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Abstract. The identification of dynamic parameters in nonlinear systems is a
challenging task, particularly when dealing with experimental measurements. If the
nonlinearity is negligible for the response, one can rely on linear techniques without
compromising the accuracy of the solution. However, if the nonlinear effects are
significant, as frequently happens under strong excitations, these assumptions do not
hold anymore, and one should refer to more sophisticated methods. This is the case
of bistable systems, i.e., systems characterised by two stable equilibria and one
unstable equilibrium point. In experimental settings, additional uncertainties may
arise from the definition of boundary conditions, materials, and manufacturing. In this
context, the need for a technique capable of instantaneously tracking the nonlinear
parameters of systems exhibiting rapid changes, such as the bistable ones, is
fundamental. This requirement is mainly linked to the ultimate purpose of these
systems, namely the dissipation and/or absorption in terms of instantaneous energy,
which is critical in real-world applications. This work describes a novel method for
experimentally measuring and identifying dynamic parameters of bistable systems.
An instantaneous probabilistic estimator, constructed using an unscented Kalman
filter (UKF), is proposed for the identification of the parameters governing the
bistable dynamics. The method is validated by employing experimental
measurements achieved during a testing campaign carried out on a 3D-printed bistable
sample, with the final goal of estimating the instantaneous energy dissipated under
different external excitations. To this end, an ad hoc testing machine, composed of a
pendulum actuator, was built to accurately simulate the single degree-of-freedom
model employed in the identification task. The procedure proved robust and reliable.

Keywords: Nonlinear identification, Experimental testing, Bistable systems,
Probabilistic approaches

Introduction

In its broadest sense, nonlinear identification consists of fitting data into nonlinear models, similarly
to its linear counterpart. Throughout the years, several techniques have been proposed and developed
to overcome the nonlinear identification problem [1-3]. However, when dealing with experimental
settings, the difficulties related to a proper estimation of nonlinear parameters increase, and the need
for more sophisticated techniques arises. When the system under consideration remains under
operational conditions, the nonlinear effects can be considered as negligible, and a convenient choice
is to rely on linear techniques. However, there are cases, especially in the presence of extreme events,
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e.g., earthquakes, where this assumption does not hold anymore and one should employ more
sophisticated nonlinear techniques.

This is the case of systems characterised by two stable equilibria and one unstable equilibrium point,
namely bistable systems. If properly excited, these systems oscillate between the two stable positions,
leading to convenient properties, such as energy dissipation, especially if coupled with linear
oscillators, e.g., frames [4]. However, the experimental testing of these elements is a challenging task.
This is due to the fact that additional uncertainties may arise from the definition of boundary
conditions, materials, and manufacturing, which complicate the interpretation of the nonlinear
behaviour.

To this end, an appealing choice is to estimate instant by instant the properties of the system, in order
to take into account any possible change in the ideal testing conditions. Instantaneous techniques have
been employed primarily in the field of structural health monitoring (SHM) for damage detection
purposes, but they proved effective also in nonlinear identification tasks [5]. Instantaneous nonlinear
identification methods can be further divided into online and offline. Offline methods are mainly
based on the Hilbert transform [6,7]. Among online methods, Bayesian filters, such as the extended
Kalman filter (EKF) [8] and unscented Kalman filter (UKF) [9], represent a compelling category.
Particularly, the UKF has the advantage of overcoming the linearisation errors of the EKF while
simultaneously reducing the computational complexity.

For bistable systems subject to rapid changes, it is essential to track nonlinear parameters
instantaneously [10,11]. This allows for optimisation of instantaneous energy dissipation/absorption,
which are crucial for testing the system effectiveness in operational environments. In light of these
considerations, this work describes a novel method for experimentally measuring and identifying
nonlinear parameters of bistable systems. An instantaneous probabilistic estimator is implemented
for the identification of the parameters governing the bistable dynamics. In particular, the UKF is
combined with a Markov Chain Monte Carlo (MCMC) sampling to account for uncertainties. The
method is validated both numerically and experimentally, employing measurements achieved during
a testing campaign carried out on a 3D-printed bistable sample. To this end, an ad hoc testing machine,
composed of a pendulum actuator, was built to accurately simulate the single degree-of-freedom
model employed in the identification task.

