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ARTICLE INFO ABSTRACT
Communicated by P. Pennacchi Accurate modeling of mistuning in bladed disks requires a consistent representation of blade-
to-blade variability and its impact on the assembled system dynamics. This work presents
Igﬁﬁ; (:jr?isi:sks an experimental validation of a reduced-order modeling approach for mistuned bladed disks,
Mistuning where the variability of individual components is directly derived from measurements. Free—
Reduced order models free modal hammer tests are performed on individual blades to quantify the dispersion in
Free interface reduction natural frequencies arising from manufacturing tolerances and geometric variability. These
Vibration analysis experimentally measured perturbations are introduced into the reduced-order formulation of

the blade component, enabling a physically consistent representation of intrinsic mistuning. The
finite element model of the disk is updated based on experimental data, and the full assembly
is modeled using a component mode synthesis framework, combining Rubin reduction for the
blades and Craig—Bampton reduction for the disk. The assembled bladed disk is experimentally
characterized through modal testing, and the numerical predictions are compared against the
measured natural frequencies and mode shapes. The results demonstrate that the proposed
approach accurately captures the effect of blade variability on the global dynamic behavior.
The study highlights the effectiveness of incorporating experimentally derived blade properties
into reduced-order model, providing a robust and physically interpretable framework for the
analysis of mistuned bladed disks.

1. Introduction

The dynamic behavior of turbine bladed disks is strongly influenced by small variations in the properties of individual blades,
making mistuning an inherent aspect of their design [1]. These variations can originate from manufacturing imperfections,
variations in material properties, or operational wear, and even minor discrepancies may result in significant increases in vibration
amplitudes [2,3]. Such amplification elevates the risk of high-cycle fatigue and introduces additional complexity in predicting
system response, as certain blades may exhibit localized vibration levels well beyond those expected in an ideal tuned configuration.
Furthermore, mistuning leads to a fundamental modification of the modal behavior of the assembly. The loss of cyclic symmetry
induces the frequency splitting of modes that are degenerate in the tuned system and localization of the vibration modes, disrupting
the uniform distribution of energy typical of tuned systems [4,5]. Consequently, the overall response becomes governed by a limited
subset of blades, whose dynamics cannot be reliably inferred from nominal design assumptions. This effect is particularly critical
under forced excitation, where resonance conditions may develop and persist within narrow frequency bands [6]. From a modeling
standpoint, capturing blade-to-blade variability with sufficient accuracy often requires high-fidelity finite element models (FEM) of
the full assembly, resulting in large-scale computational problems, especially in the context of probabilistic analyses. In addition,
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the complex relationship between mistuning parameters and the resulting dynamic response further increases the complexity of
analyzing mistuned bladed disks.

Early approaches for analyzing mistuning in bladed disks relies on lumped parameter mass—spring models [2,6-10]. These
methods provide an intuitive description of the system dynamics and have been widely used to investigate general trends in mistuned
responses. Their main advantage lies in their low computational cost, which makes them well suited for extensive numerical analyses,
such as Monte Carlo simulations, and for gaining qualitative physical insight. However, despite their efficiency, these models present
important limitations. Their predictions are highly sensitive to model parameters, and they are not able to accurately represent the
complex structural behavior of real bladed disks, where geometry, boundary conditions, and modal interactions play a significant
role. As the level of detail increases, parameter identification becomes challenging, limiting their applicability to qualitative rather
than predictive analyses. An alternative approach consists in deriving reduced-order models (ROMs) directly from finite element
formulations, allowing a more accurate representation of the structure while maintaining computational efficiency. Two main
classes of ROM techniques are commonly adopted: system-level and component-level approaches [11]. In system-level methods,
the response of the mistuned system is expressed as a combination of tuned system modes [12], while component-level approaches
perform the reduction at the level of individual substructures, such as blades and disk sectors [13] The latter enables the local
introduction of mistuning and preserves a modular framework. Additionally, alternative formulations treat mistuning as a structural
modification of the tuned system [14,15], where the mistuned response is obtained by applying correction operators to the dynamic
characteristics of the nominal configuration.

System-level reduced-order approaches were initially developed by Yang and Griffin [12], who expressed the mistuned system
response as a linear combination of a subset of tuned system modes, thus avoiding full FEM analysis of the mistuned assembly.
This concept was further refined by Feiner and Griffin through the Fundamental Model of Mistuning (FMM) [16], which simplifies
the formulation by focusing on a single modal family. The FMM requires only the nominal frequencies and the deviations of blade
frequencies, providing a compact and efficient framework suitable for large-scale analyses and probabilistic studies. Component-level
approaches, on the other hand, perform model reduction at the level of individual substructures, typically separating blades and disk.
Early contributions by Castainer et al. [13] introduced formulations based on sector-level component modes, allowing mistuning
to be incorporated directly through blade properties. Subsequent developments demonstrated that such models can accurately
predict forced responses at a reduced computational cost [17]. Further advancements include interface-based formulations [18]
and extensions to more complex configurations such as shrouded disks [19]. The work of Bladh et al. [20,21] introduced advanced
reduction techniques, including the Craig-Bampton method and secondary reduction strategies, achieving substantial reductions in
model size. Later contributions generalized the framework to account for both stiffness and mass mistuning [22], extended mistuning
representations to sector-level variability [23], and proposed modular formulations for the independent treatment of blade and disk
variations [24]. An alternative class of methods formulates mistuning as a structural modification of the tuned system [14]. In this
framework, the response of the mistuned assembly is obtained directly from the frequency response of the tuned configuration by
introducing a modification matrix that accounts for blade variability.

Numerous studies have addressed the development of ROMs for the nonlinear analysis of mistuned bladed disks, with particular
emphasis on the incorporation of frictional contact effects. Pourkiaee and Zucca [25] proposed a ROM for systems with shroud
friction interfaces, combining Craig-Bampton reduction for the blades with loaded interface modes for the disk, resulting in a
compact formulation based on single-sector computations. Mashayekhi et al. [26] introduced the Mistuned-Dual (M-Dual) approach,
which integrates the component mistuning method with a Dual CMS framework. By employing free-interface and attachment modes,
the method avoids the assembly of full-order matrices and significantly reduces offline computational effort. More recently, Saletti
et al. [27] developed a ROM for bladed disks with shroud friction joints under mass mistuning, demonstrating its capability to
accurately reproduce nonlinear forced responses in the presence of localized contacts. Long and Chen [28] proposed a Variable-Speed
Reduced Order Model (VSROM) for mistuned rotating bladed disks, combining stiffness parameterization as a polynomial with the
Component Mode Mistuning method. This approach enables response-based mistuning identification and accurate prediction of both
free and forced responses across varying operating conditions.

Despite the significant progress in ROM of mistuned bladed disks, most existing formulations are based on fixed-interface
representations, where the physical meaning of the retained modal properties is strongly influenced by boundary conditions and their
direct experimental identification is not straightforward. This limitation complicates the incorporation of experimentally measured
quantities into ROM. To the best of the authors’ knowledge, the use of free-interface reduction strategies as a basis for mistuning
analysis has not been extensively explored in this context. The present study builds upon a ROM framework based on free—free
component modes, which enables a more direct physical interpretation of the retained dynamic properties and facilitates the
introduction of mistuning through experimentally measurable quantities. In addition, the proposed formulation is assessed through
experimental validation on a mistuned bladed disk assembly.

In this work, an extended ROM framework for mistuned bladed disks, referred to as the Free-Interface Blade Mistuning (FIBM)
method, is developed based on free-interface reduction principles. The Rubin method is applied to the blade component, while the
Craig-Bampton method is used for the disk sectors, so that the retained blade modes correspond to free-free conditions. Therefore,
the modal parameters of the blades can be directly identified from experimental measurements without dependence on arbitrary
boundary constraints. This formulation enables a physically interpretable representation of mistuning through perturbations of
experimentally measurable quantities. This representation can be employed in both numerical and experimental applications. In the
latter case, it considerably simplifies the mistuning identification process, since the mistuning parameters reduce to the free—free
natural frequencies of the individual blades, which can be directly identified through standard modal hammer testing. In addition
to the numerical formulation, an experimental campaign is conducted to characterize both the individual components and the
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BLADE

Fig. 1. Schematic representation of the bladed-disk system showing the disk and blade component with the definition of boundary, interface,
and auxiliary DOFs.

assembled system. Free—free modal hammer tests are performed on each blade to quantify blade-to-blade variability in natural
frequencies, while the disk properties are updated based on experimental measurements. The bladed disk assembly is then tested
through modal impact testing to extract its natural frequencies and mode shapes. Validation is carried out by comparing numerical
predictions with experimental results in terms of natural frequencies and mode shapes evaluated through the Modal Assurance
Criterion (MAC). The results demonstrate that the proposed method is able to accurately reproduce the dynamic behavior of the
mistuned assembly while maintaining a significantly reduced computational cost.

