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Abstract

A p-Kihler structure on a complex manifold of complex dimension # is given by a d-closed
transverse real (p, p)-form. In the paper, we study the existence of p-Kihler structures on
compact quotients of simply connected Lie groups by discrete subgroups endowed with an
invariant complex structure. In particular, we discuss the existence of p-Kéhler structures on
nilmanifolds, with a focus on the case p = 2 and complex dimension n = 4. Moreover, we
prove that a (n — 2)-Kéhler almost abelian solvmanifold of complex dimension n > 3 has
to be Kihler.

Keywords p-Kihler structure - Nilmanifold - Almost abelian solvmanifold

1 Introduction

A p-Kihler structure on a complex manifold (X, J) of complex dimension 7 is given by a
d-closed transverse real (p, p)-form Q2. The p-Kéhler structures have been introduced and
studied in [2—4]. Recently, their behavior under small deformations of the complex structure
has been studied in [20].

Some obstructions to their existence were determined in [14], where the authors extended
the definition to non-integrable almost complex manifolds, and in [22], on nilmanifolds with
nilpotent complex structures. In [5], Alessandrini and Bassanelli conjectured that if X is
p-Kihler then it is g-Kéhler for all p < ¢ < n.

For p = 1, n — 1, transversality is equivalent to positive definiteness, so in the first case
we find the Kihler condition, whereas in the latter this property is equivalent to the balanced
one. In complex dimension 3, these are all the possible cases, and both have been thoroughly
studied, so we will consider higher dimension, where more cases arise.
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Examples of 2-Kihler structures on compact non-Kiahler complex manifolds were con-
structed in complex dimension 5, using a smooth proper modification of P3 [5, Section 4],
and lately, it was proved that non-compact examples exist in any dimension greater than 2, as
products of C™ and a balanced complex manifold of complex dimension 3 [1, Theorem 5.3].
On the other hand, the existence of a 2-Kihler structure on a compact (non-Kéhler) complex
manifold of complex dimension 4 is quite restrictive. As a far as we know, no examples in
the literature are known.

In Sect.2, after recalling a few definitions and some known results on p-Kéhler struc-
tures, we use the symmetrization process described in [7] (see also [8, 23]), to prove that
on compact quotients of simply connected Lie groups by lattices, endowed with invariant
complex structures, the existence of p-Kéihler structures implies the existence of invariant
ones (Lemma 2.4). By invariant p-Kéhler structure, we mean one induced by a left-invariant
one on G or, equivalently, by a p-Kéhler structure on the Lie algebra g of G. Furthermore,
we find some necessary conditions to the existence of p-Kihler structures on Lie algebras
endowed with a complex structure J such that there exists a J-invariant ideal of codimension
2 (Proposition 2.5) that we will use in the nilpotent case.

Section 3 is devoted to the nilpotent case. We show some obstructions to the existence
of p-Kihler structures when the nilmanifold is endowed with a quasi-nilpotent complex
structure J, namely such that the center of the associated nilpotent Lie algebra has a non-
trivial J-invariant subspace, with a focus on p = 2 (Proposition 3.3). Later on, we study
nilmanifolds of complex dimension 4 and prove that they do not admit 2-Kéhler structures,
unless they are tori (Theorem 3.7). We use this result as the first step of induction to prove that
anilmanifold of complex dimension greater then 3 endowed with an invariant quasi-nilpotent
complex structure cannot admit 2-Kéhler structures unless it is a torus (Theorem 3.8).

Finally, we consider the almost abelian case. We recall that a Lie group is called almost
abelian if its Lie algebra has a codimension one abelian ideal. In Sect.4, we prove that for
almost abelian solvmanifolds of complex dimension n > 3, the (n — 2)-Kihler condition
implies Kéhler (Theorem 4.2). This gives yet another case in complex dimension 4 of compact
complex manifolds for which the existence of a 2-Kéhler structure forces the manifold to be
Kihler.

