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Abstract

Artificial Intelligence models are proving extremely useful and are rapidly
spreading across the industrial landscape; however, their robustness remains
an open challenge that requires further investigation. The use of Machine
Learning models—mostly data-driven—poses issues in high-risk domains where
model reliability is essential, where understanding the reasoning behind a
model’s decision is crucial, or in situations where data is scarce or noisy, making
purely data-driven approaches unreliable. These concerns have given rise to
various research directions, all aiming to improve the trustworthiness and
reliability of Machine Learning models. One of the most promising approaches
focuses on enhancing models’ robustness by incorporating domain knowledge of
various kinds into predominantly data-driven Machine Learning models. These

techniques are referred as Knowledge-Informed Machine Learning.

This Ph.D. project has been dedicated to advancing research in this area by
organizing existing techniques and pushing the boundaries of the field through
new applications, with the ultimate goal of accelerating technology transfer to
industry. This final thesis presents the key outcomes of this work. Firstly, we
report a comprehensive study and classification of existing Knowledge-Informed
Machine Learning techniques. To date, in industrial contexts, these techniques
have been applied almost exclusively to predictive modeling. For the first
time, a formal analysis of these techniques is provided, comparing them with
traditional Machine Learning approaches and offering an extensive overview of
those already adopted in industry. Having laid these foundations, the thesis
moves on to its core focus: the development of new practical applications and
the expansion of research into emerging directions. Two representative case
studies are presented. The first is a practical implementation of a Knowledge-
Informed Predictive Model, specifically a power flow analysis using physics to

inform a Machine Learning model. In this case study, existing iterative models



vi

for solving the underlying physical equations were highly inefficient, making
them unsuitable for real-time control applications. To address this, a surrogate
model was developed by integrating multiple knowledge-informing techniques,
enabling accurate predictions while significantly outperforming traditional
models in terms of both efficiency and reliability. The second application
explores a Knowledge-Informed Generative Model, a class of models still in its
early stages but already showing potential for industrial use. In this case, the
generative modeling framework, specifically diffusion models, was employed
to tackle an inverse design problem applied to mechanical metamaterials. A
completely novel technique was introduced, which we demonstrated to be highly
effective in scenarios where strict adherence to design constraints is crucial.
Both applications demonstrate the advantages of using Knowledge-Informed
Machine Learning to enhance model robustness and validate the research carried
out throughout this doctoral project. This manuscript concludes by outlining
the ongoing developments and what we believe to be the future prospects of

this line of research.
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Chapter 1
Introduction

In recent years, Artificial Intelligence (AI) has been rapidly spreading across
the globe. Yet, interest in AI has existed for quite some time, beginning
in the mid 20th century closely following the birth of computer science. At
that time, the idea emerged of building machines capable of performing tasks
typical of human intelligence, and several research projects began to pursue
this goal [1, 2]. However, its early development proceeded at a relatively slow
pace. During the 1960s, 1970s, and 1980s, Al research was primarily based
on a symbolic approach, where knowledge about the world was represented
through symbols and logical rules, aiming to mimic human reasoning through
deductive inference [3]. Despite these efforts, this approach never truly spread
in the global market. The real breakthrough came with the availability of
large datasets and computational power, which led to the Machine Learning
(ML) revolution in the 1990s and early 2000s, shifting the focus to statistical
data-driven models [3]. The main advantage of these models lies in their
domain-agnostic nature, which allows them to learn behavior directly from

data, thereby obviating the need for specific domain expertise.

Since then, ML has seen exponential growth. The number of Al-related
publications has risen exponentially, as shown in Figure 1.1, while private
investments have increased by 1300% since 2014 [4]. In the last fifteen years, we
have witnessed the rapid emergence of groundbreaking innovations such as Deep
Learning, Generative AI, Transformers, Large Language Models (LLMs), and

AT Agents, marking a new era in technological advancement. This revolution
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Fig. 1.1 Annual number of publications on Scopus’ related to Al, obtained through
a keyword-based search using terms associated with Al

has not been an end in itself, but it is extending to virtually every aspect
of life. An example of the wide range of domains that AI has infiltrated is
the awarding of the 2024 Nobel Prizes in Physics (Geoffrey Hinton and John
Hopfield) and Chemistry (David Baker, Demis Hassabis, and John M. Jumper),
which included AT experts whose contributions enabled major breakthroughs
in their respective fields. However, this is only a glaring example, and it
is not just research that has benefited from AI. What we are experiencing
is AI models moving from research labs to the market at an astonishing
pace. We have become accustomed to near-daily advancements, and people’s
optimism towards Al is growing worldwide [4]. In just a few years, end-users
have embraced concepts that were previously unthinkable, such as intelligent
chatbots, personalized recommendation systems, autonomous driving, and
commercially-ready robots. Not only end-users, but also the labor market has
benefited from these innovations: new Al tools open up new possibilities, like
smart industries, increasingly efficient automation, enhanced data analysis, and
countless other innovations. According to a 2024 global survey by McKinsey
& Company [5], 78% of companies are using Al for their processes with an
overall clearly positive impact, although opinions on the extent of the economic
benefits vary. It is undeniable, however, that Al has significantly boosted
productivity and industrial efficiency [4].



Alongside these benefits, the first concerns have begun to emerge regarding
the challenges posed by this profound change [6]. In accordance with the
Al Incident Database! (AIID), Al-related incidents have steadily increased
in recent years, reaching 233 in 2024, a rise of 56.4% compared to 2023. In
addition, other critical issues must be addressed, such as unemployment, lack
of trustworthiness, environmental impact, responsibility, bias, and privacy, all
of which require a rational and systematic approach. Still, these problems
seem to be frequently overlooked; in fact, concerns about Al safety are often
sidelined to avoid stalling research, as major tech companies continue to push
the boundaries of Al [4]. This is highlighted by the McKinsey & Company [5]
survey, which shows that less than 64% of the business leaders interviewed are

taking active steps to mitigate risks.

Thankfully, there are still hopeful signs. Worldwide, there is a growing
commitment to a more responsible approach to Al. Dedicated research groups
are working to ensure the sustainable development of AI, while institutions
such as the European Union, the Organisation for Economic Co-operation and
Development, the United Nations, and the African Union are taking steps to
identify risks and monitor the development of Al [4]. Research publications in
the field of reliable Al have increased by 28.8% in the last year [4]. Companies

2 comprising some of the most highly regarded

such as Safe Superintelligence
researchers in the field, explicitly aim to promote safer and more controlled Al
development. They have also received huge funding to support their efforts?.
The European Union has made significant strides with the release of the Al
Act?, the first legislative framework aiming to regulate AI and control its fast
development. The practical implementation of the AI Act has only just begun,

yet it must keep pace with a field evolving at extraordinary speed.

Geoffrey Hinton, Nobel Prize and Turing Award laureate, has for years been
raising awareness about Al safety, advocating for a supranational agreement on
controlled AT development. Unfortunately, this goal remains far from realization.
To date, the analysis of associated risks is often overshadowed by the focus on Al
ability to enhance many aspects of life and work, which continues to dominate

both the market and research priorities. It is therefore our responsibility, as

Thttps://incidentdatabase.ai/
2https:/ /ssi.inc/
Shttps://artificialintelligenceact.eu/the-act /
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future AI professionals, to ensure that future Al development follows a safe path
for humanity. It is up to us, as those who will lead tomorrow’s development,
to ensure that Al serves all of society, improving people’s lives, rather than

taking control, increasing inequalities, or causing conflicts.

As a result, it is essential to focus on creating Al that is both trustworthy
and responsible, particularly in high-stakes and sensitive fields. With this goal
in mind, the first question to ask is: Where do the open problems with Al
originate? This question is open to a thousand answers. To us, one of the
key challenges lies in the fact that the very strength of AI, namely its sole
dependency on data, is perhaps also its most problematic. We explain this
statement in more detail. On the one hand, the domain-agnostic nature of
ML models, trained solely on data, has enabled their adoption across diverse
domains and allowed a few model architectures (e.g., neural networks, support
vector machines) to be applied to countless scenarios. In addition, ML has been
proven to be highly effective and the statistical approach is sufficient in many
fields. To be fully accurate, not only is it sufficient, but it has even enabled
applications that were previously considered impractical, thanks to the lack of
need for domain-specific insights. However, on the other hand, this approach

comes with several intrinsic issues that are worth analyzing in detail.

o First, statistical models are built to perform well on average, while
the model point-wise predictions can still deviate from actual outcomes,
meaning that individual output may not be entirely reliable. This is a well-
known issue that is sometimes consciously accepted and, at other times,
can cause problems and be mistakenly overlooked. For instance, the work
of Raissi et al. [7] highlighted how models can violate fundamental physical
principles, such as mass conservation, despite performing reasonably well
on average with the training data. Hence, it is important to recognize that

every prediction is a statistical estimate inherently marked by uncertainty.

o A second relevant aspect is that the data-driven approach relies on
correlations rather than causal relationships. This feature, while powerful,
is also a double-edged sword. The positive side is that ML models can
extract useful information from data considered unusable in traditional
physics-based models. For instance, vibration data from the external

casing of a mechanical machine, largely worthless for physical modeling,



can be employed by an ML model, given sufficient historical data, to
estimate the health of components. However, at the same time, the use of
correlations is dangerous and can be misleading. The so-called spurious
correlations may occur between variables that are completely unrelated,
creating the illusion of a relationship where none truly exists. This might
lead to models that incorrectly rely on seemingly high correlation values,
with no guarantee that future events will continue to follow the same trend.
Therefore, trusting solely in correlations should be done with caution,
as demonstrated by striking cases, documented for both cautionary and
entertainment purposes by websites such as Spurious Correlations*. For
example, they report the apparent correlation between the popularity of
the name Theodore in the US and fossil fuel usage in Burundi, which
shows a Pearson correlation of 0.981, even though it is clear that the
two are unrelated. Cases like these are manifest, but they also prompt
reflection on how relying on correlations without any understanding of

causality can lead to gross errors.

o A third problem is that data-driven models often struggle with extrapo-
lation, meaning that when historical data are absent or insufficient, or
when conditions change, the model performance deteriorates. A prime
example of this is Google Flu Trends, which initially showed promise but
underperformed when tested with new data [8]. Such cases demonstrate
how even the world’s top experts face challenges of this nature. Then,
when using a predictive ML, model, one must be aware that its validity
is limited to the range covered by the training set and that applying it

outside this range should be done with caution.

o A fourth intrinsic feature of the statistical approach, is that performance is
highly sensitive to data quality. High-quality datasets lead to high-quality
models, while poor datasets result in poor models, or as is often said:
garbage in, garbage out. It is logical that a model trained on an inaccurate
dataset will result in an inaccurate model, but it is important to note that
when we talk about dataset quality, we are not only referring to accuracy
or fidelity. This concept is much broader and includes aspects such as

fairness, robustness, diversity, and completeness. Examples of datasets

4https://www.tylervigen.com/spurious-correlations
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lacking fairness controls lead to biased models in criminal recidivism

prediction tools [9] and biased hiring algorithms [10].

o The fifth point raised about the intrinsic nature of ML is the lack of
algorithmic transparency and the responsibility for errors. These two
concepts appear to be closely related, as machine choices can often seem
arbitrary and difficult to justify. When the reasoning behind a model
decisions is opaque, its use can generate unease and mistrust. This is
the case of SyRI, a model used in the Netherlands for welfare decisions,
where the reasoning behind some discriminatory outcomes was opaque,
ultimately leading to its abandonment [11]. Similar concerns arise in

autonomous driving incidents [12], where accountability is unclear.

From this set of issues, we can draw the following conclusions: the data-
dependency of AI models results in models that only reflect the content of
the training dataset, which may contain inaccuracies, the decision process
is often opaque, individual outcomes can be unreliable and alignment with
human ethics is not guaranteed. For all these reasons, we argue that a purely
data-driven and domain-agnostic approach is no longer sufficient to ensure the

development of safe and reliable AI models.

Nonetheless, it is evident that the benefits of data-driven Al are extraordi-
nary and have opened new avenues previously considered inaccessible. Early
commercial Al systems based on symbolic approaches used explicit rules, mak-
ing them inherently controllable, interpretable, and transparent, but they failed
to trigger a true technological revolution. A notable example is MYCIN [13], a
medical tool developed in the 1970s to assist diagnosis with reasonable accuracy,
which, despite its potential, remained confined to academics. The diffusion
of Al only came with the advent of ML and the domain-agnostic use of data,

which enabled its adoption across diverse domains.

This makes it clear that a return to less data-dependent and fully inter-
pretable models is not the right path. We must address the weaknesses, while
maintaining the current advantages. In particular, to effectively address the
weaknesses of current Al systems, future advancements should maintain, at
least partially, the exploitation of data, but prioritize enhancing the models’

reliability and trustworthiness. In our view, these two concepts (i.e., reliability



and trustworthiness) capture key areas where Al still needs to improve, as they

encompass different yet complementary aspects.

Reliability focuses on technical aspects, such as robustness, physical consis-
tency, extrapolation capability, and resilience to adversarial attacks. Trustwor-
thiness concerns fairness, bias mitigation, transparency, and alignment with
ethical principles. It emphasizes control over the moral correctness of a model,
via the dataset, learning process and model architecture. These two concepts
encapsulate the core areas where research and development should concentrate

in order to address the present limitations of Al

But how can these objectives be practically achieved? The previously
discussed challenges posed by Al can be tackled either independently or as a
whole, following multiple approaches. Currently, numerous promising research
directions are being explored. We will present a few notable examples to

highlight potential avenues for progress.

To improve algorithm explainability, tools such as SHAP ® and LIME ¢ have
been developed to interpret black-box models without modifying their internal
structure. They are used to improve the understanding of models’ decisions in
a way that can be easily applied to existing systems, making them particularly
versatile. This approach has already reached a sufficient level of maturity and
has found success in real-world applications where interpretability is crucial,
such as in the medical field [14, 15].

Another line of research focuses on robustness and safety. Notable studies
are devoted to enhancing the adversarial resistance of ML models [16]. Other
approaches introduce human-in-the-loop mechanisms to provide informed con-
trol over decisions [17], and fallback strategies to ensure safety in critical

applications [18].

Significant research also addresses bias detection and mitigation [19, 20],
and ethical alignment via techniques like reinforcement learning with human
feedback [21]. Such techniques help build confidence in the models, encouraging

their practical use.

Shttps://github.com/shap/shap
Shttps://github.com/marcotcr/lime
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Another field, known as Knowledge-Informed ML, has rapidly captured the
attention of the industry. It incorporates domain knowledge into ML models,
aiming to tackle a broader set of their intrinsic issues; in fact, these tech-
niques can increase accuracy, robustness, and consistency, while also improving
interpretability of the model’s inference mechanisms. Due to its potential,
Knowledge-Informed ML is gaining traction in industry, but, while promising,
it presents unresolved challenges, largely due to its recent introduction. First,
Knowledge-Informed Models remain complex and resource-intensive. Their de-
velopment demands both domain-specific expertise and ML proficiency, namely
skills that are rarely found in a single professional profile. Moreover, building
a Knowledge-Informed Model remains a highly application-specific task, and
acquiring and encoding domain knowledge, as well as selecting the implementa-
tion strategy, is both non-trivial and costly. This limits the widespread adoption
of Knowledge-Informed ML, unlike the more flexible, purely data-driven ML

techniques.

However, despite all these challenges, Knowledge-Informed Models are seeing
growing adoption in the industry and research, thanks to their potential to
overcome the limitations of ML. As shown in Figure 1.2, according to Scopus’
the number of publications related to knowledge-informed machine learning
has been steadily increasing for years, with annual growth rates consistently
above 36% since 2019.
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5000

4000
3000

2000

Number of Publications

1000

(]

I~
=]
=1
3]

> 0 — @
== = R~ B B
o ©o ©o ©o ©o o o =
(5 B B S TR B T B B

2000
0
2003
2004
2005
2006
2013
2023

e
A

2008
2009
2010
2011

2001
01

&

Fig. 1.2 Annual number of publications on Scopus’ related to knowledge-informed
machine learning, obtained through a keyword-based search using terms associated
with knowledge-informed ML.
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When compared to the overall annual growth in Al-related publications
(Figure 1.3), it becomes clear that knowledge-informed ML is among the

fastest-growing areas in the field of AI. Knowledge-Informed ML is increasingly
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Fig. 1.3 Annual increase on Scopus’ in publications related to knowledge-informed
machine learning and general Al, obtained through a keyword-based search using
terms associated with knowledge-informed ML and Al, respectively.

being applied in industry, as it offers effective solutions to the limitations of
purely data-driven approaches-limitations that are particularly critical in many
industrial contexts. The substantial investments industry [4] is making in
Al are also driving the adoption of Knowledge-Informed ML, making it an
especially attractive area of research.

We expect that the diffusion of Knowledge-Informed Models will be par-
ticularly evident in high-stakes sectors, where error tolerance is minimal or
where decisions must follow strict, logical, and transparent chains of reasoning.
Practical examples include deploying Al for operational control in nuclear
plants, real-world applications involving collaborative robots, or domains where
low-risk thresholds are mandated by regulation. In these fields, the diffusion
of Al has been slowed by safety-critical concerns, and knowledge-informed

approaches may offer a viable solution to overcome these limitations.

This is the context in which the present doctorate program is situated. As
part of the National Ph.D. in AI, the funding for this Ph.D. was intended to
develop Trustworthy and Reliable Al in industry applications. Various research
paths could be taken to address this theme. All the motivations discussed
earlier, combined with the availability of multidisciplinary expertise in physics,

mechanics, and ML, directed the choice towards Knowledge-Informed ML as
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the core argument of this doctorate. We consider this approach as one of the

most promising path toward achieving trustworthy and reliable Al.

Another factor that contributed to this choice is the vast, unexplored
territory within this subject. This topic is still recent and largely uninvestigated,
making it well-suited for research. The history of Knowledge-Informed ML
is, indeed, relatively young. Broadly speaking, the first ideas of combining
physics-based and statistical models date back to the 1990s, but their early
development has been intermittent and slow. Initial implementations were
simple combinations of models’ outputs. Gradually over time, integration
has become deeper, with physical constraints being incorporated directly into
model architectures, with the first real wave of adoption emerging in the late
2010s and early 2020s. However, a solid and well-defined research field and a
unified framework are still lacking. In fact, during the preliminary stages of
this research, we realized that the current state of Knowledge-Informed ML is
fragmented. Most models are highly application-specific, and comprehensive
studies and classifications of their practical applications are missing in the
literature. Existing surveys are typically domain-specific, and no common
ground has been found so far. There have been attempts to develop a unified
framework applicable to different domains, though they have been confined
to specific knowledge-informed techniques. For example, Raissi et al. [22]
proposed the first general framework for integrating physical laws into the
training process of ML models, ushering in a new wave of research. This
represented only an initial step, and substantial progress is still needed. We
argue that, in order to foster wider adoption, models should be as general as
possible and less reliant on specific domains, but rather to broad classes of
tasks. The various knowledge-informed techniques must be encoded in a single
framework, within which it is possible to leverage, along with data, different

types of knowledge and handle various sets of problems.

To bridge the current gaps in the literature and lay the foundation for
concrete research, the first part of this Ph.D. has been devoted to defining
the state of the art, proposing a systematic classification, and abstracting the
fundamental concepts of Knowledge-Informed ML. This foundational work is

necessary for applying general principles deductively to specific applications.
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Building on these foundations, the second part of this Ph.D. focuses on
practical applications, both to test novel techniques and to apply existing
methods to new industrial domains. As will be detailed later, during this Ph.D.
program, Knowledge-Informed ML techniques have been explored under both
predictive and generative paradigms, across diverse sectors such as energy,
marine, chemical, and materials industries. This manuscript provides two
representative examples of these applications. Finally, we attempted to outline
what we believe to be the future perspectives and the open challenges that still

remain in this field.

1.1 Key objectives and contributions

To provide clarity for the reader, we describe in more detail the objectives
and contributions of this doctoral research. The core focus of this Ph.D. is on
advancing the field of Knowledge-Informed ML. Two main goals guided this

research:

o Define the state of the art: establish a clear understanding of the current
state of Knowledge-Informed ML, identifying areas where it has already
been applied and evaluating the outcomes achieved.

o Promote industrial adoption: drive the advancement of knowledge-informed
techniques in industrial applications, with a focus on both predictive and

generative Al models.

With these goals in mind, the research developed over the course of the
Ph.D. has led to several concrete outcomes, which are summarized below as

key contributions to the advancement of Knowledge-Informed ML:

o Review of techniques used in Knowledge-Informed ML: a comprehensive
synthesis of existing literature to establish the state of the art and identify
research gaps in this line of research.

o Introduce a formal analysis of traditional and Knowledge-Informed Pre-
dictive Models, generalizing their underlying concepts and classifying the

various techniques found in current research.
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Introduction

Review of industrial applications of Knowledge-Informed Predictive Mod-
els: an in-depth analysis of how predictive models have been applied in
industrial contexts, highlighting key achievements and limitations.
Exploration of new applications of Knowledge-Informed Predictive Models:
development of novel techniques and integration of existing ones for
applications in previously unexplored domains, specifically in the energy
and maritime industries.

Exploration of new applications of Knowledge-Informed Generative Mod-
els: investigation of case studies where generative models enhanced with
domain knowledge provide innovative solutions, with specific applications
in the materials and chemical industries.

Laying the foundations for future work: offering insights and recommen-
dations to support the continued development and industrial adoption of

Knowledge-Informed Al

The main contributions of this research are summarized in the following

publications: [23] concerning the review of existing techniques, [24] regarding

the development of Knowledge-Informed Predictive Models, and [25] focusing

on Knowledge-Informed Generative Models. To support navigation, the next

section outlines how these topics are structured in the manuscript.

1.2 Structure of the thesis

This thesis is structured to provide a comprehensive overview of research

conducted during the doctoral program. The chapters are organized as follows:

o Chapter 2: this chapter introduces the state of the art of Knowledge-

Informed ML, particularly focusing on predictive modeling. First, we
synthesize existing reviews in the field and provide a formal analysis of
established techniques and an illustrative example. Then, we present a
detailed literature review of applications across various industrial sectors.
This chapter mainly refers to the content of [23].

