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Lieberthal Abstract
;i?:aeigfnje@“ﬁ e A Convolutional Neural Network (CNN) approach is proposed to quantify the Hurst
wCOmbut;Visioﬁ: Laboratory, exponent H of two-dimensional correlated random matrices. The approach (shortly
Universidad Politécnica de referred to as RegFractNet) has been tested on deterministic and stochastic fractals
L?Laaﬁ‘cg‘%gggge&'eeﬁ'gg 100, and trained on large datasets of artificially generated two-dimensional Fractional

I 3 f XI . . . . .
Full “3 of author information is Brownian fields. As real-world data, WorldView-2 (WV-2) high-resolution satellite
available at the end of the article images are considered. RegFractNet yields accurate estimates of the Hurst

exponent H. As a further assessment of the RegFractNet robustness and accuracy,
the outcomes are compared with those yield by standard methods as Detrending
Moving Average (DMA), Box-Counting (BC), Variogram (VA) and Climacogram (CL)
algorithms. A specific feature of the proposed RegFractNet approach, compared to
standard approaches, is the ability to operate to 128 x 128 pixels size, essential to the
implementation at small urban scales. As real world case study, the Hurst exponent H,
estimated from WV-2 satellite imagery of urban areas, are fed in the relationship

D¢ = 2 - H. Fractal dimensions Dy are found to vary in the range 1.52 = 1.93
corresponding to less and high urbanized areas, thus confirming earlier studies.

Keywords: Convolutional Neural Network; Hurst exponent; Fractal dimension;
Urban socio-technical systems; Detrending Moving Average algorithm

1 Introduction

Fractal geometry provides a powerful approach to feature self-similarity and scaling be-
haviour in terms of Hurst exponent H and fractal dimension Dy, which directly relate to
changes in structure and environmental conditions of the investigated ecosystems. Mor-
phology and function of cities are examples of fractals, with the fractal dimension Dy yield-
ing a measure of urban concentration across scales [1-3]. Urban planners and geographers
have recognized that spatial complexity is intimately related to social organization, fea-
turing a variety of socio-economic-technological phenomena. Scaling behaviour has been
related to the distribution of physical (such as roads, built-up areas) and socio-economic
(such as gross domestic products, number of patents) features in urban contexts [4, 5].
A given urban feature Y can be linked to the population size N by a power law Y ~ N#,

with the exponent § depending on the fractal dimension Dy, thus bridging together ur-
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ban scaling behaviour and fractal texture and opening new paths to the understanding of
socio-economic phenomena and urban complex systems [6-9]. Fractal geometry and self-
similarity concepts underlay the property of invariance under iteration, and describe how
real world irregular fragmented structures, shapes and features emerge that traditional
geometry could not do. Scaling relations of the form:

fGyoar 1)

are shown by self-similar textures where A is a characteristic scale (a measuring unit size)
and Dy is the fractal dimension that for self-similar processes writes as:

Df=d-H , 2)