The main novelty of the proposed framework lies in the use of free-interface blade modal properties as the mistuning parameters,
allowing for their direct experimental identification from standard free—free modal testing of the individual blade components. This
work further provides an experimental validation of the complete identification and ROM framework on a mistuned bladed disk
accounting for both blade and contact variability.

The remainder of the paper is organized as follows. Section 2 presents the proposed ROM framework for mistuned bladed disks,
including the free-interface reduction of the blade, the fixed-interface reduction of the disk sectors, and the analytical assembly
procedure. Section 3 describes the experimental campaign, including the characterization of individual components and the testing
of the assembled bladed disk. Section 4 presents the numerical analysis based on the proposed ROM. Section 5 is devoted to the
comparison between numerical predictions and experimental results in terms of natural frequencies and mode shapes. Finally,
Section 6 summarizes the main findings of the study and outlines perspectives for future developments.

2. Methodology

This section introduces the FIBM method for reducing a finite element mistuned bladed disk. The procedure begins with a full
FEM of the disk and blade component, representing two physically distinct yet coupled substructures interacting through their shared
interfaces. The two substructures are then reduced independently: the disk through the Craig-Bampton method [29] and the blade
through the Rubin method [30]. The assembly of the full bladed disk is performed by imposing the compatibility condition at the
corresponding interface. Finally, the strategy adopted to introduce blade mistuning is presented and discussed.

With reference to the substructures in Fig. 1, the vectors of DOFs for the disk sector and blade can be partitioned as follows:

% =

D x
LIS &
D x

S

In this notation, the superscripts D and B designate the DOFs associated with the disk and the blade, respectively. The subscript
i in both vectors identifies the DOFs located at the blade-disk joint interface (Fig. 1). The subscript a denotes the accessory DOFs,
meaning those not directly participating in the interface or structural coupling. The partitions marked with the subscript e in both
vectors correspond to the excess DOFs, namely those not retained as master DOFs in the applied reduction procedures. In addition,
each subscript implicitly defines the dimensionality of the corresponding partition; for instance, the subscript i in x? specifies that
the vector has size n”. By following the partitioning indicated in Eq. (1), the FE mass and stiffness matrices for the disk sector and
blade are written as:

D D D D D D
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This structured partitioning provides a clear distinction between the physically meaningful DOFs that must be retained to preserve
the system behavior, namely boundary DOFs, and those that can be systematically reduced, i.e., excess DOFs. For both the blade and
disk components, the boundary sets xf and xf typically include the DOFs at the blade-root interface and the accessory coordinates.
Excess DOFs will be condensed through the reduction steps presented in the following sections.

B D
xB = {xi } xP = {xi } ()]
b xf b an
2.1. Disk reduction

The disk is reduced using the CB-CMS method [29], in which the displacement field of the excess DOFs is represented as a
linear combination of two complementary sets of component modes. The first set, referred to as constraint (or static) modes and
denoted by ¥,,, corresponds to the static deformation patterns obtained by applying a unit displacement at a boundary DOF while
keeping all other boundary DOFs fixed. The second set, denoted by @,,, is composed of a truncated number n; (with n, < nP)
of fixed-interface normal modes, which capture the dynamic flexibility of the substructure under the assumption that the boundary
displacement vector x[? is fully constrained. By construction, the Craig-Bampton reduction method relies on the partitioning of the
FE mass and stiffness matrices with respect to boundary and exceeding DOFs. Considering the DOFs partitioning defined in Eq. (4),
the mass and stiffness FE matrices of Egs. (2) can be expressed in a more compact form as:

K2 KP M2 MP
KDz[eDe 75], MDz[ e o ©)
Kbe Kbb Mbe Mbb

The application of the CB method leads to the following approximation of the physical displacement vector x”

D D D D
D _ X, = ¢ke Wbe nk = RD D 6
* {xl?} [Obk 1, x,? cafcs ©

where R‘C) 5 is the CB reduction matrix, and nkD is the vector of modal amplitudes associated with the retained fixed-interface normal
modes. The vector qIC) B = {(xf 7 (nkD)T}T thus represents the reduced generalized coordinate vector in the CB formulation.

The reduction basis Rg » is then used to project the full mass and stiffness matrices, M and K, onto the reduced space, yielding
the reduced matrices M” and K”.

D D\T
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2.2. Blade reduction

The Rubin free-interface reduction method is adopted in this work for the reduction of the blade component [30]. The reduction
basis in the Rubin method is constructed from two complementary sets of modes. The first set, residual attachment modes ¥,., is
obtained as the difference between the total static flexibility of the substructure and the flexibility represented by the retained
dynamic modes. For further details on the computation of the residual attachment modes, the reader is referred to [31]. The second
set consists of free-interface normal modes @ , which are computed with the interface DOFs left unconstrained. These modes capture
the free—free vibration modes of the component and can also be directly correlated with experimental modal tests conducted under
free boundary conditions. In addition, when a component exhibits rigid body motions, a third set of rigid body modes @, may be
incorporated into the basis to guarantee a complete representation. In the most general case, the displacement vector of the blade
can be approximated as

B
n;

B . B B B B B ,B _ B B B B\ _ pB B

P x @l gl olnl 4wl gl = [0F of Wl m = Rpay ©
&

where Rg is the Rubin reduction matrix and qg = {(115 ) ('lﬁ)r (gf )'}T is the corresponding reduced generalized coordinate vector
in the Rubin formulation. The vectors n® and n? are the reduced set of generalized coordinates associated with the rigid body and
free-interface modes, respectively, while gf contains the forces acting at the boundary DOFs. By projecting the blade FE mass and

stiffness matrices onto the space spanned by the columns of R2, the following reduced matrices are obtained:

I 0 0 0 0 0
M°=RHT -MP-RE=|0 I o0 | K°=RET.KP-RE=[0 @) 0 (10)
0 0 Mp 0 o0 GP
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where M B and GBb are the interface inertia and flexibility associated with the residual flexibility modes at the boundary. These
can be wrltten as:

B _ B\T B B B _ B\T B B
GP =B KP.wE  MB =B MP.W! (11)

The reduced matrices obtained with the Rubin free-interface approach possess a clear and physically interpretable structure.
As expressed in Eq. (10), the reduced blade stiffness matrix K B contains a diagonal block with the squared free-interface natural
frequencies, .sz, which is independent of the choice of boundary DOFs.

The Rubin reduction does not directly lead to a standard super-element formulation, since the boundary DOFs are expressed in
terms of interface forces gf rather than interface displacements xf , as shown in Eq. (9). This formulation, however, can already be
employed if one prefers to work in a dual form, where the assembly is performed by imposing equilibrium conditions on the boundary
forces using Lagrangian multipliers [32]. An alternative option is the primal form of assembly, where compatibility conditions
are imposed on the displacements and the equilibrium condition is automatically satisfied by definition. Therefore, a secondary
transformation is required to convert the boundary forces into boundary displacements [33]. The authors choose an assembly in a
primal form. Such a transformation is found by pre-multiplying Eq. (9) by the boolean matrix A, which selects the boundary DOFs
xf from the full displacement field x5:

xf = Ax" = A@P nf + @8l + W] gl) (12)
From this equation, the boundary force DOFs can be expressed as:
g =K}, (x) - A®ln? — A®Tn)) 13)

In this expression, K B is the residual stiffness corresponding to the boundary DOFs, which can be obtained by applying the matrix
A to the residual ﬂex1b111ty matrix, i.e., matrix of residual attachment modes, and taking an inverse:
B B\~!
Kr,b = (A : lIlr ) (14)

Therefore, the secondary transformation can be expressed as:

np I 0 0 1|n’ ny

b= 0 I 0 [smfr=T3n} (15)
B B B B B

gf -K,, AP, _Kr,bA‘Pf Ko be xf

The final reduced mass and stiffness matrices can be obtained from the subsequent application of the reduction steps described from
Eq. (10) to Eq. (15):

M =aB" - M" .18, K'=a®" K" TP (16)
I+@])" M’ of, (@) o’ cpflb —@h)" Mf
ME = (‘I’fu,)T MB qsﬁb I+ ((Dflb)T M ¢flb (‘I’fu,)T Mr a7
-M, qsflb -M, q)flb M’
(@ ;)T KB d)flb (@ b)T KB cb/‘?l —(@F h)TK
(dif‘b)T KB asflb o+ (dsflh)T KB L D7, (¢f‘b)T K7, (18)
_Kr,b ¢r|b _K ¢f|b Kr,b

where M B (K )T M, B ‘K, B » is the condensed residual inertia matrix associated with the residual flexibility modes at the interface.
d)ﬁb =A- d) and 115 = A d) denote the partitions of the rigid body and free-interface modes related to the boundary DOFs.

