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Abstract

The family of the multivariate conditional hazard rate functions often reveals to be a con-
venient tool to describe the joint probability distribution of a vector of non-negative ran-
dom variables (lifetimes) in the absolutely continuous case. Such a tool can have in par-
ticular an important role in the study of the behavior of the minima among inter-dependent
lifetimes. In this paper we introduce the concept of reversed multivariate conditional haz-
ard rate functions, which extends the one-dimensional notion of reversed hazard rate of a
single non-negative random variable. Several basic properties of this concept are proven.
In particular, we point out a related role in the study of the behavior of the maximum
value among inter-dependent lifetimes. In different applied fields, and in particular in the
reliability literature, a remarkable class of dependence models for vectors of lifetimes is
related with the load-sharing condition, which can be defined in terms of the multivariate
conditional hazard rate functions. In the paper we define the class of reversed load-
sharing models, which can be seen as natural extensions to the multivariate case of the
univariate inverse exponential distributions. We analyze basic properties of such a class
of dependence models. In particular we show a result related to the study of the inactiv-
ity time of a coherent system when the joint distribution of the components’ lifetimes is a
reversed load-sharing model.
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1 Introduction

For a non-negative and absolutely continuous random variable X, the probability density func-
tion f, the cumulative distribution function F, and the survival function F are three equivalent
ways to describe the probability distribution. Alternative tools for such a description are also
the hazard rate and the reversed hazard rate of X, denoted by r(x) and g(x) respectively. See
e.g. Barlow and Proschan (1996) and Chandra and Roy (2001) for details. The latter func-
tions have many key applications in different applied fields. In a sense, the reversed hazard
rate function g(x) is the dual of the hazard rate function and it bears some interesting features
useful in reliability analysis; see Block et al. (1998) and Finkelstein (2002). In particular, it is
useful in the analysis of inactivity times.
For x such that F(x) > 0, the reversed hazard rate at x of X is defined by

Px—Ax <X <x|X <x)

q) := Alcl—rf(l)* Ax
1 lim [P’(x—Ax<X§x)_f(x)
T F(x) Ax—0 Ax T FX)

When X denotes the lifetime of a unit U, the function g(x) can be interpreted as the rate of
instantaneous failure of U occurring immediately before the time-point x, given that U has not
survived the age x.

The integrated past intensity function Q is defined by

+o00
0() 1= / q(s)ds.

In terms of g and Q, the other characteristics of the distribution of X are given by

F@) =e™29, f(t) = q(t)e™2,

_ qne v

r(x) = 1_ 00

So far we have considered the case when X is a scalar random variable. Also, when we deal
with a family of independent scalar random variables with absolutely continuous distribu-
tions, the family of the corresponding hazard rate or of the reversed hazard rate functions is
sufficient to describe the joint distribution of them.

As it is well known, in the case of non-negative random variables -which are not independ-
ent but still have an absolutely continuous joint distribution- such distribution can be rather
described in terms of the so called multivariate conditional hazard rate functions (m.c.h.r.);
see, for instance, Shaked and Shanthikumar (1990, 2015) and Spizzichino (2018).

Let X|, ..., X, be non-negative random variables with an absolutely continuous joint dis-
tribution. For a fixed index j € [n] = {1,...,n}and I = {i,...,i,} C [n]with j & I, and an
ordered sequence 0 < #; < -+ < f, the m.c.h.r. function 4,(1| 11y, ... , ;) is defined as follows:

. 1
|ty ... 1= — <
/lj(t|1,t1, ) Altg%+ Ath(X] <t+ At

Xi =t,.... X, :tk,%ith > t>.
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Furthermore, we use the notation

e i L
Aj(t|(2)) = AI[LH& AtP<Xf <t+ At

min X, > t)
he(n)

. 1
= Jlim EIP(Xj <t+AlX,, > 1),
The main purpose of this paper is to introduce a concept of multivariate conditional
reversed hazard rate function. In this respect a family of functions rj(tll;tl, ....1t;) and
7,(¢|@) will be suitably defined in the next section. On this purpose we will both follow
the analogy with the definition of the function ¢ in the scalar case, on one side, and the
analogy with the above definition of the m.c.h.r. functions for the multivariate case, on the
other side.

Several results based on the family of the z’s can be obtained by following the anal-
ogy with results presented in the literature concerning the family of the A’s. In particular,
the recent paper De Santis et al. (2020) has pointed out a natural role of the functions
A (t]9), A,(2|9), ..., 4,(¢]@) in the study of the minimum X,., among dependent variables.
In this paper we show an analogous role of ';/-(tlﬂ), j=1,...,n, in the study of the maxi-
mum Xn:n'

A further purpose of the paper is to introduce a concept of reversed time-homogeneous
load-sharing models. The latter can be introduced in a natural way starting from the so-
called time-homogeneous load-sharing models, a particular class of dependence models for
the lifetimes X/, ..., X, (see Spizzichino (2018)).

More precisely the structure of the paper is as follows. After presenting the definition
of the multivariate conditional reversed hazard rate functions, in Section 2 we study some
related properties and show, in particular, how the functions 7,(t|#)’s emerge in the study
of the maximum order statistic X,,., (see Proposition 2). We also show how two families
{4;¢|1,t)} and {z,(z|], t)} can be connected each other. As natural generalizations of the joint
distributions of several independent variables marginally distributed according to inverse
exponential distributions, in Section 3 we introduce and study reversed time-homogeneous
load-sharing models. In this context, a relation will be shown between the class formed
by those dependence models and the one of the (ordinary) time-homogeneous load-sharing
models. Some properties related with reliability issues and distributions of inactivity times
will be analyzed in the second part of the section. The paper concludes with a section con-
taining a brief discussion and a few hints concerning future work.