with d the Euclidean dimension and H € [0, 1] the Hurst exponent that quantifies rough-
ness. H > 0.5 indicates persistent smooth random surfaces, H < 0.5 anti-persistent rough
ones, and H = 0.5 corresponds to the ordinary Brownian function. Fractional Brownian
fields, i.e. continuous functions of two variables fi;(i1, i) with the Hurst exponent H as a
parameter, can be conveniently adopted for the description of fractal surfaces. As noted,
Eq. (2) holds for self-similar processes, while fractal properties and power law correlations
would imply generalized relationship and unrelated H and Dy values [10]. It is worth re-
marking that a central challenge in artificial intelligence and deep learning is to ensure that
model outputs are interpretable and accessible beyond the circles of highly specialized
scholars. The Hurst exponent, while well-established as a statistical descriptor of long-
range dependence and surface roughness, might remain obscure to interpret and difficult
to relate to the specific features of the system under investigation. By contrast, the fractal
dimension provides a crystal geometric interpretation as a generalization of the Euclidean
dimension d (point d = 1, surface d = 2, volume d = 3) to non-integer dimensions. In par-
ticular, in the two-dimensional case, the deviations of Dy from 4 offer a simple intuition of
surface irregularity, enabling to interpret the CNN results in a tangible way and highlight-
ing the potential of the RegFractNet model in the urban science context. Hence, in this
work, the linear relationship Eq. (2) is adopted to derive the fractal dimension Dy from
the Hurst exponent H rather than more sophisticated model (i.e. the modified Cauchy
class [10]), that would introduce additional parameters and assumptions, preventing the
direct connection between the estimated Hurst exponent and its geometric interpretation
for the specific context of the urban science. Real-world data and in particular satellite im-
agery do not strictly satisfy self-similarity across all spatial scales. The derived fractal di-
mension should be interpreted as an approximate descriptor of surface properties within
the scale range where self-similar behavior is observed. Hurst exponent H, fractal dimen-
sion Dy and scaling exponent § heavily depend on the models and variables chosen for
their estimation. Hence, the improvement of theoretical models, computational protocols
and related definitions is essential to the purpose of increasing accuracy and ultimately
extending the range of scales i.e. from city blocks to metropolitan sizes. A detailed in-
vestigation of alternative models and relationships between Hurst exponent and fractal
dimension, as well as their implications, is beyond the scope of the present work, mainly
focused on providing a robust and efficient deep learning framework, supported by an
explainable theoretical and practical description.
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Fractal models have been widely employed in image processing for tasks such as tex-
ture analysis and classification. With advances in space science, remote sensing techniques
have been introduced for monitoring and identifying earth resources on a large scale from
data collected in digital form, readily accessible for computer-based processing. Fractal
analysis can quantify the overall spatial complexity of remotely sensed images, with the
advantage that fractal parameters are independent of the sensor properties [11, 12]. Frac-
tal objects can be analyzed by machine learning and deep learning algorithms, which auto-
matically extract features and uncover hidden patterns from high-dimensional heteroge-
neous data. Recent advances in deep learning have shown promising results in character-
izing dynamical systems driven by Fractional Brownian Motion (FBM). Granik et al. [13]
employed a deep learning model to estimate the Hurst exponent. Wentao et al. [14] use
deep learning to identify the parameters of nonlinear dynamical systems driven by FBM.
A deep learning technique for measuring the fractal dimension of the basins of attraction
of the Duffing oscillator is proposed by Valle et al. [15]. However, the analysis of satellite
imagery and urban fractal features using deep learning is currently unexplored.

In this work, a Convolutional Neural Network (CNN) approach (referred to as RegFract-
Net [16]) is put forward with the main purpose to estimate the Hurst exponent of satel-
lite imagery of urban areas. RegFractNet is first trained and validated on FBM surfaces
with known ground truth. This training and benchmarking strategy enables controlled
experiments and precise error analysis. Afterward, the network model is tested on unseen
synthetic deterministic (Koch curves, Sierpinski triangles) and stochastic fractals (FBM
surfaces) to verify robustness and consistency of the Hurst exponent values. To further
evaluate the RegFractNet performance, extensive comparisons with standard computa-
tional models (Detrending Moving Average (DMA), Box Counting (BC), Variogram (VA),
and Climacogram (CL)) has been performed. A box-plot and an Agreement Plot (Bland-
Altman analysis) are used to compare Hurst exponent values between them. The vali-
dated CNN model is applied to satellite imagery of urban areas (Prague, Torino, Vienna,
Zurich) obtained from WorldView-2 (WV-2) [17]. Overall, the results demonstrate that
the RegFractNet training model is capable of predicting the Hurst exponent from unseen
artificial and real world fractals (satellite imagery of urban areas). Results are discussed
and compared with the existing literature.

Last but not least, we note that the RegFractNet tool is publicly available [16] and oper-
ational either with the data used in this work or own data via an interactive web application
and a MATLAB plug-in (https://sites.google.com/view/lvc-upt/available-plugins).

2 Methods and materials

The RegFractNet model and training, validating, and testing datasets are presented in
Sects. 2.1 and 2.2. The computational steps and the architecture of the RegFractNet are
described with further details in the Supplementary Materials.

