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LINKING SOLUTIONS FOR p-LAPLACE EQUATIONS WITH
NONLINEARITY AT CRITICAL GROWTH

MARCO DEGIOVANNI AND SERGIO LANCELOTTI

ABSTRACT. Under a suitable condition on n and p, the quasilinear equation at critical
growth —Apu = Mu[P"2u + |u[P" =% u is shown to admit a nontrivial weak solution
u € WyP(Q) for any A > X\;. Nonstandard linking structures, for the associated
functional, are recognized.

1. INTRODUCTION AND MAIN RESULTS

Let 2 be a bounded open subset of R", let 1 < p < n and let A € R. We are interested

in the existence of nontrivial solutions u for the quasilinear problem
{ —Ayu = ANuP?u+ [uf ?u inQ,

1.1
(1.1) u=20 on 05},

where Ayu := div (|Vu[P~2 Vu) denotes the p-Laplace operator and p* := np/(n —p) the

critical Sobolev exponent for the embedding of Wy (Q) in LI(Q). Let us also set

/ |VulP dz
S = inf - Tk ue C(R")\ {0}, ,
P dm)

lu

/]Vu]pd:v
. s e Wy(Q)\ {0}

/ |u|P dx
Q

and denote by ¢, € W, ?(Q) a positive solution of —Ayu = A\j|ul’~2u (see LINDQVIST

A1 = min

[16]).
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After the seminal paper of BREZIS-NIRENBERG [4], many works have been devoted
to problems at critical growth, mainly when p = 2. In particular, let us recall that,
according to the main result of [4], problem (1.1) admits a positive solution u for any
A €]0, A\, provided that p = 2 and n > 4. The result has been extended by EGNELL,
GARCIA AZORERO-PERAL ALONSO, GUEDDA-VERON [9, 12, 14|, who have proved
that problem (1.1) admits a positive solution u for any A €]0, A\;[, provided that p > 1
and n > p?. Such a solution u can be obtained via the Mountain pass theorem of
AMBROSETTI-RABINOWITZ [1] applied to the C'-functional f : W,”(Q) — R defined

as

1 A 1 .
(12) f(u):—/\Vu|pd:c——/|u]pd:1:——* / " da
P Ja P Ja P Ja

and satisfies
1
(1.3) 0< fu) < Smv.

On the other hand, it is known [4, 9, 14] that, if Q is star-shaped and with smooth
boundary, then problem (1.1) has no nontrivial solution u for any A < 0.

When A > Ay, it is still meaningful to look for nontrivial solutions u, but the situation
is quite different in the two cases p = 2 and p # 2. If p = 2, it has been proved by
CAPOzzI-FORTUNATO-PALMIERI [5] that problem (1.1) has a nontrivial solution u in

each of the following cases:

(@) A> Ay and n > 5;

(b) A> A, A€ o(—Ay) and n > 4;

(see also GAZzZOLA-RUF [13, Corollary 1]). Such a solution can be obtained via the
Linking theorem of RABINOWITZ (see e.g. [19, Theorem 5.3]) applied to the functional f

and still satisfies (1.3).
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On the other hand, when p # 2 there is in general no direct sum decomposition
of I/VO1 P(€)), which allows to recognize a linking structure in a standard way. To our
knowledge, the only workable situation amounts to the fact that, if 2 is connected and

we set

32:sup{min{/ \VulPdx: wey, /|u|pdx:1}:
Q Q

WyP(Q) = (Rypy) @Y with Y closed in Wol’p(sz)} ,
then A, > Ay and, for every b < \,, there exists a decomposition
Wy(Q) = (Rpr) @Y
such that

/]Vu]pdx = )\1/ |ul? dz | YVu € Ry,
Q Q

/|Vu|pdm2b/|u|pdx, YueyY.
Q Q
Taking advantage of this fact, ARIOLI-GAZZOLA [2] have proved that, for any p > 1,
problem (1.1) has a nontrivial solution w in each of the following cases:

(a) A1§A<32andn”—j1>p2;

(b) Ay < A< Ay and n > p*
Such a solution is still obtained via the classical Linking theorem and satisfies (1.3).

