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RESONANT STATES FOR A THREE-BODY PROBLEM UNDER
AN EXTERNAL FIELD

V. GRECCHI, H. KOVARIK, A. MARTINEZ, A. SACCHETTI, AND V. SORDONI

ABSTRACT. Here we consider one of the basic models for many-body problems
under an external field: the molecule ion H; under the effect of an external
Stark-type potential. If we consider the vibrational energy levels of the first
two electronic states of the molecule ion H;r then, in the semiclassical limit and
by means of a suitable modified Born-Oppenheimer method, we can prove that
they switch to sharp resonances localized in the same interval of energy of the
vibrational levels when an external Stark-type field, with the same direction
of the nuclear axis, occurs.

In Memory of Pierre Duclos

1. INTRODUCTION

In this paper we consider the spectral problem of the Hamiltonian operator

1
H = ~h*Ap + & + H. 1)

where h? < 1 is a semiclassical parameter, and H, is the so-called electronic Hamil-
tonian, formally defined on L?(R3) as

1 1
r—IR| |r+IR|

where V' is an external potential. It is well known (see [HMS] and the references
therein) that when V' is a Stark potential then the spectrum of H is absolutely
continuous. Here, we’ll prove that the stable state of the unperturbed many-body
problem turn into resonances when an external Stark-type potential is introduced.
The Hamiltonian operator (1) is usually associated with the dynamics of the three
particle system called molecule-ion Hy, referred to its center of mass, and under
the effect of an external homogeneous field; h < 1 is the effective semiclassical
parameter given by the square root of the ratio between the light mass of the
electron e and the heavy mass (when compared with the electron mass) of the
hydrogen nuclei, R is the relative position of the two hydrogen nuclei of HJ , and,
for the sake of definiteness, we assume that the units are such that the electron
charge is 1. The electronic Hamiltonian (2) describes the relative motion of the
electron e referred to the fized nuclei, and it actually depends on the nuclear distance
R, where V is the potential of the external force. Up to now, this problem has been
treated by many authors in a heuristic way in the coaxial case where the external
field and the nuclear axis of the molecule have same direction [Ca, Hi, MPS]. This

H.:=H.(R) = —A; — +V, (2)
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attitude is justified since, in such a case, the effect of the external field on the
diatomic molecule is the strongest one. In fact, in this paper we adopt such an
assumption (see Hyp. 1).

Because of the heavy mass of the nuclei, at a first stage it is possible to consider
the position of the nuclei as fixed, in order to determine the electronic states. This
approach is known as the Born-Oppenheimer’s one [BoOp, KMSW]. The first
two levels of the electron, E4(R) of the state 1oy, and Es(R) of the state 1oy, as
functions of the nuclear distance R, contribute to the effective potentials used for
the determination of the nuclear dynamics. Such behavior of the electronic levels
are well known by the explicit asymptotic expansions for large R [Ci] and their
distributional Borel sums [CGM, GG, LiSi] and it is a reasonable hypothesis that
each effective potential function, W;(R) = (1/R) + E;(R), j = 1,2, has only one
minimum point where a certain number of nucleonic states are trapped, identified
with the first vibrational energy levels of the molecule.

The operator (1) acts on the Hilbert space of square integrable sections in the trivial
fiber bundle

K = L*(Rg; L*(RY)) -

In this picture the operator H decomposes into two terms. The first one, the
nuclear kinetic energy, acts on the base space. The second one operates on the
fiber only,

_ 53]
H, = / H.(R)dR

where H.(R) is the electronic Hamiltonian for fixed R. The small parameter h
allows the use of semiclassical approximation. For our purposes, the second order
is enough.

Under some reasonable assumptions on the problem, we prove (see Theorem 7.1)
the existence of resonances. Resonances are defined as complex eigenvalues of a
distorted Hamiltonian; it is worth pointing out that our definition of resonances
includes, as a special case, the notion of embedded eigenvalues where the imaginary
part is exactly zero (actually, with similar techniques it can be proved that the
absolute value of the imaginary part of the resonances considered in this paper are
exponentially small with respect to the semiclassical parameter h defined below).
Finally, our result still holds true even in absence of the external field; in such a case
we do not need to define the distorted Hamiltonian and we simply have discrete
eigenvalues instead of resonances.

Let us also observe that H. is not simply a multiplication operator, and for this
reason we use the pseudo-differential calculus with operator valued symbols. In that
way, by the so-called Grushin-Feshbach method, we can translate the eigenvalue
problem for H into that of inverting a 2 x 2 matrix operator. This method has
become a standard way for defining and computing a finite number of expected
eigenvalues [KMSW]. Moreover we define the spectral projector II.(R) of H.(R)
up to a fixed value of the energy, so that,

= /&B 1. (R)dR,

is a projector on the molecular space K. The lower part of the spectrum of the
compressed operator IIHII is expected near of part of the spectrum of H. The
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eigenvalues are given by the generalized eigenvalues, Q(E)y = Ev, where Q(FE) is
the Feshbach operator,

Q(E) = IHTI — IH (I (H — E)™HII+ HIL.

Furthermore, a smooth relationship, with respect to R, is requested between the
first eigenvectors of H,(R) and the corresponding final generalized eigenvectors of
the Feshbach operator.

We also use the theory of the twisted pseudo-differential operators introduced in
[MaSo]. The theory of pseudo-differential operators goes back to the quantization
rule of Hermann Weyl and is now well established [Ro, Mal]. The recent theory
of twisted pseudo-differential operators [MaSo] is a formalization and extension of
the method of regularization going back to Hunziker [Hu, KMSW]. This theory is
able to regularize the Coulomb singularity of the nuclei-electrons potentials of the
interaction.

The paper is organized as follows.

In Section 2 we introduce the model and we state our main assumptions.

In Section 3 we consider the analytic distortion and regularization of the operator.
Analytic distortion is a standard way to define resonances [BCD]. Because of the
singularity of the Coulomb potential we have to regularize our effective Hamiltonian.
If we denote by H o (o is the complex distortion constant) the regularized operator
then we see (see Theorem 3.8) that part of its spectrum coincides with the spectrum
of a reduced problem denoted by 15H. The reduced problem consists of two coupled
Schrodinger operator.

In Section 4 we study the spectrum of the reduced problem denoted by Pﬁ7 which

coincides with ]5“ up to a bounded operator with norm less that Ch? for some
C > 0. We separately consider the spectrum associated to first level alone, and
the part of the spectrum located in the bottom of the second level.

In Section 5 we compare the spectrum of the two operators P and flg, where ﬁg
is the restriction of the regularized and distorted operator on the eigenspace of the
vibrational spectrum.

In Section 6 we compare the spectrum of the two operators ﬁg and Hg, where
HB is the restriction of the distorted operator on the eigenspace of the vibrational
spectrum.

In Section 7 we finally state our main results.

1.1. Notations. Here we list the main notations, meaning j € {1,2}:

- H denotes the Hamiltonian operator (1);

- H. denotes the electronic Hamiltonian operator (2) with eigenvalues £;(R)
depending on R;

- Ho = Ker(Lr + L,) where Lr and L, respectively denote the angular
momentum with respect to the variables R and r;

- Wi(R) = £ + &;(R) denotes the effective potential;

- my and mg respectively are the non degenerate minima of Wi (R) and
Wa(R) at Ry, and Ra,,, M; is the non degenerate maximum of Wi (R)
at Rq a (see Remark 2.3);

- Pj is the operator formally defined by

d2

—h2
dR?

+ W;(R)
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on L?(R,dR) with Dirichlet boundary conditions at R = 0;
- S, denotes the analytic distortion operator (14);
- H, and H, . denote the distorted operators

H,=S8,HS," and H,.=S,H.S,";

- fNIIL’e is the regularization of H, . as defined in Proposition 3.4;

- H  1s the regularization of H,, as defined in Definition 3.5;

- H2 and fNIS respectively are the restriction of H, and H . to the invariant
subspace Ker(Lg + Ly);

- Pﬂ is the reduced problem defined by equation (30) on the Hilbert space
H¥ = L% ([0, 400),dR) ® L* (0, +00), dR)

with Dirichlet boundary conditions at R = 0;
- P;, is the operator formally defined by

h*S, D%, + W u(R)

on L?*(R,dR) with Dirichlet boundary conditions at R = 0, where Dg and
W . are defined at the beginning of §4;

- P]% is the Dirichlet realization of Pg on the interval [0, R1 a);

- ]3'/2 and ]Sj are respectively obtained by Pﬁ and P; by substituting Wj to
W;, that is we "fill the well”;

- ﬁg(z) is the restriction of ﬁu(z), defined by equation (23), to Ker(Lr);

- when this fact does not cause misunderstanding || - || denotes the usual

norm on the Hilbert space L? or the norm of linear operators defined on
the Hilbert space L2.

2. THE MODEL

2.1. The three-body problem. The analysis of the three-body problem (1) is a
very difficult task and we have to introduce here some suitable assumptions.
Hypothesis 1. We assume that the potential V' only depends on the component of
the vector r along the direction R; that is

V(R,r)zx(<§7r>)  R=IR|, 3)

where x is a real-valued function bounded from below. The function x admits an
analytic extension in a complex strip containing the real axis.

That is, following [Hi, MuSh], we consider the case where the external field is a
Stark-like field directed along the axes of the two nuclei and where, for instance,
the function x has the form

€T dv
VI @R 1t (da?

where d > 0 is a parameter much larger than the molecular diameter.
Under Hypothesis 1 the Hamiltonian H commutes with the angular momentum
Lr +L,.

x(x) = xa(z) = (4)

Remark 2.1. Given a rotation O in R3, let us consider the unitary operators So
and Tp on L*(R}) and L?(R$) ® L%(R,*) respectively, given by,

So¢(R) = ¢(OR), V¢ € L*(Ry)
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To := So ® So, Tov(R,r)=v¢(OR,0r), Vi c L*(Ry)® L*(R,*)
Then H commutes with Tp, i.e. ToH = HTp and therefore, the spectrum of the
electronic Hamiltonian operator H.(R) depends only on R := |R|.

