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 A B S T R A C T

This work numerically investigates the mechanical behavior of metamaterial structures inspired by the Kagome 
lattice mechanism using the Carrera Unified Formulation (CUF). The proposed numerical model employs 
enhanced one-dimensional finite elements with three-dimensional capabilities, enabling precise predictions 
of deformation patterns and stress–strain responses under various loading conditions. With CUF, any three-
dimensional effects can be captured, allowing for the analysis of the width direction of these metamaterial 
structures, potentially accounting for varying geometric properties. The model’s robustness is demonstrated 
through its ability to capture critical phenomena such as buckling, post-buckling behavior, and rigid-body 
rotations of lattice triangles, which are hallmarks of the Kagome lattice’s unique mechanical properties. The 
introduction of stiffer hinges highlights the potential for tailoring mechanical responses to meet specific 
design requirements, such as enhanced load-carrying capacity and optimized energy absorption. This study 
demonstrates the versatility of Kagome lattice-based metamaterials and lays the groundwork for future 
research, including the analysis of 3D Kagome-lattice metamaterials facilitated to the proposed numerical 
model.
 

 

1. Introduction

Metamaterials are artificially engineered materials designed to ex-
hibit unique and extraordinary mechanical, thermal, or electromagnetic 
properties that are not commonly found in natural materials. These 
structures derive their properties primarily from their geometry rather 
than their material composition, allowing for precise control over 
various physical phenomena. Their ability to manipulate wave propa-
gation, stress distribution, and energy absorption makes metamaterials 
invaluable in numerous fields, including aerospace, civil engineering, 
and biomedical applications. For example, metamaterials have been 
employed in the design of vibration isolators (Al Rifaie et al., 2022), 
impact absorbers (Huang et al., 2012), and devices for wave steer-
ing and energy harvesting (Chen et al., 2014). The importance of 
metamaterials lies in their ability to provide solutions to longstanding 
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challenges, such as creating ultra-lightweight structures with high stiff-
ness or designing materials with negative Poisson’s ratios for improved 
flexibility (Babaee et al., 2013). This versatility has driven the rapid 
adoption of metamaterials in cutting-edge technologies and industrial 
applications. 

Among the vast list of possible designs of metamaterials, the Kagome
lattice, a two-dimensional arrangement of interconnected equilateral 
triangles, is renowned for its unique combination of mechanical and ge-
ometric properties. Derived from a traditional Japanese basket-weaving 
pattern, this structure has been widely studied for its ability to achieve 
a balance of high stiffness, low weight, and mechanical efficiency (Wang
et al., 2021). The intrinsic geometric symmetry of the Kagome lattice 
results in near-isotropic properties, making it particularly well-suited 
for applications requiring uniform mechanical performance in multiple 
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directions (Bauer et al., 2017). One of the defining features of Kagome 
lattices is their capability to sustain large deformations without mate-
rial failure. This is achieved through the rigid-body rotations of their 
triangular units, which redistribute loads and allow for energy dissipa-
tion. Such behavior makes Kagome lattices ideal candidates for appli-
cations in energy absorption, impact mitigation, and morphing struc-
tures. For example, in crashworthiness and protective equipment, these 
lattices can dissipate energy efficiently while maintaining structural 
integrity (Hou et al., 2023). Additionally, their periodic arrangement 
and inherent stiffness allow for tailored mechanical responses, includ-
ing negative Poisson’s ratios and tunable stiffness, further expanding 
their potential applications in advanced structural systems (Li et al., 
2024). Beyond their mechanical properties, Kagome lattices have also 
been employed in wave propagation studies. Their periodic geometry 
enables the design of acoustic and elastic metamaterials with tunable 
band gaps, which can manipulate sound and vibration at specific fre-
quencies (Wu et al., 2015; Nassar et al., 2020; Li and Kohn, 2023). This 
functionality has led to their integration into vibration isolators (An 
et al., 2023b,a) and waveguiding devices (Ablowitz and Cole, 2019), 
highlighting their versatility across different engineering domains.

