
]

Njq
k
sjdΩ+

+
∫

Ω δqkT
τi NiC̃

k
np

[

∫

Ak

(

Fτ,z
Fs

)

dz
]

Dp (NjI) qk
sjdΩ+

+
∫

Ω δqkT
τi NiC̃

k
nn

[

∫

Ak

(

Fτ,z
Fs

)

dz
]

DnΩ (NjI) qk
sjdΩ+

+
∫

Ω δqkT
τi NiC̃

k
nn

[

∫

Ak

(

Fτ,z
Fs,z

)

dz
]

Njq
k
sjdΩ

(20)

where Ω represents the domain of the finite element. To notice one again that
subscripts s and j have been used for the finite values of unknown variables
while subscripts τ and i have been introduced for their variations. As usual

7



in two dimensional analysis, the integration in the thickness direction can be
made beforehand by introducing the following layer integrals

(

Z̃kτs
pp , Z̃kτs

pn , Z̃kτs
np , Z̃kτs

nn ,
)

=
(

C̃k
pp, C̃k

pn, C̃k
np, C̃k

nn

)

Eτs (21)

(

Z̃kτs,z

pn , Z̃kτs,z

nn , Z̃kτ,zs
np , Z̃kτ,zs

nn , Z̃kτ,zs,z

nn

)

=
(

C̃k
pnEτs,z

, C̃k
nnEτs,z

, C̃k
npEτ,zs, C̃k

nnEk
τ,zs, C̃k

nnEτ,zs,z

)

(22)

where

(

Eτs, Eτs,z
, Eτ,zs, Eτ,zs,z

)

=
∫

Ak

(

Fτ Fs, Fτ Fs,z
, Fτ,z

Fs, Fτ,z
Fs,z

)

dz (23)

Note that Fτ , Fs have been introduced before for each layer as Fb, Ft in equa-
tion 2.

Eqn.(20) can be written as

δLk
int = δqkT

τi Kkτsijqk
sj (24)

where Kkτsij represents the k-th layer stiffness matrix, defined as

Kkτsij = ⊳DT
p (NiI)

[

Z̃kτs
pp Dp (NjI) + Z̃kτs

pn DnΩ (NjI) + Z̃kτs,z
pn Nj

]

+

+DT
nΩ (NiI)

[

Z̃kτs
np Dp (NjI) + Z̃kτs

nn DnΩ (NjI) + Z̃kτs,z
nn Nj

]

+

+Ni

[

Z̃kτ,zs
np Dp (NjI) + Z̃kτ,zs

nn DnΩ (NjI) + Z̃kτ,zs,z
nn Nj

]

⊲Ω

(25)

The symbols ⊳ ...⊲Ω denote integrals on the finite element domain, Ω.
To notice that the matrix Kkτsij is made by triplicate products of 3×3 arrays,
so that Kkτsij is itself a 3 × 3 array. Such an array consist of the fundamental
nucleus of finite element matrices related to PVD applications. The 9 terms
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for Kkτsij can be explicitly presented as:

Kkτsij
xx = Z̃kτs

pp11 ⊳ Ni,xNj,x ⊲Ω +Z̃kτs
pp16 ⊳ Ni,yNj,x ⊲Ω +Z̃kτs

pp16 ⊳ Ni,xNj,y ⊲Ω +

+Z̃kτs
pp66 ⊳ Ni,yNj,y ⊲Ω +Z̃

kτ,zs,z

nn55 ⊳ NiNj⊲Ω

Kkτsij
xy = Z̃kτs

pp12 ⊳ Ni,xNj,y ⊲Ω +Z̃kτs
pp26 ⊳ Ni,yNj,y ⊲Ω +Z̃kτs

pp16 ⊳ Ni,xNj,x ⊲Ω +

+Z̃kτs
pp66 ⊳ Ni,yNj,x ⊲Ω +Z̃

kτ,zs,z

nn45 ⊳ NiNj⊲Ω

Kkτsij
xz = Z̃

kτs,z

pn13 ⊳ Ni,xNj ⊲Ω +Z̃
kτs,z

pn36 ⊳ Ni,yNj ⊲Ω +Z̃
kτ,zs
nn55 ⊳ NiNj,x ⊲Ω +

+Z̃
kτ,zs
nn45 ⊳ NiNj,y⊲Ω

Kkτsij
yx = Z̃kτs

pp12 ⊳ Ni,yNj,x ⊲Ω +Z̃kτs
pp16 ⊳ Ni,xNj,x ⊲Ω +Z̃kτs

pp26 ⊳ Ni,yNj,y ⊲Ω +

+Z̃kτs
pp66 ⊳ Ni,xNj,y ⊲Ω +Z̃

kτ,zs,z

nn45 ⊳ NiNj⊲Ω

Kkτsij
yy = Z̃kτs

pp22 ⊳ Ni,yNj,y ⊲Ω +Z̃kτs
pp26 ⊳ Ni,xNj,y ⊲Ω +Z̃kτs

pp26 ⊳ Ni,yNj,x ⊲Ω +

+Z̃kτs
pp66 ⊳ Ni,xNj,x ⊲Ω +Z̃

kτ,zs,z

nn44 ⊳ NiNj⊲Ω

Kkτsij
yz = Z̃

kτs,z

pn23 ⊳ Ni,yNj ⊲Ω +Z̃
kτs,z

pn36 ⊳ Ni,xNj ⊲Ω +Z̃
kτ,zs
nn45 ⊳ NiNj,x ⊲Ω +

+Z̃
kτ,zs
nn44 ⊳ NiNj,y⊲Ω

Kkτsij
zx = Z̃

kτs,zk
nn55 ⊳ Ni,xNj ⊲Ω +Z̃

kτs,zk
nn45 ⊳ Ni,yNj ⊲Ω +Z̃

kτ,zs
np13 ⊳ NiNj,x ⊲Ω +

+Z̃
kτ,zs
np36 ⊳ NiNj,y⊲Ω

Kkτsij
zy = Z̃

kτs,zk
nn45 ⊳ Ni,xNj ⊲Ω +Z̃

kτs,zk
nn44 ⊳ Ni,yNj ⊲Ω +Z̃

kτ,zs
np23 ⊳ NiNj,y ⊲Ω +

+Z̃
kτ,zs
np36 ⊳ NiNj,x⊲Ω

Kkτsij
zz = Z̃kτsk

nn55 ⊳ Ni,xNj,x ⊲Ω +Z̃kτsk
nn45 ⊳ Ni,yNj,x ⊲Ω +Z̃kτsk

nn45 ⊳ Ni,xNj,y ⊲Ω +

+Z̃kτsk
nn44 ⊳ Ni,yNj,y ⊲Ω +Z̃

kτ,zs,z

nn33 ⊳ NiNj⊲Ω

(26)
The adequate choice of shape functions N , element number of nodes Nn, and
the expansion vector F (k) = [F

(k)
b , F

(k)
t ], allows the computation of the stiffness

(and mass) matrices of the k-th layer, corresponding to any two-dimensional
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theory.

3 Equations of motion

The equations of motion for the plate are obtained by applying the extended
Hamilton’s principle, using a nine node Lagrangian plate element with 12
mechanical degrees of freedom per node (3 displacements × 4 interfaces)

Mü + K(ω)u = f (27)

where u, and ü, are displacement degrees of freedom and corresponding ac-
celerations, respectively. M and K(ω) are the real mass matrix and complex
frequency dependent stiffness matrix, respectively, and f is the externally ap-
plied load vector.

Assuming harmonic vibrations, the final equilibrium equations are given in
the frequency domain by:

[

K(ω) − ω2M
]

U = F (28)

where F(ω) = F(f(t)) is the Fourier transform of the time domain force
history f(t) and U(ω) = F(u(t)) is the Fourier transform of the time domain
displacement vector u(t)

For the free vibration problem the equations of motion reduce to the following
non-linear eigenvalue problem due to the frequency dependent nature of the
stiffness matrix:

[K(ω) − λ∗

nM] Un = 0 (29)

where Un is a complex eigenvector and λ∗

n is the associated complex eigenvalue,
which can be written as:

λ∗

n = λn (1 + jηn) (30)

and λn = ω2
n is the real part of the complex eigenvalue and ηn is the corre-

sponding modal loss factor.

The non-linear eigenvalue problem is solved iteratively, and the iterative pro-
cess is considered to have converged when:
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‖ωi − ωi−1‖
ωi−1

≤ ǫ (31)

where ωi and ωi−1 are current and previous iteration values for the real part of
the particular eigenfrequency of interest, respectively, and ǫ is the convergence
tolerance.

According to CUF [16–18], the mass matrix (independent of the frequency)
components are explicitly obtained as

Mkτsij
11 =mk

τs ⊳ NiNj⊲Ω

Mkτsij
12 =0

Mkτsij
13 =0

Mkτsij
21 =0

Mkτsij
22 =mk

τs ⊳ NiNj⊲Ω

Mkτsij
23 =0

Mkτsij
31 =0

Mkτsij
32 =0

Mkτsij
33 =mk

τs ⊳ NiNj⊲Ω

(32)

where
mk

τs =
∫

Ak

ρkFτ Fs dz

4 Applications

In this paper we present comparative results for natural frequencies and modal
loss factors with reference numerical and experimental results.