2 Multivariate Conditional Reversed Hazard Rates and Related
Properties

Let us consider a vector of n non-negative random variables X, ..., X,, defined on the same
probability space (Q, F, P). We assume that the joint probability distribution of X, ..., X,
is absolutely continuous and so ties among X, ..., X, have probability zero (see formula
(1) below). In the following definition, for any fixed positive number ¢, the set / must be
interpreted as the set of indices associated to the variables which take values greater than z.
Correspondingly, T is the set of indices of the variables which take values less than or equal
to 1, so that 7 is the complementary set of / in [x].

@ Springer
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Definition 1 For a fixed index j € [n], a vector (i, ..., ;) where i; # -+ # i, € [n], let us
set [ = {i},..., i} C[n]. For j &I and an ordered sequence 0 <t <, < --- <t, the mul-
tivariate conditional reversed hazard rate (m.c.r.h.r.) function 7,(¢|1;f,, ..., #;) is defined as
follows:

1
Tty . 1) = 11m+ XIP(X]. >t- At'Xl.l =1, X

=tf,maxX, <t |.
hel
Furthermore, we use the notation

T(tlﬂ)— 11rn —[P’<X >t—Atmfl;1xXh<z>

= — <
Jim A[P - At)X,., <t).
Occasionally, when necessary to distinguish between different vectors of lifetimes,
we shall use a notation of the form T(X)(t|ﬂ) AEX)(HQ) in place of 7;(¢|0), 4,(t|?) and
Ty, 1), AN, 1) in place of T(t|Iity, ..., 1), At|Lity, ... ).

Remark 1 In the case when Xi, ..., X, are independent, 7,(t|), for j=1,..., n, does not
depend on /. Actually, in this case, rj(t|l ) coincides with the classical, univariate, reversed
hazard rate function g;(x) of X;.

Remark 2 We remind that one can give formulas that express the joint density function
in terms of m.c.h.r. functions and viceversa. An analogous equivalence can also be estab-
lished for m.c.r.h.r. functions.

The information contained in the family of the m.c.r.h.r. functions allows us to ana-
lyze different type of properties of the order statistics X;.,,...,X,., of n random vari-
ables X, X,,...,X,. In passing, we observe that the assumption of absolute continuity,
in view of the implied condition of no-tie, guarantees the property

P(X.,<..<X,,)=1 1)

In particular, the knowledge of the m.c.r.h.r. functions is relevant when studying the behav-
iour of the maximum order statistic X,,., (see Proposition 2 below). Such a result can
have different types of applications in view of the special role of the statistic X,,., in many
applied fields.

We respectively denote by kinys Kinys Fyo Jiny» the past intensity function, i.e., the
reversed hazard rate function, the integrated past intensity function, the distribution
function and the probability density function of X,,.,. Namely

1
k() = lim E[P’(Xn p 21— AlX,., <t)

+o0
K@) = / ki (s)ds
(n) . (n) 2)
Fi (1) = e Ko ®

,ﬁn)(t) = k(n)(t)e—l((,,)(t)
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For illustrative purposes, we can consider the i.i.d. exponential case. In this case, the previ-
ous relations reduce to

e—lt

A
k(n)(f) = lf—

— -2
K0 = —nlog(1 —e),

Fopy) =1 —e™Y,  fo @)= ine (1 —e ™4y,

In view of the assumption of absolute continuity and following the analogy with the defini-
tion of multivariate conditional hazard rate functions, we can define the following limits for
j=1,...,n

50 = Jim PX;=X,.,|X,., € (1 = A1) = P(X; = X, X, = 1) 3)

and we notice that

2 Hw=1 )
j=1
Let us prove that
7(110) = ki (16;(0). S

In fact,

PX; =X,.,. X,., € ¢ — AL P(X,., € (t — At, 1])

ki (D0;(1) = lim

|]:D(Xvn:n € (t — At t]) At P(Xn:n < l)
P(XJ >1=ALX,., <1)

a0t ATP(X,, <1) 59

By taking into account (4) and (5), and by performing an integration from ¢ to +oc0 we
immediately get

Proposition 1 For any t > 0 we have

n +oo N

k(@ = D, 7019, K0 = / Y, 7(s1@)ds. ©)

J=1 J=1

The role of the functions 7, (¢|@), ..., 7,,(t|#) in the study of the properties of the statistic
X, ., 1s described by the following result

Proposition2 Foranyt>0and j=1,...,n, we have
t
P()(j = XanXnIn <nH= / Tj-(slﬂ)e—K(y,)(S)d&
0

Proof Taking into account (2), (3) and (5) we obtain

@ Springer



1992 Methodology and Computing in Applied Probability (2022) 24:1987-2008

I]:D(X n ‘n’ n n = t) - / ﬁn)(s)P(X n:n|Xn:n = S)dS
t t
= /0- k(n)(s)e‘K‘"‘(S)éj(S)dS = [} 7;(S|¢)C_K("’(S)d5,

that is the thesis.

As an immediate consequence of the previous Proposition we note that, for j = 1,.
the probability P(X; = X,., <) only depends on the functions z,(¢|#), ..., (tlﬁ)

I’LI'L’ nn —

Whence, we get the followmg result.