Remark 2.2. Now, let us denote by Lr and L, the angular momentum with
respect to the variables R and r respectively. By the previous remark, we see that
we have,
[H, Lgr + Lr] =0. (5)
In the sequel, we will be particularly interested on the eigenvalues and resonances
of the restriction of H to the invariant subspace
Ho := Ker(Lr + Ly).

This somehow corresponds to fix to 0 the rotational energy of the molecule. As we
will see, after the Born-Oppenheimer reduction to an effective Hamiltonian P =
P(R, hDg), this is equivalent to study the restriction of P to Ker(Lgr). Therefore,
this will also permit us to reduce the study to a one-dimensional operator.

2.2. Effective Potential. For any fixed R € R3, we denote by Sp (H.(R)) the
spectrum of the electronic Hamiltonian operator H.(R) defined on the Hilbert
space L?(R3). This spectrum actually depends on R (see Remark 2.1) and we
assume that

Hypothesis 2. The discrete spectrum of the electronic Hamiltonian operator
H.(R) contains at least two eigenvalues, and the first two eigenvalues £1(R) and
E>(R) are non degenerate, extend holomorphically to complex values of R in a do-
main of the formTs := {R € C; ReR> 61, |Im R| < § Re R} with § > 0 constant,

and are such that,

li (R) = &>
ol g (R) = £ (6)

where,
E < E°. (7)

Furthermore, there is a gap between £;(R), j = 1,2, and the remainder of the
spectrum:

inf dist [{£1(R), &2(R)} E(R)] = C

for some positive constant C > 0, where

&(R) = {Sp(H(R)) — {&1(R), &(R)}H}, -

Remark 2.3.
We observe that, for any rotation O in R?, one has (with obvious notations),
H.(OR,Or,07'D,) = H.(R,r,D;), Dy = —iV,.
As a consequence, the first two normalized eigenfunctions
He(R)¢;(r,R) = &(R) ¢;(r,R), j =1,2. (8)
can be taken real-valued and verify ¢;(OR, Or) = ¢;(R,r), and thus
(Lr + Ly)v; =0. (9)
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We also denote by,
_1
R

the effective potential associated with the j-th eigenvalue.
By Hypothesis 2 we observe that the effective potential satisfies to the following
properties

W;(R) +&(R), j=1,2,

(1) The effective potentials W;(R), j = 1,2, are analytic functions;
(2) There exists a positive constant C' > 0 such that
i — >
Inf [W3(R) — Wa(R)| 2 C
where W3 = & + inf [€5(R)].
(3) The following limits hold true

lim W;(R) = +o0, j=1,2.
Aim Wj(R) = +oo, j

Here, we introduce the following assumptions on the effective potentials Wi (R) and
Wa(R).

Hypothesis 3. The effective potential W1 has a single well shape, with local non-
degenerate minimum value my at some point Ry p,, with a barrier with local nonde-
generate mazimum value My at some point Ry pr; beside, Wi does not admit other
critical points in the domain Wi * ([m1, Mi]). The effective potential Wo has a
single well shape, with local minimum value mo at some point Ry p, > Ry .

Remark 2.4. In absence of the external field the local maximum value My disap-
pears and we only have two local minimum values [Ci], in such a case E{° = £5°
and we could treat the spectral problem for eigenvalues belonging to the interval
[m1, My], for any My < E°. If the external field, with potential satisfying Hyp.1
and eq. (4), is small enough, but not zero, then we expect to observe a local
maximum value such that m; < my < M; and Ry, < Ram < Ry v as in Fig.
1. For increasing external field, as considered by [MuSh|, can happen to have
my < My < mao.

Remark 2.5. The asymptotic behavior for large R of the functions W;(R) is dom-
inated by the Van der Waals force given by,
Cyq _ Cy _ .
Wy(R) = — 2k + O(R™), Wj(R) =475 + O(R™T), j =12,
for a constant ¢, > 0 (see the constant E™®) of [Ci]). The energy binding of

the molecule, £7° — my1 > 0 is much smaller than the separation distance of the
fundamental level of the atom £5° — E7° > 0.

2.3. Spectrum of the reduced operator. In polar coordinates, Hamiltonian (1)
takes the form,

92 20 1 1
H=-h|—+="=|-r A+ - +H(MR 1
[6R2+R8R] g R (10)
where A? is the Legendrian operator,
0] 1 02

A% = ! 2sint9f+

sinf o 90 ' sinZf 0o
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FIGURE 1. Graph of the effective potentials Wi(R) and W(R)
with single well shapes. The effective potential Wi(R) has a
barrier and it does not admit other critical points in the domain
Wt ([my, My]); where m; and M are the values of the local max-
imum and minimum point of Wj.

The operator th%Az has eigenvalues hzﬁé(ﬂ +1), ¢ € {0,1,2,...}. Asa
consequence, using Remark 2.2, a suitable choice of the rotation O makes the
operator H take the form,
92 290 e+1) 1
H=-h|—+=—=|+h? — + H.(R
[8R2+R8R] o g W)
on L?(Ry, R?dR; L?(R3)). Finally, by taking ¢ = 0, that is, by considering the
restriction of H on Ker(Lg) (still denoted by H), and by performing the change
P(R,r) = RyY(R,r), the Hamiltonian H takes the form,
02 1
Hy=—-h*— + =+ H.(R
0 o2 + R + H(R)
on L?(Ry,dR; L*(R?)) with Dirichlet boundary condition at R = 0.
Let P;, j = 1,2, be the reduced operator formally defined by
d? 1
P = _hZTRZ +Wi(R), Wj(R) = 7 +&(R), (11)
on the Hilbert space L?(R,dR) with Dirichlet boundary condition at R = 0.
Then, it follows that for A small enough and for small external field, the discrete
spectra of P; in the interval [m;, £7°), j = 1,2, is not empty (see, e.g., [La] in the
case without the external field), and we denote it by

Spa (P;) = {el, k>1}, j=1,2.
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In particular, in the case of non degenerate minima points m; and msz, combining
results from [HeRo] and [HeSjl], we know that the gap e; ., — e between two
consecutive eigenvalues of P; (j = 1,2) is of order h as h — 04, in the sense that
cih < el — e}, < Cjh with ¢;,C; > 0 independent of h and k = O(h™1).

3. ANALYTIC DISTORTION AND REGULARIZATION OF THE OPERATOR

3.1. Analytic distortion. Let s € C*(R), 0 < s < 1 with s(z) = 0 in an
arbitrarily large compact set containing 0, and s(z) = 1 if |z| is large enough. For
u real small enough, we set,

I,:R* >R} I,(R)=R(1+us(R)) (12)
J, R - R3, J#(R,r)—r[l—i-,us <<1;r>>} (13)

and we define the analytic distortion on the test function ¢, by the formula,
(Sup) R,x) = |J(R, 1) *0(L,(R), Ju(R, 1)), (14)

where we have set R = |R|, and J(R,r) is the Jacobian of the transformation F),
given by,

Fu:R® = R® F,(R,r) = (I(R), Ju(R,T)). (15)
We also set
$u Ry = Ry, ¢u(R) = R(1+ ps(R)).

Then, the analytic distortion applied to the operator (1) defined on the Hilbert
space K takes the form,

1
H, =8,HS,; ' = —h*S,ArS, ' + —— + H,.(R), (16)
ou(R)
with H, .(R) given by,
1 1
Hue(R) = —8,A:8, ! + Vv,

J®r) = SLMR) [(Rr) + 3 L(R)]

where the distorted external potential is given by,

= (B} (e ()]

Thus, H, (R) can be extended to small enough complex values of x1 as an analytic
family of type A.

Remark 3.1. We also observe that, if O is a rotation in R3, then,
I,(OR)=0I,R) ; J,(OR,Or)=0J,(R,r).
As a consequence,
[Su,Lr + Ly =0, (17)
and,
H,.(OR,Or,07'D,) = H, .(R,r, D;).

We denote by H, o the restriction of H, .(R,r,D,) to the invariant subspace
K@T‘(LR + Lr)
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3.2. Regularization of H,. In this section, we want to regularize the operator
H,, with respect to the R-variable. Having in mind the representation (10) of the
Laplacian in polar coordinates, we denote

Q(1/M) := {R6R3 : R>A14}, Qo(1/M) := {R6R3 : R<]\14},

and S? is the unit sphere in R, and
Lo:=—-A,+Cy
with Cy, M > 0 large enough. We have the following preliminary technical lemma:

Lemma 3.2. Under the previous assumptions, there exists a finite family of conical
open sets ()7, in R?, of the form Qy =], +00[xwy with w; bounded open set of
S?2, and a corresponding family of unitary operators Uy(R) ({ =1,--- ,m, R € Q)
on L*(R?), such that (denoting by U, the unitary operator on L?(Qy; L?(R3)) ~
L?(Qy) ® L?(R3) induced by the action of Uy(R) on L*(R3)), one has,
(1) Q(1/M) = UL, Q;
(2) Forall{=1,--- ,m and R € Qy, Uy(R) leaves H*(R?) invariant;
(3) For all ¢, the operator Z/{g(—hQSMARS;l)L{[l is a semiclassical differential
operator with operator-valued symbols, of the form,

~h*S,ARS, T +h Y wae(R)(hDr)’ + hPwoo(R), Dr = iV (18)
|6l=1

181 _
where wg ¢ L ' e C>(Qy; L(LA(RY)), and, for any v € N3, the quantity

181
|07 wgs.e(x) Ly 1||£(L2(R§)) is bounded uniformly with respect to h small
enough and locally uniformly with respect to x € €y;
(4) For all ¢, the operators UyH,, U; " are in C>®(Q; L(H?(RY), L*(RY)).

