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“Mi hai chiesto se una persona comune, studiando tanto, può arrivare a
immaginare le cose come le immagino io. Certo! Io ero una persona normale
che studiava tanto. Non esistono persone miracolose. Succede solo che si sono

interessati a questa cosa e le hanno imparate.

Sono solo persone.
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meccanica quantistica o una capacità miracolosa di immaginare il campo

elettromagnetico che si ottiene senza la pratica, la lettura, l’apprendimento e
lo studio.

Quindi se si prende una persona comune che è disposta a dedicare una grande
quantità di tempo allo studio, al lavoro, al pensare e alla matematica, allora

diventa uno scienziato.”

- Richard Feynman



Summary

In continuum mechanics, hyperelastic materials are used to describe solids that can undergo
large elastic and recoverable deformations. These materials are increasingly adopted across
multiple engineering fields for their unique mechanical properties, including enhanced flexibility
and resilience. In aerospace and mechanical engineering, these materials are adopted in the
design of deployable and adaptive structures, such as inflatable components, seals, and damping
elements, which must maintain reliability under extreme thermomechanical conditions. In civil
engineering, elastomeric bearings and vibration isolators for seismic applications exploit the
nonlinear properties of soft materials in dynamic contexts to mitigate seismic and dynamic effects
on structures. In particular, hyperelastic materials are widely used in biomedical engineering
for modeling soft biological tissues, such as arterial walls, tendons, and ligaments, enabling
mechanical characterization for the design and testing of medical implants, prosthetics, and
tissue-engineered devices.
The present research is devoted to the development and implementation of refined high-order
finite element models for the static, linearized modal, and three-dimensional stress analysis of
isotropic and fiber-reinforced hyperelastic structures. The proposed formulation is capable of
handling both compressible and nearly incompressible material behaviors, analyzing either the
behavior of classical isotropic and multilayered structures, and extending the proposed method-
ology to the numerical simulations of anisotropic biological tissues. The adopted nonlinear
constitutive law is derived within the classical continuum mechanics framework, providing a
thermodynamically consistent description of stress–strain relationships under finite deforma-
tion. The governing equations of the elasto-dynamic problems at finite strain are derived from
variational principles under a Total Lagrangian approach, including classical linearization argu-
ments, and solved using incremental-iterative schemes based on the Newton-Raphson method.
The proposed finite element approach based on higher-order structural modeling is implemented
within the well-established Carrera Unified Formulation (CUF), which provides a compact, hier-
archical, and efficient framework for structural analysis. The CUF provides a unified formalism
for beam, plate, and shell theories of structures, allowing the definitions of the governing equa-
tions in matrix form in terms of a few elementary building blocks known as Fundamental Nuclei
(FN). This recursive notation allows the straightforward implementation of any refined finite
element model, independent of the structural approximation theory adopted, thereby improving
flexibility, consistency, and generality. The proposed nonlinear formulation incorporates the full
three-dimensional kinematics required for large-strain analysis while maintaining accuracy and
computational efficiency. The versatility and robustness of the developed computational frame-
work are demonstrated by performing extensive comparisons with analytical solutions, available
numerical results, and experimental data from the literature. Several benchmark problems and
case studies are presented, including isotropic and anisotropic beam and plate multilayered
structures subjected to finite strain. The results demonstrate the capabilities of the proposed
higher-order approach to simulate complex three-dimensional problems in both compressible and
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nearly-incompressible incompressible regimes. Overall, the proposed high-order finite element
approach provides a novel, efficient computational tool for the nonlinear analysis of hyperelas-
tic materials and structures. This research advances the numerical simulation of soft material
structures by relying on physically consistent analyses in engineering design, material charac-
terization, and biomechanics.