4.1 Sandwich plates

4.1.1 Undamped sandwich

A symmetric and simply supported rectangular sandwich plate with alu-
minium face layers and a soft orthotropic core is considered [26,28]. The plate
in-plane dimensions (a × b) are 1.829 m × 1.219 m, the thickness for the face
layers are 0.406 × 10−3 m, and for the core is 0.635 × 10−2 m. The aluminium
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face layers are isotropic with elastic properties E = 7.023 × 104 MPa, ν = 0.3
and material density ρ = 2.82 × 103 kg/m3. The orthotropic soft core is char-
acterized by the following properties (principal material direction 1 is aligned
with the x direction): E1 = E2 = 137 MPa, G12 = 45.7 MPa, G13 = 137 MPa,
G23 = 52.7 MPa, ν12 = 0.5, and ρ = 124.1 kg/m3.

We compare the present results with FEM analysis by Araujo et al. [11], that
employed Serendipity elements, using a Mindlin-like theory for the faces, and a
higher-order approach for the core. We also compare with 3-node FEM results
by Rikards et al. [26], and experimental results from [28], as reported in [26].
Comparative results for the first ten natural frequencies are presented in table
1, using various Q9 meshes. A very good agreement can be observed between
the present numerical results and the reference numerical and experimental
ones.

4.1.2 Damped sandwich

A non-symmetric square simply supported sandwich plate with a thick damped
core is considered [26,29]. The material properties and geometry of the plate
are characterized by non-dimensional quantities. The plate in-plane dimen-
sions are (a × a) with a = 100, the thickness of the face layers are 0.4 and
0.28, and the thickness of the core layer is 4. The face layers are isotropic with
elastic properties E = 105, ν = 0.3 and material density ρ = 1. The isotropic
soft core is characterized by the following non-dimensional properties: G = 1,
ν = 0.3, ρ = 0.5, and ηG = 0.5 (material loss factor associated with shear
modulus).

We compare the present results with FEM analysis by Araujo et al. [11], that
employed Serendipity elements, using a Mindlin-like theory for the faces, and
a higher-order approach for the core. We also compare with FEM results by
Rikards et al. [26], and Sadasiva and Nakra [29]. Comparative results for the
first three modal loss factors and frequencies are presented in tables 2 and 3,
respectively, using various Q9 meshes for both present and reported [26,29]
results, where a good agreement can be observed. The approximate nature
of the energy method used by Rikards et al. [26] to calculate the modal loss
factor might explain the deviations observed.

4.2 Sandwich beam

We consider now a clamped-free sandwich beam example from Barkanov et
al. [27]. The beam has dimensions: width=0.05m, length=0.3m, and thick-
ness of layers: h1=0.0012m, h2=0.0001016m, h3=0.0008m. The external layers
are made out of aluminium 2024T6 with the following properties: E=64GPa,
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n Experimental [28] FEM [28] Rikards et al. [26] Araujo et al. [11] Present (4 × 4 Q9) (8 × 4 Q9) (12 × 10 Q9)

1 – 23 23.4 23.5 23.28 23.27 23.26

2 45 44 45.4 44.8 44.91 44.63 44.60

3 69 69 72.2 71.7 70.93 70.93 70.27

4 78 78 81.6 79.5 83.04 80.09 79.90

5 92 90 95.9 92.5 91.97 91.72 91.08

6 129 123 133.7 126.5 128.90 126.27 125.51

7 133 126 134.2 126.8 139.28 129.83 128.85

8 152 143 152.2 150.7 151.62 151.62 145.16

9 169 162 156.8 170.7 171.56 171.36 165.16

10 177 172 190.9 173.0 181.46 174.74 173.29
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Vibration mode FEM [29] Rikards et al. [26] Araujo et al. [11] Present (4 × 4 Q9) (8 × 8 Q9) (12 × 12 Q9)

m n

1 1 0.373 0.350 0.368 0.352 0.353 0.353

1 2 0.273 0.173 0.272 0.247 0.248 0.248

1 3 0.189 0.160 0.188 0.160 0.167 0.167
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Vibration mode Araujo et al. [11] Present (4 × 4 Q9) (8 × 8 Q9) (12 × 12 Q9)

m n

1 1 0.011 0.0111 0.0111 0.0111

1 2 0.020 0.0211 0.0210 0.0210

1 3 0.034 0.0377 0.0365 0.0364

Table 3
Frequencies (Hz) for the square damped sandwich plate

ν=0.32, and ρ=2695 kg/m3. The beam is clamped on the left side and free
elsewhere. The dynamic characteristics such as its eigenfrequencies and corre-
sponding loss factors have been determined from numerical experiments using
a complex eigenvalues method and the following material properties of the 3M
damping polymer ISD-112:

G = 4.759 − 0.9266/z + 2.405z2 [MPa]

with z = 0.1918 + 0.0005148f

ηG = ηE = 1.385 − 0.03673z − 0.01342/z

with z = 0.01 + 0.0006306f

where f = ω
2π

, and z is not related to thickness coordinate.. Poisson’s ratio and
density for the viscoelastic core are ν = 0.49 and ρ = 1000kg/m3, respectively.