Accurate numerical modeling of Kagome lattices is critical for un-
derstanding and predicting their complex mechanical behavior, as well 
as for reducing the number of experimental tests that can be expensive 
and time-consuming. Traditional Finite Element Methods (FEM) are 
widely used in structural analysis due to their general applicability and 
well-established frameworks. However, modeling the intricate geome-
try and unique deformation mechanisms of Kagome lattices often poses 
significant challenges for conventional FEM. The rigid-body rotations 
of the triangular units, large deformations, and localized stress con-
centrations require a high level of precision, which often necessitates 
extremely fine meshing. This, in turn, results in increased computa-
tional costs and longer simulation times, particularly for large-scale 
lattices (Vigliotti and Pasini, 2012; Nikolić et al., 2018). To address 
these limitations, researchers have explored advanced numerical tech-
niques tailored to the specific needs of lattice structures. Enriched 
finite element methods, for instance, incorporate additional degrees 
of freedom to capture local deformations more accurately without 
significantly increasing computational demands. Isogeometric analysis 
has also been applied to Kagome lattices (Maurin et al., 2019; Wang 
et al., 2017, 2018), making use of the smoothness of spline-based 
functions to enhance accuracy and convergence rates. Similarly, tech-
niques such as homogenization (Vlădulescu and Constantinescu, 2020; 
Somnic and Jo, 2022; Arabnejad and Pasini, 2013) and reduced-order 
modeling (Lin et al., 2021; McBane and Choi, 2021) allow for the 
efficient simulation of repetitive lattice structures by simplifying their 
geometric representation while preserving essential mechanical charac-
teristics. Other approaches include the use of multi-scale methods (Liu 
et al., 2021; Damanpack et al., 2019; Zhang et al., 2010), where the 
global structural behavior of the structure is coupled with detailed 
local analyses to capture both macro-scale performance and micro-scale 
deformations. These techniques are particularly beneficial for studying 
the hierarchical nature of Kagome lattices, where the interplay between 
global and local behaviors defines the overall mechanical response. 
The integration of these advanced modeling approaches ensures the 
efficient and accurate analysis of Kagome lattices, enabling their use 
in real-world applications and facilitating their optimization for specific 
design requirements. By employing advanced numerical methods (Chen 
et al., 2018; Tankasala et al., 2017; Nelissen et al., 2019), researchers 
can overcome many challenges associated with traditional FEM. How-
ever, a common characteristic of such methodologies is their reliance 
on simplifying assumptions. As a result, specific local phenomena or 
the extension to fully three-dimensional (3D) problems remain unde-
tectable. Therefore, the development of a reliable numerical model 
capable of accurately predicting the behavior of lattice metamaterial 
structures could represent a crucial breakthrough in the analysis of 
these systems.
2 
Fig. 1. Considered metamaterial structure based on Kagome mechanism. Geometric 
characteristics are taken from Li et al. (2024). Dimensions are expressed in mm.

This work presents a solution that combines FEM with the Car-
rera Unified Formulation (CUF) (Carrera et al., 2011, 2014). CUF 
facilitates the development of one-dimensional (1D) Finite Elements 
(FEs) with enhanced modeling capabilities. Specifically, the formu-
lation extends the standard FE nodes through the use of expansion 
functions, enabling the detection and representation of cross-sectional 
deformations (Cinefra et al., 2021). By employing Lagrange elements 
as expansion functions, the methodology can accommodate arbitrar-
ily complex geometries, making it particularly suitable for structures 
with intricate shapes. This flexibility is especially advantageous for 
the analysis of metamaterials, where the geometric complexity of-
ten poses significant modeling challenges. The proposed framework 
leverages these expansion functions to accurately capture the behavior 
of metamaterials, including their nonlinear and anisotropic charac-
teristics (Augello and Carrera, 2024; Carrera et al., 2024). Nonlinear 
governing equations are systematically addressed by formulating the 
tangent stiffness matrix, which remains independent of the specific 
type of expansion functions employed. This independence ensures a 
high degree of adaptability and computational efficiency. CUF has 
been used for several engineering application, including the analysis of 
rotor blades (Filippi et al., 2018), aircraft wings (Carrera and Pagani, 
2016) and spacecraft (Augello et al., 2023b; Augello and Pellegrino, 
2025). In addition, CUF has demonstrated exceptional performance 
in addressing geometrically nonlinear problems (Pagani et al., 2019; 
Carrera et al., 2021). In this work, the formulation is further extended 
to enable the analysis of metamaterials structured based on Kagome 
lattice configurations.

2. One-dimensional beam finite element for the modeling of meta-
material structures

The metamaterial based on the Kagome mechanism is shown in 
Fig.  1. The geometric properties of the analyzed metamaterial are 
taken from Li et al. (2024). In this work, CUF is used to construct the 
numerical model of this structure. The process is depicted in Fig.  2.

The 1D beam model uses the 𝑥 and 𝑧 coordinates for the cross-
sectional domain, while 𝑦 denote the axis direction. The 3D displace-
ment field can be written as 
𝐮(𝑥, 𝑦, 𝑧) = {𝑢𝑥 𝑢𝑦 𝑢𝑧}

T (1)

where 𝑇  is the transpose operator. Eq. (1) of the 1D metamaterial 
structure is formulated within the framework of CUF, and it can be 
expressed as follows 
𝐮(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)𝐮𝜏 (𝑦), 𝜏 = 1, 2,… .,𝑀
𝛿𝐮(𝑥, 𝑦, 𝑧) = 𝐹𝑠(𝑥, 𝑧)𝛿𝐮𝑠(𝑦), 𝑠 = 1, 2,… .,𝑀

(2)

It is clear that each theory can be easily obtained from Eq. (2) by using 
polynomials of different orders as 𝐹𝜏 and 𝐹𝑠. In this work, Lagrange 
polynomials are employed. The cross-section is approximated with a 
pattern of Lagrange Points (LPs), which are divided into opportune 
sub-domains. The 3D displacement field is, then, a result of the inter-
polation of the displacements calculated at the LPs. The degree of the 



R. Augello et al. International Journal of Solids and Structures 318 (2025) 113387 
Fig. 2. Carrera unified formulation applied to the metamaterial structure for constructing the mathematical model.
Fig. 3. Connection between rigid triangles and elastic hinges modeled using Lagrange elements.
interpolation is defined by the number of the employed LPs. Specifi-
cally, 4 LPs (L4) ensure a bilinear interpolation of the isoparametric 
formulation, 9 LPs (L9) a quadratic one and 16 LPs (L16) a cubic. The 
number of DOFs equals the sum of the displacements for each LP. For 
an L9, the interpolation functions are: 