Chapter 3: this chapter presents the application of a Knowledge-Informed
Predictive Model to a case study in the energy industry, specifically focus-

ing on the development of a physics-informed surrogate model for power



1.2 Structure of the thesis 13

flow analysis, which is compared with traditional predictive methods.
The contributions presented in this chapter have been published in [24].

o Chapter 4: this chapter explores the emerging potential of Knowledge-
Informed Generative Models and illustrates it through a case study in
material science, namely, the inverse design of mechanical metamaterials.
The content of this chapter has been presented in [25].

o Chapter 5: there, we bring together the key insights from the previous
chapters, offering a broader analysis of the contributions and outlining
possible directions for future research in Knowledge-Informed ML.

o Chapter 6: this chapter summarizes the activities carried out during
the Ph.D., such as the projects undertaken, publications, international
activities, and teaching assistance.

o Chapter 7: the final chapter summarizes this manuscript and presents

the concluding remarks.

Figure 1.4 presents a graphical index to provide a clearer understanding of the

structure of this manuscript.
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Knowledge-Informed ML encompasses an entire class of methods aimed
at enriching ML models with various forms of domain knowledge. These
approaches have proven particularly effective in improving several key as-
pects—such as robustness, physical consistency, and interpretability—and are
therefore attracting increasing attention.

When we first approached the field of Knowledge-Informed ML, it immedi-
ately became clear that there was a lack of a solid and universally accepted

foundation upon which to develop new applications and extend its scope. Our
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literature review revealed that, although many studies have moved in this
direction, the efforts have been fragmented and varied. Hundreds of practical
applications have enhanced data-driven models by incorporating knowledge,
yet they often follow disparate frameworks with little convergence. A few
studies have attempted to bring order to the field by proposing taxonomies
or organizing principles. However, none of these works offer a comprehensive
view: they often focus on a single domain, omit certain model types, or have
become outdated due to recent advances. Therefore, the first objective of this
doctoral research was to establish a coherent framework for understanding the
current state of Knowledge-Informed ML research, with particular attention

given to industry.

From our initial exploratory analysis, it emerged that the existing body
of literature on Knowledge-Informed ML is focused almost exclusively on
predictive models. This focus stems from the widespread industrial use of
predictive modeling, which has historically relied on either domain knowledge
or statistical data. Both approaches present significant limitations, and the
industry’s need to improve predictive performance has fueled the expansion of
Knowledge-Informed ML in this area far more than in others, such as generative
modeling. For this reason, the remainder of this chapter will focus exclusively
on Knowledge-Informed Predictive Models. Nonetheless, a small but emerging
line of research exists on integrating domain knowledge into generative models.
Although still in its infancy and too limited to justify a full review, notes on

the existing work in this area can be found in Chapter 4.

Once we defined the scope of our research, we began by identifying and
analyzing the techniques proposed in the literature. This included all relevant
surveys and theoretical papers that abstract and classify Knowledge-Informed
ML approaches, grouping them by shared characteristics. From the literature,
we were able to extract common concepts and outline a formal analysis to
organize the wide array of existing predictive models. Following a common
approach in the literature, our presentation compares Knowledge-Informed
Models with traditional modeling paradigms (i.e., based purely on domain
knowledge and based purely on data). Framing the models in this way helps
to highlight their hybrid nature, which lies between first-principles approaches

and statistical techniques.
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Although most of the literature categorizes models into knowledge-based,
data-driven, and hybrid types, a variety of terminologies are used. It is
therefore helpful to clarify both the terminology found in the literature and
the terminology adopted in this manuscript, through Table 2.1

& =
‘ ) | = W Sy
Knowledge-Based Models Data-driven Models Knowledge-Informed Models
Full-Knowledge Models Zero-Knowledge Models Partial-Knowledge Models
Physical Models Statistical Models Physics-Informed Models
White-Box Models ML models Hybrid Models
Transparent Models Black-Box Models Theory-Guided Models
Theoretical Models Gray-Box Models

First-Principle Models

Table 2.1 Terminology of traditional and Knowledge-Informed Models

This chapter compares existing techniques, then for the sake of clarity, we
will primarily use the terms Full-Knowledge Predictive Models, Zero-Knowledge
Predictive Models, and Partial-Knowledge Predictive Models. In the remainder
of the manuscript, we will adopt the more intuitive terms: Knowledge-Based,

Data-Driven, and Knowledge-Informed Models.

Following the formal analysis, we present an illustrative example to clarify
the concepts, using the classical engineering problem of the Mass-Spring-Damper
system, approached through both traditional and knowledge-informed modeling
methods.

Finally, to complete the state of the art overview, we review the industrial
applications of Knowledge-Informed Models. This review gathers the main use
cases across different sectors, aiming to identify the key research trends within

each domain.

The content presented in this chapter reflects the research published in [23].
The structure of this chapter is summarized graphically in Figure 1, and the

content of the sections is as follows:

e Section 2.1 examines existing survey papers on knowledge-informed pre-

dictive techniques, synthesizing insights from the literature to provide a
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high-level overview of these models. This review extracts general concepts
of traditional and knowledge-informed approach, introducing a prelimi-
nary classification into three categories based on the degree of integration
of domain knowledge: Full-Knowledge Predictive Models (FKPMs), Zero-
Knowledge Predictive Models (ZKPMs), and Partial-Knowledge Predic-
tive Models (PKPMs). The first rely solely on knowledge, the second
solely on data, and the third, coinciding with the knowledge-informed
techniques, leverage both knowledge and data

Section 2.2 builds on this foundation with a formal analysis of the three
identified categories. Each class of models is examined in detail, focusing
on their defining characteristics, methodologies, and distinguishing fea-
tures. Particular attention is given to PKPMs, as they constitute the core
focus of this research. As will be detailed, PKPMs differ in how domain
knowledge is utilized, resulting in a further subdivision into three integra-
tion strategies: Pre-Processing, In-Processing, and Post-Processing.
Section 2.3 presents an illustrative example. We compare the three
different kinds of predictive model to a Mass-Spring-Damper problem,
to put in evidence the characteristics of each design choice. This section
demonstrates the concrete advantages of a PKPM, as well as the major
efforts its development requires.

Section 2.4 reviews practical applications of predictive models in industry
across various sectors, namely extraction, chemical, manufacturing, trans-
portation, energy, and construction. Each sector is analyzed separately

to illustrate how these models address its specific challenges.

2.1 Review of techniques

In the existing literature, various reviews partially address the topic of models

combining physics and statistical modeling. This section examines these reviews

to help readers trace relevant studies and gain a clearer understanding of

the subject. It is important to note that the presented research primarily

focuses on PKPMSs, but since the literature often discusses them in relation to
traditional FKPMs and ZKPMs, we also included the latest developments in

these approaches.
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The study of the current work began with the extraction of all papers
complying with specific criteria from the scientific database Scopus'. Regarding
the time window, we selected a timespan based on insights from the literature.
According to Xu et al. [26], Physics-Informed Regularization, representing the
most recent wave of advancements in predictive modeling, emerged around
2016. The early literature on Knowledge-Informed Predictive Models, up to
2016, has been comprehensively reviewed in the survey by Rai and Sahu [27].
For these reasons, our analysis started from 2013, to also capture precursor

works that may have been overlooked in [27].

For what concerns the keywords to be searched, we applied the following

criteria:

« Papers containing keywords related to predictive modeling (see [23] for
more information) in their title, abstract, or keywords.

PR

o Papers containing the words “review,” “overview,” or “survey” in their

title, abstract, or keywords.

The initial search returned over 500 papers. To refine the selection, additional

criteria were applied:

o Papers published from 2013 to 2021 were included if cited >30 times.
o Papers from 2022 if cited >20 times.

o Papers from 2023 if cited >10 times.

o Papers from 2024 if cited >1 time.

The list also included papers cited in relevant works identified during the
review. This selection was narrowed down through an individual examination of
each paper, yielding the final list summarized in Table 2.2, where we report: the
work reference, year of publication, time span covered by the work, analyzed
FKPMs, ZKPMs, and PKPMs, presence of a formal analysis, presence of

illustrative examples, and domain of application.

From the analysis summarized in Table 2.2, it is possible to derive some
observations about the work already conducted on this subject. All reviews,
despite using different terminologies, agree on categorizing predictive models
into three main types: FKPMs, ZKPMs, and PKPMs. Every review defines
FKPMs as methods that infer first-principles-based relationships between

thttps://www.scopus.com/
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physical variables [28]. FKPMs can be based on physics equations (such
as algebraic equations, ordinary differential equations, or partial differential
equations) or State-Machines (Mealy or Moore machines) [27]. Comprehensive
analyses of FKPMs compared to PKPMs exist in specific works [27], while

others focus on domain-specific applications [28-31].

Despite the differing descriptions of ZKPMs in the literature, they are
widely recognized as models relying entirely on data [27]. These models include
a variety of ML techniques that fall under different classification schemes, such
as shallow and deep learning models, frequentist and Bayesian approaches, and
classification or regression frameworks [23]. In the literature, it is possible to
find general reviews comparing ZKPMs and PKPMs [27], as well as surveys
focused on specific domains [28-30, 50].

In contrast to the previous ones, the concept of PKPMs is addressed quite
differently across various reviews, reflecting the specific focus areas and the
PKPM categories considered. Generally speaking, there is consensus that
PKPMs are models that combine FKPMs and ZKPMs, even though there is
no comprehensive analysis of their methods and applications. What can be
noticed is a clear temporal evolution of PKPMs. In fact, early integrations
were often limited to simple combinations of inputs and outputs. There is a
tendency in the literature to reserve the terms Hybrid Models or Gray-Box
Models for these earlier approaches. Over time, however, they have evolved into
more sophisticated and tightly coupled frameworks, in which internal structures

of traditional models are manipulated according to specific needs.

This review has allowed us to reconstruct the fragmented history of PKPMs.
The very first idea of merging FKPMs and ZKPMs dates back to the 1990s.
Zendehboudi et al. [30] assert that Joerding and Meador [55] were the first to
propose leveraging a priori knowledge in the implementation of neural networks,
and the work of Psichogios and Ungar [56] is the very first application of
Hybrid Models. According to Von Stosch et al. [32], Agarwal [57] did the very
first theoretical study on Hybrid Models. During the early 2010s, precursor
works, done by Foucquier et al. [29] and Von Stosch et al. [32], reviewed the
parallel and serial paradigms of hybrid modeling. Recent advancements have
introduced concepts such as Theory-Guided Data Science [35] where scientific

theories are seamlessly integrated into data-driven models [26]. It is generally
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accepted [44, 43, 51, 53, 46, 26] that the last breakthrough in the field of
PKPMs is the work of Raissi et al. [22, 58, 7], that proposed the adoption of
modified loss functions in neural networks (ZKPMs) to incorporate differential

equations (FKPMs) during the training phase.

The very first review of PKPMs was introduced by von Rueden et al. [43].
The authors defined a PKPM as the combination of a FKPM (i.e., a domain
knowledge source) and a technique of integrating it inside the ZKPM (i.e., a
data-driven model). The successive work of Karniadakis et al. [44] remains the
most popular review on PKPMs, where the authors described three approaches
for informing a ZKPM using a FKPM: observational, learning, and inductive
biases. Other significant contributions include the survey by Rai and Sahu
[27], which explores the development of Cyber-Physical Systems using FKPMs,
ZKPMs, and PKPMs, and Wang et al. [28], which examines recent trends in
hybrid modeling for Smart Manufacturing.

Despite existing research, several gaps persist, such as the lack of compre-
hensive classifications and unified taxonomies, and the absence of generalized
concepts, which remain fragmented and tailored to specific application fields.
Hence, during the first part of the doctoral work, these gaps were addressed
by developing a unified taxonomy and providing straightforward examples to

highlight the advantages and disadvantages of each model type.

2.2 Formal analysis

After reviewing the surveys on the recent advancements of predictive models,
we can generalize the concepts found in the literature and established industrial
applications. This effort aims to define a formal analysis capable of abstracting
and systematizing the distinctive features of FKPMs, ZKPMs, and PKPMs.
In particular, we refer to formal analysis as the systematic examination of the
model logical structure to understand its behavior under various conditions,
identify assumptions, limitations, and biases, and to select optimal parameters
and structures. The discussion begins with a definition of the general concepts
underlying predictive models, and then introduces a formal analysis of the

three approaches.
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2.2.1 Predictive models

Let us consider a physical system S that, given an input X from an input
space X, produces an output Y in the output space Y. A predictive model M is
an approximation of 8 that, provided with only X, can produce Y € Y such
that Y ~ Y according to a chosen metric .#. This concept is illustrated in
Figure 2.2.

X

Y
n

Y

~

M Y

Fig. 2.2 Predictive model

The spaces X and Y can take various forms, such as real-valued vectors,
graphs, trees, images, natural language, or mixtures of these. The system S
may be deterministic or non-deterministic. It is worth noting that it is not
strictly required for a causal link to exist between X and Y, as correlation
alone can be sufficient. Typically, X contains elements that are relatively easy
or inexpensive to measure, while Y often includes quantities that are difficult,
costly, or impossible to obtain. In these scenarios, the construction of M provides
estimates of Y that would not be possible otherwise. Strictly speaking, M is
defined as a model f, chosen from a set of possible models F and depending on
a set of parameters 6. To construct M, one can resort to FKPMs, ZKPMs, and

PKPMs, depending on the available information sources.

Information sources for building predictive models
In order to design and build M, different sources of information may be available.
Four primary sources can be identified:

o Domain knowledge: Pre-existing understanding of the underlying prin-

ciples governing S. This may include physical laws providing partial or
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complete descriptions of the relationships between inputs and outputs,
invariances in the input-output relationship under certain conditions, or
constraints on the outputs.

Measurements: These refer to direct data acquisition related to the system
characteristics. For example, one can measure the actual weight of a
body or other physical quantities. Such empirical data can be critical for
the construction of FKPMs, as they require precise information about S.
It is important to note that, in this manuscript, measurements do not
correspond to the usual input/output pairs used in datasets (which are
discussed below), but rather to intrinsic parameters or physical quantities
of the system that can be directly observed or measured. This conceptual
distinction between measurements and examples will be further clarified
in Section 2.3 through an example.

Examples of input/output relations (i.e., datasets): Typically required by
ZKPMs, datasets D,, containing pairs (X;,Y;) help infer the relationship
between inputs and outputs without relying on domain knowledge. If
outputs are unavailable, one may resort to unlabeled datasets U,, =
{X1,..., X}, which can still hold value for certain tasks.

Experience: This source is the most challenging to formalize. Experience
informs many decisions: in FKPMs, it may guide the simplification
of certain effects; in ZKPMs, it might influence the choice of learning
algorithms or model architectures; and in PKPMs, it can guide the
blending of FKPMs and ZKPMs. Unlike examples, which provide explicit
data points from which models can learn, experience embodies implicit
knowledge accumulated through practice or prior exposure, often without
being directly encoded in datasets. Essentially, experience reduces the
degree of freedom in the decision-making process by leveraging prior
know-how [43].

These sources can be present simultaneously or not, and their availability
determines whether it is possible to construct FKPMs, ZKPMs, or PKPMs.

2.2.2 Full-Knowledge Predictive Models

FKPMs are only based on first principles and have historically been the most

common approach before the digital era. They generally require all four types
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of information source [59]. Figure 2.3 presents an abstraction of the FKPMs’

framework, highlighting the information sources involved in the construction of
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The structure of FKPMs features the following key aspects:

e The construction of f typically uses only a subset X’ C X of the available
dataset. This is because modeling relations between Y and some data in
X may be too complex, unnecessary, or negligible.

o The functional form of f (e.g., linear or differential equations) results from
the domain knowledge. The simplest systems involve formulas that can
be solved in closed form, whereas more complex ones require solving sets
of equations iteratively. In other cases, the function f can be progressively
constructed using a series of interconnected blocks, providing the model
with a hierarchical structure and enhancing its interpretability.

o The parameters 6 of f can be classified into O, 657, and 0p. Parameters
Ok are set by domain knowledge (e.g., physical constants), 0y; come
from measurements (e.g., the mass of a machine), and fp are tuned by
an algorithm that exploits a dataset D,,, the domain knowledge, and

experience.
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Practically speaking, defining the functional form of f in a FKPMs can take
a long time and may be heavily application-dependent [59]. Moreover, the
tuning of the parameters 0p requires special attention. These parameters
can be found via grid search or using an optimization problem, that can be
convex or non-convex. In case of optimization, the optimizer features specific
hyperparameters that can be tuned using experience, coupled with grid search
algorithms [60]. In general, the best parameters 67, minimize the prediction
error on D,,:

0p =arg min E(6p, Dy,) (2.1)

0p€es

where 8 denotes the search space (induced by domain knowledge or experience),
and E(0,D,,) represents the error, measured according to a specific metric and

determined by the particular choice of 8p over the dataset D,,.

Depending on the application, the required level of accuracy, the available
input data, the extent of prior research on S, and the computational resources,
the range of possible FKPMs is extremely broad [59]. It includes all physical
laws, differential equations solved either in closed form or through numerical
methods, and multiphysics models. It is evident that each individual FKPM
is closely dependent on the specific application. Unlike ZKPMs, it is difficult
to identify a common model schema across FKPMs, as their variability is
significantly greater and does not allow for a uniform framework applicable to

all, or even to most, cases.
General advantages of FKPMs include:

o They need relatively few data points [42].

o They perform reasonably well in interpolation and provide physically
plausible predictions in extrapolation [61].

» They are explainable and interpretable by construction [62].

e They can sometimes be computationally efficient when used for predic-
tions [29].

Disadvantages of FKPMs include:

o They require extensive human effort and time to develop [59].

o They may not fully exploit all available data [63].

e Their accuracy may be limited in modeling highly complex phenom-
ena [29].
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« In some cases, making predictions can be computationally expensive (e.g.,

solving partial differential equations) [64].

2.2.3 Zero-Knowledge Predictive Models

ZKPMs require only datasets and experience [65], they do not rely on domain
knowledge or direct measurements, and are typically application-independent [65].
ZKPMs became popular with the advent of big data, powerful computing re-
sources, and ML [42]. The general schema of a ZKPM is illustrated in Figure 2.4.
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We can summarize the aspects of ZKPMs as:

e The model f typically uses all available inputs X. Several input sources
can be leveraged, such as scalars, vectors, time series, images, graphs, and
natural language. It should be noted that ZKPMs do not discriminate
between causality and correlation, rising the risk of leveraging spurious
correlations.

o The functional form of f depends on the selected ML algorithm. Many dif-

ferent ML algorithms and families of algorithms exist in the literature [66].
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The most common families? are Kernel methods [66], Ensemble meth-
ods [67], Neural networks [68],and Bayesian approaches [69]. Typically the
functional form of f of ZKPMs is monolithic with no intermediate blocks
between inputs and outputs. This reduces the model interpretability.

The model f depends on hyperparameters and parameters. The hyperpa-
rameters regulate the model architecture (e.g., linear, non-linear, kerneled,
convolutive, attention, and recursive) and are intrinsically more influential
on the model performance. Given the hyperparameters, the parameters
tune the model to the specific data. Since no domain knowledge is avail-
able, the selection of hyperparameters and parameters, as well as the
quality assessment relies only on data. The standard solution involves
assuming that the dataset D,, is independent and identically distributed
(i.i.d.) and splitting it (one or multiple times) into three subsets: training
L, validation V, and test T. £ is used to optimize the parameters 6 that
define f through an algorithm .77, which is characterized by its hyperpa-
rameters H. Optimization problems are often convex, allowing efficient
identification of the optimal point, or at least differentiable, enabling the
use of gradient descent to find local minima efficiently. Note that there
always exist combinations of o7 and H that achieve an arbitrarily low
error on £, which is undesirable because such models tend to memorize £
(over-fitting) rather than generalizing to unseen data. Then, V is used to
optimize the selection of & and its hyperparameters H. These optimiza-
tion problems are generally non-convex and globally non-differentiable,
requiring methods such as grid search over possible algorithm choices
combined with local optimization techniques for hyperparameter tuning.
However, if too many options for &7 and H are tested, there is a risk of
selecting a combination that minimizes error only on V, compromising
generalization to unseen data (over-validation). Finally, T, a new and
independent subset of data, is used to evaluate the performance of the
model f generated by the best combination of &7 and H using £LUV. This
error serves as a statistically unbiased estimate of the model performance

on previously unseen data since 7 is used only once.

2See also the top performing models in the popular Kaggle www.kaggle.com ML

competition website.
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The choice of the ML algorithm &7 is non-trivial. The so-called No-Free-
Lunch theorem [70] ensures that there is no way to determine a priori the
best ML algorithms to use for a specific application. In general, we can
distinguish two main approaches to ML. On the one hand, shallow models
directly manipulate X to generate Y and can be used when the structure of
X is considered a good representation for making effective predictions (e.g.,
tables, dataframes). On the other hand, Deep Learning models (also known as
Representation Learning) are employed when it is necessary to first learn a good
representation of the input data X from the data themselves, and then use this
representation to generate effective predictions. This method is particularly
useful when data are formatted as images or natural language. Deep Learning
also opened the way to procedures like Transfer Learning with pre-trained?

and foundation? models (i.e., reuse the same representation for multiple tasks).

For ZKPMs, it is possible to define a general model construction schema
applicable to most of them. The training process of a ZKPM (i.e., the tuning of
the parameters ) mostly relies on the principle of Empirical Risk Minimization
(ERM) [66]. Training a model according to ERM means finding the function
that fits a training set, searching in a set of functions F carefully tuned during
the model selection phase [71]. ERM selects a function based on a measure
of the error it produces on the data, possibly combined with one or more
regularization terms. Regularization allows to trade off errors in the training
data and the model complexity. The regularization terms can be explicitly
expressed in the loss, or also implicitly, for instance through the functional
form (e.g., convolutions or transformers) or the optimization (e.g., dropout,

early stopping).

To formally express these concepts, we can define a ML algorithm as the
process of finding the optimal parameters 6, corresponding to a function f € &,

as follows:
f*= min Dy)+C(f .
arg feler(f, ) C( ) (2 2)

where J is the space of models induced by the choice of the algorithms, E(f,D,,)

is the error term, measured with reference to the desired metric, determined

3https://modelzoo.co
4https://huggingface.co
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by the specific f over the dataset D,, and C(f) is a measure of the model

complexity.

Given a set of possible configurations of algorithms and hyperparameters
Ap, the best combination .27};. can be found as:
17 o
e arg min Y E(#y(L"),V") (2.3)

AgEAg T im1

where E(f,V?) is the desired error metric for f computed using the data in
Vi, and g (L) is a model f built with the algorithm ./ with its set of
hyperparameters H and with the data £°. Note that the best algorithm and
the associated set of hyperparameters .o7};. are evaluated on a dataset Vi that

is independent of the training set £°.