Keywords: Hyperelasticity, Beam models, Plate models, Higher-order Finite Element, Bi-
ological Tissue, Nonlinear Analysis, Linearized Vibration.

v





Acknowledgements

First, I would like to extend my deepest gratitude Professor Alfonso Pagani, who, from the
very beginning — since meeting me during my Master’s thesis — has always shown sincere and
immense trust in my abilities, inspiring me with novel and profound research challenges. I am
deeply grateful for all the time he has dedicated to me over these years, filled with constructive
discussions and invaluable guidance. My warmest thanks go to Professor Maria Cinefra, without
whom what I have the pleasure of presenting today would never have existed. I am sincerely
grateful for her immense availability and kindness, for accompanying me throughout this PhD
journey from afar, yet always by my side with her presence and guidance. I would also like to
express my heartfelt appreciation to Professor Matteo Filippi, who has always supported and
listened to me throughout this long research path, always showing me with pleasure how much
he appreciates my willingness and desire to work together. To Professor Erasmo Carrera, for
his invaluable guidance and for the genuine pleasure he has always shown in seeing me at work.
His exceptional scientific contribution and the numerous inspirational discussions we shared on
research topics have been a constant source of motivation and intellectual growth, encouraging
me to explore new perspectives and to pursue excellence in my work.

This research was carried out within the project PRE-ECO: A new paradigm to re-engineering
printed composites, funded by the European Research Council under the European Union’s
Horizon 2020 research and innovation programme (Grant Agreement No. 850437).

Quando ho accettato di intraprendere il mio percorso di dottorato lontano da casa, sapevo che
Torino sarebbe stata crudele con me. Un sentito, doveroso, ringraziamento, a tutti coloro che
hanno reso Torino una vera seconda casa.

Ai ragazzi dell’Ufficio 29: Marianna, Elisa, Francesca, Martina, Daniele e Shabnam. Ai ragazzi
dell’Ufficio 30: Alberto, Dario e Chiara. Al duo di “Miseria e Nobilità”- “Don Giovanni”, Karim e
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Chapter 1

Introduction

1.1 Motivation

Hyperelastic materials are a broad class of soft solids characterized by their ability to undergo
large elastic deformations without permanent damage [1]. Differently from the classical linear
elastic constitutive stress-strain relation, valid only within the hypothesis of small strain [2], the
constitutive hyperelastic law is characterized within the framework of extreme, fully recoverable
strains, often up to several hundred percent, while fully recovering their original shape and struc-
tural configuration during unloading [3]. One of the key features explored by hyperelastic soft
materials is incompressibility, thus the capability to change their shape while keeping constant
the overall material volume constant. This peculiar behavior arises from their microstructural
constitution, typically composed of cross-linked polymer chains or fibrous networks [4], which
deform primarily through configurational rearrangements rather than bond rupture [5, 6]. Gen-
erally, the material modeling for the mechanical characterization of soft materials, like rubber,
requires a multi-scale approach [7]. The internal microstructure of such material plays a crucial
role when developing a mathematical theory of large deformations [8]. The interactions between
different phases at the meso-scale may determine the macroscopic behavior of the material,
including the widely analyzed stiffening and hardening behavior of anisotropic soft materials.
Therefore, accurate multi-scale, global-local models for describing the macroscopic behavior of
such materials, which involve passing through meso- and micro-scale modeling, remain a chal-
lenging mathematical aspect to this day [9].
At the macroscopic level, soft materials are modeled within the general framework of contin-
uum mechanics , following the theory of continuum thermomechanics to directly include meso-
scopic information into the constitutive model [5]. This extensive modeling approach enabled
researchers and industries to describe and characterize the mechanical properties of these ma-
terials, allowing them to exploit their unique features in various engineering fields. In civil and
structural engineering, hyperelastic materials are utilized in elastomeric bearings and seismic
isolation systems [10], where their ability to sustain large shear strains is leveraged to mitigate
the effects of earthquakes on buildings and bridges [11]. Similarly, in mechanical and automotive
engineering, components such as tires [12], seals, and gaskets [13] rely on soft matter to combine
durability, resilience, and high deformation capacity under complex loading scenarios [14]. The
aerospace sector also exploits hyperelastic seals and dampers in environments where reliability
under cyclic and large deformations is critical. Beyond these sectors, hyperelastic polymers
and foams are widely employed for their nonlinear dynamic properties [15]. In soft robotics,
silicone-based elastomers enable the fabrication of compliant actuators [16], artificial muscles,
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and bioinspired grippers [17], which exploit hyperelasticity to achieve large shape transforma-
tions, adaptability, and safe human–robot interaction [18].