Our purpose is to provide a complete extension to the case p > 1 of the mentioned

result of CAPOZZI-FORTUNATO-PALMIERI. Because of the lack of decompositions by
linear subspaces, we will apply the results of our recent paper [7], which provide an
extension of the Linking theorem with linear subspaces substituted by cones. In the line

of the case (a), we prove the following:

Theorem 1.1. Assume that

(1.4) Q has CY® boundary for some @ €]0,1]
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and that

n® + p? 2

1.5 > 2.
(1.5) g P

Then problem (1.1) has a nontrivial solution u satisfying (1.3) for every A > A;.

By the way, we also improve the condition on n and p of ARIOLI-GAZZOLA, as (1.5)
is equivalent to
n? + %3

n+1

> p?.

This is due to a different concentration technique on points “moving to the boundary”
of Q, rather than at a fixed interior point (the key information is contained in Lemma 3.2).

Still in the line of (a), we also prove the following results:

Theorem 1.2. Assume that

2
n 2

> .
n+1 P

(1.6)

Then problem (1.1) has a nontrivial solution u satisfying (1.3) for every A > A1.

In other words, under the condition of ARIOLI-GAZZOLA, the result holds for any

A > Ay, without any smoothness assumption on the boundary of €.

Theorem 1.3. Assume that Q) is a ball and that (1.6) holds. Then problem (1.1) has a

nontrivial radial solution u satisfying (1.3) for every X > A;.

A comparison between Theorems 1.1 and 1.3 raises an interesting question: if €2 is a

ball and
2 3 3
n n° +
<p <5t
n4+1 n?2+n

Y
what about the existence of a nontrivial radial solution u satisfying (1.3), say, when
A = A7 A (negative) answer could come from an extension of the result of ARIOLI-

GAZzZOLA-GRUNAU-SASSONE [3].
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In order to state our results in the line of (b), let us set, according to [6, 7, 17, 18],

VulPd
(L7) A\ = inf{sup M C ACWP(Q)\ {0}, A is symmetric and

ued Jq ulp dx

Index (A) > m} ,

where Index is the Zs-cohomological index of FADELL-RABINOWITZ [10, 11]. Then it
is well-known that ()\,,) is a nondecreasing divergent sequence and \; is the same as
before, while A, < Ag. Moreover, in the case p = 2 we have {\,, : m > 1} = o(—Ay),
but for p # 2 it is only known that the equation —A,u = A\, |u[P~? u admits a nontrivial
solution u for any m > 1.

We prove the following result:

Theorem 1.4. If n > p?, then problem (1.1) has a nontrivial solution u satisfying (1.3)

for every X > Ay with X & {\,, : m > 1}.

If Q2 is a ball, let

Vul? dz
A" = inf{ su fﬂ‘— : A CWIP(Q)\ {0}, A is symmetric and
m {ueg fQ |U|pdl’ = 0,7‘( )\{ } Yy

Index (A) > m} ,

where Wolf(Q) denotes the corresponding Sobolev space of radial functions. From the

results of [16] it follows that A" = X;. Then we have

Theorem 1.5. Assume that §) is a ball. If n > p?, then problem (1.1) has a nontrivial

radial solution u satisfying (1.3) for every X > \; with \ & {)\(mr) cm > 1}.

In the next section we recall and prove some preliminary facts, while in Section 3 we

prove the results we have stated in the Introduction.
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2. LINKING OVER CONES

First of all, let us recall from [7] a generalization of the Linking theorem in which

linear subspaces are substituted by symmetric cones.

Theorem 2.1. Let X be a Banach space and let f : X — R be a function of class C1.

Let X | X, be two symmetric cones in X such that X, is closed in X,
X N X+ = {O} )

Index (X_\ {0}) = Index (X \ X;) < 00.