2 Preliminaries on p-Kdhler structures

Let V be a complex vector space of dimension n, and let us denote by AP*9 := AP9V* the

space of (p, g)-forms over V. In the following lines, we will recall a few positivity notions

for differential forms.

Definition 2.1 (1) A (n, n)-formv on V is positiveifv = cia' Aol A--- Aia™ Aa™, where

¢ € R>pand {ot/ }j=1 is a basis of AM0. If ¢ > 0, we will call v a volume form.

(2) A (g,0)-form ¥ on V is called simple if Y = oy A -+ A g, with y, ..., ug € ALY,
A (k, k)-form 2 is called transverse if for every nonzero simple (n — k, 0)-form 1,

.(n—k)? - . - . —
l(n %) QAYAY =QANTUI AR A N A fln—

is a volume form.
(3) A (k, k)-form 2 on V is said to be positive definite if for all 0 #n € A"50 the (n, n)-
form

i QA AT

is a volume form.
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4) A (k, k)-form 2 on V is strongly positive if it can be written as

Q=" Ay,

J
with ¢; € A*0 simple.

It follows from Definition 2.1 that every strongly positive form is positive definite and
every positive definite form is transverse. Moreover, every transverse form is real. Notice
that for k = 1,n — 1, a (k, 0)-form is always simple (see for example [13]). In fact, for
k=1,n—1,(2),(3) and (4) in Definition 2.1 are all equivalent.

Using the previous notion of tranversality, one can introduce the following

Definition 2.2 Let (X, J) be acomplex manifold of complex dimensionn andlet1 < p < n.
A p-Kdhler structure on X is given by a d-closed real (p, p)-form €2 such that, at every point
x € X, Qy € APP(T X) is transverse.

For p = 1, a transverse form is nothing but the fundamental form associated with a
Hermitian metric on (X, J). This means that a 1-Kéhler structure actually gives a Kéhler
metric on (X, J). On the other hand, when p = n — 1, we know by [18] that every strongly
positive (n — 1, n — 1)-form can be written as the (n — 1)th power of a strongly positive
(1, 1)-form and so determines a Hermitian metric. It follows that the datum of a (n — 1)-
Kihler structure is equivalent to that of a balanced Hermitian metric. Note that these are the
only two cases where p-Kihler structures have metric meaning (cf. [4, Proposition 2.1]).

The following result gives an obstruction to the existence of p-Kéhler structures on com-
pact complex manifolds.

Proposition 2.3 ([14]) Let (X, J) be a compact complex manifold. Suppose there exists a
(2n —2p — 1)-form B on X such that

0 @)"™P" P = "ciy; AV,
J

where cj € R have the same sign and v ; are simple (n — p, 0)-forms. Then (X, J) does not
admit any p-Kdhler structure.

Let now consider as a complex manifold (X, J) the compact quotient X = I'\G of a
simply connected Lie group G by a discrete subgroup I endowed with an invariant complex
structure J, i.e., a complex structure induced by a complex structure on g.

Next we prove that the existence of a p-Kihler structure on (X = I'\G, J) implies the
existence of an invariant one.

Lemma24 If (X = I'\G, J) admits a p-Kdhler structure Q, then (g, J) has a p-Kdhler
structure.

Proof Let v be a volume element on X induced by a bi-invariant one on the Lie group G (the
existence of such a volume form was proved in [19]). After rescaling, we can suppose that
X has volume equal to 1. Given the p-Kéhler structure €2, by symmetrization, we can define
the (p, p)-form 2, on g, given by

QU(YI""’YZP)=/. QX(Y1|X7'--7Y2[)|X)U7
xeX

for every Y; € g, where Y| is the value at the point x € X of the projection on X of the
left-invariant vector field Y; on the Lie group G. By [7] (see also [8, 23]), the symmetrization
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2114 A. Fino, A. Mainenti

commutes with the differential d, so d2, = 0. We only need to show that 2, is still transverse,
i.e., that jn=p)? Q, A ¥ A is a volume form on g, for every simple (n — p, 0)-form v on
g. This follows from the fact that for every differential forms « and 8 on X we have

(ay A By =ay A By.

