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ISOMETRY ACTIONS AND GEODESICS ORTHOGONAL

TO SUBMANIFOLDS

ANTONIO J. DI SCALA, SÉRGIO MENDONÇA, HEUDSON MIRANDOLA,

AND GABRIEL RUIZ-HERNÁNDEZ

Abstract. We obtain a condition, involving geodesics orthogonal to
tangent vectors, which implies that a submanifold must be contained
in a level set of a Lipschitz function. One application is the following
theorem. Let f : Σ → M be a differentiable immersion of a connected
manifold Σ in a complete noncompact manifold with nonnegative sec-
tional curvature. Fix a ray σ in M and assume that for all point p ∈ Σ
and v ∈ TpΣ there exists a vector η orthogonal to dfpv such that the
geodesic γη tangent to η at p is a ray asymptotic to σ. Then f(Σ) is
contained in a horosphere of M associated with σ. Another theorem
study those ideas in the context of space forms, establishing a set of
equivalent conditions on a submanifold so that it is locally contained in
a hypersurface invariant under the action of isometries which fix points
in a given totally geodesic complete submanifold.

1. Introduction

A simple well-known fact says that if f : Σ → Rn is an immersion satisfy-
ing that at each point of f(Σ) there exists a normal line intersecting a fixed
point p ∈ Rn then f(Σ) is contained in a round sphere centered at p. In this
paper we will provide two generalizations of this fact, obtaining also an ap-
plication to horospheres in complete noncompact manifolds of nonnegative
sectional curvature, or in Hadamard manifolds. Some results in this paper
will just require the weak notion of a differentiable map f : Σ → Ω in the
sense that for any x ∈ Σ there exists a derivative dfx : TpΣ → Tf(x)Ω which
is a first order approximation of f when it is written in local coordinates.
In other results we will need the hypothesis that f is of class C1.

Let us fix some notations. For an arbitrary subset C of a Riemannian
manifold M and r ≥ 0 we set:

S(C, r) =
{

x ∈M
∣

∣ d(x,C) = r
}

,

B(C, r) =
{

x ∈M
∣

∣ d(x,C) < r
}

; B̄(C, r) =
{

x ∈M
∣

∣ d(x,C) ≤ r
}

,

where d is the distance function. Given a tangent vector v in some point in a
Riemannian manifold, we will denote by γv a geodesic satisfying γ′v(0) = v.
The domain of γv will be specified in each case.
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2 A. DI SCALA, S. MENDONÇA, H. MIRANDOLA, AND G. RUIZ-HERNÁNDEZ

Busemann functions are very important in the study of complete and
noncompact manifolds, specially under curvature conditions. In the case
of nonnegative curvature we obtained the following result (compare with
condition (C) in Theorem 3 below).

Theorem 1. Let f : Σ → M be a differentiable immersion of a connected
manifold Σ in a complete noncompact manifold with nonnegative sectional
curvature. Let σ be a ray in M . Assume that for all point p ∈ Σ and
v ∈ TpΣ there exists a nontrivial vector η ∈ Tf(p)M orthogonal to dfpv such
that the geodesic γη : [0,+∞) →M is a ray asymptotic to σ. Then f(Σ) is
contained in a horosphere of M associated with σ.

The above result can be proved by using the following general result.

Theorem 2. Let f : Σ → M be a differentiable immersion of a connected
manifold Σ in a Riemannian manifold M . Let G : M → R be a Lipschitz
function with Lipschitz constant C > 0. Assume that for all p ∈ Σ and any
v ∈ TpΣ there exists a nontrivial vector η ∈ Tf(p)M orthogonal to dfpv such
that the geodesic γη : [0, 1] →M satisfies that

(1)
∣

∣G(f(p))−G(γη(1))
∣

∣ = C L(γη).

Then f(Σ) is contained in a level set G−1({d}) and η is orthogonal to any
β′(0) such that β : (−ǫ, ǫ) → G−1({d}) is a curve differentiable at s = 0. In
particular η is orthogonal to dfp(TpΣ).

LetM be a Hadamard manifold. It is well known thatM admits a natural
compactification M̄ =M∪M(∞), where the ideal boundaryM(∞) consists
of the asymptotic classes γ(∞) of rays γ in M (see [EO’N] or Chapter 3 of
[BGS]). Theorem 2 also implies the following result.

Corollary 1. Let f : Σ → M be a differentiable immersion of a connected
manifold Σ in a Hadamard manifold M . Fix x0 ∈ M(∞) and assume that
for all point p ∈ Σ and v ∈ TpΣ there exists a nontrivial vector η ∈ Tf(p)M
orthogonal to dfpv such that the geodesic ray γη : [0,+∞) →M satisfies that
γη(∞) = x0. Then f(Σ) is contained in a horosphere of M associated with
x0.

Remark 1. It should be observed that Corollary 1 could be proved with-
out using Theorem 2, by taking account that the gradient of a Busemann
function in a Hadamard manifold is of class C1 and defined everywhere.

Remark 2. The reciprocal for Theorem 2 is not true. Example 5.1 below
presents a Lipschitz function G on a manifoldM , whose level sets are smooth
submanifolds. In this example there exist a point p in some level set Σ and
a vector v ∈ TpΣ such that for any η ∈ TpM − {0} orthogonal to v the
geodesic γη does not satisfy (1).

Given an arbitrary subset A of a manifold M the distance function from
A is Lipschitz with Lipschitz constant 1 and it vanishes on A. Thus we may
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apply Theorem 2 to obtain the following corollary, in which a reciprocal is
true if A is a closed set.

Corollary 2. Let f : Σ → M be a differentiable immersion of a connected
manifold Σ in a Riemannian manifold M . Let A ⊂ M be an arbitrary
subset. Assume that for all p ∈ Σ and v ∈ TpΣ there exists a vector η ∈
Tf(p)M orthogonal to dfpv such that the geodesic γη : [0, 1] → M satisfies
that γη(1) ∈ A and

(2) L (γη) = d
(

f(p),A
)

.

Then f(Σ) is contained in S(A, r0) for some constant r0 ≥ 0. Reciprocally,
if f : Σ → M is a differentiable immersion of a connected manifold Σ in
a Riemannian manifold M such that f(Σ) ⊂ S(A, r0) for some constant
r0 ≥ 0, where A is a closed set, then for any p ∈ M there exists a vector η
orthogonal to dfp(TpΣ) such that γη : [0, 1] →M satisfies (2).

In the above results two kind of hypotheses about a differentiable immer-
sion f : Σ → M emerged. The weakest one says that for any point p ∈ Σ
and any v ∈ TpΣ there exists a vector η orthogonal to dfpv such that the
geodesic γη satisfies certain condition. The other one says that for any point
p ∈ Σ there exists some vector η orthogonal to dfp(TpΣ) such that γη satisfies
the same condition. These theorems suggest that we could prove another
results by changing the condition on γη, for example asking that this geo-
desic intersects some totally geodesic submanifold. The next theorem will
apply these ideas in the context of space forms.

We will denote by Qn
c the complete simply-connected n-dimensional man-

ifold of constant curvature c. Let W = W j denote a complete connected
j-dimensional totally geodesic submanifold of Qn

c . If c ≤ 0 there exists
a natural projection π

W
: Qn

c → W satisfying π
W
(q) = γ(1), where γ :

[0, 1] → Qn
c is the unique geodesic with γ(0) = q, γ(1) ∈ W and the length

L(γ) = d(q,W ). To obtain an equivalent definition for π
W
, we may consider

the normal bundle

ν(W ) =
{

(x, v)
∣

∣ x ∈W, v ∈ (TxW )⊥
}

,

where (TxW )⊥ denotes the orthogonal complement of TxW relatively to
Tx(Q

n
c ). It is well known that the normal exponential map exp⊥ : ν(W ) →

Qn
c is a diffeomorphism if c ≤ 0. Then we may define π

W
: Qn

c → W by
π

W
(exp⊥(p, v)) = p, for (p, v) ∈ ν(W ). It is very easy to see that both

definitions coincide.
Now we recall how this projection may be defined in the case c > 0, where

the domain of π
W

is the complement of a measure-zero set. We first set

VW = S
(

W,
π

2
√
c

)

.

It is well-known (see Lemma 3.3 below) that VW is a totally geodesic sphere
of dimension n− j − 1 if j ≤ n− 2, and VW consists of two antipodal points



4 A. DI SCALA, S. MENDONÇA, H. MIRANDOLA, AND G. RUIZ-HERNÁNDEZ

if j = n− 1. Set

BW =

{

(x, v) ∈ ν(W )
∣

∣ |v| < π

2
√
c

}

.

If j ≥ 1, it is well known that Qn
c = B̄

(

W, π
2
√
c

)

, that the map exp⊥ |BW
:

BW → (Qn
c − VW ) is a diffeomorphism and that exp⊥(∂BW ) = VW , where

∂BW denotes the boundary of the closure B̄W (see Lemma 3.3 below). Thus
we may define the projection π

W
: (Qn

c − VW ) →W by π
W
(exp⊥(p, v)) = p.

In other words, for q ∈ Qn
c−VW it holds that π

W
(q) = γ(1), where γ : [0, 1] →

Qn
c is the unique geodesic with γ(0) = q, γ(1) ∈ W and L(γ) = d(q,W ).

If j = 0 and W is a point, the map π
W

: Qn
c → W may be defined as the

constant map.
We denote by GW the group of isometries of Qn

c that fix each point in
W . Let Σ ⊂ Qn

c be a connected embedded differentiable submanifold of
the space form Qn

c . Let W = W j be a complete connected totally geodesic
submanifold of Qn

c . We will consider the following properties:

(A) For each point q ∈ Σ there exists a neighborhood U of q in Σ such
that U is contained in an embedded hypersurface M of class Ck of
Qn

c , with k ≥ 1, which is invariant under the action of GW .

(B) For any point q ∈ Σ, there exists a vector η ∈ Tq(Q
n
c ) orthogonal to

Σ such that the geodesic γη intersects W .

(C) For any point q ∈ Σ and any vector v ∈ TqΣ with (dπ
W
)qv = 0, there

exists a vector η ∈ Tq(Q
n
c ) orthogonal to v such that the geodesic γη

intersects W .
(D) For each point q ∈ Σ there exists a neighborhood U of q in Σ such

that U is contained in an embedded differentiable hypersurface M
of Qn

c which is invariant under the action of GW .