Proof. At first, let us make a change of variables as in [MaMe], that localizes into a
compact set the R - dependent singularities appearing into the interaction potential.
Let x € C®°(R™) satisfying 0 < x < 1,x’ <0, such that,

x(s)=1, if0<s<1l, x(s)=0, if s>2

For 7 > 1/2M and t > 0, we consider the function,

(7 1) = ;X (j) + oMt (1 _y (:)) .

Then, it is easy to check that

ot

p is surjective onto R,
ak

1
— >0 on :|2]w,+oo|:><R+,

P .. 1
ok 18 uniformly bounded on ]m, +oo[xRy,Vk > 1.

Therefore we can define «.; as the inverse diffeomorphism on Ry of the function
t — p(7,t). in particular, by construction we have,

t
ar(t) = oYY if t>4M7, «a.(t)=7t if t <1
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Now, for R € Q(1/M), we define

O(R..):R* 5 R% OR,r)= aR/Q(\rDTZ'.
Then, for any R € Q(1/M), the function §(R,.) is a diffeomorphism of R3, it
depends smoothly on R, and is such that Jg0(R,r) is uniformly bounded on
Q(1/2M) x R3, for any o € N3\ {0} (see [MaMe], Lemma 3.1). Moreover

R R
(R E)- R,

I(R,r) = ﬁ for [r| > 2MR,

R
O(R,r) = P for |r] < 1.
For R > ﬁ, we consider the unitary transformation on L?(R2), given by,

(UR))(r) = p(0(R,1))[0:0(R, r)[*/2.

The advantage of performing this change of variables is that the R-depending sin-
gularities of the potential are now localized in some compact subset of R?. Now,
following the arguments of [KMSW] and with the help of the previous change of
variables, let us show that, by a patch and cut procedure, one can localize the
singularities of the potential at some fixed (R-independent) points.

For any fixed 29 € S? (the unit sphere in R3), we choose a functions f,, €
Cs°(R3; R), such that,

fzo(zo) =1, fzo(_zo) =0
and, for z close enough to zy and s € R3, we define
Flo(2,8) = s+ (2 = 20) (f2(5) = fzo(—5)) € R®.

For z in a smooth neighborhood w,, of zp, the application s — F, (z,s) is a
diffeomorphism of R3, and we have,

F, (z,20) =2, Fy(z,—20) = —2%.
Moreover, for any o € R?, there exists C, > 0 such that, for any z € w,,, for any
s,s' € R3
1
a)ls — 8| < |[Feo(2,8) = Fao(2,8")] < Cols = &|
|02 Fey (2, 8) — 03 Fay(2,8')] < Cals — 6|
|02 Fzo(2,8)| < Co, o] 21

If (we)72 := (ws, )7~ is a family of such open sets that covers S?, we set Fy(z,.) :=
F,,(z,.), and we define,

For R € €y, we also set,

Qp ::]]\1/[,4—00[ X wy.
o) = ooy (%) o (7 (Rx)).

U(R) :=U,(R)UR);

and,
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(Us(R)9)(r)) = ¢(7e(R, r))|det(Ieye) (R, T),

(R.r) = 0 (R, P (;},r)) ,

Then, it is easy to check (see [MaMe]) that U, satisfy (1), (2), (3), and (4). This
completes the proof of the lemma. O

where

Now, let us consider the spectral projection IIo(R) associated to {&1(R), E2(R)} of
H.(R), where £ (R) and & (R) are the first two (simple) eigenvalues of H.(R). If
one denote by y(R) a continuous simple loop in C enclosing {&;(R),&2(R)} and
having the rest of Sp (H.(R)) in its exterior, one can write IIy(R) as,

1 -1
HO(R) = % R (He(R) — Z) dz.

Moreover, for u complex small enough, one can define the projector,

1

_ _ —1
ao(®) = 5 [ (HueR) =)

satisfying (II,,0)* = Iz0. We have the following
Lemma 3.3. There exist two functions,
wi (R, r),ws (R,r) € CO(RE; H*(RY))
depending analytically on u, and real-valued for i real, such that,
i (Wi, r),w] (R,x))r2(re) = Ok, k,1=1,2;
ii. wh € C®(Q(2/M); H*(R})), j = 1,2, and, for R € Q(3/M), wi(R,r) and
wh (R, r) form a basis of Ranll,, o;
iii. For R € Q(3/M), w!(R,r) and wh(R,r) are eigenfunctions of H, .(R)
associated to &1 (¢, (R)) and E2(¢pu(R)) respectively;
iv. For all { = 1,...,m, one has Us(R)w} (R,r) € Cy*(Q(M), H*(R})), j =
1,2.
v. wy and wh can be chosen in such a way that,
(Lr + Lr)w‘f = (Lr + Lr)wg =0.

Proof. Taking into account that (see (7)),
lim & (R) # RE)IEOO &(R),

R—+o00

the points (i)-(iv) follow from Lemma 3.1 of [MaSo] and from the arguments of
Proposition 5.1 in [MaMe]. Moreover, since £1(R) and &;(R) are non degenerate,
the last point (v) follows from [KMSW], Theorem 2.1, and from (17). O

Thanks to the previous lemma, we see that the family (U, Q¢)¢=0,m (with Qo =
Qo(2/M),Uy = T and Qp, U, defined in Lemma 3.2 and Lemma 3.3), is a regular
unitary covering of L?(Rg; L*(R?)) in the sense of [MaSo], Definition 4.1.

We set,

IL0(R) = (-, 0} (R)) 2 sy wh (R) + (-, wh (R)) 2 rsywh (R)
so that ﬁmo(R) coincides with II, o(R) for R € Q(3/M), and verity,
U (R0 (R)U(R) ™' € C%(Qy, L(LA(RE))),
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for all £=10,...,m. Also observe that, for any rotation O,
Toll, o(R) = I, 0(R)To

or, equivalently, [IT, o(R),Lgr + Ly] = 0.

We also denote by IIo(R) the value of II,, o(R) for p = 0.

Now, with the help of ﬁmo(R), we modify H,.(R) outside a neighborhood of
Q(5/M) as follows (see Proposition 3.2 in [MaSo]).

Proposition 3.4. We choose a function ( € C*(R4;[0,1]), such that ¢ = 1
for R > 3/M and supp( C|2/M,+oo[. Then, for all R € R3, and p complex
small enough, there exists an operator H, .(R) on L?(R%), with domain H?(R3),
depending analytically on u, such that,

H,.(R)=H,.R) ifReQ4/M);

e

[H,o(R), T, 0R)] =0 forall R € R,
and the application R +— UZ(R)H’H,@(R)U@(R)* is in C°°(Qy; L(H?(R3), L2(R3))

forall¢ =0,...,m. Moreover, H, .(R) commutes with Lr + L, in the sense that,
for any ¢ € C§°(R"), one has,

(Lr + L) H,.(R)p = H,, (R)(Lr + Ly)e.

Hence, the spectrum of H 1e(R) actually depends only on R € Ry. Moreover, for

W real, H u,e(R) is self-adjoint, uniformly semibounded from below, and the bottom
of its spectrum consists in two eigenvalues,

ggM(R) = %(¢M(R))’ J=12,
where
&(R) = ((R)E;(R).
Furthermore, H 1e(R) admits a global gap in its spectrum, in the sense that,
inf dist({£/(R), EX(R)},EX(R)) > 0.

R€R+
where we set

EY(R) = Sp(H, .(R))\{&}'(R), &} (R)}

Proof. The proof is similar to that of Proposition 3.2 in [MaSo]|, and we write it for
1 = 0 only (the general case is obtained by just substituting H, . to H. and II,, o
to ITy). We set II3 (R) = 1 — IIH(R) and

H.(R) = ((R)H(R) + (1 = ((R)TIg (R)(~ A + Co)TIg (R).
with Cy > 0 large enough and such that Cy > &;, where

Since Iy (R) = IIo(R) on Supp(, we sce that IIo(R) commutes with H.(R), and it

)
is also clear that H.(R) is self-adjoint with domain H?(R3). Moreover,

Iy (R) H (R)IIo(R) = ((R)Io(R) H.(R)TIo(R),

and,

Iy (R)H. (R)II (R) > (C(R)&3(R) + (1 — ((R))Co) Iy (R) > &I (R).  (20)
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In particular, the bottom of the spectrum of H.(R) consists in two eigenvalues

EN’](R) = ((R)&;(R) with associated eigenvectors IIo(R)vy;, j = 1,2, where &; and
1; are the first two eigenvalues and eigenvectors of (8). Furthermore, one has

RirgM dist(Es(R), {€1(R), &2(R)})
> nf (C(R)(inf [E3(R)] — E(R)) + (1 — ¢(R))Co) > 0,
and

inf  dist(&(R), {€1(R),E(R)}) > Co.

ot IS (€3(R), {&1(R),E(R)}) = Co
In particular, PNIe (R) admits a fix global gap in its spectrum as stated in the propo-
sition.  Finally, we see that H.(R) commutes with Lg + L,, and L{gHe(R)Z/{[1
depends smoothly on R in 2, for all £ =0,...,m. O

3.3. Regularization of the operator.

Definition 3.5 (Regularization of H,). Let S, be the analytic distortion defined
in (14) for p in some small complex neighborhood of zero, and let H, .(R) and
¢(R) be defined as in Proposition 3.4. Then, we define the regularization of H,, as,

¢r) M.