In fact, using ¢ = ¥, we find that in=p)? Q, A A1 is a volume form, as it is the integral
on X of "= Q A ¥ A Y, positive by hypothesis. O

We now state some general restriction to the existence of a p-Kihler structure on a Lie
algebra. From now on, g0 (respectively, g*!) will denote the i-eigenspace (respectively,
—i-eigenspace) of J as an endomorphism of g*.

Proposition 2.5 If a p-Kdhler Lie algebra (g, J, 2) of complex dimension n > 3, with
p < n — 1, admits a closed nonzero (1, 0)-form «, then it has a p-Kdihler J-invariant ideal
of codimension 2.

Proof Let {a',...a"} be a basis of g]'o such that o' := «. Consider its dual basis
{Z1,...,Z,}. Considerabasis {eq, ..., ez} of gsuch that Z; = e; —i ep. Clearly, Je; = e
and the dual elements of ey, e, in g* are closed differential 1-forms on g, so that the subspace
h ;= span{e3..., e} is a J-invariant ideal of g and bl’o is generated by a2, ..., a" Let
us denote with dy the exterior derivative of f. Then, for every form 8 € Ay one has that

dB = dyB + d~ﬂ, with cfﬂ el (ozl, ai). Let @ be a p-Kihler structure on (g, J). We will

prove that its restriction Qp € Ag "7 to b is a p-Kihler structure on (h, J lp). We can write

Q:Qh—i—alAn—i—ai/\ﬁ—i—ia” AU,

with n € A‘g_]’p, Y€ A’;_]’p_l, Qy and ¥ real. Therefore,

dQ=dQy, —a' Adn—a' Adij+ia'l Ado
= dyQy +d2% — o' Adn—o' Adij+ia'l Adv,

with dyQy € AY" and dQ — dy 2y € 1 (al,aT), so that if Q is d-closed, 2, must be
dp-closed. It remains to prove that 2y is transverse, namely that, for all

L , — 1,0
Q=i AT A - Nifin—1—p AN n—1—p, HKj EH,

the (n — 1, n — 1)-form Qp A ¢ is a volume form on . Since 2 is transverse, 2 A i all A ¢
is a volume form on g. One easily sees that

Qria ng=Qyniall Ao,

yielding that 2 A ¢ is a volume form on b, as wanted. O

3 p-Kahler structures on nilmanifolds
We will now discuss the case where X is a nilmanifold, i.e., a compact quotient I'\G of a

simply connected nilpotent Lie group G by a lattice I' endowed with an invariant complex
structure. Lemma 2.4 allows us to restrict to the study of p-Kéihler structures on the nilpotent
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Lie algebra g of G. From [21], we know that for every complex structure J on a nilpotent
Lie algebra g, there exists a basis {al, ..o, of gl’o such that for all j,

da’t! ¢ I(al,...,(xj).

In particular, da! =0, s0 Proposition 2.5 holds.
We recall that given a complex structure J on a real nilpotent Lie algebra g of dimension
2n, one can define the ascending series adapted to J as follows

ao(J) = {0},
(D) ={Xeg: [X,gl Cap—1(V),[VX, 9] S ap—1(J)}, fork>1.
Then J is said to be:

e strongly non-nilpotent (SnN) if a1 (J) = {0};

e quasi-nilpotent if a1 (J) # {0}. In this case, the ascending series adapted to J stabilizes,
namely there exists a positive integer ¢ such that a,(J) = a;(J) for all/ > ¢ and we can
distinguish between two subcases:

— J is weakly non-nilpotent if a,(J) # g;
— J is nilpotent if a;(J) = g, or equivalently, if there is a basis {a!, ..., a"} of g?
satisfying

da! =0,
do/ €A2<a1,...,aj_1, aT,..., ajj>, j=2,...,n.

The following result is a consequence of Proposition 2.3 and it gives an obstruction to the
existence of p-Kéhler structures.

