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We focus on quantum systems represented by a Hilbert space L2(A), where A is a 
locally compact Abelian group that contains a compact open subgroup. We examine 
two interconnected issues related to Weyl-Heisenberg operators. First, we provide a 
complete and elegant solution to the problem of describing the stabilizer states in 
terms of their wave functions �- an issue that arises in quantum information theory. 
Subsequently, we demonstrate that the stabilizer states are exactly the minimizers of 
the Wehrl entropy, thereby solving the Wehrl-type entropy conjecture for any such 
group (in particular, for finite-dimensional vector spaces over non-Archimedean local 
fields). Additionally, we construct a moduli space for the set of stabilizer states, that 
is, a parametrization of this set, that endows it with a natural algebraic structure, 
and we derive a formula for the number of stabilizer states when A is finite. Indeed, 
these results are novel even for finite Abelian groups.
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r é s u m é

Nous intéressons aux systèmes quantiques représentés par un espace de Hilbert 
L2(A), où A est un groupe abélien localement compact qui contient un sous-groupe 
ouvert compact. Nous examinons deux questions interconnectées relatives aux 
opérateurs de Weyl-Heisenberg. Tout d’abord, nous donnons une solution complète 
et élégante au problème de la description des états stabilisateurs en termes de leurs 
fonctions d’onde �- une question qui se pose en théorie de l’information quantique. 
Ensuite, nous montrons que les états stabilisateurs sont exactement les minimiseurs 
de l’entropie de Wehrl, résolvant ainsi la conjecture de Wehrl pour tout tel groupe 
(en particulier, pour les espaces vectoriels de dimension finie sur des corps locaux non 
archimédiens). De plus, nous construisons un espace de modules pour l’ensemble des 
états stabilisateurs, c’est-à-dire une paramétrisation de cet ensemble qui lui confère 
une structure algébrique naturelle, et nous dérivons une formule pour le nombre 
d’états stabilisateurs lorsque A est fini. En effet, ces résultats sont nouveaux même 
pour les groupes abéliens finis.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 

article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

E-mail address: fabio.nicola@polito.it.

https://doi.org/10.1016/j.matpur.2025.103778
0021-7824/© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

https://doi.org/10.1016/j.matpur.2025.103778
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/matpur
http://crossmark.crossref.org/dialog/?doi=10.1016/j.matpur.2025.103778&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:fabio.nicola@polito.it
https://doi.org/10.1016/j.matpur.2025.103778
http://creativecommons.org/licenses/by-nc-nd/4.0/


2 F. Nicola / J. Math. Pures Appl. 205 (2026) 103778 

1. Introduction and discussion of the main results

Consider a Hilbert space ℋ together with a ``representation'', i.e. a unitary operator U : ℋ → L2(A), 
where A is a locally compact Abelian (LCA) group. For |ψ⟩ ∈ ℋ we denote by ψ = U |ψ⟩ ∈ L2(A) its wave 
function. We write ˆ︁A for the group of continuous characters of A, namely the continuous homomorphisms 
ξ : A → U(1) (the multiplicative group of complex numbers of modulus 1). For x ∈ A, ξ ∈ ˆ︁A we denote 
by ξ(x) ∈ U(1) the value of ξ at x. In addition, the group laws in A and ˆ︁A are written additively. We will 
interpret A as the classical configuration space, and the group product A× ˆ︁A as the classical phase space 
associated with ℋ.

Given (x, ξ) ∈ A× ˆ︁A, we define the phase space shift π(x, ξ) : L2(A) → L2(A) by

π(x, ξ)ψ(y) = ξ(y)ψ(y − x) y ∈ A, ψ ∈ L2(A). (1.1)

We also consider the Weyl-Heisenberg operators W (x, ξ) : ℋ → ℋ, defined as

W (x, ξ) = U†π(x, ξ)U (x, ξ) ∈ A× ˆ︁A. (1.2)

These operators are widely used in both mathematics and physics, and their importance can hardly be 
overrated (see, e.g., [5,6,16,32]). For a spinless particle in Rd, in the Schrödinger representation, hence 
A = Rd, they are generated by the usual position and momentum operators. The following is an illustration 
in a finite-dimensional context.

Example 1.1. Suppose that ℋ has finite dimension, and let {|x⟩}x∈A be an orthonormal basis, labeled 
by elements of the (finite) Abelian group A. This is a common framework for most systems occurring in 
quantum information, where such a fixed basis is referred to as the computational basis. For example, in the 
case of n qudits, we have A = Zn

d . The product A = Zd1 × ...×Zdn
arises similarly for multipartite systems; 

see [2,43] and the references therein. Observe that every finite Abelian group is isomorphic to the direct 
sum of finite cyclic groups and, therefore, occurs in this way. Here, the representation U : ℋ → L2(A), by 
definition, maps the vector |ψ⟩ into its wave function ψ(x) := ⟨x|ψ⟩.

For (x, ξ) ∈ A× ˆ︁A, the Weyl-Heisenberg operator W (x, ξ) : ℋ → ℋ acts on the computational basis as

W (x, ξ)|y⟩ = ξ(y + x)|y + x⟩ y ∈ A. (1.3)

In the case of one qubit, with A = Z2 = {0, 1}, the shift operator W (1, 0) is known as the Pauli gate X, 
while the operator W (0, 1) is the Pauli gate Z; see [2,3,17,22,47], the monographs [20,21], [37, Section 10.5] 
and the references therein.

In this note we study two interconnected problems related to the Weyl-Heisenberg operators, that is, we 
offer a thorough and elegant solution to the problem of describing the so-called stabilizer states in terms of 
their wave functions, and we show that such states are exactly the minimizers of the Wehrl entropy.

1.1. Stabilizer states

Given A as above, consider the corresponding Heisenberg group, defined as

HA = {u W (x, ξ) : u ∈ U(1), (x, ξ) ∈ A× ˆ︁A}. (1.4)

It is a noncommutative locally compact and Hausdorff topological group, endowed with the topology induced 
by the natural bijection HA ≃ U(1)×A× ˆ︁A (equivalently, the strong operator topology of bounded operators 
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in ℋ; see, e.g., [23, Lemma 1]). When A is finite, say of cardinality N , we also consider the subgroup of HA, 
known as the Pauli group, defined as

PA = {ζkW (z) : k ∈ Z, z ∈ A× ˆ︁A}, (1.5)

where ζ = exp(πi/N).
It is well known that, if A is finite, of cardinality N , and 𝒢 ⊂ PA is an Abelian subgroup of cardinality N

that does not contain multiples of the identity other than the identity itself, there exists exactly one state 
that is stabilized by 𝒢, that is, a common eigenstate, with eigenvalues 1, of all elements of 𝒢. The study 
of these particular states began with [14], motivated by the realization that the most interesting states 
in quantum information theory are frequently more manageable via their stabilizer group 𝒢 rather than 
through direct examination. Since then, these states have become an essential resource in the development 
of quantum error correction codes; see [37, Chapter 10] and the references therein.

Not every state is a stabilizer state. Hence, one faces the problem of describing these states more explicitly 
in terms of their wave function. This issue was addressed in [8] and [22] for a system of n qubits (A = Zn

2 ) 
and n qudits (A = Zn

d ) respectively. There, the authors presented a clever algorithm to construct the wave 
function of the stabilizer state from a given group 𝒢 as above, requiring certain matrix manipulations in 
modular arithmetic, the search for a minimal set of generators of 𝒢, the reduction to a Smith normal form 
and finally the resolution of a Diophantine system (see also [17] for the case where A = Zn

d and d is an 
odd integer, in which the analysis is substantially simplified due to the fact that multiplication by 2 acts as 
an isomorphism of Zd, in this case). While this method could be extended, in principle, to finite Abelian 
groups (albeit with additional algebraic complexities), it seems that a more conceptual and systematic 
understanding has not yet been developed. In the first part of this note we will bridge this deficiency by 
introducing an elegant and general rule to derive the wave function of a stabilizer state from the group 
𝒢. Building on the foundational work [40,45] on Weyl-Heisenberg operators, we shall consider a general 
locally compact Abelian group A (containing a compact open subgroup; see below). Our analysis will be 
“coordinate-free'', based solely on the structure of A as an LCA group, without depending on other choices, 
such as a set of generators. This could also offer significant practical advantages, as highlighted in [43]. 
We stress that the derived formula is novel even for finite Abelian groups and that our analysis is not a 
modification of the approach discussed in the aforementioned references.

To properly state our results, we introduce some terminology. We recall that, according to [45], a character 
of second degree (alias quadratic form) of an LCA group A is a continuous function h : A → U(1) such that

h(x + y) = h(x)h(y) β(x)(y) x, y ∈ A (1.6)

for some continuous symmetric homomorphism β : A → ˆ︁A; hence β(x)(y) = β(y)(x) for x, y ∈ A. The set 
of characters of second degree of A is easily seen to be a group that will be denoted by Ch2(A). Moreover, 
we will denote by Sym(A) the group of continuous symmetric homomorphisms β as above. It is clear that ˆ︁A ⊂ Ch2(A) and it is known that Ch2(A)/ ˆ︁A ≃ Sym(A) (algebraic isomorphism).

We also say that a function h : A → C is a subcharacter of second degree of A if there exists a compact 
open subgroup H ⊂ A such that h(x) = 0 for x ∈ A \ H and the restriction of h to H is a character of 
second degree of H; we refer to Section 2 for details and for an explicit description (construction) of all 
characters of second degree of a finite Abelian group.

We now select a special class of state vectors.

Definition 1.2 (S-state). We say that |ϕ⟩ ∈ ℋ is an S-state vector if its wave function has the form

ϕ(x) = c h0(x− y) (1.7)
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for some c ∈ C \ {0}, y ∈ A and some subcharacter h0 of second degree of A. We denote by 𝔖 the set of 
corresponding S-states, that is, states represented by an S-state vector.

We also give the following definition. We endow A× ˆ︁A with the Radon product measure, where the Haar 
measures on A and ˆ︁A are normalized so that the Fourier inversion formula holds with constant 1.

Definition 1.3. Let A be any LCA group and let HA be the corresponding Heisenberg group. Consider the 
collection 𝔊 of the compact subgroups 𝒢 ⊂ HA such that the homomorphism

𝒢 → A× ˆ︁A u W (z) ↦→ z (1.8)

is injective (hence 𝒢 is Abelian) and has an image of measure 1 in A× ˆ︁A.
We say that |ψ⟩ ∈ ℋ\{0} is a stabilizer state vector if there exists 𝒢 ∈ 𝔊, such that |ψ⟩ is an eigenvector, 

with eigenvalue 1, of all elements of 𝒢. In this case, we will say that 𝒢 stabilizes |ψ⟩. A stabilizer state is a 
state represented by a stabilizer state vector.

We refer to Remark 3.1 and Proposition 3.2 below for a discussion and some results that justify the 
conditions that appear in the definition of the class 𝔊. Here we limit ourselves to pointing out that 𝔊 is 
nonempty exactly when A contains a compact open subgroup and that this scenario turns out to be the 
natural framework for a general stabilizer formalism (incidentally, if A lacks any compact open subgroup, 
the statements below are vacously true). We also anticipate that, as a consequence of Theorem 1.4 below, 
every 𝒢 ∈ 𝔊 stabilizes exactly one state.

By assumption, for every 𝒢 ∈ 𝔊 the homomorphism in (1.8) is injective. This implies that 𝒢 can be 
regarded as the graph of some function, that is, it has necessarily the form

𝒢 = {α(z)W (z) : z ∈ K}, (1.9)

for some compact subgroup K ⊂ A × ˆ︁A of measure |K| = 1 and some function α : K → U(1). Since 𝒢 is 
compact, α is continuous (see Proposition 3.3).