Let alsoe € X\ X_,0<ry <r_,

Sy ={veXi: [v]f=r},

Q={tetw: t>0, weX_, |tetw|] <r_},
P={weX_: ||w|<r_}U{te+w: t>0, we X_, |tet+w| =r_}
be such that
sgpf<isp+ff, sgpf<+oo.

Define

¢ = inf sup f(n(Q x {1})),

neN
where N is the set of deformations n: Q x [0,1] — X with n(P x [0,1]) N S = 0.

Then we have
(2.1) inf f<c<supf
Sy Q
and there exists a sequence (uy) in X with || f'(ux)|| — 0 and f(u) — c.
Proof. From [7, Theorem 2.2 and Corollary 2.9] it follows that (2.1) holds. If, by con-

tradiction, there is no sequence (uy) as required, then there exists ¢ > 0 such that

| f'(u)|| > ¢ whenever ¢ — 0 < f(u) < ¢+ o. In particular, f satisfies (PS). and from
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[7, Theorem 2.2 and Corollary 2.9] we deduce that ¢ is a critical value of f, whence a

contradiction. O

Assume now that €2 is a bounded open subset of R” and that 1 < p < oo. If we define

Am according to (1.7), by [7, Theorem 3.2] the following holds:

Theorem 2.2. If m > 1 is such that A\, < A\ppi1, then we have

Tndex ({u e WP () \ {0} - / VP dz < A, / uf? d:c})
Q Q
= Index ({u e WyP(Q) : / \VulP de < A\pia / |u|P dx}) =m.
Q Q

In view of the application of Theorem 2.1, the simplest choice is

(2.2) X, = {u e WyP(Q) : / |VulP de > A\pi1 / |ul? d:L‘} :
Q Q

while X_ could be defined as

(2.3) {u € WH(Q) /|Vu|pdx < / |u|pdx} |

Q Q
The next result asserts that as X_ we can also choose a smaller cone, with better
regularity properties. Let us set [|ul| = ([, |[Vu[? dz) 2 for every u € W, "(€) and denote
by || || the usual norm in L7(£2). We also set M = {u € Wy (Q) : Jo, lu[P dz =1} and

denote by B, () the open ball of center x and radius p.

Theorem 2.3. Let m > 1 be such that \,, < A\p,i1. Then there exists a symmetric cone

X_ in WyP(Q) such that X_ is closed in LP(Q) and:

(a) we have
X c {u € WHP(Q) / VP dz < A, / fuf? dm} ALE(Q) N CL Q)
Q Q
() X_ N M is bounded in L>=(Q) and in CL%();

(¢) X_N M is strongly compact in Wy*(Q) and in C'(Q);

(d) we have Index (X_\ {0}) = m.
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Moreover, if ) satisfies (1.4), we have that X_ N0 M is bounded in CY*(Q), for some

a €]0, 1, and strongly compact in C*(9Q).

Proof. We only prove the case 1 < p < n. The case p > n can be treated with minor
modifications.

Let X_ be the symmetric cone defined in (2.3). Then M NX_ is a symmetric subset of
WyP(Q)\ {0} with Index (M N )~(_) — m, being an odd deformation retract of X_\ {0}.
Moreover, M N X_ is strongly compact in LP(£2).

Let us recall that, for every w € L9(Q2) with ¢ > (p*)’, there exists one and only one
u € WyP(Q) such that —A,u = w. Moreover, if ¢ # n/p, we have u € L@(Q) and

||l u gqu) < ¢(,p,q)||wl|,, where

n(p—1)q
Bla) =49 n—pq
00 if g>n/p.

if g <n/p,

(see e.g. [14, Propositions 1.2 and 1.3]).

In particular, for every w € L(2) with ¢/(p — 1) > (p*)’, there exists one and only
one u € WyP(Q) such that —A,u = |w|P~2w. Moreover, if q/(p — 1) # n/p, we have
u € LYD(Q) and [Jullyq) < &Q,p, q)||wl|,, Where

. o1 e Te/e-D </,

0 it g/(p—1) > n/p.
For every w € M, let J(w) € M be defined as J(w) = u/||ull,, where u € WyP(Q) is
the solution of —A,u = |w|P~2w. Then it is easily seen that there exists k > 2 such that
JE1(M) is bounded in L>=(2). By [8, 15, 20] it follows that J*(M) is also bounded in

Ch%(Q), or even in C1*(Q) for some a €]0, 1], if Q satisfies (1.4).