Proposition 3 Take n independent random variables Z,, ..., Z, with reversed hazard rate
functions q;(t) and let (X}, ..., X,) be a vector with m.c.r.h.r. functions T;X)(tlﬂ) such that

r_;x)(tm) =g, j=1,...n. )

Then, for any j € [n]and for anyt > 0

[FD(X t) - IP(Z rL n° n n — ) (8)

nn’ llﬂ—

Proof In view of independence, the m.c.r.h.r. functions 1'1.(Z) (¢]9) for the vector Z,,...,Z,
respectively coincide with the univariate reversed hazard rate functions g;(#) (see Remark
1). Then the thesis follows immediately by applying Proposition 2 to both the vectors
X;,....X,)and (Z,,....Z).

We also notice that the multivariate conditional reversed hazard rate functions 7Xs
of variables X, ..., X, are strictly related to the m.c.h.r. functions /lj(.Y)’s of the variables
Y, :=1/X,,...,Y, :=1/X,. More precisely we have the following proposition.

Proposition 4 Let X, ..., X, be absolutely continuous random variables and let Y, = 1/X,,
fori=1,...,n. Then, we have

1
0]g) = <Y>( t 'ﬂ) ©)
and,for@ #1C[n],0<t <, < <1y
7. _l.wfl1],1 1
7 (tll,tl,...,tk)—tz/lj <t‘l’tl’m’tk . (10)
Proof One can obtain the stated result as follows:
0|g) = lim L[P>(X. >1—Atf]X,., <t) (11)
J At—0+ At = nen =
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= tim (Lo adfy,, > 1
Ar=0+ At Y/ ' t
= lim ~p(y, < Yl.nzl
A0+ At T == At t
. 1 1 At 1
=1 —PlY. < -4+—Y,., > -
A0+ A7 < It t(t—At)‘ bin = t> (12)

lim 1 .’(’_A’)[p Y<sl+ At
Ar=0* 1(t — Af) At Tt (t— Ay

I, v/ 1
Lo(1).

Similarly, for@ #I C [n],0<t <, < <1y

Yl'n 2 l)
’ t

X7 - lim L _ _ -
7 @ty ..., ) = Alle0+ AtP<Xf >t At‘Xil =1, X, = tk,nhl¢aIxXh < t)

lim i[FD Y. < ! Y,—=l,...,Yi=l,minYhzl
a0t At \ T = A" g koot hel t

1 w1}, 1 1
==Y ==, ...,=).
2 <t’ 1 tk>

13)

3 Reversed Load-Sharing Models

First of all, we remind the definition of inverse exponential distribution. Let us consider
Y distributed as an exponential random variable, Y ~ Exp(4), then X = 1/Y ~ invExp(4)
is an inverse exponential random variable. For ¢ > 0, the cdf, pdf and reversed hazard
rate function of X are respectively given by

Fy(t) = FYG) =e M,
50 = (1) = e (14)

1 1 A
= (7)) = 5

The inverse exponential distribution and some of its generalizations have found many key
applications in several contexts, such as medicine, survival analysis of patients and of
devices. For further details see Murty and Naikan (1996); Oguntunde et al. (2017); Pavlov
et al. (2018).

The following result concerns with the behaviour of the maximum X,,., among inde-
pendent variables distributed according to inverse exponential distributions.

Proposition 5 Let X, ..., X, be independent random variables, respectively distributed

according to inverse exponential distributions with parameters A,, ..., A,. Then, the follow-
ing identities hold:

@ Springer
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PX,., = X, X, £ 1) = P(X,,., = X)P(X,., <1), for any >0, 15)
A
P(Xn:n = .Xj) = <n (16)

n

[p)(xn:n <= e—% i /1,_ 17)

Proof We start from the event (X,,.,, < f). In view of independence among variables, we
have

[I:D(Xn:n <n=PX, <¢,... , X, < 1)
=P(X, <t)--P(X, <1
=e_% 27=1 Ai.
Let us then consider the event (X,., = X/ X,., <1). By recalling Proposition 2, we can
write

PX,., = X;. X,.., < 1) =P(X; < tand X; > X,,i # j)

nn —
1Ay
= e - PX; <s,i # j)ds.
0 s
By taking into account the independence among Xj, ..., X, we can then write
P i
PX,., =X X, <= [ Se v [] eds
(U i1l
tpo " 2
j 4
= — e sds
f=1
A; 0
_% Zi=] Ax .

J
= n €
25:1 Ai
Hence, the events (X,,.,, < 1) and (X,,.,, = X;) are independent and so we get

4

Yk

Remark 3 We highlight that Proposition 5 is analogous to a well known result concerning
with minimum among variables and with exponential distributions. See e.g. Theorem 2.3.3
in Norris (1998): Let Y, ..., Y, be independent random variables such that Y; ~ Exp(4,),
then we have

P(X,., = X)) =

P(Y,., =YY, >0 =P, =Y,)P(¥,., > 1), for anyt>0,
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We have preferred to provide a direct proof of Proposition 5, even though a proof can be
easily obtained from the above result. In fact, it is sufficient to remind that when X, ..., X,

are independent and X; ~ invExp(4;) then ¥, =1 /X,,..., Y, =1/X, are independent and
Y, ~ Exp(4;) and, furthermore, that the following equivalences hold

Yl:n = Yj© 1/Xn:n = 1/Xj<f"Xn:n =Xj’

Y., >te /X, , >teX,., < %

Before continuing, we focus attention on a special class of dependence models
for lifetimes which has been considered several times in the applied literature, possi-
bly under a variety of different terminologies. Here we will say that the random vec-
tor (X, ..., X,,) is distributed according to a Load-Sharing model (LS) if, for non-empty
I C [n] with cardinality k and j € [n] \ I, there exist functions yj(tll) such that, for all
0y << <y

Aj(t|1;t1, o) = yj(t|1).