2.3. Mistuning modeling

Mistuning is incorporated at the modal level by introducing perturbations to the eigenvalues, i.e., square of the free-interface
natural frequencies, of the blade component. These correspond to the diagonal entries in the submatrix _Qi, in Eq. (18). The effect
of mistuning is therefore embedded directly into the reduced formulation without modifying the reduction basis or the assembly
procedure. As a consequence, the global mass and stiffness matrices preserve a closed analytical structure, since only a specific
partition of the stiffness matrix is affected by the introduced perturbations. The formulation relies on two key assumptions. First,
the mode shapes of the mistuned substructure are assumed to remain unchanged with respect to the tuned configuration, so that
mistuning is represented solely through perturbations of the eigenvalues. Second, the disk is considered nominally tuned, so the
mistuning is introduced exclusively at the blade level. Under these assumptions, the variability of the system is fully captured
through blade-to-blade differences in the modal properties. This strategy provides a simple and efficient way to control blade-to-
blade variability and is strongly compatible with experimental data, as free-interface natural frequencies can be directly identified
through modal testing and readily incorporated into the ROM framework. As a direct consequence, the mistuning identification
problem reduces to the identification of the blade properties solely in terms of their free-interface natural frequencies, i.e., under
free—free boundary conditions.
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In the reduced stiffness matrix (Eq. (18)), the blade free-interface natural frequencies appear explicitly in the diagonal block,
corresponding to the (2,2) partition of the matrix:

Q? = diag (a}?l, co?z, e w§’m> (19)

where w; denotes the ith free-interface natural frequency of the blade, and m is the number of retained free-interface modes in the
reduction basis.

In an ideally tuned configuration, all blades share identical dynamic properties, leading to identical reduced stiffness matrices
and identical free-interface natural frequencies. However, in real structures, mistuning is unavoidable, resulting in blade-to-blade
variations. In the present formulation, mistuning is introduced by perturbing the square of the free-interface natural frequencies
within the eigenvalue matrix, thereby assigning a distinct dynamic signature to each blade.

Accordingly, the eigenvalue matrix of the jth perturbed blade can be expressed as

QY)Y = diag (a)?l(l +60), @l +8). . o (1 +5§nf‘))), (20)

where 55’ ) represents the relative perturbation associated with the ith free-interface mode of the jth blade.

This formulation is highly flexible since each blade can be assigned its own mistuning pattern, and each retained mode on a given
blade can be perturbed independently. In numerical applications, the perturbations can be readily obtained by performing numerical
modal analysis on the blade components and extracting the corresponding natural frequencies. In contrast, in the experimental case,
the number of modes that can be perturbed is limited by the number of free-interface modes that can be reliably identified from
measurements.

2.4. Bladed disk assembly

The full bladed-disk ROM is obtained by imposing compatibility between the blade-root DOFs, i.e., xiD and xl.B’N , belonging
between disk ROM and the reduced blade components:

np 1 0 0 0 o0 0] P
xP 01 0 0 0 o] %
D X;
x! o010 0 of 5
nwNi=[o 0 0 1 0 o BN = Aba G (21)
mN foo0 0 0 1 0] N
SN Joo1 0 0 0 of|y
xBN 00 0 0 0 1|
a L .
where A, is the global assembly matrix, and g, = {(n,’?)T (x)T ()T @ENHT (nf‘N )T (xBNYTAT represents the reduced generalized

coordinate vector. The superscript B, N indicates that the corresponding quantities refer to all N blades of the assembly, where N
denotes the total number of blades.

Eq. (21) refers to an idealized assembly condition, where the contact between the blade and disk is assumed to be fully established
over the entire nominal interface. Under this assumption, compatibility is enforced across all interface DOFs, implying that all
nodes in the contact region are in contact. In practice, however, the contact condition may deviate from this ideal scenario. Due
to geometric variations and assembly imperfections, only a subset of the interface region may be effectively in contact, while
others remain detached. This phenomenon is commonly referred in the literature as contact mistuning and represents an additional
source of mistuning, complementing the intrinsic blade-to-blade variability [34-38]. Therefore, in the presence of contact mistuning,
compatibility condition is enforced only at the nodes corresponding to the contacting region of the interface, leading to the global
assembly matrix A,, different from that of the ideal case. In particular, the partitions of A,, corresponding to the (2,2) and (6,2)
positions are affected, as they must be redefined to impose compatibility only on the actual contact nodes.

The corresponding mass and stiffness matrices for the assembled bladed disk are

D D
KBP = (A, [If) igB] Ay, MEBP =4, )T [1‘{) MOB] Ay (22)

At this stage, once the full bladed disk assembly has been obtained in physical coordinates, the user has the possibility to apply
an additional reduction of the blade-root interface DOF using the Gram-Schmidt interface reduction approach [39]. This step is
optional and depends on the number of interface DOFs retained at the blade root. If the number of these DOFs is already sufficiently
small, the model can be considered complete, and no further reduction is required. However, if the interface DOFs remain relatively
large, applying this additional reduction provides a more compact representation.

3. Experimental activity
This section presents the experimental activity carried out to characterize both the individual components and the assembled

bladed disk. The latter consists of an academic bladed disk specifically designed and employed in laboratory testing activities. First,
the disk and the 18 blades are tested separately under free conditions using modal hammer excitation and a laser Doppler vibrometer
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Fig. 2. Experimental setup for modal testing using LDV and impact hammer under free—free conditions.

(LDV) acquisition system. The measured responses are post-processed through experimental modal analysis (EMA), employing the
Least Squares Rational Fractions (LSRF) curve-fitting technique to identify natural frequencies and mode shapes. Subsequently, the
full assembly is constructed by mounting the blades into the disk slots and applying a controlled bolt preload at the interface. Finally,
modal hammer testing is performed on the assembled system to extract its modal parameters for validation purposes.

3.1. Component analysis

Fig. 3 illustrates the components under investigation, i.e., disk (Fig. 3(a)) and single representative blade (Fig. 3(b)). These
were tested under free—free boundary conditions, which were achieved by placing the specimens on soft foam supports to minimize
boundary constraints and approximate unconstrained behavior. The response measurements were acquired using a LDV, specifically
the Polytec PSV-500 system. Excitation was provided through impact hammer testing, using two different hammers to account for
the difference in size and mass between the components. In both cases, the hammer was equipped with a force transducer at its tip,
allowing the measurement of the input force. Fig. 2 shows the experimental setup used for the modal testing, including the LDV
system, the impact hammer, and the data acquisition hardware. The bladed disk assembly is positioned on the floor under free—free
boundary conditions during the measurements. For the disk, one acquisition point per sector was considered, resulting in a total
of 18 measurement points over the full disk. For each blade, 10 acquisition points were defined to adequately capture the mode
shapes.

The total number of blades considered in this study is 18, and they are not perfectly identical. In addition to minor variations
due to manufacturing tolerances, blade-to-blade variability arises from specific geometric features, such as the presence of fillets at
certain edges and a small cut on the flank region. These geometric variations introduce an additional source of mistuning, beyond
the intrinsic variability of the components. Based on these features, the blades can be classified into three groups: type-A, type-B,
and type-C. The classification is defined according to three geometric features: the presence or absence of a fillet at the root, a fillet
at the flank, and a cut at the flank. Among the 18 blades, one belongs to type-A, three to type-B, and the remaining blades (the
majority) to type-C. A summary of the classification and the corresponding blade indices is provided in Table 1. The geometrical
differences associated with each feature are further illustrated in Fig. 4.

The measured frequency bandwidth is set to 10 kHz for blade and 6 kHz for the disk. These values ensure reliable identification
of the dynamic response using impact hammer excitation without significant noise contamination. An example of the measured FRF
for both the disk and a representative blade, obtained at a selected measurement point, is shown in Fig. 5. The measurements are
performed in the direction orthogonal to the surface of the components, corresponding to the out-of-plane direction.
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Fig. 3. Components under investigation: (a) disk; (b) blade.