At the same time, one of the scientific fields in which hyperelasticity has been extensively
investigated for its most extensive application is the modeling of biological tissues [19]. The
capabilities of a constitutive model to correctly capture and describe the full nonlinear and
anisotropic deformation behavior of soft materials and structures are essential [20]. The theory
of large deformation in a hyperelastic scenario has been extensively investigated in many clinical
and anatomic contexts [21]. The strongly nonlinear, anisotropic response closely reproduces the
experimentally observed behavior of biological tissues such as arteries [22], myocardium [23], or
skin [24], making them indispensable for patient-specific implants or surgical simulations [25].
A representative case of biological tissue constitutive modeling, that has been attracting the
attention of researchers over the last few decades, is arterial wall modeling. In the case of cardiac
tissues, including arteries and veins, both anisotropy and multi-scale effects must be taken into
account in an efficient and accurate constitutive model [26]. A graphical representation of a
healthy carotid artery is provided in Fig. 1.1.

Figure 1.1: Graphical representation of healthy arterial tissue cross-sections. Adapted from [27].

An artery wall can be schematized as a multilayered structure made of three principal layers:
intima, media, and adventitia, where different microconstituents of elastic and collagen fibers
are embedded and oriented in distinct ways [28]. The intima is the inner layer of the artery,
where collagen fibers are not uniformly distributed. The media is the middle layer of the artery,
characterized by muscle cells embedding elastic and collagen fibrils. The adventitia, the outer
layer, is characterized by a matrix of fibroblasts and fibrocytes embedded with collagen fibers,
which contributes to the stability of the arterial wall. In general, from experimental evidences of
arterial walls, the arrangement of fiber distributions within the layers makes the adventitia less
stiff than the media in stress-free conditions [26]. A graphical representation of an artery and its
microstructural configuration is provided in Fig. 1.2. The different mechanical properties of such
micro-structural components, as well as the different microstructural arrangements of different
sub-components, make the arterial structure a global complex structure where the inclusion of
nearly-incompressible material behavior effects and anisotropy becomes fundamental when a
constitutive model of an artery has to be proposed [29].
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Figure 1.2: Graphical representation of the multilayered constitution of arterial tissue. AI generated,
adapted from [29].

From a computational mechanics standpoint, hyperelastic material models have been acquiring
increasing interest by researchers and scientists. In particular, due to the complex mathematical
framework involved in the derivation of constitutive models, the analysis of such materials
and structures typically relies on numerical simulations [30, 31]. More generally, analytical
formulations that account for different features, varying from geometry, load conditions, and
material features, are available only in a few special cases, due to the complexity of the final,
resulting model [32]. For this reason, numerical models have been developed, proposing accurate
and efficient tools, required by renewed interest in fluid-structure interaction problems [33], bio-
engineering [34], advanced manufacturing processes allowed by the more recent 3D printing
approach [35, 36], and innovative material configurations that allowed for the investigations
of novel solutions to engineering problems [37], across various fields. These new possibilities,
allowed many advances in the modeling framework of hyperelastic soft materials, have permitted
to analyze complex, three-dimensional problems in structural health monitoring, novel structural
design, and real-time simulations for medical processes and clinical applications [38].
Numerical simulations of biological tissues and hyperelastic soft materials have been extensively
conducted within the framework of Finite Element Method (FEM) [39]. Over the years, the for-
mulation of a hyperelastic finite element (FE) has proven a challenging task due to the combined
nonlinear effects arising from the capability to undergo large elastic deformations (geometrical
nonlinearities) and fully nonlinear stress-strain relationships (material nonlinearities) [40, 41].
Researchers have found many limitations of already available FE procedures when applied to
a large strain context, thus innovative and more involved mathematical formulations, based on
rigorous treatment of involved physical quantities [42, 43], have been proposed to and alleviate
numerical limitations that arise in such nonlinear problems, as particularly observed in nearly-
incompressible hyperelastic materials [44, 45]. The main aspect in FE modeling is the locking
treatment at large strain. Locking is a numerical phenomenon typically manifesting as artificial
stiffening due to spurious stresses or strains not present in the exact analytical problem [46].
These artificial effects arise when physical constraints of material conditions are not accurately
represented by the FE formulation adopted. One key example, in hyperelastic FE modeling, is
the volumetric locking [47], namely when the FE approach adopted cannot represent the zero
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volumetric strain constraint, in a resulting overestimated material stiffness, producing poor con-
vergence and spurious and nonphysical pressure/volumetric stresses [48]. Refined mathematical
theories or computationally expensive models are required to accurately describe the complex,
three-dimensional displacement, strain, and stress fields [49]. The present work is devoted to
the rigorous analysis of the mathematical aspects of hyperelastic soft materials FE formulations,
incorporating the constitutive nonlinear behavior for the development of refined, fully nonlin-
ear, higher-order models for the numerical simulation of hyperelastic structures and biological
tissues, including anisotropy effects.