𝐹𝜏 = 1
4
(𝑟2 + 𝑟𝑟𝜏 )(𝑠2 + 𝑠𝑠𝜏 ) 𝜏 = 1, 3, 5, 7

𝐹𝜏 = 1
2
𝑠2𝜏 (𝑠

2 − 𝑠𝑠𝜏 )(1 − 𝑟2) + 1
2
𝑟2𝜏 (𝑟

2 − 𝑟𝑟𝜏 )(1 − 𝑠2) 𝜏 = 2, 4, 6, 8

𝐹𝜏 = (1 − 𝑟2)(1 − 𝑠2) 𝜏 = 9

(3)

where 𝑟 and 𝑠 vary from −1 to +1, whereas 𝑟𝜏 and 𝑠𝜏 are the coordinates 
of the nine LPs whose locations are defined in the natural coordinate 
frame. For more details, interested readers are referred to Carrera 
et al. (2014). In this work, L9 elements are used and Fig.  3 shows the 
connection between the rigid triangles and the elastic hinges modeled 
using Lagrange elements. The displacement field of an L9 is therefore 

𝑢𝑥(𝑥, 𝑦, 𝑧) = 𝐹1(𝑥, 𝑧)𝑢𝑥1 (𝑦) + 𝐹2(𝑥, 𝑧)𝑢𝑥2 (𝑦) + … + 𝐹9(𝑥, 𝑧)𝑢𝑥9 (𝑦)
𝑢𝑦(𝑥, 𝑦, 𝑧) = 𝐹1(𝑥, 𝑧)𝑢𝑦1 (𝑦) + 𝐹2(𝑥, 𝑧)𝑢𝑦2 (𝑦) + … + 𝐹9(𝑥, 𝑧)𝑢𝑦9 (𝑦)
𝑢𝑧(𝑥, 𝑦, 𝑧) = 𝐹1(𝑥, 𝑧)𝑢𝑧1 (𝑦) + 𝐹2(𝑥, 𝑧)𝑢𝑧2 (𝑦) + … + 𝐹9(𝑥, 𝑧)𝑢𝑧9 (𝑦)

(4)

in which 𝑢𝑥1 , …, 𝑢𝑧9  represent the displacement components of each of 
the nine LPs.

The generalized displacements 𝐮𝜏 and the generalized variations 𝛿𝐮𝑠
in Eq. (2) are expanded using the Finite Element Method (FEM) as 
follows 

𝐮𝜏 (𝑦) = 𝑁𝑖(𝑦)𝐪𝜏𝑖, 𝑖 = 1, 2,… ., 𝑁𝑛

𝛿𝐮𝑠(𝑦) = 𝑁𝑗 (𝑦)𝐪𝑠𝑗 , 𝑗 = 1, 2,… ., 𝑁𝑛
(5)

where 𝑁𝑛 is the number of the nodes for each Finite Element (FE) and 
𝑁  and 𝑁  are the shape functions, 𝐪  and 𝐪  are the vectors of the 
𝑖 𝑗 𝜏𝑖 𝑠𝑗

3 
FE nodal parameters, expressed as 

𝐪𝜏𝑖 =
{

𝑢𝑥𝜏𝑖 𝑢𝑦𝜏𝑖 𝑢𝑧𝜏𝑖
}𝑇

𝛿𝐪𝑠𝑗 =
{

𝛿𝑢𝑥𝑠𝑗 𝛿𝑢𝑦𝑠𝑗 𝛿𝑢𝑧𝑠𝑗
}𝑇 (6)

The shape functions 𝑁𝑖 and 𝑁𝑗 are not reported here but can be found 
in many reference texts, for instance, in Bathe (Bathe, 2006). In this 
work, the metamaterial structure based on the Kagome mechanism is 
modeled using a single three-node quadratic element (B3).

3. Metamaterial structures with varying cross-section geometry

In the previous example, the primary goal is to model a metama-
terial based on Kagome lattice geometry with a constant cross-section 
along the length of the beam. Thus, the structural deformation is con-
fined to the 2D cross-sectional plane. In contrast, the example presented 
in this section explores a metamaterial structure whose geometry and 
triangular pattern vary in the transverse direction (the axis of our 
1D FE model). This variation is achieved through the capabilities of 
CUF, which allow the cross-sectional geometry to change along the 
length of the metamaterial, thereby enabling the modeling of more 
complex 3D structures. Fig.  4 depicts the structure with non-uniform 
cross-sections that will be analyzed, serving as an illustration of the 
potential of this approach. In particular, three different cross-section 
geometries alternate to build the mathematical model of the entire 
structure, with the dimensions reported in Fig.  5. In this context, the 
yellow components correspond to the rigid triangles, the red com-
ponents to the elastic hinges, and the green domains represent the 
loading and constraining areas. Finally, Fig.  6 shows the construction 
process of the numerical model. The first B3 FE is modeled with cross-
section 1, and the same is applied to the B3 elements in the middle 
and at the end of the structure. The two inner four-node elements 
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Fig. 4. Using the Carrera Unified Formulation, a mathematical model is constructed for the metamaterial structure by incorporating multiple cross-sectional geometries. The beam 
cross-sections alternate along the structure’s length to capture the overall geometry of the system.
Fig. 5. Geometric properties of the metamaterial structure with different cross-sections. The dimensions are expressed in mm. The yellow components correspond to the rigid 
triangles, the red components to the elastic hinges and the green domains are the loading and constraining areas. The dimensions not shown are the same as those in Fig.  1.
Fig. 6. Different cross-sections of the metamaterial structure shown in Fig.  4.
with cubic interpolation (B4) are modeled with cross-section 2 and 3, 
respectively.