Table 1
Classification of blade geometries based on key features.
Category Fillet at root Fillet at flank Cut at flank Blade indices
Type-A No No No 2
Type-B Yes No Yes 5,11, 16
Type-C Yes Yes Yes 1,3,4,6,7,8,9, 10, 12, 13, 14, 15, 17, 18

(a) No fillet at root (b) No fillet at flank (c) No cut at flank

(d) Fillet at root (e) Fillet at flank () Cut at flank

Fig. 4. Geometrical features used for blade classification: absence (top row) and presence (bottom row) of fillets and cut.

After acquiring the measurements, the FRFs are post-processed by means of EMA, using the LSRF technique [40]. This method
approximates the measured FRFs in the frequency domain through a rational function, allowing the extraction of the modal
parameters, namely natural frequencies, damping ratios, and mode shapes.

In the LSRF framework, the measured FRF is approximated as

N(w)

H(w) ~ m,

(23)
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Fig. 5. Measured frequency response functions (FRFs) for (a) the disk and (b) a blade at representative points.

Table 2
Identified natural frequencies and corresponding nodal
diameters of the disk.

Mode Frequency [Hz] Nodal diameter

1090.6
1971.1
2638.1
3647.6
4421.5
5747.6
5947.9

NO U~ WN -
ON DN WON

where N(w) and D(w) are polynomial functions of the angular frequency. More generally, for a multi-DOF system, the FRF can be
expressed in pole-residue form as

(A Al L, U
Pq P4 Pq Pq
H, (@)= ( + + + 249

S\je-4  jo-2, ) (jw?

where H,, (o) is the FRF between excitation point ¢ and response point p, 4, are the complex poles, AE,;) are the corresponding
residues, and L, and U, represent the low- and high-frequency residual terms, respectively.
Once the poles are identified, the natural frequencies and damping ratios are obtained from

A ==60,, +jo,,\/1-E2, (25)

from which
R4,

12,1

Further details on the theoretical foundations of the experimental modal analysis procedure can be found in [41,42].

To distinguish the physical modes from spurious numerical poles, a stabilization diagram is constructed by repeating the
identification over increasing model orders. The physical modes were selected by tracking the poles over successive model orders
and identifying those forming continuous stable branches in terms of frequency and damping. An example of a stabilization diagram
is shown in Fig. 6.

As a result of the EMA, 11 modes were consistently identified for all the blades and 7 modes for the disk within the considered
frequency bandwidth. Despite the presence of geometric variations among the blades (type-A, type-B, and type-C), the overall modal
content remains consistent across all specimens. In particular, for a given frequency range, the same number of modes is observed,
and the identified mode shapes exhibit a similar spatial distribution. The geometric differences primarily introduce small deviations
in the natural frequencies. The identified natural frequencies for the disk are reported in Table 2. Since only one acquisition point
per sector was considered, and measurements were performed in the out-of-plane direction, the mode shapes can be characterized
only in terms of nodal diameters.

o, =141 &= (26)
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Fig. 6. Stabilization diagram obtained using the LSRF technique for a representative blade measurement point.

Table 3
Identified natural frequencies [Hz] for all blades.

Blade M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11

1 1231.1 2151.6 2840.1 4486.1 5068.9 5219.9 6068.3 6564.0 6837.9 8517.3 8789.9
2 1236.5 2149.3 2851.2 4355.9 4621.3 5223.2 5882.4 6735.0 7182.0 8438.1 8797.1
3 1230.9 2149.9 2832.2 4472.9 5076.7 5207.1 6072.0 6608.2 6771.0 8499.5 8774.2
4 1231.9 2149.3 2835.9 4486.5 5072.0 5215.4 6064.4 6746.0 6980.0 8521.7 8783.8
5 1233.7 2155.8 2839.6 4413.8 4656.0 5176.4 5915.1 6757.0 6736.7 8327.0 8674.0
6 1231.5 2151.0 2829.3 4608.6 5065.7 5192.5 6062.0 6558.6 6721.5 8496.2 8758.9
7 1231.5 2144.4 2826.0 4388.8 5074.6 5183.9 6073.7 6493.9 6734.4 8479.1 8740.4
8 1230.3 2143.7 2822.8 4449.9 5064.5 5192.0 6056.1 6542.3 6752.0 8516.6 8763.5
9 1231.6 2146.9 2836.5 4547.7 5122.0 5217.8 6075.1 6545.4 6826.2 8535.1 8790.8
10 1231.8 2156.2 2839.4 4506.1 5070.1 5212.3 6085.7 6715.0 6750.0 8428.0 8773.2
11 1231.0 2141.5 2822.4 4378.2 4645.7 5145.2 5907.7 6514.1 6712.9 8305.6 8629.9
12 1230.9 2150.5 2840.6 4491.8 5081.2 5212.0 6082.4 6760.0 6762.5 8490.4 8775.9
13 1234.5 2160.7 2847.7 4509.3 5071.0 5222.6 6085.4 7167.6 6785.0 8513.8 8793.7
14 1230.9 2138.6 2822.9 4410.4 5059.9 5184.4 6058.7 6416.2 6766.8 8493.5 8741.4
15 1232.1 2156.4 2839.3 4501.9 5092.2 5210.5 6084.0 6706.0 6737.9 8480.3 8776.5
16 1231.5 2135.3 2816.6 4339.2 4620.5 5141.4 5892.7 6373.2 6700.0 8295.5 8622.9
17 1232.4 2159.3 2843.7 4514.5 5062.4 5225.0 6076.2 7274.0 6821.1 8519.5 8800.9
18 1231.8 2149.4 2834.7 4466.0 5066.9 5205.5 6072.5 6571.3 6824.6 8515.0 8771.4

The identified natural frequencies for the blades are reported in Table 3. The harmonic content is consistent across all blades,
as the identified frequencies are very close to each other. At the same time, the frequencies of mode 5 associated with type-A and
type-B blades are lower than those of type-C blades. This mode is characterized by significant deformation in the flank region,
where the presence of the fillet plays a crucial role in the local stiffness. Type-C blades, which include the fillet at the flank, exhibit
higher natural frequencies due to the increased stiffness. In contrast, type-A and type-B blades, lacking this feature, present reduced
stiffness and consequently lower natural frequencies.

3.2. Assembly analysis

The objective of this subsection is to investigate the dynamic behavior of the assembled bladed disk. The blades are attached to
the disk by means of two bolts symmetrically positioned on both sides of the disk rim. The bolts, inserted from the disk side, press
the blade root against the slot, ensuring firm contact at the blade-disk interface. For the measurements, three acquisition points are
defined on the blade (at the leading edge side) and one on the disk rim. A key aspect of the assembly procedure is the selection
of the tightening torque. The applied torque must be sufficiently high to guarantee proper contact and limit relative motion as
well as the slipping at the interface. At the same time, excessive torque must be avoided to prevent over-stiffening and potential
plastic damage of the components and threads. To determine an appropriate torque value, preliminary tests were performed on a
disk-single blade assembly (Fig. 7a), considering four tightening torque levels: 5, 10, 15, and 20 Nm. Torque values above 20 Nm
were observed to induce plastic deformation in the threaded connection. The identification of the assembly under these preload
conditions was carried out through impact hammer testing, with excitation applied on the disk side and responses measured at the
four acquisition points.

10
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Fig. 7. Disk-one-blade assembly: (a) setup; (b) measured FRF at 20 Nm tightening torque.

An example of the measured FRF for the disk-single blade assembly is shown in Fig. 7b. The frequency bandwidth is limited
to 4 kHz, above which the measurements were affected by significant noise contamination. The tests were repeated for the four
selected tightening torque values, and all the measured FRFs were post-processed using the LSRF-based EMA procedure described
in the previous subsection.

The variation of the natural frequencies of the first nine modes of the disk-single blade assembly as a function of the tightening
torque is shown in Fig. 8. As can be observed, the increase in frequency between 5 and 10 Nm is significantly steeper compared
to the variations observed between 10-15 Nm and 15-20 Nm. This indicates that a torque value of 5 Nm is insufficient to ensure
firm contact at the interface, leading to partial slipping conditions. Once the contact threshold is exceeded, the frequency variation
becomes more gradual and tends to stabilize. The remaining increase in frequency for higher torque values can be attributed to
the local stiffening of the blade root induced by the compressive forces generated by the bolts. However, the overall sensitivity
to preload remains low, with frequency variations on average in the order of approximately 0.5%. Based on these observations, a
tightening torque of 20 Nm is selected for the assembly, as it ensures predominantly sticking conditions at the blade-disk interface
with sufficient confidence while avoiding plastic damage.

