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1 Intr oduction and preliminary material

In recentyears,sudokuhasbecomeaverypopulargame.In its mostcommonform,
the objective of the gameis to completea 9× 9 grid with the digits from 1 to 9.
Eachdigit mustappearonceandonly oncein eachcolumn,eachrow andeachof
the nine 3× 3 boxes.It is known that the sudokugrids arespecial casesof Latin
squaresin the classof gerechte designs, see[2]. In [7] the connectionsbetween
sudokugridsandexperimentaldesignsareextensively studiedin theframework of
AlgebraicStatistics.In thispaperweshow how to representsudokugamesin terms
of 0− 1 contingency tables.The connectionsbetweencontingency tables,design
of experiments,and the useof sometechniquesfrom AlgebraicStatistics allows
us to study and describethe set of all sudokugrids. Although the methodology
is simple and can be easily statedfor generalp2 × p2 (p ≥ 2) sudokugrids, the
computationsarevery intensive and then limited to the 4× 4 case. However, we
expectthatourwork couldform aprototypeto understandtheconnectionsbetween
designedexperimentsandcontingency tablesfor thegeneralcase.

A sudokugrid canbeviewedasa particularsubsetof cardinalityp2× p2 of the
p2× p2× p2 possibleassignmentsof a digit between1 and p2 (or moregenerally
p2 symbols)to the cells of the grid. Underthe point of view of designof experi-
ments,a sudokucanbeconsideredasa fractionof a full factorialdesignwith four
factorsR,C,B,S, correspondingto rows,columns,boxesandsymbols,with p2 lev-
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2 Movesand Mark ov basesfor sudokugrids

Theapplication of statisticaltechniquesfor contingency tablesin theframework of
thedesignof experiments,and in particularto sudokugrids,is not straightforward.
In fact, a sudokugrid is not a contingency table as it containslabels insteadof
counts.To describea sudokugrid as a contingency table,we needto considera
p× p× p× p× p× p tablen, with 6 indicesr1, r2,c1,c2,s1 ands2, eachranging
between0 and p−1. The tablen is a 0−1 tablewith nr1r2c1c2s1s2 = 1 if andonly
if the (r1, r2,c1,c2) cell of thegrid containsthesymbol(s1,s2) andis 0 otherwise.
Noticethatnr1r2c1c2s1s2 is thevalueof theindicatorfunctionof thefractioncomputed
in thedesignpoint (r1, r2,c1,c2,s1,s2). This approachhasbeenalreadysketchedin
[7]. A similar approachis alsodescribedin [1] for differentapplications.

A 0−1 contingency table mustsatisfysuitableconstraintsin orderto represent
a sudokugrid. Thevalidity conditionsareexpressedasfollows. Eachsudokugrid
musthaveoneandonly onesymbolin eachcell, in eachrow, in eachcolumnandin
eachbox.Thefour constraints translateinto thefollowing linearconditionsonn:

p−1

∑
s1,s2=0

nr1r2c1c2s1s2 = 1 ∀r1, r2,c1,c2

p−1

∑
c1,c2=0

nr1r2c1c2s1s2 = 1 ∀ r1, r2,s1,s2

p−1

∑
r1,r2=0

nr1r2c1c2s1s2 = 1 ∀ c1,c2,s1,s2

p−1

∑
r2,c2=0

nr1r2c1c2s1s2 = 1 ∀ r1,c1,s1,s2 .

Thereforewe have a systemwith 4p4 linearconditionson n andthe valid sudoku
gridsarejust its integernon-negativesolutions.

Givenaninteger linearsystemof equations,aninteger(possiblynegative) table
m is amove if, for eachnon-negativesolutionn of thesystem,n+m andn−m are
againsolutionsof thesystem, whennon-negative.

As introducedin [5], a Markov basisis a finite setof movesB = {m1, . . . ,mk}
which makesconnectedall thenon-negative integersolutionsof theabove system
of equations.Given any two sudokun and n′, thereexists a sequenceof moves
mi1, . . . ,miH in B andasequenceof signsεi1, . . . ,εiH (εi j = ±1 for all j) suchthat

n′ = n+
H

∑
j=1

εi j mi j

andall theintermediatesteps

n+
h

∑
j=1

εi j mi j for all h = 1, . . . ,H

areagainnon-negative integersolutionsof thelinearsystem.
While all thelinearconstraintsin ourproblemhaveconstanttermequalto 1, it is

known that thecomputationof a Markov basisis independenton theconstantterm
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of the linearsystem,seee.g.[5]. Therefore,we canselectthesubsetB f
+ of B of

themovesm of B thatcanbeaddedat leastto onesudokugrid,n, in orderto obtain
again a valid sudokugrid, n + m. In thesameway, we denotewith B

f
− thesubset

of B formedby theelementsthatcanbesubtractedby at leastonesudokugrid to
obtainagainavalid sudokugrid. It is immediateto checkthatB f

+ = B
f
−. Thus,we

denotethis setsimply with B f andwe refer to themovesin B f asto the feasible
moves.