Taking into account Definition 4.4 in [MaSo|, we see that Lemma 3.2, Proposition
3.4 and (17) imply,

Lemma 3.6. The operator ﬁu is a twisted PDO (of degree 2) on L?(R},, L*(R2))
(in the sense of Definition 5.1 in [MaSo]), associated with the regular unitary cov-
ering (Uy, ) e=o,....m- Moreover, it commutes with Lg + L.

H, = —h*S,ArS, ' + H,.(R) +

Now, we define
Zt L*(R°) — L*(R}) ® L*(Rg)
by the formula,

(Z:_Z/}> (R) = <"/}(R7 ')7’LU’11(R, '))LQ(Rﬁ) S (¢<R’ ')7wg(R> '>>L2(]R;°:)a
and,
Z, = (Z7): I*(RR) ® L*(R}) — L*(R%),
by
(Zu_ (u1 ® uQ)) (R,r) = u1 (R)w) (R, r) + ua(R)wh (R, ).

Following [MaMe], we consider the Grushin problem,

=~ H,—z Z

6=yt ).
that sends H2(R®) & (L*(R?) @ L?(R?)) into L*(R®) @ (H*(R?) & H?(R?)).
Thanks to Lemma 3.3 and Lemma 3.6, we see that G,(z) is a twisted PDO (of
degree 2) on L? (R?r’{; L*(RH @ Co (C), associated with the regular unitary covering

(Ve, Q) i—o.,...,m» where we have set

(U 0
e (40,
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We also have,

Lemma 3.7. For all u € C small enough and z € C, the operator gu(z) commutes

. _( Lr+Ly O
W1th£.—( 0 LR>.

Proof. By Lemma 3.6, we only need to study the commutation rules between Zj[
and the operators Lr and L,. But, using Lemma 3.3, v., plus the fact that the
formal adjoint of L, is —L,, we immediately obtain,

(LR + Lr)Z; = Z’:LR ; LRZ: = Z:_(LR + Lr),

and the result follows. O

Moreover, we see as in [MaMe]|, Section 5, that, for z € C with Rez < infg A (R
and Imz sufficiently small, the operator G, (z) is invertible, and its inverse G, (z)~*
is such that the operators,

(6 o )80 60 (5 can )

are twisted (bounded) h-admissible operators associated with the regular unitary
~! can be written as,

= (7 P,

.....

where P,(z) is an unbounded h-admissible operator on L2(R%) ® L2(R¥) with
domain H?(R}) & H*(RY), and E,(z), Eif(z) are (bounded) twisted h-admissible
operators (all depending in a holomorphic way on z).

More precisely, it results from [MaMe|, formula (2.11), that the operator ]Bu(z) is
given by the formula,

Pu(2) = Z H,Z, — 2} W3S, ArS, o) (H,—2) " [0, h2S,ArS; 1 Z;,, (22)
where II,, ¢ stands for the projection on L2(R®) induced by the action of II,, o(R)
on L*(R?), and H}, is the restriction of (1 — IT,0)H,(1 — II,0) to the range of
1-— ﬁu,O- In particular, FNIL — z is invertible in virtue of (20), and ﬁu,o is a twisted

h-admissible operator on L*(Rg, L*(R2)) (in the sense of Definition 4.4 in [MaSo]),
associated with the regular unitary covering (U, Q)r=o.....m-

By Lemma 3.7, we also know that }3#(2) commutes with Lg, and thus, gathering
all the previous information on P,(z), we finally obtain that it can be written as,

Pu(2) = —=h*S,ARS,;* + M, (R) + hA, (R, hDgr) + h*B,(R,hDr; 2,h)  (23)

where, for any R > %, M, is given by,

_( Wa@uR) 0 o
T i L P I R TR S

and, for R < % and p sufficiently small, it satisfies,

Re M,.(R) > % it &4 (R). (25)
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Here, M is the same as in Proposition 3.4 and Definition 3.5, and it can be chosen
arbitrarily large.
Moreover A, (R, hDgr) is of the form,

_ 0 aM(R) . hDR
A= ( hDg - @ (R) 0 ) ’ (26)

for some smooth bounded (together with its derivatives) function a,(R) indepen-
dent of z. Finally, B, (R, hDr;z, h) is an h-admissible pseudo-differential operator
depending analytically on z, with Weyl symbol b, (R, R*; z, h) holomorphic with
respect to R* in a complex strip of the form {|SR*| < §} (with 6 > 0 independent
of z and p), such that, for any multi-index «,

0°b, (R, R*; 2, h) = O(1) (27)

uniformly with respect to (R,R*) € R3 x R3, h > 0 small enough, and z close
enough to some fix A\g € C such that Relg < infg E(R) and Im)\, sufficiently
small.

Finally, the operators A, and B, (R, hDg; z, h) commute with Lg, and one has the
Feshbach identities,

(Hy = 2)7" = Bu(2) + B} (2)(Pu(2) = 2) "B, (2), (28)

(Pulz) =2t = Zi(H, —2)' 2,

Summing up, we have proved,

Theorem 3.8. Let gg(R) be defined as in Proposition 3.4 and let A\g € C with
Re(X\o) < infrE(R) and Im()\o) sufficiently small. Under the previous assump-
tions, there exists a complex neighborhood Dy, of Ao such that, for any z € D,,,
one has the equivalence,

2 € Sp(H,) <= = € Sp(P,(2)),
where ﬁu(z)is as in (23) with (24)-(27).

Now, taking advantage of Lemma 3.7, we can consider the restriction of the Grushin
problem G, (z) on Ker(Lr +L;) ® Ker(Lr) @ Ker(Lr), and we also immediately
obtain,

Corollary 3.9. Denote by ﬁg the restriction of I;T“ on the invariant subspace
Ker(Lgr + L), and by ﬁg(z) the restriction of 15“ (z) on the invariant subspace

Ker(Lg). Then, for any Ao € C with Re(\o) < infg E3(R) and Im(\o) sufficiently
small, there exists a complex neighborhood Dy, of Ao such that, for any z € D),
one has the equivalence,

2 € Sp(HY) <= 2 € Sp(PY(2)).

In the sequel, we also denote by Hﬁ the restriction of H,, on the invariant subspace
Ker(Lgr + L,).
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4. REDUCED PROBLEM

Let us introduce the following shortcut notation,
d

D=hDgr, Dp=—i—.

R, VR YR

For all R > 0, we define,
M
Win(R) := ((R)W;(u(R)) + 5 (1 = ((R)),

where ( is as in Proposition 3.4, and M is taken large enough. In particular, W ,
is bounded and depends analytically on p.

My(R) = ( Waa(R) Wug( R) )

and we denote by A/OL(R7 hDg) the restriction of the differential operator (actually,
vector-field) A, (R, hDg) on the space Ker(Lgr). In particular, since [A,,Lr] =0
then Ag can be represented as a differential operator in the variable R = |R|, and
it can be written as,

Then, we set,

0
s (. Oy B

hDp - a9 (R) 0

0

where the function a; is smooth and bounded together with all its derivatives on

o
(0, +00).
In this section, we look for the solutions to the eigenvalue equation,
Plo=Xp, MeC, o= ), 29
o= Ap ® < s (29)
where Pﬁ is the differential operator formally defined as,
P! =128, D%S, 1 + M (R) + hA%(R, hDR) (30)
acting on the Hilbert space,
H* = L2 ([0,400),dR) & L* ([0, +0),dR) (31)

with zero Dirichlet boundary condition at R = 0, and where now, with abuse of
notation, we denote,

(Sup) (R) = [I'(R)['¢[I(R)], I(R) = R[1+ ps(R)] . (32)
If we set,
Pj = h*8,DES, "+ W; . (R),

then equation (29) turns into

(P17“‘ — )\) ¥1 = —hAg(pg, (33)

(P —A) 2 =—hAS ¢y, (34)
where

0 _ 50
AH = haM(R)DR .

Let us also observe that, by the Weyl theorem, the essential spectrum of Pﬁ is given

by,
SPess(PE) = E7° + (14 1) %[0, +00).
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As before, m; is the local minima of W; and M! is the local maximum of W*!,
as defined in Remark 2.3. Now, for the sake of definiteness, we consider the case
where

5100 <mi <mg < M (35)

In the case where £7° < mj < M; < mg then we can apply the same argument to
the interval [mq, M;].

Remark 4.1. By construction, we have Sp(H,, .(R)) = Sp(H¢(I,(R)). Therefore,
if the function s(z) used in the distortion vanishes in a sufficiently compact set
(and since W; ,, and W; coincide on this set), a continuity argument shows that,
for u € C small enough, the critical points of Re W}, and W; coincide and remain
non-degenerate.

As a consequence, for any A € [mq,ms+«] (with @ > 0 small enough), the function
W1 (R)— X presents the shape of a well in an island in the sense of [HeSj2]. Moreover,
since we are in dimension one, the complementary of the island (that is, the non
compact component of {IWW; < A}) is automatically non-trapping, and we can adopt
the general strategy used in [Ma2] (see also [CMR, FLM]), that consists in taking
@ =2ithln % in the definition of the analytic distortion. The function s used in (12)-
(13) can also be assumed to be 0 on a neighborhood of the “greatest” island, defined
by {R > 0; W1 (R) > my}. Then, following [FLM], Theorem 2.2 (see also [HeSj2],
Proposition 9.6), we first show that the eigenvalues of Pﬁ with their real part in
[m1, ma + «], coincide, up to an exponentially small error term, with eigenvalues of
the Dirichlet realization P% of Pg on the interval [0, R1 ]

Proposition 4.2. Let a > 0 small enough, and let J C (0,1], with 0 € J, such
that there exists a function a(h) > 0 defined for h € J and verifying,

1
For all e > 0, a(h) > Fe_s/h for h € J small enough; (36)

€

Sp(PL) N [mg + a — 2a(h), my + a + 2a(h)] = 0. (37)
Set,
Q(h) :={z € C; dist(Re z, [m1,ma2 + ]) < a(h), |Im z| < C_lhln%},
with C' > 0 a large enough constant. Then, there exists §g > 0 and a bijection,
b : Sp(Ph) N [my,ma + a] — Sp(PE) N Q(h),
such that,
b(A) — A = O(e~%/M),
uniformly for h € J.