The full bladed disk assembly is obtained by inserting each blade into its corresponding slot on the disk and securing it using
two bolts positioned symmetrically at the disk rim and tightened with 20 Nm torque. The bolts, inserted from the disk side, press
the blade against the bottom surface of the blade root, ensuring firm contact at the interface (Fig. 9). As a result, four main contact
regions are established between the blade and the disk: the left and right sides of the blade-root interface, and the front and rear
surfaces where the bolts apply pressure. The assembled system is tested under free—free boundary conditions, achieved by placing
the structure on a soft elastic foam. For the measurements, three acquisition points are defined on each blade at the leading edge,
and one point on the disk sector, located on the front side of the rim below each blade. In total, 72 measurement points are
considered. The excitation is applied on the disk side, just above the fixture holes (Fig. 9)), and all measurements are performed in
the out-of-plane direction.

An example of the measured FRF at a selected blade and measurement point of the full assembly is shown in Fig. 10(a). Due to
the high modal density over the considered bandwidth, a global EMA over the full frequency range is not practical. Therefore, a local
fitting strategy is adopted, where the frequency range is divided into smaller intervals. These intervals are selected such that they
are sufficiently separated from adjacent modes, ensuring negligible dynamic interaction. Under this assumption, each interval can
be treated as dynamically independent and analyzed separately. An example of such an interval, together with the corresponding
stabilization diagram, is shown in Fig. 10(b), spanning the frequency range from 190 to 260 Hz. As can be observed from Fig. 10(a),
this interval is well separated from neighboring modes, supporting the validity of the adopted assumption. In total, 82 modes were
identified within the considered frequency bandwidth. The corresponding natural frequencies are graphically reported in Fig. 11.

Regarding the mode shapes, it is not practical to report all the identified modes due to space limitations. However, it can be
observed that some modes exhibit characteristics similar to those of a tuned system, where the deformation follows a clear nodal
diameter pattern, as shown in Fig. 12(a), corresponding to a nodal diameter of 2. In contrast, other modes are representative of the
mistuned behavior, as illustrated in Fig. 12(b), where mode localization is clearly observed. In such cases, certain blades exhibit

11
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Fig. 8. Natural frequencies of the first nine modes of the disk-single blade assembly as a function of the tightening torque.

Fig. 9. Full bladed disk assembly. Red cross indicated the excitation point.

significantly higher vibration amplitudes compared to others, which is not expected in an ideally tuned configuration. In the figures,
the gray markers indicate the undeformed (reference) positions of the measurement points, while the blue markers represent the
displaced configuration. The brown surface corresponds to the neutral surface of the structure.

4. Numerical analysis

This section presents the numerical modeling of the bladed disk system. First, FEM of the individual components are developed.
The material properties are then calibrated based on the experimental observations to ensure consistency with the measured data.
The accuracy of the FEM is subsequently validated by comparison with the experimentally identified modal parameters. Following
this, the assembly of the bladed disk is modeled, including the representation of the contact conditions at the blade-disk interface.
ROMs are then constructed for the individual components and for the full assembly. Finally, the predictive capability of the proposed
ROM framework is assessed through validation against the experimental observations.
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Fig. 10. (a) Example of measured FRF of the full assembly at a representative blade and measurement point; (b) corresponding stabilization
diagram for a selected frequency interval (190-260 Hz).
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Fig. 11. Identified natural frequencies of the full assembly.

4.1. Component modeling

The numerical analysis starts with the development of the FEM of the individual components, i.e., the disk and the blade. The
CAD geometries are constructed to accurately reproduce the main geometric features of the real components and are subsequently
meshed using the commercially available solver ANSYS Mechanical APDL.

For the volumetric discretization, SOLID186 elements are employed. This is higher order 3-D 20-node solid element that exhibits
quadratic displacement behavior. The element is defined by 20 nodes having three DOF per node: translations in the nodal x,
y, and z directions. In addition, MESH200 element is used for surface meshing and for defining contact and interface regions,
facilitating the implementation of assembly constraints. Particular attention is given to the meshing of the blade-disk interface,
where a conforming mesh is adopted. This ensures node-to-node correspondence at the contact regions, simplifying the imposition
of compatibility conditions during the assembly process.

Both components are made of the same material: quenched and tempered C40 steel (EN 10083-2, grade C40). Although three
different blade geometries are present in the experimental setup (type-A, type-B, and type-C), only one representative geometry is
considered for the FEM. According to Table 1, the majority of blades belong to type-C, and therefore this geometry is selected as
representative. As a consequence, from a numerical standpoint, the assembled model consists of 18 identical blades. The geometric
variability observed in the experimental configuration is not explicitly modeled in the FEM geometry but is instead introduced
through differences in the blade natural frequencies. The final FEM of the disk and blade components are shown in Fig. 13.

The material properties of the FEM are calibrated based on experimental observations. Two main parameters are considered for
tuning: the density and the Young modulus.
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Fig. 13. FEM of the components under investigation: (a) disk; (b) blade.

The density of the disk is evaluated as a ratio of the measured mass of the actual component (Fig. 14) and the volume from
the CAD model. The Young modulus is subsequently tuned by matching the first natural frequency of the FEM of the disk with the
experimentally identified value, equal to 1090.6 Hz (see Table 2).

The tuning of the blade FEM follows a similar approach to that adopted for the disk component. However, since 18 blades with
properties variations are present, the calibration of a single representative model requires additional considerations. All the blades
are found to have the same mass, equal to 240 g with a scale having a precision of +5 g. The density is therefore the ratio of the
mass and a volume of the CAD model. The Young modulus of the blade is calibrated such that the mean value of the squared natural
frequencies (i.e., the mean eigenvalue) of the first mode of all blades (see second column of Table 3) matches the squared natural
frequency of the first mode of the corresponding FEM. This choice is motivated by the fact that the perturbations later introduced
in the eigenvalue matrix of the blade ROM (see Eq. (20)) are considered to have zero mean for the first mode. As a result, this
approach ensures a consistent representation of the average stiffness of the blade population and avoids introducing a systematic
bias in the model. The calibrated values of the density and Young modulus for both the blade and disk are summarized in Table 4
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Table 4
Calibrated material parameters of the components.
Component Density [kg/m?] Young Modulus [GPa]
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BLADE 7832.5 212
E —_
7 4000 - ﬁ
2 >
8 2 5000
g 3
2.2000 1 g
=1 4 2
= =~
0 | ‘ ‘ ‘ 0 | ! ‘ ‘ ‘ ‘ | . | J
1T 2 3 4 5 6 71 1 2 3 4 5 6 71 8 9 10 1
2 ‘ , . ‘ ‘
g 1 | E
- —
o o
=
Eo 1 i3
-1 L L L L L
1 2 3 4 5 6 7
Modes
(a)

Fig. 15. (a) Validation of the disk FEM; (b) validation of the blade FEM through comparison of natural frequencies.

Fig. 15(a) shows the validation of the disk FEM by comparing the natural frequencies obtained from the tuned numerical model
with the experimental results (see Fig. 15). Very good agreement is observed, with errors remaining below 2% for all identified
modes. Fig. 15(b) presents the validation of the blade FEM. Due to space limitations, legends are reported; in the upper plot, dashed
lines correspond to numerical results, while solid lines represent the experimental frequencies of the 18 blades. Overall, a good
agreement is observed across all modes.

A slightly larger discrepancy is observed for mode 5. As discussed in Section 3.1, this mode is characterized by deformation
concentrated at the top flank, where the presence of the fillet strongly influences the local stiffness. In the FEM, the fillet geometry
is slightly simplified to avoid excessively refined and impractical mesh regions. As a result, the stiffness of this region is slightly

underestimated, leading to lower predicted natural frequencies compared to the experimental type-C blades, while remaining higher
than those of type-A and type-B blades, where the fillet is absent.
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Fig. 16. (a) Pressure film contact pattern at blade-root joint; (b) extracted contact nodes from image processing (green circles: contact; yellow
circles: no contact).
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Fig. 17. The resulting contact grid after the image post-processing.