Theapproachwith Markov basesenablesusto connecteachpairof sudokugrids
andto generateall thesudoku gridsstartingfrom agivenone.

Theactual computationof aMarkov basisneedspolynomialalgorithmsandsym-
bolic computations.We refer to [6] for more detailson Markov basesand how
to computethem. Although in many problemsinvolving contingency tablesthe
Markov basesaresmallsetsof moves,easy to computeand to handle,in thecaseof
sudokugridswehavea largenumberof moves.Currently, theproblemis computa-
tionally not feasiblealready in thecaseof classical9×9 grids.

3 The 4×4 sudoku

In this sectionwe considerthecaseof 4×4 sudoku,i. e., p = 2. Using4ti2 [11],
we obtaintheMarkov basisB. It contains34,920elementswhile it is known that
thereareonly 288 4× 4 sudokugrids, listed in [7]. Using suchlist andsomead-
hocmoduleswrittenin SAS-IML [10], wehaveexploredthisMarkov basisfinding
someinterestingfacts.

• Feasiblemoves.Among the 34,920 moves of the Markov basisB thereare
only 2,160 feasiblemoves.To provide a term of comparison,we remind that
the cardinality of the set of all the differencesbetweentwo valid sudokuis
288·287/2 = 41,328andwehavecheckedthat39,548of themaredifferent.

• Classificationof moves.If weclassify eachof the2,160movesgeneratedby B f

accordingto boththenumberof sudokuthatcanuseit andthenumberof points
of thegridsthatarechangedby themove itself, weobtainthefollowing table.

# of Sudokuthat # of Pointsmoved Total
canusethemove 4 8 10 12

1 0 0 1,536 192 1,728
2 0 336 0 0 336
8 96 0 0 0 96

Total 96 336 1,536 192 2,160

– The96movesthatchange4 pointsandcanbeused8 timesareall of typeM3,
like theonereportedin Figure1. We have alsoverified that thesemovesare
enoughto connectall thesudoku grids.
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– The336movesthatchanges8 pointsandcanbeusedby 2 tablescorrespond
to anexchangeof two symbols,rowsandcolumns.For example,two of them
are:

4 3 3 4
3 4 ⇒ 4 3

4 3 3 4
3 4 4 3

⇒

4 2 3 1 3 1 2 4
3 1 2 4 4 2 3 1

– The remaining1,728 movesaresuitablecompositionsof the previous ones.
For instance,themove

3 4 1 1 3 4
1 3 2 ⇒ 3 2 1

2 3 4 3 4 2
1 4 2 2 1 4

is the compositionof a permutationof two symbols, a permutationof two
rowsandtwo movesof typeM3.

4 Partially filled 4×4 grids

Usually, a classicalsudokugameis given as a partially filled grid that must be
completedplacing,in the emptycells, the right symbols.In framework of the de-
signof experimentsthisprocedurecorrespondsto augmentanexistingdesignunder
suitableproperties,in thiscasethoseof thegerechtedesigns. For apeoplewho pre-
paresthesudokugrids,it is importantto know whereto placethegivensandwhich
symbolsto put in themin order to obtaina grid with an uniquecompletion.The
non-emptycellsin asudokugameareshortlyreferredasgivens. In this section,we
usetheMarkov basesto study all possiblegivensfor the4×4 grids.

Noticethatthedefinitionsof Markov basesandfeasible movesleadusto thefol-
lowing immediateresult.WhentheMarkov basiscorrespondingto a configuration
of givenshasno moves,thenthepartially filled grid canbecompletedin a unique
way.