Proposition 3.1 ([22]) Let g be a nilpotent Lie algebra of complex dimension n endowed
with a nilpotent complex structure J. Given a basis {o!, . .., &} of g-*°, let t be the positive
integer such that

da! =0, forj=1,....t, and do’ #0 forj=1t+1,...,n.

Then, there are no (n — t)-Kdhler structures on (g, J).

3.1 Quasi-nilpotent complex structures

We will now consider quasi-nilpotent complex structures, namely the case where the center
¢ of g has a J-invariant non-trivial subspace. We recall the following

Definition 3.2 ([15]) Let g be a nilpotent Lie algebra endowed with a quasi-nilpotent complex
structure J and b be a J-invariant subspace of ¢ of real dimension 2. If £ is a nilpotent Lie
algebra of real dimension 2(n — 1) endowed with a complex structure K such that (¢, K) is
isomorphic to (g/b, Jlg/p), the pair (g, J) is called a b-extension of (¢, K).

We can prove the following.

Proposition 3.3 If g is a nilpotent Lie algebra of real dimension 2n > 6 endowed with a
quasi-nilpotent complex structure J and admitting a p-Kdhler structure, then (g, J) is the
b-extension of a (p — 1)-Kdhler nilpotent Lie algebra.
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2116 A. Fino, A. Mainenti

Proof In [15], it was proved that for every pair (g, J), where g is a nilpotent Lie algebra and
J is quasi-nilpotent complex structure, there exists a two-dimensional J-invariant subspace
bofa;(J) =¢ NJg, where ¢ is the center of g, such that (g, J) is the b-extension of some
nilpotent Lie algebra € of codimension 2 endowed with a complex structure K . We can choose
abasis {a', ..., @"} of "' such that b is generated by . In this way, {a!, ..., " '} is
a basis of €10 and da/ € A%, for all j. Let 2 be a p-Kihler structure on g. Then there exist
Qe € Af'p and w € Affl’pfl real, n € Affl'p such that

Q=Q+nrd" +ird" +onia"™. (3.1)

We will prove that w is a (p — 1)-Kihler form for (¢, K). The closure of the (p—1, p—1)-form
w follows from the fact that €2 is closed and

0=dQ =d% —n Ada" — 7 Ada”
+ (dr]—i—ia)/\dozﬁ) /\a”—l—(dr_]—i-ia)/\da”)/\aﬁ (3.2)
+doAia™.

To prove that w is transverse, fix a simple form ¢ € A®~D=(?=D.0 = A7=p.0 FEor dimen-
sional reasons, Qe A Y A Y =n A Y A Y =0, giving

2 - 2 - -
P QAY AT =i oA Y AY ATa™.

- . c(n—p)2 w
This is a volume form on g because € is transverse, so i "~”"w A ¥ A ¥ is a volume form
on ¢. O

As a consequence, we have the following

Corollary 3.4 Let g be a nilpotent Lie algebra of real dimension 2n endowed with a quasi-
nilpotent complex structure J. If (g, J) admits a 2-Kdhler structure, then (g, J) must be the
b-extension of the 2(n — 1)-dimensional abelian Lie algebra. Moreover, the complex structure
J has to be nilpotent.

Proof The first part of the statement is given by Proposition 3.3 for p = 2. It follows that the
complex structure equations of (g, J) must be

{mﬂ:o, i=1,...,n—1,

da" € A%,

with A% = A? <oz1, ot aT, A aﬁ>, meaning that J has to be nilpotent. O

3.2 2-Kahler structures on nilmanifolds of real dimension 8

In real dimension 8, we can actually prove that 2-Kéhler nilmanifolds endowed with an
invariant complex structures must be Kéhler.

Proposition 3.5 A (non-abelian) eight-dimensional nilpotent Lie algebra g endowed with a
quasi-nilpotent complex structure J does not admit 2-Kdhler structures.