Furthermore, a load-sharing model is time-homogeneous (THLS) when there exist non-
negative numbers (/) and ;4_,-(9)) such that, for any ¢t > 0,

ﬂj(t“) = Mj(l)!
3(118) = 1 (®.

For further details, see e.g. Shaked and Shanthikumar (2015); Spizzichino (2018) and ref-
erences cited therein.

Remark 4 Notice that the joint distribution of n independent and exponential variables
(non-necessarily identically distributed) is a special case of THLS.

Definition 2 We say that the random vector (Xi,...,X,) is distributed according to a
Reversed Load—Sharing model (RLS) if, for nonempty / C [r]and j € [n] \ I, the m.c.r.h.r.
functions 7i(t|l;t1, e t|1|) does not depend on ¢, ..., Lo forall0 << < <1y, i.e.,

Tj(tll;t], sty = Tj(t|1).

We now concentrate attention on a special subclass of reversed load sharing models.
Let us consider a vector (Y, ..., Y,) distributed according to a THLS model with param-
eters yj(ﬂ), u;(D). Then (X, ..., X,), defined by X; = l/Yj, for j =1,...,n, is such that the
m.c.r.h.r. functions are expressed by (9) and (10) in the following way

1 1 1
0 = 247 4}0) = u0

oy Lol 1) _1
0D = 5 <t‘l> = .

(18)

By recalling the formula of the reversed hazard rate gy in (14), we observe, in particular,
that the reversed m.c.h.r. functions of vectors of independent, inverse-exponentially dis-
tributed random variables satisfy the identities in (18). Also taking into account the above
Remark 4, we then give the following definition.
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Definition 3 We say that the random vector (X,,...,X,) is distributed according to a
Reversed Time Homogeneous Load—Sharing model (RTHLYS) if, it is a RLS and, in addi-
tion, for I C [n]and j € [r] \ I, the m.c.r.h.r. functions are expressed as

Cj(l)

T,(t|l) = -

where cj(I) >0.

Remark 5 Notice that we have tacitly assumed that any coefficient ¢;(I) depends only on
the set / and it does not depend on the order according to which its elements are considered.

We emphasize that the vector (X, ..., X,) is distributed according to a RTHLS model
if and only if the vector (Y, ...,Y,) is distributed according to a THLS model, where
Yj = I/Xj, j=1,...,n. Furthermore, the RTHLS models can be seen as natural generali-
zations of the case of independent variables with inverse exponential distributions and,
in particular, they inherit several remarkable properties of them. See in particular the
basic property shown in the following Proposition 6.

If (X;, ..., X,) follows a RTHLS model, then we set, for j € [n], I C [n], j & I,

N(I) = Zch(l) (19)

hel

=MW __ s _4® ,
L g Tt B Yo cn(D) TN (20)

We note furthermore that the parameters ci(ﬂ), ¢;(I) of a reversed THLS model for vari-

ables X, ..., X, actually coincide with the parameters of the THLS model for the recipro-
cal variables ¥; = 1/Xj (j=1,...,n),ie.

;@) = w @), ;1) = D). @)}
Before continuing, we present the following simple example.

Example 1 Consider a triple of lifetimes Y|, Y,, Y, distributed according to a THLS model
with parameters fixed as follows: for j = 1,2,3and i # j

wi(9) =1, w@ =1
py(1,3) = p3(1,2) = 1,
whereas
H1(2,3) =&,

where € is a positive number, close to 0. Setting Xj = Yi (j=1,2,3) and noting that

X, X,, X; are distributed according to a RTHLS model, we will write

@ Springer
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1 1
P(X; > 1 = 61Xs5 < 1) ="3’<7j g "‘”K ) t>

=[P’<Y <— Y5> :)
Thus, by letting w := ¢! and by taking into account that Y;, Y,, Y5 are jointly distributed
according to a THLS model with parameter specified as above,

[P’(Yj<a)+<;
t_

5 —w)|Y1:3>a)> :[P’(Y <a)+ 6 |Y1 3>a)>

o 6
=55 +0(6) = ) + 0(9).

Then we obtain

. 1/(6
s = Jim 55 + o) =

=

Furthermore,

1 o
P(X3:3 > t—5|X3;3 < Z) = P(Y]:3 < mlylg >CO> =exp{—3m},
1

P(X;5 =X|X55 <1) =P(Y, 5 =Y|Y 5> 0) = 5

The latter equation demonstrates that, in particular, the events (X3 3 <1)and (X3 3=X; )
are independent. In particular, this fact guaranties that RTHLS is different from THLS
Notice on the contrary that the events (X1: 3= X/) and (X1:3 < t) cannot, in general, be
independent. In fact the conditional probability

P(X:3 = X1X,;5 <t) =P(Y3;5 = Y|V, > o)

generally depends on . This fact also admit an heuristic explanation as follows: when
the value of w is very, very large (i.e. ¢ very, very small), the condition (2, 3) = & with
€ << 1leads us to assign much greater probability to the event (Y3:3 =Y, ) than to the com-
plementary event (Y3:3 7Y, )

The following result points out the appropriate way to extend Proposition 5 from the
independent case to the case of time-homogeneous reversed load-sharing models.

Proposition 6 Let (Xl, ,Xn) be distributed according to a reversed time-homogeneous
load-sharing model with parameters c,(I). Then, the following identities hold:

PX,., =X, X,., < v) = PX,., = X)P(X,., <), for anyv >0,

PX,., = X)) = n;(0). 22

N(#)
PX,.,<v)=¢ . (23)
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Proof By applying Proposition 2 to the present case, we can write
v
PX,.n = Xy Xpon < V) :/ Tﬂ@)(SIﬂ)e_/x Ty TwlP)dw g ¢
0

Y Com@) _ e T @
_ z(n) — [T ==L dw
= / 2 e W ds
0
_ v Cn(n)(g) _ I, G0 d
= —2 c s A
0 )
_ Czr(n)(ﬂ) i a® )

Y@

= My (@e” .