4.2. Contact modeling and system assembly

Before assembling the full system, the modeling of the contact at the blade—disk interface must be addressed. Several approaches
can be adopted, including penalty-based contact formulations, nonlinear frictional contact models, or simplified compatibility-based
approaches. In the present study, a linear analysis framework is considered, focusing on the identification of natural frequencies
and mode shapes. Moreover, the experimental conditions correspond to impact hammer testing with small vibration amplitudes and
a relatively high tightening torque of 20 Nm, ensuring firm contact at the interface. Under these conditions, the effects of contact
nonlinearity and friction are expected to be negligible. Therefore, a simplified contact modeling approach is adopted, where node-to-
node compatibility conditions are enforced at the interface. This corresponds to a direct coupling of the DOF of the contacting nodes,
ensuring displacement continuity without introducing additional contact elements or nonlinearities. Therefore, the nodes located at
the coincident regions of the blade and disk components are considered for the assembly. In the ideal case, all interface nodes are
assumed to be in contact, and compatibility conditions are imposed on the entire contact surface. However, as shown in the authors’
previous work [35,36], this assumption does not hold in practice. Due to manufacturing tolerances and surface roughness, only a
portion of the nominal contact surface is effectively in contact. This phenomenon is referred to as contact mistuning. Moreover,
previous studies [43,44] demonstrated that variations in the blade-disk contact topology produce measurable changes in the modal
characteristics of the assembled bladed disk. Therefore, the experimentally identified contact maps are incorporated into the present
formulation to account for this additional source of mistuning.

In the same study, an experimental campaign was conducted by inserting a pressure-sensitive film at the blade—disk interface of
the same bladed disk configuration. A tightening torque of 20 Nm was applied, and the resulting colored regions on the film were
used to identify the actual contact areas, while the non-colored regions correspond to detached zones. This effect was consistently
observed across all 18 blade—disk joints. Due to the repeatability of the manufacturing process, the contact patterns exhibit a certain
degree of similarity. In particular, the patterns corresponding to the low side of the joint are similar among themselves, as are those
corresponding to the high side. An example of a contact pattern obtained from a pressure film at the blade-root interface of blade
17 is shown in Fig. 16a, where top figure shows the pattern on the low side and bottom one the pattern on the high side.

To translate this pattern into a set of contacting nodes for the FEM, an image processing procedure is applied. The contact
interface in our FEM is discretized by a regular grid of nodes arranged in a 7 x 31 layout. This grid is superimposed onto the
pressure film image, as illustrated by the green and yellow circles in Fig. 16(b). A threshold on the color intensity is then defined to
distinguish between contact and non-contact regions. If the intensity at a given grid point exceeds the threshold, the corresponding
node is considered to be in contact; otherwise, it is treated as detached. In Fig. 16(b), nodes identified as being in contact are
marked with green circles, while yellow circles denote non-contacting node. The resulting contact grid at the same blade-root joint
is illustrated in Fig. 17. The resulting contact grid applied to the FEM is illustrated in Fig. 18(a) and (b), corresponding to the low
and high sides of the blade—disk interface, respectively.

Before performing the validation of the disk-single blade assembly with the implemented contact grid, a minor modification
is introduced in the FEM to account for the presence of the tightening bolts. Specifically, the bolts are modeled as additional
components with the same geometry and are positioned at the fixture locations (see Fig. 18b). This approach allows for a more
accurate representation of the mass contribution of the bolts compared to a simplified lumped mass assumption, for which the exact
position of the center of mass would be difficult to determine. Another contact region, i.e., the interface between the blade and the
bolt, along which the preload is transmitted to secure the blade within the disk slot, is also modeled. In this case, a simple node
coupling approach is adopted by enforcing compatibility conditions at the corresponding nodes.

The validation of the disk-single blade assembly in the presence of contact mistuning is performed by comparing the natural
frequencies (Fig. 19(a)) and the mode shapes (Fig. 19(b)). As shown in Fig. 19(a), an excellent agreement is observed between the
numerical and experimental natural frequencies across all identified modes. The deviations remain small, with a mean absolute
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Fig. 18. Contact nodes applied to the FEM: (a) low side; (b) high side of the blade-disk interface.
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Fig. 19. Validation of the disk-single blade assembly: (a) natural frequencies comparison; (b) MAC matrix between numerical and experimental
mode shapes.
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error of 0.66% over the 13 identified modes. The comparison of mode shapes, reported through the MAC matrix in Fig. 19(b),
further confirms the accuracy of the model. The diagonal terms indicate a clear one-to-one correspondence between numerical and
experimental modes, with high MAC values, which are close to one. The results presented in Fig. 19 refer to the assembly with blade
17. Although similar results can be obtained for all blade configurations, only one representative case is shown here for clarity. It

is worth noting that all blade assemblies exhibit comparable levels of accuracy, both in terms of natural frequency errors and MAC
values.

4.3. Reduced-order model

The next step consists in constructing ROM of the individual components, i.e., the disk and the blade, treated as substructures.
The disk component is reduced using the Craig-Bampton fixed-interface reduction technique (see Section 2.1), while the blade
component is reduced using the Rubin free-interface reduction method (see Section 2.2). The latter is adopted to enable the
introduction of mistuning through perturbations of the free-interface natural frequencies, which represents a key aspect of the
proposed framework. For the disk, 300 fixed-interface modes are retained, whereas for the blade, 50 free-interface modes are
considered. These values are selected as a trade-off between the accuracy of the ROM and the size of the substructures. The Craig—
Bampton method typically provides higher accuracy for lower-frequency modes, which justifies retaining a larger number of modes
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Table 5
DOFs of the FEM prior to reduction.

Component DOFs
Disk — excess 2,177,277
Disk — disk-blade interface (per slot) 1302
Disk — bolt-blade interface (per slot) 306

Disk — accessory 54

Disk — total 2,206,275
Blade — excess 229,989
Blade — blade-disk interface 1302
Blade — blade-bolt interface 306
Blade — accessory 9

Blade — total 231,606
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Fig. 20. Validation of ROMs: (a) disk substructure; (b) blade substructure (relative error in natural frequencies).

for the disk [29]. In contrast, the Rubin free-interface reduction exhibits a more uniform approximation accuracy across the retained
modes and increasing the number of retained modes did not provide a noticeable improvement in accuracy. Moreover, the full
assembly consists of one disk and 18 blade substructures, which further supports limiting the number of retained blade modes to
control the overall system size.

The retained boundary DOFs, corresponding to the master DOFs (see Eq. (4)), are selected based on the physical interfaces and
measurement locations. For the disk, these include the contact interface DOFs at the blade—disk and bolt-blade interfaces for each
slot, as well as one additional measurement node per sector, resulting in a total of 18 measurement DOFs. For the blade, the retained
DOFs correspond to the same interface nodes, along with three additional measurement nodes used in the experimental campaign.
The sizes of the FEM prior to reduction are illustrated in Table 5. The reduction process results in significant compression, with a
reduction of 99.3% for the blade model and 98.6% for the disk model sizes.

The accuracy of the ROM is assessed by comparing the natural frequencies of the substructures obtained from the ROM with
those of the corresponding full FEM, for both the disk (Fig. 20(a)) and the blade (Fig. 20(b)). As shown in Fig. 20(a), the ROM of
the disk substructure exhibits an excellent agreement with the full FEM over the considered modes. The relative error remains very
low, generally below 0.3%, indicating that the selected number of fixed-interface modes ensures a highly accurate representation
of the disk dynamics.

Similarly, the blade ROM demonstrates a very good agreement with the FEM, as illustrated in Fig. 20(b). The errors remain
negligible for most of the retained modes, with slightly larger deviations observed only at higher modes, where the approximation
becomes more sensitive. Nevertheless, the overall accuracy remains high, confirming that the chosen number of free-interface modes
is sufficient to capture the dynamic behavior of the blade. These results validate the effectiveness of the adopted reduction strategies
for both substructures and confirm their suitability for the subsequent assembly and mistuning analysis.

The full tuned bladed disk assembly is then validated in the absence of both blade and contact mistuning. The validation is
performed by comparing the first 100 natural frequencies obtained from the ROM with those of the full FEM. In addition, the
corresponding mode shapes are compared by means of the MAC, considering four DOFs per sector, resulting in a total of 72 DOFs
for the full assembly. As shown in Fig. 21(b), the MAC values are close to unity for the majority of the modes, typically exceeding
0.98 and remaining above 0.95 in most cases, indicating an excellent correlation between the ROM and FE mode shapes, with only
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Fig. 21. Validation of ROM of the tuned bladed disk: (a) natural frequency difference; (b) diagonal values of the MAC matrix.

a few localized reductions reaching values around 0.80-0.85. The standard matrix representation of the MAC is omitted due to the
large number of modes, which would make the matrix visualization unclear and difficult to interpret. The frequency errors, reported
in Fig. 21(a), remain very small overall, generally within +0.05%, with slightly larger deviations observed only for a limited number
of modes, where the error can reach approximately —0.35%.

