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The purpose of this paper is the use of a mathematical homogenization approach based on the
multiple scale expansion theory for modeling the electromagnetic phenomena arising in
heterogeneous media under an imposed magnetic flux. The attention is focused on the analysis and
discussion of the merits and limits of this theoretical approach in reproducing not only the effective
macroscopic properties but also the local behavior, under a wide frequency range and considering
different constitutive and geometrical parameters. The results show that the proposed method is able
to predict local and integral physical quantities, ranging from a substantially global behavior in the
whole media to significantly localized effects determined by the microscopic structure. © 2006
American Institute of Physics. �DOI: 10.1063/1.2234816�
I. INTRODUCTION

Heterogeneous media are commonly adopted for electro-
magnetic applications in many branches of industry and sci-
ence due to their ability to be tailored to meet specific re-
quirements. Among them, a class of materials is constituted
by composite dielectrics, which are promising because
unique combinations of dielectric parameters, different from
the ones of the basic constituents, can be obtained. In mag-
netic applications, heterogeneous media range from compos-
ite magnetic materials, prepared by dispersing metal powders
in a homogenous dielectric lattice, to sintered materials, with
permeable and conductive grains insulated through layers
generated by an oxidation process, to packaged media, where
magnetic thin ribbons are assembled to obtain a global en-
semble. Examples of such media are the sintered or ferrite
magnetic cores and the strip-wound amorphous cores, com-
monly employed for applications in the frequency range up
to some megahertz.

Limiting the attention to magnetic materials, a relevant
aspect is the appearance of induced conductive and displace-
ment currents, which affect the effective properties of the
macroscopic media. The circulation of these currents is
strongly determined by the fine-scale structure of the hetero-
geneous media. The fine-scale structure has a stochastic char-
acter in composite and sintered magnetic materials, while a
regular character is found when dealing with packages of
amorphous ribbons. In the first case, a random field approach
should be adopted in principle, introducing statistical prop-
erties at microscopic level. Alternatively, taking into account
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the high number of particles randomly dispersed in the lat-
tice, the stochastic structures can also be reasonably reduced
to fine-periodic ones.

The research topic, which focuses on the determination
of the effective properties of composite materials starting
from the characteristics of the ensemble of particles dis-
persed in a given lattice, has a long tradition beginning with
the work by Rayleigh in 1892.1 In this work, an exact for-
mula was derived for the determination of the effective di-
electric constant when a regular ensemble of conductive
spheres is dispersed in a rectangular lattice. Successively,
Lam2 extended the approach to include eddy current effects
in the determination of the effective permeability of a cubic
lattice of conductive magnetic spheres. Starting from the pa-
per of Garnett3 other significant works have focused the at-
tention on modeling the stochastic structures of composite
materials, considering the interaction of randomly dispersed
particles.4–6

More recently, also thanks to the computational power
increase, the modeling of the electromagnetic behavior of
heterogeneous media has been faced by numerical ap-
proaches instead of analytical formulas.7–11 The advantage
with respect to analytical approaches is the possibility of
extending the model applicability to the analysis of more
complex structures. As a drawback, their application to the
study of two-dimensional or even more to three-dimensional
domains rapidly leads to exorbitant computational burdens,
if one expects to introduce a spatial discretization of the fine-
periodic structure, keeping contemporary into account the
macroscopic domain boundaries. This drawback can be over-
come assuming an infinite periodicity, reducing the analysis
to a single cell with periodic boundary conditions, but in this
case edge effects in the macroscopic behavior are intrinsi-

cally neglected.

© 2006 American Institute of Physics02-1
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A rationale of most of the works devoted to modeling
heterogeneous media in electromagnetics is the determina-
tion of the global properties of the macroscopic media, while
less attention is paid to the possibility of reproducing the
local behavior of the electromagnetic field quantities. In this
paper, we are interested in modeling the electromagnetic
phenomena in heterogeneous media with the aim of repro-
ducing both the effective macroscopic properties and the lo-
cal behavior. To do this, we make use of a mathematical
homogenization approach, based on the multiple scale ex-
pansion theory, applied to the Helmholtz equation. Following
this approach, the field equations are handled introducing a
solution in terms of an asymptotic form, with a zero-order
term and higher-order correctors. The first item represents
the homogenized solution, which is the solution in a homog-
enous medium with “averaged” properties; the other terms
provide corrections able to reproduce the local behavior of
the heterogeneous material. The application of the homog-
enization theory to elliptic partial differential equations, in
different fields of physics, has been found very promising, as
detailed in several works, see, for example, Refs. 12–18.