1.1.1 Constitutive modeling of anisotropic biological tissues

Soft biological tissues, including arterial walls, ligaments and tendons, or the tympanic mem-
brane (eardrum), exhibit anisotropic hyperelastic behavior due to embedded collagen fibers, in
a resulting direction-dependent material stiffness. Classical isotropic rubberlike models fail to
capture this behavior; thus, specialized constitutive models are needed to relate the internal
complex micro-structural to the macroscopic mechanical response [50]. In arteries, for example,
collagen fibers in the medial layer are arranged in two symmetric helical families with minimal
dispersion, making the tissue stiffer circumferentially. In contrast, the collagen orientations in
the adventitia and intima are more widely dispersed [26]. Similar anisotropy is found in other
tissues: ligaments and tendons have collagen fibrils predominantly aligned along the primary
load direction [51], and the eardrum fibers arrangement is both radial and circumferential across
layers [52].
Early pioneering work on soft tissue mechanics is given by Fung [53], which introduced a phe-
nomenological model that fit experimental data with exponential-type strain-energy functions.
The pseudoelastic model proposed in an exponential form has been validated using experimental
data on different rabbit arteries, enabling a globally accurate description of the material nonlin-
ear behavior when cylindrical coordinates are considered. Other models, based on the Fung-type
exponential approach, have been proposed to simulate the classical “J-shaped” stress–strain re-
sponse of different biological tissues [54]. However, these models often treat anisotropy by
adopting global, simplified approaches without explicitly accounting for fiber architecture [55].
In the following, the constitutive models proposed in different biological tissue mathematical
modeling are briefly discussed.
Ligaments are specialized bands, made of collagen fibers [56], of dense regular connective tissue
that connect bones, whose primary function is to stabilize connecting joints, allowing physio-
logic motion [57]. Tendons are fibrous connective tissues between skeletal muscles and bones,
for mechanical load transmission generated by muscle contraction, to allow motions [58]. They
are primarily made of axially-loaded aligned collagen fibers [59] surrounded by an extracellular
matrix, in a resulting high tensile strength and effective force transfer, allowing for efficient in
energy storage and release during dynamic activities, as during the motion. Available mate-
rial models for these biological functional tissues are typically limited by the microstructural
assumption considered to influence the macroscopic level, or simplified fiber arrangements [60].
Typically, the mechanical behavior of these functional components is described by independently
modeling of both the extracellular matrix and the fascicles. A graphical representation of the
complex microstructural arrangements of a tendon is provided in Fig. 1.3.
Similar considerations can also be reported in the case of a detailed arterial wall mechanics
modeling. From a modeling standpoint, modern constitutive models for anisotropic hyperelas-
ticity arterial wall mechanics decompose the stored strain-energy density into an isotropic part,
related to a soft ground-matrix, and one or more anisotropic fiber contributions [61]. The matrix
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Figure 1.3: Multi-scale hierarchical tendon structure. AI generated, adapted from [59].