In the case j = 0, we may use Corollary 2 to obtain the following

Corollary 3. Let Σ be a differentiable embedded submanifold of Qn
c and

W a point not contained in Σ. Then Properties (A), (B), (C) and (D) are
equivalent. If one of these properties occurs, then M is in fact a sphere
centered at W and Σ ⊂M .

The next theorem deals with the case j ≥ 1.

Theorem 3. Let Σ be a connected embedded differentiable submanifold of
Qn

c . Let W = W j be a complete connected totally geodesic submanifold of
Qn

c , with j ≥ 1. Assume that Σ∩W = ∅ and that the map (π
W
)|

Σ
: Σ →W

is a submersion. In the case c > 0 assume further that Σ ∩ VW = ∅. Then
we have that (D) implies (B) if c ≥ 0, and (D) implies (C) for any c. If
further Σ is of class Ck, for some k ≥ 1, then it holds that:

(i) If c = 0 then (A), (B) and (C) are equivalent;
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(ii) If c > 0 then (A) and (B) are equivalent;
(iii) If c < 0 then (A) and (C) are equivalent.

Remark 3. Note that (B) implies (C) trivially. Thus if Σ is of class Ck for
some k ≥ 1 we obtain from Theorem 3 the following sequence of implications

(B) =⇒ (A) =⇒ (D) =⇒ (C)

for all values of c.

Remark 4. It is simple to show that (C) is always true if c > 0 (see Propo-
sition 4.1).

Remark 5. If Σ is of class Ck for some k ≥ 1, we will see that several
implications that do not appear in Theorem 3 or in Remark 3 fail (see
Section 5). We will also see in Section 5 that the assumption that (π

W
)|

Σ
is

a submersion may not be dropped. In Proposition 4.2 we see that if c ≤ 0
and Σ is a hypersurface of Qn

c , then property (C) implies that (π
W
)|

Σ
is a

submersion.

Example 5.6 presents a nontrivial situation in R4 in which Theorem 3
holds. In this example, if p ∈W −{(0, 0, 0, 0), (0, 0, 1, 0)} then the complete
totally geodesic submanifold of maximal dimension which is orthogonal to
W at p intersects Σ in infinitely many isolated points.

Question 1.1. Let Σ be a connected embedded differentiable submanifold of
Qn

c . Let W = W j be a complete connected totally geodesic submanifold of
Qn

c , with j ≥ 1. Assume that Σ∩W = ∅ and that the map (π
W
)|

Σ
: Σ →W

is a submersion. In the case c > 0 assume further that Σ ∩ VW = ∅. Is it
true that the following assertions hold?

. If c = 0 then (D), (B) and (C) are equivalent;

. If c > 0 then (D) and (B) are equivalent;

. If c < 0 then (D) and (C) are equivalent.

The following theorem studies the situation when (π
W
)|

Σ
is not a sub-

mersion but it still has constant rank. It is very surprising to realize that
(B) and (C) are not necessary in this case to obtain (A).

Theorem 4. Let Σ be a connected embedded submanifold of class Ck of
Qn

c , with k ≥ 1. Let W = W j be a complete connected totally geodesic
submanifold of Qn

c , with j ≥ 1. Assume that Σ ∩W = ∅ and that the map
(π

W
)|

Σ
: Σ → W has constant rank i < j. In the case c > 0 assume further

that Σ ∩ VW = ∅. Then Property (A) holds.

Given a map g : Σ → Ω of class C1, it is well known that there exists an
open dense subset Ω = ∪λUλ of Σ, where each Uλ is an open subset such
that f |Uλ

has constant rank (see for example [L]). Thus Theorems 3 and 4
imply together the following result, where we do not need to assume that
π

W
is a submersion.
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Corollary 4. Let Σ be an embedded connected submanifold of class Ck of
Qn

c , with k ≥ 1. Let W = W j be a complete connected totally geodesic
submanifold of Qn

c , with j ≥ 1. Assume that Σ ∩W = ∅. In the case c > 0
assume further that Σ ∩ VW = ∅. Then there exists an open dense subset of
Σ such that (B) implies (A) if c ≥ 0, and (C) implies (A) if c < 0.

Acknowledgement. The authors would like to thank the referee for very
interesting suggestions.

2. Distance function from subsets

Proof of Theorem 2. By the connectedness of Σ, it suffices to show that
G ◦ f is locally constant. Let V be a neighborhood of a point x0 in Σ such
that the restriction f |V : V →M is an embedding and denote by Σ′ = f(V ).
Fix distinct points p, q ∈ Σ′ and consider a differentiable curve α : [a, b] → Σ′

with α(a) = p and α(b) = q parameterized by arc length. Let ρ : [a, b] → R

be given by ρ(s) = G(α(s)). By using that G is a Lipschitz function we have
that

|ρ(s)− ρ(t)|= |G(α(s)) −G(α(t))|≤Cd(α(s), α(t)) ≤ CL
(

α|[s,t]
)

=C|s− t|.
Thus, since ρ is a Lipschitz function, it must be differentiable almost every-

where and satisfy the equality ρ(b) = ρ(a) +
∫ b

a
ρ′(s)ds. We fix s0 ∈ (a, b)

such that ρ′(s0) exists.

Claim 2.1. ρ′(s0) = 0.

In fact, by hypothesis, there exists a nontrivial geodesic γ : [0, 1] → M
satisfying

(i) γ(0) = α(s0);
(ii) γ′(0) is orthogonal to α′(s0);
(iii) CL(γ) = |G(α(s0))−G(γ(1))| = |ρ(s0)−G(γ(1))|.
Since L(γ) > 0 it follows that G(α(s0)) − G(γ(1)) 6= 0. By replacing G

by −G if necessary, we may assume that G(α(s0)) −G(γ(1)) > 0. Now we
choose 0 < t0 < 1 sufficiently small so that α(s0) is contained in a strongly
convex open ball B ⊂ M centered at γ(t0). Choose 0 < δ < ǫ sufficiently
small so that I = (s0 − δ, s0 + δ) ⊂ (a, b), α([s0 − δ, s0 + δ]) ⊂ B and
G(α(s)) −G(γ(1)) > 0 for all s ∈ I. Consider the smooth map r : B → R

given by r(x) = d(γ(t0), x) and the map h : I × [0, 1] →M given by

(a) h(s, t) = expα(s)

(

t
t0

(

exp−1
α(s) γ(t0)

))

, for s ∈ I and t ∈ [0, t0];

(b) h(s, t) = γ(t), for s ∈ I and t ∈ [t0, 1].

Consider the curve hs : t ∈ [0, 1] 7→ h(s, t). Note that L(hs) = L(γ|[t0,1]) +
r(α(s)). Since α is differentiable we obtain that

d

ds
L(hs)

∣

∣

∣

∣

s=s0

= (r ◦ α)′(s0) =
〈

∇r(α(s0)), α′(s0)
〉

(3)

=
〈

−γ′(0), α′(s0)
〉

= 0.
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Since hs(0) = α(s) and hs(1) = γ(1) we have that

C L(hs) ≥ Cd(α(s), γ(1)) ≥ |G(α(s)) −G(γ(1))| = G(α(s)) −G(γ(1))

= ρ(s)−G(γ(1)),(4)

for all s ∈ I. Thus, using (iii), (3) and (4), we obtain that

ρ′(s0) = lim
s→s0
s>s0

ρ(s)− ρ(s0)

s− s0
≤ lim

s→s0
s>s0

C L(hs) +G(γ(1)) − ρ(s0))

s− s0

= lim
s→s0
s>s0

C L(hs)− C L(hs0)

s− s0
= C

d

ds

∣

∣

∣

∣

s=s0

L(hs) = 0

and

ρ′(s0) = lim
s→s0
s<s0

ρ(s)− ρ(s0)

s− s0
≥ lim

s→s0
s<s0

C L(hs) +G(γ(1)) − ρ(s0))

s− s0

= lim
s→s0
s<s0

C L(hs)− C L(hs0)

s− s0
= C

d

ds

∣

∣

∣

∣

s=s0

L(hs) = 0.

Thus it holds that ρ′(s0) = 0 and Claim 2.1 is proved.

Thus, using that ρ(b) = ρ(a) +
∫ b

a
ρ′(s)ds = ρ(a), we obtain that G|Σ′ is

constant. Since Σ is connected we have that the function G ◦ f is constant.
This implies that f(Σ) is contained in a level set G−1({d}) for some d ∈ R.

We have that |G(γ(1)) − G(γ(0))| ≤ C d(γ(1), γ(0)) ≤ C L(γ). Thus (1)
implies that d(γ(1), γ(0)) = L(γ), hence γ is a minimal geodesic.

Now we consider some curve β : (−ǫ, ǫ) → G−1({d}), for some positive
ǫ > 0, such that β is differentiable at s = 0 and β(0) = γ(0). We claim that
γ′(0) is orthogonal to β′(0). If this is not true, by changing the orientation
of β, if necessary, we may assume that 〈γ′(0), β′(0)〉 > 0. We define the
smooth function r and the map hs(t) = h(s, t) as above, with β replacing
α. By using the smoothness of r and the differentiability of β at s = 0 as
in (3) we obtain that d

ds
L(hs)|s=0 = 〈−γ′(0), β′(0)〉 < 0. Then we have for

small 0 < s < ǫ that d(γ(1), β(s)) ≤ L(hs) < L(h0) = d(γ(1), γ(0)) = L(γ).
Hence we arrive to

|G(γ(1)) −G(γ(0))| = |G(γ(1)) −G(β(s))| ≤ C d(γ(1), β(s)) < C L(γ),

and this contradicts (1). Theorem 2 is proved. �

Proof of Corollary 2. Let A ⊂ M be an arbitrary subset and consider a
differentiable immersion f : Σ → M of a connected manifold Σ satisfying
that for all p ∈ Σ and v ∈ TpΣ there exists a vector η ∈ Tf(p)M orthogonal
to dfpv such that the geodesic γη : [0, 1] → M satisfies that γη(1) ∈ A
and γη satisfies (2). Consider the Lipschitz function G : M → R given by
G(x) = d(x,A) with Lipschitz constant C = 1. Set A = (G ◦ f)−1((0,+∞))
and F = (G ◦ f)−1({0}). The function G ◦ f is constant on F and, by using
Theorem 2, it is constant on each connected component of the open subset
A. We conclude that the image of G ◦ f is countable. On the other hand,
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the connectedness of Σ implies that the image of G ◦ f is an interval, hence
it must be a point. As a consequence f(Σ) is contained in S(A, r0) for some
r0 ≥ 0.