The paper is structured as follows. Section 1 describes the process from the conceptualisation to the
laboratory testing of an in-scale bistable sample of a seismic energy dissipation device. In Section 2
an overview on the implementation of the combined UKF-MCMC, built starting from [12], is
provided. Section 3 reports the nonlinear parameter estimation results, first from a numerical
standpoint, then employing the experimental signals gathered from the testing machine described in
Section 2, also discussing the effectiveness of the device in terms of instantaneous dissipated energy.
Section 4 discusses and concludes this work.

1. Bistable devices for seismic energy dissipation: from conceptualisation to testing

Structures situated in seismic-prone areas require robust mitigation strategies to ensure their structural
integrity. Beyond conventional base isolation, one may exploit seismic energy dissipation/absorption
through specific devices. A common example is represented by the tuned mass damper (TMD), which
mitigates the displacement by coupling a secondary mass to specific vibration modes. Recent
advancements have transitioned these devices into their nonlinear counterparts, namely nonlinear
energy sinks (NES), to enhance performance by exploiting nonlinear phenomena [13,14]. Among
others, bistability is explored to overcome the spatial and mass constraints of traditional TMDs. The
rapid transition between the two stable equilibrium states generates high-velocity motion that allows
the use of significantly smaller masses compared to conventional TMDs. However, achieving
effective bistability requires precise geometric optimisation [15]. By employing an optimised cosine-
shaped beam (CSB) [16], it is possible to induce non-conventional characteristics such as a negative
elastic modulus, which is particularly effective for energy dissipation. To simulate the device in a
scaled version, a decision was made to create a sample using 3D printing technology. The printer
used for this purpose is the BambuLab X1 Carbon (https://bambulab.com/it-it/x1). The material used
for this process is ABS, which ensures the appropriate rigidity required to achieve bistable behaviour.
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The CSB made of ABS can be conveniently represented by a nonlinear single-degree-of-freedom
(SDoF), described by the following equation of motion:

my +cy + kiy + k3y® = u(t) (1)

where m is the mass of the system, c is the linear damping, k, is the negative linear stiffness, and k5
is the positive cubic stiffness. The system exhibits a displacement y under the generic external
excitation u(t). The requirement k; < 0 is needed to achieve bistability. In steady-state, the system
has three solutions, ¥, = +V—k; /ks, i.c., the stable equilibrium points, and y, = 0, i.c., the unstable
equilibrium point. When the system oscillates around the stable equilibrium points, it is said to exhibit
intrawell oscillations. Conversely, when it jumps between the two configurations, it is said to exhibit
interwell oscillations [17]. A representation of the bistable device and its schematic are provided in
Fig. 1, while Table 1 lists the parameters of the 3D-printed sample.

(a) (b)
éh
L
(c)
kq k3 c
—

Fig. 1. (a) 3D representation of the device, (b) schematic for fabrication, and (¢) equivalent SDoF oscillator.

Table 1. Properties of the in-scale sample of the bistable device.

Property Value
Height h [m] 6.00 x 1073
Thickness t [m] 1.00 x 1073
Length L [m] 9.00 x 1072
Elastic modulus E [MPa] 2.20 x 103
Density p [kg/m?] 1.05 x 103

The prototype testing machine is composed of a high-precision measurement and actuation system,
isolated from external vibrations by a solid granite base. The measurement system is based on a HeNe
laser beam, shaped by cylindrical lenses and 45° mirrors. The light beam is focused on a 12-mm-long
linear position sensitive detector. This sensor detects the displacement of the vibrating mass with an
uncertainty of less than 50 pm, exploiting the photocurrent distribution generated by the light beam
impact. Actuation is performed by an electromagnetic system composed of copper coils with a total
of 40 turns and 1 T neodymium permanent magnets, powered by a 20 A amplifier to perform both
free decay and forced tests. To prevent rotational or transverse vibration modes, ensuring the SDoF
formulation of Eq. (1), the testing machine is stiffened by four tensile tie rods and equipped with a
steel plate pendulum that restrains the pusher. A detailed representation of the actuation and
measurement system is given in Fig. 2, while the testing machine is depicted in Fig. 3.
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Fig. 2. Details of the actuation and measurement system. (a) Actuator and position sensitive detector (PSD).
(b) Coil substrate and magnets.