In order to analyze and discuss in detail the potentialities
of the proposed mathematical approach to handle heteroge-
neous electromagnetic media, the attention is focused on two
categories of problems with a deterministic character. In the
first one a two-dimensional isotropic or anisotropic structure
is considered, while in the second one the analysis is focused
on a two-dimensional layered structure with spatial periodic-
ity along one direction. In both cases the electromagnetic
phenomena are evaluated when a magnetic flux flows along
the orthogonal direction. In all problems, the use of the ho-
mogenization theory provides very accurate results both con-
cerning integral and local quantities, with a significant reduc-
tion of the computational burden with respect to the standard
approaches able to account for local heterogeneities.

II. SETTING OF THE PROBLEM

Let us consider a two-dimensional bounded domain S in
R2, with a coordinate system denoted by s= �x1 ,x2�, having
associated unit vectors �e1 ,e2�. The domain is intersected by
a known sinusoidal magnetic flux � �angular frequency ��
flowing along the normal direction �unit vector e3�. Let the
field quantity be denoted by T�t�=T� ei�t where T� is a complex
number �phasor�, the governing equation, written in the har-
monic domain, results

i���T� -M�T� �� − div� 1

�* � T�� = − i�
�

m
�� in S ,

T� �s� = 0 on �S . �1�

In �1� T� = �0,0 ,T� �s�� is the electric vector potential, i is the
imaginary unit, �=��s� is the magnetic permeability, �*

=��s�+ i���s� is the complex conductivity, with � the elec-
trical conductivity and � the dielectric constant, and M�T� �

denotes the weighted average,
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M�T� � =
1

m
�

S

�T� ds with m = �
S

�ds . �2�

Both electric and magnetic properties are assumed to be
isotropic.

Being that S is a highly periodic domain, from now on
we shall assume that �* and � are space periodic, with pe-
riod Y = �0,1���0,1�. In the following the spatial period Y of
the domain will be defined as the elementary cell, with a
local coordinate system y=s /�= �y1 ,y2�. By denoting the
�-periodic functions ��

*�s�=�*�s /�� and ���s�=��s /��, the
aim is the determination of the asymptotic behavior of T� �,
solution of the problem

i����T� �-M��T� ��� − div� 1

��
* � T� �� = − i�

��

m�

�� in S ,

T� ��s� = 0 on �S , �3�

as �→0.

III. HOMOGENIZATION

Considering the Hilbert space H=H0
1�S ;C�, the weak

formulation of stationary problem �3�, with test function �,
becomes

�
S

1

��
* � T� � · ��ds + i��

S

���T� �-M��T� ����ds

= −
i�

m�
�

S

���� �ds for all � � H . �4�

By applying Lax-Milgram theorem in the complex form12 to
Eq. �4�, we obtain the existence and uniqueness of the solu-
tion T� ��H satisfying an a priori estimate �T� ��	c with c
independent of �. Hence, the passage to the limit �→0,
allows us to obtain the “homogenized equation,”

�
S

A0 � T� 0 · ��ds + i��
S

�0�T� 0-M�T� 0���ds

= −
i�

m
�

S

�0�� �ds . �5�

Here �0=	Y�dy and A0 is, in the general case, a 2�2 tensor,
whose elements aij

0 are determined, following the energy
method,12 as

aii
0 = �

Y

1

�*dy + �
Y

1

�*

�wi

�yi
dy with i = 1,2,

a12
0 = �

Y

1

�*

�w2

�y1
dy, a21

0 = a12
0 . �6�

Function wi�Hper
1 �Y� is a solution of the cell problem

�
Y

1

�* ��wi + ei� · ��dy = 0 with i = 1,2

for all � � Hper
1 �Y� , �7�

1 1
where Hper�Y� denotes the periodic functions in H �Y�.
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When considering elementary cells having geometrical
symmetry with respect to both coordinate axes �y1 and y2�
with origin in the cell center, it results that a21

0 =a12
0 =0. In

this case the diagonal elements of �A0�−1 represent the ho-
mogenized complex electrical conductivity of the media
along the two axes ��x1

0 + i��x1
0 ,�x2

0 + i��x2
0 �.