Now consider a differentiable immersion f : Σ →M of a connected man-
ifold Σ such that f(Σ) is contained in S(A, r0) for some r0 ≥ 0, where A is
a closed subset of M . If r0 = 0, we just take η = 0 for any p ∈ Σ and any
v ∈ TpΣ, and we will have trivially that (2) holds. Thus we will assume that
r0 > 0. Fix p ∈ Σ. Since A is closed, there exists a point q ∈ A such that
d(f(p), q) = d(f(p),A) = r. Then there exists a nontrivial minimal geodesic
γ : [0, 1] → M such that γ(0) = p, γ(1) = q and L(γ) = d(p,A) = r0. We
claim that η = γ′(0) is orthogonal to dfp(TpΣ). To see this we take a vector
v ∈ TpΣ and consider a differentiable curve β : (−ǫ, ǫ) → f(Σ) such that
β(0) = f(p) and β′(0) = dfpv. Since γη satisfies (1), we have by Theorem
2 that 〈η, β′(0)〉 = 0, hence η is orthogonal to dfp(TpΣ). Corollary 2 is
proved. �

Proof of Corollary 3. To prove Corollary 3, we first prove the following

Claim 2.2. (C) implies (A).

Assume that Property (C) holds. Thus for any q ∈ Σ and any v ∈ TqΣ,
there exists a nontrivial vector η orthogonal to v such that the image of the
geodesic γη containsW . By replacing η by −η, if necessary in the case c > 0,
we may assume that there exists d > 0 such that γη|[0,d] is minimizing and
γη(d) = W . Thus we may apply Corollary 2 obtaining that Σ is contained
in a sphere M centered at W . This sphere is a smooth hypersurface which
is invariant under GW , hence Property (A) holds.

Claim 2.3. (D) implies (B).

Assume that Property (D) holds. Fix q ∈ Σ. Then there exists a neigh-
borhood U of q and a differentiable hypersurfaceM of Qn

c containing U such
thatM is invariant under the action ofGW . Set r0 = d(q,W ). We claim that
S(W, r0) ⊂M . Indeed, fix z ∈ S(W, r0). Since GW is transitive on S(W, r0),
there exists φ ∈ GW such that φ(q) = z. Since M is invariant under the
action of GW , we have that z ∈ M , hence S(W, r0) ⊂ M . Since S(W, r0) is
a closed manifold contained in the manifold M of the same dimension, we
conclude that S(W, r0) =M . Fix a minimal geodesic γ : [0, 1] → Qn

c from q
to W . It holds that γ′(0) is orthogonal to Tq

(

S(W, r0)
)

= TqM , hence γ′(0)
is orthogonal to TqΣ. Thus Property (B) holds.

Since trivially we have that (A) implies (D), and (B) implies (C), we
conclude from the above claims that (A), (B), (C) and (D) are equivalent
if j = 0. The proof of Claim 2.2 implies that if one of the four equivalent
properties occurs then M is a sphere centered at W which contains Σ. �

Proof of Theorem 1 and Corollary 1. Let M be a complete and non-
compact manifold. For any z ∈ M it is well known that there exists a
ray α : [0,+∞) → M starting at z, which by definition satisfies that
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L
(

α|[0,t]
)

= d
(

z, α(t)
)

for any t ≥ 0. Fix a point q ∈ M . A unit speed
ray γ : [0,+∞) → M starting at q is said to be asymptotic to α if there
exists a sequence tk → +∞ and a sequence of unit speed minimal geodesics
γk : [0, dk] → M from q to α(tk) such that γ′k(0) → γ′(0). It is well known
and easy to see that for any q ∈ M there exists a ray γ starting at q which
is asymptotic to α.

We recall that a horosphere of M associated with α is a level set of the
Busemann function hα :M → R given by

hα(x) = lim
t→+∞

d
(

x, α(t)
)

− t.

It is well known that hα is a Lipschitz function with Lipschitz constant 1.
If γ is asymptotic to α it is also well known (see for example Proposition 41
in [P]) that

(5) hα
(

γ(0)
)

− hα
(

γ(t)
)

= t, for any t ≥ 0.

From now on we will assume that one of two possibilities holds: or M
is a Hadamard manifold, or M has sectional curvature K ≥ 0. In both
cases there exists a standard compactification M̃ = M ∪M(∞). As usual
we denote by γ(∞) the point in M(∞) associated to a ray γ. If M is a
Hadamard manifold we have that γ(∞) = α(∞) if and only if γ is asymptotic
to α (see, for example, [BGS]). In the case K ≥ 0 the fact that the ray γ is
asymptotic to α implies that γ(∞) = α(∞) (see for example Lemma 2.2 in
[M]). We observe that the reciprocal is not true in this case. Indeed, there
exist examples of complete noncompact manifolds with K ≥ 0 with some
rays γ, α satisfying γ(∞) = α(∞) and γ not being asymptotic to α.

Let f : Σ →M be a differentiable immersion and assume that there exists
a unit speed ray σ in M such that for any point p ∈ Σ and v ∈ TpΣ there
exists a unit vector η ∈ Tf(p)M orthogonal to dfpv such that γη : [0,+∞) →
M is a ray asymptotic to σ.

Now fix p ∈ Σ and v ∈ TpΣ. By hypothesis there exists a unit vector
η ∈ Tf(p)M orthogonal to dfpv satisfying that γη is a ray asymptotic to σ.
Thus we have by (5) that

hσ
(

γη(0)
)

− hσ
(

γη(1)
)

= 1 = L
(

γη|[0,1]
)

.

Thus we can apply Theorem 2 with G = hσ to obtain that G◦f is constant.
Theorem 1 and Corollary 1 are proved. �

3. Some basic facts about space forms

The purpose of this section is to recall some basic facts about the geometry
of Qn

c , which will be needed in the proof of Theorem 3.

Lemma 3.1. Let (γ1, γ2, γ3) be a geodesic triangle in Qn
c where each γi :

[0, ai] → Qn
c is a minimal unit speed geodesic with γi(ai) = γi+1(0) for

i = 1, 2 and γ3(a3) = γ1(0). Then there exists a totally geodesic surface
N2 ⊂ Qn

c which is isometric to Q2
c and contains the images of γ1, γ2 and γ3.



10 A. DI SCALA, S. MENDONÇA, H. MIRANDOLA, AND G. RUIZ-HERNÁNDEZ

Proof. There exists a plane P12 ⊂ Tγ
1
(a1)(Q

n
c ) containing γ

′
1(a1) and γ

′
2(0).

Since Qn
c has constant sectional curvature it holds that N12 = expγ1(a1)

(

P12

)

is a totally geodesic surface of Qn
c which clearly contains the images of γ1 and

γ2. Similarly there exists a totally geodesic complete surface N13 containing
the images of γ1 and γ3. If either c > 0 and L(γ3) <

π√
c
, or if c ≤ 0, there

exists a unique unit speed minimal geodesic τ : [0, a3] → Qn
c from γ3(0) to

γ3(a3). The fact that τ and γ3 are unit speed minimal geodesics implies that
τ = γ3 and its image is contained in N12. It remains to consider the case
that c > 0 and L(γ3) =

π√
c
. If this occurs we have that γ1(0) and γ2(a2) are

antipodal points, hence we have by triangle inequality that the images of γ1
and γ2 are contained in the same geodesic circle, hence the images of γ1, γ2
and γ3 are contained in N13. Lemma 3.1 is proved. �

Lemma 3.2. For c > 0, let γ : [0, a] → Qn
c be a unit speed geodesic, with

0 < a ≤ π√
c
. Let α : [0, t0] → Qn

c and β : [0, s0] → Qn
c be unit speed

geodesics satisfying that:

(i) α(0) = γ(0) and β(0) = γ(a);
(ii) 〈α′(0), γ′(0)〉 = 〈β′(0), γ′(a)〉 = 0;
(iii) α(t0) = β(s0) and 0 ≤ t0 ≤ s0 ≤ π√

c
.

Then s0 ≥ π
2
√
c
and β′(0) is the parallel transport of α′(0) along γ.

Proof. Since L(γ), L(α), L(β) ≤ π√
c
, we have that γ, α and β are minimal

geodesics. Thus by Lemma 3.1 there exists a totally geodesic surface N2 ⊂
Qn

c which is isometric to Q2
c containing the images of γ, α and β. By using

an isometry we may assume that N is a sphere centered at the origin in R3.
Consider the map ϕ : R× R → N given by:

(6) ϕ(u, v) =
1√
c

(

cos
(

u
√
c
)

cos
(

v
√
c
)

, sin
(

u
√
c
)

cos
(

v
√
c
)

, sin
(

v
√
c)
)

.

By using again a convenient isometry we may assume that γ(u) = ϕ (u, 0)

for 0 ≤ u ≤ a and α(t) = ϕ(0, t), for 0 ≤ t ≤ t0. Consider β̃(s) = ϕ
(

a, s),
for 0 ≤ s ≤ π√

c
.

Claim 3.1. β̃|[0,s0] = β.

Indeed, if Claim 3.1 is not true, we obtain from assumption (ii) in Lemma

3.2 that β(s) = β̃(−s). But this, together with (6), implies that the third
coordinate of β(s) is negative if 0 < s < π√

c
. Since the third coordinate

of α(t) is positive if 0 < t < π√
c
, we obtain from assumption (iii) that

t0, s0 ∈
{

0, π√
c

}

. Since α(0) = γ(0) 6= γ(a) = β(0), we obtain that t0 =

s0 = π√
c
. Thus we have that −α(0) = α

(

π√
c

)

= β
(

π√
c

)

= −β(0), hence
γ(0) = α(0) = β(0) = γ(a), which contradicts the fact that 0 < a ≤ π√

c
.

From Claim 3.1 we obtain that β′(0) is the parallel transport of α′(0)
along γ.
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By using Claim 3.1 and (6), it is straightforward to obtain that either
a = π√

c
= s0 + t0, or 0 < a < π√

c
and s0 = t0 = π

2
√
c
. In both cases we have

that s0 ≥ π
2
√
c
. Lemma 3.2 is proved. �

Lemma 3.3. For c > 0, let W =W j ⊂ Qn
c , with j ≥ 1, be a compact con-

nected totally geodesic submanifold and BW =
{

(x, v) ∈ ν(W )
∣

∣ |v| < π
2
√
c

}

.