4. Governing equations of metamaterial structures

In this paper, the vectorial form of the stress, 𝝈, and strain, 𝝐, 
components are introduced as 

𝝈 = {𝜎𝑥𝑥 𝜎𝑦𝑦 𝜎𝑧𝑧 𝜎𝑥𝑧 𝜎𝑦𝑧 𝜎𝑥𝑦}
T, 𝝐 = {𝜖𝑥𝑥 𝜖𝑦𝑦 𝜖𝑧𝑧 𝜖𝑥𝑧 𝜖𝑦𝑧 𝜖𝑥𝑦}

T

(7)

As far as the strain field is concerned, the Green–Lagrange nonlinear 
strain components are 
𝝐 = 𝝐𝑙 + 𝝐𝑛𝑙 = (𝐛𝑙 + 𝐛𝑛𝑙)𝐮, (8)

where the 6 × 3 linear and nonlinear differential operators 𝐛𝑙 and 𝐛𝑛𝑙
are given by: 

𝐛𝑙 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕𝑥 0 0

0 𝜕𝑦 0

0 0 𝜕𝑧
𝜕𝑧 0 𝜕𝑥
0 𝜕𝑧 𝜕𝑦
𝜕 𝜕 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐛𝑛𝑙 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

1
2 (𝜕𝑥)

2 1
2 (𝜕𝑥)

2 1
2 (𝜕𝑥)

2

1
2 (𝜕𝑦)

2 1
2 (𝜕𝑦)

2 1
2 (𝜕𝑦)

2

1
2 (𝜕𝑧)

2 1
2 (𝜕𝑧)

2 1
2 (𝜕𝑧)

2

𝜕𝑥𝜕𝑧 𝜕𝑥𝜕𝑧 𝜕𝑥𝜕𝑧
𝜕𝑦𝜕𝑧 𝜕𝑦𝜕𝑧 𝜕𝑦𝜕𝑧

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

(9)
𝑦 𝑥 ⎣ 𝜕𝑥𝜕𝑦 𝜕𝑥𝜕𝑦 𝜕𝑥𝜕𝑦 ⎦

4 
in which 𝜕𝛼 = 𝜕(⋅)∕𝜕𝛼, 𝜕𝛽 = 𝜕(⋅)∕𝜕𝛽, and 𝜕𝑧 = 𝜕(⋅)∕𝜕𝑧.
Linear elastic isotropic materials are considered in this work and the 

constitutive relation reads as 
𝝈 = 𝐂 𝝐, (10)

where 𝐂 is the material elastic matrix, whose explicit form can be found 
in Bathe (2006), Hughes (2012). In this work, the principle of virtual 
work is recalled for the derivation of the FE governing equations, 
which, for a generic structure, can be expressed as: 
𝛿𝐿int = 𝛿𝐿ext (11)

where 𝛿𝐿int is the virtual variation of the work of the internal loads 
(i.e. the strain energy) and 𝛿𝐿ext is the virtual variation of the work of 
the external loads.

The first term of Eq. (11) can be written as: 

𝛿𝐿int = ∫𝑉
𝛿𝝐𝑇 𝝈 d𝑉 (12)

where V is the volume of the body. Introducing the geometrical 
(Eq. (8)) and constitutive relations (Eq. (10)) into Eq. (12), it takes 
the following form: 
𝛿𝐿int = 𝛿𝐪𝑇𝑠𝑗𝐊

𝑖𝑗𝜏𝑠
𝑆 𝐪𝜏𝑖 (13)

The argument of the integral in Eq. (13) represents the so-called secant 
stiffness matrix 𝐊𝑖𝑗𝜏𝑠. The complete form of the secant stiffness matrix 
𝑆
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𝐊𝑖𝑗𝜏𝑠
𝑆  is omitted here for the sake of brevity, but can be found in Pagani 

and Carrera (2018), Carrera et al. (2018).
The right-hand term of Eq. (11), omitting some mathematical steps 

that can be found in Carrera et al. (2011), can be written as: 
𝛿𝐿ext = 𝛿𝐪𝑇𝑠𝑗 𝐩𝑠𝑗 (14)

so that Eq. (11) becomes: 
𝐊𝑖𝑗𝜏𝑠

𝑆 𝐪𝜏𝑖 − 𝐩𝑠𝑗 = 𝟎 (15)

Eq. (15) can be arbitrarily expanded to achieve any desired theory, 
ranging from low- to high-order ones, by choosing the values for 𝜏, 𝑠 =
1, 2,… ,𝑀 and 𝑖, 𝑗 = 1, 2,… , 𝑁𝑛, resulting in: 
𝐊𝑆 𝐪 − 𝐩 = 𝟎 (16)

where 𝐊𝑆 , 𝐪, and 𝐩 are the global, assembled FE arrays of the final 
structure.