Finally, to evaluate the performance of the final model f* = </}7.(Dy,), we

caln use:

(1) = 1 S B(a (610 V), T (2.4
=1

We highlight that E(f*) is an unbiased estimator of the true performance, since
the data in £*UV" are independent from the ones in T° [71].

The choice of the most effective ZKPMs depends on factors such as the
application domain, desired accuracy, input data characteristics, data scientists’

expertise, and available computational resources.
Advantages of ZKPMs include:

e They require minimal human intervention needed to design, build, and
test the model [65].

» They can exploit large amounts of data in various formats [65].

o If large datasets are available, they perform very well on average in
real-world applications [65].

o They work effectively in interpolation scenarios [38].

o They usually require low computational power for inference [65].
Disadvantages of ZKPMs include:

o They require large amounts of data; deep models need huge datasets if
no pretrained resources are available [27].

o Training can be computationally expensive [65].
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o They generally provide poor extrapolation capabilities [38].
e They can produce predictions that lack physical plausibility [44].
o They are often not explainable or interpretable, although mitigation

strategies exist [62].

For these reasons, ZKPMs are widely used, both as standalone predictive
tools and as faster surrogates of more expensive models (e.g., complex simula-
tions), allowing fast predictions suitable for optimization and decision-making

scenarios [42].

2.2.4 Partial-Knowledge Predictive Models

PKPMs represent a promising frontier in predictive modeling. They combine
the strengths of FKPMs and ZKPMs. On the one hand, they address the
main limitation of FKPMs in terms of computational demands for accurate
predictions and suboptimal performance, particularly in interpolation, where
ZKPMs typically perform better. On the other hand, they also mitigate the
limitations of ZKPMs, including their need for large datasets, limited physical
plausibility, and weaker extrapolation performance, where FKPMs are more
effective [35]. PKPMs need all four sources of information previously introduced,

as represented in the general schema in Figure 2.5.
We can delineate the key aspects of PKPMs as:

o Similar to ZKPMs, PKPMs usually leverage on all the available data X.
Domain knowledge can be incorporated to reduce spurious correlations
and guide the learning process. Typically, PKPMs can be seen as ZKPMs
informed by domain-specific knowledge. This leads to a distinction
depending on when this knowledge is integrated into the learning process
of the ZKPMs (i.e., before, during, and after). We refer to these categories

as:

— Pre-Processing: this class includes transforming inputs, datasets, or
guiding algorithm choices before applying the ZKPM, to improve
the model’s ability to extract information. For example, Serial
Hybrid PKPMs generate an initial output using a FKPM, which
is subsequently used as input to a ZKPM to model aspects where

domain knowledge is lacking. Domain knowledge can also inform
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the design of the ZKPM architecture itself. In other cases, input
features are pre-processed or transformed according to principles
derived from expert knowledge. In general, these strategies serve to
improve data quality, guide feature engineering, and enrich or clean
the data prior to training, thereby enhancing the model’s predictive

accuracy and overall reliability.

In-Processing: in this case, the domain knowledge is embedded
directly into the learning mechanism of a ZKPM, aiming to steer the
training toward a more consistent result. This may involve adjusting
the model space, adding regularizers that encode known physical
laws, or using certain constraints that respect domain knowledge.
Typically, this method requires us to formalize the mathematical
form of the domain knowledge. This technique preserves the advan-
tageous properties of ZKPMs, such as convexity and differentiability,
and ensures that specific knowledge contributes to model perfor-
mance. We highlight that this strategy is not just focused on the

average model behavior, but rather on its point-wise performance.

Post-Processing: it adjusts the model’s outputs to meet domain-
specific requirements or constraints, ensuring logical consistency

and physically plausible predictions. For instance, the output of a
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ZKPM can be used to replace the portion of modeling where domain
knowledge is lacking, and this output then serves as input to a FKPM.
Other approaches involve manipulating the output of the ZKPM
to align it with specific logical constraints or domain principles. In
general, these methods do not alter the internal structure of the
ZKPM itself. They are particularly valuable in sensitive domains
where logical consistency and adherence to expert knowledge are of

critical importance.

We emphasize that the distinction between these three classes of tech-
niques is not always clear. In the following, we will analyze the three
types of PKPMs in greater depth.

Finally, PKPMs involve a set of parameters and hyperparameters. Since
PKPMs integrate both FKPMs and ZKPMs, they are defined by the
parameters of FKPMs as well as the parameters and hyperparameters of
ZKPMs.

We can trace a general overview of their main advantages and disadvantages

of PKPMSs compared to traditional approaches:

They can handle various inputs and large datasets, as ZKPMs do [44].
They can encapsulate varying degrees of domain knowledge, even when
such knowledge is insufficient to construct a fully specified FKPM [43].
They require less data than pure ZKPMs, but more than FKPMs [42].
They usually need less human intervention than FKPMs, but more than
ZKPMs [43].

Construction is computationally intense, usually less than FKPM devel-
opment and slightly more than ZKPMs [44].

They generally provide fast and cheap predictions, similar to ZKPMs [65].
They perform well both in interpolation (better than FKPMs and usually
better than ZKPMs) and in extrapolation (comparably or better than
FKPMs) [44].

They are more physically plausible than ZKPMs, though not always as
physically grounded as FKPMs [44].

They achieve good average performance (comparably to ZKPMs) and
often match or surpass FKPMs point-wise [22].
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o They improve explainability compared to ZKPMs, though still may not
be fully interpretable [72].

Let us now analyze in detail the features of each type of PKPM.

Pre-Processing

In PKPMs, Pre-Processing enhances model performance by incorporating
domain knowledge to inform ZKPMs before the learning process. Figure 2.6

illustrates this, with non-relevant parts for Pre-Processing grayed out.

For Pre-Processing, it is possible to identify three groups of techniques. The
first one consists of methods that modify the input X. It involves cleaning and
transforming the data to ensure quality and relevance [73]. Feature engineering,
enrichment, and reduction are crucial steps, where knowledge can be leveraged
to optimize computational efficiency, capture physical attributes, or to increase

model interpretability [74]. We can formalize this methods as:
X — ¢(X) (2.5)

where ¢ : X — ® maps the input to a domain-informed space.
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The second group involves modifying the dataset D,,. It focuses on selecting
and enriching data, even during the design of experiments phase, in order to
ensure it accurately represents the studied phenomena [75]. This includes,
for example, recognizing which data are of higher quality due to external
factors [76] or enrich the dataset using FKPMs to generate more data [24].
Formally:

D, — DI, (2.6)

representing transformations such as removal, stratification, and augmentation.

The third group aims to guide the ZKPMs selection. It involves choos-
ing algorithms or hyperparameters of the ZKPM, informed by the domain
knowledge [43]. For example, interpretable models are prioritized in safety-
critical situations, while deep models may suit large structured datasets. In
general, a mix of domain knowledge and experience can be extremely useful in

constructing an informed ZKPM. This process is expressed as:
JZ{H — f,Q{/H/ (27)

signifying modifications in choices during performance assessment.

In general, the Pre-Processing framework prepares the models and the data
for learning, aligning them with physical insights and domain constraints to

enable accurate and interpretable PKPMs.

In-Processing PKPMs

In-Processing methods enhance predictive model performance by embedding
domain knowledge into the learning process of a ZKPM (see Figure 2.7, where
the parts that are not relevant for In-Processing PKPMs are in gray). They typ-
ically require the domain knowledge to be encoded in mathematical form, even
if the theoretical model only partially describes the phenomena. In-Processing
methods act on both the functional form and in the way the parameters are
actually found. The learning process can be guided in several ways [43]. One
method, introduced by Raissi et al. [22] and named Physics-Informed Neural
Network (PINN), incorporates a regularization term that penalizes discrep-

ancies with respect to the physical law. This concept can also be leveraged
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in presence of complex systems, described by intricate differential equations,
where simulators exist but are too slow for practical use. In such a situation,
surrogate models can be developed leveraging both on simulator outputs and a
physics-guided penalty term [22]. This method applies a soft constraint that
guides the learning process and can also leverage partial knowledge or even
hints on the physical behavior [43].

Knowledge can be exploited also during performance tuning. For instance,
preference can be given to models that align more closely with domain knowl-

edge, are simpler, or more explainable.

In-Processing methods can be formalized as:

F—9 (2.8)
I = argminE(f, D) +C(f) +K(f) (2.9)

where F' is the adjusted function space and X(f) represents the regularization

term embedding domain knowledge.

In summary, the In-Processing strategy within PKPMs fosters the training

of models that are compliant with the domain knowledge.
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Post-Processing PKPMs

Post-Processing refines ZKPMs outputs using domain-specific knowledge (see
Figure 2.8, where the parts that are not relevant for Post-Processing PKPMs

are in gray).
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In particular, Post-Processing enhances data-driven predictions by enforcing
domain-specific constraints and relationships. This is crucial when predictions
must guarantee certain characteristics [77]. This final step can refine predictions
to maintain compliance with established physical principles or operational

norms, enhancing both reliability and acceptance among practitioners [77] [77].

Post-Processing techniques can also be useful in cases where FKPMs are
interpretable but require inputs that are either difficult to measure or depend
on unknown phenomena. In these scenarios, ZKPMs can complement them by

providing estimations of missing physical modeling [42].

Another common way to implement Post-Processing are the so called Parallel
Hybrid Models, where the outputs of a FKPM and a ZKPM are combined to

improve the predictions [42].
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Post-Processing is formalized as:

fFX) = o(f(X)) (2.10)

where ¥ : Y — Y represents a function embedding domain knowledge to modify
the ZKPM outputs.

A notable advantage of Post-Processing is its ability to adapt existing
ZKPMs without altering their core structure [42]. This makes it a practical
approach for integrating additional constraints or refinements into running
systems. By applying Post-Processing, practitioners can ensure predictions not
only meet accuracy requirements but also adhere to ethical, physical, and prac-

tical constraints, enhancing trust and relevance in real-world applications [72].

2.3 Illustrative example

In this section, the concepts of FKPMs, ZKPMs, and PKPMs will be illus-
trated through an example, demonstrating their practical use and highlighting

advantages and disadvantages.

The chosen example is the dynamic analysis of a Mass-Spring-Damper
system operating without external forces. The example is tackled using all
three approaches, and their performance is evaluated across various scenarios.

The structure of the presentation is as follows.

e Section 2.3.1 describes the Mass-Spring-Damper setting.

o Section 2.3.2 describes the different scenarios considered in this example.

e Section 2.3.3 outlines the methodology used to generate the dataset.

e Section 2.3.4 describes the FKPM, ZKPM, and PKPM used in this
example.

o Section 2.3.5 details the evaluation metrics employed.

o Section 2.3.6 presents and discusses the results.
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2.3.1 The Mass-Spring-Damper System

Consider a Mass-Spring-Damper system [78], depicted in Figure 2.9, in which

no external forces are applied.

Fig. 2.9 Mass-Spring-Damper system.

This system models a damped harmonic oscillator, commonly used in
physics and engineering. It features an oscillating object of mass m, a spring
with constant k providing a restoring force, and a damper with coefficient
it representing resistive damping forces. In this setup, the mass is initially

displaced in position ug, and then allowed to oscillate freely over time.

Let us assume the displacement u(t) of the mass can be measured at various
time points ¢ € [0,%,,]. The objective is to predict the position of the mass not
only within this time range (i.e., interpolation) but also beyond it, up to a final

time ¢s (i.e., extrapolation).

The measured points compose a dataset D, = {(t1,u(t1)),..., (tn,u(tn))},
which, for demonstration purposes, is synthetically generated. The input space

is time, and the output space is the corresponding displacement.

The modeling of a Mass-Spring-Damper system can be approached in
several ways. Historically, physical models (i.e., FKPMs) have proven effective
in accurately describing such systems. Several FKPMs can be formulated for
this system, varying in complexity and accuracy. A commonly used FKPM is

given by a second-order linear differential equation [78]:

d?u(t)  du(t)
a2 P

+kou(t) =0 (2.11)

In this equation:
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2
. m%gt) models the inertial force, as the product between of the mass

(measured in [kg]) and the acceleration dut) (measured in [m/s?]).

dt?
. ,udqilgt) represents the damping force, as the product between the damping

factor p (measured in [N's/m]) and the velocity dszgt) (measured in [m/s]).
o kou(t) is the restoring force, as the product between of the the elastic
constant kg (measured in [N/m]) and the displacement u(t) (measured

in [m]).
When linear approximations are insufficient, a more complex model may be

used [78]:
d*u(t)  du(t)
a2 M

Here, ku(t) captures the linear restoring force, while kou?(t) introduces a

+ kyu(t) + kou(t) = 0 (2.12)

non-linear component. Constants k1 and k2 (measured in [N/m] and [N/m3],

respectively) reflect the strengths of the respective effects.

Although even more accurate physical models exist (e.g., involving non-linear

damping), their inclusion is beyond the scope of this section.

In practice, even with a considerable amount of physical knowledge, modeling
such a system is far from trivial. First of all, not all physical parameters
are necessarily known, but many often need to be measured or estimated.
Furthermore, FKPMs may inaccurately represent reality. For instance, a linear
elastic force may be assumed for simplicity, even though the system’s elasticity
might be better described by a non-linear law. Given these complications,
FKPMs are not the only modeling approach adopted; as we will see, the same
problem can also be tackled using ZKPMs and PKPMs.

For the purposes of this example, we consider different conditions under
which each model type is evaluated. We assume that Eqns.(2.11) and (2.12),
with all parameters known, represent the Ground Truth of different scenarios.
The datasets were synthetically generated from these equations. In particular,
Eq.(2.12) serves as a more refined model compared to Eq.(2.11), allowing us to
demonstrate both a case where the FKPM correctly models the physics and

one where part of the physics is inaccurately represented.
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2.3.2 Scenarios: Surrogation and Modeling

In order to assess the effectiveness of each class of methods in different conditions,
we consider two distinct and practically relevant scenarios: surrogation and
modeling. For each scenario, we examine two cases with different measurement
precisions, resulting in a total of four case studies. Each case presented is

characterized by a different dataset and is approached using all three model

types.

Surrogation scenario

The surrogation scenario considers the case in which we do not have access to
measurements of the real-world system, but only to a costly approximation of
it (e.g., software simulations, model scale tests). Therefore, we need to create a
model to simplify output predictions. In our example, the costly approximation
of the real system is represented by the solution of Eq. (2.11). For this scenario,

we analyze two different cases:

o The case in which we can measure everything without noise (denoted by
the superscript (2.11),0). This represents a typical use case of surrogates
for software simulators.

o The case in which measurements are noisy (denoted by the superscript

(2.11),0). This is a common scenario involving model-scale tests.

In such conditions, it may be necessary to surrogate the existing model to
reduce the prediction time, the computational cost (for software simulators) or

the experimental cost (for model scale test).

Modeling scenario

This setting analyzes the case in which data are measured directly from a
real physical system. In this example, we assume that the physical system
is governed by Eq. (2.12), while during the model construction phase, only
Eq. (2.11) is known to the modeler. Analyzing this condition allows us to

evaluate modeling errors due to physical assumptions.
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Then, the datasets of the modeling scenario are obtained by the solution of

Eq. (2.12). Two measurement precision cases are considered:

o The case of highly precise measurements (denoted by the superscript
(2.12),0).

o The case of noisy measurements (denoted by the superscript (2.12),0).

This scenario allows us to evaluate how models approximate a real system by
assessing their behavior both in extreme cases with high-fidelity measurements

and when the data are noisy.

2.3.3 Data generation

This section outlines the data generation process used to construct the datasets
corresponding to each case. As previously mentioned, all the datasets were
synthetically generated. In particular, we defined a Ground Truth model (i.e.,
Eq. (2.11) for surrogation and Eq.(2.12) for modeling), solved it via numerical

integration, and sampled data points from the resulting solutions.

According to Section 2.3.2, we varied two aspects to create different condi-
tions: the first is the model used to create the dataset and the second is level

of measurement noise. Specifically, for the model, we used:

o The linear model defined in Eq. (2.11).
« The non-linear model defined in Eq. (2.12).

Regarding measurement quality, we sampled:

e Clean measurements.

o Measurements corrupted by adding Gaussian noise.

The solution of the differential equations Eqns. (2.11) and (2.12) were
numerically obtained using Euler’s method [79], imposing an initial condition
u(0) = ug. For each of the two solutions, we sampled n equally spaced points
within the range [0,¢,,], where ¢, <t;. This resulted in the first two datasets.
Then, two additional datasets were generated by adding Gaussian noise N(0, 02)

to the original ones. In summary, these are the four available datasets:

e DEWO_r(4 ()|t € {0, Lm -+ £} ) with u(t) the solution of Eq. (2.11).

yn—10

This dataset was used for the surrogation case without noise.
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. DRI _ = {(t,u(t) +N(0,0%))|t € {0, L2y - ;. }} with u(t) the solution
of Eq. (2.11). This dataset was used for the surrogation case with noise.

. @(2 12),0 _ ={(t,u(t))|t € {0, im e oty b} with u(t) the solution of Eq. (2.12).

This dataset was used for the modeling case without noise.

o DT = {(t,u(t) +N(0,02))|t € {0, L2 -+ £, }} with u(t) the solution
of Eq. (2.12). This dataset was used for the modeling case with noise.

Note that the noisy datasets depend on a single realization of a random variable.
As we will show later, to avoid relying on a single realization, the results will be
averaged over 30 different dataset realizations. Table 2.3 reports the parameter

values used in the simulation process.

Parameter Eq.(2.11) Eq.(2.12)
m 1
ug 1
tr 1
tm ts/3
o 0.1
I 3
ko 250 -
k1 - 230
ko - 3

Table 2.3 Parameters used for data generation.

Figure 2.10 provides a visual comparison of the four datasets and shows the
solutions obtained from linear and non-linear models. For noisy datasets, the

figure shows a single noise realization.

2.3.4 Modeling approaches

This section outlines the implementation of the three modeling strategies (i.e.,
FKPMs, ZKPMs, and PKPMs) applied to the Mass-Spring-Damper system

described above.

These are the available information during the models’ construction:

« Physical knowledge about the system (i.e., Eq. (2.11)).
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S i ‘ ‘ ‘ 7 [—FKPM of Eq. (2.11)
A T o N (Y 1
L J: - (2.11),0
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FKPM of Eq. (2.12)

7 [—FKPM of Eq. (2.12)
o P12
o D7(12.12),a
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Comparison: FKPM of Eq. (2.11) vs FKPM of Eq. (2.12)

7 [—FKPM of Eq. (2.11)
- FKPM of Eq. (2.12)

Fig. 2.10 Solutions of FKPMs and generated datasets with and without noise.

o Measured system parameters (i.e., mass).

o A dataset consisting of time-displacement pairs (i.e., @1(12.11),0’ @7(12'11)’07

D%2.12),0 or @7(12.12),0)‘

Y

o Expert knowledge or assumptions.

FKPM

To construct a FKPM, one begins by formulating the governing equations using
known physical principles and generating the functional form of the FKPM. In
this illustrative example, for all cases, let us assume that when constructing
the FKPM, Eq.(2.11) is known and serves as an approximation of the system
dynamics; however some of its parameters are unknown. We also assume that a
solver using Euler’s method is available, as it is common in practice. Conversely,
Eq.(2.12) is assumed to be unknown. This differs from the data generation
phase, during which both Eqns.(2.11) and (2.12), along with their parameters,
were fully known, as they were used to simulate the Ground Truth. In fact, the
purpose of this example is to describe the practical construction of a FKPM, in
which part of the physics (e.g., laws, parameters) may be unknown or partially

incorrect.
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In real scenarios, some parameters, such as the mass m, may be statically
measured. Others (e.g., damping and stiffness coefficients) must be estimated
by fitting the model to the data. In this example, ug, u, ko, k1, and ko are
assumed to be tuned. A straightforward method involves grid search: for a
range of possible parameters’ values, the Eq. (2.11) is solved using Euler’s
method, and the combination minimizing the prediction error on the dataset
is selected. In this study, parameters were searched over the range [1,100]
using 45 logarithmically spaced values. Increasing the resolution of the grid
search used for parameter tuning may further improve FKPM performance
(particularly in noise-free settings, the error would tend to zero). However, such
exhaustive searches are typically infeasible in real-world applications, due to

computational constraints.

ZKPM

ZKPMs are purely data-driven and make no assumptions about system physics.
The construction of a ZKPM requires one to choose the ML algorithms and
then tune its hyperparameters just based on the data, for example, with a
grid search hold-out method. The experience of the data scientist may help in
reducing the searching space of algorithms and hyperparameters. This example
uses a polynomial regression model of degree p over the normalized time interval
[0,1]:

flz)= éwzxz (2.13)

where w; are the model coefficients. The degree p is a hyperparameter that

needs to be tuned. The training loss is defined as the squared error:

U(f(x),y) = (y — f(2))* (2.14)

and regularization is added based on the model’s curvature [80]:

C(f) = /01 <d2f(x)>2dx = w!l Cw (2.15)

da?
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where

0 Ifj<2vi<?2
Ci =9 i 1viti ’ 7= i,j €{0,---,p} (2.16)
’ % Otherwise
i+j—

The training objective becomes:

min | Xw —yl|* + \w'Cw (2.17)
where
wo x? le) U1
w=|:| X=|: . | y=|: (2.18)
wp xy @b Yn

and A is a hyperparameter. This problem has a closed-form solution:
w=(XTX+)O)"XTy (2.19)

where (X'X +AM)* is the Moore-Penrose inverse of (X'X +AM). Hyperpa-
rameters p and A are tuned via grid search hold-out methods (leave-one-out
cross-validation). The values of p range from 0 to 30, while A is selected from

[107°,10°] using a logarithmic grid of 65 points.

PKPM

The PKPM combines physics-based constraints with data-driven learning. In
this example, these two sources of information (i.e., physical knowledge and
data) can be fully leveraged in building the PKPM. Similarly to FKPMs,
during the construction of the PKPM, Eq. (2.11) is known, while Eq. (2.12) is

unknown.