Making reference to a rectangular domain S, having di-
mensions 2a and 2b, respectively, along x1 and x2 coordi-
nates with origin in the center of the rectangle and provided
that A0 is a diagonal tensor, Eq. �5� has the following closed
form solution:

T� 0 =
��

�0 ·
�I� �x1,x2� − 1�

�
S

I� �x1,x2�ds

, �8�

with

I� �x1,x2� =
cosh�
x2�
cosh�
b�

+ 

k=1,3,. . .,

�

Pk cos� k�x2

2b
�cosh�x1

�k�

being


 = �i��0/a11
0 , k = �
2 + � k�

2b
�2a11

0

a22
0 ,

Pk =
4
2

k��
2 + � k�

2b
�2

sin�k�/2�
cosh�a�k�

.

.

IV. ASYMPTOTIC EXPANSION

The solution T� 0�s� of the homogenized equation �5� is
the zero-order term of the asymptotic expansion of the true
solution T� �. As �→0 T� 0 is closed to the true solution T� �. In
presence of the preponderant local effects due to the micro-
scopic structure, corrector terms are added to the zero-order
solution in order to improve the approximation. A first-order
corrector T� 1�s ,y� is defined as

T� 1�s,y� = w1�y�
�T� 0

�x1
�s� + w2�y�

�T� 0

�x2
�s� . �9�

It can be proved that �T� �− �T� 0+�T� 1�s ,y���H1→0 and ��T� �

− ��T� 0+�yT� 1�s ,y���L2→0 as �→0.
A second-order corrector T� 2�s ,y� can be constructed as

follows. Let us define by wij the periodic solution of the cell
problem,

�
Y

1

�* � wij · ��dy = �
Y

cij�dy with i = 1,2 j = 1,2

for all � � Hper
1 �Y� , �10�

where the functions cij are defined by cij =bij�y�−	Ybijdy,

with
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bij�y� =
�ij

�* + 

k=1

2 ��ik

�* + �kwj + �k��ik

�* wj� �11�

being wj the solutions of the cell problem �7�.
Corrector T� 2�s ,y� is so defined as

T� 2�s,y� = 

i=1

2



j=1

2

�ijT� 0�s�wij�y� �12�

and can be proved that �T� �− �T� 0+�T� 1�s ,y�+�2T� 2�s ,y���H2

→0 as �→0.

V. RESULTS AND DISCUSSION

The analysis developed in the present section aims at
investigating the capability and the limits of the multiple
scale expansion theory to reproduce the electromagnetic phe-
nomena arising within a heterogeneous periodic structure,
when a sinusoidal magnetic flux � is imposed to flow
through its cross section S. An average magnetic flux density
having a peak value of 10 mT is imposed in all the consid-
ered cases.

Two kinds of periodicity are taken into consideration. In
the first case, the studied structures have a spatial periodicity
along both coordinates x1 and x2, with square elementary
cells constituted of a ferromagnetic inclusion �material A�
located within a low conductivity lattice �material B� �see
Fig. 1�a��. This structure, which models an idealized ferrite
or composite magnetic core,19 can include isotropic �circular
and square inclusions� or anisotropic �elliptical inclusion�
cells. The ferromagnetic inclusions have a relative magnetic
permeability �rA=100 and an electrical conductivity �A

=10 S/m, while the lattice has an electrical conductivity �B

ranging from 10−4 to 10−2 S/m and a relative electric per-
mittivity �rB=10.

The second studied structure is composed of a sequence
of two layers with different electrical and magnetic proper-
ties �Fig. 1�b��. This structure, with periodicity only along x2

axis, can reproduce the cross section of a laminated or strip-
wound magnetic core.20 Ferromagnetic material C has rela-
tive magnetic permeability �rC=100 and electrical conduc-
tivity �C=106 S/m, while material D is a low conductive
medium with relative electric permittivity �rD=10.

In most of the examples, a structure with a limited num-
ber of cells �9�9� or layers �nine� is considered. The choice
of performing computations with a limited number of el-
ementary cells is justified by the possibility of comparing the
results �eddy current distributions and Joule energy losses�
with the ones provided by a standard finite element ap-
proach, where each single cell is discretized accounting for
the different material properties.