Eq. (16) represents a geometrically nonlinear system and it is typ-
ically computed adopting a linearization technique. In this paper, the 
employed scheme is the Newton–Raphson method, according to which 
the nonlinear governing equations are expressed as 
𝝋𝑟𝑒𝑠 ≡ 𝐊𝑆 𝐪 − 𝐩 = 𝟎 (17)

where the residual nodal forces vector is expressed in 𝝋𝑟𝑒𝑠. One can use a 
known solution (𝐪,𝐩) to linearize Eq. (17) by expanding 𝝋𝑟𝑒𝑠 in a Taylor 
series. Therefore, 

𝝋𝑟𝑒𝑠(𝐪 + 𝛿𝐪,𝐩 + 𝛿𝐩) = 𝝋𝑟𝑒𝑠(𝐪,𝐩) +
𝜕𝝋𝑟𝑒𝑠
𝜕𝐪

𝛿𝐪 +
𝜕𝝋𝑟𝑒𝑠
𝜕𝐩

𝛿𝜆 𝐩𝑟𝑒𝑓 = 𝟎 (18)

where 𝜕𝝋𝑟𝑒𝑠
𝜕𝐪

= 𝐊𝑇  represents the tangent stiffness matrix. The external 
load is assumed to change directly with the vector of the reference 
loadings 𝐩𝑟𝑒𝑓 , with a variation rate expressed by 𝜆, defined as the 
load-scaling parameter, i.e. 𝐩 = 𝜆𝐩𝑟𝑒𝑓 . Since 𝜆 is a variable, an 
additional constraint equation is required, which is given by a relation 
constraining both 𝛿𝐪 and 𝛿𝜆. Finally, one has 
{

𝐊𝑇 𝛿𝐪 = 𝛿𝜆𝐩𝑟𝑒𝑓 − 𝝋𝑟𝑒𝑠

𝑐(𝛿𝐪, 𝛿𝜆) = 𝟎
(19)

In this work, a path-following technique is adopted as the constraint 
equation. Specifically, an arc-length method is utilized in this work, 
as described by Crisfield (Crisfield, 1981, 1983) and Carrera (Carrera, 
1994). It is important to underline that 𝐊𝑇  is derived from the lineariza-
tion of the equilibrium equations (Zienkiewicz and Taylor, 2005). This 
corresponds to the linearization of the virtual variation of the work 
made by internal forces in the case of conservative systems, as follows 

𝛿(𝛿𝐿int ) = ∫V
𝛿
(

𝛿𝝐𝑇 𝝈
)

dV = 𝛿𝐪𝑇𝜏𝑖𝐊
𝑖𝑗𝜏𝑠
𝑇 𝛿𝐪𝑠𝑗 (20)

where 𝐊𝑖𝑗𝜏𝑠
𝑇  represents the 3 × 3 fundamental nucleus, which serves 

as the basic building block for constructing the total tangent stiffness 
matrix.

5. Numerical results and discussion

This section presents the numerical results obtained from the anal-
ysis. The structures depicted in Figs.  1 and 4 are evaluated under 
specific boundary conditions, as illustrated in Fig.  7. Both structures 
are clamped at their base, providing a fixed boundary condition, and 
subjected to a compressive force applied to their top surfaces. The 
results are expressed as a 𝜎 vs. 𝜖 curve, where 𝜎 is calculated as the 
applied force 𝐹  divided by the area over which the force is applied, 
and 𝜖 is determined as the ratio of the vertical displacement of the 
top plate to the initial height of the structure, which is 67.60 mm for 
both configurations. Due to the nature of the structure, incorporating 
a symmetry-breaking parameter in the numerical model is necessary to 
accurately capture the post-buckling behavior. In some instances, this 
5 
Fig. 7. Applied loading and boundary conditions.

parameter is provided in the reference paper, for example, through the 
initial rotation condition of the rigid triangles (Sections 5.1.1 and 5.5) 
or by imposing stiffer hinges (Section 5.4). In all other cases, a small 
perturbation is introduced by rotating the rigid triangles to achieve the 
desired configuration.

5.1. Metamaterial structure based on Kagome mechanism

A preliminary convergence analysis was conducted to identify a 
reliable numerical model for subsequent simulations. Three different 
models, with 16,092, 30,600, and 38,952 DOF, respectively, were 
examined. The results of the static analysis are presented in Fig.  8. 
The model with 30,600 DOF can be considered as a converged model 
and will therefore be used for all the subsequent analyses. The same 
result is compared in Fig.  9 with the reference experimental solution 
reported in Li et al. (2024). In the reference study, it is stated that the 
soft hinges are composed of silicone rubber, while the stiff triangular 
elements are made of polylactic acid. However, their specific material 
properties were not provided. In the present study, isotropic material 
properties are assumed for both components to approximate their 
behavior. For the stiff triangular elements, the material is modeled 
with a Young’s modulus of 𝐸 = 2.35 GPa and a Poisson’s ratio of 
𝜈 = 0.375. For the soft hinges, the assumed material properties are 
𝐸 = 0.14 GPa and 𝜈 = 0.480. These material properties were derived 
by averaging the reported values of silicone rubber and polylactic acid 
from the literature, then suitably adjusted them to best align with the 
experimental data reported in the reference paper. Moreover, a linear 
elastic material model is considered in this paper for the silicon rubber 
and the polylactic acid.