Then it holds that:

(i) VW is a totally geodesic (n − j − 1)-sphere if 1 ≤ j ≤ n − 2 and
consists of two antipodal points if j = n− 1;

(ii) Qn
c = B̄

(

W, π
2
√
c

)

;

(iii) exp⊥ |BW
: BW → (Qn

c − VW ) is a diffeomorphism;
(iv) exp⊥(∂BW ) = VW .

Proof. We may view Qn
c as a sphere centered at the origin in Rn+1. The

totally geodesic sphere W spans a (j + 1)-dimensional linear subspace E =
span(W ) ⊂ Rn+1. If E⊥ denotes the orthogonal complement of E in Rn+1,
then VW = E⊥ ∩Qn

c , which easily implies Item (i) in Lemma 3.3.
To prove Item (ii), we consider a point q ∈ Qn

c −W . Take a unit speed
minimal geodesic γ : [0, d] → Qn

c satisfying that γ(0) = q, γ(d) ∈ W and
d = L(γ) = d(q,W ). Consider the geodesic σ : [0, d0] → Qn

c such that
σ(0) = q, σ′(0) = −γ′(0) and d + d0 = π√

c
. Since σ(d0) is the antipodal

point of γ(d), we have that σ(d0) ∈W , hence d0 = L(σ) ≥ d, which implies
that d ≤ π

2
√
c
and proves Item (ii).

Claim 3.2. exp⊥ |BW
is injective.

We fix (p1, v1), (p2, v2) ∈ BW and consider the unit speed geodesics σi :

[0, |vi|] → Qn
c given by σi(t) = exp⊥

(

pi,
t

|vi|vi
)

, for i = 1, 2. Since L(σi) =

|vi| ≤ π√
c
for i = 1, 2, each σi is a minimal geodesic. There exists a unit

speed minimal geodesic γ : [0, a] → W from p1 to p2. Note that v1 and
v2 are orthogonal to γ. Since |vi| < π

2
√
c
for i = 1, 2, Lemma 3.2 implies

that σ1(|v1|) 6= σ2(|v2|), hence exp⊥ (p1, v1) 6= exp⊥ (p2, v2). Thus exp⊥ is
injective on BW .

Claim 3.3. exp⊥ |BW
is a diffeomorphism onto its open image.

Indeed, fix (p, v) ∈ ν(W ) with v 6= 0 at which d(exp⊥)(p,v) is singu-
lar. Consider the unit speed geodesic σ : [0, |v|] → Qn

c given by σ(t) =

exp⊥
(

p, t
|v|v

)

. We know that there exists a nontrivial Jacobi field J along

σ such that J(0) ∈ TpW , J ′(0) is orthogonal to TpW and J(|v|) = 0 (see for
example [dC]). These conditions imply that J(t) is orthogonal to σ′(t) for
all 0 ≤ t ≤ |v|. Let P be the parallel transport of J(0) along σ. Thus we
have that J(t) = cos(t

√
c)P (t), hence |v| ≥ π

2
√
c
. As a consequence the map

exp⊥ has no singular points in BW , hence exp⊥ |BW
is a diffeomorphism

onto its open image.
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Claim 3.4. exp⊥ |BW
is a diffeomorphism onto B

(

W, π
2
√
c

)

.

In fact, fix q ∈ B
(

W, π
2
√
c

)

. Then there exists a unit speed minimal

geodesic γ : [0, d] → Qn
c from q to W with d = L(γ) = d(q,W ). By the

first variation formula we have that γ′(d) is orthogonal to Tγ(d)W , hence

q = exp⊥(γ(d),−dγ′(d)) with | − dγ′(d)| = d < π
2
√
c
. Thus B

(

W, π
2
√
c

)

⊂
exp⊥(BW ). Reciprocally, let us consider a point (p, v) ∈ BW . The geo-

desic σ(t) = exp⊥
(

p, t
|v|v

)

for 0 ≤ t ≤ |v| has length L(σ) = |v| < π
2
√
c
,

hence d(σ(|v|),W ) < π
2
√
c
. As a consequence we obtain that exp⊥(BW ) =

B
(

W, π
2
√
c

)

, hence exp⊥ : BW → B
(

W, π
2
√
c

)

is a diffeomorphism.

From Item (ii) in Lemma 3.3 we have that

(7) Qn
c − VW = B

(

W,
π

2
√
c

)

,

and thus Item (iii) follows from Claim 3.4.
To prove Item (iv), we first take (p, v) ∈ ∂BW . Then |v| = π

2
√
c
. Consider

a sequence 0 < tn < 1 with tn → 1. We have that d
(

exp⊥(p, tnv),W
)

=

|tnv| → |v| = π
2
√
c
. Thus d

(

exp⊥(p, v),W
)

= π
2
√
c
, hence exp⊥(p, v) ∈ VW .

Reciprocally, take q ∈ VW . Then there exists a unit speed shortest geodesic

γ : [0, d] → Qn
c with L(γ) = d = π

2
√
c
. Then q = exp⊥

(

γ(d),− π
2
√
c
γ′(d)

)

∈
exp⊥(∂BW ). Lemma 3.3 is proved. �

Given p ∈ Qn
c and a complete connected totally geodesic submanifold

W = W j, j ≥ 1, set SpW = expp
(

(TpW )⊥
)

. It is well known that SpW is
a complete totally geodesic submanifold. If c > 0 we have that SpW is a
round sphere with dimension n− j.

Lemma 3.4. Consider a complete connected totally geodesic submanifold
W = W j, with j ≥ 1. Then the map π

W
is a submersion on its domain.

Furthermore for p ∈ W it holds that π−1
W

({p}) = SpW in the case c ≤ 0,

and π−1
W

({p}) = SpW ∩ B
(

p, π
2
√
c

)

in the case c > 0. In particular for

q ∈ π−1
W

({p}) the kernel Ker
(

(dπ
W
)q
)

= Tq(SpW ).

Proof. We have that exp⊥ : ν(W ) → Qn
c is a diffeomorphism if c ≤ 0, and

Lemma 3.3 implies that exp⊥ : BW → Qn
c −VW is a diffeomorphism if c > 0.

If D(π
W
) denotes the domain of π

W
, we have that π

W

(

exp⊥(p, v)
)

= p if

exp⊥(p, v) ∈ D(π
W
). Thus we conclude that π

W
is a submersion on D(π

W
).

Fix p ∈ W and q ∈ SpW . There exist unit speed minimal geodesics
γ : [0, d] → Qn

c and σ : [0, e] → Qn
c satisfying: γ(0) = q, γ(d) = p, d =

L(γ) = d(q, p), σ(0) = q, σ(e) ∈ W and e = L(σ) = d(q,W ). Clearly we
have that e ≤ d.

Claim 3.5. If c ≤ 0 then SpW ⊂ π−1
W

({p}).
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Since c ≤ 0, the set SpW is convex, hence the image of γ is contained in
SpW . As a consequence we have that γ′(d) is orthogonal to TpW . We also
know that σ′(e) is orthogonal to W , by the first variation formula. Thus
the fact that exp⊥ : ν(W ) → Qn

c is a diffeomorphism implies that d = e
and γ = σ. In particular we have that π

W
(q) = σ(e) = γ(d) = p, hence

SpW ⊂ π−1
W

({p}).

Claim 3.6. If c > 0 then SpW ∩B
(

p, π
2
√
c

)

⊂ π−1
W

({p}).

Assume that q ∈ SpW ∩ B
(

p, π
2
√
c

)

. Since SpW ∩ B
(

p, π
2
√
c

)

is strongly

convex, the image of γ is contained in SpW , hence γ′(d) is orthogonal to TpW .

Since e ≤ d < π
2
√
c
, we obtain from (7) that q ∈ B

(

W, π
2
√
c

)

= Qn
c − VW .

Since γ′(d) is orthogonal to TpW , we have that

(8) q = exp⊥
(

p,−dγ′(d)
)

= exp⊥
(

σ(e),−eσ′(e)
)

.

Since exp⊥ |BW
: BW → Qn

c − VW is a diffeomorphism we conclude from (8)

that π
W
(q) = σ(e) = p, hence SpW ∩B

(

p, π
2
√
c

)

⊂ π−1
W

({p}).

Claim 3.7. If c ≤ 0 then π−1
W

({p}) ⊂ SpW . If c > 0 then π−1
W

({p}) ⊂
SpW ∩B

(

p, π
2
√
c

)

.

For c ∈ R, assume that z ∈ π−1
W

({p}). Then there exists a unit speed
minimal geodesic τ : [0, u] → Qn

c such that τ(0) = z, τ(u) = p and u =
L(τ) = d(z,W ) = d(z, p). Since τ ′(u) is orthogonal to TpW then τ ′(d) ∈
Tp(SpW ). Thus the fact that SpW is totally geodesic implies that the image of
τ must be contained in SpW , hence z ∈ SpW . We conclude that π−1

W
({p}) ⊂

SpW . Now assume that c > 0. Since z ∈ π−1
W

({p}) ⊂ D(π
W
) and c > 0 we

have by (7) that d(z, p) = d(z,W ) < π
2
√
c
. Thus we obtain that π−1

W
({p}) ⊂

SpW ∩B
(

p, π
2
√
c

)

.

Finally, since π
W

is a submersion, we have that for any point z ∈ D(π
W
)

it holds that Ker(d(π
W
)z) = Tz

(

π−1
W

(π
W
(z))

)

. Thus we have that, for q ∈
π−1

W
({p}), it holds that Ker

(

(dπ
W
)q
)

= Tq(SpW ). Lemma 3.4 is proved. �

Before stating the next lemma, we recall that, if c > 0, the group O(n+1)
of linear isometries of Rn+1 is isomorphic to the group of isometries of Qn

c

by the restriction map, where we identify Qn
c with a sphere centered at the

origin. It is well known and easy to show by using orthonormal bases that
O(n+ 1) acts transitively on Qn

c .

Lemma 3.5. Consider a complete totally geodesic connected submanifold
W = W j of Qn

c , with j ≥ 1 and fix p ∈ W and r > 0. Then GW acts
transitively on S′ = S(p, r) ∩ SpW .
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Proof. Consider first the case c = 0. By using a convenient isometry we may
assume that W = Rj × {O′}, where O′ is the zero vector in Rn−k. Given
an isometry φ of Qn

0 = Rn, we have that φ ∈ GW if and only if φ|W is
the identity map on W and φ|SpW

is an orthogonal transformation on the
Euclidean space SpW . In particular GW acts transitively on S′.

Now assume that c > 0. Identify Qn
c as the Euclidean sphere centered

at the origin O ∈ Rn+1 and radius 1√
c
. Set E = span(W ) ⊂ Rn+1. Given

u ∈ Qn
c we will denote by Ou the vector in Rn+1 from O to u. Fix q, z ∈ S′.