For the sake of completeness, a brief description of the standard methods (namely De-
trending Moving Average, Box Counting, Variogram and Climacogram algorithms) used
for comparing the values of the Hurst exponents yield by RegFractNet is also included in
Sect. 2.3.

2.1 CNN regression
Convolutional Neural Networks represent a powerful tool for extracting spatial patterns
and features from fractal images, providing insights into the complex morphology of struc-
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Figure 1 RegFractNet architecture

tures exhibiting deterministic and stochastic self-similarity. The CNN architecture con-
sists of a sequential arrangement of layers as shown in Fig. 1. The input layer receives the
data matrix (image map) f, € R128x128x1,

The input layer is followed by f; layers defined as a 2D convolution with a weight ten-
sor W} and a learnable bias term b;. In the current configuration / = 1 : 5. In addition, the
layers use a varying kernel sizes (3 x 3 and 5 x 5) and filter numbers (4, 32, 16, 32, 4).
This architecture enables the capture of the complex spatial patterns related to the fractal
structure of the images. Furthermore, a batch normalization layer (BN) and a Rectified
Linear Unit (ReLU) activation function are included. After each convolutional block, a
max-pooling subsampling layer with a window T =2 x 2 and a step of two is applied to
avoid overlapping, reduce the spatial dimensions and control overfitting by retaining the
most important features, allowing the network to learn deep representations of the texture
and geometric complexity of the image [18]. After the convolutional layers, the output is
first passed through a fully connected layer with 256 neurons to learn information. Back-
propagation enables a feedforward network (which maps from x to ) to expand linear
models to nonlinear functions. So, the network architecture ends with a linear regression
layer (h,,), which computes the loss function as the Mean Squared Error (MSE) between
the predicted ¥ and real target values y and provide the final prediction y of the Hurst ex-
ponent (H) value. The full set of RegFractNet equations and further details are reported
in the Sect. 1 of the Supplementary Material.

The proposed model is implemented on MATLAB R2023b by using the Deep learn-
ing toolbox [19]. The Convolutional Neural Network is generated and tested by means
of the trainNetwork MATLAB function. The CNN training process is performed by the
Adam optimizer with an initial learning rate € = 0.01 and carried out over 20 epochs, with
a mini-batch size of 32 [18]. The data are shuffled at every epoch to ensure that the learned
representations help the model generalize. This architecture enables the capture of com-
plex, nonlinear relationships between the texture patterns of images and the correspond-
ing Hurst parameter, providing an efficient alternative to traditional methods (such as BC,
DMA, VA, CL) frequently used in fractal analysis [20].

2.2 CNN training, validation and testing

To evaluate the generalization capability of the proposed RegFractNet model, it is impor-
tant to ensure that the model performs well first on training and validation data and then
on unseen data. For these purposes, the following sets of data are considered:
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Figure 2 Fractional Brownian Surfaces samples with size 128 x 128 and controlled Hurst exponent H ranging
from 0.1 to 0.9 with step AH=0.1

Figure 3 Image N45-024 (Torino) of the WV-2 [17]
collection shown in false color. Urban infrastructure
components (such as buildings, roads) are shown in
orange color, whereas vegetation components (such as
grasses, forestlands) in cyan. Each Rol spans diverse land
use patterns, ranging from densely constructed city
centers to peripheral vegetated zones

+ Training and Validation Data (FBM surfaces). The model learns patterns from
artificial fractal data by adjusting its parameters and labeling each one. The validation
data set is used to assess the performance of the regression model during training and
its ability to handle unknown data before final testing. A dataset of 3990 artificial
fractal images is generated by the Cholesky-Levinson factorization (CLF),
implemented via FRACLAB [21]. Synthetic images are obtained with controlled Hurst
exponent H values ranging from 0.05 to 0.95 with step AH = 0.05. The spatial
resolution of the 2D fractal surfaces is 128 x 128 gray-level pixels. Figure 2 shows
fractal surface samples used to train the neural network. The dataset is randomly
shuffled, 95% was used for training and the remaining 5% for validation.