The numerical results demonstrate a high degree of accuracy when 
compared to the reference solution, particularly in the low-to-moderate 
stress range. However, a noticeable divergence occurs as the applied 
stress increases significantly, likely due to differences in the modeling 
assumptions of the materials in the reference work, where nonlinearity 
is taken into consideration through the nonlinear torsional springs. Fig. 
9 also illustrates the deformed configuration at 𝜖 = 0.05, highlighting 
the capability of the numerical model to reliably predict the deformed 
shape. Additional deformed configurations at 𝜖 = 0.003, 𝜖 = 0.010, and 
𝜖 = 0.030 are presented in Fig.  10, further validating the consistency 
of the numerical model in capturing the mechanical response and de-
formation patterns across varying strain levels. These results underline 
the robustness of the numerical approach and reinforce confidence in 
its application to similar structures.

5.1.1. Metamaterial structure based on Kagome mechanism with initial 
condition

A second analysis, inspired by the reference study, is conducted by 
initially rotating the triangular elements by an angle of 𝜃 = 1.5◦, as 
illustrated in Fig.  11. This modification aims to assess the impact of 
geometric preconditioning on the structural response. The resulting 𝜎
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Fig. 8. Results of the convergence analysis for the metamaterial structure shown in Fig.  7(a). 𝜎 is calculated as the applied force 𝐹 divided by the area over which the force is 
applied, while 𝜖 is determined as the ratio of the vertical displacement of the top plate to the initial structure height (67.60 mm).
Fig. 9. Evolution of 𝜎 vs. 𝜖 for the metamaterial structure shown in Fig.  7(a). Ref results are taken from Li et al. (2024). 𝜎 is calculated as the applied force 𝐹 divided by the 
area over which the force is applied, while 𝜖 is determined as the ratio of the vertical displacement of the top plate to the initial structure height (67.60 mm).
vs. 𝜖 curve for this configuration is presented in Fig.  12. Compared 
to the previous case (without initial rotation), this analysis exhibits 
greater accuracy in capturing the reference solution, particularly in the 
moderate and high-stress regions. This improvement suggests that the 
initial rotation enhances the ability of the numerical model to align 
with the deformation characteristics observed in the reference. The reli-
ability of the numerical approach is further supported by examining the 
deformed shapes at various strain levels. The deformed configuration at 
𝜖 = 0.05 is shown in Fig.  12, closely matching the expected deformation 
patterns. Additionally, intermediate configurations at 𝜖 = 0.003, 𝜖 =
0.010, and 𝜖 = 0.030 are detailed in Fig.  13, providing a comprehensive 
view of the structural evolution throughout the loading process. These 
results highlight the significance of initial geometric conditions in in-
fluencing the mechanical response. The improved accuracy underscores 
the robustness of the numerical model in predicting both global and 
local deformation behavior.

5.2. Metamaterial structure with a stiffer hinge

The same structural configuration analyzed previously is revisited 
with a modification that introduces a stiffer hinge at the bottom, as 
illustrated in Fig.  14. This hinge is reinforced by increasing its stiffness 
through the multiplication of its Young’s modulus by a factor of 103. 
6 
This modification aims to evaluate the impact of a significantly stiffer 
hinge on the overall structural response. The same loading conditions 
and boundary constraints applied in the earlier analysis are maintained 
for this case, allowing for a direct examination of how the enhanced 
hinge stiffness influences the 𝜎 vs. 𝜖 relationship. The resulting 𝜎 vs. 
𝜖 behavior is depicted in Fig.  14, highlighting the altered response 
due to the increased hinge stiffness. The comparison with results from 
Fig.  10 underscores the significant role of hinge stiffness in governing 
the mechanical behavior of the structure. The results demonstrate a 
high level of overall accuracy, indicating the model’s effectiveness in 
capturing the essential mechanical behavior of the structure. However, 
certain discrepancies become evident at moderate and large strain 
levels. These deviations are likely attributable to the material modeling 
of the hinges, which in this study is assumed to exhibit linear elastic 
behavior. At higher strain levels, the linear material assumption may 
no longer be valid, leading to the observed differences.

Despite these limitations, the deformed shape of the structure is 
captured with remarkable precision by the current model. This is 
illustrated in Fig.  15, which presents the deformed configurations at 𝜖 =
0.05. The figure clearly showcases the model’s capability to replicate 
both the geometry and the overall deformation pattern of the structure 
under the applied strain.
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Fig. 10. Snapshots of the metamaterial structure shown in Fig.  7(a), with a cross-sectional view taken at 𝑦 = 0 mm.
Fig. 11. Initial condition for the second analysis with 𝜃 = 1.5◦.