By considering angles relatively to the origin, we have that ∡(Op,Oq) =
∡(Op,Oz) = r

√
c. Let E⊥ be the orthogonal complement of E in Rn+1.

By using the orthogonal decomposition span(SpW ) = span({Op})⊕E⊥, we
have that

(9) Oq = cos
(

r
√
c
)

Op+ sin
(

r
√
c
)

v, Oz = cos
(

r
√
c
)

Op+ sin
(

r
√
c
)

w,

for some v,w ∈ E⊥ with |v| = |w| = 1√
c
. We obtain for E⊥ two orthogonal

bases f1 = v, f2, · · · , fn−j and g1 = w, g2, · · · , gn−j, with |fi| = |gi| = 1√
c
,

for i = 1, · · · , n− j. Now consider the orthogonal transformation φ which is
the identity map on E and such that φ(fi) = gi, for i = 1, · · · , n− j. From
(9) we have that φ(Oq) = Oz, hence GW acts transitively on S′.

Finally we consider the case that c < 0. We will use the model Qn
c =

{(x1, · · · , xn) ∈ Rn
∣

∣ xn > 0}. By using a convenient isometry on Qn
c we may

assume that W is a j-dimensional vertical Euclidean half-space containing
the origin O ∈ Rn and that p = (0, · · · , 0, s0) ∈W . If n = 2 then j = 1 and
S(p, r) consists of two points z = (x, y) and w = (−x, y), with x 6= 0 and
y > 0. Then the reflection which fix the line W maps z to w. Thus, from
now on we will assume that n ≥ 3. Let S0 be the Euclidean sphere centered
at O and radius s0. We will denote by L′ the spherical length on S0 and
by S′(x, s) the sphere centered at x of radius s, with respect to the round
metric of S0.

Claim 3.8. S(p, r) ∩ S0 = S′(p, r′) for some radius 0 < r′ < πs0
2 .

We fix a point z ∈ S(p, r) ∩ S0. Since S0 ∩ Qn
c is a convex hypersurface,

there exists a unique unit speed minimal geodesic γ : [0, r] → Qn
c from p

to z and the image of γ is a geodesic arc in S0. Set r′ = L′(γ). We will
first prove that S(p, r) ∩ S0 is contained in S′(p, r′). Indeed, fix a point
w ∈ S(p, r) ∩ S0. Consider a unit speed minimal geodesic σ : [0, r] → Qn

c

from p to w and we know by convexity of S0 that the image of σ is a
geodesic arc in S0. Since γ′(0) and σ′(0) are horizontal vectors at p, it is
easy to obtain, by using orthogonal bases, that there exists an orthogonal
transformation φ on Rn satisfying that φ

(

Rn−1 × {0}
)

= Rn−1 × {0} that
maps the image of γ to a geodesic arc in S0 that is tangent to σ′(0) at p.
Since φ|Qn

c
is an isometry of Qn

c , we conclude that r = L(γ) = L(φ ◦ γ),
hence φ ◦ γ = σ. Since φ is an orthogonal transformation, we have also that
L′(γ) = L′(φ◦γ) = L′(σ) = r′. Since γ and σ start at p and do not intersect
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Rn−1 × {0}, we see that 0 < r′ < πs0
2 . In particular the images of γ and

σ are minimal geodesic arcs in S0, hence w belong to S′(p, r′). We proved
that S(p, r) ⊂ S′(p, r′). Since n ≥ 3, we may use the fact that S(p, r) ∩ S0
and S′(p, r′) are topological spheres of the same dimension n− 2, hence this
inclusion must be an equality. Claim 3.8 is proved.

Let ψ be either a horizontal translation, or a homothety or inversion with
center in Rn−1 × {0}. It is easy to see that ψ|Qn

c
belongs to GW if, and

only if, ψ is the identity map. Thus a map φ : Rn → Rn satisfies that φ|Qn
c

belongs to GW if, and only if, it is an orthogonal transformation which is
the identity map on W (indeed, note that this condition implies that the
line containing O and p has its points fixed by φ and then horizontal vectors
are mapped to horizontal ones). Set WS = S0 ∩

(

span(W )
)

. By using
orthogonal bases we see that an orthogonal transformation φ satisfies that
φ|W is the identity map on W if, and only if, φ|WS

is the identity map on
WS. Thus the restriction map induces a natural isomorphism from GW to
the subgroup G(WS) of isometries on S0 that fix any point in WS . Note that
SpW = Sp(WS) ∩Qn

c . Since S
′(p, r′) ⊂ Qn

c , we obtain from Claim 3.8 that

S′ = S(p, r) ∩ SpW = S(p, r) ∩ S0 ∩ SpW
= S′(p, r′) ∩ SpW = S′(p, r′) ∩ Sp(WS) ∩Qn

c

= S′(p, r′) ∩ Sp(WS).

By the case c′ > 0 applied to S0 = Qn−1
c′ with c′ = 1

s2
0

, we conclude that

GWS
acts transitively on S′, hence GW acts transitively on S′. Lemma 3.5

is proved. �

We observe that the convexity of SpW implies that S′(p, r0) is the sphere
centered at p and radius r0 with respect to the Riemannian metric of SpW ,
but we will not use this fact.

4. Isometry actions and submanifolds

The purpose of this section is to prove Theorems 3, 4 and Corollary 4.
We first prove the following

Lemma 4.1. Let Σ ⊂ Qn
c be a differentiable embedded connected subman-

ifold with c > 0. Let W = W j, with j ≥ 1, be a closed connected totally
geodesic submanifold of Qn

c and fix a point q ∈ Σ ∩ (Qn
c − {W ∪ VW}).

Assume that the map (π
W
)|

Σ
: Σ → W is a submersion at q and that

there exists a vector η ∈ Tq(Q
n
c ) orthogonal to Σ such that the geodesic

γη intersects W . Consider a shortest unit speed geodesic γ : [0, r0] → Qn
c

from q to W , namely, assume that γ(0) = q, γ(r0) = p = π
W
(q) ∈ W and

L(γ) = r0 = d(q,W ). Then it holds that 〈η, γ′(0)〉 6= 0.

Proof. Consider the totally geodesic sphere S = SpW as in Lemma 3.4.

Since γ′(r0) ∈ (TpW )⊥ = TpS it follows that the image of γ is contained in
S, hence q ∈ S.
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Since γη intersects W and q = γη(0) /∈ W we have easily that η 6= 0.
Without loss of generality we will assume that |η| = 1.

Claim 4.1. There exists 0 < s0 <
π√
c
such that u = γη(s0) ∈W .

Indeed, the intersection between the image of γη and W occurs in two

antipodal points. Since γη(0) /∈ W then γη

(

π√
c

)

/∈ W . We know that

the image of γη is contained in a closed geodesic of length 2π√
c
. Then there

exists two values 0 < s0 <
π√
c
and π√

c
< s1 = s0 + π√

c
< 2π√

c
such that

γη(s0), γη(s1) ∈W .
Now we assume by contradiction that

〈

γ′η(0), γ
′(0)

〉

= 〈η, γ′(0)〉 = 0. This
fact and the inequalities 0 < r0 <

π
2
√
c
and 0 < s0 <

π√
c
imply together that

p 6= u. Thus there exists a minimal unit speed geodesic µ : [0, t0] → W
satisfying that µ(0) = p and µ(t0) = u. Since µ′(0) ∈ TpW we have that
µ′(0) is orthogonal to γ′(r0). Since u = γη(s0) = µ(t0) and µ and γη are
minimal unit speed geodesics orthogonal to γ, we may apply Lemma 3.2 to
conclude that µ′(0) is the parallel transport of η along γ.

We may write a direct sum TqΣ = (TqS∩TqΣ)⊕V and set j = dim(W ) the
dimension of W . Since V ⊂ TqΣ we have that V ∩TqS = V ∩ (TqS ∩TqΣ) =
{0}. Since (π

W
)|

Σ
is a submersion, we have that TpW = (dπ

W
)q(TqΣ) =

(dπ
W
)q(V ) by Lemma 3.4, and hence we have that dim(V ) ≥ j.

Let P : Tq(Q
n
c ) → Tp(Q

n
c ) be the parallel transport along γ. Since V ⊂

TqΣ we obtain that η is orthogonal to the linear space V . Since P (η) = µ′(0)
we obtain that µ′(0) is orthogonal to the image P (V ). Since µ′(0) ∈ TpW
it must be orthogonal to TpS. Thus we have that µ′(0) is orthogonal to
(P (V ) + TpS). Furthermore it holds that

P (V ) ∩ TpS = P (V ) ∩ P (TqS) = P (V ∩ TqS) = {0}.
We conclude that

dim(P (V ) + TpS) = dim(P (V )) + dim(TpS) ≥ j + (n− j) = n,

hence P (V ) + TpS = Tp(Q
n
c ) and µ

′(0) = 0. This contradicts the fact that
|µ′(0)| = 1. Lemma 4.1 is proved. �

Proof of Theorem 3. Let W =W j, with j ≥ 1, be a complete connected
totally geodesic submanifold of Qn

c and Σ be an embedded connected differ-
entiable submanifold of Qn

c such that (π
W
)|

Σ
: Σ → W is a submersion and

Σ ∩W = ∅. If c > 0 assume further that Σ ∩ VW = ∅.
First we will prove that (D) implies (B) in the case c ≥ 0, and that (D)

implies (C) for any c. For this we fix q ∈ Σ and a small neighborhood U of
q in Σ which is contained in an embedded differentiable hypersurface M in
Qn

c that is invariant under the action of GW .
Let γ : [0, r0] → Qn

c be the unit speed shortest geodesic from q to W ,
namely, assume that γ(0) = q, γ(r0) = p ∈ W and L(γ) = r0 = d(q,W ),
hence p = π

W
(q) = γ(r0). Set S = SpW and S′ = S′(p, r0) = S(p, r0) ∩ S.
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Claim 4.2. S′ ⊂M

In fact, we know by Lemma 3.5 that GW acts transitively on S′. Fix q̄ ∈
S′. Then there exists an isometry φ ∈ GW such that φ(q) = q̄. Since q ∈M
and M is invariant under the action of GW , we obtain that q̄ = φ(q) ∈ M ,
hence S′ ⊂M .

Claim 4.3. γ′(0) /∈ TqM .