Fig. 3. Testing machine equipped with pendulum actuator. Details of the sample and the oscilloscope.

2. A modified version of unscented Kalman filter (UKF) for nonlinear identification

This section briefly describes a modified version of the UKF for the sequential estimation of states
and parameters in nonlinear dynamical systems. Bayesian approaches have proved effective in the
identification of nonlinear systems [18]. In this case, the MCMC method is employed. The MCMC
basically relies on the idea of building a chain of values progressively exploring the parameter space
in such a way that, after a certain number of iterations, the sample distribution coincides with the
desired posterior distribution. It is therefore a stochastic and iterative process, in which every state
depends only on the previous state, based on the Markov principle. The Metropolis-Hastings is one
of the most common MCMC algorithms for generating samples from a target distribution. Unlike
traditional Monte Carlo methods, the Metropolis-Hastings algorithm employs a density depending on
the current state of the chain, avoiding the loss of efficiency typical of such methods.

However, the MCMC method does not allow instantaneous evaluation of the parameters to be
estimated, which is advantageous in the case of systems showing rapid changes in the response. To
this end, it has been combined with one of the methods enabling instantaneous implementation, and
thus suitable for time-varying responses. In its classical implementation, the UKF consists of two
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steps, namely prediction and correction. The equations of a general dynamic system can be defined
by resorting to the state-space equation and its measurement equation as follows:

X = f(Xp—1,Uk-1) + Qi (2)
Vi = h(Xp) + 1y (3)

where X is the state vector in its augmented form, y is the output vector, and u is the external input
excitation. The vectors q and r are the process and measurement noises, respectively. The state
vectors are augmented to take also into account the parameters to be estimated in the identification
process. An overview of the algorithm employed in this work can be found in [19,20].

Here, starting from [12], a similar algorithm, which combines the UKF as proposed by [19] and a
Metropolis-Hastings MCMC, has been implemented. Differently from [12], the proposed approach
introduces a sequential UKF-MCMC algorithm that produces a temporal distribution of the
parameters with an adaptive MCMC step automatically tuned as a function of a predefined acceptance
rate. The pseudocode of the algorithm is reported in Algorithm 1.

Algorithm 1: UKF-MCMC algorithm

1: [Initialisation:

2. Log-transform mapping T

3. Log-parameters ¢

4: Augmented state vector X,

5: Gaussian prior on log-parameters ¢~ N ([g, Zg)

6: for ty = 1:ty

7: X = f(Xp_1,Uk) Prediction

8: Y = h(X ), X = Xp + K (¥ — i) Updating

9: for s=1,..,Nycuc
10: ¢ = ¢CV + g, with g,~N(0,Z,) Proposed distribution
11: logp* = logp (d*|y1.x) Proposed log-posterior
12: logp®™ =logp (¢CV|y1k) Current log-posterior
13: a= min{l, exp (logp™ — log p(s'l))} Acceptance coefficient
14: w~ U(0,1) Extract sample

15: if w< a

16: ¢© = ¢*

17: else

18: ¢ = ¢t

19: end
20: PO (t) = T
21: end
22: p(t) = NMZMC ToaMeME p©) (¢ Posterior mean
23: ¢ = T(p(tW) Update initial state
24: end

For the application considered in this work, Algorithm 1 is used to estimate the nonlinear parameters
k, and k5 of the bistable SDoF oscillator reported in Eq. (1), yielding ¢ = [log(—k,),log (k3)]. It is
worth noting that Algorithm 1 can be extended to configurations with multiple DoFs (e.g., including
possible rotational effects observed under different testing conditions) by augmenting the state vector.
However, such an extension is expected to significantly increase the computational cost associated
with the MCMC sampling stage and the overall estimation procedure. The realisations are based on
100 samples for each parameter and are constructed starting from a likelihood-function on the data
and a Gaussian log-prior distribution centred on the measured values. Within this framework, and
prior to the parameter estimation process, the structural identifiability of the augmented system was
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assessed following the observability-based framework proposed in [21]. For the bistable formulation
reported in Eq. (1), the observability-identifiability matrix, built through successive Lie derivatives
of the measurement equation, was found to have a full rank equal to the dimension of the augmented
state vector, thus confirming local observability/identifiability of the states/parameters.