The results put in evidence that, depending on the supply
frequency and geometrical and constitutive properties of the
components, the eddy current distributions range between
two limit behaviors:

• a global behavior, where the eddy currents flow in the
whole domain and the effects of the local heterogene-
ities are negligible;
• a local behavior where the phenomena are confined
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within a single cell, without interactions with the near-
est cells.

The results here obtained show that the multiple scale expan-
sion theory is able to satisfactorily predict any behavior be-
tween the limit cases, provided that second order corrector
terms are included in the computations.

A. Two-axis periodicity

The analysis is first developed on cells with square in-
clusions having a side of 10 �m, investigating, in particular,
the influence of the conductivity and of the thickness of the
low conductivity lattice. It must be noted that, due to the
isotropic properties of the square, the diagonal elements of
tensor A0 are equal.

Assuming sB equal to 100 nm, two values of conductiv-
ity �B �10−2 and 10−4 S/m� are considered. The instanta-
neous current density along x1 is represented in Fig. 2, for
1 kHz and 10 MHz. The results provided by the homogeni-
zation approach are compared with the ones given by the
standard finite element model of the heterogeneous domain.
It must be pointed out that the finite element technique re-
quires the solution of an algebraic system of �20 000 un-
knowns, while the proposed method involves the solution of

FIG. 1. Scheme of the two structures considered in the examples. Squared-
pattern domain with a periodic structure along x1 and x2 coordinates �a�,
layered domain with a periodicity along x2 coordinate �b�. For the first
structure, the dimensions of the inclusions and of the low conductivity ma-
terial are indicated with sA and sB, respectively.
problems �7� and �10� with �800 unknowns. The same fig-

Downloaded 05 Sep 2006 to 130.192.14.64. Redistribution subject to
ures also report the diagrams of the current density computed
solving homogenized equation �5� without higher order cor-
rectors; these results, obtained assuming the domain as ho-
mogeneous, represent a good approximation, but the effects
of local heterogeneities cannot be included. It is worth noting
that in Fig. 2�a� the current density distribution for �B

=10−4 S/m shows how the electromagnetic phenomena have
assumed a prevalent local behavior, without influence of the
macroscopic domain boundaries. This behavior is well evi-
denced by the comparison of the induced current distribu-
tions reported in Figs. 3�a� and 3�b�. The field lines show
how, increasing the frequency from 1 kHz to 10 MHz, the
distribution changes from local to global.

The capability of the multiple scale expansion theory of
reproducing the global and local phenomena is also con-
firmed by the diagrams of the Joule energy losses per unit
volume �w� versus frequency presented in Fig. 4�a� ��B

=10−2 S/m� and Fig. 4�b� ��B=10−4 S/m�. In all the cases,
the losses per unit volume in low conductive material B �wB�
are significantly higher than the ones in material A, even if
their contribution on the total losses is weaker, due to the
reduced volume of medium B. In Fig. 4�b� the predictions

FIG. 2. Instantaneous current density distribution along x1 axis considering
square inclusions �sA=10 �m� within a lattice having sB=100 nm and two
values of electrical conductivity ��B=10−2 S/m, �B=10−4 S/m�. The supply
frequencies are 1 kHz �a� and 10 MHz �b�. In the diagrams, the solid lines
represent the standard finite element solutions, the dot lines the solutions
obtained with the homogenization approach considering higher order cor-
rector terms, and the dashed lines the zero-order homogenization solutions.
provided by two simpler models are also presented. The first
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one, obtained neglecting higher order correctors, is suitable
for modeling a global behavior. The second one derives from
the field solution in a single cell with periodicity boundary
conditions, and then it is able to reproduce a totally local
behavior. This last model provides accurate predictions under
low frequency supply, since the lattice behaves as a barrier
towards eddy currents, which are mainly confined within the
conductive inclusions. But, at higher frequencies, the incre-
ment of displacement currents determines diffusion over the
whole domain, making the model with single cell periodicity

FIG. 3. Instantaneous induced current density distribution considering
square inclusions �sA=10 �m� within a lattice having sB=100 nm and �B

=10−4 S/m. The supply frequencies are 1 kHz �a� and 10 MHz �b�.
unable to provide reliable results.