Moreover, we have

wpzw( v )da;:/ VupQVu-V(L) der =1
/Q' o\l LV IVl

:/\w\pda::/|Vu]p_2Vu-dex§ IVulp [ Vwl,
Q Q
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which implies, by the convexity of || [|?,

oz = ot 4o w2 (i - w) @ =1
— > ||w p [ |wP"w —w | de=1,
wulzf, = WP IValZ
hence
U 1
v(—) <t < vul,,
H Tl | = val »

namely ||V (J(w))]l, < [Vw],.
Therefore J¥(M N X_) is a bounded subset of L>() and of CL*(Q) (resp. CH(Q2))

with J¥(MNX_) C MNX_. Since J is odd and continuous from the topology of L?(€2)

to that of W, ”(Q), it follows that
Index (Jk(M N 5(’_)) — Index (M N )1) —m
and that J*(M N X_) is strongly compact in Wy ?(€2). By the boundedness in CL%(€2),
the set J¥(M N X_) is also strongly compact in C1(Q2) (or even in C*(Q), if we have the
boundedness in C*(Q2)). Now, if we set
X_ = {tu: t>0, ue J’“(Mm)?,)} ,

it is clear that X_ is a symmetric cone in W_* () satisfying (a)—(d). Since J*(M NX_)

is compact in Wy (Q) with 0 & JH(MNX_), we also have that X_ is closed in LP(2). O

3. PROOF OF THE MAIN RESULTS

Let Q be a bounded open subset of R” and let p > 1 with p? < n. For every € > 0 we

set, as in [2],

c(n,p)e7r D

us(r) = =g

(817%1 + \:r;|p%1> B

where ¢(n,p) > 0 is such that

|Vul|P do = P dox = S"/P
Rr Rn

*

Up to a different parametrization with respect to e, the family (u?

) is the same of

9, 12, 14]. Let also  : R — [0, 1] be a C'*°-function such that n(s) = 1 for s < 1/4 and
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n(s) =0 for s > 1/2. For every ¢, 0 > 0, we set

Lemma 3.1. There exist C,o > 0 such that

(3.1) \Vu, |Pde < S™P+ C’(e/g)% ,
Rn

(3.2) luge|? dz > SYP —C(e/o)rT ,
R

(3.3) luye|Pde > oc? = Co(efo)= ifn>p*,
R B oePlog(o/e) — CeP if n = p*,

for every o, > 0.

Proof. Formulae (3.1) and (3.2) can be found in [2]. Formula (3.3) is similar. Let us

prove it for reader’s convenience. Since

n—p

Uge(0T) = 0 7 Ure/p(),
we have
e @P o= ¢ [ Jupelen)Pdy =0 [ Junpa(w)Pdy.
R™ Rn Rn

On the other hand, it is well known (see e.g. [14]) that

oeP — Cert if n > p?,
/ [ (y)IPdy > . )
n oePlog(l/e) — Ce? if n = p*.

Then formula (3.3) easily follows. O

Now let T € Q and R > 0 be such that Bg(z) C Q and OBy (z) N9 # 0. If

ro € 0Bg (f) N 0 and

S

IEQ:JIO—i-Q

Y

S

we have that |z, — 29| = 0 and B, (z,) C Q for every p €0, R].
Let ¢ : R — [0, 1] be a C*°-function such that ¥(s) = 0 for s < 1/2 and J(s) = 1 for

s > 1. Let also m > 1 with A\, < Ajus1, let X, be as in (2.2), X_ be as in Theorem 2.3
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and let

oe(T) = Upe(T — p),
|z — x@|
0
X ={v,: ve X_}.

V() =7 ( ) v(x) for every v € X_ |

: . ol
Of course, X2 also is a symmetric cone in Wy ().