Notice also that, in the case when (Xl, ,Xn) is distributed according to a reversed
THLS model, the independent variables Z,, ..., Z, introduced in Proposition 3 are dis-
tributed according to inverse exponential distributions with parameters cj(ﬂ).

Now, we introduce the discrete random variables J,, ..., J,, where

sYps

Sy =Jif X, =X

Other basic aspects of RTHLS models can be better understood by writing down, for
k=1,....n, the joint pdf fy x5 5 pooslidps i) Of Koy oo s Xiowis o0 1)
with respect to the product between the k-dimensional Lebesgue measure and an appropri-
ate counting measure. For#; <, < .-+ <t,, we can write in this respect

fx

nins:

Ky s =5 T -+ 51
=an:n,J,,(tn;jn) Xanfl:n,Jn,] (tn—l ;]'n—l |tn;jn) X

Xxd Gl s oo s leg1 s o 5 Jieg)-

Taking into account both the meaning of the reversed m.c.h.r. functions and the definition
of reversed THLS models, the above equation takes the form

NS Y A CACRPPI /%Y SO 9

C: (ﬂ) +o0
= Fepd - /t %Zci(ﬂ) dux

n n i=1
¢, Un) ol
Jp1 V1 .
xtz—exp —/ ;( Z c,-(]n)>du X...
n—1 Int i€[n\{j,}

€ U -+ sJie) el c . .
x"t— exp —/ = Z CiUGps oo s dis1)) Jdu 2. (24)
T

€[N\ s ka1 }

kil )
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For I C [n] we remind the notation

N =Y ¢

JEl

Thus we can write

NS Y AL CATRPPIS /%Y SO 9
c; (9) /+°° 1 ¢ U /’n 1.
= —"——expy — —N@)du p x = expi — —N(j, )du ¢ X ...
n P oW O ) b oy W Un)el
¢; s - siet) Wy '
th—z expq — ;N(JH, ,Jk+1)du . (25)
k I

In view of Remark 5, we notice that it could be more precise to use the notation
NW{j,, - »jre1 D) in place of N(j,, ..., ji1)- Here, we omit the curly brackets for the sake of
simplicity.

4 On Inactivity Times of Coherent Systems

In this section we aim to study the probability distribution of the inactivity time of a
coherent system made up of components whose lifetimes are jointly distributed accord-
ing to reversed THLS models. More precisely, let S be a coherent system, let T be its
lifetime and Tv,s :=v — T be its inactivity time at time v. We aim to compute the condi-
tional probability

P(T, > t1X,., < V).

Namely, we look for the conditional distribution of the system’s inactivity time, conditional
on the detailed information that all the components are down at time v. On this purpose, we
will in particular employ the following results which, in a sense, are respectively dual to
results valid for the ordinary THLS models, as presented in Spizzichino (2018) or to results
presented in De Santis et al. (2020).

First of all we notice that, in view of Proposition 6, the conditional distribution of
the maximum order statistic X,,., given the event (Xn:n = X/) coincides with an inverse
exponential distribution whose parameter is N (ﬂ) More precisely we can state the fol-
lowing result.

Proposition 7 We have, for any v > t > 0 and for any j € [n],

(26)

P(V _Xn:n = Z|Xn:n = Xj’Xn:n < V) = exp <_ tN(ﬂ) >

v(v—1)
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Proof From Proposition 2 and Equations (19)-(20), we have

Piv—-X

nn—ln

=X, X,., V) =P(X,., <v—1lX,., =X, X,., <v)
P, <v-t.X,, =X)
P n;nSv,Xn:n=)g>
S 2 (slye A B mmian g
B o (sl A i w0 g
ﬂxﬂ)exp( N@))

”l;(ﬂ) exp < N(ﬂ) )

P vv—1) )’

Proposition 8 Let (X, ...,X,) be distributed according to a reversed time homogeneous
load—sharing model with parameters c(I), I C [n],j € [n]~ 1. Let us fix v > 0. We have for
k=1,...,n,

€2))

and this completes the proof of (26).

PXyy =X, Xy 10 =X, o Xy = X, X, < V)

4 Jn-1 n:

N
= ”I]n(ﬂ)”ljn_l({Jn}) njk({jnﬁjn—l’ ’jk+1 }) exXp {_%ﬂ) }

Proof By plugging the identity

b
A 1 1
,/a 2 a b

for0 < a < band A > 0, within formula (25), we can write

Sy Xygdyronnady G <o 5 T -0 J1)

@) -c

Go) * <o €5, Gpe o 2J2)
X

2.1 e

n -1t 1

1 1 . 1
o a) T +N(’"""”2)<T - a)]}

G600 G )

- 2.2 . 2
t tn] l1

X exp {— [N(Qf)ll + N(jn)<

X exp {— [ti [N@) — NG| + ﬁ [NG,) = NGpju)] +
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1 : . ; . | .
+t—[N0n,...,13)—N0n,...,12)] + t—NQn,...,h)] }

2 1

By properly integrating the joint density function of (X,,.,,...,X;.,;/J,,....J;) over the
appropriate domain, we obtain

|]:D(}(n:n = )(jﬂ’ ’Xk:n = }(jA’Xn:n < V)
=¢; ) o €l i) > G Gnr eve i) oo € G oo )X

j] #---#jk,] #]k#/kﬂ##/n

v t, I 1 1 )
x /0 i, /O diy - /0 me"p{_[iw@_m’”)h

n  n—1

Live T VO
o NGy J3) = N o))+ NG ,/2)] }dtl
2 1
=¢; @) o ¢ U dir) > G G wee di) o € G e )X

J1#E - FEh EFiFE e F - Fn

2 toe
n

X

/v exp {—[tl [N @) —N(j,,)]] }d /t3 exp {—[é NGy v od3) = NG .. ,jz]] }
0

2
0 t2

1, EXp {—%NO}I, ,j2)}
x/ ‘
0

dt,.