Remark 4.3. In our situation, it is well known (see, e.g., [HeRo]) that the distance
between two consecutive eigenvalues of the Dirichlet realizations of P; and P, on
(0, R1,ar), behaves like h as h — 04. Then, by slightly moving the parameter «, it
is not difficult to deduce that the previous proposition actually gives a complete de-
scription of the spectrum ofPﬁ in a neighborhood of [my, ms+ ], for all sufficiently
small values of h > 0.
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Proof. At first, we fix a function F' = F(R) € C§°((0, R1,um); Ry), such that,

inf (W1 +F)>ma+a,
(0,R1, 0]
and we denote by p; , = p; (R, R*) the principal symbol of the operator P; ,. We
also denote by p; , an almost analytic extension of p; , (see, e.g., [MeSj]).

Then, using the fact that the whole interval of energy [m1,ms + a] is non-trapping
for the operator P; + F, we can construct as in [CMR] Section 7 (or [Ma2] Section
4), a real valued function fo = fo(R, R*) € C§°((R4\Supp F) x R), such that, on
the set {F(R) 4+ Repy (R, R*) € [m1 — §,ma + o+ §]} (with 6 > 0 small enough),
one has,

- 1 1 1
—Imp; , (R — hlnﬁ (Orfo + i0r= fo),R* — hlnﬁ (Or+ fo — i@Rfo)) > 6hln 7

As a consequence (see, e.g., [CMR] Section 7), if z € C is such that dist(z, [m1, ma+
a]) << hin(1/h), then, the operator Py , + F — z is invertible on L?(R,), and its
inverse satisfies,

[R=PT(Pyy+ F = 2) " ull 2 gey < Clhnh| = A= Tul| 12 g2), (38)

where C' > 0 is a constant, and T' : L?(R;) — L%*(R?) is the Bargmann transform,
defined by,
1

Tu(R, R*) = 57 . ei(RfR’)R*/hf(RfR’)2/2hu(R/)dR/.
>

Indeed, for any v € C5°(R4) we have,

R0 T || 2Ry < Luh—ft)T(Pw + F = 2)v| 22 5 (39)
|h1n h|

and, by means of a density argument, we can extend such an estimate to any v €
H?NH}(Ry). Then, inequality (38) holds true for the function u = (P; ,,+F —z)v,
which belongs to the space L?(R, ) and satisfies the Dirichlet condition at R = 0.
This means that the operator (P, + F — z)~! has a norm O(|hlnh|™!) if we
consider it as acting on the space H = L?(R,) endowed with the norm given by:
e i= 1A=l e,

On the other hand, by construction, the operator P, 4+ F' has a real part greater
than mao+a, and thus, if Re z < ms—+a, we also see that the operator (Pg,,ﬂ—F—z)_1
has a uniformly bounded norm when acting on H.

Then, proceeding as in [HeSj2], Section 9 (see also [FLM], Section 2), we pick up
two functions x1, x2 € C§°((0, R1,a); [0, 1]), such that x; = 1 in a neighborhood of
Suppxz, and x2 = 1 in a neighborhood of SuppF'. Setting,

Qui=PFi+F ; Ri(z)=xi(Ph-2) e+ (@ -2 "1-x2),  (40)

we see that, if dist(z, Sp(Pg)) > a(h), then ([HeSj2], Formula (9.39) and Proposi-
tion 9.8),

(P = 2) R} (2) = I + K,(2) with | Ku(2)llce0 = O(e™),
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where § > 0 is some constant. Therefore, for such values of z and for h small
enough, we have,

(P} =27 = Ri(2) Y _(—Ku(2)), (41)
720
and since ||Rﬁ(z)\|H = O(h™Y) for some constant C' > 0, we deduce that, if v is a

simple oriented loop around Sp(Plﬁ)) N[m1, ma+a] such that dist(y, Sp(Plu))) > a(h)
and dist(vy, [m1, me + a]) << |hInh|, then,

1 1
= — - PH 'z = —— [ R O(e™%/h
v V(z ) dz i /. L(2) +0(e™")
1
= — [ xa(z = PL) " Ixadz + O(e7/M). (42)
24 ~

Here, we have also used the fact that z — (QEL —2)~! is holomorphic in the interior
of v, that can be taken equal to Q(h).

Now, since Hﬁt is the spectral projector of Pﬁ associated with (h), the correspond-
ing resonances of P¥ are nothing but the eigenvalues of PﬁHf‘L restricted to the
range of Hfr Moreover, if we set {p1,..., tm} = Sp(Pf)) N [m1, mg + o], and if
we denote by ¢1,..., @, an orthonormal basis of @;nzl Ker(P]% — uj), then, by
Agmon estimates, we see on (42) (see also [HeSj2], Theorem 9.9 and Corollary 9.10)

that the functions Hﬁxle (j =1,...,m) form a basis of RaanL, and the matrix
of Pﬁ RanITs, in this basis, is of the form diag(u1,..., tm) + (’)(e_‘s/h). Then, the
result follows from standard arguments on the eigenvalues of finite matrices (plus
the fact that m = O(h~™0) for some Ny > 1 constant). O

Now, exploiting the fact that both Wi (R; ar) and Wa(Ry ) are (strictly) greater
than msy, we consider two functions W; € C*°(Ry;R) (j = 1,2), such that,

Wj =W, on [0, Ri m]; /V[v/j is constant on [2R}, +00) ; " inf )Wj > meg,
21, M , 00

and we set,

Mo(R) = ( e ) ) ’

P! := B?D% + Mo(R) 4+ hAo(R, hDR),

acting on the space H!. That is, Pt is obtained form P! by substituting Wl, Wg to
W1, Wa. Then, the same arguments used in Proposition 4.2 (and actually simpler,
since both operators are self-adjoints) show that, under the same conditions, the
spectrum of Plﬂ) and the spectrum of P coincide in [y, m1 +a+a(h)], up to some
exponentially small error-terms. Therefore, in order to know the resonances of P*
in Q(h) (up to those exponentially small error-terms), it is sufficient to study the
cigenvalues A of the self-adjoint P? in [m1,m1 4+ a + a(h)].

For j = 1,2, we set,

P; = h’D} + W,

acting on L?(RT; dR) with Dirichlet condition at R = 0, and we consider separately
two different cases.
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4.1. Case 1: X < (mg — «). In that case, the operator Py—\is invertible, with a
uniformly bounded inverse, and the equation,

Pty = Xy, w—( o1 > (43)
P2

can be re-written as,
P2 = —h(Py = \) ' Ajer;
Py — h?Ag(Py — A)_lAS} 1 = Ap1.
Thus, the eigenvalues A\ are given by the equation,

A= fi(N), (44)
where the fz(\)’s are the eigenvalues of Py(\) := Py — h2Ag(Py — \) "L Ap.
Writing,

Py(N) — 2= (1= W2 Ag(Po — N) 1AL (P — 2)")(P1 — 2),
and observing that, for z ¢ Sp(Py), Aj(Py — z)~! is bounded and has a norm

O(dist (z,Sp(Py))~1), we conclude that, if dist (z,Sp(Py)) >> h2, then P(\) — z
is invertible, and its inverse satisfies,

(Py(A) — 2)71 = (P, — 2)"}(1 4+ O(h? /dist (z,Sp(P1)))).
Differentiating with respect to A, we also obtain,

%(ﬁa(x) —2)" = (P, — 2)"'O(R?/dist (2, Sp(Py))) = O(h?/dist (z,Sp(P1))?).

Then, using the fact that, under the non degenerate condition discussed in Remark
4.1, the eigenvalues E1 i (k > 1) of P; are distant at least of order h between each
other, for each of them we can define the projection,

() = - 5 (z — PL(\) " Ydz,
where 7, is a complex oriented simple circle centered at E,i of radius dh with § > 0
small enough. Applying standard regular perturbation theory, we easily conclude
that the k-th eigenvalue of fi(\) of Pi()) satisfies,

dfy

fx(\) = E1x +O(R?) N

(A) = O(h), (45)
uniformly with respect to h small enough, k& > 1 such that E{ < mg — %a, and
A<mgy—a.

By the implicit function theorem, it follows that the k-th eigenvalue Ap of pt
satisfies,
A = El,k + O(hQ),

uniformly with respect to h > 0 small enough and to & = O(h~!), such that

El,k <mo — %a.



RESONANT STATES FOR A THREE-BODY PROBLEM UNDER AN EXTERNAL FIELD 21

4.2. Case 2: \ € [mgy — a,ma + o] with a > 0 small enough. We denote by
®1,-..,¢n, an orthonormal family of eigenfunctions of Py with eigenvalues in the
interval [mg — 2a, ma +2a] and by 91, . .., 1, an orthonormal family of eigenfunc-
tions of P, with eigenvalues in the interval [msq, ma 4+ 2a] (in particular, we have

n,m = O(h™1)).
For a® g € C" @ C™, we set,

R(a&f)=a 0@ ¢ e,
where we have used the notation,

a-¢:=Y agdp i Boi= Bt
k=1

=1
We also denote by R, the adjoint of R_, given by,
Ri(u®v) = ((u, dx))1<k<n © ((0,%0))1<0<m-

Then, we consider the operator valued matrix,

([ P'—X R_
cn=( "t ).
on
HaoC oC™,

with domain (H? N HE)(Ry) & (H2 N HY)(Ry) & C* @ C™, and we want to know
whether G()) is invertible.