Proof We only have to prove the statement for b-extensions (g, J) of the six-dimensional
abelian Lie algebra £. Namely, we can suppose to have a basis {a', ..., a*} of g"¥ such that
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A note on p-Kahler... 2117

dal =0for j =1,2,3anddo* € A%. If da* £ 0, it is in particular a (2, 0)-form on a space
of complex dimension 3, hence simple, so that a* A da? is a 3-form as in Proposition 2.3
and (g, J) is not 2-Kihler. It remains to consider the case where da* € Aé’l. Suppose there
exists a 2-Kahler form 2 on (g, J).

We can write 2 as in (3.1) and because ¢ is abelian, (3.2) reduces to

O:dQ:—r;/\da4—ﬁ/\daz‘+iw/\doti/\ot4+ia)/\dot4/\oz4.

Since —n Ada* — i A do* € A3, we have w A da* = 0. We already proved that since €2 is
transverse,  is a transverse (1, 1)-form, hence strongly positive, giving a contradiction. O

Strongly non-nilpotent complex structures on eight-dimensional nilpotent Lie algebras
were classified in [15] and then refined in [16]. In particular, it turns out that, depending on
the ascending type of g, the admissible complex structures are divided into two families as
follows.

Proposition 3.6 [16, Thm. 3.3] Let J be a strongly non-nilpotent complex structure on an
eight-dimensional nilpotent Lie algebra g. Then, there exists a basis {', ..., a*} of !0
such that the complex structure equations are either given by

da' =0,
do’ =¢ca
do® =o' + al? —i—aoz2i —}—i(Ssbali,

a’ot4=ivocli —i—boczi —i—i(S(O{l3 — orﬂ),

11
' (3.3)

where § = +1, (a, b) € R? \{(0,0)}, a = 0 and the tuple (¢, v, a, b) is one of the following:

b
0,0,0,1),(0,0,1,0),(0,0,1, 1), (0, 1,0, m) (0,1, 1,b),

(1,0,0, 1), (1,0, 1, |b], (1,1,a, b),
or given by
da! =0,
da? =o' + alfl’
dad —aall +e(a2+ o2 — aﬂ)—i-iu o+ o).

dat = ivall —uoﬂi—i—ib(ali —aZT)—H(a” —a31),

3.4

where a, b € R, and the tuple (¢, |1, v, a, b) is one of the following:
(1,1,0,a,b),(1,0,1,a,b),(1,0,0,0,b), (1,0,0, 1, b), (0, 1, 0,0, 0), (0, 1,0, 1, 0).

For both of the families (3.3) and (3.4), we can find a 3-form § as in Proposition 2.3 that
gives us an obstruction to the existence of 2-Kihler forms on (g, J). In the case of the family

(3.3), we can take 8 = ba'*l — qa'32 This gives
dp = @+ b a2,
never zero because (a, b) € R2 \ {(0,0)}. If J belongs to the family (3.4), we choose
B=a™ 4+ (1 —p «'?, giving
df = (e —ep — pya'?2,
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2118 A. Fino, A. Mainenti

where ¢, u € {0, 1} and (e, u) # (0, 0); hence, dB is a nonzero (2, 2)-form as wanted.
We have proved the following.

Theorem 3.7 A nilpotent Lie algebra g of real dimension 8 endowed with a complex structure
admits a 2-Kdhler structure if and only if it is abelian.

This result can actually be generalized to any dimension, when g is endowed with a
quasi-nilpotent complex structure J.

Theorem 3.8 A non-abelian nilpotent Lie algebra of real dimension 2n > 8 endowed with a
quasi-nilpotent complex structure cannot be 2-Kdhler.

Proof We will prove the statement by induction on n > 4. The base of the induction is true
by Theorem 3.7. Suppose the theorem is proved for every nilpotent Lie algebra of dimension
2(n — 1) and consider (g, J), with g nilpotent and J quasi-nilpotent, admitting a 2-Kahler
structure. We want to prove that g is abelian. From Corollary 3.4, we know that the complex
structure equations must be

da’ =0, j=1,...,n—1,
2 1T — (3.5)
dot”eAE:A2<oe1,...,ot” Lol ., an 1>.