Lemma 3.2. Assume that Q satisfies (1.4). Then there ezists C > 0 such that

p/p*
(3.4) / v, [P dx > / lv|P dx — C'g"*? (/ Blia dx) :
0 Q Q
(3.5) / v, [P dx > / lo|P" do — C o™ / lv|P" dz
Q Q 0

p/p*
(3.6) /[valpdxg/wvlpdx+0g” (/ ol da:) ,
Q Q Q

for every v € X_ and p €]0, R].

Moreover, there exists oy €]0, R] such that
eoe & X% and X? is closed in LP(Q),

Xe2nXx, ={0}, Index (X2 \ {0}) = Index (WP () \ X;) =m,

for every o €]0, go] and e > 0.

Proof. Since () is smooth enough, according to Theorem 2.3 there exists C' > 0 such that

v(xg) =0
(3.7) for every v € X_.
[0]lc + [[V]loo < Cllv]l,

For every v € X_ and p €]0, R], we have

Jtelrda = [ plrde = 27 (B, () sup [op

Bo(ze)

On the other hand, since v(zy) = 0 it holds

sup [v] < 20[| V|| -

Bo(zo)
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Then (3.4) easily follows. The proof of (3.5) is similar. We also have

Bo(zo) Bo(zo)

/ |Vv,|P da < / \Vu|Pdz + CL™ (B, (x,)) ( sup |Vol|? + 07 sup |v|p> ,
Q Q
whence assertion (3.6).

From (3.4), (3.6) and (3.7) it follows that

1
[ 190 dr <5 Ot A [ ol d,
Q 2 Q
provided that g is small enough. Therefore X? N X, = {0}. Moreover, for every v € X_

we have

/|U\de§ (L™ (B, (x,))) (/ ol dm)p +/ o|P dz
Q Q Q\Bg(xg)

<5 By (@) F [ (Volrdot [ s
Q Q\Bg(ff@)
< S (L7 (B, (2,))) 7 / |v[? da +/ |v[? da .
Q M\Bo(zp)
If o is small enough, we get

/ 0P dx < C/ |v|P dx for every v € X_.
Q AN\By(z,)
First of all, it follows that e,. ¢ X2 and that we have v, = 0 only for v = 0. Since
{v + v,} is continuous and odd from X_ \ {0} to X2\ {0}, it follows
Index (X2 \ {0}) > Index (X_ \ {0}) = Index (Wy?(Q) \ X4) = m.

Actually, equality holds, as X2\ {0} C W,P(Q)\ X,. Finally, let (v*)) be a sequence in
X_ with (v{") convergent to some z in LP(€2). Then (v®)) is bounded in LP(Q\ B, (7,)),
hence in LP(£2), hence in W,?(€). Up to a subsequence, (v*¥)) is LP(Q)-convergent to

some element of X_, whence z € X°. O

Now let f: WyP(€2) — R be the functional defined in (1.2).

Lemma 3.3. Assume that §2 satisfies (1.4) and that (1.5) holds. Let m > 1 be such that

Am < Amat, Am < A and let X_ be as in Theorem 2.3. Then there exist 6 > 0 and two
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sequences €, — 07 and o, — 07 with e/ o, — 01 such that
1
Sup{f (tegpe, Tw): t>0, we Xf’“} < =8P (1 - 58%)71/1)
n

for every k € N.

Proof. Since X is a cone, it is easily seen that

sup{f(teg,e—i—w): t>0, weXf}

1 Viepe +w)|[P — MN|eye +wl? n/p
_[sup{u(g, g = M ||p:w€XgH
n

1 Coe

n/p
n (He@ +||

)p/p

as supt (e,-) Nsupt (w) is negligible. Writing w = v, with v € X_, the assertion we

need to prove takes the form

{(HVeg,EHz - >\H€ga
sup
(HGQ,

On the other hand, by Lemmas 3.1, 3.2 and the fact that \,, < A, we have

b+ (!IV%II”—AH%H )
)p/p

vEX}ﬁS(l—éap).