We can now state our first result. We recall that the annihilator of a subgroup H ⊂ A is the subgroup 
H⊥ ⊂ ˆ︁A given by

H⊥ = {ξ ∈ ˆ︁A : ξ(x) = 1 for all x ∈ H}. (1.10)

Theorem 1.4. Any S-state vector |ϕ⟩ (Definition 1.2) is stabilized by only one 𝒢 ∈ 𝔊 (Definition 1.3), which 
can be obtained as follows. Let ϕ ∈ L2(A) be the wave function of |ϕ⟩, hence of the form (1.7) for some y ∈ A

and some subcharacter h0 of second degree of A. Let H = {x ∈ A : h0(x) ̸= 0}, and let h = h0|H ∈ Ch2(H)
be associated with a continuous symmetric homomorphism β ∈ Sym(H) as in (1.6) (hence, β(x) ∈ ˆ︁H for 
x ∈ H). Then 𝒢 has the form (1.9) where

K = {(x, ξ) ∈ A× ˆ︁A : x ∈ H, ξ|H = β(x)} (1.11)

and

α(x, ξ) = h0(−x)ξ(y) (x, ξ) ∈ K. (1.12)

Conversely, given any subgroup 𝒢 ∈ 𝔊, there is only one corresponding stabilizer state. It is an S-state, 
that is, its wave function is given by the formula (1.7), where h0 and y are given as follows.
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(i) With 𝒢 as in (1.9), let H be the image of K under the canonical projection A × ˆ︁A → A. Then 
H⊥ = {ξ ∈ ˆ︁A : (0, ξ) ∈ K} and the map ξ ↦→ α(0, ξ) is a continuous character of H⊥. Therefore there 
exists y ∈ A such that

ξ(y) = α(0, ξ) for ξ ∈ H⊥.

(ii) The function h : H → U(1) given by

h(−x) = α(x, ξ)ξ(y) for x ∈ H and any ξ ∈ ˆ︁A with (x, ξ) ∈ K

is well defined and belongs to Ch2(H).
(iii) Let h0 : A → C be defined by h0(x) = h(x) for x ∈ H and h0(x) = 0 for x ∈ A \H. Then for these h0

and y, the wave function ϕ(x) := h0(x− y) defines the stabilizer state of 𝒢.

As a consequence, a state is a stabilizer state if and only if it is an S-state.

Theorem 1.4 suggests a method to build a moduli space for the set of stabilizer states, that is, a set 
that parametrizes the collection of stabilizer states and endows it with some inherent nontrivial algebraic 
structure. Indeed, we will see (Corollary 4.7) that for the collections 𝔊 and 𝔖 of stabilizer subgroups and 
S-states, respectively (Definitions 1.3 and 1.2) there are natural bijections

𝔊 ≃ 𝔖 ≃ ⊔
H⊂A

A×H Ch2(H)

where the first identification is given by Theorem 1.4. The disjoint union is taken over all compact open 
subgroups H ⊂ A and the set A ×H Ch2(H) will be suggestively constructed as ``a bundle over A/H

associated with the H-principal bundle A → A/H, with typical fiber Ch2(H)''. Moreover, each fiber has a 
natural structure of Abelian group. Hence, the sets 𝔊 and 𝔖, as disjoint unions of groups, are naturally 
groupoids.

As a consequence of the above construction, we obtain a formula for the number of stabilizer states for 
an arbitrary finite Abelian group, that is

#𝔊 = #𝔖 = #A ·
∑︂
H⊂A

#Sym(H).

Explicit formulas were previously known for certain cases, specifically for A = (Fq)n [17] (Fq being the finite 
field with q elements), and for A = Zn

d , with an arbitrary d �- a case settled only recently in [41] (see also 
the references therein).

1.2. The Wehrl entropy

We now consider the problem of minimizing the Wehrl entropy for a system as above.
For any ``reference'' ket |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, consider the corresponding Weyl-Heisenberg coherent 

states

|ϕz⟩ := W (z)|ϕ⟩ z ∈ A× ˆ︁A. (1.13)

We recall that, given |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, and a density operator ρ (a compact nonnegative operator 
in ℋ with trace 1), the corresponding Husimi function is given by
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uϕ,ρ(z) := ⟨ϕz|ρ|ϕz⟩ z ∈ A× ˆ︁A. (1.14)

If G : [0, 1] → R is a concave function, the (generalized) Wehrl entropy of a density operator ρ, with 
respect to a reference state |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, is then defined as

ℰG(ϕ, ρ) :=
∫︂

A× ˆ︁A
G(uϕ,ρ(x, ξ)) dx dξ (1.15)

provided the integral makes sense. In the following theorem we assume that G(0) = 0, which ensures that 
the negative part of the integrand function is summable. Hence, the above integral is well defined, although 
it might be +∞ (see Remark 5.2).

The next result provides a full characterization of the minimal entropy states.

Theorem 1.5. Let G : [0, 1] → R be a concave function with G(0) = 0. For every |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, 
and density operator ρ, we have

ℰG(ϕ, ρ) ≥ G(1). (1.16)

Moreover, if G is not linear (that is, not of the form G(τ) = ατ for any α ∈ R) the following facts are 
equivalent.

(i) Equality occurs in (1.16) for a pair |ϕ⟩, ρ as above.
(ii) The Husimi function uϕ,ρ is the indicator function of a subset 𝒦 ⊂ A× ˆ︁A of measure |𝒦| = 1.
(iii) |ϕ⟩ is an S-state (Definition 1.2), ρ = |ψ⟩⟨ψ| is a pure state, and there exist z ∈ A × ˆ︁A, θ ∈ R such 

that

|ψ⟩ = eiθW (z)|ϕ⟩.

Whereas (1.16) and the equivalence (i) ⇐⇒ (ii) are easy and also well known in special cases (see, e.g., 
[48]), the characterization in (iii) �- hence in terms of the wave functions �- is definitively nontrivial and 
new. Indeed, it is new even in the case of finite Abelian groups.

In Theorem 1.5, instead of S-states we could equivalently refer to stabilizer states, in view of Theorem 1.4. 
Also, note that Theorem 1.5 is relevant for groups A that have a compact open subgroup. Indeed, if this 
condition is not met, by the equivalence (i) ⇐⇒ (iii) we see that equality in (1.16) never occurs (if G is 
not linear). Hence, the above result is in a sense complementary to that for a spinless particle in Rd in 
the Schrödinger representation, therefore A = Rd, originally studied by Wehrl [44] when G(τ) = −τ log τ . 
There, it was conjectured that if |ϕ⟩ represents the ground state of the harmonic oscillator, the entropy 
ℰG(ϕ, ρ) is minimized by the pure states ρ = |ϕz⟩⟨ϕz|. This conjecture was proved in [28], whereas the 
uniqueness of the minimizers was subsequently established in [4], that is, the Wehrl entropy (with |ϕ⟩ as 
specified above) is minimized exclusively by these states. The analogous conjecture for SU(2) and certain 
SU(N) coherent states was proved in [30] (see also [13]), and [31], respectively, whereas the case of the 
group SU(1, 1) was settled in [26]. The uniqueness of the minimizers in the SU(2) case has been obtained 
simultaneously and independently in [11] and [27], whereas the SU(N) case was resolved only recently in 
[35] (see also [12] for a quantitative version of the lower bound and [36] for closely related estimates).

Hence, Theorem 1.5 (equivalence (i) ⇐⇒ (iii)) solves the Wehrl-type entropy conjecture for any LCA 
group that contains a compact open subgroup. This covers the case of finite Abelian groups, of course, but 
also compact or discrete Abelian groups, or finite-dimensional vector spaces over local fields other than 
R and C (see [38,46]) �- hence also settling the non-Archimedean counterpart of the Wehrl conjecture. 
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A characterization of the maximizers of the Wehrl entropy in the finite-dimensional case and further results 
are presented in Section 6.

We are confident that the methods discussed in this note and the characterization of stabilizer states in 
Theorem 1.4 can be utilized to investigate optimizers of other entropic inequalities in quantum information 
theory (see [7] for an extensive review of current advances of this issue in the case of Gaussian channels; 
hence ℋ ≃ L2(Rd)). We will postpone the examination of these topics to subsequent investigations.

2. Tools from harmonic analysis

2.1. Notation

As explained in the introduction, we denote by A a locally compact Abelian (LCA) group, and by ˆ︁A its 
dual group, whose elements are the continuous characters ξ : A → U(1). Endowed with the topology of the 
uniform convergence on compact subsets, ˆ︁A becomes an LCA group ([18, Theorems 23.13 and 23.15]). We 
endow A and ˆ︁A with Haar measures normalized so that the Fourier inversion formula holds with constant 1. 
We denote by |H| the measure of a subset H of A, or ˆ︁A or A × ˆ︁A (the latter endowed with the Radon 
product measure; see [18, Section 13]). The inner product in L2(A) is defined as

⟨ϕ|ψ⟩L2(A) =
∫︂
A 

ϕ(x)ψ(x) dx,

where dx is the Haar measure on A (similarly, we write dξ for the Haar measure on ˆ︁A).
We recall that the Haar measure on any LCA group assigns a positive measure to nonempty open subsets; 

see, e.g., [10, Proposition 2.19]. Conversely, if H ⊂ A is a compact subgroup of measure |H| > 0 then H
is open. Indeed, the set where χH ∗ χH > 0 (χH denoting the indicator function of H) is open (because 
χH ∗χH is continuous) and nonempty if |H| > 0, and is easily seen to be contained in H. Hence, H is open 
since it has a nonempty interior.

For a subgroup H ⊂ A, the annihilator of H is the closed subgroup of ˆ︁A given by

H⊥ = {ξ ∈ ˆ︁A : ξ(x) = 1 for all x ∈ H}

(cf. [18, Definition 23.23]). We recall that if H ⊂ A is a compact and open subgroup, the same holds for 
H⊥ ⊂ ˆ︁A ([39, Remark 4.2.22]). Moreover, as a consequence of the Fourier inversion formula, we have

|H||H⊥| = 1

(see [39, Formula (4.4.6)]). We also recall that a subgroup H ⊂ A is open if and only if G/H is discrete 
([18, Theorem 5.21]).

We observe that, given a closed subgroup H ⊂ A, we have a natural isomorphism of LCA groups ([18, 
Theorem 24.11])

ˆ︁H → ˆ︁A/H⊥ ξ ↦→ ξ (2.1)

with ξ = ξ′ + H⊥, where ξ′ ∈ ˆ︁A is any extension of ξ ∈ ˆ︁H, that is, ξ′|H = ξ.
We refer to [18] for a comprehensive introduction to the theory of LCA groups.

Definition 2.1. A continuous homomorphism β : A → ˆ︁A is called symmetric if β(x)(y) = β(y)(x) for every 
x, y ∈ A. The set of continuous symmetric homorphisms β : A → ˆ︁A will be denoted by Sym(A). It is easily 
seen to be a group with respect to the product given by
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(β1β2)(x) := β1(x) + β2(x) x ∈ A

(the sum being understood in ˆ︁A).

Observe that a homomorphism β ∈ Sym(A) can be identified with the continuous symmetric bicharacter 
A×A → U(1) given by β(x, y) := β(x)(y).

2.2. Isotropic subgroups

For an LCA group A as above, the phase space A × ˆ︁A is also an LCA group. It is naturally endowed 
with a symplectic structure given by the bicharacter

σ : (A× ˆ︁A) × (A× ˆ︁A) → U(1)

defined as

σ((x, ξ), (y, η)) = ξ(y)η(x) (x, ξ), (y, η) ∈ A× ˆ︁A.

Definition 2.2. A subgroup K ⊂ A× ˆ︁A is called isotropic if σ(z, w) = 1 for every z, w ∈ K.

The next result from [34, Propositions 3.5 and 3.6] will be used later.

Proposition 2.3. A compact open isotropic subgroup K ⊂ A× ˆ︁A necessarily has measure |K| ≤ 1. Moreover 
|K| = 1 if and only if it is a maximal compact open isotropic subgroup, that is, if it is not strictly contained 
in any compact open isotropic subgroup.

The class of maximal compact open isotropic subgroups plays a role analogous to that of Lagrangian 
subspaces in the symplectic geometry over R. A class of examples is given by subgroups of product type, 
that is, K = H×H⊥ for any compact open subgroup H ⊂ A. The following result from [34, Propositions 3.1, 
3.5 and 3.6] describes, in fact, all the maximal compact open isotropic subgroups. We will make use of the 
notation ξ and ξ for the correspondence given in (2.1). Hence, if β ∈ Sym(H) and x ∈ H, we have β(x) ∈ ˆ︁H
and β(x) ∈ ˆ︁A/H⊥.