- . -\n

for some basis {a! ... a"} of g!0. Fix the dual basis { Z;, Z.,};_l of gc dual to {a/, a/} .

_ _ =

and consider the ideal h of g such that hc = span {Zz, sy 2y, . Ly } Proposition 2.5

also holds so b, endowed with the complex structure Ji=17 |p, must be 2-Kihler as well. If

J is quasi-nilpotent, we can use the inductive hypothesis on f to conclude that it is abelian.
From (3.5), we know that the complex structure equations of (h, J) are

dhajzo, j=2,...,n—1, dya" EA%OF:A2<a2,...,a”_1, ai,...,am>,

so J is actually nilpotent and h must be abelian. This, together with (3.5), gives

doc”:(xl/\)/1+ot1AJ/2+call,

for some y; € Aém, V2 € Aé'r(w)e and ¢ € C. We already saw that a 2-Kéhler structure 2 on
(g, J) can be written as

Q:Qh—i—al/\n—i—ai/\ﬁ—i-ia“ A D,

with Qp € Af]‘z real and transverse, n € A:]’z, v e A:)’l. Moreover, d2 = 0 if and only if

d2y =a! Adn+ otT/\dﬁe I(ali).
Similarly to Proposition 3.3, if €2pn¢ is the restriction of Qj to €, we have
Qp :thg—i—ﬂ/\a"—i—ﬁ/\aﬁ—kw/\ia"ﬁ,
with Qpne € A%ﬁe and w € A;)‘AE real and transverse and 8 € Alhﬁe. We get
dQy = - Ada" —BAdd" +ioAdd" A Q" —ioAdd" A"
=a! /\(ﬁ/\yl—l—ﬁ/\%—kiw/\yl A ozﬁ—l—ia)/\ﬁ/\oz”)
+aT/\(,B/\yz-l-B/\ﬂ—i-iw/\yz/\(xﬁ-i-ia)/\ﬁ/\a”) G0

teall /\(—ﬁ—i—B/\ﬂ—l—iw/\ otﬁ—ia)/\ot").
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We know that d2y; must be in the ideal generated by all , so the second and third lines in
(3.6) should vanish, giving

BAVI+BATA+io Ay Ad" +io ATs A" =0.
Notice that 8 A ¥; + B A ¥ lies in Aéme’ so this is equivalent to
BAvi+BAT2=0,

w ANy = 0, (37)
o ANy; =0.
Recall that w is a transverse (1, 1)-form, hence positive definite. A direct consequence is that

the last condition in (3.7) is equivalent to y» = 0. This holds because if the (1, 0)-form y» is
nonzero, for any fixed v € A"~ the positive definiteness of  implies

O=wAnAY AV AY = Volg,

for some positive constant ¢ € R, giving a contradiction. We can also prove that the second
condition in (3.7) is equivalent to y; being zero. Indeed, the 1-form y; can be written as
yll’o + v, ,and o A y; = 0 is equivalent to

a)/\yll’o=0, cz)/\ylo’1 =0.

The same argument used for y, can then be used for yll’o and ylo I to conclude that 3.7

implies yll’o = )/10,1 = 0, namely y; = 0. It follows that do" = call

dnel (a“) and

, SO in particular

A% =o' Adn+ o' Ad7=0.

From the first line of (3.6), we get w A da” = 0. Using again the positive definiteness of w,
we obtain that da” = 0 and g is abelian. O

4 (n — 2)-Kahler almost abelian solvmanifolds

In this section, we will discuss the case where (X, J) is an almost abelian solvmanifold, i.e.,
a compact quotient I'\G of a simply connected almost abelian Lie group G by a lattice I
endowed with an invariant complex structure J. Lemma 2.4 allows us to restrict to the study
of p-Kihler structures on unimodular almost abelian Lie algebras.