(IVeoellh = Alege
(Heg,s
(Sp + (s ) —\oer 4+ ACo (£ )) +(Co™|v

<

(SZ _c <§> i N ||v . )p/p*

Now, let g, — 0T and let g, = pue}, */" with 4 > 0 small enough, which will be determined

)+ (HV%H” — Mwg|1%)
)p/p

P — /\C’Q"+p||v||§*)

—Cy

later. We need to show that, for every sequence (v;) in X_,

. (SZ ro(2) ™ et eacy (—)) + (Coplluell — Ao

€k S (S; _ (Z’;) B p:)l’/p*

has strictly negative upper limit as & — co. Up to subsequences, it is enough to consider

»)
p*

—Coy,

the three cases:

(4)

pr —» 00,
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(i1) ||vgl|p — € €]0, +o0],

(idd) |Jvg]l,» — 0.

In case (i) we get

n—p n—p

(SZ +0(2)7 - o+ acd (2) ) + (Ceilluelly = ACe™llvely.)
. — 0,
. o ] e A\ PP
S (sp - C (Z—f;) + okl — CQkﬂo Uk f,f*)
while in case (ii) we obtain
(550 (@)™ ot eocd ()™) + (Cotlhuly, ~ 0y
. n ] ] i p/p*
S (Sp —C (Z—f;) + [log - — C o™ ||uy, ﬁ*)
S
<1
n p/p*
s (5% + )

In both cases, the assertion easily follows. In case (i), it is equivalent to consider,

neglecting higher order terms, the upper limit of

n—p
. Sy +C (Z—i) T Noel + C oo i
Eg "
S Sﬁ p* p/p
p _|_ ||Uk p*
Since there exists a > 0 such that
n «\ P/P* n "
(5% + lonllz?) ™ = S5 + aljoell?
we have
n ==
|siec (g—) " Noel + Co okl
k n A\ P/p*
S (8% + ol
n—p
n =1 n
lsiec (g—) — Xoel + Copluxl [
SS¥ + aS| vy
n—p

1 *
_ L C(8)7 o+ ety — aSlpudly
. .

Sv + aS||vy

p*
p*
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By Young’s inequality, there exists C; > 0 such that

* 2

np * o *
Copllvrllh- < Crop ™ + aS|villy- = Cro + aS||ve|ly- .
It follows
n = = 2
. S» +C (Z_;;> T = Xoe 4+ Copluelh N C (%}Z) " = doeh + Chof
gk * - — n * .
5 (5% + k)" 57+ aSluly
If we choose > 0 small enough to guarantee that
n2 n? 1
Crof =Cipv ep < 5 Aogg,
it only remains to control the term (Z—:) ! by requiring
2
n—-p p n—p
- — >p.
p—1 n?2p-—1 b
This is exactly assumption (1.5) and the assertion follows. UJ

Proof of Theorem 1.1. Let m > 1 be such that \,, < A < A\jp41, let X, be as in (2.2)
and X_ be as in Theorem 2.3.

Since A < A1, there exist ri,a > 0 such that f(u) > « for every u € X, with

||lu|| = r+. On the other hand, since A > A,,, by Lemma 3.2 we also have, for every
ve X,
< Z gn P _C n+p L P — ntp P < Zg— P
f(UQ) — P 0 ||U P D 0 HUHp * ||U P + p* 0 v p* — 2 & 2p* ||U P

if o > 0 is small enough. Combining this fact with Lemmas 3.2 and 3.3, we see that

there exist £, 0,0 > 0 such that e, ¢ X2, X is closed in L”(2) and
XenX; ={0}, Index(X2\{0})=Index (W,"(Q)\ X})=m,
sup{f(tew +w): t>0, we Xf} < %S”/”(l - 56”)"“’ ,
sup{f(w) D w EXE} < %a.

Since X? is closed in LP(2), we have

pr T |w

o < b|lte,e +w

|te,e p»~  foreveryt € R and w e X°
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for some b > 0 (see also [7]). It follows that
flu) = —o0 whenever ||u|| — oo with u € Re, . + X2 .