Whensomecells of the grids containgivens,we have to determinea Markov
basiswhich doesnot acton suchcells.This problemis thenreducedto thecompu-
tation of Markov basesfor tableswith structuralzeros,aseachgiven fixes4 cells
of thetablen. Theoretically, thecomputationof Markov basesfor tableswith struc-
tural zerosis a known problem,seee.g. [8]. A way to easily obtain all Markov
basesfor thepartially filled sudokushould consistin thecomputationof a special
Markov basisfor thecompleteproblem,known asUniversalMarkov basis, see[9].
An UniversalMarkov basisis a specialMarkov basisconsistentwith all configu-
rationsof structuralzeros.More precisely, a Markov basisfor a configurationwith
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structuralzerosis formedby themovesof theUniversalMarkov basisfor thecom-
pleteproblemby removing themoveswhich involve thefixedcells.In ourproblem,
thismeansthattheUniversalMarkov basisfor thecompletegrid wouldbesufficient
alsofor all partially filled grids.Noticethat theMarkov basiscomputedwith 4ti2

andpresentedabove is not Universa.Unfortunately, thedimensionsof theproblem
make thecomputationof theUniversalMarkov basescurrentlyunfeasible.

A different approachis to computeand analyzethe Markov basisfor all the
possiblechoicesC of the cells of the grid that shouldnot be modified.For 4× 4
sudokuit meansthatwe shouldrun 4ti2 over 216 configurationscorrespondingto
all thepossiblesubsetsof thecells of thegrid. To reducethecomputationaleffort
we have exploitedsomesymmetriesof thesudokugrids, creatinga partitionof all
thepossibleC andcomputingtheMarkov basisBC only for onerepresentative of
eachclass.An approachto sudokubasedonsymmetriesis alsopresentedin [4].

Theconsideredsymmetriescorrespondto movesin M1 (permutationsof bands,
of rows within a band,of stacksandof columnswithin a stack)andin M2 (trans-
position)describedin Section1, movesthat canbe appliedto all the sudoku.We
describenow theconstructionof theclassesof equivalence.

Let πe1,e2,e3,e4 bethetransformationacting on thepositionof acell:

πe1,e2,e3,e4(r1, r2,c1,c2) = (r1, r2,c1,c2)+(e1,e2,e3,e4) mod2 with ei ∈ {0,1} .

Thepermutationof a bandcorrespondsto (e1,e2,e3,e4) = (1,0,0,0), thepermuta-
tionof therowswithin boththebandscorrespondsto (e1,e2,e3,e4) = (0,1,0,0), and
thecompositionof boththepermutationscorrespondsto (e1,e2,e3,e4) = (1,1,0,0).
Analogouslyfor stacksandcolumns.

Let γe bethetranspositionof theposition of acell:

γe(r1, r2,c1,c2) = (c1,c2, r1, r2)(e= 1)+(r1, r2,c1,c2)(e= 0) with e∈ {0,1}

where(A) is 1 if theexpressionA is trueand0 otherwise.
Givene= (e0,e1,e2,e3,e4,e5), let τe bethecomposition:

τe = τe0,e1,e2,e3,e4,e5 = γe0 ◦πe1,e2,e3,e4 ◦ γe5 with ei ∈ {0,1} .

Wenoticethatthetransformationτ0,0,0,0,0,0 is theidentityand thatthetransposi-
tion γe is consideredbothasthefirst andthe last term in τe because,in general,it
is notcommutativewith πe1,e2,e3,e4. Wealsopointout thatthe64 transformationsτe
do not necessarilycover all the possibleonesbut they leadto significantreduction
of theproblem.

Givena subsetof cellsC, we denoteby τe(C) thetransformationof all thecells
of C. We saythat two choicesCk andDk, with k fixedcells,areequivalentif there
existsavectoresuchthat:

Dk = τe(Ck)

andwewrite Ck ∼ Dk. In Figure2 aclassof equivalenceof gridsis shown.
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Fig. 2 The16gridsof anequivalenceclasswith 2 fixedcells,containing thegivens.

Now we show thatit is enoughto computetheMarkov basisonly for onerepre-
sentativeof eachclass.

Givena sudokutablen we denoteby τ̃e(n) the transformationτe appliedto all
thecellsof thesudoku:

τ̃e(nr1,r2,c1,c2,s1,s2) = nτe(r1,r2,c1,c2),s1,s2
∀ r1, r2,c1,c2 .

In thesameway τ̃e canbeappliedto amovem.
Let C andD bein thesameclassof equivalence,D = τe(C), andB

f
C andB

f
D be

thecorrespondingsetsof feasiblemovesin theMarkov basesobtainedfrom C and
D. Then:

B
f
D = τ̃e

(

B
f
C

)

with τ̃e

(

B
f
C

)

=
{

τ̃e(m), m ∈ B
f
C

}

.