Let g be an almost abelian Lie algebra of real dimension 2n and denote with a its
codimension one abelian ideal. Let (J, g) be a Hermitian structure on g and denote by
a; the J-invariant space a N Ja. Then there exists a unitary basis {eq, ..., e2,} such that
a=span{ey,...,exy_1}, a; =spanfey,...,ex—1}and Je; = expq1—j,for j=1,...,n.
The matrix associated with ad,,, a in this basis can be written as

A0

v A)’
withA e R,vea, A= (aj,k)?"’,::l2 € gl (a1). We will refer to such a basis {e; ...ez,} as
adapted to the Hermitian structure (J, g). By [6, 17], the integrability of J is equivalent to

@ Springer



2120 A. Fino, A. Mainenti

AJy = J1A, with J1:= J|,,, so that A must satisfy

—a; 41—k k=2,...,n .
J.2n
j=2,...,n.

An+1—jk =
! {a,,z,,ﬂ_k k=n+1,....2n—1

If {e1 ...ez"} is the dual basis to {e; ...en,}, we have that o/ = e/ + ieX"t1=J for j =
1...n,1is abasis of (1, 0)-forms on g and the complex structure equations of (g, J) are

do! = i)\ ozlI

2 .
al —a!

X ) n 4.1
! 11 koo
doﬂ:iwja + > /\E bjra”, j=2,...,n,
k=2

with wj =vj+ i V2nt1—j and bjk2=i ajk — Qan+1—jk = iaj,k +ajont+1—k-

Remark 4.1 Notice that g is unimodular if and only if . = —tr(A). Moreover, (J, g) is Kdhler
if and only if v = 0 and A = —A’ (see [17] and [10, Lemma 3.6]), while it is balanced if
and only if v = 0 and tr(A) = 0 [9, Lemma 3.1].

We will now prove the following.

Theorem 4.2 Let (g, J) be aunimodular almost abelian Lie algebra of real dimension2n > 6
endowed with a complex structure J. If (g, J) admits a (n — 2)-Kdhler structure, then (g, J)
is Kdahler.

Proof We know that there exists a basis of (1, 0)-forms o/ = e/ +ie?"t1=J/ for j =1...n,
such that the complex structure equations of (g, J) are given by (4.1). Suppose that (g, J)
admits a (n — 2)-Kihler form 2. Then, we can write

Q=0+a' Antal Af+iall AD, (4.2)
with © € Aﬁl_z’”_z, 9 e Aﬁ1_3’"_3 both real and transverse and 1 € Aﬁ1_3‘"_2. The
restriction ® of Qto aj isa (n — 2, n — 2)-transverse form on a space of complex dimension
n — 1, so it is strictly positive and so there exists a new basis {,32, e ,3”} of a%’O such that

n—2

0= (i(l32§+'_'+ﬂnﬁ))

[18]. We can then consider as basis { f;} of a; the dual basis of the basis {7} of aj, given
by

_B +Ej’ f2n+17j::_i:3j - P

J: —_— j=2...n.
f 5 7 n
Note that we still have Jf; = f2,41-; for j = 2...n. We can complete {f2, ..., fan—1}
to a basis {f1,..., fon} of g just taking fi = e; and f>, = ez,. Then we have a =
span{fi, ..., fon—1} and Jfi = f2,. Therefore, the complex structure equations of (g, J)

are still of the form
i~ =
dpl = Lip!
Bl =i

dﬂf—iﬁ)-ﬂ”JrL_ﬁlAXn:ﬁﬁk i=2,....n
= Wi ) jkP s ] =4 ... 1,
k=2
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with 4 = A and B! = o'. The pair (g, J) is then determined by the matrix associated with
ad,,, a in this new basis