We use several Q9 meshes to compare frequencies and modal loss factors with
results by Barkanov et al. [27]. Because we are modelling a beam, we present
two sets of results, one set with Poisson’s ratios equal to 0.3, and another set
with zero Poisson’s ratios. As seen in table 4, the second set presents very
close results to those of [27].

4.3 A sandwich plate with frequency-dependent viscoelastic core

A simply supported rectangular sandwich plate of in-plane dimensions 348 mm
× 304.8 mm is made of two face layers with equal thickness of 0.762 mm and a
viscoelastic core with a thickness of 0.254 mm. The material of the face layers
is isotropic with Young modulus E=68.9 GPa, Poisson’s ratio ν = 0.3 and
mass density ρ = 2740 kg/m3.

We consider two different materials for the viscoelastic core. The first material
is a polymer represented by a constant viscoelastic model with E=2.67008 MPa,
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Mode n f
(exp)
n [27] f

(F EM)
n [27] η

(exp)
n [27] η

(F EM)
n [27] Present fn(8 × 2 Q9) ηn fn (10 × 4 Q9) ηn

ν13 = ν23 = ν12 = 0.3 for skins

1 16 16 0.12 0.13 17.0316 0.1095 17.039 0.1092

2 100 99 0.22 0.22 104.4976 0.1848 104.5322 0.1843

3 268 271 0.26 0.25 288.7436 0.2104 288.6668 0.2097

4 496 510 0.26 0.28 496.7389 0.2728 495.2132 0.2725

ν13 = ν23 = ν12 = 0.0 for skins

1 16 16 0.12 0.13 16.4004 0.1179 16.4003 0.1179

2 100 99 0.22 0.22 100.6279 0.1993 100.6161 0.1992

3 268 271 0.26 0.25 277.7424 0.2266 277.4800 0.2265

4 496 510 0.26 0.28 525.4678 0.2644 523.6329 0.2641
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ν = 0.49, ρ = 999 kg/m3 and constant loss factor η = 0.5. Results for the first
six natural frequencies and modal loss factors are presented in table 5.

The second material is the 3M ISD112 which has a mass density of ρ =
1600 kg/m3 and a Poisson’s ratio of ν = 0.5, and its shear modulus is frequency
dependent and represented by the generalized Maxwell model [30]:

G∗(ω) = G0

(

1 +
n
∑

i=1

∆iω

ω − jΩi

)

(33)

where G0 represents the static shear modulus and (∆i,Ωi) the Maxwell pa-
rameters obtained by master curves fitting [30].

The 3M ISD112 core is considered at 27 ◦C. The static shear modulus at this
temperature is G0 = 0.5 × 106 Pa [30] and the corresponding Maxwell series
terms (∆i,Ωi) involved in the frequency dependent shear modulus are given
in table 6. The results for the first four natural frequencies and modal loss
factors are presented in table 7 for ω = ω0, where ω0 is the natural frequency
obtained considering ω = 0 in equation (29), following [15].

We use several Q9 meshes to compare with results by Trindade et al. [31], that
used 3D cores but thin plate faces. For simply-supported (SSSS) plates, the
results shown in tables 5 and 7 are excellent. For clamped (CCCC) supports,
the results show deviation of 3%. This can perhaps be explained by the fact
that our layerwise approach considers 3D theory for every layer, not only for
the cores, as in [30].