The PKPM must be constructed to fit the data, as the ZKPM does, while
also leveraging on the Eq. (2.11). When physics is expressed by a mathematically
encoded equation like Eq. (2.11), the state of the art PKPM approach is to
introduce a penalty term into the ZKPM formulation of Eq.(2.17). This forces
the function f(z) (i.e., the approximation of u(y)) to follow the principle of
Eq. (2.11). There are several methods for defining the penalty term. Some

common approaches involve sampling different values of x (called collocation
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points), evaluating the point-wise violation of Eq. (2.11) using a specific metric,
and using the sum of these violations as the penalty term. In other cases,
the integral of the violation over the function domain can be solved in closed
form and applied as a metric for the overall violation of the physical equation.
Typically, the second method compels the model to adhere to the physical model
across the entire domain and uses a single term, leading to lower computational
effort. Therefore, it is preferable when applicable, as is the case in our example.
More formally:

2f(x T 2
P(f)= /01 (mddf;z ) —|—udj;(x) —|—k0f(:1:)> dr = w' Pw (2.20)

where

P = k3 P+ PoAm*C kopu(Ps + Py)+pm(Py + Py)+kom(Ps + PL) - (2.21)

with
1 0 fi<lvj<l
Prij=—: Pyij=1
t+j+1 - +ZJ.J_1 Otherwise
0 Ifi<1 0 Ifi<2vji<l1
Py 5= ; ) Pyij= i(i—1)j .
77 Otherwise i—s Otherwise
. 0 Ifi<?2 9 99
) i) Otherwise 222)
itj—1

where 4,7 € {0,--- ,p}.

ZKPM of Eq. (2.17) is modified applying the new penalty term P(f):
min [ Xw —y|* + \w'Cw + dow' Pw (2.23)
Also in this case, the minimization problem (2.23) can be solved in closed form:
w=(X'X+MC+\P)TX'y (2.24)

Hyperparameters p, A1, and Ay are optimized using leave-one-out cross-validation.
In particular, A; and A2 have been searched in the rage [1076,10%6] with a
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grid of 65 points equally spaced in logarithmic scale and the p hyperparameter
in [0,1,---,30]. The parameter m is known, while p and kp have been set
according to the scenario considered. To simulate typical real-world conditions,
we assume that the parameters p and kg are known for surrogation cases, while

for modeling, they are tuned in the same manner as in the FKPM approach.

2.3.5 Evaluation criteria

This section defines the evaluation strategy used to compare the performance
of FKPMs, ZKPMs, and PKPMs across all scenarios.

We adopt three metrics:

o Training time: the computational time required to build the model,
excluding any prior knowledge acquisition or data collection time.

o Prediction time: the time taken to generate a single prediction given a
new input value.

o Accuracy: assessed via the Mean Absolute Error (M AE) between the
model prediction and the true output. Ground Truth values are taken
from the same model used to generate the data in each scenario (i.e.,

Eq. (2.11) for surrogation and Eq. (2.12) for modeling).
To evaluate accuracy in greater detail, we distinguish between:

« Interpolation error, computed over the interval [0,%,,], where training
data are available.
« Extrapolation error, computed over the interval (¢,,,¢s], where predictions

must generalize beyond the observed data.

2.3.6 Results and discussion

This section presents the results obtained from FKPMs, ZKPMs, and PKPMs.
For consistency and fair comparison, the number of data points used for training
differs slightly between models: FKPMs are trained on n = 11 points (reflecting
use in low-data regimes), whereas ZKPMs and PKPMs are trained on n = 22

points (where data-driven learning is usually preferred).

The summary of the results is reported as follows.
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FKPM ZKPM PKPM
(n=11) (n=22)
Interpolation 0.0176 0.00179 0.00143
MAE
Extrapolation 0.0374 2.888 0.0253
) Training ~ 160s ~bHs ~ 170s
Time
Predicting ~10"3ms ~ 10~ %ms ~ 10~ %ms

Table 2.4 Results for the Surrogation scenario using @%2'11)’0: training time, prediction

time, interpolation error, and extrapolation error of FKPM (with n=11), ZKPM,
and PKPM (with n=22).

o Table 2.4 and Figure 2.11 present the results for the case of surrogation
with noise-free data (dataset D&Q'“)’O).

o Table 2.5 and Figure 2.12 present the results for the case of surrogation
with noisy data (dataset Dﬁ?'“)"’).

o Table 2.6 and Figure 2.13 present the results for the case of modeling
with noise-free data (dataset 922'12)’0).

o Table 2.7 and Figure 2.14 present the results for the case of modeling

with noisy data (dataset @512'12)’0).

In particular, Tables 2.4-2.7 show the M AFE (in interpolation and extrapo-
lation) and the Time (training and test) of each model. In order to remove the
dependency from the single noise realization, the results of models dependent on
a noisy dataset (93,(3'“)"’. and 9%2'12)’0.) have been averaged over 30 repetition

of the experiments.

Figures 2.11-2.14, instead, report the data points leveraged to build the
predictive models, and the plots of Ground Truth (i.e., the solution of Eq. (2.11)
for the surrogation scenario and Eq. (2.12) for the modeling scenario) and each
predictive model (i.e., the FKPM, the ZKPM, and the PKPM). For cases
involving a noisy dataset, only a single representative realization of the noise

has been reported.
From the results, it is possible to extract the following key findings:

o FKPMs exhibit physically consistent results across both interpolation
and extrapolation but depend heavily on the granularity of the parameter

tuning.
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2L s e Ground Truth
FKPM
—ZKPM
1€ —PKPM
(2.11),0
%%.11).0
= o O P
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Fig. 2.11 Results for the Surrogation scenario using 97(12.11),0: Ground Truth, Dﬁ'll)’o,

D%H)’O, and the prediction of the FKPM, ZKPM, and PKPM.

FKPM ZKPM PKPM
(n=11) (n=22)
MAE Interpolation 0.03944+0.0165 0.03904+0.0051 0.0343+0.0091
Extrapolation 0.0662 +0.0487 3.164940.358 0.0287 4+0.0038
. Training ~ 160s ~ 5s ~ 170s
Time
Predicting ~10"3ms ~ 10~ %ms ~10~%ms

)’0: mean and standard

Table 2.5 Results for the Surrogation scenario using DS?‘”
deviation (across 30 repetitions of the experiment) of training time, prediction time,
interpolation error, and extrapolation error of FKPM (with n=11), ZKPM, and

PKPM (with n=22).

---------- Ground Truth
FKPM

—ZKPM

—PKPM
pie

11
o Dg.u).a

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 2.12 Results for the Surrogation scenario using @512'11)’0: Ground Truth, Dﬁ'u)’a,

@%11)’0, and the prediction of the FKPM, ZKPM, and PKPM for a single realization
of the noise.
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FKPM ZKPM PKPM
(n=11) (n=22)
Interpolation 0.0233 0.0020 0.0012
MAE
Extrapolation 0.0528 2.8706 0.0233
) Training ~ 160s ~ bHs ~ 330s
Time
Predicting ~ 10" 3ms ~ 10~ %ms ~ 10~ %ms

Table 2.6 Results for the Modeling scenario using @%2'12)’0: training time, prediction

time, interpolation error, and extrapolation error of FKPM (with n=11), ZKPM,
and PKPM (with n=22).

---------- Ground Truth
FKPM

—ZKPM

—PKPM
p212).0

e
o D;;.u),o

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 2.13 Results for the Modeling scenario using Dg'u)’oz Ground Truth, 9521.12),07
D0 and the prediction of the FKPM, ZKPM, and PKPM.

FKPM ZKPM PKPM
(n=11) (n=22)
MAE Interpolation 0.0556 = 0.0039 0.0403 4 0.0.0060 0.0391+0.0108
Extrapolation 0.1045+0.0175 3.022940.3624 0.0962 4 0.0257
. Training ~ 160s ~ 5s ~ 330s
Time
Predicting ~ 10 3ms ~ 10~ %ms ~10"%ms
. . . 2.12
Table 2.7 Results for the Modeling scenario using @% )%, mean and standard

deviation (across 30 repetitions of the experiment) of training time, prediction time,
interpolation error, and extrapolation error of FKPM (with n=11), ZKPM, and
PKPM (with n=22).
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.......... Ground Truth
FKPM

—ZKPM

—PKPM
pi2e

11 .
fo) Dg.u),n

Fig. 2.14 Results for the Modeling scenario using 97(12'12)’0: Ground Truth, 9521'12)’0,

D%‘lz)’g, and the prediction of the FKPM, ZKPM, and PKPM for a single realization
of the noise.

o ZKPMs achieve better performance than FKPM in interpolation, but
fail in extrapolation, yielding unrealistic predictions outside the training
interval.

o PKPMs consistently outperform both FKPMs and ZKPMs across all
metrics, demonstrating strong generalization and physical plausibility.

o Noise degrades models’ accuracy, but does not alter the relative perfor-
mance hierarchy among the approaches.

 All models have high training time (it is strictly related to the number of
points selected in the grid search algorithms).

o« PKPMs are the most computationally expensive due to their combined
learning objective.

o Prediction times for ZKPMs and PKPMs are lower than FKPMs by one

order of magnitude.

These outcomes align with theoretical concepts discussed in Section 2.2, and
validate the practical benefits of incorporating physical knowledge into data-

driven learning.
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2.4 Review of industrial applications

This section examines the use of PKPMs across various industrial sectors.
The focus is on six primary domains: extraction, chemical, manufacturing,

transportation, energy, and construction.

To carry out this review, a targeted search within a defined time window was
conducted using selected keywords in the academic database of Scopus!. The
search timespan starts from 2013 onward, according to Section 2.1. Because the
initial keyword-based search retrieved a considerable number of publications,
additional selection criteria were employed based on the significance and impact
of the works. A minimum citation threshold was applied to ensure that only

the most influential contributions are discussed.

Within each of the six domains mentioned, we provide a summary table
and discusses the relevant results. The summary tables include details such
as the work’s reference information, year of publication, PKPM type (Pre-,
In-, or Post-Processing), industry sector, the data and knowledge available
or generated, any associated FKPM, the ZKPM adopted, and key outcomes

achieved.

2.4.1 Extraction

The extraction sector delivers fundamental raw materials and fuels to many
industrial operations. It includes activities such as mining, drilling, and re-
fining, all of which are critical for producing metals, minerals, and energy
resources like oil and gas. These materials serve as the foundation of contem-
porary manufacturing and infrastructure development worldwide. Improving
extraction processes while concurrently addressing sustainability concerns is
necessary to ensure long-term industrial viability and environmental protection.
Increasingly, predictive models like FKPM, ZKPM, and PKPMs are employed
to optimize extraction operations, anticipate resource availability, forecast

subsurface composition, and enhance safety measures.

Numerical simulation is among the most common FKPM approaches. Pre-
vious research has reviewed the application of FKPMs to mining processes [81],

as well as related areas including mineral processing [82] and tunneling [83].
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Many publications thoroughly discuss ZKPM applications in the extraction
industry. For instance, there are works devoted to the oil and gas sector [84] and
the mineral industry [85]. With regard to PKPMs, although some studies have
tangentially addressed their use in the extraction domain [30], a comprehensive
review is currently lacking. During the doctorate program, this gap was filled

by summarizing the emerging trends in PKPMs applications within this sector.

For the extraction industry, a specific search query was employed that
includes relevant keywords (see [23] for more information) related to both
the extractive industry and PKPMs. Because this search yielded over 1400
documents, a further filtering based on citation thresholds was applied (papers
cited, according to Scopus, by >25 papers for works published from 2013 and
2021, by >15 papers for works published in 2022, by >10 papers for works
published in 2023, and by >1 papers for works published in 2024).

This analysis indicates that the most prevalent PKPMs applications in
extraction focus on fossil fuel production, particularly subsurface porosity and
reservoir modeling. While fully known numerical simulations traditionally
address these problems and numerous commercial tools exist [86], they are com-
putationally demanding. Thus, practitioners seek more practical methods, such
as PKPMs [86]. Graph-based PKPMs, which incorporate domain knowledge
and rely on historical data for parameter estimation, are widely used for reser-
voir modeling [86-91]. These techniques have been validated across multiple
scenarios, achieving accuracies comparable to established numerical simulators
but with substantially lower computational times [91, 92]. Additional PKPMs
approaches include employing efficient surrogates through Neural Operators,
PINNS, or the use of FKPM outputs to train surrogate models [93-96]. An

overview of the reviewed papers is provided in Table 2.8.

2.4.2 Chemical

The chemical industry encompasses the transformation of basic feedstock like
oil, air, water, metals, and minerals into thousands of chemical products. It
includes subdomains such as agrochemicals, pharmaceuticals, polymers, and
oleochemicals, each serving specific market needs. A prominent challenge in

the chemical sector is sustainability, requiring a reduction in carbon footprints,
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minimized chemical waste, and the incorporation of renewable resources. The
industry is increasingly shifting toward green chemistry and biotechnology,
focusing on environment-friendly and sustainable processes and products. Pre-
dictive models are essential for this progress, as they optimize production
processes, forecast demand, improve material properties, and accelerate innova-

tion, thereby reducing costs and driving forward industrial advancements.

The earliest FKPMs in the chemical industry date back to the 1960s [42].
Detailed reviews on FKPMs are available in the literature [99-101], as well
as exhaustive reviews on ZKPMs [102-107] . Several thorough reviews also
address PKPMs applications in the chemical industry [32, 42, 30, 38, 48], but
they need to be complemented by more recent contributions not covered in
these studies. This work aims to integrate the literature, focusing on papers
published after 2020 that have not been included in previous reviews, thus

offering an updated perspective on PKPMs advances in this area.

The search targeted specific keywords related to predictive models in the
chemical industry (see [23] for more information). This search produced a more
than 1000 of studies, which were refined by applying further citation filters
(papers cited, according to Scopus, by >15 papers for works published from
2020 and 2022, by >10 papers for works published in 2023, and by >1 papers
for works published in 2024).

In the chemical industry, PKPMs are predominantly applied to process
modeling, targeting improvements in the production of chemicals, materials,
and pharmaceuticals, as well as wastewater treatment [108-112]. Another
relevant application field is property prediction for various substances [74,
113, 114]. The most common PKPMs approach involves hybrid combining
a FKPM model with a separate ZKPM. In some cases, ZKPM outputs are
post-processed by FKPMs [115, 116, 110, 117], while in others, the ZKPM
input is pre-processed using a FKPM [111]. Another strategy is integrating
FKPM and ZKPM outputs to produce a final predictions [109]. More recent
methods use integrated approaches, adjusting model architectures or loss
functions [112, 108, 112]. Other techniques include physics-informed feature
engineering [74], zero-knowledge neural networks to estimate parameters of a
FKPM [113], or multi-fidelity neural networks that combine low-fidelity FKPM
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[74] 2021 Pre . netics of phase transforma- Gaussian process predicting T and T'. No comparisons
loys design erature and 26 from authors’ lab) .
tions vs FKPM
Data extracted from SciGlass 2
Viscosit; dic- PKPM dicts testset with R“ = 0.97.
[113] 2021 Post ,ISCOM ¥y predic database (17584 data of 847 oxide MYEGA viscosity equation Neural network prellc 5 estset wi
tion L. No comparisons vs FKPM and ZKPM
liquids)
Semi-batch PKPM is qualitatively more accurate
Syntheticall ted 125 Physical ti 8. Symboli -
[109] 2021 Post polymerization ynthetically generate ( wsical equations  (e.g., .ym olle regres than the simplified FKPM. No compar-
batches) mass and energy balances) sion .
reactors isons vs ZKPM
. Synthetically generated data (17 BT PKPM 3 times more accurate than
) Chromatographic . . . . R
[115] 2021 Post curves) and experimental data (17 Lumped kinetic model Neural network FKPM in interpolation and extrapo-
processes R R
BT curves) lation. No comparisons vs ZKPM
C d 3 diffe t LSTMs insid
Czochralski sili- Experimental data (5000 sets of crys- . ompare Heren . s inside
. . Hydrodynamic and geomet- PKPM. M-LSTM-HW is the most ac-
[116] 2021 Post con single crystal tal growth, continuously selected at . LSTM network . .
h . int Is of 5 dat ints) ric model curate in all the tests. No comparisons
growth process intervals o ata points vs FKPM and ZKPM
PKPM has higher accuracy and lower
[110] 2021 Post Yeast as-taxanthin Expierimental data (quantity not Kinetic model Gaussian process unce‘rtainty tha‘n.FKPM, for al% the
production specified) predicted quantities. No comparisons
vs ZKPM
Initial and boundary conditions and Once trained, PKPM is more efficient
Catalyti [efe) theticall ted dat In- than FKPM ical soluti . Er-
[108] 2021 In(surrogate) ataly IC_ 2 synthetically genera .e ata ( w Governing equations Neural network an . (r'xumerlca solution) v
methanation verse problem. Different sized ror < 0.3% in inverse problem (param-
datasets) eters identification).
8 " E . tal data ( tit " PKPM is more accurate than FKPM,
-carotene o- e ental data a; o
[117] 2022 Post r " pr xp.nm " auantity Kinetic model Neural network for all the predicted quantities. No
duction specified) A
comparisons vs ZKPM
PKPM is more accurate than ZKPM
Wast ter treat-  Data fi full-scale WWTP (1248
[111] 2022  Pre astewater trea ava from a fufl-sca’e ( Activated sludge model LSTM network (MSE -22,5%) and FKPM (MSE
ment data after pre-treatment)
—93,0%)
) ) PKPM is more accurate than FKPM,
Industrial fermen- Experimental data (from a sponsor- . . . .
[118] 2022 In & Post ) . . . . Kinetic model Neural network for all the predicted quantities. No
tation process ing industry, quantity not specified) .
comparisons vs ZKPM
Vi ity th tical d-
N fAuid . E ) tal data (1425 dat 19 llsc?;'y " 'eore];ci }:n;) PKPM is more accurate than ZKPM
anofluids viscos- xperimental data ata o els instein atchelor
[114] 2023  Pre P ’ " Neural network (R? =0.991 vs R? =0.977). No com-

ity prediction

class of nanofluids)

Brinkman, Masoumi, and
Udawattha)

parisons vs FKPM
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[112]

2023

Pre & In

(i) Semi-batch

reactor.
‘Wastewater
treatment

(i)

(i) Synthetically generated data (500 Neural network
data from numerical solution). (ii) Chemical equations and Recurrent
Data from literature (1345 data) neural network

Tested several structures of PKPM and
compared with ZKPMs. PKPMs out-
perform ZKPMs in all the tests. No
comparisons vs FKPM

Table 2.9 Papers about PKPMs in chemical industry
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62 Knowledge-Informed Machine Learning

outputs with high-fidelity experimental data [114]. Table 2.9 summarizes the

reviewed articles.

2.4.3 Manufacturing

Manufacturing transforms raw materials into finished goods through processes
like design, machining, fabrication, and assembly, across various industrial
segments. Challenges in the manufacturing sector include improving product
design, optimizing efficiency, ensuring quality, and managing supply chain
disruptions. Predictive modeling is crucial here, as it leverages physical knowl-
edge and data analytics to boost productivity, anticipate demand, optimize

inventory, and enhance operations.

FKPMs in manufacturing are often associated with numerical simulations,
with comprehensive reviews available [119] and sector-specific overviews [120)].
Several reviews discuss the use of ZKPMs in manufacturing [121-123]. Some
reviews on PKPMs address smart manufacturing [28, 46] and additive manufac-
turing [31]. However, a broader overview encompassing various manufacturing

subdomains has been missing so far.

For the manufacturing sector, a dedicated search query was used including
keywords related to manufacturing (see [23] for more information). This search
returned more than 2900 papers, which were then narrowed down by applying
citation filters (papers cited, according to Scopus, by >50 papers for works
published from 2013 and 2021, by >30 papers for works published in 2022, by
>10 papers for works published in 2023, and by >1 papers for works published
in 2024).