We denote by II; and Il the orthogonal projections on the subspaces S,, and S,,
of L?(R,) spanned by the eigenfunctions ¢1,..., ¢, and 1, ..., 1, respectively,
and we set,

(M 0\ L (T 0\ _(1-1L 0
H'_<O H2>’H_<O Iy )~ 0 1-I )

We first prove,

Lemma 4.4. For A € [m2 — a,ma + «], the operator L PATE — N\ = 15}_ -2

is invertible on the range Ran I+ of TI*, and its inverse (lgjt_ — \)~t is uniformly
bounded.

Proof. We have,

T (Pt — \IT- = (P — VI AT ATl
RIIEAZTIE (P — A)IIE )

and, denoting by ]5jL the restriction of P; to Ran I, we know that ]5jL —\is

invertible, and it is standard to show that its inverse is uniformly bounded from
Ran II; to Ran II} N(H*NHY)(R, ), if one takes the h-dependent norm on H?(R )

defined by: [|u||%: := ||h?Aul|2, + |Jul|?.. As a consequence, Aol (P — \) ¢
and AgIl{ (Pi- — A\)7!Ii- are uniformly bounded on L?(R,) (together with their
adjoint), and we find,
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It (P =N _ 0 I (P* — \NIIY = 1T (1 + O(h))ITE.
0 (P =N

Thus, the result follows by taking the restriction to Ran II+, and by using the Neu-
mann series in order to inverse II*-(1+O(h)II* |gan e = A+IHO(R)) |Ran 1 -
O

Using the previous lemma, it is easy to show that G()) is invertible, and to check
that its inverse is given by,

GO = (P — Nt (1 -1 (P! — )L PHR_
—\ Ry (1= PAH(PE — )~ A—Q(N)
with,
Q(\) := Ry P*(1 — TIH (P! — NI PHR_. (46)

In particular, Q()) is an (n +m) x (n + m) matrix with n,m = O(h™1).
Proposition 4.5. The matrix Q(\) satisfies,
Q()\) = dlag (El,la ey El,n; Eg’l, ey E2,m) + S()\),

where E j, Es ) € [ma — 2, mg + 2a] are the eigenvalues associated with ¢; and
Y, respectively, and with,

IS+ II%S(A)II =0(n?),

in the sense of the norm of operators on C**™, and uniformly with respect to h > 0
small enough and n,m = O(h™1).

Proof. Since R, II+ =0 and IT*R_ = 0, by (46), we have,

Q(\) = R P*R_ — R,IIPITH (P! — \)~' I+ PHIR_, (47)
d - - -
QM) = R, IIPHIH (P — \) 2T PHIR (48)
and, since Hjlsjl_[jL =0(j=12),
~ 0 hI1, AgIT+
ST — 14plla
IIPHI < ML, ASTLE 0 ) . (49)

Moreover, using that ||]3jHj||£(Lz) < |ma| + 2a and the ellipticity of ]Sj, it is easy
to see that both A§Il; and Aplly are uniformly bounded, thus so are their adjoints
IT; Ap and II5 Af, and we deduce from (47)-(49) (plus the fact that ||Ry|| < 1),

~ d
QW) =Ry PR+ 00 5 Q) = O(h?). (50)
Therefore, in order to complete the proof of Proposition 4.5, it is enough to show,

Lemma 4.6. For all N > 0, there exists a constant Cy > 0 such that, for all
je{l,...,n} and k € {1,...,m}, one has,

(Ao, ¥i)| + [{(Aothk, ;)| < Cnh™.
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Proof. We use the equations,

(ﬁl - El,j)¢j =0 ) (f’g - Egﬁk)l/}k =0. (51)
At first, we observe that, for R close enough to 0 (say, 0 < R < rp), and R large
enough (say, R > Ry), both W1(R) — E1 ; and W2(R) — Es , remain greater than

some fix constant C' > 0. Therefore, by standard Agmon estimates (see, e.g., [Mal],
Chapter 3, exercise 8), it is easy to show that, for hA small enough,

16511 52 (0,700 Rosr00)) T 10k | E5 ((0,00)0(Ro 00)) < €7, (52)

where the positive constant ¢y does not depend on j,k = O(h™1), and s > 0 is
arbitrary.

For £ =1, 2, we set,
Yo :={(R,R*) € Ry X R; pp(R, R*) € [ma — 2, ma + 20}

(where we have used the notation p,(R, R*) := (R*)? + WE(R)), and we chose
Xe € Cé’o((%ro, 2Ry) x R), supported near ¥, such that xy, = 1 in a neighborhood
of ¥y. We also fix xo = xo(R) € 030(%7«0, 2Ry), such that xo = 1 near [rg, Rp].

Then, using standard pseudo-differential calculus, for any F € [mg — 2, ma + 2q]
one can construct a symbol q(E) = q(E, R, R*;h) € S({R*)~?), supported in
(370,2Ro) x R and depending smoothly on E, such that,
BV — BB, ) ~ xol R)(1  xe(R, ). (53)

Here, # stands for the Weyl-composition of symbols, and the asymptotic equiva-
lence holds in S(1), uniformly with respect to E € [ma — 2a, ma + 2a] (see, e.g.,
[Mal]). Then, first multiplying (51) by xo, then, commuting xo and P;, and finally
applying the usual Weyl-quantization of ¢,(E) (with E = E4 ;, Es 1, respectively),
we deduce from (51), (52) and (53),

(1 = x1(R, hDr))x09; | s = O(h™); (54)

(1 = x2(R, hDR)) X0k Hs = O(R™) (55)
uniformly with respect to j, k (here, x¢(R,hDpg) stands for the Weyl-quantization
of x¢).
Now, if « is taken sufficiently small, the sets ¥; and X5 are disjoints, and thus the
supports of x1 and x2 can be taken disjoints, too. Since they are also disjoints from
Supp (1 — xo), one can find x5 € C*(R; x R; [0, 1]), supported in (%ro, 2Ro) X R,
such that the family {x1, x2, X3} forms a partition of unity on Supp xo x R. In
particular, on L?(R. ), one has,

3
1= xo(R) + > xe(R, hDg)xo(R) =1,
=1

and now, it is clear that, inserting this microlocal partition of unity in the products
(Aodj, i) and (Ao, ¢;), the estimates (52), (54) and (55) give the required
result. |

Remark 4.7. Actually, following more precisely the construction of ﬁg made
in Section 4, one can prove that the functions Wj (j = 1,2) and ao depend in
an analytic way of R in a neighborhood of the relevant classically allowed region
{Wl(R) < mg + 2a}. As a consequence, one can use the standard microlocal
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analytic techniques in this region (see, e.g., [Sj, Mal]), and obtain the existence of
a constant c¢g > 0 (independent of j, k), such that,

[(Aody, i)| + [(Aotk, ;)] < eco/™.

Completion of the proof of the proposition: Since the matrix,

RJrﬁﬁR, — dlag (El,h .. .,Eg’m) = ( (<A(’§¢?,¢k>) ((Aoi/akv@) )

is of size O(h~!), Lemma 4.6 implies that it has a norm O(h*>°) on C**™ uniformly
with respect to n, m. Thus, Proposition 4.5 is a consequence of (50). (I

By the Min-Max principle, it results from Proposition 4.5 that, for A € [mg —
a,ma + a, the eigenvalues g1(\), ..., gm4n(A) of Q(N) satisty,

{gl(A% e agm+n(>‘)} = {El,la RN El,na EQ,la ey E?,m} + O(hQ)y
A+ gg(A) is Lipschitz continuous (¢ =1,...n 4+ m);

d

% =00* ae. (k=1,...n+m). (56)
Note that the values E;1,...,Ej, are at a distance of order h from each other,
and the same is true for the values Es 1,..., s ,. So the only problem that may

appear in the computation of g,()) is when, along some sequence h = h; — 04,
two values E; ; and Fa ) become closer than O(h?). But, in that case, the two
corresponding values of g;(\) are given by,

1
ge(A) = 3 <E17j + Ea 4+ h?ry £ \/(El,j — By + h2rg)? + h4r§) , (57)
with r; = r¢(\) smooth, ry = O(1), dry/d\ = O(1) (t = 1,2,3). Thus, actually, a
correct (h-depending) indexing of the g,’s make them smooth functions of A, and
then (56) becomes true everywhere.

Anyway, (56) is enough to insure that all the values of A € [ma — «, m2 + @] such
that A € Sp Q(X) verify,

dist (A {E11y-+s B1my Bayevvy Bam}) = O(h?),

and, conversely, at any E € {E11,...,FE1n, Fa1,..., Bam}N[ma —a+ Ch? my+
a — Ch?] (C > 0 large enough), can be associated a unique A € [ma — o, ma + ]
such that A € Sp Q(N).

Finally, using the fact that, by construction, the eigenvalues of P* that lie in [mg —
«, mg + ] coincide with the solutions there of A € Sp Q(A), and summing up with
the results of Subsection 4.1 and Proposition 4.2, we finally obtain,

Theorem 4.8. For h > 0 small enough the resonances of P* with real part in
[m1,ma + ] and with imaginary part << |hlnh|, coincide, up to O(h?) error-
terms, with eigenvalues of the Dirichlet realizations of P and Py on (0, R1 ),
where Ry ap > 0 is the point where Wi admits a local mazimum with value greater
than mo.