In fact, since (π
W
)|

Σ
is a submersion we obtain that

TpW = d(π
W
)q(Tq(Σ)) ⊂ d(π

W
)q(TqM),

hence d(π
W
)q(TqM) = TpW . Furthermore we have that

(10) Tq(S
′) ⊂ (TqS ∩ TqM) = Ker(dπ

W
)q ∩ TqM = Ker(d(π

W
|M )q).

We obtain that dim(Ker(d(π
W
|M)q)) = dim(M)−dim(W) = n−1− j, where

j = dim(W ). Since dim(S′) = dim(S)− 1 = n− j − 1, we obtain from (10)
that

(11) Ker(d(π
W
|M)q)) = Tq(S

′).

Now assume by contradiction that γ′(0) ∈ TqM . Since γ′(0) ∈ Ker(dπ
W
)q

and is orthogonal to TqS
′ we have that dim(Ker(d(π

W
|M)q)) ≥ 1 + dim(S′),

which is a contradiction. Claim 4.3 is proved.

Claim 4.4. (D) implies (C).

In fact, take v ∈ TqΣ with (dπ
W
)q(v) = 0. In particular we have that

v ∈ Ker(d(π
W
|M)q)). By (11) we have that v ∈ TqS

′, hence v is orthogonal
to γ′(0). Since the geodesic γ intersects W at p, we conclude that (C) holds
(by taking η = γ′(0)). Claim 4.4 is proved.

Let P : Tq(Q
n
c ) → Tp(Q

n
c ) be the parallel transport along γ. Take V ⊂

Tq(Q
n
c ) such that TpW = P (V ).

Claim 4.5. Tq(Q
n
c ) is an orthogonal direct sum Rγ′(0) ⊕ TqS

′ ⊕ V .

In fact, since S is totally geodesic and TpW is orthogonal to TpS it follows
that V = P−1(TpW ) is orthogonal to TqS = Rγ′(0) + TqS

′. And clearly we
have that γ′(0) is orthogonal to TqS′.

Claim 4.6. (D) implies (B) if c ≥ 0.

In fact, take a unit vector η ∈ (TqM)⊥. From Claim 4.5 we may write
η = aγ′(0) + u+ ξ, with a ∈ R, u ∈ TqS

′ and ξ ∈ V . Since η is orthogonal
to M and TqS

′ ⊂ TqM we obtain that u = 0. If a = 0 then 〈η, γ′(0)〉 = 0,
hence γ′(0) ∈ TqM which contradicts Claim 4.3. Thus we obtain that a 6= 0.
If η and γ′(0) are linearly dependent, then (B) holds, since γ intersects W ,
hence we are done in this case. Thus from now on we may assume that
ξ 6= 0.

We consider the unique totally geodesic surface N2 of constant curvature
c such that Tq(N

2) agrees with the plane generated by γ′(0) and ξ. In



18 A. DI SCALA, S. MENDONÇA, H. MIRANDOLA, AND G. RUIZ-HERNÁNDEZ

particular the images of γ and γη are contained in N2. By construction we
have that w = Pξ ∈ TpW . Since N2 is totally geodesic and ξ ∈ Tq(N

2)
it holds that w = Pξ ∈ Tp(N

2), hence the image of the geodesic γw is
contained in N2. If c > 0, the images of γη and γw must intersect, since
they are nontrivial geodesics of the 2-dimensional sphere N2, which implies
that (B) holds. If c = 0 and γη does not intersect γw then they are parallel to
each other. Since γw is orthogonal to γ′(r0) we will have that η is orthogonal
to γ′(0) which contradicts the fact that a 6= 0. This contradiction concludes
the proof of Claim 4.6.

From now on we will assume that Σ has the additional property that it
is of class Ck, for some k ≥ 1. Since (A) implies (D), and (B) implies (C),
we have from Claims 4.4 and 4.6 that (A) implies (B) if c ≥ 0, and (A)
implies (C) for all values of c. Thus, to conclude the proof of Theorem 3 we
just need to prove that Property (A) holds if one of the following conditions
hold:

(I) c > 0 and Property (B) holds;
(II) c ≤ 0 and Property (C) holds.

Thus we will assume that (I) or (II) holds and we will prove that each
sufficiently small open subset of Σ is contained in a hypersurface invariant
under the action of GW .

Fix q ∈ Σ. Consider a unit speed shortest geodesic γ : [0, r0] → Qn
c

from q to W , namely, assume that γ(0) = q, γ(r0) = p = π
W
(q) ∈ W and

L(γ) = d(q,W ) = r0. Set S = SpW . Since γ′(r0) ∈ TpS it follows that the
image of γ is contained in S, hence q ∈ S.

Fix v ∈ TqΣ with (dπ
W
)qv = 0. By Lemma 3.4 we have that v ∈ TqS.

Claim 4.7. 〈v, γ′(0)〉 = 0.

In fact, by using (I) or (II), we may choose a vector η ∈ Tq(Q
n
c ) such that

the geodesic γη intersects W and one of the following properties holds:
(a) η is orthogonal to TqΣ and c > 0;
(b) η is orthogonal to v and c ≤ 0.
Recall that η 6= 0 since q /∈ W and γη(R) intersects W . Without loss of

generality we will assume that |η| = 1. If η and γ′(0) are linearly dependent
Claim 4.7 follows trivially. Thus we may assume that η and γ′(0) are linearly
independent.

In the case c ≤ 0 the intersection between γη and W occurs at a unique
point u = γη(s0) ∈ W . If c > 0 there exists 0 < s0 < π√

c
such that

u = γη(s0) ∈ W (see Claim 4.1 in the proof of Lemma 4.1). In both cases
the geodesic γη : [0, s0] → Qn

c is the unique minimal unit speed geodesic
joining q and u. We have that p 6= u because of the two following facts: (i)
γ and γη are the unique minimal unit speed geodesics from q to p and q to
u, respectively; (ii) η and γ′(0) are linearly independent. Thus we obtain
that there exists a minimal unit speed geodesic µ : [0, t0] →W with t0 > 0,
satisfying that µ(0) = p, µ(t0) = u.
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Now we assert that

(12)
〈

η, γ′(0)
〉

6= 0.

In fact, if c ≤ 0 and (12) is false, the lines γη and µ are orthogonal to γ which
implies that they cannot intersect in the point u, which is a contradiction.
In the case c > 0, the assertion (12) follows from Lemma 4.1.

Let P : Tq(Q
n
c ) → Tp(Q

n
c ) be the parallel transport along γ. We claim

that

(13) P (η) and µ′(0) are linearly independent.

In fact, if (13) is not true we have that P (η) = ±µ′(0). Since µ′(0) ∈ TpW
and γ′(r0) ∈ TpS it holds that 〈µ′(0), γ′(r0)〉 = 0, hence we have that

〈

η, γ′(0)
〉

=
〈

P (η), P (γ′(0))
〉

=
〈

P (η), γ′(r0)
〉

= ±
〈

µ′(0), γ′(r0)
〉

= 0,

which contradicts (12).
Now we assert that

(14)
〈

P (v), µ′(0)
〉

= 〈P (v), P (η)〉 = 0.

Indeed, the equality 〈P (v), P (η)〉 = 0 follows directly from the equality
〈v, η〉 = 0, which follows from (a) or (b). Since v ∈ TqS and S is to-

tally geodesic we obtain that P (v) ∈ TpS = (TpW )⊥. This implies that
〈P (v), µ′(0)〉 = 0.

By Lemma 3.1 there exists a complete totally geodesic surface N2 con-
taining the images of γ, γη and µ. Since η ∈ Tq(N

2) and N2 is totally
geodesic it follows that P (η) ∈ Tp(N

2). Thus (13) implies that P (η) and
µ′(0) form a basis for Tp(N

2). From (14) we obtain that P (v) is orthogonal
to Tp(N

2), which implies that
〈

v, γ′(0)
〉

=
〈

P (v), P (γ′(0))
〉

=
〈

P (v), γ′(r0)
〉

= 0,

since γ′(r0) ∈ Tp(N
2). Claim 4.7 is proved.

Now we are in position to prove that (A) holds under condition (I) or
(II) above. To do this we fix q ∈ Σ. Since (π

W
)|

Σ
is a submersion and

Σ is a manifold of class Ck, with k ≥ 1, there exists a Ck diffeomorphism
h : D×V → U satisfying that π

W
(h(x, y)) = y for any (x, y) ∈ D×V, where

U ⊂ Σ is a small open neighborhood of q, V = π
W
(U) is an open subset

of W , and D is an open disk in Rm−j with m = dim(Σ) and j = dim(W ).
Since U ⊂ Σ we have that U ∩ (W ∪ VW ) = ∅.

Write q = h(xq, p) for some (xq, p) ∈ D × V and note that π
W
(q) = p.

Define the Ck map ξ : V → U given by

ξ(y) = h(xq, y).

Claim 4.8. For any y ∈ V and z, z̃ ∈ h(D × {y}), it holds that d(z,W ) =
d(z̃,W ).

In fact, for any x ∈ D, we have that π
W
(h(x, y)) = y, hence π

W
(u) = y

for any u ∈ h(D × {y}). Thus any vector v tangent to h(D × {y}) in u
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must satisfy that (dπ
W
)uv = 0. By Claim 4.7 it holds that 〈v, γ′(0)〉 = 0

where γ : [0, r0] → Qn
c is the unit speed shortest geodesic from u to W ,

namely, it satisfies that γ(0) = u, γ(r0) = y and L(γ) = r0 = d(u,W ).
Thus we may apply Corollary 2 to conclude that d(z,W ) = d(z̃,W ) for all
z, z̃ ∈ h(D × {y}). Claim 4.8 is proved.

Given z ∈ U , it holds that z = h(x, π
W
(z)) for some x ∈ D. We also

have that ξ(π
W
(z)) = h(xq, πW

(z)). Hence z and ξ(π
W
(z)) belong to h(D×

{π
W
(z)}). We conclude from Claim 4.8 that

(15) d(z,W ) = d(ξ(π
W
(z)),W ).

We define the Ck function r : V → (0,∞) given by r(y) = d(ξ(y),W ).
Consider the following set

M =
⋃

y∈V
S′(y, r(y)),

where we denote S′(y, s) = S(y, s) ∩ SyW .

Claim 4.9. The set M is invariant under the action of the group GW .