A0

vA)’

with § € aj, A = (@43, € gl(a1), and with @ = ¥ + i Dapp1—; and bj:=i djx —
@on41—jk =14 k+ajom+1-k-Recall that the integrability of J is equivalent to the condition
AJ; = J1A. Therefore, A must satisfy

a —djomy1—k k=2,....n j=2 "
2n+1—jk =\ ~ =Z,...,0N.
! ajony1—k  k=n+1,...,2n—-1

Moreover,
d@):i(ﬁl—ﬂi)/\p—i—iﬂﬁ/\y,
dy=i(p' =B ) no+BTAY

with p € A';l 212 and y € Aﬁ’]’_s real forms. Notice that p and ¢ depend on A, while y

and v depend on v. We have
0:d9:d®+xiﬂ”/\(n+ﬁ)—ﬁl ANdy— B Ady,
=ip' A (y+ (n+n)+¢+¢> (8= 8") Ao,
or equivalently
A _ -
p=0, y+5(n+n)+¢+¢>:0. 4.3)
As a first consequence, we have that the theorem is true when A = 0. In this case, p = 0,

¢ = 0 and g is unimodular if and only if A = 0, so that (4.3) reduces to y = 0, namely
d® = 0. Because df!' = 0and dg € I(B'") forall ¢ € Ay, one has

0=do=d(i(g"+ +ﬂnﬁ))"‘2;

hence, a’(ﬂll oo 4 By = 0 (see [12]) and (g, J) is Kihler. We can now prove that
when A # 0 the vamshmg of p implies that A = —A’. Indeed, we have d® = i"2(n —

2)(ﬂ22+~~+ﬁ"”) CANdBZ 44 B Forj=2...n

— 7 — 1_ I n - = .7
dp/l = 5p" A (B —0,87) + d . P A (BB T b))

k=2

For some ¢, € R, we can write

<ﬁ2§ + o + ﬁﬂﬁ)n_3 — cn Z ﬁziﬁﬁnﬁ

2<l<m=<n
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so that

d0=ifTny+a(pi—p)n Y pTm . 2": (58 5

2<l<m=<n Jj.k=2

with ¢, € C. We can rewrite the last sum as

n

ST (b= i)+ D (B = bup™) + (b~ BigB7))

j=2 2=j<k=n
=32 =)+ 3 (P (=) 1 (=)
j=2 2<j<k=n
ZXn:Zi&jjﬂj7+ Z (ﬂjﬁ(gkj_a)‘F,Bk;(gjk_@)-
j=2 2<j<k<n

It follows that up to a complex constant, p equals

n [R— -
Z 2idy 22mini Z g2 llmiini (ﬂW <Eml _ Z;Im) 4 pm (bzm _ bml)) )

I£m=2 2<l<m=n
If p = 0, one gets

ZEIUZO, m=2...n,

l#m L
Blm:Eml» 2<l<m=<n,

namely
ag =0, am = —ami, Quil—tm = Qnt1-m] = —0m 2n+1—1-

This, together with the conditions on A given by the integrability of the complex structure,
is enough to conclude that A = —A’. Therefore, the matrix associated with ad,,, o in the

basis { f1,..., fan—1}is
L0
C‘(ﬁ A)’

with A antisymmetric. Because A # 0, the Jordan form of C is

A 80---0
Jord(C) = (O Jord(A~)> ’

where J ord(fi) is the Jordan form of A, § = 0if A is an eigenvalue of A and § = 1 otherwise.
It follows that C is similar to a matrix

A0
D:(o 13)’

with D antisymmetric and Jord(D) = Jord(A). Consider the almost abelian Lie algebra
g with abelian ideal a = span{é; ...éep,_1} and such that the matrix of adz,, i is D. By
[11, Proposition 1], g is isomorphic to g. As mentioned above (Remark 4.1), this gives the
existence of a Kihler metric on g. O

@ Springer



A note on p-Kahler... 2123

Remark 4.3 In complex dimension 4, the theorem states that there are no 2-Kéhler almost
abelian solvmanifolds that are non-Kéhler.

Remark 4.4 1n the last part of the proof, we found a sufficient condition for an almost abelian
unimodular Lie algebra g to be Kéhler. Let (/, g) be aHermitian structure on gand {e; . . . 2, }
be an adapted basis to (J, g). If ad,,, |, is conjugated to a matrix of the form

A0

v A)°
with A € R, v € a1, A € so(ay), [A, J]4, ] =0, and A has same rank of (v A), then (g, J)
is Kihler.
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