RESONANT STATES FOR A THREE-BODY PROBLEM UNDER AN EXTERNAL FIELD 25

5. COMPARISON BETWEEN THE SPECTRUM OF THE OPERATORS Pﬁ AND Hg
Here we prove,

Proposition 5.1. Let a > 0 fixed small enough, and let J C (0,1], with 0 € 7,
such that there exists 6 > 0 such that,

Sp(PL) N [mg + a — 26h, my + a + 26h] = 0. (58)
Set,
Q(h) :={z € C; dist(Re z, [m1, m2 + a]) < 0h, |[Im 2| < C’*lhln%},
with C > 0 a large enough constant. Then, there exists a bijection,
b : Sp(Pf) NQ(h) — Sp(HY) N Q(h),
such that,
b(A) = A= O(h?),
uniformly for h € J.

Remark 5.2. As before, by slightly moving the parameter «, one can actually
reach all the values of h > 0 small enough.

Proof. By Corollary 3.9, it is enough to prove that, for any z € Q(h), there exists
a bijection B
b. : Sp(Pf) NQ(h) — Sp(P,(2)) N Q(h),
such that,
b.(\) — A = O(h?),
uniformly for h € J and z € Q(h).
By (23) we have,
50\ — O 2120
P)(2)=Q, +h°B,, (59)
where B, stands for the restriction of B, (R, hDg; z, h) to Ker(Lg), and where we
have set,
Qg = Q,u |Ker(LR) ,
Qu = —h*S,ArS, " + M, (R) + hA,(R,hDr).
By passing in polar coordinates, and by conjugating ), with the transform
L*(Ry; R*dR) ® L*(S?) 2 ¢+ Ry € L*(Ry;dR) ® L*(S?),
we see that Qg is unitarily equivalent to,
QY = h2S, D38, + M (R) + hAY(R, hDR)
on L?(R,;dR) with Dirichlet boundary condition at R = 0 (the notations are those
of the previous section, in particular (32)).
We first have,
Lemma 5.3. There exist 6y > 0 and a bijection,
. 0
bo = Sp(Pf) NQ(h) — Sp(Qy) N Q(h),
such that,
bo() = A = O(e™/"),
uniformly for h € J.
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Proof. This is just a slight modification of the proof of Proposition 4.2. Indeed,
using (25), we see that the proof can be repeated exactly in the same way by

substituting @g to Pﬁ Thus, both the spectra of @2 and Pﬁ are close to that of

Pg up to exponentially small error terms, and since @2 and Qg have the same
spectrum, the result follows. O

Therefore, it only remains to compare the spectra of 153 (z) and Qg.

For any fixed integer k > 1, let us denote by Ejy = Ei(h) the k-th eigenvalue of Ps.
By the previous lemma and Remark 4.3, we see that, if we fix § > 0 sufficiently
small, then, the disc {\ € C; |\ — Ex(h)| < dh} contains at most two eigenvalues
of QY (for h > 0 small enough) and, on the set J; of those values of h for which
it contains two eigenvalues, the domain {\ € C; 6h < |A — Ej(h)| < 20h} does not

meet Sp(QY).
Then, for k > 1 we define,

(A€ Ty |\— Ep(h)| = 36h/2} it he T

() = { {A €T |\ — Ey(h)| = 0h/2} if h € T\Ti. o

In the same way, the set {\ € C; |\ — mz| < dh} contains at most one eigenvalue
of Qg, and on the set Jj of those values of h for which it contains one eigenvalue,
the domain {A € C; 6h < [\ — mg| < 20h} does not meet Sp(Q),). Then, we set,

(h) = {\ € C; dist(\, [m1,mz]) = 30h/2} if h € To;
1) = (€ C: dist(A [y, ma]) = 6h/2}) if b€ T\To.

When X € v, (h) (k> 0), we see as in the proof of Proposition 4.2 (see (41)) that

the inverse of Qg — A can be written as,
(@ =N =x1(@p — V) X2 + R,
where Qp is the Dirichlet realization of @2 on [0, Ry a], X1, x2 are as in (40), and
R(N) satisfies,
IRMlee = O(hInh|™h)

as in (39). Here, H is the space introduced in the proof of Proposition 4.2. In
particular, we obtain,

QY = N Ml 2 = O(R™),
and thus, if we denote by Kq the space Ker(Lr) endowed with the norm

[Pllico = 1By (Rw)[nor2(s2);

we have,
1@ =X Hlegeyy = O(R™H). (61)

On the other hand, thanks to (27), and by using the Calderon-Vaillancourt theorem
(see, e.g., [Mal]), it is not difficult to show that the operator Bg is uniformly
bounded on Ky (for instance, one can start by working on C§°(R3\0) with the so-
called right-quantization, in order to be able to pass in polar coordinates without
problem, and then use a density argument and the fact that the polynomial weight
used in the definition of H becomes trivial near R = 0).
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Therefore, we see on (59) that, for A > 0 small enough and A € Ug>ovi(h), the
operator PS (z) — X is invertible, and its inverse can be written as,

(P2(z) = N7t =(Q% — N (I - r*B5(Q% — )t + O(h?)), (62)
in ,C(]C())
For k > 0, we set,
_ L B0 -1y
Hp}k(h) = %(h)(A Pﬂ(z)) d\;
_ 1 0yt
HQ,k(h) = %(h)()\ Qu) d.

In particular, for k£ > 1, the rank of Ilg x(h) is 1 or 2, depending if h € Jj or not.
In both cases, (61)-(62) show that the ranks of IIp(h) and IIg (k) are identical,
and that the eigenvalues of ]BB (2) inside 4 (h) coincide to those of QY up to O(h?)
(the computation is similar to that of (57)).

For k = 0, the situation is even simpler, because we know that the eigenvalues of
QlOL that lie inside ~y(h) are simple and separated by a distance of order h, and the
same result holds.

Finally, for A € Q(h) in the exterior of all the ~(h)’s, the estimate (61) is still
valid, and thus so is (62). Therefore, the spectral projector of ﬁB () on Q(h) can
be split into a finite sum of the IIp (k) (with a number of £’s that is O(h™!)), and
the previous arguments show that the eigenvalues of 153 (2) in Q(h) coincide with
those of @), up to O(h?). O

6. COMPARISON BETWEEN THE SPECTRUM OF THE OPERATORS Hg AND Hg
We have,

Proposition 6.1. Let a > 0 fixed small enough, and let J C (0,1], with 0 € 7,
such that there exists § > 0 such that,

Sp(Pg) N [me2 + o — 26h, ma + « + 26h] = (. (63)
Set,
1
Q(h) == {z € C; dist(Re z, [m1,m2 + a]) < 6h, |Imz| < C~*hln E}’
with C > 0 a large enough constant. Then, there exists g > 0 and a bijection,
. 770 0
b : Sp(H,) NQ(h) — Sp(H,) N Q(h),
such that,
b(A) = A= O(e” /M),
uniformly for h € J.

Proof. To prove this result, we use the arguments of Proposition 6.1 in [MaMe]. In
particular we have to check that condition (6.6) in [MaMe] holds true. We consider
the oriented loop,

v(h) :={z € C; dist(z, [m1, ma2 + a]) = dh/2}.
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By (28) and the results of the previous section (in particular (61)-(62)), we already
know that there exists some constant C' > 0 such that,

sup [|(z — H2)71||£(Ker(LR+Lr)) =0(h™9).
z€y(h)

We set,
~ 1

I, = -— — H)™d
/ 217_[_ %Y(h)(z ;L) Z?

and we denote by F' = F(R) € C§°((+5, R1,m); Ry) a function that “fills the wells’,
in the same sense as in the proof of Proposition 4.2, that is,

inf ](W1 + F) > mo + o. (64)

0,R1, M
Then, we set,
750 _ 770
H,=H,+ F(R), (65)
and we first prove,

Lemma 6.2. Let I'(h) be the closure of the complex domain surrounded by ~(h).
Then, there exists a constant C > 0 such that, for all z € T'(h), one has,

a5 -2 = O(h™°),
H( w2 L(Ker(Lr+Ly)) ( )

uniformly for h > 0 small enough.

Proof. We use a standard method of localization that consists in decoupling the
effects of the barrier from those of the remaining part of the operator (see, e.g.,
[BCD)).

We fix a, b > O such that 2 < a < b < 1, and we denote by J7, Jg € C*=(Ry;[0,1])
two functions satisfying,

SuppJr C [0,b) ; SuppJE C (a, +00); (66)
Jr=1on [0,a]; Jg =1 on [b,+00); (67)
J?+JE=1. (68)

Next we denote by Hj the space {u ‘{|R|§b} ;u € Ker(Lg + L,)} endowed with
the standard L2-norm, and H g the space Ker(Lr + L;) endowed with the norm,

llull#s = [[Ru(Rw, )| neor2(s2)oL2 ®s)-
We also define A as the space Ker(Lg + Ly)} endowed with the norm,
1
lull = (I TrullZ> + 1 Tpull3,)* -

All these norms are clearly equivalent to the standard L?-norms, with constants of
equivalence of order h*¢ with C' > 0 constant, that is

hullze < flullse < B~ lullgz -

In particular, it is enough to prove the result with Ker(Lgr + L,) substituted by
H.
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Moreover, we have the so-called identifying operators,