The selected studies indicate that PKPMs are applied to various areas
such as design, quality prediction, quality control, treatments, machining, and
performance prediction [124-131]. In advanced technologies, such as additive
manufacturing, PKPMs support tasks like melt pool modeling [132], defect
prediction [126, 133], and fatigue life forecasting [134-136]. Applications are
also notable in composite materials[137, 129]. PINNs are prevalent [127, 129,
138, 139, 128, 131, 125, 124, 135], alongside approaches involving feature pre-
processing [133] and surrogate modeling to reduce computational demand [126,

137]. PKPMs primarily enhance computational efficiency and reduce data



Paper Year PKPM Application Available and/or Prior Knowledge ZKPM Results & Comparison between
Domain Generated Data and/or FKPM FKPM, ZKPM, and PKPM
In the LPBF case, the FF — S f
Additive manufac- Experimental (320 hatches) and syn- A . . n the Cabe'. © core for
Pre . ) : Numerical simulation of bulk and overhang is 87.5% and 79.6%
[126] 2020 turing defect pre-  thetically generated data (3200 sim- X Neural network .
(surrogate) dicti lati blocks) plastic damage model for PKPM and ZKPM respectively. No
iction ulation blocks
comparisons vs FKPM.
P Composite materi- Synthetically generated (10000 sim- N ical si lati ¢ The RMSE of PKPM with respect to
erical s ation o
[137] 2020 ( e te) als damage char- ulations of LS-DYNA) and experi- lun:' nd o dl ln Neural network FKPM is 1.9kJkJ/m? for fracture en-
surrogate astic damage mode
& acterization mental data (3 ICT tests) p & ergy. No comparisons vs ZKPM.
I blem. With 20 f dat
Surface cracks ul-  Experimental data (240x240 grid, PHI‘(”:;/‘; pro en’; " <1 d ﬂ% Od é‘ltz
[127] 2020 In(surrogate) trasound quantifi- 1024 time instants, 3 different wave- Acoustic wave equation Neural network can predict soun spe-e wi
cation crack orientations) an error of 1%. No comparisons vs
FKPM and ZKPM
Additi fac- PKPM It ble t. -
‘l 1ve manutac Synthetically generated data (quan- Momentum, mass and en- . results are compara .e o nu
[132] 2021 Pre & In turing melt pool ; . . Neural network merical FKPMs. No comparisons vs
A tity not specified) ergy conservation
modeling ZKPM
Additi £ Linear regression, Accuracy of PKPMs and ZKPMs are
e manufac-
[133] 2021 P ¢ ;W mant ‘ Experimental data (549 3D-printed Physical parameters affect- Gaussian process, comparable, but PKPMs are indepen-
re ured components
it p lysi components) ing the process Support vector re- dent from the specific machine param-
orosity analysis
P Y Y gression eters. No comparisons vs FKPM
c it serd Th d . Max error of PKPM with respect to
omposite materi- ermodynamics equa-
[120] 2021  In(surrogate) pos Initial and boundary conditions ) Y a Neural network FKPM is 0.97°C. PKPM can extrapo-
als curing process tions
late better than ZKPM
Qualitative comparison of PKPMs with
C t elas- diffe t h t d refer-
[138] 2021 In(surrogate) ompon?n clas Initial and boundary conditions Elastodynamics equations Neural network Hieren yperpara'me ers ar'l reter
todynamics ence FKPM numerical solution. No
comparisons vs ZKPM
PKPM compared to the FKPM numer-
ical simulation. PKPM 10 times faster
P I C it teri- Heat t fer 1 d de-
[139] 2021 re & In ompo‘sl © matert Initial and boundary conditions cat transter aw' an © Neural network and error < 1.6K and 0.007 of temper-
(surrogate) als curing process gree of cure equation R
ature and degree of cure respectively.
No comparisons vs ZKPM
I blem. PKPM dicts th
Pre & T Internal structure Different data for each case (initial Mechanical laws (different dn\fzertse pro etm ith predicts ef
efect parameters with a max error o
[128] 2022 e o and defects of and boundary conditions, internal assumptions for different Neural network P .
(surrogate) 6.8%. No comparisons vs FKPM and

components

samples)

cases)

ZKPM.
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Machining  tool

Experimental data (3 datasets of 315

Tool wear empirical equa-

PKPM predicts the wear with an
RMSE of 3.17, 3.01, and 7.58 in x,

[130] 2022 Pre & In N Neural network y, and z respectively. PKPM is better
wear data) tion
than all the tested ZKPMs, no compar-
isons vs FKPM
Additive manufac- In the test, PKPM and ZKPM give
[134] 2022 Pre & In tured components Data from literature (12 samples) Fracture mechanics model Neural network R? =0.591 and R? = 0.322 respectively.
fatigue No comparisons vs FKPM
Measure of the physical consistency:
Data fi lit. t 3 terials:
Fatigue life predic- ata from literature (3 materials . PKPM and ZKPM has a minimum
[131] 2023 In . WIRE 85 samples, 2024-T4 252 sam- Fatigue model Neural network
tion 1 AAW 200 les) value of —0.99 and —0.53. No com-
es samples
ples, p parisons vs FKPM
Finite-strai L Finite-strain clastoplasti 3 step loading test: PKPM gives an er-
inite-strain plas- inite-strain elastoplastic-
[140] 2023 In(surrogate) o A p Initial and boundary conditions A P Neural network ror of 3.58% with respect to the FKPM.
ticity modeling ity model N
No comparisons vs ZKPM
. . Images show a good agreement between
Topological opti- L. .
[125] 2023 In(surrogate) izati Boundary conditions Deep energy method Neural network PKPM and FKPM. PKPM is less sen-
mization sitive to the number of nodes
T logical G Total tential In the 3D example the difference be-
opological opti- ota otential ener
[124] 2023 In(surrogate) .p . & P Boundary conditions P 8 Neural network tween PKPM and FKPM is less than
mization model .
5%. No comparisons vs ZKPM
Additive manufac- PKPM more interpretable than ZKPM.
[135] 2023 Pre & In tured components  Data from literature (561) Fracture mechanics model Neural network PKPM gives an M SE 20% lower than
fatigue ZKPM. No comparisons vs FKPM
@ P (if) Additive manufac- Neural network, Several PKPM architectures tested.
i re (ii
[136] 2023 Post tured components Experimental data (62 tests) Paris’ law, o model Support vector RM SE given by all PKPMs is less than

fatigue

regression

FKPMs and ZKPMs

Table 2.10 Papers about PKPMs in manufacturing industry
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2.4 Review of industrial applications 65

dependency compared to traditional approaches. Additionally, PKPMs have
been employed for solving inverse problem (i.e., parameter identification) [128]

and improving model generalization [133]. See Table 2.10 for a summary.

2.4.4 Transportation

The transportation industry underpins global commerce, involving the move-
ment of goods and passengers. Key sectors include automotive, marine,
aerospace, and railway, as well as traffic management and logistics. Predictive
models help forecast trends, optimize operations, enhance sustainability, and
reduce risks. In the automotive industry, predictive models support demand
forecasting, maintenance planning, and autonomous driving systems devel-
opment. In the marine sector, they improve vessel routing, predict weather
patterns, and strengthen navigation safety. In aerospace, predictive model-
ing drives better aircraft design, operational optimization, and maintenance
scheduling. Within the rail domain, these models facilitate efficient scheduling,
maintenance planning, and infrastructure management, ensuring reliable and

eco-friendly rail networks.

General reviews of FKPM applications in transportation are available [141],
as are numerous surveys on ZKPM use [142, 143]. Work on PKPMs in this
field remains scarce. Some reviews exist for specialized areas like fuel con-
sumption [34, 52] or ship motion [144], but no overview spans the entire

transportation sector.

To address this, a targeted search was conducted (see [23] for more infor-
mation), which returned more than 1200 papers and was subsequently filtered
by citation thresholds (papers cited, according to Scopus, by >25 papers for
works published from 2013 and 2021, by >15 papers for works published in
2022, by >10 papers for works published in 2023, and by >1 papers for works
published in 2024).

The findings reveal significant exploration of PKPMs in the marine sector for
ship operations optimization. Studies address fuel consumption reduction [145—
147], ship behavior modeling [148-151], and integrating emerging propulsion
solutions [152]. PKPMs are also used to model battery behavior for vehicle
applications [153, 154] and to analyze cumulative aircraft damage [155, 156].



Paper Year PKPM Application Available and/or Prior Knowledge ZKPM Results & Comparison between
Domain Generated Data and/or FKPM FKPM, ZKPM, and PKPM
The best PKPM predicts the fuel
[145] 2015 I Ship efficiency es- Performance evaluated with several Ship fuel consumption K 1 thod consumption with MAPE = 1.49%,
n ernel me O
timation different dataset sizes model FKPM with 20.95% and ZKPM (best)
with 1.71%
In ) . . . Least-squares sup- ) ) .

[149] 2015 (parameters Ship maneuvering Experimental data (quantity not Dynamical model ort vector regres. Qualitatively PKPM is comparable to
P A model specified) Y p & ZKPM but less accurate than FKPM
tuning) sion

Syntheticall ted dat
In Ship maneuvering yntaetically generé © ata . € support vector PKPM is more accurate than FKPM
[148] 2015 (parameters (graphs shows a simulation of about  Dynamical model R .
. model regression and ZKPM in all the tests

tuning) 400s)

. . . Regularized least Fuel consumptions MAPE: FKPM

Ship trim opti- . . .

. .. . . Performance evaluated with several Ship fuel consumption squares, lasso re- 20.95%, best ZKPM 1.95%, best

[146] 2017 (i) Pre (ii) In  mization for fuel . R . .

b different sized datasets model gression, and ran- PKPM Pre-Processing 0.83%, , best
consum on
P dom forest PKPM In-Processing 0.95%
I The proposed PKPM predicts the con-
n
Ship  fuel - Dat led in 7 f ship op- ti ith R? = 0.90 i
[147] 2019 (parameters P . ue con @ %L sampAc n y?ars ot ship op Fuel consumption model Genetic algorithm sump 1onAw1 2 (a previous
tuning) sumption forecast eration (daily sampling) PKPM with R“ = 0.88). No compar-
nin
uning isons vs FKPM and ZKPM
In the interpolation test MAE of
PKPM is —20% and —82% with respect
E i tal data (258 tests in th
Propeller noise XEC“@CH al data ( ,CS s 1'n © Cavitation vortex and high- to ZKPM and FKPM respectively. In
[61] 2020 Pre . cavitation tunnel of University of . Neural network )
prediction G ) frequency noise models the extrapolation test M AE of PKPM
enoa
is —29% and —69% with respect to
ZKPM and FKPM respectively.
The accuracy of PKPM on the test set
Wi lati Syntheticall ted dat 15 R t 1
[155] 2020 Pre & In ings cumulative  Synthetically generated data ( Paris’ law CCUTTent MU 4 96.55%. No comparisons vs FKPM
damage modeling planes, 174000 cycles each) network
and ZKPM
Eulerian test accuracy: PKPM 73.7%
Synthetically generated data (1000 and ZKPM 37%. Lagrangian test ac-
Traffic stat ti- Lighthill-Whitham-
[159] 2020 In raA ¢ state estl samples extracted from a 500x500 {g ! Hham Neural network curacy: PKPM 79% and ZKPM 86.1%.
mation . . Richards model )
spatiotemporal grid) PKPM > 2 times faster than ZKPM.
No comparisons vs FKPM
Monotonicity regarding .
PKPM improves by 20% the current
Total of 1,974 ds (H K hi fl ized Ext dient
[158] 2021 In Port state control otat ot & records (Hong Kong suip ag/recognize xireme gradien scheduling method. PKPM outper-

port)

organization/company
performance

boosting

forms the ZKPM XGBoost
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[150]

2021

Ship maneuvering
model

Synthetically generated (70 simula-
tions of 600 samples) and experimen-
tal data (quantity not specified)

Hydrodynamic model

Neural network

In simulation PKPM predicts the tra-
jectory with an error 90% lower than
FKPM. No comparisons vs ZKPM

(153

2021

Pre & In

Unmanned aerial
vehicle batteries
modeling

Data from NASA’s prognostic Cen-
ter of Excellence Data Repository
(36 discharge curves)

Electrochemical model

Recurrent neural
network

Tested on random loading cases,
PKPM can predict voltage with
RMSE < 0,088% for 7 batteries out
of 8. No comparisons vs FKPM and
ZKPM

[154]

2023

Vehicle batteries
heat generation
estimation

Virtual battery data for five stan-
dard driving tests

Single particle model with
thermodynamics

LSTM network

Comparison of different architectures
of PKPM. The best can predict heat
generation with an RMSE = 1.428 for
the WLTP standard. No comparisons
vs FKPM and ZKPM

[156]

2023

Aerospace alloys
fatigue modeling

Experimental data (500 samples)

Smith-
model,

Basquin model,
‘Watson-Topper

Neuber’s rule

Support vector
machine, random
forest,

gradient boosting

extreme

PKPM improves by 2% the predictions
that lie in the £2 error bands. Graphs
shows that the M SE of PKPM is about
30% lower than FKPM. No compar-
isons vs ZKPM

[152]

2023

Safety assessment
of solid oxide fuel
cell for ships

Synthetically generated and experi-
mental data (4392 samples)

Fuel cell electrochemical
model

Gradient boosting

In predicting leaks, PKPM has an accu-
racy 11% better than ZKPM. No com-
parisons vs FKPM

[151]

2024

In & Post

Ship speed predic-
tion

Experimental data (from two ships
63000 and 8600 samples respec-
tively)

P-v curve in calm water

Neural network,
extreme gradient

boosting

PKPM is 30% more accurate than
ZKPM. No comparisons vs FKPM

Table 2.11 Papers about PKPMs in transportation industry
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68 Knowledge-Informed Machine Learning

Common PKPMs strategies include physics-inspired model structures with
data-driven parameter estimation [148, 149, 147] and physics-informed regu-
larization [145, 157] and architechtures [155, 154]. These approaches primarily
enhance accuracy and allow knowledge-based constraints [158], as well as reduce

computational time [159]. Table 2.11 presents the reviewed papers.

2.4.5 Energy

The energy industry underlies modern civilization, powering cities and indus-
tries. It involves the production, storage, and distribution of energy. This
sector increasingly relies on nuclear and renewable sources (e.g., solar, wind,
hydro) alongside traditional fossil fuels. Together with the management of
the distribution of energy generated from these source, the energy storage
technologies (batteries, pumped hydro, hydrogen fuel cells) are becoming essen-
tial for balancing supply and demand, ensuring grid stability, and integrating
intermittent renewables. Predictive modeling supports energy production fore-
casting, consumption patterns, component maintenance scheduling, and overall

operational efficiency.

Several reviews cover FKPM applications in energy [160-162]. There are
also studies on the use of ZKPM in smart energy management [163] and other
specific fields like renewables and batteries [164, 165]. For PKPMs, there is a
growing interest in batteries and renewables [45, 31]. [30] focus on parallel and
serial combinations of FKPMs and ZKPMs, while [49] is devoted to PKPMs

for power systems.

The literature analysis identified relevant papers by using specific keywords
(see [23] for more information), yielding a total of 2900 items. Then, papers
and was filtered by citation (papers cited, according to Scopus, by >30 papers
for works published from 2013 and 2021, by >20 papers for works published in
2022, by >10 papers for works published in 2023, and by >1 papers for works
published in 2024).

Many works address batteries and renewables [45], in particular battery
state-of-charge and state-of-health estimation [166-170], wind turbine mainte-
nance [171, 172], photovoltaic production forecast [173], as well as fuel cell [174],

and nuclear reactor [175] modeling. The most common type of PKPMs in



Paper Year PKPM Application Available and/or Prior Knowledge ZKPM Results & Comparison between
Domain Generated Data and/or FKPM FKPM, ZKPM, and PKPM
Modeli soc PKPM tested varying conditions and
odelin,
[166] 2017 Post d t & ¢ Experimental data (PCD, HPPC e Equivalent circuit and ther- N 1 net " hyperparameters. PKPM validated for
os an emperature eural networ
£ batt ‘p CCD tests. Quantity not specified) mal models practical battery management systems.
of batteries
No comparisons vs FKPM and ZKPM
rRMSE is 5.5%, 30.9%, and 13.6% for
Data f literat 1865 test N 1 t k
[178] 2020  Post Critical heat flux ata from literature ( Y Liu model eural  netWOrk, )¢ best PKPM, FKPM, and ZKPM
cases) Random forest N
respectively
Data from literature (NREL
PKPM litatively h d adher-
Wind turbine database, hourly from 2007 to . 'qual ative y. as & good adher
[171] 2020 Pre & In . . Bearing models LSTM network ence with the bearing damage curve.
bearings 2013) and synthetically generated .
b : if ) No comparisons vs FKPM and ZKPM
earing life curves
The maximum value of RMSPE for
Batt lectrode- 11 th titi dicted by PKPM
Pre attery efec r'o © Synthetically generated data (75 Electrochemical and ther- é © quar'l pties pr? iete Y
[167] 2021 level state estima- h . LSTM network is 2.93% (without noise). Improvement
(surrogate) . simulations of power profiles) mal models .
tion between 75% and 95% with respect to
ZKPM. No comparisons vs FKPM
Prediction of po- Fund tal "
undamental conservation
larization curves Data from literature (quantity not v . PKPM has a M SE that is 63% lower
[176] 2021 Pre A . . laws of mass and electrical Neural network )
of solid oxide fuel specified) h than FKPM. No comparisons vs ZKPM
charge
cell anodes &
Data from literature (NREL PKPM trained with different sized
[172] 2022 Pre & I Wind turbine database, hourly from 2007 to B . del LSTM net " datasets. Best RMSE for grease dam-
re n earing models networ
bearings 2013) and synthetically generated & age is 0.021. Qualitatively better than
(bearing life curves) ZKPM. No comparisons vs FKPM
In the forward case, the PKPMs have
a reconstruction error of 2.7% with re-
P Nucl t Syntheticall ted data (18480 Decisi t k-
[175] 2022 e ue ea'ur reactor ynthetically generated data ( Neutronic field simulation ectsion .ree, spect to the FKPM simulation. PKPM
(surrogate) modeling samples) nearest-neighbors . .
is 3 orders of magnitude faster. No
comparisons vs ZKPM
Batt health Data from NASA Ames Prognos- Calend d 1 . PKPM more accurate than FKPM and
atter ea alendar and cycle agin
[168] 2022 Pre Y " tics Center of Excellence (9 different del b4 EME 1 STM network ZKPM (Best MAPE: PKPM 0.92%,
managemen models
& datasets) FKPM 3.59%, and ZKPM 4.12%)
With data sampled for more than
Phot Itai E i tal data (f 14 plant
[173] 2023 Pre ovovottaic xperimental data (from plants) PV model chain Neural network 1 year, PKPM more accurate than

power forecasting

and numerical (weather predictions)

FKPM. No comparisons vs ZKPM
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(i) Data from NASA (first 90 life cy-

(i) PKPM gives RZ > 0.711. (ii) PKPM

Batt health les of 3 batteries and first 60 lif Pseudo 2-di sional elec-
[170] 2023 Pre @ ery. ea cles o atteries dn‘_ e . e seude . rmensionat elec LSTM network gives R? > 0.989. No comparisons vs
prognosis cycles of 1 battery). (ii) Experimen-  trochemical model
R FKPM and ZKPM
tal data (1400 life cycles)
i) Singl ticl del
(i) Synthetically generated data (l')th 1ntghe pa;‘ 1Cde mo. ° (i) PKPM more accurate than FKPM
wi erma namics.
(169] 2023 Pre & Post Battery voltage (DFN model). (ii) Experimental (i) Non-li d ybl N 1 net N in all the tests. (ii) PKPM more accu-
re oS ii on-linear double ca- eural networ
modeling d.ata (comm(?rcial battery). Quan- pacitor equivalent circuit rate than FKPM and ZKPM in all the
tity not specified tests
model
i) Syntheticall ted dat
() ynthetically genera? © ara PKPM more accurate and robust than
Power system (1000 samples from nominal IEEE . .
) . ) Load margin assessment ZKPM. PKPM is slower than ZKPM
[179] 2024 Pre load margin 68-bus). (ii) Synthetically generated Neural network ) L L. . L A
L. . model in training. Similar in prediction times.
prediction data (1000 samples from nominal .
No comparisons vs FKPM
BIPS)
Solid oxide fuel PKPM 10000 times faster than FKPM.
P 11, t- Syntheticall ted data (50000 E 0.513 d 2.86% with t
[174] 2024 e f:e s op'e%a 'yn ctically generated data ( Local overpotential model Neural network rror % an . o with respec
surrogate ing condition  simulated data o and experiments, respec-
( te) dit lated data) to FKPM d t
optimization tively. No comparisons vs ZKPM
Battery remain- PKPM gives a MARE = 3.19%, 44%
Data fi lit t 72 dat ft C tant t ch i
[177] 2024 Pre ing useful life ata from literature ( ata atter onstant current charging Neural network less than ZKPM. No comparisons vs

prediction

cleaning)

process model

FKPM

Table 2.12 Papers about PKPMs in energy industry
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2.4 Review of industrial applications 71

the examined literature is the feeding of ZKPMs with additional features out-
putted by FKPMs [168, 173, 169, 170, 176, 177]. The second most adopted
PKPMs is the surrogation of heavy computational FKPMs with more efficient
PKPMs [167, 175, 174]. Table 2.12 summarizes the reviewed papers.

2.4.6 Construction

The construction industry includes diverse activities from residential and com-
mercial building, to infrastructure development. Energy efficiency in buildings
is increasingly critical, driven by environmental and regulatory factors, and
involves implementing advanced insulation, efficient lighting, and renewable
energy sources. Predictive modeling is crucial for optimizing resource use,
improving project planning, mitigating risks, and ensuring sustainable building

life cycles.

We found extensive reviews of FKPM applications to building industry [180],
as well as works on structural optimization in civil engineering [181]. For
ZKPMs, some reviews analyze the building life cycle management [182], while
other surveys study structural health monitoring [183]. Several reviews exam-
ine PKPMs in building efficiency [29, 33, 36, 39, 41], and there are broader
perspectives on civil engineering [47]. Here, an updated perspective on PKPMs

in construction is presented, excluding previously covered works.

We used a dedicated search string (see [23] for more information), resulting
in more than 1800 articles. Then we screened the results by applying citation
filters (papers cited, according to Scopus, by >40 papers for works published
from 2013 and 2021, by >20 papers for works published in 2022, by >10 papers
for works published in 2023, and by >1 papers for works published in 2024).

Our findings show that most PKPMs address building efficiency and thermal
modeling [184-189], along with structural integrity [190-192] and soil-structure
interaction [193, 194]. Common approaches involve incorporating physics-based
regularization into the loss function [190, 191, 187, 188, 194], or using physics-
guided structures with data-driven parameter fitting [184, 189]. Most of these
classes of methods have been discussed in previous surveys [29, 33, 36, 39, 41].

Table 2.13 summarizes the reviewed studies.



Paper Year PKPM Application Available and/or Prior Knowledge ZKPM Results & Comparison between
Domain Generated Data and/or FKPM FKPM, ZKPM, and PKPM
In . ) Genetic algorithm The best FKPM, ZKPM, and PKPM
Building thermal Experimental data (measurements .
[184] 2018 (parameters deli £ 31 days) RC model and pattern  give an average M AE of 0.7°C, 0.4°C,
modelin o ays
tuning) & 4 search algorithm and 1.0°C respectively
(i) In the worst scenario PKPM has a
- . (i) Synthetically generated data (100 correlation factor r =0.61, ZKPM 0.37.
Building seis- . . .. . C s
. seismic sequences of 1001 data). . . (ii) The error of PKPM in predicting
[190] 2020 In mic response . . . A Equations of motion Neural network . . ;
deli (ii) Experimental data (23 seismic the displacement is < 5% with a confi-
modelin
& events) dence interval > 93%. No comparisons
vs FKPM
i) 97.5% of th s of PKPM
(i) Synthetically generated data ® % o © errors © are
Structural  d (100 simulati £ d ) < 0.2. 22.3% of errors of ZKPM are
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In the previous chapter, we discussed the state of the art of Knowledge-
Informed Models, and reviewed the practical applications already adopted by
industry. Given that they are, to date, the only models with a sufficient level of
maturity to have been applied in industrial contexts, our review was limited to
Knowledge-Informed Predictive Models (also referred to as Partial-Knowledge

Predictive Models). To complete the picture of these models, it is now necessary
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to analyze the deployment in real-world cases. Therefore, this chapter introduces
a practical example of a Knowledge-Informed Predictive Model, detailing its

development and presenting a fair comparison with traditional techniques.

3.1 Context

Practical applications of Knowledge-Informed Predictive Models represent the
core of the doctoral program. Two main projects were undertaken: one in the
energy and one in the maritime industries. Here, we will present the project
related to the energy industry, namely the application of Knowledge-Informed
Predictive Models to the power flow analysis of an electrical grid. As for the
maritime application, the project is still ongoing, and we leave this discussion

to future work.