In fact,given m ∈ B
f
C, it follows that thereexist a sudokun anda sign ε such

thatn+ ε m is still a sudokuand:

τ̃e(n+ ε m) = τ̃e((n+ ε m)r1,r2,c1,c2,s1,s2)

= (n+ ε m)τe(r1,r2,c1,c2),s1,s2

= nτe(r1,r2,c1,c2),s1,s2
+ ε mτe(r1,r2,c1,c2),s1,s2

= τ̃e(n)+ ε τ̃e(m) .

Thereforeτ̃e(m) is a feasible move for thesudokuτ̃e(n). Moreover asm doesnot
acton thecellsC, τ̃e(m) doesnot acton thecellsτe(C). It follows that τ̃e(m) is in
B

f
τe(C)

.
This methodologyallows us to significantly reduce the computation,approxi-

mately of 96%, as summarizedin the following table,wherek is the number of
fixedcellsandneq.cl.is thenumberof equivalenceclasses.

k 1−15 2−14 3−13 4−12 5−11 6−10 7−9 8 Total
(16

k

)

16 120 560 1,820 4,368 8,008 11,440 12,870 65,534
neq.cl. 1 9 21 78 147 291 375 456 2,300

In view of this reduction, we have first computeda Markov basisBC for one
representative C for eachof the 2,300 equivalenceclassesof the subsetsof cells,
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using4ti2. Then,usingsome adhocmodulesin SAS-IML, we have determined
the feasiblemoves,B f

C andthe numberof sudoku#SC that canuseat leastone
move. The following tabledisplaysthe resultsof all the 2,300 runs,classifiedby
thenumberof fixedcellsk andthecardinalityof SC.

#SC \k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 0 0 0 0 2 21 92 221 271 250 141 76 21 9 1

24 0 0 0 0 0 8 7 5 0 0 0 0 0 0 0

72 0 0 0 0 3 3 0 0 0 0 0 0 0 0 0

96 0 0 0 0 0 50 158 186 96 40 6 2 0 0 0

120 0 0 0 0 4 22 4 0 0 0 0 0 0 0 0

168 0 0 0 7 29 86 56 18 3 0 0 0 0 0 0

192 0 0 0 2 18 61 50 24 5 1 0 0 0 0 0

216 0 0 0 0 7 0 0 0 0 0 0 0 0 0 0

240 0 0 0 4 43 16 2 0 0 0 0 0 0 0 0

264 0 0 0 16 8 2 0 0 0 0 0 0 0 0 0

288 1 9 21 49 33 22 6 2 0 0 0 0 0 0 0

Total 1 9 21 78 147 291 375 456 375 291 147 78 21 9 1

Wecanhighlight someinterestingfacts.

• With 1,2 or 3 fixed cells all the 288 sudokucan useat least one move, and
thereforenochoiceof givensdeterminesthecompletionof thegrid univocally.

• With 4 fixedcells thereare49 patterns(or morepreciselyequivalentclassesof
patterns)thatdo not determinethecompletionof thegrid univocally. Moreover
for 7 patternsthereare288− 168= 120 givensthat determinethe completion
of the grid univocally; similarly for 2 patternsthereare288−192= 96 givens
that determinethe completionof the grid univocally, andso on. Herewe have
the verification that the minimum numberof givensfor the uniquenessof the
completionis 4.

• With 5 fixedcells thereare2 patternsfor whichany choiceof givensdetermines
thecompletionof thegrid univocally.

• With 8 fixed cells thereare 2 patternsfor which any choiceof givensdo not
determinethe completionof the grid univocally. Neverthelessfor eachpattern
with 9 fixedcellsthereis achoiceof givenswhichmakesuniquethecompletion
of the grids.Then,the maximumnumberof fixed cell for which any choiceof
givensdonotdeterminethecompletionof thegrid univocally is 8.

• With 12 fixed cells thereare2 patternsfor which 96 choicesof givensdo not
determinethecompletionof thegrid univocally.

• With 13,14and15fixedcellsany choiceof givensdeterminesthecompletionof
thegrid univocally.

Figure3.a shows that the samepatternof 4 cells (the shadesones)leadsto a
uniquesolution,if thegivensarechosenlike in theleft partof thefigure,or to more
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knowledgeof thecompletelist of sudokugrids.Thisapproachis thenunfeasible
in the9×9 case.

(c)To make easythe computationof the UniversalMarkov basisfor our problem,
in order to avoid explicit computationsfor the studyof the sudokugrids with
givens.
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