J: HieHg — H
udv —  Jru+ Jgu

J H - Hr®HE
w — Jw® Jgw

that satisfy JJ = 15, ||j\| =1 (actually, J is an isometry, and is nothing but the
adjoint of J for the standard L2-scalar product). By standard estimates on the
transform T (see, e.g., [Mal]), one can also easily see that ||J|| = O(1) uniformly
as h — 0. R
Observing that the operator Hﬁ is differential with respect to R (with operator-
valued coefficients acting on L?(R3)), we can consider the zero Dirichlet boundary
condition at |R| = b realizations H; of HS on H; (note that it is nothing else
but the restriction to Ker(Lgr + L,) of the Dirichlet realizations of H, + F on
L?(|R| < b)). Finally, we set
Hg:=H) +F,

acting on H g, and we define,

HA = H] D I’IE7
as an operator acting on H; & Hg. Then, setting,

©:=HSJ — JH,,
it is elementary to check the identity,

(H) = 2)" = J(Ha—2)""J — (H) — 2) 'O(Ha — 2) 7. (69)

Using (28) and proceeding as in the proof of Proposition 4.2 and in Section 5, we
immediately obtain,

I(Hs = 2) 7 2y = O(RInh| Y. (70)
On the other hand, since b < 4/M, by (24)-(25) we have,

M
ReH; > Z-i-i%f&(R) >me+a+1,

if M > 1 has been chosen sufficiently large. As a consequence, for z € T'(h), we
have,

I(Hr = 2) "Ml eury = O(), (71)
uniformly. From (70)-(71), we deduce,
I(Ha = 2) "Ml e@oms) = O(hnh|™h),
and thus also, by standard estimates on the Laplacian,
KhVR) (Ha = 2) "Ml esome) = O(RInA| Y. (72)
Now, we compute,
@(u D ’U) = —p? [AR, J[}’LL — hz[AR, JE]'U
—h2(2(VRJ[)VR + (ARJI))U - h2(2(VRJE)VR + (ARJE))’U
Therefore, we deduce from (72) that we have,

1©(HA —2)" T30 = O( Al ),
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F1GURE 2. Construction of the cut-off functions x; and ys.

In particular, for h small enough we obtain ||©(H4 — z)_1j||ﬁ(7_~t) < 1/2, and then,
by using (69) and, again, (72), we finally deduce,

10 = 2 gz = OB bl ),
and the result follows. O

Now, let (see Fig. 2)

Ry :=inf{R > 0; Wi(R) = ma + a, W{(R) > 0};
Ry = inf{R > Ry ; Wi(R) = ma + &, W](R) < 0}

Let also x1(R), x2(R) € C5°([0, Rz]), and R3 € (R1, Ra), such that,
X1 =x2 =1 mnear [0,R1] ; suppxe C [0,Rs] CC {x1 =1}

We can also assume that the function F(R) used in (64) is such that x; = x2 =1
in a neighborhood of SuppF, too.
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Then, following [HeSj2|, we set,
Ri(z) = x1(Hp = 2) xe + (Hy — 2) 7 (1 - xa),

where Hp is the Dirichlet realization of Hy on L*({|R| < Rz} x R?). Actually,
Hp does not depend on p since S, =1 for |R| < R3. Since x1Xx2 = X2, it follows
from this definition (recalling that HY) = H{) — F(R)), that we have,

(H = 2)Ri(2) = [W*DE,xal(Hp —2)" " xa + X2 + (H, — 2)(H) — 2) 7' (1 - x2)
= [’ Dy, xa)(Hp — 2)"'x2 + 1= F(R)(Hf, — 2) 7 (1 - x2)
=14+ Ki(2) + Ka(2),

where we have set,

K (2) == [W* Dy, xal(Hp — 2) "' xa
Ko(2) == =F(R)(H} = 2)7 (1 - x2),

Here, we observe that,

Supp (Drx1) N Supp (x2) = @ = Supp F' N Supp (1 — x2).
Moreover, introducing the notations,
Hp = —h?AR + P(R);
HS = —12S,ArS; " + Q(R)

(where the two R-dependent operators P(R) and Q(R) act on the electronic vari-
ables only), we also have,

Supp(Dgrx1) C {P(R) >m2+a} ; SuppF C {ReQ(R) > ma + a}.

Therefore, proceeding as in [HeSj2], Section 9 (see also [HeSjl]), by performing
Agmon estimates, we deduce the existence of some constant § > 0, such that,

IEL(2)] + [ K2(2)] = O™/, (73)

uniformly for z € y(h) and h > 0 small enough.
In the same way, setting,

Ra(z) = x2(Hp —2) 'xa + (1 - X2)(ﬁ2 -z,
we also have,
Ro(z)(Hy —2) =1+ 0(™*/"),

with §’ > 0 constant. As a consequence, we deduce that Hﬂ — z is invertible, and
its inverse is given by,

(H) —2)"" =Ru(2)(1+ K1 + Ko) ™" (74)

In particular, using Lemma 6.2 and the fact that Hp is self-adjoint, and defining
vk (h) as in (60), we conclude that, for all z € vy, (h), we have,

I(H = 2)7H = 0(h™) (75)

where C' > 0 is a constant.
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Now, we set,

1
I, 5= — j{ (H° — 2)7tdz;
! 2im i (R) g )
1
Ay = %X17{ (Hp — 2) " 'xadz.
2im ™ oy

(Note that, by construction, ||Ax| = O(h~!) and Ay is of rank at most 2.)
From (73)-(74) and Lemma 6.2 (plus the fact that (H. —z)~" is holomorphic inside
v(h)), we obtain,

M, = Ay + O(e™%/h). (76)
In particular, since Hi,k =1, x and ||II, x| = O(h~°), we deduce,
A2 = Aj 4+ O(e7%/2h), (77)
and thus, for any ¢ € C,
(Ak = O(Ax+ = 1) = =C(C = 1) + Ri, |[Ri| = O(e™*/"). (78)

As a consequence, if ¢ # 0, 1 is fixed, then (Ay —() is invertible, and we can consider
the projection,

My, = — (¢ — Ap)ldc.

- 2im Jicamy
Then, we prove,

Lemma 6.3. One has,
[Ax = TLa, || = O(e™/*").
uniformly for h > 0 small enough.

Proof. We write,

1
21 Jig-1j=1/2

[(C—Ap) ' = (= 1) A dC

and,
(=A™ = (1) A=A (1= A+ (C— 1) (Ar — A7) .
Moreover, by (78), we also have,
(A=) = (A +¢ -1 [CA - Q)+ Re] ™ (79)

In particular, ||(Ax —¢) 7| = O(h™1) uniformly on {|¢ — 1| = 1/2}, and thus, using
(77), we obtain,

MMy, — Ap = T4, (1 — Ag) + O(e79/3M). (80)
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On the other hand, using (79) (and the fact that R, = A? — Aj commutes with
Ay), we have,

1 _
Ma(l=d) = g p A= O7(C- D
— 1 _ _ o -1
= 3 Py, DA DO = O+ R dC
— 1 1 -1
- 2im [¢—1]=1/2 (C_l_CRk> (G =) Ra) ™ (A + ¢~ 1)z
1

— 1R (C(1— Ry) (A —1)d
Sem |<—1\:1/2§ K (C(1—=C)+ Ri) ~ (Ax + ¢ —1)d¢

- i CT R (C(1—=¢) 4+ Ri) ™' (A + ¢ — 1)dC
[(—1]|=1/2
— O(e—é/4h)7

where we have used the fact that,

1 . )
7{41—1/2 <C —1- CRk> €1 =0+R)  (Ax +¢—1)d¢

—f M=o,
l¢-11=1/2
because the function inside the integral is analytic in the disc {|¢ — 1| < 1/2}. O

We deduce from Lemma 6.3 and (76) that we have,
I, =ILa, + O(e /). (81)
Moreover, still by Lemma 6.3, we see that the restriction,
Ap [tm(ra,) © Im(ILg, ) — Im(I14,)

is invertible, and thus, since the rank of Ay is at most 2, we deduce,

Rank(Ily4, ) < 2.
As a consequence, by (81), we obtain,

Rank(II, ;) < 2.

Then, we are exactly in the situation of [MaMe] Proposition 6.1, (i)-(ii), and, set-
ting,
~ 1 ~
11 k= o (Z — Ho)ildz,
" 29 i (h) K

we conclude that we have,
e = Tyl = O™ /M), (82)

with §” > 0 constant. As before, the result on the interior of v (h) (k > 1) follows
in a standard way, and one obtains the required comparison of the spectra of HS

and Hg on

B={Rez € [mg,ma +a], |Imz| < C~'|hInhl}.
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As before, the same arguments can be performed on {Rez € [my,ms], |[Imz| <
C~|hInh|} (in a simpler way, since the eigenvalues of Hp are separated by a
distance of order ~ h), and Proposition 6.1 follows. g

Remark 6.4. The same argument, using (75), also show that the spectrum of HS
and Hp on B coincides up to an exponentially small term. In particular, the
eigenvalues of Hp are real and then the resonances of H2 have exponentially small
part.

7. MAIN RESULT

Here, by collecting the Propositions 5.1 and 6.1, and Theorem 4.8 it turns out our
main result.

Theorem 7.1. Let a > 0 fized small enough, and let J C (0,1], with 0 € J, such
that there exists § > 0 such that,

Sp(Pg) N [m2 + o — 26h, ma + a + 26h] = .
Set,

Q(h) :={z € C; dist(Re z, [m1, m2 + a]) < 0h, |[Im 2| < C’flhln%},

with C > 0 a large enough constant. For h > 0 small enough then the resonances
of HS in Q(h) coincide up to O(h?) error-terms, with eigenvalues of the Dirichlet
realizations of P1 and P, on (0,R1 ), where Ry ar > 0 is the point where Wy
admits a local maximum with value greater than meo.

Remark 7.2. As done in §5, by slightly moving the parameter o one can actually
reach all the values of h > 0 small enough.

Remark 7.3. We would point out that this result still holds true even in absence
of the external field; in such a case we don’t have resonances for Hg, but real eigen-
values. In fact, in such a case we don’t need to perform the analytical distortion
and we may apply the same strategy as in §sub511.
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