Theorem 2.4. There is a one-to-one correspondence between the set of maximal compact open isotropic 
subgroups K ⊂ A× ˆ︁A and the set of pairs (H,β), where H ⊂ A is a compact open subgroup and β ∈ Sym(H). 
Exactly, every such K can be uniquely written in the form

K = {(x, ξ) ∈ A× ˆ︁A : x ∈ H, ξ ∈ β(x)}

= {(x, ξ) ∈ A× ˆ︁A : x ∈ H, ξ|H = β(x)}.

Moreover H⊥ = {ξ ∈ ˆ︁A : (0, ξ) ∈ K}.

Observe that β(x) ∈ ˆ︁A/H⊥ is a subset of ˆ︁A �- a coset of H⊥ in ˆ︁A. Hence H is the image of K under 
the canonical projection A× ˆ︁A → A and the fiber in K over x is identified with β(x). In algebraic terms, 
K is regarded as an extension of H by H⊥, that is, we have an exact sequence of Abelian groups

0 → H⊥ → K → H → 0,
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where the second arrow is the map ξ ↦→ (0, ξ) and the third arrow is the restriction to K of the canonical 
projection (x, ξ) ↦→ x.

We observe that, with the above notation, if x, y ∈ H then

β(x)(y) = ξ(y) for every ξ ∈ β(x). (2.2)

Indeed, if x, y ∈ H and β(x) = ξ′ + H⊥, where ξ′ ∈ ˆ︁A extends β(x) ∈ ˆ︁H, and ξ = ξ′ + η, with η ∈ H⊥ we 
have

β(x)(y) = ξ′(y) = ξ′(y)η(y) = (ξ′ + η)(y) = ξ(y), (2.3)

where we used that η(y) = 1, since η ∈ H⊥ and y ∈ H.

2.3. Coherent state transform

We have already defined in (1.1) the phase-space shift π(x, ξ) : L2(A) → L2(A), for (x, ξ) ∈ A× ˆ︁A. It is 
easy to check that, for x, y ∈ A, ξ, η ∈ ˆ︁A we have

π(x, ξ)π(y, η) = η(x)π(x + y, ξ + η), (2.4)

whence the following commutation relations follow:

π(x, ξ)π(y, η) = ξ(y)η(x)π(y, η)π(x, ξ). (2.5)

Definition 2.5. Given ϕ ∈ L2(A), the coherent state transform (alias short-time Fourier transform) of a 
function ψ ∈ L2(A) with ``window'' ϕ is the function

Vϕψ(z) := ⟨π(z)ϕ, ψ⟩L2(A) z ∈ A× ˆ︁A.

This phase-space transform is widely used in harmonic analysis and signal processing [16], as well as in 
mathematical physics [5,6,29]. We list here some basic properties whose proof can be found (in the context 
of a general LCA group) in [15,34].

It is known (see, e.g., [34, Proposition 2.1]) that Vϕψ is a continuous function that vanishes at infinity, 
i.e., for every ϵ > 0 there exists a compact subset K ⊂ A× ˆ︁A such that |Vϕψ(z)| < ϵ for z ∈ A \K.

As a consequence of the commutation relations (2.5) we have the following covariance-type properties, 
for x, y ∈ A, ξ, η ∈ ˆ︁A:

Vϕ(π(x, ξ)ψ)(y, η) = ξ(x)η(x)Vϕψ(y − x, η − ξ) (2.6)

and

Vπ(x,ξ)ϕ(π(x, ξ)ψ)(y, η) = ξ(y)η(x)Vϕψ(y, η). (2.7)

By the Cauchy-Schwarz inequality we also have

|Vϕψ(x, ξ)| ≤ ∥ψ∥L2(A)∥ϕ∥L2(A) x ∈ A, ξ ∈ ˆ︁A. (2.8)

Moreover, as a consequence of the Parseval Formula for the Fourier transform on A, we have the following 
Parseval-type formula for the coherent state transform:



10 F. Nicola / J. Math. Pures Appl. 205 (2026) 103778 ∫︂
A× ˆ︁A

|Vϕψ(x, ξ)|2 dx dξ = ∥ϕ∥2
L2(A)∥ψ∥2

L2(A). (2.9)

The following result from [34, Proposition 4.1] is less known. It provides some information on the subset 
of A × ˆ︁A where the function Vψψ achieves its maximum value. First we observe that if ϕ ∈ L2(A), with 
∥ϕ∥L2(A) = 1 then by (2.8) we have

|Vϕϕ(z)| ≤ Vϕϕ(0) = 1 z ∈ A× ˆ︁A.

Proposition 2.6. Let ϕ ∈ L2(A), with ∥ϕ∥L2(A) = 1. The set

{z ∈ A× ˆ︁A : |Vϕϕ(z)| = 1}

is a compact isotropic subgroup of A× ˆ︁A.

Finally we recall from [34, Proposition 2.3] the following uniqueness result (see [16, Section 4.2] for the 
case A = Rd).

Proposition 2.7. Let ϕ, ψ ∈ L2(A), with ∥ϕ∥L2 = ∥ψ∥L2 . Then

Vϕϕ(z) = Vψψ(z) for every z ∈ A× ˆ︁A
if and only if ψ = eiθϕ for some θ ∈ R.

2.4. Characters of second degree

The notion of character of second degree was introduced explicitly in [45], motivated by algebraic number 
theory, and found applications in harmonic analysis [38], the theory of theta functions [24] and quantum 
information theory, where these characters are generally referred to as quadratic forms, see, e.g., [22,43].

Definition 2.8. Consider a symmetric homomorphism β ∈ Sym(A) (Definition 2.1). A continuous function 
h : A → U(1) is a character of second degree of A, associated with β, if

h(x + y) = h(x)h(y) β(x)(y) x, y ∈ A.

The set of characters of second degree of A, endowed with the product defined by (h1h2)(x) = h1(x)h2(x), 
x ∈ A, forms an Abelian group denoted by Ch2(A).

We have the following important existence and uniqueness result.

Theorem 2.9. For every symmetric homomorphism β ∈ Sym(A) there exists a corresponding character of 
second degree, and two characters of second degree associated with the same β differ by the multiplication 
by a character of A. In other terms, we have the following short exact sequence of Abelian groups:

0 → ˆ︁A → Ch2(A) → Sym(A) → 0.

In fact, the existence is nontrivial (in the present generality) and was first proved in [23, Lemma 6], while 
the uniqueness (up to multiplication by a character) is an easy consequence of the definition, as already 
observed in [45, page 146].
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The case of finite groups is particularly important in quantum information theory. The corresponding 
characters of second degree can be described explicitly as follows.

Explicit construction for finite Abelian groups
Consider a finite Abelian group A (endowed with the discrete topology). The following construction of 

characters of second degree, associated with a given symmetric homomorphism β ∈ Sym(A), is inspired by 
that given in [38] in the case where A is a vector space over a local field. We use the fact that every finite 
Abelian group is isomorphic to the direct sum of a finite number of cyclic groups.

Case A = Zd := Z/dZ. We identify ˆ︂Zd with Zd via the pairing (x, y) ↦→ exp(2πixy/d). Then a (sym
metric) homomorphism β : Zd → ˆ︂Zd is just the multiplication x ↦→ px, for some p ∈ {0, . . . , d − 1} (we 
emphasize that p is here an integer). We consider the function

h(x) = exp
(︂
πi p ̃x2(d + 1)/d

)︂
x = x̃ + dZ ∈ Zd.

It is easy to see that h(x) is well defined, i.e. the result does not depend on the representative x̃ ∈ Z that 
we choose within its residue class x ∈ Zd, and that it is indeed a character of second degree associated with 
β (see, e.g., [9,33]).

Case A = A1 ⊕ ...⊕ An, with Aj cyclic. Each x ∈ A can be uniquely decomposed as x = x1 + . . . + xn, 
with xj ∈ Aj . Given a symmetric homomorphism β : A → ˆ︁A, consider the symmetric bicharacter β(x, y) =
β(x)(y), and let βj be its restriction to Aj ×Aj . Let hj be the corresponding character of second degree of 
Aj , as constructed above. Then it is easy to check by induction on n that the function

h(x) :=
n ∏︂

j=1
hj(xj)

∏︂
1≤j<k≤n

β(xj , xk)

is a character of second degree associated with β.
Hence, we have constructed characters of second degree associated with any given β ∈ Sym(A). By 

Theorem 2.9 every character of second degree is obtained from these by multiplying by a character of A.
We observe that the characters of second degree of any finite Abelian group were already constructed 

in [25], relying on the Smith normal form of A, namely the fact that A is isomorphic to the direct sum 
Zd1⊕Zd1⊕. . .⊕Zdn

for some d1, d2, . . . , dn with d1|d2|...|dn. The above construction offers several advantages 
over the one in [25]: it does not require knowing that particular normal form, but rather just the knowledge 
of an isomorphism of A into a direct sum of cyclic groups, and it avoids any matrix manipulation in modular 
arithmetic.

Remark 2.10. If x ∈ A, ξ ∈ ˆ︁A, n ∈ Z, we have ξ(nx) = ξ(x)n. Hence, if A is finite, say of cardinality 
N , every character ξ ∈ ˆ︁A takes values in the multiplicative subgroup of U(1) generated by exp(2πi/N). 
Similarly, by the above construction (or by a direct inspection of the very definition, cf. [Lemma 5 (f)] [43]) 
we see that any h ∈ Ch2(A) takes values in the multiplicative subgroup generated by ζ = exp(πi/N). This 
fact is related to the definition of the Pauli group (1.5); see Proposition 3.3.

Connection with the Clifford group
Consider a character of second degree h ∈ Ch2(A), associated with a symmetric homomorphism 

β ∈ Sym(A) (Definition 2.8). Let Ch : L2(A) → L2(A) be the unitary operator given by the pointwise 
multiplication by h, that is, Chψ = hψ, for ψ ∈ L2(A). Then a direct inspection shows that

Chπ(z)C†
h = h(−x)π(Sz), z = (x, ξ) ∈ A× ˆ︁A, S :=

(︃
I 0
β I

)︃
,
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where the matrix S is regarded as a homomorphism A × ˆ︁A → A × ˆ︁A. We notice that S is a symplectic 
matrix, that is, σ(Sz, Sw) = σ(z, w) for every z, w ∈ A × ˆ︁A, because β is symmetric. Hence Ch is an 
element of the so-called Clifford (alias metaplectic) group of A. Indeed, it intertwines the projective unitary 
representations π(z) and π(Sz) (see [38,45]).

2.5. Subcharacters of second degree

The notion of subcharacter of second degree was introduced in [34] and will play a key role in the 
following.

Definition 2.11. A function h0 : A → C is called a subcharacter of second degree if there exists a compact 
open subgroup H ⊂ A such that h0(x) = 0 for x ∈ A \H and the restriction of h0 to H is a character of 
second degree of H.

This terminology was inspired by that of subcharacter, that is a function A → C that vanishes outside 
some compact open subgroup H and whose restriction to H is a character of H; see [19, Definition 43.3].

Definition 2.12. Let h0 be a subcharacter of second degree of A; hence H := {x ∈ A : h0(x) ̸= 0} is an open 
compact subgroup of A and h := h0|H ∈ Ch2(H). Consider the symmetric homomorphism β ∈ Sym(H)
associated with h according to Definition 2.8. Let K ⊂ A× ˆ︁A be the unique maximal compact open isotropic 
subgroup corresponding to the pair (H,β), according to Theorem 2.4. Then we will say that the subgroup 
K is associated with the subcharacter h0.

The following result from [34, Proposition 4.4, Theorem 4.5, Theorem 5.2], provides an analytic counter
part of the above algebraic constructions. We denote by χK the indicator function of a subset K ⊂ A× ˆ︁A.

Theorem 2.13. 