In fact, fix an isometry φ ∈ GW and y ∈ V. For w ∈ TyW and v ∈
Ty(SyW ) = (TyW )⊥ we have that

〈dφyv,w〉 = 〈dφyv, dφyw〉 = 〈v,w〉 = 0,

hence dφy(Ty(SyW )) ⊂ (TyW )⊥ = Ty(SyW ). By the injectivity of dφy and an
argument on dimension we conclude that dφy(Ty(SyW )) = Ty(SyW ). From
this and the fact that SyW and φ(SyW ) are totally geodesic it follows that

(16) φ(SyW ) = SyW .

Since φ(y) = y, for any z ∈ S′(y, r(y)) we have that

r(y) = d(y, z) = d(φ(y), φ(z)) = d(y, φ(z)),

hence φ
(

S′(y, r(y)
)

⊂ S(y, r(y)). Thus we have from (16) that

φ
(

S′(y, r(y))
)

⊂ S(y, r(y)) ∩ SyW = S′(y, r(y)).

Claim 4.9 is proved.

Claim 4.10. The set M contains U .
In fact, take z ∈ U . Set y = π

W
(z) ∈ V. To prove Claim 4.10 it suffices to

prove that z ∈ S′(y, r(y)). By Lemma 3.4 we have that z ∈ SyW . By (15)
we obtain that

d(z, y) = d(z, π
W
(z)) = d(z,W ) = d(ξ(π

W
(z)),W ) = d(ξ(y),W ) = r(y).

Thus z ∈ S(y, r(y)) ∩ SyW = S′(y, r(y)). Claim 4.10 is proved.

Claim 4.11. The set M is an embedded hypersurface of class Ck.
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In fact, let ν1(V) = {(y, v)
∣

∣ y ∈ V, v ∈ (TyV)⊥ with |v| = 1} denote the

unit normal fiber bundle over V. We define the Ck map ψ : ν1(V) → Qn
c

given by

ψ(y, v) = exp⊥(y, r(y)v)

and ϕ :M → ν1(V) given by

ϕ(z) =



π1

(

(

exp⊥
)−1

(z)

)

,
π2

(

(

exp⊥
)−1

(z)
)

∣

∣

∣
π2

(

(exp⊥)−1
(z)

)∣

∣

∣



 ,

where π1 and π2 are the natural projections given by π1(y, v) = y and
π2(y, v) = v. It is clear that ψ((y, v)) ∈ SyW and d

(

ψ((y, v)), y
)

= r(y).
Hence we have that ψ((y, v)) ∈ S′(y, r(y)). Thus we obtain that ψ(ν1(V)) ⊂
M . Furthermore we have that ϕ is the restriction of a C∞ map defined in
Qn

c −W in the case c ≤ 0 and defined in Qn
c − (W ∪ VW ) in the case c > 0.

It is straightforward to show that ϕ(ψ(y, v)) = (y, v). We will show that
ψ(ϕ(z)) = z for all z ∈M . Set

y = π1

(

(

exp⊥
)−1

(z)

)

and v =
π2

(

(

exp⊥
)−1

(z)
)

∣

∣

∣π2

(

(exp⊥)−1
(z)

)∣

∣

∣

.

With this notation we have that ϕ(z) = (y, v). Note that

π
W
(z) = π1

(

(

exp⊥
)−1

(z)

)

= y.

By (15) we have that
∣

∣

∣

∣

π2

(

(

exp⊥
)−1

(z)

)∣

∣

∣

∣

= d(z,W ) = d(ξ(π
W
(z)),W ) = r(π

W
(z)) = r(y),

which implies that r(y)v = π2

(

(

exp⊥
)−1

(z)
)

. Thus we have that

ψ(ϕ(z)) = ψ(y, v) = exp⊥(y, r(y)v) = exp⊥
(

π1

(

(

exp⊥
)−1

(z)

)

, r(y)v

)

= exp⊥
(

π1

(

(

exp⊥
)−1

(z)

)

, π2

(

(

exp⊥
)−1

(z)

))

= z.

We conclude that M = ψ(ν1(V)) and ψ is a Ck diffeomorphism. Hence M
is an embedded Ck hypersurface of Qn

c . Claim 4.11 is proved.
It follows from Claims 4.9, 4.10 and 4.11 that Property (A) holds. Theo-

rem 3 is proved. �

The following proposition was mentioned in Remark 4.

Proposition 4.1. Let Σ be a differentiable connected submanifold of Qn
c

with c > 0 and W ⊂ Qn
c be a complete connected totally geodesic submanifold

with Σ ∩ {W ∪ VW} = ∅. Then Property (C) is true.
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Proof. Fix q ∈ Σ and v ∈ TqΣ with d(π
W
)qv = 0. Thus it holds that

v ∈ Tq(SpW ), where p = π
W
(q) (see Lemma 3.4). Let γ : [0, r0] → SpW be a

unit speed minimal geodesic from q to p satisfying L(γ) = r0 = d(q,W ). Fix
a unit vector w ∈ TpW . Let η ∈ Tq(Q

n
c ) be given by the parallel transport of

w along γ. Since SpW is totally geodesic and w is orthogonal to Tp(SpW ) we
have that η is orthogonal to Tq(SpW ), hence it is orthogonal to v. By using
the unique totally geodesic surface N2 such that Tq(N

2) = span{γ′(0), η}
we obtain that γη intersects γw, hence it intersects W . Proposition 4.1 is
proved. �

The next proposition was mentioned in Remark 5.

Proposition 4.2. Let Σ be a differentiable hypersurface of Qn
c with c ≤ 0

and W ⊂ Qn
c be a complete connected totally geodesic submanifold with

Σ ∩W = ∅. Then Property (C) implies that (π
W
)|

Σ
is a submersion.

Proof. Assume by contradiction that (C) holds and that (π
W
)|

Σ
is not a

submersion. Then there exists q ∈ Σ such that d((π
W
)|

Σ
)q : TqΣ → TpW is

not surjective. Consider as above a shortest unit speed geodesic γ : [0, r0] →
Qn

c from q toW , namely, assume that γ(0) = q, γ(r0) = p = π
W
(q) ∈W and

L(γ) = r0 = d(q,W ). We consider again the totally geodesic submanifold
SpW = π−1

W ({p}) (see Lemma 3.4).
Since d((π

W
)|

Σ
)q is not surjective, it holds that the intersection between

Σ and SpW is not transversal at q. In fact, if TqΣ+ Tq(SpW ) = Tq(Q
n
c ) then

we have by Lemma 3.4 that (dπ
W
)q(TqΣ) = (dπ

W
)q(Tq(Q

n
c )) = TpW , which

contradicts the hypothesis that d((π
W
)|

Σ
)q is not surjective.

Since Σ is a hypersurface and it does not intersect SpW transversally at q,
we conclude that Tq(SpW ) ⊂ TqΣ, hence γ

′(0) ∈ TqΣ. Since d(πW
)q(γ

′(0)) =
0, Property (C) implies that there exists a unit vector η orthogonal to γ′(0)
such that the geodesic γη intersects W . However the facts that c ≤ 0, W is
totally geodesic and η is orthogonal to γ′(0) imply together that γη may not
intersect W , which give us a contradiction. Proposition 4.2 is proved. �

Proof of Theorem 4. Under the hypotheses of Theorem 4, if c ≤ 0 we
denote by exp⊥W the diffeomorphism given by the exponential map exp⊥W :

ν(W ) → Qn
c . In the case c > 0 exp⊥W will denote the exponential map

exp⊥W : BW → Qn
c − VW . We recall that by definition BW ⊂ ν(W ).

Fix q ∈ Σ. Since π
W

: Σ → W has constant rank i < j, the constant
rank theorem implies that there exists a neighborhood U of q in Σ such that
π

W
(U) is an embedded Ck submanifold of W of dimension i < j = dim(W ).

Then there exists a Ck hypersurface S1 = Sj−1
1 of W containing π

W
(U).

Consider the set M = exp⊥W
(

ν(W ) ∩ ν (S1)
)

, in the case c ≤ 0, and M =

exp⊥W
(

BW ∩ ν(S1)
)

, in the case c > 0. Note that M is a union of images of

geodesics orthogonal toW which start at points in S1. The domain of exp⊥W
is a fiber bundle over S1 with fiber of dimension n− j. Thus its dimension is
(j−1)+(n− j) = n−1. Since exp⊥W is a diffeomorphism on its domain (see
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Lemma 3.3 in the case c > 0), we have that M is an embedded hypersurface
of Qn

c .

Claim 4.12. U ⊂M .

Indeed take z ∈ U and p = π
W
(z) ∈ π

W
(U). There exists a unique unit

speed minimal geodesic γ : [0, d] → Qn
c from z to p such that L(γ) = d =

d(z,W ). Thus we have that z = exp⊥
(

p,−dγ′(d)
)

. Note that −dγ′(d) ∈
(TpW )⊥ ⊂

(

Tp(S1)
)⊥

. Since we also have that p ∈ π
W
(U) ⊂ S1 we conclude

that z ∈ exp⊥
(

ν(W ) ∩ ν (S1)
)

. Thus, if c ≤ 0 we have that z ∈ M . In
the case that c > 0 we have by hypothesis that z ∈ Qn

c − (W ∪ VW ), hence
by Lemma 3.3 we have that | − dγ′(d)| = d < π

2
√
c
, which implies that

(

p,−dγ′(d)
)

∈ BW . We conclude that z ∈ exp⊥
(

BW ∩ ν (S1)
)

=M . Claim
4.12 is proved.

Claim 4.13. M is invariant under the action of GW .

Take φ ∈ GW and z ∈ M . Then z = exp⊥W (p, v), for some (p, v) ∈
ν(W ) ∩ ν(S1), hence p ∈ S1 ⊂ W . Since (p, v) ∈ ν(W ) it holds that v is
orthogonal to W at p, hence v ∈ Tp(SpW ). If v = 0 then z = p ∈ W , hence
φ(z) = z ∈M . For v 6= 0, consider the unit speed geodesic γ :

[

0, |v|
]

→ Qn
c

given by γ(t) = exp⊥W

(

p, t
|v|v

)

from p to z. Since SpW is totally geodesic

and v ∈ Tp(SpW ), we have that γ
(

[0, |v|]
)

⊂ SpW . Set σ = φ ◦ γ. By

(16) we have that φ(SpW ) = SpW , hence σ
(

[0, |v|]
)

⊂ SpW . Since p ∈ W
and φ ∈ GW , it holds that φ(p) = p = σ(0) and that σ′(0) ∈ Tp(SpW ) =

(TpW )⊥ ⊂ (Tp(S1))
⊥. Thus we have that

φ(z) = φ
(

γ(|v|)
)

= σ(|v|) = exp⊥W
(

p, |v|σ′(0)
)

∈ exp⊥W
(

ν(W ) ∩ ν(S1)
)

.

