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Carrier-smoothing �lters, also known as Hatch �lters, 
are commonly used to reduce (�smooth�) the noise 
and multipath errors in pseudorange measurements 

by exploiting the high-precision relative distance information 
from carrier phase measurements. However, carrier-smooth-
ing �lters operate on more than just noise and multipath, 
and this article summarizes the response of such �lters to all 
relevant inputs.

�e GNSS carrier-smoothing �lter is governed by the fol-
lowing �nite di�erence equation

for n>0 where rsm[n] is the �lter output at the n-th epoch, 
whereas rc[n] and rp[n] are the code and phase pseudoranges, 
respectively. For the initial condition when n = 0, rsm[n]= rc[n]. 

In this article we will analyze the case in which parameter 
M, which relates to the bandwidth of the �lter (larger M gives 
more smoothing), is constant. Figure 1 shows a block dia-
gram of the carrier-smoothing system. We use the following 
fundamental signals: the impulse signal �[n]=1 for n = 0 and 
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0 for n � 0, and the step signal u[n]=1 for n � 0 and 0 for n < 
0. �e output of the block with transfer function z�1 is x[n-1] 
when the input is x[n].

Taking into account the main errors, the code pseudor-
ange can be written as

where r[n] is the true range between the satellite and the 
GNSS receiver, cS[n] is the error due to the bias of the satellite 
clock, cR[n] is the error due to the bias of the receiver clock, 
T[n] is the error due to the troposphere delay, I[n] is the error 
due to the ionosphere delay, wc[n] is the noise due to the 
receiver DLL (delay locked loop) jitter due to thermal noise 
and noise-like multipath. All the quantities are measured in 
meters. 

�e phase pseudorange can be written as

where N[n] is the integer ambiguity, � is the wavelength, 
and wp[n] is the noise due to the receiver PLL (phase locked 
loop) jitter plus the e�ect of multipath. �e integer ambiguity 
should be constant N[n]=N0 during the satellite visibility, but 
we consider here that cycle slips may occur and therefore the 
integer ambiguity becomes a time-varying signal. 

In general, the product of the carrier wavelength and the 
integer ambiguity, � N[n], can be written as

where nk > 0 is the discrete-time at which the k-th cycle slip 
event occurs, dk the number of cycles in the slip (integer, posi-
tive or negative), Nc.s. is the number of cycle slip events in the 
observation time. Parameter N0 is the value of N[n] at n = 0, 
which can be set equal to zero, since it cancels out in (1) for 
n>0. 

Both pseudoranges have a common term s[n] = r[n] + 
cs[n] + cR[n] + T[n]. �ey also have the term I[n] with opposite 
sign, and each one has its own noise component (wp[n] and 
wc[n]), which are statistically independent.

In the following sections, we analyze the outputs of the 
carrier-smoothing system when one and only one of the vari-
ous components is present. �e total system output is then 
given by the sum of all the individual outputs, thanks to the 
system�s linearity. 
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Tables 1–3 list all the relevant formulas and �gures. Trans-
fer functions are identi�ed as Hx(z) (z complex number), 
impulse responses as hx[n] (n integer), step responses as ux[n] 
where x speci�es the considered component. In the tables, 
Hx(f) is de�ned as Hx(f) = Hx(e

j2�f) where f is the normalized 
frequency; the true frequency is f� = f / T (in hertz) where T is 
the time interval between two subsequent epochs.

Common Component
For the common signal s[n], the system has just one input 
and one output, as shown in Figure 2. In this case we can 
evaluate the transfer function in the z-domain, as the cascade 
of two subsystems. �e �rst subsystem is a �nite impulse 
response (FIR) �lter with transfer function:

�e second subsystem is instead an in�nite impulse 
response (IIR) �lter with the following transfer function

FIGURE 1  Block diagram of the carrier-smoothing system

FIGURE 2  Block diagram of the carrier-smoothing system for the common component s[n]

and thus, the transfer function and impulse response of the 
entire system with input s[n] are, respectively,

as also reported in (20) and (21) of Table 1. �us, we have 
rsm,s[n] = s[n] * hs[n] = s[n], which means that the true range, 
the troposphere delay, and the terms due to the clock bias are 
present without alterations at the output of the �lter.

Initial Condition
�e initial condition can be interpreted as an impulse rc[0]
�[n] which enters the low-pass IIR �lter and provides the out-
put rsm,i.c.[n] = rc[0]hi.c.[n], where hi.c.[n] and its plots for M=30 
and 100 are reported in Table 2: equation (28) and the �gure 
at its right. We can see that a long transient exists, which 
has theoretically an in�nite duration but can be quanti�ed 