Downloaded 05 Sep 2006 to 130.192.14.64. Redistribution subject to
The analysis is also performed to evaluate the influence
of thickness sB of the lattice separating adjacent cells, keep-
ing the inclusion dimensions constant. As a general result,
the Joule energy losses w reduce at the increase of sB. This
behavior is put in evidence in Fig. 5�a�, where sB is varied
from 10 nm to 2 �m, with �B=10−2 S/m and 10 MHz sup-
ply frequency. A similar effect is also found for the homog-
enized values of electrical conductivity ��x1

0 =�x2
0 =�0� and

permittivity ��x1
0 =�x2

0 =�0�, while homogenized magnetic
permeability �0, which depends only on the ratio between
the volumes of the two materials, has a linear behavior.

The influence on the Joule energy losses of the edge
effects, due to the boundary of the macroscopic domain S, is
finally investigated, varying the number of cells, whose di-
mension is kept fixed. Thus, an increase of the cell number
corresponds to an enlargement of the domain S. The attention
is focused on a supply frequency of 1 kHz, with a low elec-
trical conductivity of the lattice ��B=10−4 S/m and �B

=10−6 S/m�, imposing the same value of the average mag-
netic flux density �10 mT�. The Joule energy losses, plotted
in Fig. 6 as a function of the domain dimension, show that at
its increase the current field tends towards a global distribu-
tion with paths involving the whole domain. This behavior is

FIG. 4. Joule energy losses per unit volume versus frequency considering
square inclusions �sA=10 �m� within a lattice having sB=100 nm. Two val-
ues of the electrical conductivity of the lattice are considered: �B

=10−2 S/m �a� and �B=10−4 S/m �b�.
proven by the fact that the computed losses approach the
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zero-order corrector solution. On the contrary, with smaller
domain dimension the behavior tends to become strictly lo-
cal, requiring the use of higher corrector terms for an accu-
rate prediction of losses.

When considering circular inclusions, the phenomenon
is always local due to the prevalent role of the low conduc-
tivity lattice on the field distribution. Figure 7 shows Joule

FIG. 5. Influence of thickness sB for �B=10−2 S/m at 10 MHz: Joule energy
losses per unit volume �a� and homogenized parameters �b�.

FIG. 6. Influence of the cross sectional area on Joule energy losses per unit
volume considering square inclusions �sA=10 �m� within a lattice having
sB=100 nm and two values of the electrical conductivity ��B=10−4 S/m and
�B=10−6 S/m�. In the diagrams, the dot represents the solutions obtained
with the homogenization approach considering higher order corrector terms,

while the dashed lines the zero-order homogenization solutions.

Downloaded 05 Sep 2006 to 130.192.14.64. Redistribution subject to
energy losses per unit volume versus frequency in the case of
circular inclusions of radius equal to 5 �m within a lattice
having a minimum thickness sB=10 nm and electrical con-
ductivity �B=10−2 S/m. In comparison with the standard fi-
nite element approach, multiple scale expansion method
slightly underestimates losses for material A �inclusion� and
overestimates losses for material B �lattice�. Therefore, the
total losses w are found to be lower than in the case of square
inclusions with the same electromagnetic parameters.

The cells with elliptical inclusions are intrinsically an-
isotropic: Thus the diagonal elements of tensor A0 are not
equal and, consequently, the behaviors along x1 and x2 axes
are different. In the computations, the major and minor axes
of the ellipse are sA1=10 �m and sA2=6.5 �m, respectively;
the minimum lattice thickness along x1 axis is sB=1 nm. As
an example, Fig. 8 reports the instantaneous current density
distributions along x2 axis for �B=10−2 S/m and f
=10 MHz. The results show that the current density distribu-
tion, which has a prevalent local behavior, is not completely
well reconstructed by the homogenization technique, also

FIG. 7. Joule energy losses per unit volume versus frequency considering
circular inclusions �sA=10 �m� within a lattice having sB=100 nm and �B

=10−2 S/m. The total losses for square inclusions are also reported for
comparison.

FIG. 8. Instantaneous current density distribution along x2 axis considering
elliptical inclusions �sA1=10 �m, sA2=6.5 �m� within a lattice having sB

=1 nm and three values of the electrical conductivity ��B=10−2–1 S/m�.