Now, by taking into account the identity

/12 exp{—%N(jn,...,jz)} exp{—iN(jn,...,jz)}
0

2 dt, = ; - s
5 NG, .. sJ2)
we write
I]:D(Xn:n = )(jn’ ’Xk:n = )(jk’Xn:n < V)
=¢; @) o ¢ oo s > € G o) * e € (e o wJ2)X

J1#E - FEh EFiFEen F - Fn

dt,.

X/v exp{—[tlj[N(ﬂ)—N(jn)]]}dtnm/z3 exp{—i[N(jn,...,jz)}
0 0

2 NGy - ijn) - 12
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Continuing so on, we obtain

B TN ()RR (AN ) G Uns vesdi) * ove €1, G oo ,j2)><
NG o NG die) iy 2 et NG or) o NG 2)

dt

n

et
X
0

12
n

4

. , . 1 N@)
=6, 0) -, G -y U ) N P {— }

: . . N@
=’7jn(ﬂ) ~7]jn7](]n)‘ 'njk(]n""’JkH)eXp{— ( )}

v

Remark 6 In the following, we give a different proof of Proposition 8 based on THLS
models. Let us consider the variables Y] = l/Xj, j=1,...,n, we have

=X .X

|]:D(}(n:n :)(j”""’inn 2 nin SV)

1
= P<Y11n =Y, ""’Yn—k+1:n = Y]',(’Yl:n > ;)

In
Yl:n > l>|]:D(Y1:n > l)
v v

Y, > %) exp {—%N((/])}.

= I]:D<Y1:n = an""’Yn—k+1:n = ij

=[P><Y1:n =Y.....7,

n—k+1:n

=7,

As pointed out in De Santis et al. (2020), an important property of THLS models is the
following: conditioning on the event {Y;., > t} the joint distribution of residual lifetimes
Yj —t,j=1,...,n,is the same of original variables. Then, we have

P(Xpn =X oo Xy = X, X,y <)

n:n —

1
= [I:D(Yl:n = an’ e Yn—k+1:n = Y]k) - €Xp {_;N(ﬂ)}
Now, by using Proposition 2 of Spizzichino (2018) we can conclude

P(X, X oo X =X, X, <)

n:n = % nn =
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=1, (8) -1, G - oo 1y, oot ) - €XP {—%N@)}

It is convenient now to introduce the following notation. We denote by G 1
survival function of the distribution obtained as convolution of r exponential distribu-
tions with parameters 4,, ..., 4,, respectively. Also the next result can easily be obtained

by resorting to THLS models by recalling the notation introduced in (19). We can state

Proposition 9 Let (Xl, ,Xn) be distributed according to a reversed time-homogeneous
load-sharing model. We have, for anyv > u > Qandk = 1,... ,n,

[P)(Xk:n <ulX,., = Xjn’ s Xy = X.ik’Xn:n < V)
— 1 1 (28)
= GN(V)) ,,,,, N(j,,,“.,jkﬂ)(; - ;)

Proof Let us consider the variables ¥; = 1/X;, j=1,...,n. Then, (Y},...,Y,) follows a
THLS model with the same parameters of the RTHLS model associated to (X, ...,X,).
Then, we have

P(Xk:n < Man:n =Xj"’ ’Xk: =X‘A X .

1
Yl:n = an’ ’Yn—k+1:n = ij’Yl:n > ;

1
= P( Yn—k+ltn > ;

I

1 1
=[|:D<Yn—k+1:n> ‘lenzyjn"“’yn—kﬂ:n

u v
= 1 1
= GN(VJ) ,,,,, N(j,,,m,jk“)(; - ;)

where the last equality follows by Proposition 4 of Spizzichino (2018).

‘We now turn to the computation of reliability characteristics of coherent systems. Several
properties can be obtained by assuming a THLS model for the components’ lifetimes. In par-
ticular a special formula is obtained for the computation of the survival function of the lifetime
T of a given system S, in terms of appropriate convolutions of exponential distributions (see
Spizzichino (2018)). In the following, we will show a dual result under the assumption of a
reversed THLS model.

Let us consider a system formed by n components C,, ..., C,, whose lifetimes are non-
negative random variables X/, ...,X,. We assume that the joint probability distribution of
X, ..., X, is absolutely continuous and so ties among X|, ..., X, have probability zero. Let

us indicate by Ty the lifetime of the system and by YA"V,S the inactivity time at time v, namely
7A"V’S =v-—Ti

Let P, denote the set of permutation of {1, ..., n} and let B, denote the subset of P, formed
with the elements 7z such that the event {X,,.,, = X, ., X.,, = Xy } implies that the sys-

tem fails at the k-th failure at component level, i.e.