+ Testing Data (Satellite Imagery). High-resolution satellite images with varying levels of
built-up density are used as further testing dataset. A given Region of Interest (Rol)
encompasses urban sectors of the four European cities, with spatial resolution of
10.73 m and covers approximately 120.72 km? for each city. Each image is divided into
four sub-images of size 512 x 512 pixels, delimited by yellow lines and labeled by A, B,
C, and D. In Fig. 3, the WV-2 N45-024 image (Rol Torino city) is shown in false color.
The primary information and statistics regarding all satellite images used in the

analysis, are also reported in the Sect. 2 of the Supplementary materials.
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2.3 Standard methods

To assess robustness and accuracy of RegFractNet, an extensive comparison is performed
against the outcomes of standard numerical algorithms (such as the Detrending Moving
Average (DMA), Box Counting (BC), Variogram (VA), Climacogram (CL)). Most of the
algorithm codes are available in FRACLAB [21] and MATLAB [19]. For the sake of com-
pleteness, a brief description of these standard approaches is provided here below.

2.3.1 Detrending Moving Average (DMA)
The Detrending Moving Average algorithm operates via a generalized high-dimensional
variance opya of fu(r) around the moving average function fH(r) [22], that, for d = 2,

writes:
1 N1 Ny
2 .. 7 L N2
(oF = X (l:l)_nn(l:l)] ) (3)
DMA = Ny i YNy =12 ) i; izzznz[f 1 82) = fuymy (i1, B2
with £, ., (i1, i) given by:
1 n1—-1ny-1
Sumy(i1,69) = —— % Z Zf(il —ki,ip—ky) . (4)
M k1=0 k=0

First, the average scalar field ]7,,1,,2(1'1, ip) is estimated over sub-arrays with different size
n1 X ny. Next the difference f (i1, ip) —fnlm (i1, 1) for each sub-array n; x n, is calculated.
It can be shown that Eq. (3) behaves as:

2H
GI%MAN[ n%+n%:| =st . (5)

Hence, the log-log plot of 03,,, vs. s = 13 + n3 yields a straight line with slope H.

2.3.2 Box Counting (BC)

The Box-Counting method is widely adopted for quantifying fractal objects. The MAT-
LAB function [19, 23] is used for the estimates carried on in this work. Grids of size Y
are mapped to the surface to be analyzed. The grids are subdivided into equal-sized cells
¢ that become progressively smaller. The number of boxes N(¢) that contain information
about the object is counted. The fractal dimension according to the Box-Counting method
is defined as:

_ log(N(e)

r= log(Y/e) ©

2.3.3 Variogram (VA)
The Variogram, widely used for spatial analysis in geostatistics, is defined as the squared

increment from a point to its lag distances k; and k, [24]:

1 Ny (k1) No(ko)
A ATRATS) Zl Zl {[ Vi1, i2) = V(i + ki, in) 1P+ [ Vi, ia) = Vi, ia + ko) 1)

7)
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Input H=0.2 Input H=0.4 Input H=0.6 Input H=0.9
Output H=0.2 OutputH=0.4 Output H=0.6 Output H=0.9

Figure 4 Fractional Brownian Surfaces external at RegFractNet. Input and output H values are reported on
top of each image

where N (k1) and Nj(ky) are the numbers of pairs at each respective lag distance k; and
ky, V(i1,iz), V(i1 + ky,i2) and V(iy, iy + ky) are the sample values at positions iy, i; and
i1 + kq, iy + ky, respectively. The slope of the log-log plot of y vs. the lag distances k; and
k, is found to be proportional to 2H.

2.3.4 Climacogram (CL)
The Climacogram estimator is defined at each coordinate pair of a 2D matrix as [25]:

nlk1 nlky

Plik) = =3 Y (i, ~F7 ®)

11 1ip=1

where 7 is the number of intervals along each spatial direction, x = \/k1k5, with k1 = k1 /A

and k, = ky/A the dimensionless spatial scales with A the discretization unit (i.e. pixel
(1) 1 K1 .

length), £} = 5 >0 1)1 Dty _ns1fey 18 the space-averaged process at scale «,

and f =>7" Lig=1 ﬁl,,'z /n?. The scaling behaviour can be obtained through the log-log slope
of p (k).