(i) Let h0 be a subcharacter of second degree of A associated with a maximal compact open isotropic 
subgroup K ⊂ A× ˆ︁A in the sense of Definition 2.12. Then

Vh0h0(x, ξ) = |H|h0(−x)χK(x, ξ) (x, ξ) ∈ A× ˆ︁A.
Moreover, the function |H|−1Vh0h0, restricted to K, is a character of second degree of K associated with 
the symmetric homomorphism β′ ∈ Sym(K) given by β′(x, ξ)(y, η) = η(x), that is, for (x, ξ), (y, η) ∈ K,

Vh0h0(x + y, ξ + η) = |H|−1Vh0h0(x, ξ)Vh0h0(y, η)η(x).

(ii) Let ϕ ∈ L2(A) \ {0}. Then K := {z ∈ A× ˆ︁A : Vϕϕ(z) ̸= 0} has measure |K| ≥ 1. Moreover |K| = 1 if 
and only if

ϕ(x) = c h0(x− y)

for some c ∈ C \ {0}, and some subcharacter h0 of second degree. In that case, K is the maximal 
compact open isotropic subgroup associated with h0 (Definition 2.12) and the function ∥ϕ∥−2

L2(A)Vϕϕ, 
restricted to K, is a character of second degree of K associated with the homomorphism β′ ∈ Sym(K)
given in (i).

(iii) Let ϕ, ψ ∈ L2(A) \ {0}. Then 𝒦 := {z ∈ A× ˆ︁A : Vϕψ(z) ̸= 0} has measure |𝒦| ≥ 1. Moreover |𝒦| = 1
if and only if
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ϕ(x) = c h0(x− y) ψ(x) = c′ π(x′, ξ′)ϕ(x) x ∈ A (2.10)

where c, c′ ∈ C \{0}, y, x′ ∈ A, ξ′ ∈ ˆ︁A and h0 is a subcharacter of second degree of A. In this case, 𝒦 is 
a coset in A× ˆ︁A of the maximal compact open isotropic subgroup associated with h0 (Definition 2.12).

Remark 2.14. In Theorem 2.13, given a function ϕ in the form (1.16), we have mentioned the maximal 
compact isotropic subgroup K associated with h0 in the sense of Definition 2.12. Although h0 is not uniquely 
determined by ϕ, it follows from the results in that theorem that K is, in fact, uniquely determined by ϕ; 
the same remark applies to the subgroup K in (1.11). See also Lemma 4.1.

Remark 2.15. The results in Theorem 2.13 (iii) were formulated in [34, Theorem 5.2] in a slightly different 
(but equivalent) way. Precisely, instead of ϕ(x) = c h0(x− y), there one finds that ϕ = c π(y, η)h0 for some 
(y, η) ∈ A× ˆ︁A. This amounts to the same thing, because π(y, η)h0(x) = c′ h′

0(x− y) where c′ ∈ C \ {0} and 
h′(x) := η(x)h0(x) is still a subcharacter of A associated (in the sense of Definition 2.12) with the same 
maximal compact open isotropic subgroup K ⊂ A× ˆ︁A as h0, by Theorem 2.9.

Remark 2.16. The above results are presented in terms of the phase space shifts π(x, ξ) (see (1.1)) and the 
coherent state transform Vϕψ (Definition 2.5), hence in terms of wave functions in L2(A). We can trivially 
translate everything in terms of state vectors in ℋ. Indeed, a unitary operator U = ℋ → L2(A) is given, and 
the Weyl-Heisenberg operators W (x, ξ) are defined by W (x, ξ) = U†π(x, ξ)U , see (1.2). Hence, for example,

⟨ψ|W (x, ξ)|ϕ⟩ = ⟨ψ|π(x, ξ)ϕ⟩L2(A) = Vϕψ(x, ξ).

In the following, when necessary, we will freely use the above results rephrased in terms of state vectors and 
Weyl-Heisenberg operators.

3. Stabilizer states

In this section we describe the stabilizer states in terms of their wave function, as explained in the 
introduction. In particular, we prove Theorem 1.4. We begin with a number of remarks and a result that 
clarify the choice of the class 𝔊 in Definition 1.3.

Remark 3.1. 

1) If 𝒢 ⊂ HA (see (1.4)) is a subgroup such that all elements of 𝒢 admit a common eigenvector, with 
eigenvalue 1, then it is clear that the homomorphism in (1.8) must be injective. We will see that if, 
moreover, 𝒢 is locally compact, that is, closed in HA, then 𝒢 is necessarily compact (see Proposition 3.2).

2) The requirement, in Definition 1.3, that the image of the homomorphism (1.8) has measure 1, should 
be interpreted as a maximality condition (see Proposition 3.3). When A is finite, say of cardinality N , 
that condition is equivalent to stating that 𝒢 has cardinality N . Indeed, we can consider the counting 
measure as the Haar measure on A. Then the corresponding Haar measure on ˆ︁A (for which the Fourier 
inversion formula holds with constant 1) will be the counting measure multiplied by N−1.

3) Since a compact subgroup of an LCA group has a positive measure if only if it is open, we see that 𝔊
is nonempty only if A contains a compact open subgroup (we do not assume this condition explicitly 
in Theorem 1.4, because the statement is vacuously true when it is not satisfied). Interestingly, we will 
show that, in a sense, there is no loss of generality in assuming that A contains a compact open subgroup 
(see Proposition 3.2 and the sentence before its statement).
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4) The following are examples of LCA groups that contain a compact open subgroup: finite Abelian groups, 
or more generally, compact or discrete Abelian groups, finite-dimensional vector spaces over local fields 
other than R and C (see [46, page 20]) and products of such groups.

In the following, we will make use of the coherent state transform defined in Definition 2.5 (see also 
Remark 2.16), and in particular of the relationship

Vϕϕ(z) = ⟨π(z)ϕ|ϕ⟩L2(A) = ⟨ϕ|W (z)|ϕ⟩ z ∈ A× ˆ︁A. (3.1)

Also, to put the following result into perspective, we recall that, if A is any LCA group, there exist an 
integer d ≥ 0 and an LCA group A0, containing a compact and open subgroup, such that A ≃ Rd × A0
(topological isomorphism); see, e.g., [18, Theorem 24.30].

Proposition 3.2. Let 𝒢 ⊂ HA be a closed subgroup such that there exists a common eigenvector of all the 
elements of 𝒢. Then 𝒢 is Abelian and compact.

Moreover, if A ≃ Rd×A0 (topological isomorphism), where d ≥ 0 is an integer and A0 is an LCA group, 
then, regarding HA0 as a subgroup of HA, we have 𝒢 ⊂ HA0 , and the image of 𝒢 in A0 × ˆ︂A0 under the 
canonical projection HA0 ≃ U(1) × A0 × ˆ︂A0 → A0 × ˆ︂A0 is a compact isotropic subgroup K ⊂ A0 × ˆ︂A0 of 
measure |K| ≤ 1 (where the Haar measure of A0 × ˆ︂A0 is understood).

Proof. Let |ψ⟩ be a common normalized eigenvector of the elements of 𝒢 (hence with eigenvalues of modu
lus 1) and let ψ(x) be its wave function. Let K ⊂ A × ˆ︁A be the image of 𝒢 in A × ˆ︁A under the canonical 
projection HA ≃ U(1) × A× ˆ︁A → A× ˆ︁A. Since 𝒢 is closed and U(1) is compact, K is closed. In addition, 
by (3.1),

|Vψψ(z)| = |⟨π(z)ψ|ψ⟩L2(A)| = |⟨ψ|W (z)|ψ⟩| = 1 z ∈ K.

Hence

K ⊂ S := {z ∈ A× ˆ︁A : |Vψψ(z)| = 1}.

By Proposition 2.6, S is a compact isotropic subgroup of A× ˆ︁A. This implies that K is compact and isotropic 
as well and, therefore, 𝒢 is Abelian (cf. (1.2) and (2.5)). In addition, 𝒢 is compact, because, as assumed, it 
is a closed subset of U(1) ×A× ˆ︁A and is contained in the compact subset U(1) ×K.

Since 𝒢 is compact, with the identification HA ≃ U(1)×A× ˆ︁A ≃ U(1)×Rd ×A0 × ˆ︂Rd× ˆ︂A0, we see that 
𝒢 ⊂ U(1) × {0} ×A0 × {0} × ˆ︂A0 ≃ HA0 . That is, K ⊂ {0} ×A0 × {0} × ˆ︂A0.

Finally, regarded as subgroup of A0 × ˆ︂A0, K is still compact and isotropic. Moreover, if |K| > 0 then K
is also open in A0 (as already observed, a compact subgroup of an LCA group has a positive measure if and 
only if it is open) and therefore, by Proposition 2.3, |K| ≤ 1. In all cases, we have |K| ≤ 1. □
Proposition 3.3. A subset 𝒢 ⊂ HA belongs to 𝔊 (Definition 1.3) if and only if

𝒢 = {α(z)W (z) : z ∈ K}, (3.2)

where

(i) K ⊂ A× ˆ︁A is a maximal compact open isotropic subgroup;
(ii) α ∈ Ch2(K) is associated (in the sense of Definition 2.8) with the symmetric homomorphism β′ ∈

Sym(K) given by
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β′(x, ξ)(y, η) = η(x) (x, ξ), (y, η) ∈ K,

that is, α : K → U(1) is continuous and satisfies

α(x + y, ξ + η) = α(x, ξ)α(y, η)η(x) (x, ξ), (y, η) ∈ K. (3.3)

Moreover, if A is finite, every subgroup 𝒢 ∈ 𝔊 is in fact a subgroup of the Pauli group PA (see (1.5)).

Proof. Let 𝒢 be as in the statement. Hence 𝒢 has the form in (3.2) for some maximal compact open 
isotropic subgroup K ⊂ A × ˆ︁A and some α ∈ Ch2(K) satisfying (3.3). It is clear that the map (1.8) is 
injective. Moreover, since K ⊂ A × ˆ︁A is a subgroup and the function α : K → U(1) satisfies (3.3), using 
(1.2) and (2.4) we see that 𝒢 is a subgroup of HA. Also, recall that HA is identified with U(1) × A × ˆ︁A, 
as a topological space, and 𝒢 in (3.2) is consequently identified with the graph of the function α, that is, 
{(α(z), z) : z ∈ K} ⊂ U(1)×A× ˆ︁A. Since U(1) is Hausdorff and α is continuous by assumption, its graph 
is closed in U(1) ×K, and therefore is compact. To conclude that 𝒢 ∈ 𝔊 it remains to check that |K| = 1. 
But this follows from the characterization of the maximal compact open isotropic subgroups of A × ˆ︁A in 
Proposition 2.3.

Conversely, let 𝒢 ∈ 𝔊. Since the homomorphism (1.8) is injective, and 𝒢 is compact, we see that 𝒢 has 
the form (3.2) for some function α : K → U(1), where the subgroup K ⊂ A× ˆ︁A is compact. Moreover, since 
𝒢 is Abelian, by (1.2) and (2.5) we see that K is isotropic. Also, K has measure |K| = 1 by assumption, 
and therefore is open in A× ˆ︁A. As a consequence of Proposition 2.3, it is a maximal compact open isotropic 
subgroup of A × ˆ︁A. Moreover, the function α satisfies (3.3) because 𝒢 is a subgroup of HA. It remains 
to prove that α is continuous. As already observed, its graph is identified with the subgroup 𝒢, which is 
compact by assumption, and therefore it is closed as a subset of U(1) × K. Since U(1) is compact and 
Hausdorff, we deduce that α is continuous, by the closed graph theorem in point-set topology.

Finally, let A be a finite Abelian group, say of cardinality N . Since |K| = 1, from Remark 3.1 2) we see 
that K has cardinality N . Hence, by Remark 2.10 we have that α ∈ Ch2(K) takes values in the multiplicative 
group generated by ζ = exp(πi/N). Therefore, 𝒢 ⊂ PA. □
Proposition 3.4. Let 𝒢 ∈ 𝔊 be as in Proposition 3.3, that is, in the form (3.2) where K ⊂ A× ˆ︁A is a maximal 
compact open isotropic subgroup and α ∈ Ch2(K) satisfies (3.3).

A vector |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, is a common eigenvector, with eigenvalue 1, of all elements of 𝒢 if and 
only if

Vϕϕ(z) =
{︄
α(z) z ∈ K

0 z ̸∈ K.
(3.4)

Proof. Suppose that ϕ ∈ L2(A), with ∥ϕ∥L2(A) = 1, satisfies (3.4). Then, by (3.1), we have

⟨ϕ|W (z)|ϕ⟩ = α(z) z ∈ K.