The choice to apply our framework to the power flow analysis stems from
the growing attention this field is receiving, due to the increasing complexity of
electrical grids and the need for effective tools to control such systems. Power
flow analysis aims to determine voltage and current (both in magnitude and
phase) in an electrical grid over time, given load conditions, power injections,
and the grid topology. This problem, which emerged with the spread of electri-
cal networks, is not new, and power distributors have long developed models
capable of managing grid dynamics. However, with the recent introduction of
decentralized renewable energy sources, storage systems, microgrids, and grow-
ing variability in demand, power grids are becoming increasingly complex, and
traditional models are no longer sufficient for fast and accurate analysis. More
than ever, real-time knowledge of the grid state is essential to manage renewable
resources and their intermittent production, coordinate the interaction between
traditional and decentralized sources, and optimize distribution. Today, energy
providers face the need to create new and more complex models to adapt to this
evolving complexity, which translates into significant investments in research

and development.

This case study appears to be a perfect match for the application of the
Knowledge-Informed Models. Indeed, the physics of the problem is well known
and these physical models are proven to align with practical observations.

Moreover, reliable software tools for iteratively solving the problem already
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exist, and there are large databases of historical data and several benchmarks
available. All the ingredients are present to build a data-driven model enriched
with domain knowledge. To demonstrate the feasibility of using these models in
real-world applications, we chose the IEEE 57-bus case study. This network is
a widely used benchmark. It features a medium-complexity network, allowing
for meaningful comparisons on a non-trivial case and prepare scalability to

larger systems.
The presentation of this project is organized as follows:

e Section 3.2 provides an overview of the related work, introducing tradi-
tional models for power flow analysis, their strengths and weaknesses,
and existing attempts to combine physics and historical data to build
better models.

e Section 3.3 introduces the techniques used in this work, to help the reader
follow every step of the experiment.

e Section 3.4 presents the actual case study, defining the setting and dis-

cussing the results.

The experiments for this project were conducted on the DelftBlue super-
computer at the Delft High-Performance Computing Center, and the results
have been published in [24].

3.2 Related work and contributions

Regarding the modeling of electrical grids, the physical principles behind power
flows in these are well known and closely match real-world observations [195].
As we will describe in more detail in Section 3.3.1, power flow analysis can
be modeled as a system of non-linear equations dependent on the injected
power, the loads, and the topology. Traditionally, the solution of the system is
obtained using numerical iterative methods, which are highly accurate but not
always guaranteed to converge, and require significant time and computational
resources [196]. This often prevents real-time predictions which are necessary
for control tasks. Examples of solving techniques include the Newton-Raphson
method, Gauss-Seidel method, and Fast Decoupled Load Flow [197]. All these
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methods rely solely on physical and domain knowledge and thus fall under the

category of FKPMs, as defined in the previous chapter.

A more efficient solution involves collecting a dataset of historical data
(either real or generated by solving a set of conditions using an iterative method)
and training a data-driven model (referred to as ZKPM in the previous chapter),
able to predict the voltage state of the network based on the power injected
or requested at the nodes. Examples have been proposed using Least Squares
and Bayesian Linear Regression [198], Koopman Operator Methods [199],
Support Vector Machines [200], Radial Basis Function Networks [201], Graph
Convolutional Networks [202], and Stacked Denoising Auto-Encoders [203].
Generally speaking, these methods require a sufficient amount of historical
data and a time-consuming training phase, which can typically be performed
offline. This class of methods proves extremely useful for real-time applications
because, once trained, their inference time is significantly shorter compared
to iterative methods. Nonetheless, the quality of the results from data-driven

models tends to be low and potentially physically inconsistent.

In this context, Knowledge-Informed Predictive Models (called PKPM in
the previous chapter) emerge as a promising approach, combining the efficiency
of data-driven models with improved accuracy and, most importantly, enforcing
compliance with physical laws to ensure physically reliable results. In the past,
a few attempts have been made to develop Knowledge-Informed Predictive
Models [49], but these only partially incorporate physical knowledge and do
not provide a fair comparison with competing models. For instance, the paper
by Hu et al. [204] modifies the architecture to account for Kirchhoff’s laws and
system topology (i.e., Pre-Processing); Miiller et al. [205] use physical laws to
generate new features (i.e., Pre-Processing); Yang et al. [206] propose a basic

Physics-Informed Regularization term (i.e., In-Processing).

Our work aims to bridge the gap in previous research by proposing an ex-
tensive integration of physical knowledge through regularization and physically-
consistent extension of the set of collocation points (i.e., the points where
the physical law is evaluated). Moreover, for the first time, a fair comparison
between knowledge-informed and traditional techniques is provided. Since the
type of knowledge that is leveraged is a set of physical laws, we can define this

method as a Physics-Informed Predictive Model.
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3.3 Methodological background

This section introduces the key concepts necessary to understand the steps of

the presented project. Specifically, we will cover:

« Power flow problem (Section 3.3.1).

 Physics-Informed Regularization and collocation points (Section 3.3.2).

3.3.1 Power flow problem

This section introduces the physical model that describes the behavior of a
power grid. A power grid can be modeled as an undirected graph G(1, &), in
which 91 is the set of nodes (buses) and € represents the set of edges (branches)
connecting them. At each node n € I, it is possible to identify the following

quantities, defined as positive when injected into the node [207]:

o Active power injection P,.

« Reactive power injection Q).

« Voltage V,,, composed of a real component Vf and imaginary component
VI

o Current injection [,,, composed of a real component ]5 and imaginary

component ..

Active and reactive power injections are typically easier to measure in practice,
while voltage and current require to be estimated. Therefore, the power flow
analysis aims to find the value of V%, VI IR and Ilat each node n € M.

The grid model can be built by leveraging electric engineering principles.
First, we can introduce the admittance matrix [208], defined as Y = Y +Ysh,
where Y and Y*" are the branch and shunt matrices, respectively. The branch
matrix can be built by modeling each edge (i,k) as a m-equivalent branch
model. Each network line is transformed into the equivalent series of impedance
Z% .k = R%,k+jXC%i.k and the corresponding admittance Y%, k = (Ze);,i

The branch admittance matrix Y becomes:

Zw:(i,w)EQE Yz?sw ifi=k
Yii=1 Vi itk and (i,k) € € (3.1)

0 otherwise
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To build the shunt admittance matrix Y*", shunt-connected components, such
as capacitors or inductors, are modeled as fixed impedances to ground at
a node. The admittance of a shunt element ¢ at bus n € 9 is given by
Y =GN+ B, where G2 and B2 represent the shunt conductance and

n

susceptance, respectively. Then, Y*" is defined as:

YU ifi=k
Yk = . (3.2)
0 otherwise

Given the number of nodes N,,,4es, the matrix Y has dimensions N,,pges X Npodes,
where each row corresponds to a specific node n. Y contains information about

the grid topology and its electrical characteristics.

To model the power exchange, each generator connected at node n € O is
modeled as a complex power injection S = PJ 4 7Q9, where PJ and QY are
the active and reactive power supplied. Similarly, power loads are modeled as

active and reactive power consumption, Pg and Qg, such that Sﬁf = Pff + ijlL.

The power flow equations, which describe the steady-state sinusoidal be-

havior of the network, are expressed as:

I=YV (3.3)

S=voIl? (3.4)
where [ and V' are the vectors of bus currents and voltages, respectively, and
® denotes the element-wise (Hadamard) product.

The power balance at each bus is enforced by equating the net injected
power to the sum of the generator and load injections, leading to the nodal

power balance equations:

P,+Pl+PI=0
Qn+Qe+Q%=0 (3.5)

for all n € M.

We can also write, in terms of voltage:

Vi = VELVI = |V, |(cos(£LV,) +jsin(£LV;)) (3.6)
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yielding a formulation in terms of the real and imaginary components of voltage:

Po=Y" Gur(VEVELVIVD B, L (VIVE-VEV]
keN

Qn=Y" Guir(VIVE-VEVH-B, (VEVELVIV (3.7)
keN

Alternatively, using the voltage magnitude and phase angle:

; R
Po=3"ken [Vl Vil <(Gn,k+jBn7k)e_J(4Vn—ZVk))

. 1
Qn=—Snen [VallVil (G pt 7B s)e 3Vn=4V)) (3.8)

Or, in terms of the real and imaginary parts of voltage and current:

P, =VEIE+ VI
Qn=—-VEII+V]II] (3.9)

for all n € .

These non-linear equations (i.e., (3.7), (3.8), and (3.9)) can be solved using
various iterative numerical techniques [197]. For this work, the open-source
tools MATPOWER [209] was used. Typically, iterative numerical solvers
yield to accurate results, but present two main drawbacks. First, the solution
process is time-consuming and often prevents real-time predictions. The second
negative aspect is the convergence of the solution which is not guaranteed for
ill-conditioned problems. These considerations make the research of alternative

methods particularly important.

3.3.2 Physics-Informed Regularization

In Section 2.2.4, we provided a theoretical overview of the most common
techniques for integrating knowledge into a data-driven model. We emphasized
that no technique is universally superior; rather, the most appropriate method
varies depending on the specific case, the ML architecture, and the type of

knowledge available.

As we will explain in Section 3.4, the structure of this problem suggests

adopting a neural network as the ML architecture. We have also shown that, in
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this setting, knowledge is expressed in the form of physical laws. With this type
of model and this form of knowledge, the most suitable integration technique,
based on the authors’ understanding, is to introduce a penalty term into the

model loss function, as proposed in Eq. (2.9) of Section 2.2.4.

This method can be explained in more detail by considering a conventional
ML model, characterized by a set of parameters €, which receives certain inputs
x and produces the corresponding outputs y. Given a dataset D of historical
data, it is possible to define a loss function L as a measure of the error made
by the model on the training set. Typically, the definition of L includes a
regularization term that penalizes overly complex functions, promoting better
generalization. Training the model means solving the following objective

function:

0= argm@inL(Q,D) (3.10)
The introduction of a further physics-guided penalty term Ly, to L, leads to a

new loss term L/, defined as
L' =L+ AL, (3.11)

The multiplying factor A is an additional hyperparameter, weighing the physical
constraint component against the rest of the loss. Ly, represents a measure of
how the model violates a physical principles. This approach, first introduced by
Raissi et al. [22] for solving differential equations, is effective when the physical
law is well mathematically defined, as it guides the model training toward
functions that are both consistent with the data and physically plausible. The
constraint is not imposed in a hard manner, but its strength is rather adjusted
through the factor A.

The definition of Ly, depends on the application. In the simplest form,
when the physical law can be written in the form ®(z,y) =0, it is possible to
use the sum of the squared values of ® evaluated over a set of points as the

penalty term. This can be expressed as

Ne
Lphy = ;IICI’(IEZ-,y(xi))I|2 (3.12)
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x; are the so-called collocation points, y(z;) is the model output at these points,
and N, is the total number of collocation points. Practically speaking, these

are the points in which the physical constraint is imposed.

In more complex cases, the physical equation might depend on derivatives
of the output with respect to the input. This scenario can be handled using

automatic differentiation tools [7].

The choice of collocation points introduces a new hyperparameter, which
plays a crucial role in model performance. Overall constraint satisfaction,
training convergence, and computational cost, they all strictly depend on this
choice. With all other parameters fixed, a small and sparsely distributed set
of collocation points results in low computational cost and easier convergence,
but the physical law may only be satisfied locally, without generalization.
Conversely, a very dense grid might ensure better constraint satisfaction, but

can lead to convergence issues and higher computational cost.

When the input is made up of spatio-temporal coordinates, practitioners
typically use equally spaced grids or optimized grids (e.g., for a better con-
vergence or a finer result in regions of interest). However, when the input
quantities are not spatio-temporal coordinates (such as electrical powers, as in
our case), the selection of the collocation points requires further attention. One
common solution to this problem is to start from the input values present in
the training set and apply small perturbations to generate new, distinct points
while keeping them within the same range of interest. This is the strategy
adopted in our project: the set of collocation points was obtained from the
training set input data, and then augmented by adding N4 new points created
by introducing Gaussian noise Ng(o) to the existing ones. The amount of noise
added must ensure that the new points are sufficiently different, yet still lie
within the same range as the original inputs. This guarantees that the physical
equation is evaluated over a consistent and relevant domain. The number Ny,
of added points and the o factor, which scales the noise magnitude, are treated

as hyperparameters to be optimized.

This completes the introduction of preliminary concepts that will be com-

bined together in the following section, in the development of a real model.
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3.4 Case study: Physics-informed power flow

analysis

This section introduces the case study, namely the application of physics-
informed techniques to power flow analysis. We have already discussed the
importance of power flow analysis in the management of modern electrical
grids, as well as the increasing complexity that calls for the development of
more efficient methods. We will now bring together the concepts presented in
Section 3.3 to outline the application to the IEEE 57-bus case study.

3.4.1 Experimental setup

The IEEE 57-bus system is a classic case study introduced to evaluate the
performance of different models in a realistic scenario. It represents an approx-
imation of the American Electric Power system (in the U.S. Midwest) as it was
in the 1960s. Over the years, it has been used as a benchmark for iterative

solvers, making it a suitable case study for our application.

This network consists of 57 buses, 7 generators, and 42 loads. The topology
of the model is shown in Figure 3.2. The power flow analysis of this problem
involves determining the voltage and current states (both magnitude and
phase), given the input power conditions at the nodes. The resolution of
this problem using physics-based models and iterative methods is already
well established. However, each modification to the input set requires a new
iterative solution, which takes a non-negligible amount of time. For real-time

applications, alternative models, such as surrogates, need to be developed.

The goal of our project is to develop a surrogate model using a new physics-
informed technique and compare it with traditional techniques, both physics-
based and data-driven. The ultimate objective is to produce a model that is

accurate, physically consistent, and, most importantly, efficient.

First, we will define the dataset, which for a surrogate model is obtained
through multiple solutions of the accurate but inefficient model to be replaced.
In our case, the reference iterative tool is MATPOWER [209], which was used to

create the dataset. The generated dataset consists of 10000 samples, containing
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Fig. 3.2 IEEE 57-bus

the nodal voltage and current values (i.e., VI VI I and I vn € M) , and
their corresponding nodal power values (i.e., P, and @y, ¥n € 91). To work with

more realistic data, we added random noise of +0.2 per unit, using a power
base of 100MV A.

Having defined the physical model and the dataset created from it, we will
analyze the architecture of the surrogates, starting from a simple data-driven
model and then introducing the proposed physics-informed adaptation. Finally,
we will evaluate the results, in order to assess performance in terms of accuracy

and efficiency.

3.4.2 Method implementation

A physical model is available that can be solved iteratively with accurate but

computationally expensive results. Using this model, we created a dataset D
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of historical samples of power, voltage, and current. Now, it is possible to

introduce the surrogate models.

In this setting, the surrogate model can be framed as a multi-output
regression problem [66]. More formally, given an input space X = R™* and the
associated output space Y = R"™, we define a model fy: X — Y, with specific
parameters ¢ and trained using an algorithm o7 with specific hyperparameters
H. fyis built to approximate the underlying relation between input and output
data.

Given the multi-output structure of our problem, a neural network is the
most natural choice. In this case, using a deep neural network does not seem to
be the best choice, since the system topology is fixed and the vector x € R"»,
containing P, and @, Vn € N, is already a good representation of the input.
Therefore, based on these considerations and prior experience, we chose a fully
connected hidden-layer neural network. The chosen architecture consists of a
first non-linear block that learns a representation, which is then passed to a
linear block that outputs the prediction, handling the multi-output structure
in a computationally efficient way. A more detailed refinement of the neural
network architecture (e.g., by slightly increasing the model’s complexity) could
potentially improve performance. Nevertheless, this level of detail falls outside
the scope of the present study, which focuses on demonstrating the advantages
of integrating knowledge into the model while keeping other conditions constant.

Then, the proposed architecture can be formalized as:

Foeqwowny () = Wop(Wha) (3.13)

where W € R™*™h Wh € RMX" (for a total of nyNp, + Npng parameters), ¢

is the activation function, and ny, is the number of hidden units.

The dataset has been split into training, validation, and testing subsets, so
that all quantities associated with a single condition were assigned entirely to a
single subset. The model was trained using the ADAM optimizer, with a batch

size of 128 and a learning rate scheduler.

As for the Physics-Informed Model, the underlying architecture is the
same as that of the data-driven model. This is necessary to ensure a fair

comparison between the two models. Indeed, in the literature, it is common to
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find comparisons between physics-informed and data-driven techniques using
different architectures [205, 204]. Even when the architectures are the same,
hyperparameter tuning is sometimes performed only for one model and then
directly transferred to the other [206]. In this study, we explicitly aim to make

the comparison as fair as possible.

The Physics-Informed Model differs from the data-driven model by the
introduction of a penalization term in the loss function:

Lyny(8) = Ssen [11(fo($) = YV (fo(SII+ 1S =V (fo(S) @ T (fo(II]  (3.14)

where S is each input sample from the dataset. In this case, the collocation
points are represented by the set of S itself. However, as discussed in Sec-
tion 3.3.2, it is possible to extend the collocation points by adding noise Ng(o)
to existing ones. We can thus introduce another loss function, which includes
new collocation points:

Loy (0) = 3 Ssen [11(f6(9) =YV (Fo(S)+ 1S =V (fa(8)) 0 T (fo(S)]

+ 5 X 5e (S Ns(0):5€D) [Hf(fe(g)) —YV(fo(S))+ 15 =V (fo(S5)) QIH(fe(S))M
(3.15)

The number of added samples is adjustable and is effectively treated as a
hyperparameter. Using this technique allows for improved performance even

with low-cardinality datasets.

In this study, we evaluated the use of both regularization terms, namely
Eqns. (3.14) and (3.15).

For the sake of clarity, from now on, we will refer to the models using the

following names:

e INT: the iterative numerical solution of the physical model.

e DDT: the data-driven model.

o PIDDTY: the Physics-Informed Model using the regularizer expressed
in Eq. (3.14).

e PIDDT?: the Physics-Informed Model using the regularizer expressed
in Eq. (3.15).

For each of the proposed surrogate models, hyperparameter tuning was

performed separately. The optimal hyperparameters are reported in Table 3.1.



3.4 Case study: Physics-informed power flow analysis 87

Hyperparameter DDT PIDDT? PIDDT?
Number of resamplings n, 1
Dataset splitting |£],|V],|T] 70%,15%,15%
Number of hidden neurons ny, 1291 3162 3162
Activation function ¢ relu relu relu
Gradient descent scheduler initial value pg 10—4 10~4 10—4
Gradient descent scheduler factor ps 0.90 0.95 0.95
Gradient descent scheduler threshold p¢ 10—4 106 106
Gradient descent scheduler epochs number pe 10 20 20
Number of epochs ne 2000 5000 5000
A scheduler initial value \g - 1010 1010
A scheduler number of changes A - 7 7
A scheduler factor Ay - 100 100
Noise intensity o - - 0.01

Table 3.1 Optimal configuration of the hyperparameters

3.4.3 Results and discussion

In this section, we evaluate the performance of the introduced models.

The output of INT is considered the Ground Truth against which the
accuracy of the other models is assessed. Accuracy is expressed in terms of
MAPE, averaged across the different outputs (V. VI, IE and Il vn € M),

and is evaluated on unseen data from the test set.

Table 3.2 presents the results of each model, also showing the improvement
achieved by each of these. Table 3.3 reports the accuracy results for each
of the four output groups (V.%, VI 1% and I!), showing both MAPE and
the Coefficient of Determination R2. As an additional evaluation of accuracy,
Figure 3.3 shows the distribution of the absolute error across the different

models.

The second metric used to assess performance is efficiency. Table 3.4 reports
the time required by each model to complete a full prediction of all outputs.
These results are obtained running the experiments on a machine that hosts
238 Compute nodes with a total of 476 Intel XEON E5-6248R 24C 3.0GHz
CPUs and 192 GB of Memory per node and 10 GPU nodes with a total of
40 NVIDIA Tesla V100S 32GB GPUs and 256 GB of memory per node.
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Fig. 3.3 Distribution of the absolute error of the DDT, the PIDDT?, and the
PIDDT? against the INT

MAPE MAPE % Impr. MAPE % Impr.
DDT PIDDT?

DDT PIDDT® vs PIDDT? vs
PIDDT? PIDDT?

0.23 0.12 48 0.11 2

Table 3.2 M APFE and percentage of improvement over the different outputs of the
DDT, the PIDDT?, and the PIDDT? against the INT

From the results obtained, several insights can be drawn. The improvement
introduced by the Physics-Informed Models is evident in Table 3.2, where it
is also evident that the augmentation of collocation points leads to further
benefits. That the Physics-Informed Models achieve lower errors is also clearly
shown in Figure 3.3. Table 3.3 indicates that performance is comparable across

all four output groups.

With regard to efficiency, the inference time data in Table 3.4 clearly show
that the iterative model is not suitable for real-time applications. In contrast,
the prediction time required by the data-driven and Physics-Informed Models
is much lower and compatible with controls that use real-time predictions.
Moreover, the prediction time of D DT and PD DTs is substantially comparable,
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MAPE

Output DDT PIDDT? PIDDT?
VR 0.2181 0.0910 0.0886
v 0.1443 0.0525 0.0499
IR 0.2390 0.1500 0.1480
I’ 0.3259 0.1839 0.1824

R2

Output DDT PIDDT? PIDDT?
VR 0.9821 0.9823 0.9823
v 0.9823 0.9824 0.9824
IR 0.9996 0.9998 0.9998
I’ 0.9990 0.9996 0.9996

Table 3.3 M APE and R? of the DDT, the PIDDT?, and the PIDDT? against the
INT for each group of the outputs

INT DDT PIDDT? PIDDT?

15s 0.09+£0.01 ms 0.09+£0.01 ms 0.11+£0.01 ms

Table 3.4 Prediction time of all the outputs for the INT, the DDT, the PIDDT?,
and the PIDDT®.

with a slight increase in the case of PDDT?. This demonstrates that all

surrogate models are suitable for real-time applications.

Under these conditions, it is evident that Physics-Informed Models are
advantageous: they offer significantly greater efficiency than physical models,
and compared to data-driven models, they maintain similar efficiency while

achieving higher accuracy.

This experiment clearly confirms what was introduced in Chapter 2: Physics-
Informed Models require an additional construction step, but lead to improved
model accuracy, with inference efficiency comparable to that of data-driven
approaches.