3 Results

In this section, the proposed RegFractNet approach is implemented to estimate the Hurst
exponent of synthetic and real datasets. To further evaluate accuracy and robustness of the
RegFractNet network model, a comparison is made by using the methods described in
the previous section. For the sake of completeness, the comparison is also performed by
using deterministic fractals (results reported in Sect. 3 of the Supplementary Materials).

3.1 Fractional Brownian surfaces

A dataset of 3990 grayscale images of simulated Brownian surfaces, each with 128 x 128
pixels size, is fed in to RegFractNet. The Brownian surfaces are randomly shuffled, 95%
was used for training and the remaining 5% for validation. Figure 4 shows some results
obtained using the RegFractNet to predict the Hurst exponent value of external FBM
surfaces.

3.2 WV-2imagery

The trained model is used to estimate the Hurst exponent of unseen satellite images. To
this scope, the selected urban areas must match the input dimensions used during train-
ing, specifically 128 x 128 pixel grayscale images. Therefore, the 4 subareas A, B, C, and D
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H=0.17

H=0.31

Figure 5 Top left: Image N45-024 (Torino). Top right: 64 fixed-size non-overlapping patches, each measuring
128 x 128 pixels, extracted from image N45-024. The red band is selected for testing and arranged into a
matrix outlined in yellow, labeled with letters (A-H) for rows and numbers (1-8) for columns, in order to
identify the different sections of the Rol. Bottom: Hurst exponents yield by the RegFractNet model for each
of the 64 patches

(Fig. 3) are split into 16 fixed-size non-overlapping patches of 128 x 128 pixels (top-right
panel of Fig. 5). The Hurst exponent values yield by the RegFractNet for the 64 urban
areas are shown in the bottom panel of Fig. 5. For regions with high urban density, the
RegFractNet model gives low values of H. As the level of urbanization decreases, a no-
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Table 1 Fractal dimension Dy for the eight sectors of the WV-2 images of Torino labelled by capital
letters (first column). The fractal dimensions are calculated by using the Hurst exponent yield
respectively by RegFractNet [1], Detrending Moving Average [2], Box Counting [3], Variogram [4]
and Climacogram [5]

Areas Dr[1] Dr[2] Drl3] Dr[4] Dr[5] Areas Dr[1] Dr[2] Drl3] Dr[4] Dr[5]

Al 1.76 1.86 1.86 1.88 1.25 E1 1.75 1.87 1.88 1.87 1.28
A2 1.80 1.87 1.88 1.90 1.33 E2 1.87 1.88 1.88 1.93 1.46
A3 1.88 1.87 1.89 1.96 149 E3 1.90 1.88 1.88 1.97 1.52
A4 1.84 1.88 1.89 1.92 141 E4 1.93 1.89 1.89 1.97 1.54
A5 1.82 1.87 1.88 1.91 1.37 E5 1.81 1.87 1.87 1.97 1.37
Ab 1.76 1.86 1.88 1.89 1.34 E6 1.73 1.87 1.85 1.93 140
A7 1.74 1.85 1.88 1.90 1.15 E7 1.69 1.86 1.84 1.91 143
A8 1.71 1.87 1.88 1.90 1.29 E8 1.62 1.86 1.80 1.92 1.35
B1 1.68 1.84 1.83 1.86 1.20 F1 1.87 1.87 1.88 1.92 142
B2 1.68 1.88 1.86 1.89 1.26 F2 1.92 1.88 1.89 1.98 1.61

B3 1.82 1.88 1.88 192 1.37 F3 1.85 1.87 1.88 1.94 1.37
B4 1.79 1.87 1.88 193 1.32 F4 1.86 1.88 1.88 1.94 143
B5 1.85 1.88 1.89 1.93 1.37 F5 1.68 1.87 1.84 1.92 1.31