In particular, there exists 7— > r such that f(u) < 0 whenever u € Re,. + X? with
Jull = .

From Theorem 2.1 we deduce that f admits a Palais-Smale sequence at a level ¢ with
0<e< %S”/”. On the other hand, by [14, Theorem 3.4] f satisfies the Palais-Smale

condition at such a level. Then f admits a critical point u with
-
0< flu) <—8"7.
n
Of course, u is a nontrivial weak solution of (1.1). O

Proof of Theorem 1.2. Since the general lines of the argument are the same, we only

point out the changes. This time, given Bog (T) C €2, we set as in [2]

Ce(T) = Uge (r—7),

|z — 7|
0

vy(z) =¥ ( > o(z)  for every v € X_.

Without any assumption on 02, we know from Theorem 2.3 that

sup |Vo| + sup |v| < Cljvl|,  for every v € X_.

BR(Z‘) BR x

Then Lemma 3.2 holds with (3.4), (3.5) and (3.6) substituted by

p/p”
(3.8) / |0, [P dx > / [v|P dz — Co" (/ Bl dm) ,
Q Q Q
(3.9) / v, [P dx > / v
Q Q

p/p*
(3.10) /|va|pd:c§/|Vv|pd:c+CQ”p (/ o] d:c) |
Q Q Q

Py — C’Q”/ lv|P" da,
Q
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In the proof of Lemma 3.3, only case (iii) needs some adaptation. Neglecting higher

order terms, we have to consider the upper limit of

n—p

S8+ C (%) = Aok + Col oy

P p/p*
p*

p
p*

-p
€k

S (S% + ||

which is less than or equal to

n—p
-, C (‘Z—’;) P Noel 4 Col o e — aS||lvg|lp-

Sv + aS||vy

p*
p*
By Young’s inequality, there exists C; > 0 such that

(n—p)p* (n=p)n

Cop Plloelly- < Cr0,” " + aS|vg g: =Cio, ' +aS|vg g:,
whence
n =
_|siec ()" = o+ Co Pl
Sk n N\ P/P* N
S <Sp + [lve g*)
np (n—p)n
()" = Aok + Crgy, 7
<eg” 0 ;
S+ aS||vg|ly-
Here we choose g5, = usf/ (n=P)" with i > 0 small enough to guarantee that
(n—p)n (n—p)n 1
Cio, ' =Cu > eh < 5)\05%
e
In the end, to control the term (‘Z—i) """ we have to require that
n—p P> m—p
— >p.
p—1 (m—pnp-1
This is exactly assumption (1.6) and the assertion follows. O

Proof of Theorem 1.3. We follow step by step the proof of Theorem 1.2, taking as T the
center of €2 and working in the space of radial functions. It is easily seen that the proof
of Theorem 2.3 and all the other constructions are compatible with radiality. Then the

assertion follows in a standard way. U
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Proof of Theorem 1.4. Again the proof is similar to that of Theorem 1.2. We only point

out the changes, concerning case (#ii) in the proof of Lemma 3.3.

First of all, now \,, < A < A, 41. Since

Vol = Allvell; < IVollf = Allvll; + Co™llv

e T Co"v

p
p*

< =SSN A = Aok, + Co™ P v

e+ Cov

p
p*

up to higher order terms, we have to consider the upper limit of

ﬂ
n —1 _ n—
SO (2)7T = Nlewenlls = SO = A oz, + Cop P llunl,
E:k n p* p/p* N
s(sp+uw;m)
In turn, it is enough to argue on the upper limit of
n =T =T
SE e (2)7T = Nlewls L C(2)7T = Nlewall
€ - —1| =¢, m .
SSv S

Now, in both cases n > p* and n = p?, it is easily seen that, for every sequence g, —

0+,

there exists some sequence (g), going to 0 slowly enough, which guarantees the

result. O

Proof of Theorem 1.5. It is enough to repeat the proof of Theorem 1.4 in the setting of

radial functions. O
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