5 Conclusions

A new sandwich layerwise plate finite element model has been developed via
a Unified Formulation for the analysis of the dynamic response of plate struc-
tures with passive damping. The complex modulus approach was used for the
viscoelastic core material, along with frequency domain response analysis, al-
lowing for frequency dependent material data. The 3D constitutive equations
were applied to all laminate layers. The developed nine node finite element
model presents a good behaviour with passive damping, when compared to
reference solutions. The response of the model has also been compared with
experimental data available in the literature, showing excellent agreement.
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Trindade et al. [30] Analytical [31] Present (4 × 4 Q9) 8 × 8 Q9 12 × 12 Q9

SSSS

Ω(Hz) ηl Ω(Hz) ηl Ω(Hz) ηl Ω(Hz) ηl Ω(Hz) ηl

58.0 0.170 60.3 0.190 58.6323 0.1853 58.6094 0.1852 58.6082 0.1852

113.8 0.193 115.4 0.203 112.8628 0.2048 112.2867 0.2049 112.2535 0.2049

129.5 0.192 130.6 0.199 127.8021 0.2016 127.0450 0.2019 127.0013 0.2020

177.2 0.172 178.7 0.181 174.5079 0.1848 173.4775 0.1859 173.4180 0.1860

194.6 0.169 195.7 0.174 195.9840 0.1756 190.1897 0.1793 189.8335 0.1795

232.9 0.156 - - 233.7982 0.1612 226.1713 0.1655 225.7038 0.1658

CCCC

87.4 0.189 87.4 0.189 85.1698 0.1923 85.0548 0.1924 85.0505 0.1924

148.9 0.164 148.9 0.165 146.5786 0.1684 144.6418 0.1703 144.5534 0.1704

170.3 0.153 169.9 0.154 167.4410 0.1574 164.8201 0.1599 164.6948 0.1601

223.9 0.139 223.9 0.139 220.6600 0.1427 216.7321 0.1457 216.5612 0.1459

241.1 0.134 241.0 0.134 252.2491 0.1297 233.9649 0.1407 233.1593 0.1413

291.3 0.118 289.8 0.118 305.3447 0.1139 281.0635 0.1253 279.9708 0.1260

T
ab

le
5

N
atu

ral
freq

u
en

cies
an

d
asso

ciated
loss

factors
corresp

on
d

in
g

to
th

e
fi

rst
six

v
ib

ra-
tion

m
o
d

es
of

th
e

san
d

w
ich

p
late

w
ith

a
con

stan
t

com
p

lex
core’s

m
o
d

u
lu

s,
core’s

loss
factor

η
c

=
0.5

[30]

6
A

c
k

n
o
w

le
d

g
e
m

e
n

ts

T
h
e

au
th

ors
th

an
k

th
e

fi
n
an

cialsu
p
p

ort
of

F
C

T
,th

rou
gh

P
O

C
T

I
an

d
P

O
C

I(2010)
/

F
E

D
E

R
.

In
p
articu

lar
th

e
su

p
p

ort
of

L
A

E
T

A
to

p
ro

ject
C

om
p

osites
in

M
e-

ch
an

ical
D

esign
an

d
th

e
su

p
p

ort
to

P
T

D
C

/E
M

E
-P

M
E

/120830/2010
is

grate-
fu

lly
ack

n
ow

led
ged

.
T

h
e

au
th

ors
also

ack
n
ow

led
ge

th
e

k
in

d
su

p
p

ort
of

F
C

T

18



i ∆i Ωi (rad/s)

1 0.746 468.7

2 3.265 4742.4

3 43.284 71532.5

Table 6
Maxwell series terms at 27 ◦C of the 3M ISD112 viscoelastic material [30]

to project PTDC/EME-PME/109116/2008.
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[30] Present (4 × 4 Q9) (8 × 8 Q9) 12 × 12 Q9

ω0(rad/s) Ωl(Hz) ηl ω0(rad/s) Ωl(Hz) ηl ω0(rad/s) Ωl(Hz) ηl ω0(rad/s) Ωl(Hz) ηl

SSSS 314.84 53.77 0.213 314.0751 53.6872 0.2355 313.9563 53.6659 0.2354 313.9500 53.6648 0.2354

622.18 110.31 0.272 612.2826 108.4740 0.2909 608.8928 107.8791 0.2908 608.6974 107.8449 0.2908

712.09 126.72 0.283 697.6239 123.9977 0.2968 693.1220 123.2110 0.2968 692.8626 123.1657 0.2968

992.11 176.97 0.289 970.4160 172.9414 0.3079 963.7652 171.8744 0.3086 963.3807 171.8128 0.3087

CCCC 481.58 83.01 0.246 467.1247 80.3021 0.2495 466.3763 80.1849 0.2496 466.3443 80.1804 0.2496

839.07 146.61 0.258 823.2952 143.6186 0.2622 811.0424 141.6222 0.2634 810.4542 141.5311 0.2635

967.88 168.92 0.257 948.4801 165.2845 0.2607 931.7486 162.5891 0.2625 930.9136 162.4605 0.2627

1285.48 225.27 0.270 1263.5253 221.0142 0.2733 1238.4071 216.9794 0.2754 1237.2478 216.8068 0.2757
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