This case study represents the first step of a broader project aimed at

expanding the network size and scaling the model to larger grids.
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Up to this point, we have focused primarily on predictive models, but the
integration of domain knowledge can also be extended to generative models,
a field that is currently experiencing a significant surge in popularity. In this
chapter, we discuss early contributions from the literature in this direction and

present our contribution in a practical application.
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4.1 Context

Lately, generative models have become a key player in ML, making it possible
to create new samples similar to the training data. More formally, a generative
model is defined as a model capable of producing samples that belong to the
same probability distribution as the training set. Some of the earliest popular
techniques were Generative Adversarial Networks (GANs) and Variational
Autoencoders (VAEs) [210]. A GAN works by training two neural networks:
a generator that creates synthetic data, and a discriminator that learns to
distinguish between real and generated samples [211]. This adversarial process
drives the generator to produce increasingly realistic outputs. On the other
hand, a VAE learns to encode input data into a latent representation and then
decodes it back, using probabilistic methods to ensure that the reconstructed
data belongs to the training set’s probability distribution [212]. Both GANs and
VAEs showed significant results for several tasks, such as generating images,
transferring styles between them, reconstructing areas of the samples, and

enhancing their resolution.

More recently, Diffusion Models (DMs) have gained significant attention.
This new technique is robust and capable of producing really high-quality
results. Unlike GANs and VAEs, DMs start with random noise and gradually
refine it over multiple steps to create meaningful samples. In the specific
task of generating images, DMs have actually outperformed GANs and VAEs,

delivering better quality, more diversity, and more realistic outputs [210].

A major step forward came with the development of Stable DMs, a variation
of DMs that works more efficiently by operating in a compressed space. This
not only speeds the process up but also makes it possible to generate large,

coherent, high-resolution samples.

Practically speaking, generative models hold significant potential for appli-
cations in industry. They have been already employed for improving operational
efficiency, minimizing downtime, and automated design [213, 214]. One of the
reasons generative models are particularly appealing is their potential use in
inverse design, that is, the design of a sample with predefined, desired properties.

This type of problem is traditionally tackled using a trial-and-error approach,
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which is highly inefficient Bastek and Kochmann [215]; the use of generative

models can substantially enhance the effectiveness of the process.

However, generative models still have some limitations. Although they are
already highly useful, experience shows that their reliability still has considerable
room for improvement. Exploring new techniques to make generative models
more trustworthy and reliable is of great interest, especially in industry. As
with predictive models, one possible way to make their outputs more robust
and consistent is to ensure their alignment with external knowledge. Extending
the concepts introduced in the previous chapters, we refer to these techniques
as Knowledge-Informed Generative Models. We believe that this approach
addresses an important aspect of the general discussion on Knowledge-Informed
Models and, for this reason, it has been the subject of dedicated research efforts
throughout this Ph.D..

It is essential to start by noting that Knowledge-Informed Generative Models
have not yet reached a sufficient level of maturity and diffusion to support a
detailed review. Nevertheless, the first prototypes are beginning to emerge in
the research community and we argue it is worthwhile to dedicate a part of

this chapter to reviewing the progress made so far.

After a brief introduction, the main goal of this chapter is to illustrate a
practical use case that is directly applicable to industry. The selected demon-
stration is the inverse design of mechanical metamaterials, that is, engineered
structures that derive their mechanical properties from the geometry of their
micro-architecture. In particular, the choice of an inverse design problem allows

us to highlight the strengths of generative models in solving such tasks.

After carefully reviewing the existing literature, we opted to use DMs
as our base generative model. In fact, the DM pipeline not only produces
highly realistic results, but also provides a promising framework for embedding
domain-specific knowledge. As we will demonstrate, its inherent flexibility
enables DMs to be informed through the guided manipulation of intermediate

samples during the generation process.
The structure of this chapter includes the following sections:

o Section 4.2 discusses the existing research on Knowledge-Informed Gener-

ative Models and points out our contributions.
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e Section 4.3 introduces the methods and concepts applied during the
development of the proposed application.

e Section 4.4 presents the experimental setup and discusses the results.

This project was carried out during a visiting period at the RAISE Lab
of the University of Virginia, and the results have been accepted at NeurIPS
2025 [25].

4.2 Related work and contributions

In the literature, some ongoing research efforts attempt to constrain the samples
produced by generative models through domain-specific knowledge. Nonetheless,
to the best of the author’s knowledge, no one of these has already spread in
the industrial sector. Several types of constraints have been considered by
the research community, such as physical laws, domain experience, and also

external data-driven proxy functions [216].

The simplest way to enforce a constraint is to correct the generated sample
through a post-processing operation [216, 217]. With these methods, the
corrected sample satisfies the constraint, but, at the same time, it can be
significantly different from the originally generated output, and potentially out
of the training set’s probability distribution. This motivates the search for

more refined methods of integration.

Recently, model conditioning techniques are gaining popularity, with Classifier-
Free and Classifier-Based Methods. Classifier-Free Methods [218] integrate
a conditioning variable ¢ into the denoising process, while Classifier-Based
Methods [210] steer the sampling toward a specific class y; by leveraging on
the estimation p(y|z:) of an external classifier. Other affine methods have also
been explored, such as Training-Free Guidance [219] and Conditional Stable
DMs [220]. In general, model conditioning does not ensure the constraint
compliance, even if it shows interesting results in driving the generation toward
the desired direction [221, 210].

Other methods have been explored to enforce hard restrictions, but they are
limited to specific frameworks, such as linear [222] and convex [223] constraint

sets. Another approach is represented by the Projected Diffusion Method,
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proposed by Christopher et al. [216], which modifies the diffusion process by
projecting the intermediate samples onto the closest sample that satisfies a
given constraint. This promising technique has shown accurate results and
ensures the constraint satisfaction [216]. It has proven to work well in various
fields, such as microstructure image generation (by constraining porosity),
body motion (by enforcing physical consistency through physical differential
equations), and path planning (by constraining path feasibility). However,
the Projected Diffusion Method is still limited to the research domain. At
the current state of the art, the exploration of Projected Diffusion has been
limited to the image space and for a limited set of cases, even if it appears
promising for the industrial context, since it can potentially handle a wide

range of constraints and ensure high-quality and feasible samples.

As a result of these considerations, we chose this framework and we aim
to advance the limits of the results obtained by Christopher et al. [216]. The
first contribution of our work is to extend Projected Diffusion to Stable DMs.
The second contribution comes from incorporating constraints, in the form of
non-differentiable simulators, which are a common tool in industry. The third

contribution is the application to a new industrial scenario.

4.3 Methodological background

In this section, we introduce concepts and techniques used in the case study,
with the aim of facilitating the reader’s understanding of the subject. Sec-
tions 4.3.1 and 4.3.2 provide a brief introduction to DMs and Stable DMs.
Sections 4.3.3 - 4.3.6 describe the constraining methods. Finally, Section 4.3.7

gives a introductory description of the Finite-Element Method.

4.3.1 Diffusion Denoising Probabilistic Models

DMs are a class of generative models that learn to generate data by simulating a
stochastic process that gradually transforms structured data into noise and then
reverses this process to recover the original distribution. The key idea behind
DMs is to train a neural network to remove noise step by step, enabling the

generation of realistic samples from simple noise distributions. The generative
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diffusion approach counts several different methods; this work focuses on the
class of Diffusion Denoising Probabilistic Models (DDPMs) [224].

A generic DM is based on a Markov Chain {z;}]_, of progressively noisy
samples. In particular, &y represents the original and a7 the entirely corrupted

data sample. The evolution relies on a Gaussian diffusion process, described as:

T
p(xo) = / p(xr) [ p(i-1]ze) dotr (4.1)
t=1

The procedure can be split into forward and reverse phases. During the forward
phase, the data undergo a gradual corruption process by adding Gaussian noise

at each step t. The transition kernel governing this process is given by

q(xi|zi1) = N(2t51/1 — By -1, B ) (4.2)

where each 3; € (0,1) constitutes the noise schedule {3;}/_;. This schedule
is designed so that the terminal distribution p(z7) approximates a Gaussian
distribution. The model training process builds a neural network ey(2¢,t) (often
referred to as denoiser) that can estimate the noise added during the forward
phase at each perturbation step. The network is optimized by minimizing the

mean squared error between the actual noise and the predicted noise:

minE; 1.7, z, e~N(0.0) {HG —eg(zt,1) ||§} (4.3)

Once trained, the network eg(2¢,t) can be used to estimate the added noise and
iteratively reconstruct data samples from the noisy distribution p(z7). This
process is often called reverse phase, denoising, or sampling. At each step, the
network can predict the transition p(z;—1|2;) and generate a cleaner sample.
In particular, DDPMs learn to remove noise by leveraging the score function of
the probability density, namely the gradient of the logarithm of the probability
density. Operationally, the denoising process of DDPMs employ Stochastic
Gradient Langevin Dynamics (SGLD), featuring the following update step:

:EiJrl = .’Ei + %in log q(z¢|zo) + 27 (4.4)
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where ¢ is the step size, n is standard normal, and the term /2v;n is added to
avoid a deterministic behavior [224]. The update step moves the sample towards

the training set probability distribution, until a clean sample is obtained.

4.3.2 Stable Diffusion

Stable DMs build upon DDPMs by performing the diffusion process in a lower-
dimensional latent space rather than directly in the original data space [220].
This approach relies on a pre-trained encoder-decoder architecture, where the
encoder E maps high-dimensional image data to a latent representation z,
while the decoder D reconstructs the image after the diffusion process has been

applied in the latent space.

Win By (1.7, 5, i(a) (0,1 |1l = €0 (2, 2] (4.5)

The loss function remains consistent with that of standard DDPMs, with the
key difference that the Stable DM is trained to remove noise in the latent
space instead of the original data space. Notably, the denoiser is trained
independently of the decoder, as its loss is computed entirely within the latent

space. Then, the update step can be rewritten as:

2yt =2+ 1V i log (e|20) + V27 (4.6)

The sampling process outputs the clean latent sample zy, while the final

generated sample is obtained by passing it through the decoder:

20 = D(z0) (4.7)

4.3.3 Projection Operator

The Projected Diffusion method approaches the sampling process as a con-

strained optimization problem [216]:

minimize Y —logg(z|zo) (4.82)

xT,...,.r1
T t=T,....1

st.:. xp,...,xgeC (4.8Db)



4.3 Methodological background 97

where C is the constraint set. Note that the condition x7,....,2¢ € C can be
rewritten as g(z;) = 0, where g is a function that estimates the distance between

x and the constraint set C.

If a sample does not satisfy the condition, it is possible to define a Projection
Operator that corrects the sample. The Projection Operator introduced by
Christopher et al. [216] is defined as:

Po(x) = argmin |y — =3 (4.9)

yeC
Given a sample z, Pc(z) provides the nearest sample that complies with the
constraint set C. Hence, for a DM sampling process, it is possible to restore

feasibility at each step through:

T =Pg (mi +7tV g logq(@¢|xo) + v 2%’7) (4.10)

This is defined Projected Sampling, and ensures that each x! satisfies the

constraint.

This technique has proven to be effective for constraining samples generated
by image space DMs [216]. However, because the constraints typically exist in
the decoded sample space, the Projection Operator is not directly applicable
to Stable DMs. In fact, enforcing constraints directly within the latent space
presents a challenge because the latent representation lacks an explicit corre-
spondence to the features of the decoded sample. The key to overcoming this
difficulty lies in recognizing that, although constraints may not be explicitly
represented in the latent space, their fulfillment can still be assessed throughout
the diffusion process, by decoding the sample via the differentiable decoder D,
and evaluating its feasibility in the decoded image space. In Section 4.3.5 we
will show that the gradient of the constraint function, evaluated in the decoded
space, can be used to iteratively refine the latent representation at any stage of

the diffusion process, ensuring compliance with the desired constraints.

4.3.4 Proximity Operator

The concept of Projection Operator can further be extended to include a

broader range of constraints. This is particularly useful when the constraint is
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a target value of a certain property, from which we want our corrected sample
to differ by no more than an arbitrary threshold. In this case, we can define a
constraint function g that measures how much the sample deviates from the

target value, and a Proximity Operator:

ProXag(z,) = argmin {g(y) + g5 1y — 13} (4.11)

ProX)g(z,) estimates the sample that minimizes the weighted sum of g and
the distance with respect to the original sample. The weighting term A can be

treated as a hyperparameter of the problem.

This formulation can be viewed as a generalization of the Projection Opera-
tor, where the function g(y) is defined such that it yields 0 when y satisfies

the constraints, and infinity otherwise.

Similarly to Projected Diffusion, the update step can be rewritten including

the Proximity Operator as:

it = ProXjg(z,) (:c% + Vi log q(x¢|zo) + \/Q’VH?) (4.12)

in which the sample is corrected at each step.

The Proximity Operator enables the use of a wider set of constraints, if
compared to the Projection Operator proposed in [216]. However, since the
constraint function g(z¢) is not meaningful in the latent space, the Proximity
Operator retains the same limitation as the Projection Operator, meaning it
cannot be applied directly to Steble DM.

4.3.5 Latent Correction Algorithm

The primary goal of this research is extending previous results to Stable DMs.
To do that, the Proximity Operator should be integrated in latent sampling

process:
szl = ProXjg(y,) (zé + %VZ}é log q(z¢|zo) + v/ 2%71) (4.13)

As anticipated, the constraint evaluation is meaningful only in the decoded
space; therefore the operator prox Ag(zg) CANNOt be applied directly in the latent

space. The simplest solution appears to be decoding the latent representation,



4.3 Methodological background 99

applying the projection in the decoded space, and re-encoding the corrected
sample. Unfortunately, the encoding process is lossy, meaning that the corrected

latent sample may not contain some of the original information.

The solution proposed in our work is to decode the sample D(z!) and
compute its corrected version prox)\g(Zt)(D(zi)). Then, we can compute the
gradient of the norm of the difference between prox/\g(Zt)(D(zg)) and D(z),

with respect to the latent sample:
Vi ([[Prox gz, (D(z})) —D(zj)]|2), (4.14)

At this point, we have everything we need to correct the sample directly in
the latent space though a gradient descent approach. The latent sample is
iteratively corrected until feasibility is ensured, meaning that the constraint

error is below a certain threshold. The proposed update step is the following:

2yt =25 — 7V (||Prox,g s, (D(z1)) — D(z})]]2) (4.15)

where 7, is the step size.

We highlight that also the correction process prox )\g(Zt)(D(ZD) frequently
requires an iterative approach. Then, it is worth introducing a distinction
between the Quter Minimizer, which refers to the iterative correction of the

latent sample, and the Inner Minimizer, referring to the process of computing

ProXjg(z) (D (Z%) )-

4.3.6 Constraining functions

Here, we analyze the practical construction of the Inner Minimizer. First of all,
it is important to mention that the Proximal Operator is application-specific
and strictly depends on the formulation of the constraining function g(z:).
In some cases, the constraint function g(z;) is differentiable, convex, and the
Proximal Operator can be computed in closed form, allowing the corrected
sample to be obtained directly by applying the operator, without the iterative
process. Unfortunately, this situation is uncommon in practical applications.
In fact, in most cases, the constraint is a desired property that has an im-

plicit mathematical form, such as a differential equation. Then, the function
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g(2z;) cannot be directly implemented in the minimization process to compute
proxAg(Zt)(D(zi)). In industry, this is a common scenario, where complex
phenomena are often described by partial differential equations, typically solved

through computer-aided simulations.

Since this Ph.D. program is focused on industrial applications, this work
shows how to integrate a Finite-Element Method into the process, as a non-
differentiable model to estimate the compliance to the desired constraint. As
we will describe, a Differential Particle Optimizer (DPO) [225, 226] has been
used, capable of transforming the outputs of a black-box function (i.e., the
Finite-Element Method) into a smooth approximate function. The proposed
algorithm is capable of computing an estimation of prox,g,,)(D(z})), which

can then be used by the Outer Minimizer.

4.3.7 Finite-Element Method for structural applications

To complete the picture, we provide a brief introduction to the Finite-Element
Method (FEM). The FEM is a powerful numerical technique widely used across
industry to model and analyze complex systems described by partial differential
equations. The base principle behind the FEM is discretizing continuous
domains into smaller sub-regions and approximating unknown fields through
simple functions at nodal points. FEMs are widely used in many engineering
fields, such as structural analysis, heat transfer analysis, and crash simulations.

In our project, we leverage FEMs for the structural analysis of complex shapes.

Structural analysis is a key discipline in mechanical engineering that focuses
on understanding how structures respond to external forces. The response of
the structure includes the stresses and strains that develop within the body.
Structural analysis is governed by the fundamental equations of continuum me-
chanics, specifically equilibrium equations, constitutive laws, and compatibility
conditions. Different theories and assumptions provide formulations that link
stresses @, strains €, body forces b, displacements u, and surface traction t.
From the Principle of Virtual Work for a static elastic problem, it is possible

to derive the following fundamental equation in weak form [227]:

/azéedQ:/ b-5udQ+/ £ sudl (4.16)
Q Q It
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where de is the virtual strain, du is the virtual displacement, €2 is the body

domain, and I'; is the body boundary.

This expression, by its nature, is very difficult to handle. The FEM converts
the expression into a system of many algebraic equations that can be solved by

a computer [227].

In more detail, in this method, the component volume is meshed, meaning
it is divided into small sub-regions (i.e., discretized), and the quantities of
interest are approximated using simple functions (i.e., shape functions) at the
nodal points. The combination of all the nodal functions, leads to a system
of equations, which can be expressed in matrix form. For example, for linear
systems can be expressed as:

Ku=F (4.17)

where K is the global stiffness matrix, u is the nodal displacement vector, and

F is the force vector.

For non-linear problems (e.g., considering plasticity), it is common to adopt
the following formulation [228, 229]:

KrAu=R (4.18)

where K7 is the tangent stiffness matrix, Awu is the displacement increment,
and R is the residual force vector. The nodal solution can be found using an

incremental-iterative approach, typically the Newton-Raphson method [229].

The core of FEM analysis lies in the mesh formulation [227]. In fact,
overly coarse meshes lead to approximate and inaccurate results. Conversely,
excessively fine meshes result in huge matrices and often require prohibitive
computation times. The regularity of the elements’ shapes also has a significant
impact on the quality of the results [227]. Finding the right trade-off and
building a good mesh is the responsibility of practitioners, who typically increase
node density, which in turn increases details, in areas of greater interest or with

more complex geometries, while keeping a coarser mesh wherever possible.

The solution of a structural analysis with FEMSs is rarely carried out by
manually assembling the matrix equations. Instead, it is most commonly done

through the graphical interfaces offered by commercial software (e.g., Abaqus),
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which handle the construction and solution of the matrix problem under the
hood.

This concludes the introduction of the concepts required to understand the
presented study case. In the following section, we will demonstrate how these
methods can be effectively combined to solve the inverse design problem of

mechanical metamaterials.

4.4 Case study: Mechanical metamaterial in-

verse design

Mechanical metamaterials are engineered structures designed to achieve specific
non-linear stress-strain curves by tailoring their micro-architecture (see Fig-
ure 4.2). Unlike conventional materials, metamaterials derive their mechanical
properties from geometry rather than composition, allowing for tunable stiffness.
Typically, they feature a base cellular structure that is periodically repeated
throughout the entire component. When subjected to an external force, the
structure deforms according to its shape, producing a characteristic mechanical

response.

The interest in mechanical metamaterials is growing in sectors in which
customized mechanical responses are crucial for performance and safety [215].
For instance, enhancing the interaction between a robotic hand and an object
may require a mechanical response, such as adaptive compliance, which can be
achieved through metamaterials. Another example is the specific stress-strain
profile of a body, designed for vibration isolation. Many other use cases are
multiplying, in response to the growing demand for products with customized

properties [215].

However, designing the micro-architecture that ensures the desired mechan-
ical properties is a complex task. Engineering a metamaterial requires precise
control over phenomena such as buckling, contact interactions, and large-strain
deformations, features that are inherently non-linear and highly sensitive to
minor variations in design parameters. Conventional design methodologies
often rely on iterative trial-and-error strategies, which are computationally ex-

pensive and do not necessarily yield optimal solutions [215]. Motivated by this,
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Fig. 4.2 Example of a stress-strain curve of a mechanical metamaterial and corre-
sponding deformation

we propose to exploit the potential of generative models for inverse problem

solving, aiming to generate designs with targeted mechanical properties.

To prove the potential of the proposed model, the results are compared

against two baselines:

e An unconstrained prompt-conditional Stable DM.
o The video-generation DM architecture proposed by [215], which represents

the state of the art in metamaterial inverse design.
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4.4.1 Experimental setup

In this research, a constrained Stable DM has been implemented to generate a
metamaterial cellular structure that closely replicates a desired stress-strain

respoise.

The training dataset was sourced from Bastek and Kochmann [215], contain-
ing around 50,000 periodic stochastic cellular structures subjected to large-strain
compression. The dataset includes full-field stress and strain results obtained
from simulations of a compression test under strain-controlled loading, ranging
from 0 to 20%. From the original dataset, only topological data have been
used in the context of this project. In particular, we trained the DM using the

binary images 128 x128, representing the shape of the microstructure.

The evaluation of the stress-strain curve of new microstructures has been
done using a FEM, implemented in Abaqus [230]. Since the problem is invariant
with respect to scale, geometric parameters are treated as dimensionless, with

stress values expressed in megapascals (M Pa).

Abaqus simulations have been managed through a Python program. A
fixed loading cycle was defined, identical to the one used by the creators of
the dataset [215], in which the shape, subjected to plane strain conditions,
undergoes strain-controlled deformation from 0 to 20%. We fixed the parameters
for Abaqus’ automatic meshing, boundary conditions, as well as the elastic,
plastic, and contact material properties. With this setting, the Python program
takes as input a 128x128 binary image representing the structure, converts it
into a geometry interpretable by Abaqus, and launches the simulation with the
predefined settings. Then, from the simulation output, the stress-strain curve

is extracted and used both for the constraining phase and the evaluation phase.

4.4.2 Method implementation

Our goal is to constrain the generation process, to ensure the similarity be-
tween a target stress-strain curve and the response curve of the generated
cellular structure. To obtain that, we follow the Latent Correction Algorithm,

introduced in Section 4.3.5.
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First, we need to identify an operator that computes the corrected sample,
which we can implement in the Outer Minimizer. In this case, we do not know
a function that projects the intermediate sample x; = D(z}) into the correct one,
so we must rely on an Inner Minimizer, which, through a series of iterations,

will give us the correct sample.

Here, the Inner Minimizer, implements a software simulator tool, defined
as a generic operator A. The simulator takes a specific cellular structure x as
input and produces as output a vector of points, representing the stress-strain
curve y.