(ground substance) is often represented by isotropic models (as the Neo-Hookean model), while
the fiber networks are modeled with nonlinear terms that provide stiffening effects when fiber
straightening is considered, typically in an exponential form as historically provided by Fung
[62]. One of the most commonly adopted models for arteries and veins is the Holzapfel-Gasser-
Ogden (HGO) model, introduced in [63], where two families of collagen fibers embedded in an
incompressible matrix are assumed. Each fiber family is characterized by a preferred orientation,
initially assumed constant and unique. The main limitation of the original proposed model was
found in the assumption of perfectly aligned fiber families [63]. From experimental evidences,
this assumption has been considered valid only for specific arterial wall, such as the media (the
load-carrying component of the arterial wall), in contrast to the case of the adventitia, where
collagen fiber orientations are dispersed. A comparison between available preliminary models
is discussed in [64]. Moreover, a more detailed analysis of the three-dimensional response of
the arterial wall adopting multilayered models has been provided by Holzapfel et al. [65]. The
proposed results, obtaned considering preliminary models, suggest the need to refine the consti-
tutive model to account for the microstructural features of each arterial wall layer separately.
To generalize the HGO model, later work proposed by Gasser et al. [26] introduced the concept
of statistically dispersed fiber and the fiber dispersion parameter, for measuring the statistical
distribution of fiber orientations about a mean preferential direction [66]. This evolution of the
constitutive law enabled more accurate predictions of arterial mechanical behavior in layers with
distributed collagen orientations. A comprehensive review of biomechanics of coronary arteries
has been recently provided in [67].
The need for more accurate constitutive models also led to novel research topics in bioengineer-
ing, involving, in particular, the incorporation of microstructural modeling within the macro-
scopic constitutive law. These features have been widely analyzed through theoretical and
numerical investigations within the framework of nonlinear anisotropy. Many researchers have
devoted numerous studies to the incorporation of fiber reinforcement in a nonlinear constitutive
framework. A pioneering work in nonlinear elasticity and the analysis of general fiber networks
and arrangements in a hyperelastic scenario is provided by Merodio and Ogden [68], where
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the authors proposed a physical interpretation and analysis of the role of anisotropic invari-
ants. Peng et al. [69] introduced an anisotropic constitutive model for the detailed analysis of
the fiber-matrix interactions for the human annulus, adopting a single quadratic and quartic
fiber reinforcement model with a switch contribution, imposing a reinforcement behavior when
the fibers are under traction. Pandolfi and Vasta [70] instead proposed the simplified HGO
model imposing a Generalized Structural Tensor approach to fiber reinforcement, implementing
a statistical distribution approach to define the anisotropic strain energy density. Freed et al.
proposed an invariant approach for the anisotropic modeling of cardiac tissue for aortic valve
applications [71]. Holzapfel et al. analyzed the mechanical behavior of the rat arterial wall in
a numerical and experimental scenario considering the Fung potential for the material model
description [22]. The studies proposed by Mansouri et al. [72] analyzed the effects of fiber-
matrix interactions, proposing a standard quadratic reinforcement model where an additional
pseudoinvariant has been introduced to incorporate the effects of fiber rearrangements due to
the applied stretch into the anisotropic part of the strain energy functions. Nolan et al. analyzed
the effects of the rescaled or total Cauchy-Green strain measure on the hyperelastic anisotropic
HGO model, to provide more consistent physical models for anisotropic hyperelastic materials
[73].