Since |α(z)| = 1, this means that, if z ∈ K, ϕ and W (z)ϕ are linearly dependent and that, in fact,

α(z)W (z)|ϕ⟩ = |ϕ⟩ z ∈ K.

Conversely, it is clear that the latter formula implies that Vϕϕ(z) = α(z) for z ∈ K. Moreover |K| = 1 by 
Proposition 2.3. Hence, Vϕϕ(z) = 0 for almost every z ∈ A× ˆ︁A \K, by (2.9). Since A× ˆ︁A \K is open and 
Vϕϕ is continuous, we see that Vϕϕ(z) = 0 for every z ∈ A× ˆ︁A \K. Hence (3.4) is satisfied. □
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We can now prove Theorem 1.4.

Proof of Theorem 1.4. We use the description of the subgroups 𝒢 ∈ 𝔊 given in Proposition 3.3. It is clear 
from Proposition 3.4 that every |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, is stabilized by at most one subgroup 𝒢 ∈ 𝔊, 
because the relation (3.4) determines uniquely K and α, and therefore 𝒢, from ϕ. On the other hand we 
see that every 𝒢 stabilizes at most one state, again by the relationship (3.4) and the uniqueness result in 
Proposition 2.7.

Now, let |ϕ⟩ be an S-state vector, with ∥|ϕ⟩∥ = 1. Hence

ϕ(x) = c h0(x− y)

for some c ∈ C \ {0}, y ∈ A and some subcharacter of second degree h0. Since ϕ is normalized, with the 
notation in the statement, |c| = |H|−1/2. Let us prove that |ϕ⟩ is stabilized by the subgroup 𝒢 ∈ 𝔊 given 
in the statement. We have to prove that the pair K,α given in (1.11) and (1.12) satisfies the conditions in 
Proposition 3.3 and that (3.4) is satisfied. It is clear from Theorem 2.4 that the set K in (1.11) is a maximal 
compact open isotropic subgroup of A× ˆ︁A. In fact, it is the subgroup associated with the subcharacter h0
in the sense of Definition 2.12. Moreover, by the covariance property (2.7) and Theorem 2.13 (i) we have

Vϕϕ(x, ξ) = |H|−1ξ(y)Vh0h0(x, ξ) = h0(−x)ξ(y)χK(x, ξ). (3.5)

This implies that (3.4) is satisfied with the function α defined in (1.12). Moreover, Theorem 2.13 (ii) tells 
us that the function Vϕϕ, restricted to K, that is α, is a character of second degree of K associated with 
the homomorphism β′ ∈ Sym(K) given in Proposition 3.3. This concludes the proof of the first part of the 
statement.

Now, consider a subgroup 𝒢 ∈ 𝔊. We know from Proposition 3.3 that 𝒢 has the form in (3.2), where 
K ⊂ A× ˆ︁A is a maximal compact open isotropic subgroup and α ∈ Ch2(K) satisfies (3.3). Moreover K has 
necessarily the form given in Theorem 2.4 for some compact open subgroup H ⊂ A (the image of K under 
the canonical projection A× ˆ︁A → A) and some symmetric homomorphism β ∈ Sym(H). Let us prove that 
there exists an S-state that is stabilized by 𝒢. The proof is constructive and follows steps (i)�-(iii) in the 
statement.

(i) We know from Theorem 2.4 that H⊥ = {ξ ∈ ˆ︁A : (0, ξ) ∈ K}. For ξ, η ∈ H⊥, by (3.3) we have

α(0, ξ + η) = α(0, ξ)α(0, η)η(0) = α(0, ξ)α(0, η).

Hence the map H⊥ ∋ ξ ↦→ α(0, ξ) is a continuous character of H⊥. The continuous character H⊥ ∋ ξ ↦→
α(0, ξ) admits an extension to a continuous character of ˆ︁A (see, e.g., [18, Corollary 24.12]), that is an element 
of the dual group of ˆ︁A, which is canonically identified with A (see, e.g., [18, Theorem 24.8]). Therefore there 
exists y ∈ A such that ξ(y) = α(0, ξ) for every ξ ∈ H⊥.

(ii) First, let us prove that the function h : H → U(1) in the statement is well defined. If (x, ξ), (x, η) ∈ K, 
then η′ := η − ξ ∈ H⊥ by Theorem 2.4. Hence by (3.3),

α(x, η)η(y) = α(x, ξ + η′)(ξ + η′)(y) = α(x, ξ)α(0, η′)η′(x)ξ(y)η′(y)

= α(x, ξ)ξ(y),

because η′(x) = 1 (x ∈ H and η′ ∈ H⊥) and η′(y) = α(0, η′) by the point (i).
Let us prove that h ∈ Ch2(H), and precisely that h is associated (in the sense of Definition 2.8) with 

the aforementioned symmetric homomorphism β. We have h(x) = α(−x,−ξ)ξ(y) for (x, ξ) ∈ K. Hence by 
(3.3), if (x, ξ), (x′, ξ′) ∈ K,
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h(x + x′) = α(−x− x′,−ξ − ξ′)(ξ + ξ′)(y)

= α(−x,−ξ)α(−x′,−ξ′)ξ′(x)ξ(y)ξ′(y)

= h(x)h(x′)ξ′(x)

= h(x)h(x′)β(x)(x′).

The last equality is true because β(x)(x′) = β(x′)x = ξ′(x) by (2.3).
It remains to prove that h is continuous. It suffices to prove that there exists a continuous section of 

K, that is, a continuous map γ : H → ˆ︁A such that (x, γ(x)) ∈ K for every x ∈ H. The continuity of h
then follows, because h(−x) = α(x, γ(x))γ(x)(y) and α : K → U(1) is continuous. To construct such a 
section, observe that, since H⊥ is open, ˆ︁H ≃ ˆ︁A/H⊥ is discrete, and β(H) ⊂ ˆ︁H is compact, therefore finite. 
Let β(H) = {η1, . . . , ηN}, and set Hj := β−1({ηj}) ⊂ H, for j = 1, . . . , N . Then each Hj is open and the 
collection of the Hj ’s is a partition of H. Now, for each j = 1, . . . , N , pick an element ξj ∈ ˆ︁A such that 
ξj |H = ηj (such an extension always exists, see [18, Corollary 24.12]). Define γ : H → ˆ︁A by setting γ(x) = ξj
if x ∈ Hj . It is clear that γ is continuous and that (x, γ(x)) ∈ K for every x ∈ H by construction (recall 
that K and β are related as in Theorem 2.4).

(iii) We now extend h to a function h0 : A → C by setting h0(x) = h(x) for x ∈ H and h0(x) = 0 for 
x ∈ A\H. Hence h0 is a subcharacter of second degree associated with K in the sense of Definition 2.12. For 
the (normalized) function ϕ(x) = |H|−1/2h0(x− y) we see, arguing as above, that (3.5) holds, and therefore 
(3.4) is satisfied because h(−x)ξ(y) = α(x, ξ) for (x, ξ) ∈ K, by the very definition of h. By Proposition 3.4, 
this implies that |ϕ⟩ is stabilized by the group 𝒢 ∈ 𝔊. This concludes the proof. □
Remark 3.5. As a consequence of Theorem 1.4, the support of the wave function ϕ of a stabilizer state is 
a coset of a compact open subgroup H ⊂ A and ϕ has constant modulus on its support. When A is finite 
these properties also follow from general results concerning monomial stabilizer states; see [42,43].

4. A moduli space for the set of stabilizer states

In this section we provide a natural parametrization of the set of stabilizer states (Definition 1.3). We 
know from Theorem 1.4 that the stabilizer states are exactly the S-states (Definition 1.2). Their wave 
functions therefore have the form in (1.7) for some y ∈ A and some subcharacter of second degree h0 of A. 
However, different pairs y, h0 might give rise to the same state. This fact is clarified by the following result.

Lemma 4.1. Let

ϕ(x) = c h0(x− y) x ∈ A (4.1)

and

ϕ′(x) = c h′
0(x− y′) x ∈ A, (4.2)

where c, c′ ∈ C \ {0}, y, y′ ∈ A and h0, h
′
0 are subcharacters of second degree of A, hence H := {x ∈ A :

h0(x) ̸= 0} and H ′ := {x ∈ A : h′
0(x) ̸= 0} are compact open subgroups of A, and h := h0|H ∈ Ch2(H), 

h′ := h′
0|H′ ∈ Ch2(H ′). Suppose that h is associated with β ∈ Sym(H) and h′ is associated with β′ ∈

Sym(H ′) in the sense of Definition 2.8.
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Then ϕ(x) and ϕ′(x) are linearly dependent if and only if⎧⎪⎪⎨⎪⎪⎩
H = H ′

y − y′ ∈ H

h(x) = h′(x)β′(y − y′)(x) x ∈ H.

(4.3)

In this case, we also have β = β′.

Proof. Suppose that ϕ and ϕ′ are linearly dependent. Then {x ∈ A : ϕ(x) ̸= 0} = {x ∈ A : ϕ′(x) ̸= 0}, 
which implies H = H ′.

Moreover, for some c′′ ∈ C \ {0},

h0(x− y) = c′′h′
0(x− y′) x ∈ A,

that is,

h0(x) = c′′h′
0(x + y − y′) x ∈ A.

This implies that y − y′ ∈ H and that

h(x) = c′′h′(x + y − y′) x ∈ H,

whence

h(x) = c′′h′(x)h′(y − y′)β′(y − y′)(x).

Setting x = 0 we see that c′′h′(y − y′) = 1 and therefore

h(x) = h′(x)β′(y − y′)(x) x ∈ H.

Since h and h′ differ by the multiplication by a character, by Theorem 2.9 we have β = β′.
Conversely it is clear, by reversing the above reasoning, that condition (4.3) implies that ϕ and ϕ′ are 

linearly dependent. □
We now fix a compact open subgroup H ⊂ A. Using the notation of Lemma 4.1, and inspired by that 

result, we give the following definition.

Definition 4.2. In the set A × Ch2(H) we say that a pair (y, h) is equivalent to (y′, h′), and we write 
(y, h) ∼ (y′, h′), if y − y′ ∈ H and h(x) = h′(x)β′(y − y′)(x) for x ∈ H. We denote by

A×H Ch2(H) := A× Ch2(H)/ ∼

the corresponding quotient set.

Indeed, it is easy to see that the above is an equivalence relation.

Remark 4.3. The above construction admits a suggestive interpretation. That is, A ×H Ch2(H) can be 
regarded as ``a bundle over A/H, associated with the H-principal bundle A → A/H, with typical fiber 
Ch2(H)''. Indeed, we know that H acts naturally on A via the map y ↦→ u+y, u ∈ H, y ∈ A, and this action 
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is free and transitive on the fibers of the map A → A/H. Moreover, H also acts on Ch2(H) by u · h = hu, 
with hu(x) = h(x)β(u)(x), for u ∈ H, x ∈ A. We now consider the diagonal action on A× Ch2(H), given 
by

u · (y, h) = (y + u, hu) u ∈ H, y ∈ A, h ∈ Ch2(H).

Then A×H Ch2(H) is just the set of the orbits of this action.

As a consequence of Lemma 4.1 we have the following result.

Proposition 4.4. Let H ⊂ A be a compact open subgroup. There is a natural one-to-one correspondence 
between the set A ×H Ch2(H) and that of S-states (Definition 1.2) whose wave functions have a coset of 
H as support. Exactly, with [(y, h)] ∈ A ×H Ch2(H) it is associated the S-state represented by the wave 
function ϕ(x) = h0(x− y), where h0(x) = h(x) for x ∈ H and h0(x) = 0 for x ∈ A \H.

We now consider the natural surjective map

A×H Ch2(H) → A/H [(y, h)] ↦→ [y], (4.4)

where the square brackets represent the residue classes in the corresponding quotient spaces. It is easy to 
see that this map is well defined, and we now consider its fibers. Given h, h′ ∈ Ch2(H) we denote by β and 
β′ ∈ Sym(H) the corresponding symmetric homomorphisms, as in Definition 2.8.