The next step consists in constructing the ROM of the bladed disk, accounting for both blade and contact mistuning. The contact
mistuning is introduced through the experimentally derived contact grids for each blade—disk interface (see Section 4.2), obtained
from pressure-sensitive film measurements. In contrast, blade mistuning is modeled by perturbing the free-interface eigenvalue
matrix appearing in the reduced stiffness matrix of the blade component (see Eq. (20)). This formulation provides a high level of
flexibility, as it allows independent perturbation of each retained mode for each blade. In the present work, the perturbations are
derived directly from experimental measurements of the individual blades (Table 3). Specifically, the perturbation coefficients are
computed as

N2
) (wi’j» %
s = - .
wf,i

(27)

where w,; denotes the ith free-interface natural frequency of the tuned blade (ROM), while a)(",)’. corresponds to the experimentally
identified natural frequency of the jth blade. The resulting perturbations are illustrated in Fig. 22. Figure shows the eigenvalue
perturbations for all 18 blades. For clarity, individual legends are omitted; however, the figure provides an overview of the spread
and variability of the perturbations across the modes. As can be observed, the magnitude of the perturbations is not negligible,
indicating a noticeable level of mistuning. This leads to a challenging validation scenario for the proposed modeling framework.
The number of perturbed modes corresponds to the number of experimentally identified modes, while the remaining higher modes
are left unperturbed (tuned). As a result, 18 distinct blade substructures are obtained, each characterized by its own perturbed
eigenvalue matrix, such that the corresponding natural frequencies match those of the real blades. It is important to note that
the underlying FEM is based on a single representative geometry (type-C blade), while the actual blades exhibit both intrinsic
and geometric mistuning. Therefore, the geometric variability is implicitly introduced into the model through the experimentally
identified natural frequencies, further increasing the severity of the mistuning conditions. Finally, the assembly of the full system
is carried out by enforcing compatibility conditions at the blade-disk and bolt-blade interfaces through node coupling, while
incorporating the contact mistuning patterns described earlier.

Fig. 23(a) shows the first 100 natural frequencies of the mistuned ROM, compared with those of the corresponding tuned system,
where both blade and contact mistuning are not considered. As observed, the overall trend of the frequency distribution remains
similar, with only moderate deviations introduced by mistuning. The lower plot highlights the relative differences between the two
cases, which remain generally small and reach values up to approximately 3% for some modes. This confirms that mistuning has a
limited influence on the natural frequencies.

However, the most significant effect of mistuning is observed in the mode shapes. Fig. 23(b) reports the diagonal values of
the MAC matrix between the mode shapes of the mistuned ROM and those of the tuned model for the first 100 modes. A strong
variability of the MAC values can be observed, with several modes exhibiting low correlation, indicating substantial differences in
mode shapes. This behavior is characteristic of mistuned systems, where mode localization may occur, leading to vibration energy
being concentrated on a limited number of blades. The dashed line in Fig. 23(b) represents the mean MAC value, which remains
relatively low, further emphasizing the global discrepancy between the tuned and mistuned mode shapes. These results clearly
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Fig. 23. (a) Natural frequencies of tuned and mistuned ROM and their relative difference; (b) MAC between tuned and mistuned mode shapes.

demonstrate that the mistuning has a pronounced impact on the mode shapes, making their accurate prediction essential for reliable
dynamic analysis.

5. Results and discussion

This section presents the results obtained from the mistuned ROM, which incorporates both blade and contact mistuning, and
compares them with the experimental observations. A key preliminary step in the validation process is the identification of the
correspondence between numerical and experimentally identified modes. In ideally tuned bladed disks, the cyclic symmetry leads
to the formation of modal families, where groups of modes share similar spatial characteristics and are associated with specific
nodal diameters. Within each modal family, modes are closely spaced in frequency, resulting in a high modal density over relatively
narrow frequency bands.

Although mistuning breaks the cyclic symmetry and the concept of modal families, the overall structure of high modal density
is largely preserved (see Fig. 11). As a result, several modes remain clustered within small frequency intervals, making the mapping
between numerical and experimental modes based solely on natural frequencies unreliable. This difficulty is further compounded
by the experimental identification process: due to the very high modal density (often 10-15 modes within a few Hertz), some modes

cannot be clearly resolved and may remain unidentified. Consequently, a simple one-to-one mapping based on frequency ordering
is not appropriate.
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Fig. 24. (a) Comparison of natural frequencies between experiment and mistuned ROM and corresponding error; (b) MAC between experimental
and numerical mode shapes.

To address this issue, a correspondence between numerical and experimental modes is established based on the similarity of their
spatial distributions. For each experimentally identified mode, a set of candidate numerical modes is selected within a frequency
neighborhood around the experimental value. The MAC is then evaluated between the experimental mode shape and each candidate
numerical mode. Since mode shapes associated with different modes exhibit distinct spatial patterns, only one numerical mode
yields a high MAC value with the experimental mode, while the remaining candidates show low correlation. This allows for an
unambiguous identification of the corresponding numerical mode.

As discussed in Section 3.2, a total of 82 modes were identified from the experimental data. During the mapping procedure,
these modes were successfully associated with the first 103 numerical modes, indicating a good level of agreement between the
experimental and numerical models. The remaining modes could not be identified experimentally for two main reasons. First, the
high modal density, combined with measurement noise, limits the capability of the LSRF technique to accurately separate closely
spaced modes. In several frequency bands, multiple modes are located within a very narrow interval, making their individual
identification challenging. Second, some modes exhibit dominant motion in directions that are not aligned with the measurement
direction. Since the experimental acquisition is limited to a specific DOF, these modes may have a very low observable response in
the measured FRFs. As a result, their corresponding peaks can be masked by noise, making their identification difficult or, in some
cases, practically impossible.

The final validation is performed by comparing the natural frequencies and mode shapes of the mistuned ROM with the
experimental observations. It should be emphasized that both numerical and experimental mode shapes consist of 72 DOFs,
corresponding to 4 DOFs per sector (three on the blade and one on the disk sector). This represents a particularly stringent validation
condition, since, unlike common practice where a single DOF per sector is considered to capture only the spatial distribution
qualitatively, the present approach employs multiple DOFs per sector to achieve not only a qualitative but also a quantitative
description of the mode shapes, enabling a more detailed characterization of the spatial distribution and localization patterns.

Fig. 24(a) presents the comparison of natural frequencies, where the upper plot shows the direct comparison between
experimental and numerical values, while the lower plot reports the relative error. An overall very good agreement can be observed
between the mistuned ROM and the experimental results. The predicted frequencies closely follow the experimental trend across
the entire spectrum, demonstrating the capability of the proposed model to accurately capture the global dynamic behavior of the
system. The relative error remains generally low, mostly within +1%, with slightly higher deviations observed only in limited regions,
reaching values up to approximately 4%. These discrepancies can be attributed to the combined effects of high modal density,
measurement uncertainties, and the approximations introduced in the modeling of contact and geometric variability. Nevertheless,
the overall accuracy confirms the effectiveness of the proposed mistuning modeling strategy.

Fig. 24(b) shows the diagonal values of the MAC matrix between the numerical and experimental mode shapes. The MAC
values remain consistently high for the majority of the modes, often exceeding 0.8, always staying above 0.5 and approaching
unity for several cases, indicating a strong correlation between predicted and measured mode shapes. Some localized reductions
in MAC can be observed, which are mainly associated with modes characterized by strong localization, closely spaced frequencies,
or measurement uncertainties, where small discrepancies in mode identification may occur. It was additionally verified from the
experimental measurements that the modes exhibiting lower MAC values are generally associated with a lower signal-to-noise ratio
at the measurement points compared to modes with higher MAC values. This behavior is related to the lower mobility of these
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Fig. 25. Tuned ROM: (a) natural frequencies and error; (b) MAC with experimental mode shapes.

Table 6
Comparison of mean performance metrics for tuned and mistuned ROMs.
Mean absolute frequency error [%] Mean MAC
Mistuned ROM 0.72 0.82
Tuned ROM 1.05 0.35

points in the measurement direction, indicating that the observed MAC reductions are influenced not only by the ROM accuracy but
also by the quality of the experimental measurements themselves. The dashed line represents the mean MAC value, which remains
high, further confirming the overall quality of the mode shape prediction.