n

By={x €P, : if Xy, = Xyps s Xp:

n

= X0 then E, },

where, for k =1,...,n, E; is the event E, = {T; = X,., }. The events E, are strictly related
to the structure of the system. They are also related to the concepts of signature and dual
signature, see Samaniego (2007) for further details.
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Proposition 10 Let S be a system formed by n components whose lifetimes are non-negative
random variables X,, ..., X, distributed according to a reversed time-homogeneous load-
sharing model and let T, g be the inactivity time of the system at time v. We have, for 0 <t <,

n
R t
P75 2 11X, V) =D D) Gy Nan...xti1) <—V(V -9 )

k=1 n€B,

: n”(n)(ﬂ) ’1,;(2)({71'(”)7 z(n—=1),....,7(3)}).
Proof Taking into account that {B,, ..., B, } is a partition of P,, we can write

[FD(TV,S P thn:n < V) = Z |]:D(TV,S 2 thn:n = Azmy -- ’Xltn :Xlr(l)’X < V)

nin =
n€eP,

PXyen = Xy - X100 = Xo ()1 Xy <)

Z Z I]:D(TS < V_tl n: Il'(ﬂ)’ ’Xl:n =X7r(l)’Xn:n < V)'

k=1 n€B;,
P = Xy s Xion = Xaary)
_Z ZP(anSV_tl n: Ir(n)7""X X(l)’X )
k=1 n€B;,

’ P(Xn'n = XI[(}'L)’ ’Xlzn = Xﬂ(l))

t
= Z Z Gn@),... N, n(k+1>)< e t)>

=1 n€B;

Mey@) - Ny ({m(), (n = 1), ..., x(3)}).

In the following, based on the result of Proposition 10, we give an example of evalu-
ation of the probability distributions of the inactivity times for two different systems.

Example 2 Let us consider a coherent system S formed by three components X, X,, X5 and
whose lifetime T is described as

Ty = max{X;, min{X,, X5}}.
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Now, as far as the joint distribution of X, X,, X; is concerned, we simply consider the
RTHLS model introduced in the previous Example 1.

We want to apply the result of Proposition 10 to evaluate the distribution of the inac-
tivity time of the system. In order to do this, we need to establish how the partition
{B,,B,,B;} of P;is composed. Here, we have

B, =1{(1,2,3),(1,3,2),(2,1,3),(3,1,2)},

B; ={(2,3,1),(3,2,1)}.

Hence, about the inactivity time of the system, we have

3
A — t
P(T,s 2 1X,., <v)= Z Z GN((ZJ),”.,N(;r(B),4..,7r(k+l))(m>.

k=2 n€B,

: ’7”(3)(‘5)'7”(2)(75(3))

- t
= GN((J),N(;:(3))<—V(V — z)>'

n€B,

’ nn(3)(ﬂ)ﬂn(2)(7[(3))+

+ Z EN(ﬂ) (;> "7,[(3)((5)’1;:(2)(75(3))-

e} v(v—1)

By recalling the identities (19)—(20), we can say that the related coefficients are described
as follows. Regardless of 7 € P;, we have

N@) =3, Nx(3) =2, @ =1/3, n,0,x3)=1/2.
Then, we can conclude

A — t 1 — t 1
P(T,s 2 11X,., <) =4Gs,2<—v(v = t)> ‘5t 2G3(v(v - z)) 6

26— )+ Lexp (53—
_3G3’2<v(v—t)>+3exP< 3v(v—t)>'

Concerning the computation of the convolution of several exponential distributions one can
of course resort to a quite wide literature. See e.g. Akkouchi (2008); Cramer and Kamps
(2003) and references cited therein.

Maintaining the same RTHLS model as above for the components’ lifetimes, we now
switch to considering the system S dual of S, whose lifetime is

Tz = min{X|, max{X,, X3} }.
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In this case, the partition {B,, B,, B3} of P, is given by
B, ={(1,2,3),(1,3,2)},

B, ={(2,1,3),(2,3,1),(3,1,2),(3,2, 1)},

B3=ﬂ.

Hence, about the inactivity time of the system 5, we have

~ — t
P, 5 2 1X,., < v) = 2 Gypy NGy Na@ | ——= |
fer} v(v—1)
M3y D) (T (3))+
= 1
+ Z GN((a),N(n(s))(—) M3y DMy (7(3)).

ey} v(v—1)

The parameters of the form N(@) and N(i) (i = 1,2, 3) have already been computed above.
For what concerns the parameters of the form N(i;,,), with i; # i,, the special structure
of this system entails that we only need to consider the value N(2,3) = €. Then, we can
conclude

5 = t = t 1
P(T,3 2 11X,y <) =2Gs 5, <m> ra 4G3,2<m> 6

e (1 +2%G.(—1—
_3G3’2‘E<v(v—t)> * 3G3'2<v(v—t)>'

5 Conclusions

For a n-tuple of non-negative random variables X, ..., X,, we have introduced the concept
of Multivariate Reversed Hazard Rate (m.c.r.h.r.) and the related class of special depend-
ence models, that we termed Reversed Time-Homogeneous Load-Sharing.

Such notions can in particular be of interest when studying the probabilistic behav-
ior of the inactivity time of a coherent system, made with n interdependent components
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(X, ..., X, being the corresponding lifetimes). Starting from the relation existing between
the univariate concepts of failure rate and of reversed failure rate functions, the new notions
have been inspired by following a principle of duality which can be established between
“forward” and “backward” longitudinal observation.

In this frame we have proven several basic aspects of the m.c.r.h.r. functions, along with
the exact relations between them and the ordinary m.c.h.r. functions. In the past, these lat-
ter functions have been fruitfully applied to different types of problems in applied prob-
ability, for instance in simulation, in the definition of multivariate stochastic orderings,
dependence concepts, and multivariate ageing notions (see Shaked and Shanthikumar
(2015); Shaked et al. (1994), in particular).