Proposition 4.5. The fibers of the map (4.4) have a natural structure of Abelian group, where the group law 
is defined as follows. If [(y, h)], [(y′, h′)] ∈ A×H Ch2(H), with y − y′ ∈ H,

[(y, h)] · [(y′, h′)] := [(y, h′′)]

where

h′′(x) = h(x)h′(x)β′(y − y′)(x).

Furthermore, each fiber is isomorphic to Ch2(H), although not canonically.

Proof. It is easy to see, by direct inspection, that the above product is well defined and endows each 
fiber with a structure of Abelian group. One has to use the fact that, with the notation in the statement, 
hh′ ∈ Ch2(H) is associated with the symmetric homomorphism ββ′ ∈ Sym(H), in the sense of Definition 2.8, 
where ββ′(x) := β(x) + β′(x) for x ∈ H (the sum being understood in ˆ︁H).

Concerning the second part of the statement, we observe that, for any given y ∈ A, the map

Ch2(H) → A×H Ch2(H) h ↦→ [(y, h)]

is a group isomorphism onto its image, and that the latter is the fiber of the map (4.4) over [y]. With the 
interpretation in Remark 4.3, injectivity follows from the fact that the action of H on the coset y+H (that 
is, the fiber of the map A → A/H over [y]) is free, whereas surjectivity is a consequence of that action being 
transitive. □
Remark 4.6. The group law introduced in Proposition 4.5 on the fibers of the map (4.4) can be interpreted 
in terms of pointwise multiplication of wave functions. Namely, according to Proposition 4.4, to the pairs 
[(y, h)] and [(y′, h′)] in the same fiber (hence y − y′ ∈ H) there correspond two wave functions ϕ and ϕ′
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(defined up to nonzero multiplicative constants) with the same support �- a coset of H in A. Then, with 
the notation of Lemma 4.1 we have, for some constant c ̸= 0 and every x ∈ A,

ϕ(x)ϕ′(x) = c h0(x− y)h′
0(x− y′)

= c h0(x− y)h′
0(x− y)β′(y − y′)(x)

= C(y, y′)h0(x− y)h′
0(x− y)β′(y − y′)(x− y)

for some number C(y, y′) ∈ C \ {0} depending on y and y′. The latter expression is the wave function of an 
S-state associated, in the sense of Proposition 4.4, with [(y, h)] · [(y′, h′)] (in fact, one could also interpret 
this product in terms of composition of shift and Clifford operators; cf. Section 2).

We can summarize the above results and Theorem 1.4 as follows.

Corollary 4.7. Let 𝔊 and 𝔖 be the collections of stabilizer subgroups 𝒢 ⊂ HA and S-states, respectively (see 
Definitions 1.3 and 1.2). Then we have natural bijections

𝔊 ≃ 𝔖 ≃ ⊔
H⊂A

A×H Ch2(H)

where the first correspondence is given in Theorem 1.4, while the second is described in Proposition 4.4, and 
the disjoint union is taken over all compact open subgroups H ⊂ A.

Moreover, if A is finite, the cardinality of these sets is given by

#𝔊 = #𝔖 = #A ·
∑︂
H⊂A

#Sym(H). (4.5)

Proof. It remains only to prove the last part of the statement, when A is finite. We clearly have

#𝔊 = #𝔖 =
∑︂
H⊂A

#A×H Ch2(H).

On the other hand, by Proposition 4.5,

#A×H Ch2(H) = #A/H · #Ch2(H)

and by Theorem 2.9 we have

#Ch2(H) = # ˆ︁H · #Sym(H).

Since #A/H = #A/#H = #A/# ˆ︁H, we obtain the desired conclusion. □
5. Minimizing the Wehrl entropy

In this section we prove Theorem 1.5. We preliminarily observe that, by the spectral theorem, a density 
operator ρ in ℋ (that is, a compact nonnegative operator with trace 1) can always be written as

ρ =
∑︂
j

pj |ψj⟩⟨ψj |, (5.1)

where pj > 0, with 
∑︁

j pj = 1, and the |ψj⟩’s are an orthonormal system of ℋ. The set of the indices j is 
at most countable, even if ℋ is not separable. Indeed, we have the orthogonal decomposition in ρ-invariant 
subspaces ℋ = Ker ρ⊕ ρ(ℋ), and ρ(ℋ) is separable, since ρ is compact.
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As a consequence of (5.1), for the corresponding Husimi function in (1.14) we have

uϕ,ρ(z) =
∑︂
j

pj |Vϕψj |2, (5.2)

for any |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, where Vϕψj denotes the coherent state transform of ψj with window ϕ (see 
Definition 2.5).

Lemma 5.1. Let |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1 and let ρ be a density operator in ℋ. The Husimi function uϕ,ρ

satisfies

0 ≤ uϕ,ρ(z) ≤ 1 z ∈ A× ˆ︁A (5.3)

and ∫︂
A× ˆ︁A

uϕ,ρ(x, ξ) dx dξ = 1. (5.4)

Moreover uϕ,ρ is a continuous function in A× ˆ︁A, which tends to zero at infinity. As a consequence, the set 
{z ∈ A× ˆ︁A : uϕ,ρ(z) > 0} is σ-compact.

Proof. We use the formula (5.2). Then (5.3) and (5.4) are immediate consequence of (2.8) and (2.9). More
over, we know that the functions Vϕψj are continuous in A× ˆ︁A and tend to zero at infinity (see Section 2). 
The same holds true for uϕ,ρ, because the series (possibly a finite sum) (5.2) converges uniformly in A× ˆ︁A
by the Weierstrass M -test. □

The following remark clarifies the hypothesis ``G(0) = 0'' in Theorem 1.5.

Remark 5.2. 

1) The assumption ``G(0) = 0'' in Theorem 1.5 ensures that the integral in (1.15) is well defined. Indeed, 
this property implies that G(τ) ≥ τG(1) for 0 ≤ τ ≤ 1; in particular, G ≥ 0 if G(1) ≥ 0. Instead, if 
G(1) < 0 then G(uρ,ϕ)−, the negative part of G(uρ,ϕ), satisfies

0 ≤ G(uρ,ϕ)− ≤ |G(1)|uρ,ϕ,

and is therefore summable by (5.4).
2) The following example shows that for certain LCA groups A and concave functions G, with G(0) ̸= 0, 

the integral in (1.15) is not well defined.
Let ℋ = L2(A), with A = U(1), equipped with the normalized Haar measure. Then ˆ︁A ≃ Z, endowed 
with the counting measure as Haar measure. Let ϕ(x) = 1 and ψj(x) = xj , for x ∈ U(1), j = 1, 2, . . .. An 
explicit computation shows that Vϕψj(x, ξ) is the indicator function of the set U(1) × {j} ⊂ U(1) × Z. 
Setting

ρ =
∞ ∑︂
j=1 

2−j |ψj⟩⟨ψj |,

we see that uϕ,ρ =
∑︁∞

j=1 2−j |Vϕψj |2 vanishes on a subset of U(1)×Z of infinite measure, and for every 
ϵ > 0, we have 0 < uϕ,ρ < ϵ on a subset of infinite measure. Consider therefore any concave function 
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G : [0, 1] → R with G(0) < 0 and limτ→0+ G(τ) > 0. Then both the positive and negative parts of the 
function G(uϕ,ρ(z)) have an infinite integral on U(1)×Z. Hence, the integral in (1.15) would not make 
sense in this case.

3) To ensure that the integral in (1.15) is well defined, we could even consider concave functions G :
[0, 1] → R continuous at 0 (without assuming that G(0) = 0). However, when |A| = ∞, that integral 
would always be +∞ if G(0) > 0 or always −∞ if G(0) < 0, due to Lemma 5.1.

We can now prove Theorem 1.5.

Proof of Theorem 1.5. Without loss of generality we can assume that G(1) = 0. Indeed, if the theorem has 
been proved in this case, given a function G as in the statement, we can then apply the theorem to the 
function G(τ) − τG(1) and use (5.4).

Hence, thereafter we assume that G(1) = 0. The formula (1.16) is then clear, because G is nonnegative 
(recall that G is concave and G(0) = 0 by assumption).

Concerning the remaining part of the statement, we observe that the assumption that G is not linear 
means (for our concave function G satisfying G(0) = G(1) = 0) that G(τ) > 0 for 0 < τ < 1. Under this 
assumption, we now prove the following chain of implications between the points in the statement.

(i) =⇒ (ii) Since G(0) = G(1) = 0 and G(τ) > 0 for 0 < τ < 1 we see that if equality occurs in (1.16) for 
some ϕ and ρ then the subset of A× ˆ︁A where 0 < uϕ,ρ < 1 has measure zero. But this subset is open, because 
uϕ,ρ is continuous (Lemma 5.1), and therefore it is empty. It follows that uϕ,ρ is the indicator function of 
some subset of 𝒦 ⊂ A× ˆ︁A, necessarily having measure |𝒦| = 1, by (5.4).

(ii) =⇒ (iii) Using the spectral decomposition (5.1) for ρ, and therefore (5.2), we see that∑︂
j

pj |Vϕψj |2 = χ𝒦,

where |𝒦| = 1. Since pj > 0 for all j, and 
∑︁

j pj = 1, we have

|Vϕψj | = χ𝒦 for every j. (5.5)

By Theorem 2.13 (iii) and (ii) we deduce that |ϕ⟩ is an S-state,

ψj = eiθjπ(zj)ϕ, (5.6)

namely

|ψj⟩ = eiθjW (zj)|ϕ⟩,

for some θj ∈ R and zj ∈ A× ˆ︁A (see (1.2)), and that 𝒦 is a coset in A× ˆ︁A of the maximal compact open 
isotropic subgroup K ⊂ A× ˆ︁A given by

K = {z ∈ A× ˆ︁A : Vϕϕ(z) ̸= 0}. (5.7)

We also know that the |ψ⟩j ’s are pairwise orthogonal. Hence, if there exist two indices j, k with j ̸= k in 
the sum (5.1), we have

|Vϕϕ(zj − zk)| = |⟨ϕ|W (−zk)W (zj)|ϕ⟩| = |⟨ψk|ψj⟩| = 0,

that is, zj and zk belong to different cosets of K. By (5.6), (5.7) and the covariance property (2.6) we deduce 
that zj + K = {z ∈ A × ˆ︁A : Vϕψj(z) ̸= 0} and zk + K = {z ∈ A × ˆ︁A : Vϕψk(z) ̸= 0}, which contradicts 
(5.5). In summary, ρ is a pure state and the desired properties of |ϕ⟩ and ρ have been proved.
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(iii) =⇒ (i) It follows from Theorem 2.13 (ii) that |Vϕϕ| = χK for some maximal compact open isotropic 
subgroup K ⊂ A× ˆ︁A, hence with |K| = 1 by Theorem 2.4. By the covariance property (2.6) we see that

uϕ,ρ = |Vϕψ|2 = χ𝒦

for some subset 𝒦 ⊂ A× ˆ︁A �- a coset of K in A× ˆ︁A �- of measure |𝒦| = 1. As a consequence

ℰG(ϕ, ρ) =
∫︂

A× ˆ︁A
G(|Vϕψ(x, ξ)|2) dx dξ = G(1)|𝒦| = G(1). □

6. Further results for finite-dimensional systems

In this section we suppose that A is a finite Abelian group, say of cardinality

#A = N.

Hence ℋ ≃ L2(A) has dimension N . We prove some results for the Wehrl entropy in (1.15) that are, at 
least in part, specific for this finite-dimensional setting. Observe that now we have (cf. Remark 3.1 2))

ℰG(ϕ, ρ) = 1 
N

∑︂
z∈A× ˆ︁A

G(uϕ,ρ(z)). (6.1)

6.1. Berezin-Lieb inequality

Let ρ be a density operator in ℋ. Let

ρ =
N∑︂
j=1 

pj |ψj⟩⟨ψj | (6.2)

be a spectral decomposition of ρ. Hence pj ≥ 0 for j = 1, . . . , N , 
∑︁N

j=1 pj = 1 and the |ψj⟩’s define now an 
orthonormal basis of ℋ. Given a function G : [0, 1] → R, we define the operator

G(ρ) :=
N∑︂
j=1 

G(pj)|ψj⟩⟨ψj |.