B6 1.90 1.86 1.88 1.97 1.48 F6 1.63 1.87 1.80 1.94 1.34
B7 1.65 1.85 1.84 1.90 1.28 F7 161 1.86 1.77 1.90 1.26
B8 1.69 1.85 1.83 1.91 1.24 F8 1.57 1.83 1.69 1.90 1.33
@ 1.87 1.87 1.88 1.93 142 Gl 1.68 1.86 1.88 1.86 1.25
2 191 1.88 1.88 1.94 1.52 G2 1.92 1.88 1.89 1.95 1.54
a 1.93 1.88 1.89 1.98 1.67 G3 1.84 1.87 1.88 1.94 1.27
C4 191 1.88 1.89 1.97 141 G4 1.75 1.87 1.88 1.92 1.27
5 1.90 1.88 1.89 1.98 1.51 G5 1.80 1.87 1.85 1.94 1.36
6 1.82 1.87 1.88 192 1.33 G6 1.60 1.86 1.78 1.92 1.34
c7 1.73 1.87 1.86 1.90 1.36 G7 1.42 1.76 1.79 1.58 1.05
c8 1.67 1.84 1.82 1.93 1.29 G8 1.52 1.83 1.77 1.84 1.06
D1 1.83 1.88 1.88 1.94 1.49 H1 1.82 1.86 1.88 1.91 1.23
D2 1.88 1.88 1.89 1.94 143 H2 1.87 1.87 1.88 1.94 148
D3 1.88 1.88 1.89 197 1.49 H3 1.89 1.88 1.88 1.94 1.49
D4 1.93 1.89 1.89 1.97 1.56 H4 1.78 1.86 1.86 1.89 1.30
D5 1.93 1.89 1.89 1.97 1.48 H5 1.68 1.87 1.83 1.92 1.30
D6 1.90 1.88 1.88 1.98 1.39 H6 1.62 1.88 1.81 1.90 1.33
D7 1.77 1.87 1.85 1.93 1.28 H7 1.69 1.86 1.84 1.88 1.25
D8 1.63 1.87 1.81 1.87 1.32 H8 1.83 1.87 1.86 1.93 1.40

ticeable shift in the predicted value occurs, reflected by increasing H values. In Table 1, the
fractal dimension estimated by using the linear relationship Dy = 2 — H vary in the range
1.52 + 1.93, consistently with the values reported earlier in the literature [9, 26-28].
Accuracy and robustness of the RegFractNet in predicting the Hurst exponent value of
unseen satellite images are checked against the standard methods described in Sect. 2.3.
Figure 6 illustrates one of the analyzed urban areas (image N45-024 Torino). As shown,
Sections A and B are highly urbanized, with a high concentration of buildings and infras-
tructure, while Sections C and D are the least urbanized. Hurst exponent H and related
fractal dimension Dy are obtained using the two-dimensional DMA on the red band of
the WorldView-2 (WV-2) satellite images [22]. The opya results are plotted in log — log
scale. The DMA algorithm has been implemented for n; = ny, n; € [2,49], with An; =1,
according to Eq. (5). It is evaluated individually on each sub-image to get the variability
of the scaling properties of different areas. Regressions are computed within the range
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Figure 6 (Left panel) Image N45-024 (Torino) downloaded from the Urban Atlas largest European Cities
collection of WorldView-2 [17]. (Right panel) Log-log plots of créMA for each sub-image of size 512 x 512
pixels. Estimated H are obtained as the slope of the regression line by least squares

(2 < s < 8.5), providing an estimate of H. The Hurst exponent tends to be lower for ur-
banized areas. On the contrary, its value is the highest for dispersed areas. As can be seen
in Fig. 6, the Hurst exponent effectively provides insight into the variation of urban and
sub-urban sections within a single region and across multiple cities.

For each sub-image, the DM A algorithm is implemented separately to grasp the variabil-
ity in the scaling properties across different areas. Results for other standard methods and
cities can be found in the Supplementary Material, Sect. 4 and 5. As expected, higher Dy
values generally correspond to more densely populated areas and larger built-up surfaces
(see also [9, 26]).