5.3. Beam-like metamaterial structure

The next case study focuses on a beam-like metamaterial structure 
constructed using the same Kagome lattice configuration as in the 
previous analyses. The structure, illustrated in Fig.  16, consists of a 
grid formed by 7 × 26 triangles and two stiff horizontal strips. The 
same boundary conditions are applied as in prior studies, that is the 
structure is subjected to uniaxial compression on one side, while the 
opposite side is clamped. The numerical model for this case involves 
a total of 220,761 degrees of freedom. The results of the analysis, 
presented in Fig.  17, depict the evolution of the 𝜎 vs. 𝜖 relationship. The 
proposed model demonstrates a high degree of reliability in capturing 
both the buckling and post-buckling behavior of the structure, closely 
matching the reference solution. This agreement validates the model’s 
effectiveness in simulating the complex mechanical responses inherent 
to beam-like metamaterial structures. Further evidence of the model’s 
accuracy is provided by examining the deformed configurations at 𝜖 =
0.04, as shown in Fig.  18. The deformations are virtually identical to 
the reference solution, showcasing the model’s capability in replicating 
both the macroscopic buckling patterns and the localized rigid rotation 
of the triangular elements. The rigid-body rotation of the triangles, 
a key feature of the Kagome lattice under deformation, is particu-
larly well captured, emphasizing the suitability of the model for such 
analyses.
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5.4. Beam-like metamaterial structure with stiffer hinges

Finally, an analysis is conducted on the same beam-like metama-
terial structure, but with the addition of stiffer hinges to investigate 
their influence on the structural behavior. The locations of the hinges 
with stiffer material properties are highlighted in Fig.  19, where the 
modified configuration is illustrated. These stiffer hinges are designed 
to enhance localized rigidity, with their material properties adjusted to 
provide a significantly higher stiffness compared to the original hinges, 
as for the case shown in Fig.  14. The stress–strain 𝜎 vs. 𝜖 response 
for this modified structure is also presented in Fig.  19. The results 
demonstrate the proposed model’s high level of accuracy in predicting 
the mechanical behavior, as evidenced by the close agreement between 
the numerical solution and the reference data. This validation under-
scores the robustness of the modeling approach. Further validation is 
provided by examining the deformed shapes at 𝜖 = 0.04, as shown in 
Fig.  20. The comparison of the deformed configurations reveals that 
the proposed model captures the key features of the deformation with 
remarkable precision. Notably, the introduction of stiffer hinges alters 
the deformation pattern, creating localized areas of reduced flexibility 
where the stiffer hinges are placed. Despite these localized effects, 
the global deformation behavior, including the rigid-body rotations 
of the Kagome lattice triangles, remains consistent with the reference 
solution.

5.5. Metamaterial structure with variable cross-sections

The performance of the metamaterial structure with a variable 
cross-section is investigated in this section. The analysis adopts the 
same initial conditions as described in Figs.  7(b) and 11, including 
the initial rotation of triangular elements by 𝜃 = 1.5◦. This setup aims 
to evaluate the influence of cross-sectional variation on the structural 
response. The numerical model consists of 132,600 DOF, using the 
same mesh pattern adopted for the converged model in Section 5.1. 
The results, depicted in Fig.  21, provide the 𝜎 vs. 𝜖 evolution for 
this configuration. The stress–strain curve highlights the impact of the 
variable cross-section on the mechanical behavior, showing distinct 
differences compared to the uniform cross-section case. The deformed 
configuration at 𝜖 = 0.05 is also shown in Fig.  21, illustrating the global 
deformation behavior under significant strain.
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Fig. 12. Evolution of 𝜎 vs. 𝜖 for the metamaterial structure of Fig.  7(a) with an initial condition of triangles rotated by an angle 𝜃 = 1.5◦. Ref results are taken from Li et al. 
(2024). 𝜎 is calculated as the applied force 𝐹 divided by the area over which the force is applied, while 𝜖 is determined as the ratio of the vertical displacement of the top plate 
to the initial structure height (67.60 mm).
Fig. 13. Snapshots of the metamaterial structure of Fig.  7(a) with an initial condition of triangles rotated by an angle 𝜃 = 1.5◦. The cross-section view is taken at 𝑦 = 0 mm.
Additionally, intermediate deformation stages are presented for 𝜖 =
0.003, 𝜖 = 0.010, and 𝜖 = 0.020 in Figs.  22, 23, and 24, respectively. 
These snapshots provide a detailed view of the progressive deforma-
tion and highlight the distinct response characteristics of the variable 
cross-section design. This analysis underscores the potential of variable 
cross-section metamaterials in tailoring structural responses to specific 
performance requirements. The observed results suggest opportunities 
for optimizing the geometry to achieve desired mechanical properties, 
such as enhanced load distribution or deformation control. Fig.  25 
illustrates the most advanced deformed configuration reached in this 
study, underscoring the method’s remarkable capability to detect and 
represent deformations with high precision at any cross-section of the 
structure.

In Clip 1, only the inner triangles are shown, along with the corre-
sponding displacements and rotations. Clip 2 depicts the same cross-
section as in previous simulations, including all ten triangles, while 
Clip 3 presents the scenario where only the outer triangles are present. 
In each case, the deformation is reliably described, and additional 
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parameters, such as strain, stress, or other mechanical fields, can be 
readily computed and visualized. This integrated approach not only 
provides a detailed deformation map but also enables the user to extract 
targeted performance metrics on demand. By seamlessly coupling geo-
metric shape changes with mechanical response data, the methodology 
paves the way for fine-tuning the metamaterial’s properties to meet 
specific design objectives. Moreover, rather than being confined to 
adjusting only the 2D cross-section, designers can exploit the full 3D 
parameter space. This broader design space facilitates the creation of 
custom-tailored structures with superior mechanical behavior.