3. Nonlinear parameters estimation results and discussion

3.1 Numerical validation

First, a numerical validation was carried out to assess the performance of the algorithm. Specifically,
white noise with zero mean and standard deviation equal to 5 was employed to simulate the bistable
response of the system. The signal has a duration of 20 s with a sampling time of 0.01 s. The values
employed in the identification process are listed in Table 2. The input and output responses are shown
in Fig. 4. Results of the identification task are illustrated in Fig. 5. In particular, following an initial
transient phase in the first two seconds, the parameters k; and k3 tend to stabilise around their
theoretical values, while maintaining relatively narrow confidence bounds (see Fig. Sa). This
convergence is also supported by the trend observable in Fig. Sb. Indeed, as the number of MCMC
steps increases, the acceptance rate decreases.

Table 2. Numerical values employed for parameter estimation.

Parameter m [kg] ¢ [Ns/m] k, [N/m] ks [N/m3]
Initial value 47 x 1073 3.4 —5.5 x 102 1.8 x 107
Lower boundary Fixed Fixed —5.0 x 103 1.0 x 107
Upper boundary Fixed Fixed —5.0 x 102 1.0 x 108
(a) (b)
20

0.01

- 0.000

= 0

B »0.00)

2 0.01

0 5 10 15 20 0 10 15 20

t [s) ' ) t [s]
Fig. 4. Numerical simulation: (a) input and (b) system displacement response. The red dotted lines indicate
the equilibrium positions.

(a) (b)
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Fig. 5. Numerical simulation: (a) estimated nonlinear parameters and (b) acceptance rate.
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3.2 Experimental parameter estimation and energy dissipation efficiency assessment

Once the parameter estimation procedure was numerically validated, a response signal gathered
through the experimental setup described in Section 2 was employed to characterise the bistable
sample with the final purpose of assessing its energy dissipation performance. In this case, the values
employed for the identification are listed in Table 3. The experimental input and output are displayed
in Fig. 6. The displacement response signal confirms that the in-scale sample of the device effectively
reaches bistability. The system primarily remains in the equilibrium position of y, = 6 X 1073 m,
while the jump in the other equilibrium position is induced by the peaks observable in the
experimental input. Results are shown in Fig. 7 and Fig. 8. For what concerns parameter estimation,
similar results to those obtained in the numerical validation are observable (see Fig. 7). More
importantly, the dissipated energy progressively increases over time, and a staircase trend is visible
when the system jumps from one position to the other (see Fig. 8b).

Table 3. Experimental values employed for parameter estimation.

Parameter m [kg] ¢ [Ns/m] k; [N/m] ks [N/m3]

Initial value 205 x 1073 5.03 —8.30 x 102 3.87 x 107

Lower boundary Fixed Fixed —5.00 x 103 1.00 x 107

Upper boundary Fixed Fixed —5.00 x 10? 1.00 x 108
(a) (b)

0.01

0.005

y(t) [m]

-0.005

: : -0.01 ! : . :
0 10 20 30 40 0 10 20 30 40
t [s] t [s]

Fig. 6. Experimental testing: (a) white noise input and (b) system displacement response.
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Fig. 7. Experimental testing: (a) estimated nonlinear parameters and (b) acceptance rate.
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(a) (b)
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Fig. 8. (a) Energetic barrier and (b) instantaneous dissipated energy over time.

4. Conclusions

This work demonstrates the effective identification of a bistable sample, addressing the inherent
challenges of experimental testing uncertainties. The UKF-MCMC estimator, implemented for this
purpose, enabled robust estimation of nonlinear parameters from both a numerical and experimental
standpoint. Nonlinear data were gathered using a prototype testing machine built ad hoc for the
characterisation of bistable samples. The dissipated energy exhibited a staircase trend, where each
increment correlates with a snap-through event. This highlights the effectiveness of the device in
dissipating energy during interwell transitions, providing a measure of its performance as a passive
vibration control system and showing promising capabilities for real-world applications.
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