If c ≤ 0 we conclude that φ(z) ∈ M . If c > 0, the fact that (p, v) ∈
BW implies that |v| < π

2
√
c
, hence

∣

∣|v|σ′(0)
∣

∣ = |v| < π
2
√
c
, hence φ(z) ∈

exp⊥
(

BW ∩ ν(S1)
)

=M . Claim 4.13 is proved.
By Claims 4.12 and 4.13 we conclude that Σ satisfies (A). Theorem 4 is

proved. �

Proof of Corollary 4. We know that there exists an open set Ω ⊂ Σ such
Ω = ∪λUλ, where each Uλ is an open set where π

W
has constant rank. Fix

q ∈ Ω. If π
W

is a submersion at p, we apply Theorem 3 and obtain that
(B) implies (A) if c ≥ 0 and (C) implies (A) if c < 0. If the rank of π

W
is

some i < j at p, there exists some open set Uλ containing p such that π
W

has rank i on Uλ. By Theorem 4 we conclude that (A) holds. Corollary 4 is
proved. �

5. Examples

The following example was cited in Remark 2 above.
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bΣ

W

v
q
b

Figure 1. Referred to Example 5.2.

Example 5.1. Consider the function G : Rn → R, given byG(x1, · · · , xn) =
arctan(x1), which has Lipschitz constant C ≥ 1. Set Σ = G−1({0}) =
{0} × Rn−1, and let f : Σ → Rn be the inclusion map. Fix p = (0, · · · , 0)
and v = e2 = (0, 1, 0, · · · , 0) ∈ TpΣ. Now consider any nontrivial vector
η = (a1, 0, a3, · · · , an) orthogonal to v. We claim that γη : [0, 1] → Rn, given
by γη(t) = t(a1, 0, a3, · · · , an), does not satisfy Equation (1) above. Indeed,
if γη satisfies (1), we have |G(γη(1)) −G(γη(0))| = C L(γη), hence

| arctan(a1)| = C
√

a21 + a23 + · · · + a2n ≥ |a1|,

which implies that a1 = 0. Thus we have that
√

a21 + a23 + · · ·+ a2n = 0,
hence η = 0, which is a contradiction.

The following example (see Figure 1) shows that in the case c ≤ 0 the as-
sumption that (π

W
)|

Σ
is a submersion is essential to obtain that (A) implies

(C) (compare with Proposition 4.1).

Example 5.2. LetW be a complete connected totally geodesic submanifold
of Qn

c , with c ≤ 0. Take SpW = π−1
W

({p}), for some p ∈W . Fix 0 ≤ a < b ≤
∞ and set

Σ = {z ∈ SpW
∣

∣ a < d(z,W ) < b}.
It is easy to see that Σ is invariant under the action of GW , hence it satisfies
(A). Fix q ∈ Σ and v = γ′(0), where γ is the unit speed geodesic from q
to p. For any vector η ∈ Tq(Q

n
c ) orthogonal to v, the geodesic γη does not

intersect W , hence (C) does not hold.

According to Theorem 3 we have that (B) implies (A) for any space form
of constant curvature c ∈ R. However, the next example shows that without
the condition that (π

W
)|

Σ
: Σ → W is a submersion this implication may

fail.

Example 5.3. Consider the cone and cylinder given, respectively, by

C = {(x, y, z) ∈ R3
∣

∣ 0 ≤ z < 1, (z − 1)2 = x2 + y2}
and

D = {(x, y, z) ∈ R3
∣

∣ z ≤ 0, x2 + y2 = 1},
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W

R3C

D

Σ

Figure 2. Referred to Example 5.3

and let Σ,W ⊂ R3 be as in Figure 2. More precisely, consider smooth
functions µ, ν : (−ǫ, ǫ) → [0,+∞) for some small ǫ > 0, satisfying that

{

µ(t) = 0 for all t ≤ 0; µ(t) > 0 for all t > 0;
ν(t) > 0 for all t ≤ 0; ν(t) = 0 for all t > 0.

Consider the curve α(t) = (cos(t), sin(t), 0), with t ∈ R. Let β : (−ǫ, ǫ) → R3

be the smooth curve given by

β(t) = α(t) + ν(t)(− cos(t),− sin(t), 1) + µ(t)(0, 0,−1).

Let Σ be the image of β and W the z-axis. It is easy to see that Σ is a
smooth embedded submanifold if ǫ is sufficiently small. We have that β(t)
belongs to the cone C if t < 0 and to the cylinder D if t ≥ 0. Thus it
is not difficult to see that Σ satisfies (B) in Theorem 3. Note that any
submanifold containing a small neighborhood of α(0) in Σ and invariant
under the GW action should contain an open neighborhood of α(0) in the
non-smooth continuous hypersurface C ∪D, which implies that Σ does not
satisfy (A). Note that (π

W
)|

Σ
is not a submersion at the point β(0), since

d(π
W
)β(0)β

′(0) = π
W
(β′(0)) = π

W
(0, 1, 0) = 0.

The following example shows that Theorem 3 is sharp in the sense that
(A) does not imply (B) in the case c < 0 (see Remark 5 in the Introduction).

Example 5.4. Consider the hyperbolic space H3 in the half space model
R3
+ =

{

(x, y, z)
∣

∣ z > 0
}

. Let W =
{

(0, 0, z)
∣

∣ z > 0
}

be a vertical (totally

geodesic) line in H3. Let Σ =
{

(x, y, z)
∣

∣ x2 + y2 = 1, z > 0
}

⊂ H3 be the
cylinder of axis W and Euclidean radius 1. We first verify that (π

W
)|

Σ
is a

submersion. For this we take q = (x, y, z) ∈ Σ and the curve α : (0,+∞) →
Σ given by α(t) = (x, y, t). We have that α(z) = q and α′(z) = (0, 0, 1).
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Set β : (0,+∞) → W given by β(t) = (0, 0,
√
1 + t2). It is easy to see that

β(t) = π
W
(α(t)), hence we obtain that

(d(π
W
)|

Σ
)q(α

′(z)) = β′(z) =

(

0, 0,
z√

1 + z2

)

6= 0,

hence we have that (d(π
W
)|

Σ
)q : TqΣ → Tπ

W
(q)W is surjective and (π

W
)|

Σ

is a submersion. Since Σ is a hypersurface invariant under rotations around
W we see that Σ satisfies (A). Now we will verify that Σ does not satisfy
(B). We choose q = (x, y, z) ∈ Σ with 0 < z ≤ 1. For any unit vector η
orthogonal to Σ the geodesic γη will not intersect W since it is contained
in the Euclidean sphere of center (x, y, 0) and radius z (see Figure 3). This
shows that (A) does not imply (B) in the case c < 0.

The next example shows that Theorem 3 may not be improved to obtain
that (C) implies (A) in the case c > 0 (see Remarks 4, 5).

Example 5.5. Consider the standard unit sphere S3 and the natural totally
geodesic inclusion S2 ⊂ S3. Consider on S2 the imageW of a closed geodesic
on S2 (see Figure 4). Let Σ be an open subset of S2 satisfying that Σ ∩
{W ∪ VW } = ∅. Clearly we have that (π

W
)|

Σ
: Σ → W is a submersion.

First we will see that Σ satisfies (C). In fact, fix a point q on Σ and any
unit vector v ∈ TpΣ. Choose a unit vector η ∈ TqS

2 orthogonal to v. The
geodesic γη must remain contained in S2, hence it will intersect W and (C)
holds. Now we will see that (A) does not hold. We observe that, since Σ
is an open subset of S2, the union of orbits V =

⋃

x∈Σ GW (x) is an open

subset of S3. Thus any submanifold M containing Σ and invariant under
the action of GW must contain V, hence M may not be a hypersurface. We
conclude that Σ does not satisfy (A).

The example below presents a nontrivial situation where Theorem 3 ap-
plies.

Example 5.6. Consider the map f : R2 −{(0, 0)} → R4 given by f(x, y) =
(x, y, ex cos y, ex sin y) and let Σ be the image of f . Set W = {(0, 0)} × R2

W

Σ

η

H3

q

γη

Figure 3. Reffered to Example 5.4
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b

v
Σ ⊂ S2

S2 ⊂ S3

η

W
q

Figure 4. Reffered to Example 5.5

and consider the natural projection π
W

: R4 → W . We claim that Σ and
W satisfy the hypotheses of Theorem 3, and that any plane orthogonal to
W at a point p ∈W −{(0, 0, 1, 0), (0, 0, 0, 0)} intersects Σ in infinitely many
isolated points (see Remark 5). In fact, we first note that Σ ∩W = ∅. We
have that

(17)
∂f

∂x
= (1, 0, ex cos y, ex sin y) and

∂f

∂y
= (0, 1, −ex sin y, ex cos y),

hence f is an immersion. Since Σ is a smooth graph we conclude that Σ is
a smooth embedded submanifold. The vectors

π
W

(

∂f

∂x

)

= (0, 0, ex cos y, ex sin y), π
W

(

∂f

∂y

)

= (0, 0, −ex sin y, ex cos y)

are linearly independent, hence (π
W
)|

Σ
: Σ → W is a submersion. Now we

will see that Item (B) in Theorem 3 is satisfied. To obtain this it suffices to

prove that
(

q + (TqΣ)
⊥
)

∩W 6= ∅, for any q = f(x, y) ∈ Σ. By a simple

computation using (17) we obtain that

(TqΣ)
⊥ = {(−c ex cos y − d ex sin y, c ex sin y − d ex cos y, c, d)

∣

∣ c, d ∈ R}.

Thus we have
(

q + (TqΣ)
⊥
)

∩W 6= ∅ if and only if the linear system

{

x = c ex cos y + d ex sin y,
y = −c ex sin y + d ex cos y

has a solution, and this is the case. Now, take

p = (0, 0, α, β) ∈W − {(0, 0, 1, 0), (0, 0, 0, 0)}.
We will see that the plane SpW = p +W⊥ intersects Σ at infinitely many
isolated points. To see this, note that SpW = {(u, v, α, β)

∣

∣ u, v ∈ R}. Thus
an easy computation shows that

SpW ∩ Σ =
{(

log
(

√

α2 + β2
)

, θ + 2kπ, α, β
)

∣

∣ k ∈ Z

}

,
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where θ is any angle satisfying cos θ = α√
α2+β2

and sin θ = β√
α2+β2

. Our

claim is proved.
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