The supply frequency is 10 MHz.
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when the electrical conductivity �B is modified from 10−2 up
to 1 S/m. The diagrams for the highest conductivity value
evidences a more pronounced concentration of the current
density towards the domain boundary, as confirmed by the
corresponding instantaneous flux line distribution of Fig. 9.
It is interesting to note that the value of �B significantly
affects both homogenized electric conductivity along x2 axis
and homogenized electric permittivity along x1 axis, while
the other parameters practically do not change �see Fig. 10�.

Finally in Fig. 11, the homogenized parameters are re-
ported as a function of the ratio between the axes sA2 and sA1

of the elliptical inclusions. It is evident how the parameters
along x2 axis abruptly increase when the ratio sA2/sA1 tends
to 1, i.e., when the elliptical inclusion tends to a circular one.

FIG. 9. Instantaneous induced current density distribution considering an
elliptical inclusion �sA1=10 �m� within a lattice having sB=1 nm and �B

=10−2 S/m. The supply frequency is 10 MHz.

FIG. 10. Influence of the electrical conductivity �B on the homogenized
parameters of a structure with elliptical inclusions. The supply frequency is

10 MHz.

Downloaded 05 Sep 2006 to 130.192.14.64. Redistribution subject to
B. Uniaxial periodicity

The domain is the cross section of a core with nine fer-
romagnetic conductive laminations �material C� having
thickness equal to 10 �m separated by a low conductive
100-nm-thick layer �material D�.

In general, the computed behavior is similar to the one
obtained for the two axial symmetry. As an example, Fig. 12
shows how, under 1 MHz supply frequency, an increase of
the electric conductivity of material D from 10−4

to 10−2 S/m facilitates the flowing of eddy currents between
laminations �interlaminar currents�, concentrating the cur-
rents towards the boundaries. Also the Joule energy losses
per unit volume versus frequency show an evolution similar
to the one obtained considering cells with square inclusions,
with the highest values in the low conductivity medium �see
Fig. 13�.

VI. CONCLUSIONS

In this paper the electromagnetic phenomena in hetero-
geneous media, constituted of a periodic microscopic struc-

FIG. 11. Influence of the ratio sA2/sA1 on the homogenized parameters at
10 MHz, for sB=1 nm and �B=10−2 S/m.

FIG. 12. Instantaneous current density distributions along x2 axis for two
values of the electric conductivity of material D ��D=10−2 S/m, �D

=10−4 S/m�. The supply frequency is 1 MHz. In the diagrams, the solid
lines represent the standard finite element solution, while the dot lines are
the solutions obtained by the homogenization approach with higher order

corrector terms.
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ture, are modeled by means of a mathematical homogeniza-
tion approach based on the multiple scale expansion theory.
The interest for this technique is justified by its capability to
reproduce, with a limited computational effort, not only av-
erage distributions of the field quantities, but also local be-
haviors modeled thanks to the introduction of higher order
correctors.

The attention has been focused on the evaluation of con-
ductive and displacement currents generated by a time vary-
ing magnetic flux flowing through a heterogeneous material,
having a regular periodic structure composed of ferromag-
netic grains dispersed within an insulating lattice. The
uniaxial periodicity of layered structures has been also inves-
tigated. The results have shown that, depending on the mi-
croscopic structure, on the constitutive properties, and on the
supply frequency, the induced current distribution can range
from a local behavior, with a weak interaction between ad-

FIG. 13. Joule energy losses per unit volume vs frequency for the electrical
conductivity of the layer �D=10−2 S/m.
jacent grains, to a global evolution, typical of a homoge-

Downloaded 05 Sep 2006 to 130.192.14.64. Redistribution subject to
neous material with “averaged” properties. The homogeniza-
tion approach has been proven to well reproduce both these
physical behaviors, provided that higher order correctors are
superposed to the homogenized solution. The great advan-
tage of the proposed approach, with respect to standard nu-
merical methods, is the possibility of analyzing domains con-
stituted by a high number of cells, without a substantial
increase of the computational burden.

Future work will be addressed towards two fundamental
topics: The first one concerns the theoretical insight of the
convergence properties in presence of correctors with order
higher than two. The second one refers to the analysis of fine
periodic structures in presence of local nonlinear magnetic
properties.
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