Hence

TrG(ρ) =
N∑︂
j=1 

G(pj).

If G(τ) = −τ log τ for 0 < τ ≤ 1 and G(0) = 0, TrG(ρ) is the von Neumann entropy of ρ; see, e.g., [21, 
Section 5.2].

Theorem 6.1. Let G : [0, 1] → R be a concave function. For every |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1, and density 
operator ρ, we have

ℰG(ϕ, ρ) ≥ TrG(ρ). (6.3)
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(i) Equality occurs in (6.3) for every |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1 if ρ = N−1I (the so-called chaotic state).
(ii) More generally, equality occurs in (6.3) if |ϕ⟩ is an S-state vector (Definition 1.2), ρ has the form in 

(6.2) with

|ψj⟩ = eiθjW (zj)|ϕ⟩

for some θj ∈ R, and some zj ∈ A× ˆ︁A, j = 1, . . . , N , belonging each to a different coset in A× ˆ︁A of 
the maximal isotropic subgroup K := {z ∈ A× ˆ︁A : Vϕϕ(z) ̸= 0} (hence #K = N).

(iii) If G is strictly concave, equality occurs in (6.3) for some pair |ϕ⟩, ρ, with ∥|ϕ⟩∥ = 1 and ρ having 
distinct eigenvalues, only if |ϕ⟩ and ρ have the form in (ii).

Proof. Form (6.2) we have (cf. (5.2))

uϕ,ρ(z) =
N∑︂
j=1 

pj |Vϕψj(z)|2 z ∈ A× ˆ︁A. (6.4)

Hence

ℰG(ϕ, ρ) = 1 
N

∑︂
z∈A× ˆ︁A

G
(︂ N∑︂

j=1 
pj |Vϕψj(z)|2

)︂

≥ 1 
N

∑︂
z∈A× ˆ︁A

N∑︂
j=1 

G(pj)|Vϕψj(z)|2

=
N∑︂
j=1 

G(pj),

where the inequality follows from the concavity of G and the fact that, for z ∈ A× ˆ︁A,

N∑︂
j=1 

|Vϕψj(z)|2 =
N∑︂
j=1 

|⟨π(z)ϕ|ψj⟩L2(A)|2 = ∥π(z)ϕ∥2
L2(A) = 1, (6.5)

whereas the last equality is a consequence of (2.9), that here reads

1 
N

∑︂
z∈A× ˆ︁A

|Vϕψj(z)|2 = 1 j = 1, . . . , N. (6.6)

By (6.5) it is clear that (i) holds.
From the above argument we see that, more generally, equality occurs in (6.3) if and only if, for every 

z ∈ A× ˆ︁A,

G
(︂ N∑︂

j=1 
pj |Vϕψj(z)|2

)︂
=

N∑︂
j=1 

G(pj)|Vϕψj(z)|2. (6.7)

If G is strictly concave and pj ̸= pk for j, k ∈ {1, . . . , N}, j ̸= k, this happens if and only if, for every 
z ∈ A × ˆ︁A there exists (one and) only one j ∈ {1, . . . , N} such that Vϕψj(z) ̸= 0. That is, the functions 
Vϕψj , j = 1, . . . , N , have disjoint supports. By (2.8) and (6.6) such supports have cardinality at least N , 
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and therefore they must have all cardinality N . By Theorem 2.13 (iii) this implies that |ϕ⟩ is an S-state 
vector (Definition 1.2) and there exist θj ∈ R, zj ∈ A× ˆ︁A, with j = 1, . . . , N such that

|ψj⟩ = eiθjW (zj)|ϕ⟩.

Moreover, it follows from Theorem 2.13 (ii), that the set K in the statement is a maximal isotropic subgroup 
of A× ˆ︁A. Since the |ψj⟩’s are pairwise orthogonal, arguing as in the proof of Theorem 1.5 we see that the 
zj ’s belong to different cosets of K. This proves (iii).

Conversely, it is clear, essentially by reversing this latter reasoning, that for |ϕ⟩ and |ψj⟩ as above, that is, 
as in (ii), the vectors |ψj⟩ define an orthonormal basis of ℋ, and the functions Vϕψj have disjoint supports. 
Hence (6.7) is satisfied for every z ∈ A × ˆ︁A regardless of whether G is strictly concave and whether the 
pj ’s are all distinct (indeed, the summations in (6.7) contain only one summand, in this case). Hence, (ii) 
is proved. □
6.2. Maximizing the Wehrl entropy

We consider the problem of maximizing the Wehrl entropy in (1.15) when A is a finite Abelian group, 
say of cardinality N .

We recall from [21, Section 12.3] that the characteristic function of a density operator ρ is defined by

ρ̃(z) := Tr ρW (z) z ∈ A× ˆ︁A. (6.8)

When ρ = |ψ⟩⟨ψ| is a rank one projector, we simply write ψ̃(z) for ρ̃(z).
We also consider the Fourier transform on A× ˆ︁A, defined by

ℱf(ξ′, x′) = 1 
N

∑︂
(x,ξ)∈A× ˆ︁A

ξ′(x)ξ(x′)f(x, ξ) (ξ′, x′) ∈ ˆ︁A×A.

We will need the following useful formula for the Fourier transform of the Husimi function. Related formulas 
have appeared in various contexts (such as mathematical signal processing [1]) but with different notation 
and terminology.

Proposition 6.2. Let |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1 and let ρ be a density operator in ℋ. We have

ℱuϕ,ρ(ξ,−x) = ϕ̃(x, ξ)ρ̃(x, ξ) (x, ξ) ∈ A× ˆ︁A.
Proof. It suffices to prove the desired result when ρ is a rank one projector, therefore ρ = |ψ⟩⟨ψ|. In that 
case, we have (cf. (6.4))

uϕ,ρ(z) = |Vϕψ(z)|2.

By direct inspection one sees that

ϕ̃ = Vϕϕ ρ̃ = Vψψ.

As a consequence, we are reduced to prove that

ℱ(|Vϕψ|2)(ξ,−x) = Vϕϕ(x, ξ)Vψψ(x, ξ) (x, ξ) ∈ A× ˆ︁A.

This formula was proved in [1, Lemma 2.2] when A = Zd. The proof given there can be easily adapted to 
any finite Abelian group (in fact, to any LCA group). □
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We also need the following elementary lemma.

Lemma 6.3. Let G : [0, 1] → R be a concave function and N ≥ 1 be an integer. Let

𝒫 :=
{︂
t = (t1, . . . , tN2) ∈ [0, 1]N

2
: 

N2∑︂
j=1 

tj = N
}︂
,

and

f(t) := 1 
N

N2∑︂
j=1 

G(tj) t ∈ 𝒫.

Then f attains its maximum value on 𝒫 at t := (N−1, . . . , N−1).
If G is strictly concave, then t is the unique maximum point.

Proof. For every t = (t1, . . . , tN2) ∈ 𝒫 and every permutation

σ : {1, . . . , N2} → {1, . . . , N2},

consider the point tσ := (tσ(1), . . . , tσ(N2)) ∈ 𝒫. Using the fact that 
∑︁N2

j=1 tj = N it is easy to check that

t = 1 
(N2)!

∑︂
σ

tσ.

Indeed, each component of the vector 
∑︁

σ tσ is equal to

(N2 − 1)!t1 + (N2 − 1)!t2 + . . . + (N2 − 1)!tN2 = (N2 − 1)!N.

Since G is concave, f is concave as well and therefore

f(t) ≥ 1 
(N2)!

∑︂
σ

f(tσ) = 1 
(N2)!

∑︂
σ

f(t) = f(t).

The last part of the statement is clear, because f is strictly concave whenever G is strictly concave. □
We can now state the desired characterization of the maximizers of the Wehrl entropy. For a function 

f : A× ˆ︁A → C we set supp f = {z ∈ A× ˆ︁A : f(z) ̸= 0}.

Theorem 6.4. Let G : [0, 1] → R be a concave function. Let |ϕ⟩ ∈ ℋ, with ∥|ϕ⟩∥ = 1 and let ρ be a density 
operator in ℋ. Then

ℰG(ϕ, ρ) ≤ N G(1/N). (6.9)

Moreover, if G is strictly concave, equality occurs in (6.9) if and only if

supp ϕ̃ ∩ supp ψ̃ = {0}. (6.10)

Proof. The upper bound (6.9) follows from (6.1) and Lemma 6.3.
Suppose that G is strictly concave. Then it follows from Lemma 6.3 that equality occurs in (6.9) if and 

only if
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uϕ,ρ(z) = 1 
N

z ∈ A× ˆ︁A.

Taking the Fourier transform of both sides, we see that this is equivalent to

ℱuϕ,ρ(ξ, x) =
{︄

1 (ξ, x) = 0
0 (ξ, x) ̸= 0.

Using Proposition 6.2, this amounts to (6.10), because ρ̃(0) = Tr ρ = 1 and, similarly, ϕ̃(0) = 1. □
Remark 6.5. If G(τ) = −τ log τ for 0 < τ ≤ 1 and G(0) = 0, as already observed, TrG(ρ) is the von 
Neumann entropy of ρ. In this case, by combining Theorems 6.1 and 6.4 we obtain that

TrG(ρ) ≤ ℰG(ϕ, ρ) ≤ logN.

It is well known and easy to check that TrG(ρ) = logN if and only if ρ = N−1I. Theorems 6.1 and 6.4
provide information on the cases where the two above inequalities hold separately as an equality.

Declaration of competing interest

We declare no conflicts of interest.

Acknowledgements

The author is a fellow of the Accademia delle Scienze di Torino and a member of the Società Italiana di 
Scienze e Tecnologie Quantistiche (SISTEQ).

Data availability

The present paper has no associated data.

References

[1] R. Alaifari, M. Wellershoff, Stability estimates for phase retrieval from discrete Gabor measurements, J. Fourier Anal. 
Appl. 27 (2) (2021) 6, 31.

[2] T. Basile, J.A. de Leon, A. Fonseca, F. Leyvraz, C. Pineda, Weyl channels for multipartite systems, Phys. Rev. A 109 (3) 
(2024) 032607.

[3] R.A. Bertlmann, P. Krammer, Bloch vectors for qudits, J. Phys. A, Math. Theor. 41 (23) (2008) 235303.
[4] E.A. Carlen, Some integral identities and inequalities for entire functions and their application to the coherent state 

transform, J. Funct. Anal. 97 (1) (1991) 231--249.
[5] M.A. De Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, vol. 7, Springer Science & 

Business Media, 2011.
[6] M.A. de Gosson, Quantum Harmonic Analysis—An Introduction, Advances in Analysis and Geometry, vol. 4, De Gruyter, 

Berlin, 2021.
[7] G. De Palma, D. Trevisan, V. Giovannetti, L. Ambrosio, Gaussian optimizers for entropic inequalities in quantum infor

mation, J. Math. Phys. 59 (8) (2018) 081101, 25.
[8] J. Dehaene, B. De Moor, Clifford group, stabilizer states, and linear and quadratic operations over GF(2), Phys. Rev. A 

68 (4) (2003) 042318, 10.
[9] H.G. Feichtinger, M. Hazewinkel, N. Kaiblinger, E. Matusiak, M. Neuhauser, Metaplectic operators on Cn, Q. J. Math. 