By employing the afore-mentioned relations and duality, analogous and/or different
results might be further obtained in terms of m.c.r.h.r. functions. To start with, in this paper
we have then confined our analysis to basic properties, whereas additional studies may be
the object of future work.

Potential results concerning applications of m.c.r.h.r. functions to multivariate stochastic
orderings and to inactivity times of systems might in particular be combined in order to
deal with the important problem of obtaining stochastic comparisons between inactivity
times of different systems (see e.g. Misra et al. (2008); Navarro et al. (2017)).

Computation of the m.c.r.h.r. functions in the case of multivariate mixture models (see
Belzunce et al. (2009); Li and Da (2010)) and related applications may also be an interest-
ing issue.

Furthermore, one might investigate about properties and applications of a discrete-time
version of m.c.r.h.r. (see Shaked et al. (1994, 1995), and references therein for what con-
cerns the discrete versions of the usual notions of multivariate failure rates).

Acknowledgements Francesco Buono and Maria Longobardi are partially supported by MIUR - PRIN
2017, project Stochastic Models for Complex Systems, no. 2017 JFFHSH and by Universita di Napoli Fed-
erico II project: FIDATO - FRA2020 Linea B. Emilio De Santis and Fabio Spizzichino are partially sup-
ported by Ateneo La Sapienza projects: Modelli stocastici con applicazioni nelle scienze e nell’ingegneria
(2017) and Simmetrie e Disuguaglianze in Modelli Stocastici (2018). Francesco Buono, Maria Longobardi,
and Fabio Spizzichino are members of the research group GNAMPA of INdAM (Istituto Nazionale di Alta
Matematica).

Funding Open access funding provided by Universita degli Studi di Napoli Federico II within the CRUI-
CARE Agreement.

Declarations
Conflict of Interest The authors declare that they have no conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

2008 Methodology and Computing in Applied Probability (2022) 24:1987-2008

References

Akkouchi M (2008) On the convolution of exponential distributions. J Chungcheong Math Soc 21:501-510

Barlow RE, Proschan FJ (1996) Mathematical Theory of Reliability. Society for Industrial and Applied
Mathematics, Philadelphia

Belzunce F, Mercader JA, Ruiz JM, Spizzichino F (2009) Stochastic comparisons of multivariate mixture
models. J Multivar Anal 100:1657-1669

Block HW, Savits TH, Singh H (1998) The reversed hazard rate function. Probab Eng Inf Sci 12:69-90

Chandra NK, Roy D (2001) Some results on reversed hazard rate. Probab Eng Inf Sci 15:95-102

Cramer E, Kamps U (2003) Marginal distributions of sequential and generalized order statistics. Metrika
58:293-310

De Santis E, Malinovsky Y, Spizzichino FL (2020) Stochastic precedence and minima among dependent
variables. Methodol Comput Appl Probab. https://doi.org/10.1007/s11009-020-09772-3

Finkelstein MS (2002) On the reversed hazard rate. Reliab Eng Syst Saf 78:71-75

Li X, Da G (2010) Stochastic comparisons in multivariate mixed model of proportional reversed hazard rate
with applications. J Multivar Anal 101:1016-1025

Misra N, Gupta N, Dhariyal ID (2008) Stochastic properties of residual life and inactivity time at a random
time. Stoch Model 24(1):89-102

Murty ASR, Naikan VNA (1996) Reliability strength design through inverse distributions-exponential and
Weibull cases. Reliab Eng Syst Saf 54(1):77-82

Navarro J, Longobardi M, Pellerey F (2017) Comparison results for inactivity times of k-out-of-n and gen-
eral coherent systems with dependent components. TEST 26:822-846

Norris JR (1998) Markov chains, volume 2 of Cambridge Series in Statistical and Probabilistic Mathemat-
ics. Cambridge University Press, Cambridge. Reprint of 1997 original

Oguntunde P, Adejumo AO, Owoloko A (2017) Application of kumaraswamy inverse exponential distribu-
tion to real lifetime data. Int J Appl Math Stat 56:34—47

Pavlov N, Iliev A, Rahnev A, Kyurkchiev N (2018) Transmuted inverse exponential software reliability
model. Int J Latest Res Eng Technol 4:1-6

Samaniego FJ (2007) System signatures and their applications in engineering reliability. New York, NY:
Springer Science+Business Media. International Series in Operations Research and Management Sci-
ence; Vol. 110

Shaked M, Shanthikumar JG (1990) Multivariate stochastic orderings and positive dependence in reliability
theory. Math Oper Res 15(3):545-552

Shaked M, Shanthikumar JG (2015) Multivariate conditional hazard rate functions - an overview. Appl
Stoch Model Bus Ind 31(3):285-296

Shaked M, Shanthikumar JG, Valdez-Torres JB (1994) Discrete probabilistic orderings in reliability theory.
Stat Sin 4:567-579

Shaked M, Shanthikumar JG, Valdez-Torres JB (1995) Discrete hazard rate functions. Comput Oper Res
22:391-402

Spizzichino FL (2018) Reliability, signature, and relative quality functions of systems under time-homogeneous
load-sharing models. Appl Stoch Model Bus Ind 35(2):158-176

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1007/s11009-020-09772-3

	Multivariate Reversed Hazard Rates and Inactivity Times of Systems
	Abstract
	1 Introduction
	2 Multivariate Conditional Reversed Hazard Rates and Related Properties
	3 Reversed Load-Sharing Models
	4 On Inactivity Times of Coherent Systems
	5 Conclusions
	Acknowledgements 
	References