6. Conclusions

This work presented a comprehensive numerical study of metama-
terial structures based on the Kagome lattice mechanism, using the Car-
rera Unified Formulation (CUF) to achieve accurate and efficient mod-
eling. The study explored the mechanical behavior of beam-like meta-
materials, offering valuable insights into their deformation patterns. 
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Fig. 14. 𝜎 vs. 𝜖 evolution for the metamaterial structure of Fig.  7(a) with a stiffer hinge. Ref results are taken from Li et al. (2024).
Fig. 15. Snapshots of the metamaterial structure of Fig.  7(a) with a stiffer hinge. 
Present study (a) vs. experimental results (b) taken from Li et al. (2024). 𝜎 is calculated 
as the applied force 𝐹 divided by the area over which the force is applied, while 𝜖
is determined as the ratio of the vertical displacement of the top plate to the initial 
structure height (67.60 mm).

The key findings and contributions of this research are summarized as 
follows.

• The use of CUF enabled the development of enhanced 1D finite 
elements with 3D capabilities. This allowed for precise detec-
tion and prediction of deformations across the structure’s cross-
section, providing a robust framework for analyzing complex 
mechanical behaviors.

• The proposed model accurately captured both the buckling and 
post-buckling behaviors of the Kagome lattice structures. De-
formed shapes were replicated with high fidelity, including rigid-
body rotations of lattice triangles, highlighting the model’s poten-
tial for applications requiring precise structural morphology and 
deformation control.

• The study demonstrated the versatility of Kagome lattice-based 
beam-like metamaterials in applications demanding controlled 
deformation and energy absorption. The introduction of stiffer 
hinges further showcased the ability to tailor mechanical re-
sponses, optimize load-carrying capacities, and adapt to specific 
design requirements.

• The results underscore the importance of localized stiffness mod-
ifications in enhancing the mechanical performance of metama-
terials.

• Metamaterial structures based on the Kagome mechanism, featur-
ing varying cross-sectional geometry across their width, can be 
easily modeled using CUF. This capability opens up possibilities 
for adapting the model to further investigate 3D Kagome lattices.
9 
The findings of this study provide a robust foundation for future re-
search into the design and optimization of metamaterial structures. One 
promising direction is the exploration of advanced material models, 
such as nonlinear material behaviors, to enhance the predictive accu-
racy of the numerical framework, particularly at higher strain levels. 
Hyperelastic materials have already been successfully included into the 
CUF framework (see Pagani and Carrera, 2023; Augello et al., 2023a; 
Pagani et al., 2024). Incorporating these advanced material models 
could provide a more comprehensive understanding of the material’s 
response under complex loading conditions.
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Fig. 16. Geometry of the beam-like metamaterial structure.

Fig. 17. Evolution of 𝜎 vs. 𝜖 for the beam-like metamaterial structure. Ref results are taken from Li et al. (2024). 𝜎 is calculated as the applied force 𝐹 divided by the area over 
which the force is applied, while 𝜖 is determined as the ratio of the vertical displacement of the top plate to the initial structure height (67.60 mm).

Fig. 18. Snapshots of the beam-like metamaterial structure shown in Fig.  7 for 𝜖 = 0.04. Ref results are taken from Li et al. (2024).
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Fig. 19. Evolution of 𝜎 vs. 𝜖 for the beam-like metamaterial structure with stiffer hinges. Ref results are taken from Li et al. (2024).

Fig. 20. Snapshots of the beam-like metamaterial structure with stiffer hinges from Fig.  7 for 𝜖 = 0.04. Ref results are taken from Li et al. (2024). 𝜎 is calculated as the applied 
force 𝐹 divided by the area over which the force is applied, while 𝜖 is determined as the ratio of the vertical displacement of the top plate to the initial structure height (67.60 mm).

Fig. 21. Evolution of 𝜎 vs. 𝜖 for the metamaterial structure of Fig.  7(b). 𝜎 is calculated as the applied force 𝐹 divided by the area over which the force is applied, while 𝜖 is 
determined as the ratio of the vertical displacement of the top plate to the initial structure height (67.60 mm).
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Fig. 22. Snapshots of the metamaterial structure of Fig.  7(b) for 𝜖 = 0.003. Cross-section views are taken at 𝑦 = 0 mm, 𝑦 = 20 mm, and 𝑦 = 60 mm.

Fig. 23. Snapshots of the metamaterial structure of Fig.  7(b) for 𝜖 = 0.010. Cross-section views are taken at 𝑦 = 0 mm, 𝑦 = 20 mm, and 𝑦 = 60 mm.

Fig. 24. Snapshots of the metamaterial structure of Fig.  7(b) for 𝜖 = 0.020. Cross-section views are taken at 𝑦 = 0 mm, 𝑦 = 20 mm, and 𝑦 = 60 mm.
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Fig. 25. Snapshots of the metamaterial structure of Fig.  7(b) for 𝜖 = 0.020. Cross-section views are taken at 𝑦 = 0 mm, 𝑦 = 20 mm, and 𝑦 = 60 mm.
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