4 Discussion
To evaluate the performance of the network model, we have considered regions, mea-
suring 1024 x 1024 pixels, split into four sections of 512 x 512 pixels each and then fur-
ther split into 16 fixed-size non-overlapping patches of 128 x 128 pixels, matching the
input size supported by the neural network. The variability in urbanization degree has
been quantified using the fractal dimension (D = 2 — H) for four European cities from
the WorldView-2 (WV-2) satellite image collection database. By comparing the results
obtained for these cities, we can observe variations across different urban contexts, high-
lighting differences in historical development, land-use patterns, and spatial organization.
Hurst exponents (H) consistent with the observed urbanization levels are obtained for
the 64 patches of the satellite image. Specifically, highly urbanized areas tend to exhibit
lower H values, while regions with low construction density exhibit higher H values. For
each 512 x 512 sub-area analyzed via DMA, the average of the corresponding H values
predicted by RegFractNet is computed. The average H values obtained by the network
exhibit a trend that aligns closely with the results of the DMA analysis. Table 2 shows the
fractal dimension estimated by using the linear relationship Dy = 2 — H.

In order to further clarify the relationship between fractal dimension, morphological
complexity, and level of urbanization, we have expanded our analysis by explicitly com-
paring areas with both similar and different Dy values across multiple cities, as illustrated

in Fig. 7. As shown, urban regions from different cities (Torino, Prague, Vienna and Zurich)
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Table 2 Fractal dimension Dr for the WV-2 sections of Prague, Torino, Vienna, and Zurich. The values
of Dy are estimated by entering the Hurst exponent yield respectively RegFractNet [1], Detrending
Moving Average [2], Box Counting [3], Variogram [4] and Climacogram [5] into the linear relationship

Df=2-H
VW-2 Image Sections D¢[1] Dy[2] Dr[3] Dr[4] Dr[5]
Prague A 1.72 1.82 1.83 1.75 112
N50-090 B 1.74 1.85 172 193 1.26
C 1.75 1.88 172 1.95 1.24
D 1.81 1.86 1.92 1.96 132
Torino A 1.84 1.89 1.93 1.96 130
N45-024 B 1.85 1.89 193 195 118
C 1.78 1.88 1.90 1.94 1.26
D 1.66 1.85 1.81 1.79 1.21
Vienna A 1.83 1.87 1.89 1.95 1.23
N48-181 B 1.88 1.85 1.93 1.96 1.25
C 1.85 1.82 1.89 1.94 1.29
D 1.73 1.80 1.93 1.90 1.16
Zurich A 1.63 1.79 1.75 191 1.24
N47-377 B 1.79 1.88 1.90 1.95 117
C 1.68 1.81 1.84 191 1.20
D 1.78 1.87 1.83 1.96 1.19

Torino

Prague

Vienna

Zurich

Figure 7 Comparison of different urban areas from four cities (Torino, Prague, Vienna, and Zurich)
characterized by similar Dr values. Despite variations in morphology and urban structure, the relationship
between the degree of urbanization and the corresponding Dr value appears consistent and well correlated.
This suggests that the H values predicted by RegFractNet related with the fractal dimension Dy captures
underlying structural properties of urban patterns regardless of the specific city context

sharing similar Dy values, also exhibit comparable structural characteristics, despite dif-
ferences in geographical location and specific urban layouts. In particular, higher fractal
dimensions (Df > 1.82) are associated with densely built environments, characterized by

irregular patterns and high morphological complexity typical of consolidated urban cores.
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Figure 8 Fractal dimensions (mean, median and outliers) obtained by RegFractNet and Standard methods.
(Left Panel) 16 sub-areas of size 512 x 512 of the four cities (Torino, Prague, Vienna, and Zurich); (Right Panel)
64 sub-areas of size 128 x 128 of one city (Torino)

Intermediate values (Dy ~ 1.78 +1.82) correspond to transitional zones, where mixed land
use, partial fragmentation, and moderate spatial organization are observed. Lower frac-
tal dimensions (Dy < 1.78) are mostly linked to less urbanized or peri-urban areas, where
spatial patterns become more homogeneous and less complex, often reflecting vegetation
or sparse development.