In order to better highlight the effectiveness of the proposed approach, the same comparison is repeated using a tuned ROM,
where neither blade nor contact mistuning is taken into account. The results are shown in Fig. 25.

Fig. 25(a) compares the natural frequencies of the tuned ROM with the experimental results. Although the general trend of the
frequency distribution is captured, larger discrepancies can be observed compared to the mistuned ROM. The error plot shows that
deviations can reach values up to approximately 6%-7% for certain modes, with several frequency bands exhibiting systematic
mismatches. This behavior indicates that the tuned assumption is less effective to accurately reproduce the dynamics of the real
system, where mistuning effects are inherently present.

An even more pronounced difference is observed in the mode shapes, as shown in Fig. 25(b), where the MAC values between
the tuned ROM and experimental mode shapes are reported. The MAC values are generally low and highly scattered, with many
modes showing very poor correlation. The mean MAC value is significantly lower compared to the mistuned ROM case, indicating
that the tuned model fails to capture the actual spatial characteristics of the vibration modes.

By comparing these results with those obtained from the mistuned ROM (Fig. 24), it becomes evident that the inclusion of both
blade and contact mistuning is essential for an accurate prediction of the system dynamics. While the tuned model may provide a
rough estimation of the frequency distribution, it is not capable of reproducing the correct mode shapes and leads to significantly
larger errors. In contrast, the proposed mistuned ROM demonstrates a substantial improvement in both natural frequency prediction
and mode shape correlation, confirming the importance and effectiveness of the adopted modeling strategy.

Since a total of 82 modes are analyzed, a concise and representative assessment of the results is provided in terms of mean values.
Table 6 reports the mean absolute frequency error (note that, unlike Figs. 24 and 25, absolute values are considered) and the mean
MAC for both the mistuned and tuned ROMs. As can be observed, the mistuned ROM achieves a lower mean absolute frequency
error (0.72%) compared to the tuned ROM (1.05%), confirming the improved accuracy in predicting the natural frequencies. The
mistuned ROM achieves a higher mean MAC value (0.82) compared to the tuned ROM (0.35), indicating a significantly improved
correlation in mode shapes.

To further investigate the predictive capability of the mistuned ROM, a set of modes are examined in more detail, namely modes
1, 31, 80, and 75. As discussed in Section 3.2, a mistuned bladed disk may exhibit two different types of modal behavior. Some
modes still retain characteristics similar to those of an ideally tuned system, showing recognizable nodal diameter patterns. These
modes are typically well separated in frequency from neighboring modes, such that the modal participation of adjacent modes in
their response remains negligible. Others are intrinsic to mistuned configurations and are characterized by mode localization, where
the vibration amplitude is concentrated on a limited number of blades. In contrast to the previous case, these modes are located in
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Fig. 26. Comparison between experimental and mistuned ROM mode shapes for selected modes.
Table 7

Summary of selected modes used for detailed comparison between experiment and mistuned ROM.

Mode Experimental frequency [Hz] Absolute frequency error [%] MAC
Mode 1 149.8 0.47 0.72
Mode 31 758.4 0.41 0.93
Mode 80 3855.4 0.81 0.98
Mode 75 3835.2 0.68 0.52

a frequency region with high modal density. The objective of this analysis is to verify whether the proposed mistuned ROM is able
to reproduce both types of behavior. A summary of the selected modes is reported in Table 7.

Fig. 26(a) compares the experimental and numerical mode shapes for mode 1. This mode is representative of a tuned-like
behavior, with a clear nodal diameter pattern equal to 2. The obtained MAC value is 0.72, indicating a satisfactory agreement.
The mistuned ROM is therefore able to reproduce this global pattern correctly. It is worth noting that this type of mode can also be

reasonably captured by a tuned model, since the effect of mistuning on the spatial distribution is limited.
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Figs. 26(b) and 26(c) show two localized mode shapes, corresponding to modes 31 and 80. These modes are particularly
important, since localization is one of the main characteristics of mistuned systems and cannot be reproduced by an ideally tuned
model. In both cases, the mistuned ROM provides an excellent prediction of the experimental mode shapes, with MAC values equal
to 0.93 and 0.98, respectively. The agreement is evident not only in terms of the blade exhibiting the maximum mobility, but also in
the overall spatial distribution of the response. For comparison, the tuned ROM yields much lower MAC values for the same modes,
equal to 0.15 and 0.04 (Fig. 25), confirming that a tuned formulation is unable to capture localized behavior.

Finally, the worst predicted case is also examined, corresponding to mode 75 (see Fig. 24), shown in Fig. 26(d). This mode yields
the lowest MAC value among the investigated cases, equal to 0.52. Although the agreement is less accurate compared to the other
examples, the mistuned ROM still reproduces the general spatial trend of the mode shape. In particular, the blade exhibiting the
maximum displacement is correctly identified, meaning that the model is still able to capture the dominant localization feature of
the response. This observation is important, since even in the least favorable case the proposed approach preserves the essential
dynamic characteristics of the experimental mode shape. It is worth noting as well that this mode exhibits a complex spatial pattern,
which makes its accurate prediction more challenging and explains the lower MAC value observed.

6. Conclusion

This work presented an experimentally validated ROM framework for mistuned bladed disks, referred to as the Free-Interface
Blade Mistuning (FIBM) method. The proposed approach combines a Rubin free-interface reduction for the blade component
with a Craig-Bampton reduction for the disk sector, so that blade mistuning can be introduced directly through perturbations of
experimentally measurable free-interface natural frequencies. In this way, the formulation preserves a clear physical interpretation
of the reduced coordinates and provides a direct link between experimental observations and the numerical model. The methodology
also incorporates contact mistuning at the blade-disk interface through experimentally derived contact patterns, enabling the
simultaneous representation of intrinsic and contact-induced variability within a unified reduced-order framework.

An extensive experimental campaign was carried out to characterize both the individual components and the assembled system.
Free—free modal testing of the disk and the 18 dummy blades made it possible to identify the component natural frequencies and
mode shapes, while also revealing the presence of blade-to-blade variability associated not only with manufacturing tolerances
but also with geometric differences among the blades. The assembled bladed disk was then tested under a controlled bolt preload
condition, allowing the extraction of a large set of experimental modes for subsequent validation. In total, 82 modes were identified
experimentally within the considered bandwidth, providing a particularly demanding validation basis for the numerical model.

On the numerical side, the FEM of the disk and blade components were calibrated against experimental data through tuning of
the density and Young modulus, and subsequently reduced using the proposed component-level strategy. The ROM of the individual
substructures showed excellent agreement with the corresponding full FEM, confirming the accuracy of the adopted reduction
procedures before assembly. The contact conditions at the blade-disk interface were represented through compatibility constraints
applied only at the nodes identified as active from pressure film measurements, while blade mistuning was introduced by perturbing
the free-interface eigenvalue matrix of each blade substructure according to the experimentally measured blade frequencies.

The final validation against the full assembly measurements demonstrated that the proposed mistuned ROM is able to accurately
reproduce both the natural frequencies and the mode shapes of the mistuned bladed disk. For the 82 mapped modes, the mistuned
ROM achieved a mean absolute frequency error of 0.72% and a mean MAC value of 0.82, showing very good overall agreement
with the experiments. In addition, the detailed examination of representative modes confirmed that the model is able to reproduce
both tuned-like mode shapes with recognizable nodal diameter patterns and strongly localized modes that are intrinsic to mistuned
systems. Even in the least favorable investigated case, the model was still able to capture the dominant spatial trend and identify
the blade with the maximum response.

A further important result of this work is the comparison with the tuned ROM. While the tuned model was able to reproduce the
general trend of the frequency distribution, it showed significantly poorer predictive capability, especially in terms of mode shapes.
In particular, the mistuned ROM reduced the mean absolute frequency error by about 31% with respect to the tuned ROM, while
the mean MAC increased by about 134%. This comparison clearly demonstrates that the explicit inclusion of both blade and contact
mistuning is essential for a realistic description of the system dynamics, and especially for the prediction of localized mode shapes,
which cannot be captured by an ideally tuned representation.

Overall, the proposed framework proves to be an effective and physically interpretable strategy for the dynamic analysis of
mistuned bladed disks. Its main strength lies in the possibility of introducing experimentally measured blade variability directly
into the ROM without modifying the reduction basis or the assembly procedure. At the same time, the method maintains a compact
formulation and a substantially reduced computational cost compared to a full-order description of the assembled mistuned system.
The present results therefore support the use of the FIBM method as a robust tool for the analysis and validation of mistuned bladed
disk dynamics under realistic experimental conditions.
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