59 (1) (2008) 15--28.
[10] G.B. Folland, A Course in Abstract Harmonic Analysis, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 

1995.
[11] R.L. Frank, Sharp inequalities for coherent states and their optimizers, Adv. Nonlinear Stud. 23 (1) (2023) 20220050, 28.
[12] R.L. Frank, F. Nicola, P. Tilli, The generalized Wehrl entropy bound in quantitative form, J. Eur. Math. Soc. (2025), 

https://doi.org/10.4171/JEMS/1674, published online first.

http://refhub.elsevier.com/S0021-7824(25)00122-9/bib9DD643376337ED8DA157B65480D71E67s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib9DD643376337ED8DA157B65480D71E67s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0AFE5823E11A22BBBD2624DFDEB0120Cs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0AFE5823E11A22BBBD2624DFDEB0120Cs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib71916BC64B19DBDF460BCB6EF6633A7Fs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibB1AE836552C3DEBD32B10DA99F55EB0Cs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibB1AE836552C3DEBD32B10DA99F55EB0Cs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibC693762168DAF586D779B571A6D47589s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibC693762168DAF586D779B571A6D47589s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibD7340DFA051AB0FD052512F44052F978s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibD7340DFA051AB0FD052512F44052F978s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib30980BFF00452CD1EBD270643DF9A8C7s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib30980BFF00452CD1EBD270643DF9A8C7s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF42730F7323389775663A83E6D368114s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF42730F7323389775663A83E6D368114s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib6E19F2EFE4E0B4239C6294A6FA30C66As1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib6E19F2EFE4E0B4239C6294A6FA30C66As1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibAC546E90D86AEF4C224BFEA6D47936DFs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibAC546E90D86AEF4C224BFEA6D47936DFs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibD10C294057696EB9CD5DB936FA220EEFs1
https://doi.org/10.4171/JEMS/1674


28 F. Nicola / J. Math. Pures Appl. 205 (2026) 103778 

[13] V. Giovannetti, A.S. Holevo, A. Mari, Majorization and additivity for multimode bosonic Gaussian channels, Teor. Mat. 
Fiz. 182 (2) (2015) 338--349.

[14] D. Gottesman, The Heisenberg representation of quantum computers, in: Group22: Proceedings of the XXII International 
Colloquium in Group Theoretical Methods in Physics, Hobart, 1998, Int. Press, Cambridge, MA, 1999, pp. 32--43.

[15] K. Gröchenig, Aspects of Gabor analysis on locally compact abelian groups, in: Gabor Analysis and Algorithms: Theory 
and Applications, Springer, 1998, pp. 211--231.

[16] K. Gröchenig, Foundations of Time-Frequency Analysis, Birkhäuser Boston, Inc., Boston, MA, 2001.
[17] D. Gross, Hudson’s theorem for finite-dimensional quantum systems, J. Math. Phys. 47 (12) (2006) 122107, 25.
[18] E. Hewitt, K.A. Ross, Abstract Harmonic Analysis. Vol. I: Structure of Topological Groups. Integration Theory, Group Rep

resentations, Die Grundlehren der mathematischen Wissenschaften, vol. 115, Academic Press, Inc., Publishers/Springer
Verlag, New York/Berlin-Göttingen-Heidelberg, 1963.

[19] E. Hewitt, K.A. Ross, Abstract Harmonic Analysis. Vol. II: Structure and Analysis for Compact Groups. Analysis on 
Locally Compact Abelian Groups, Die Grundlehren der mathematischen Wissenschaften, vol. 152, Springer-Verlag, New 
York-Berlin, 1970.

[20] A. Holevo, Probabilistic and Statistical Aspects of Quantum Theory, second edition, Quaderni/Monographs, vol. 1, Edizioni 
della Normale, Pisa, 2011.

[21] A.S. Holevo, Quantum Systems, Channels, Information—A Mathematical Introduction, second edition, Texts and Mono
graphs in Theoretical Physics, De Gruyter, Berlin, 2019.

[22] E. Hostens, J. Dehaene, B. De Moor, Stabilizer states and Clifford operations for systems of arbitrary dimensions and 
modular arithmetic, Phys. Rev. A 71 (4) (2005) 042315, 9.

[23] J.-i. Igusa, Harmonic analysis and theta-functions, Acta Math. 120 (1968) 187--222.
[24] J.-i. Igusa, Theta Functions, Die Grundlehren der mathematischen Wissenschaften, vol. 194, Springer-Verlag, New York

Heidelberg, 1972.
[25] N. Kaiblinger, M. Neuhauser, Metaplectic operators for finite abelian groups and Rd, Indag. Math. 20 (2) (2009) 233--246.
[26] A. Kulikov, Functionals with extrema at reproducing kernels, Geom. Funct. Anal. 32 (4) (2022) 938--949.
[27] A. Kulikov, F. Nicola, J. Ortega-Cerdà, P. Tilli, A monotonicity theorem for subharmonic functions on manifolds, Preprint, 

arXiv:2212.14008, 2022.
[28] E.H. Lieb, Proof of an entropy conjecture of Wehrl, Commun. Math. Phys. 62 (1) (1978) 35--41.
[29] E.H. Lieb, M. Loss, Analysis, American Mathematical Society, Providence, RI, 2001.
[30] E.H. Lieb, J.P. Solovej, Proof of an entropy conjecture for Bloch coherent spin states and its generalizations, Acta Math. 

212 (2) (2014) 379--398.
[31] E.H. Lieb, J.P. Solovej, Proof of the Wehrl-type entropy conjecture for symmetric SU(N) coherent states, Commun. Math. 

Phys. 348 (2) (2016) 567--578.
[32] F. Luef, Y.I. Manin, Quantum theta functions and Gabor frames for modulation spaces, Lett. Math. Phys. 88 (1--3) (2009) 

131--161.
[33] F. Nicola, The uncertainty principle for the short-time Fourier transform on finite cyclic groups: cases of equality, J. Funct. 

Anal. 284 (12) (2023) 109924, 13.
[34] F. Nicola, Maximally localized Gabor orthonormal bases on locally compact Abelian groups, Adv. Math. 451 (2024) 

109786.
[35] F. Nicola, F. Riccardi, P. Tilli, The Wehrl-type entropy conjecture for symmetric SU(N) coherent states: cases of equality 

and stability, Preprint, arXiv:2412.10940, 2024.
[36] F. Nicola, P. Tilli, The Faber-Krahn inequality for the short-time Fourier transform, Invent. Math. 230 (1) (2022) 1--30.
[37] M.A. Nielsen, I.L. Chuang, Quantum Computation and Quantum Information, Cambridge University Press, 2010.
[38] H. Reiter, Metaplectic Groups and Segal Algebras, Lecture Notes in Mathematics, vol. 1382, Springer-Verlag, Berlin, 1989.
[39] H. Reiter, J.D. Stegeman, Classical Harmonic Analysis and Locally Compact Groups, second edition, London Mathematical 

Society Monographs. New Series, vol. 22, The Clarendon Press, Oxford University Press, New York, 2000.
[40] I.E. Segal, Transforms for operators and symplectic automorphisms over a locally compact abelian group, Math. Scand. 

13 (1963) 31--43.
[41] T. Singal, C. Chiang, E. Hsu, E. Kim, H.-S. Goan, M.-H. Hsieh, Counting stabiliser codes for arbitrary dimension, Quantum 

7 (2023) 1048.
[42] M. Van den Nest, A monomial matrix formalism to describe quantum many-body states, New J. Phys. 13 (12) (2011) 

123004.
[43] M. Van den Nest, Efficient classical simulations of quantum Fourier transforms and normalizer circuits over abelian groups, 

Quantum Inf. Comput. 13 (11--12) (2013) 1007--1037.
[44] A. Wehrl, On the relation between classical and quantum-mechanical entropy, Rep. Math. Phys. 16 (3) (1979) 353--358.
[45] A. Weil, Sur certains groupes d’opérateurs unitaires, Acta Math. 111 (1964) 143--211.
[46] A. Weil, Basic Number Theory, Classics in Mathematics, Springer-Verlag, Berlin, 1995, Reprint of the second (1973) 

edition.
[47] H. Weyl, Quantenmechanik und gruppentheorie, Z. Phys. 46 (1) (1927) 1--46.
[48] E.I. Zelenov, On the minimum of the Wehrl entropy for a locally compact Abelian group, Tr. Mat. Inst. Steklova 324 

(2024) 95--100.

http://refhub.elsevier.com/S0021-7824(25)00122-9/bib1772553490053194D7B32DDDBB922CD3s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib1772553490053194D7B32DDDBB922CD3s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib1BEC796AC1087757D879AE5C7A1E6C8As1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib1BEC796AC1087757D879AE5C7A1E6C8As1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib7966B3E3A83CC73388198FD82B0ECD5Ds1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib7966B3E3A83CC73388198FD82B0ECD5Ds1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibD7DAFA056802CABBF8DA1424EA093318s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib9136679F7BE591C4FED424390C4F0472s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF945C21B44438F621093B5EFB2F4DEE5s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF945C21B44438F621093B5EFB2F4DEE5s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF945C21B44438F621093B5EFB2F4DEE5s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0345DEF68F9983BC2D88154A0B4CBD72s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0345DEF68F9983BC2D88154A0B4CBD72s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0345DEF68F9983BC2D88154A0B4CBD72s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib576AEA92B035F2AEA07DCB420604C120s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib576AEA92B035F2AEA07DCB420604C120s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib8AF3656DEF4C30B01D6855D02D2ABF9Es1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib8AF3656DEF4C30B01D6855D02D2ABF9Es1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib3C07380F5767803AACEBA67D91EF8F4As1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib3C07380F5767803AACEBA67D91EF8F4As1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF9227265B51770442CC408CA42217DE4s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibE6AA3FA667BE912FA865490E7A1B9E1Cs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibE6AA3FA667BE912FA865490E7A1B9E1Cs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib04B880C534D7CC7F6FB3097869F76944s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib6007371DD7F6E122C35F21CA0D4AF049s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib89A5472C53D90C38C9515F30402CCA76s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib89A5472C53D90C38C9515F30402CCA76s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibA97B043C875A7642E517DC9DE9AF4153s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0BC542DA0F431D35EB95F45FCB93EF43s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF957A43CBE0D7923294714962426CF31s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF957A43CBE0D7923294714962426CF31s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib077E4B2C9D14FF97ED4B5FEFAE122D31s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib077E4B2C9D14FF97ED4B5FEFAE122D31s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0090280248003249AA92AA4FEEF9028Es1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0090280248003249AA92AA4FEEF9028Es1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib9B35C08AF2125DDEEC1B45F1C5E1E23Fs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib9B35C08AF2125DDEEC1B45F1C5E1E23Fs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib8C28BB05883C11E3716ED5C840700FF8s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib8C28BB05883C11E3716ED5C840700FF8s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib834C7A1CEB01CEE7216E8EDE56183887s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib834C7A1CEB01CEE7216E8EDE56183887s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibD92AA43CC84C99ED6E3ECD64A2E13BAEs1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib15DC8E959D4C4CE717AF4F4E5A3C54F5s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib0B190A80331FDBDB463447472D89F0C8s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibE8871E88C5C4823E5F8E606CDCD66808s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibE8871E88C5C4823E5F8E606CDCD66808s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib101C14F6B7A9F20770E64E8834934665s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib101C14F6B7A9F20770E64E8834934665s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibD2707B6A22518A7014FF10EC1F32B615s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibD2707B6A22518A7014FF10EC1F32B615s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib975869C0CF470182D24CEBB89477BA98s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib975869C0CF470182D24CEBB89477BA98s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibFDFDA451509954753882D3493F6420E8s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibFDFDA451509954753882D3493F6420E8s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib22B9784D230DF869E27A8EA81A7B53C2s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib33A452F0C2D4F0896808D1C2521CCC35s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF47BC3E8D7B274A19701C481934E73B0s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bibF47BC3E8D7B274A19701C481934E73B0s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib79A4358BD85CB78D62BA9FE9057A0600s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib8D776EFD3AC16210369E5711DEB26519s1
http://refhub.elsevier.com/S0021-7824(25)00122-9/bib8D776EFD3AC16210369E5711DEB26519s1

	The wave function of stabilizer states and the Wehrl conjecture
	1 Introduction and discussion of the main results
	1.1 Stabilizer states
	1.2 The Wehrl entropy

	2 Tools from harmonic analysis
	2.1 Notation
	2.2 Isotropic subgroups
	2.3 Coherent state transform
	2.4 Characters of second degree
	2.5 Subcharacters of second degree

	3 Stabilizer states
	4 A moduli space for the set of stabilizer states
	5 Minimizing the Wehrl entropy
	6 Further results for finite-dimensional systems
	6.1 Berezin-Lieb inequality
	6.2 Maximizing the Wehrl entropy

	Declaration of competing interest
	Acknowledgements
	Data availability
	References