The box-plot results in Fig. 8 related to Tables 1 and 2, indicate that RegFractNet pro-
vides Hurst exponent estimates that are consistent with standard approaches, supporting
its validity as a data-driven alternative. Traditional methods, particularly VA, tend to yield
higher mean values and low dispersion, suggesting possible overestimation and limited
sensitivity to spatial variability. RegFractNet and CL (with a different range of fractal di-
mension estimations) exhibit greater dispersion, reflecting an enhanced ability to capture
heterogeneity in urban areas. Regarding the inherent variability across standard methods,
it is worth clarifying that even with correct estimates of the Hurst exponent, they are in-
herently different due to underlying distinct metrics and parameters. RegFractNet not
only predicts the Hurst exponent values but also exhibits a more consistent and broader
dynamic range across different urban morphologies, as well as higher sensitivity (partic-
ularly on small patches of 128x128 pixels) where few data are available.

An Agreement Plot based on the Bland-Altman analysis [29] is shown in Fig. 9 to com-
pare estimates related to the same variable. The Bland—Altman approach reveals a low dif-
ference between the RegFractNet and DM A methods (left panel Fig. 9). The negative bias
(—0.0806) indicates that RegFractNet underestimates the fractal dimension compared to
DMA. The limits of agreement (—0.1990 to 0.0377) span 0.2367. The Bland-Altman anal-
ysis (right panel Fig. 9) shows the mean bias to be —0.0883, the standard deviation of dif-
ferences is 0.1031, and the 95% limits of agreement range from —0.2903 to 0.1137, giving
a total amplitude of approximately 0.404. Hence, it is moderate but larger than in the pre-
vious 16-sample analysis, reflecting greater heterogeneity across a broader set of image

patches.

5 Conclusion and future work
Fractal geometry offers a powerful perspective and unifying mathematical framework for
understanding urban scaling laws. By relating Hurst exponent and fractal dimensions of
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Figure 9 Bland-Altman analysis comparing the fractal dimension derived from the Hurst exponent estimated
by the RegFractNet and DMA methods. The plots show the difference between the two methods against
their average, with the bias, 95% limits of agreement, and the zero line. For detailed numerical results, see
Table 1 and 2. (Left panel) Values derived from a total of 16 sectors distributed across four European cities:
Torino, Prague, Vienna, and Zurich from WV-2 imagery. (Right panel) Values derived from a total of 64
fixed-size non-overlapping patches, extracted from Torino city

population distributions, one can describe the scaling of infrastructure and social inter-
action networks [7, 8]. The way cities grow and occupy space via the addition of fractal
pattern units could consistently explain the scaling behaviors of several socio-technical
urban features. In this context, computational methods are increasingly adopted to quan-
tify urban patterns in terms of Hurst exponents, which depend upon blocks, building and
road distributions detected by satellite sensors.

In this work we have put forward RegFractNet, a CNN-based regression model, able to
predict the Hurst exponent of urbanized areas from WorldView-2 (WV-2) satellite images.
The network model is trained on synthetic images of Brownian surfaces to yield a continu-
ous numerical output corresponding to the Hurst exponent value of the input image. The
proposed network is able to classify urban regions based on their morphological complex-
ity and also to assign Hurst exponent values that accurately correlate with the urbanization
level. This behavior reflects how the network captures self-similarity and roughness pat-
terns characteristic of urban surfaces, providing the corresponding urban fractal dimen-
sion for each surface. The RegFractNet deep learning model has been tested on diverse
satellite image datasets, demonstrating its effectiveness as an urban descriptor for quan-
tifying levels of urbanization [30]. Noticeably, unlike standard algorithms, RegFractNet
estimates the Hurst exponent H from smaller size images (128 x 128 pixels) without re-
quiring to partition the data matrix in subunits/boxes at varying scales.

Accurate estimates of fractal features are essential within the broader theoretical and
computational framework of urban scaling laws for predicting social, spatial, and infras-
tructural properties and enabling the development of planning strategies specifically tai-
lored to each city. Future work aims to train neural networks on larger Brownian surface
datasets (512 x 512 and 1024 x 1024 pixels), to process higher-resolution images and in-
crease the accuracy of the Hurst exponent of larger urban and periurban areas with in-
creasing spatial complexity. The approach has the potential to improve the quantitative
analysis of urban morphology and contribute to the fractal characterization of urban en-

vironments by exploiting the richness of satellite imagery datasets.
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