Alz)=y (4.19)

A is a black-box model and is not differentiable, therefore the inner minimization

process cannot follow a gradient descent approach.

However, we can define a function g that measures the discrepancy between
the stress-strain curve y generated by the simulator for a given cellular structure

and the target curve yp (i.e., the desired mechanical property).

g(z) = [|A(z) —yrl* (4.20)

The function g depends on the simulator, and it is still non-differentiable. To

overcome this challenge, we can resort to DPO [225, 226].

DPO works by introducing controlled perturbations into the optimization
variables, to create a smooth approximation of the objective function, allowing
for the computation of an approximated gradient. More specifically, the
process involves applying small random modifications to the input parameters,
represented by the cellular shapes. For each perturbed cellular shape, the
discrepancy g is evaluated through the simulator, and the shape is updated
in the direction that maximizes the reduction of g. This operation can also
be interpreted as a Monte Carlo estimation of the gradient Vg, g(z:), whose

direction can be used to minimize g.

Using an approximation of Vg, g(x:), it is possible to follow an iterative
process that stops only when the discrepancy falls below a certain threshold.
At that point, the sample is considered corrected, and the outer minimization
process can start. While some correctors can operate effectively even on highly

noisy samples (i.e., during the early steps of the denoising process), in this case,
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the use of a FEM model requires the sample to be sufficiently clean. For this
reason, the correction can only begin after approximately 70% of the denoising

has been completed.

By introducing this method, our approach remains applicable also in pres-
ence of black-box models, where conventional gradient-based optimization

techniques fail.

We highlight that the proposed algorithm requires the setting of several

hyperparameters. These are the selected values:

e Denoising steps: 25.
Denoising step at which DPO starts: 24.

Initial perturbation size: 7 px.

Perturbation decay schedule: —1 px/step.

Number of random perturbations per step: 4.

Note that a fine optimization of the hyperparameters falls outside the scope of

this presentation in the current stage of research.

4.4.3 Results and discussion

An example of the projection process is presented in Figure 4.3. The potential
of the proposed model to produce stress-strain curves that closely match the
target is clearly illustrated at the bottom of Figure 4.3. We also highlight
that, by increasing the number of steps and tuning the DPO parameters, it is
possible to achieve arbitrarily small errors. Naturally, this comes at the cost of

increased computational effort.

A comparison with the baseline methods is provided in Figure 4.4, both in
interpolation (i.e., when the target curve falls within the stress range covered
by the training set) and in extrapolation (i.e., when the target is outside
this range). The picture displays the stress-strain curves along with the
corresponding MSE against the target curve, for our model (after 5 DPO
iterations) and for the two baseline methods. This shows how integrating the
simulator within the optimization loop enables our model to extrapolate beyond
the training dataset. This characteristic is of fundamental importance in the

context of inverse design, as the desired properties often deviate significantly
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Fig. 4.3 Successive steps of the DPO algorithm. For each step, the image reports the
corresponding stress-strain curve and the M SFE with respect to the target curve

from those represented in the dataset. It is also important to consider the
dependency of the Latent Correction Algorithm on the quality of the initial
sample, prior to correction. For this reason, an analysis was conducted on
20 different samples, to have a consistent measure of M AE with respect to
the target curve. Also in this case, the results of the proposed model are
evaluated after 5 DPO iterations. The results are compared to the baselines
and reported in Table 4.1. It can be observed that, even after only 5 iterations,

our model outperforms the baselines. Latent Correction Algorithm reports
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Interpolation Extrapolation
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Fig. 4.4 Comparison between the proposed model (after 5 DPO iterations) and the
baselines in interpolation and in extrapolation. The picture shows results in terms of
stress-strain curve and M SE with respect to the target curve

Model MSE Invalid Shapes
Conditional 7.1+4.5 55%
Bastek and Kochmann [215] 6.4+4.6 20%
Latent (Ours) 1.4+ 0.6 5%

Table 4.1 Comparison of MSE with respect to the target stress-strain response and
fraction of physically invalid shapes

a 4.6x improvement over the state of the art model (i.e., [215]) and a 5.1x
improvement over the conditional Stable DM in terms of MSE. The same
table also reports the number of physically admissible samples (i.e., those
exhibiting internal continuity and proper boundary adhesion). Once again, our
model achieves the best performance. Notably, more than half of the samples

generated by the prompt-conditional model are not physically valid.

These results empirically validate the superiority the proposed method when

strict compliance with a constraint is required.
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Finally, we provide a brief note on the computational cost of our method.
The sampling time for the diffusion model is approximately 5 seconds (measured
on an NVIDIA A100-SXM4-80GB), while each Abaqus simulation takes on
average around 30 seconds (measured on an Intel Core i7-8550U CPU). This
implies that the total time required to produce an output heavily depends on
the number of iterations (and thus simulations) performed. We conclude that,
while the proposed model is capable of achieving arbitrarily low error, it is

crucial to find a balance between accuracy and computational efficiency.



Chapter 5
Discussion

In the previous sections, we examined the core components of our research. In
this section, we discuss more in general what has been achieved throughout
the Ph.D. journey. For the sake of clarity, we structure the discussion into:
main contributions and observations from our research, current limitations,
future perspectives, and finally, a series of take-home messages summarizing

this work.

Main contributions and observations: This Ph.D. work contributed to
the field of Knowledge-Informed Models in two significant ways: the first
comprehensive definition of the state of the art and the application to novel

practical cases.

In the absence of a comprehensive survey on the topic, we began our work
with a review of the state of the art. Within the Knowledge-Informed ML
framework, only predictive modeling has seen sustained research, making it
the focus of our literature review. As part of this effort, we analyzed previous
surveys on Knowledge-Informed Predictive Models, including both theoretical
works and major industrial applications, in order to gain a broad perspective on
the research directions across different sectors. We used the insights from the
review to generalize the concepts behind the existing methods and propose a
formal analysis of predictive models, illustrated through an example. This work

represents the first comprehensive survey of Knowledge-Informed Predictive
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Models that includes all recent developments and spans the full range of

industrial sectors.

The second contribution of this Ph.D. concerns the dissemination of Knowledge-
Informed Models in real-world applications. In line with our goal of promoting
their use in industry, we selected applications closely related to industrial
domains, particularly in the energy, marine, materials, and chemical sectors.
We targeted underexplored fields and addressed both the predictive framework
(by combining existing techniques) and the generative one (by proposing new
approaches). In this manuscript, we covered the two most representative appli-
cations: one in the predictive domain (Chapter 3) and one in the generative
domain (Chapter 4). However, we also contributed to other projects. In the
predictive domain, in addition to the physics-informed power flow analysis
presented in Chapter 3, we worked on a marine application, specifically the
development of a Knowledge-Informed Model to study cavitation around a
hydrofoil for naval propellers design. Both projects were carried out in collabo-
ration with Delft University of Technology. In particular, the data collection
for the marine project took place during a 5-month visiting period. Regarding
generative applications, we successfully applied Knowledge-Informed Models
to the materials industry (i.e., metamaterial design, reported in Chapter 4),
chemical industry (i.e., microstructures with desired porosity), and secondary
studies (i.e., copyright-safe generation). The work on generative models was
conducted in collaboration with the University of Virginia, where a 6-month

visit period was conducted.

The initial objectives of this Ph.D. were achieved, both in terms of establish-
ing the state of the art and translating knowledge into practical applications.
However, these projects are not ended. The extension of the power flow anal-
ysis model is ongoing, and we are actively working on scaling the results to
larger grids. The naval project on cavitation required significant time for data
collection, and model development is still underway. On the generative models
side, we are working to expand the integration of FEM structural models for
sample correction. Finally, we are working on extending Knowledge-Informed
Generative Models for microstructures with specific porosity to other properties

(e.g., composition).
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However, at this stage of our work, we can draw some observations. Starting
with Knowledge-Informed Predictive Models, we observed that they do live up
to their promise of enhancing the performance of traditional models, particularly
in terms of consistency, robustness, efficiency, and transparency. In both the
reviewed and the implemented applications, a clear performance improvement
was observed, although, as we will detail later, this comes at the cost of increased
development cost and time. We highlighted how Knowledge-Informed Predictive
Models are rapidly expanding in industry and how they are continuously
evolving, leading to a greater integration of physical and data-driven models.
The benefits of these techniques are highly context-dependent, yet some general
trends in their advantages and disadvantages can be identified. These are

summarized in Table 5.1, in comparison with traditional models.

Knowledge-Based Data-driven Knowledge-Informed
Information sources
Leverage knowledge M - M
Leverage data T M1 11
Leverage experience ™1 ™~ M
Leverage measured quantities ™M1t - M
Modeling cost
Human intervention M 0 M1
Data dependency T M 1
Construction cost M ™~ 7
Training cost ™~ M N
Prediction cost M 0 1
Predictive quality and reliability
Interpolation performance ™ M M
Extrapolation performance ™ + 7
Physical consistency guarantee M - 7
Explainability Mt + o

Table 5.1 Predictive models performance recap. The reported performance are
representative averages and may vary in specific real-world cases

As for Knowledge-Informed Generative Models, we found them to be rel-
atively new, although they are gaining increasing attention, in line with the
broader rise of generative AI. We demonstrated that Knowledge-Informed Gen-
erative Models can enforce physical consistency in generated samples and solve

specific problems, such as inverse design. However, it is clear that this field
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still requires further research and development before it can reach widespread

adoption.

Overall, it can be concluded that Knowledge-Informed Models offer clear

advantages, albeit at a non-negligible cost.

Limitations: Despite the rapid expansion, it is clear that the predictive
models that leverage knowledge-informing techniques currently remain quite
limited. For generative models, their use is restricted to a few academic research
projects. These restrictions are mainly due to the novelty of these approaches,
which brings unresolved or expensive-to-resolve challenges. We believe that
future developments will help overcome these limitations; however, at present,

several issues remain and were encountered during the course of our work.

The major limitation we encountered is the need for multidisciplinarity.
Developing Knowledge-Informed Models requires solid ML skills and deep
domain expertise, along with the ability to encode that knowledge into a usable
format. Professionals who possess both sets of skills are extremely rare, and
there is currently no standard educational pathway to train such profiles. We
expect such profiles to emerge in the future in response to market demands, but,
currently, collaboration between different domains is the only option. While
collaboration can be fruitful, it requires each expert to have sufficient awareness
of the other’s field, which is difficult to develop. Furthermore, encoding
domain knowledge in a format suitable for Knowledge-Informed Models can
be difficult, even for experts. Physical knowledge is not always described
by well-defined mathematical equations, but in practice, often comes from
practitioners’ experience or sets of logical rules that require considerable effort
to translate into mathematical language. This complicates the construction of
Knowledge-Informed Models and limits the choice of the proper technique. All
these limitations, combined with the wide variety of available techniques, make
the development of Knowledge-Informed Models a complex and time-consuming
task. No unified framework or flowchart currently exists to guide the selection
of the most suitable approach, and trial and error remains the predominant
strategy. In addition to that, practitioners often struggle to estimate the

potential benefits of these models in advance.
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Beyond the building challenges, another obstacle to the spread of Knowledge-
Informed Models is the lack of suitable development conditions. This can occur
when data cannot be collected, or when physical knowledge is limited or absent,
requiring sole reliance on data. In some other cases, statistical approaches
work well enough or remain the best available option. In other situations,
Knowledge-Informed Models are discarded because their development costs
outweigh the benefits, even when the necessary components are available. This
is the case when, for example, encoding knowledge requires significant effort,
adding constraints makes training overly complex, or when it is not feasible to

train specialized personnel.

One way to overcome these limitations is to build an accessible, unified
framework that encompasses multiple techniques and can solve various classes of
similar problems. This would make implementation easier, requiring practition-
ers only to match their problem to a class of problems and use the framework to
solve it. A similar approach has been taken with PINNs for solving differential
equations, but this concept must be expanded to a broader class of problems
and made available via code libraries or commercial software. We expect that
industry will play a crucial role in addressing these limitations through targeted

investment and development.

Future Perspectives: In our view, Knowledge-Informed Models represent
one of the most promising paths to improve the trustworthiness and reliability of
ML models. As shown, in several fields the use of Knowledge-Informed Models
is already the most advantageous choice, though their adoption remains limited
if compared to the range of potential applications. Likely, their limitations
will diminish in the near future, and the research advancements will reduce
development costs, encouraging adoption in areas where these models are not yet
viable. We anticipate that the growing success of these models in specific fields
will facilitate their use in many more sectors. As adoption increases, the market
will demand skilled professionals and practical tools, which in turn will further
stimulate the field. Knowledge-Informed ML will also be a key component
in future Al paradigms: just as the rise of generative Al was soon followed
by Knowledge-Informed Generative Models, we expect knowledge-informed

approaches to be rapidly integrated into upcoming Al trends.
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From a model evolution perspective, we expect the trend of deeper inte-
gration between data-driven and physical models to continue. Where initially
combinations were limited to inputs and outputs, we now observe physics being
embedded within the internal structure of data-driven models. We believe
this will deepen further, potentially including the integration of data-driven
architectures within complex physical models. In the near term, however, we
expect development to focus more on expanding into industrial sectors where
Knowledge-Informed Models have not yet been tested, rather than creating
new techniques. This is because many existing techniques are now mature

enough to provide significant advantages to several domains.

Our work fits within the broader research journey towards greater maturity
and dissemination of Knowledge-Informed Models, and we believe that our
projects have contributed to advancing the field, both horizontally (by building
solid foundations that abstract existing techniques) and vertically (by developing
new techniques and exploring new applications), and will play a role in future

developments in this domain.

Key Messages: To conclude, we present the key takeaways we aim to convey

with this manuscript:

o Knowledge-informed models are MLL models that integrate some form of
domain knowledge.

o Currently, Knowledge-Informed Models are mainly applied in predictive
paradigms (Knowledge-Informed Predictive Models).

o Knowledge-informed Predictive Models can enhance the performance
of purely physics-based or purely data-driven models. They improve
robustness, physical consistency, and extrapolation capabilities, while
also increasing efficiency, interpretability, and user trust.

o They offer new, efficient solutions to recurring industrial problems, such
as surrogation and inverse problems.

o Industry is particularly receptive. Different industrial sectors employ
different techniques according to their needs.

o Knowledge-Informed Predictive Models are still in their early stages and
limited to a few applications. Significant adoption began only in the past

five years (even if initial ideas date back to the 1990s).
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o Knowledge-Informed Models are also emerging in the generative domain.
Although still rare, they are attracting attention for solving specific
challenges, like inverse design.

o In general, Knowledge-Informed Models entail higher development costs
and time, and require interdisciplinary expertise.

o There is still a long way to go in disseminating knowledge, developing
new techniques, and improving existing models. The work done in this

Ph.D. represents a step forward in advancing understanding in this field.



Chapter 6

Summary of doctoral activities

This chapter provides a schematic summary of the academic activities carried
out during the Ph.D. program. These include participation in research projects,

scientific dissemination, teaching support, and international mobility.

Research Projects

e Research and literature review on the state of the art of Knowledge-
Informed ML models. This work was carried out under the supervision
of Profs. D. Anguita and L. Oneto from the University of Genoa, in
collaboration with Prof. A. Coraddu from Delft University of Technology,
and with the support of Ph.D. Student G. Parodi.

o Development of a Knowledge-Informed Predictive Model, applied in the
energy industry and compared with traditional models. This project was
conducted under the supervision of Profs. D. Anguita, L. Oneto, and
M. Robba from the University of Genoa, in collaboration with Prof. A.
Coraddu from Delft University of Technology and researcher G. Ferro
from the University of Genoa, and with the support of Ph.D. Student G.
Parodi.

e Development of a Knowledge-Informed Generative Model, applied in the
materials industry, chemical industry, and copyright. This work was
conducted at the University of Virginia under the supervision of Prof.

F. Fioretto from the University of Virginia, in collaboration with Profs.



118

Summary of doctoral activities

D. Anguita and L. Oneto from the University of Genoa, and with the
support of Ph.D. Student J. Christopher.

Data collection campaign in the maritime industry, conducted at the
cavitation tunnel of Delft University of Technology under the supervision
of Profs. A. Coraddu and D. Fiscaletti from Delft University of Technology,
in collaboration with Profs. D. Anguita and L. Oneto from the University
of Genoa, and with the support of Ph.D. Student M. Costa.
Development of a Knowledge-Informed Predictive Model using the data
collected during the cavitation tunnel campaign at Delft University of
Technology. This project was carried out under the supervision of Profs. D.
Anguita and L. Oneto from the University of Genoa, in collaboration with
Profs. A. Coraddu and D. Fiscaletti from Delft University of Technology.

Publications

Journals:

e S. Zampini, G. Parodi, L. Oneto, A. Coraddu, and D. Anguita. A

review on full-, zero-, and partial-knowledge based predictive models for
industrial applications. Information Fusion, page 102996, 2025.([23]) -
PUBLISHED

Conferences:

o G. Parodi, L. Oneto, G. Ferro, S. Zampini, M. Robba, D. Anguita, and

A. Coraddu. Physics informed data driven techniques for power flow
analysis. In IEEE Symposium Series on Computational Intelligence, 2023
([24]) - PUBLISHED

e S. Zampini, J. K. Christopher, L. Oneto, D. Anguita, and F. Fioretto.

Training-Free Constrained Generation With Stable Diffusion Models.
NeurIPS 2025 ([25]) - IN PUBLICATION

Teaching Activities

» Teaching assistant - Reti Logiche (UniGe) - Profs. L. Oneto, D. Anguita

- AY. 24/25 - 6 CFU
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International Mobility and Visiting Periods

« Participation to 2023 IEEE Symposium Series on Computational Intelli-
gence - Mexico City (Mexico) - Dec. 2023

« Visiting period at University of Virginia (ISSNAF-POLITO Project 2024)
- Charlottesville (Virginia, USA) - May - Dec. 2024

« Visiting period at Delft University of Technology - Delft (Netherlands) -
Feb. - Jun. 2025

Completed courses

Table 6.1 presents the completed courses in both Hard and Soft skills.

Course Location Hours Year Type
Data mining concepts and algorithms PoliTo 20 2022/23 H
Information visualization and visual analytics PoliTo 20 2022/23 H
Machine learning for pattern recognition PoliTo 20 2022/23 H
Safety Verification of Deep Neural Networks UniGe 12 2022/23 H
Trustworthy Artificial Intelligence UniGe 20 2022/23 H
Adversarial Machine Learning UniGe 12 2022/23 H
Machine Learning and Data Analysis UniGe 15 (66) 2022/23 H
Fall School 2023 PoliTo 30 2023/24 H
IBM Data Analyst IBM Coursera 30 (60) 2023/24 H
Personal branding PoliTo 1 2022/23 S
Design Thinking, Processes and Methods Polito 2 2022/23 S
Project management PoliTo 5 2022/23 S
Public speaking PoliTo 5 2022/23 S
Writing in the Sciences %tjfrf:;rda University 15 2023/24 S
Communication PoliTo 5 2023/24 S
Navigating the hiring process: CV, tests, interview PoliTo 2 2023/24
Research Ethics in Computer Science PoliTo 20 2023/24 S
iz?tgfmigii?sszOCiety: entering the black-box of PoliTo 6 2023 /24 g
Time management PoliTo 2 2023/24 S

Total certified hours (PoliTo):
o Hard Skills: 179h

Table 6.1 Completed courses in Hard (H) and Soft (S) skills (actual hours in paren-
theses)
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» Soft Skills: 63h

Professional Activities

o Mechanical Engineer - Freelance Consultant (2022-2024)
Provided engineering consulting services in the mechanical field, support-
ing clients in design, analysis, and technical documentation.

« Al Engineer - Esaote SpA (2025)
Working on the development and integration of artificial intelligence

solutions for medical imaging technologies.



Chapter 7
Conclusions

This Ph.D. was centered on exploring Knowledge-Informed ML, which blends
data-driven modeling with domain expertise. This encompasses a broad spec-

trum of techniques.

In predictive modeling, traditional models were based on domain knowledge,
such as the expertise of practitioners or physical laws. While these models had a
strong physical foundation, they often lacked accuracy. The introduction of data-
driven models has overcome this limitation, but at the cost of interpretability
and poor performance outside the training set’s domain. Recently, research
has begun to explore the possibility of combining the advantages of both
approaches in what are known as Knowledge-Informed Predictive Models, or
Partial-Knowledge Predictive Models. These models integrate the strengths of
both traditional and data-driven approaches and are gaining significant traction
in the industrial sector. The increase in accuracy, but more importantly in
reliability and trustworthiness, makes these models highly attractive for fields

that require transparency, explainability, and strict adherence to constraints.

At the same time, advancements in Al have led to the development of
generative models, which can generate samples belonging to the probability
distribution of a training set. Despite being a relatively recent development,
generative models are already making their way into industrial applications, such
as super-resolution and inverse design. A growing research trend is now focusing
on incorporating domain knowledge into generative models, constraining the

generated samples to ensure they meet specific properties. Though still in its
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early stages, this approach shows great promise for tasks such as inverse design,
especially in fields where compliance with imposed constraints is crucial for
high-risk applications.

The study of all these models represents the core focus of this Ph.D. research.
This doctoral thesis first analyzed the state of the art of Knowledge-Informed
Predictive Models. We presented a formal classification of traditional and
knowledge-informed techniques, categorizing the latter into three different
classes: Pre-Processing, In-Processing, and Post-Processing. This exposition
is supported by an illustrative example, followed by an analysis of current

industrial applications of these models.

Next, we introduced a practical application of a Knowledge-Informed Pre-
dictive Model. Specifically, we implemented an innovative technique in power

flow analysis and demonstrated its superiority over traditional models.

Finally, we developed a practical Knowledge-Informed Generative Model
designed for industrial applications and nearly ready for real-world deployment.
In particular, we created a model for the inverse design of mechanical metama-
terials, aiming to generate material geometries that yield a desired mechanical
response. We showed how integrating theoretical knowledge into a data-driven

generative model led to improvements over the current state of the art.

In summary, this thesis revisits the work undertaken throughout the Ph.D.
journey to tackle the intricate challenge of trustworthiness and reliability in Al
models. We approached this challenge by leveraging multidisciplinary expertise
and incorporating physical knowledge into Al systems. Our goal was to push
the boundaries of current knowledge and promote the industrial adoption of
these emerging techniques. We actively contributed in this direction, addressing
both methodological and application-oriented aspects. We believe that the
progress made during this Ph.D. will serve as a valuable foundation for further

advancements in the field.
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