1.1.2 Constitutive modeling of tension/compression fiber behavior

Constitutive modeling of biological tissues has evolved significantly to capture the key features
of such materials under physiological loading conditions [74]. Most soft tissues are composed of
a ground matrix reinforced by embedded collagen fibers arranged in specific orientations [75].
A major challenge in modeling is accounting for fiber dispersion, namely the statistical distri-
bution of fiber orientations rather than assuming perfectly aligned fiber families [63]. Recently,
Holzapfel et al. [19] proposed a comprehensive review regarding the advances in constitutive
modeling of such fibrous structures, and discussed the most commonly adopted models in the
collagen fiber dispersion modeling.
Many proposed approaches leverage on the experimentally observed asymmetric response of
the collagen fibers when loaded in tension and compression. From the practical standpoint,
it is considered that collagen fibers are unable to carry any compression load; thus, they do
not contribute to the global strain energy when subjected to compression. The exclusion of
compressed fiber in the constitutive modeling of such materials remains a challenging research
topic to this day. Federico and Gasser [76] proposed the concept of mean average direction for
dispersed fiber, including a Heaviside-kind switch function to activate or exclude the compressed
fibers but, as stated by the authors, discontinuities in the stress tensor and tangent elasticity
tensor are then introduced. Melnik et al. [77] adopted the Generalized Structural Tensor (GST)
approach for the compressed fiber exclusion, applying the statistical approach to axisymmet-
ric dispersed fibers. Li et al. [78] analyzed instead the Angular Integration (AI) approach for
excluding fibers under compression in the constitutive modeling of biological tissues. However,
it has been shown that the AI approach leads to computationally burdensome models that are
not applicable even if realistic [78, 79, 70], thus the GST approach emerges as a more valuable
practical approach to simulate biological tissue. Benitez and Montans proposed an extensive
review of the proposed model in the literature for the hyperelastic modeling of skin, including
anisotropic effects, again adopting the GST and AI approach [80]. More recently, Li et al. [81]
proposed a novel computational approach, based on the AI excluding method, to develop a
numerical approach for achieving accurate 3D fiber dispersion models. In available commercial
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software, other simplified procedures have been proposed to exclude compressed fibers, as im-
plemented in the built-in HGO model in ABAQUS commercial software, where the Macauley
brackets are exploited. However, it has been demonstrated by Holzapfel et al. [82] that the
switch function adopted in the ABAQUS model leads to inappropriate results since it is based
on the use of the rescaled stretch in the fiber direction and does not penalize the specific stretch
contribution of the generalized structural tensor, including also unwanted isotropic effects. Sim-
ilar considerations have been addressed by Vergori et al. [83], where the authors showed that
the built-in HGO model does not predict the real physical response of anisotropic hyperelastic
spheres in the small strain regime when subjected to hydrostatic pressure. An energetic approach
for the analysis of anisotropic hyperelastic media has also been developed by Federico et al. [84].

1.1.3 Finite element modeling of hyperelastic structures

The Finite Element Method (FEM) allows the analysis of complex structural problem, by
discretizing a continuum into elementary elements defined according to specific kinematic and
constitutive assumptions. In this sense, different investigations regarding complex geometries,
boundary conditions or material configurations can be carried out without relying on expensive
physical tests. Within the framework of classical continuum mechanics, these elements can be
one-dimensional (1D) beams, two-dimensional (2D) plates or shells, or three-dimensional (3D)
solids. The kinematic formulations of such elements are typically derived from well-established
structural theories, such as those proposed by Euler [85] and Timoshenko [86] for beams, and
by Love [87], Reissner [88], and Mindlin [89] for plates and shells. While FE models based on
these classical theories are computationally efficient, they often yield inaccurate or inconsistent
results when applied to nonlinear problems [90]. The most precise approach to solving the gov-
erning equilibrium equations generally involves using 3D elements, which directly discretize the
unknown field variables without relying on any structural kinematic assumptions. However, the
use of 3D elements can be computationally expensive, particularly in the analysis of thin-walled
structures or ultra-thin composite laminates. The foundations for a general finite element for-
mulations for large strain analysis of nonlinear elastic materials deal with two main aspects:
(i) the complexity of the final, resulting, nonlinear governing equations in the boundary-value
problem when finite deformations are considered; (ii) the lack of uniqueness of the constitutive
relation when real materials are subjected to large strain, thus many models can be used to
represent the same phenomenon [91]. Historically, the development of numerical, finite element
models for nonlinear elastic bodies has been analyzed particularly in incompressible elasticity,
motivated by the physically observed response of rubber-like materials, the most common ex-
ample of nonlinear elastic materials [92]. Mathematically, incompressibility manifests itself as a
constraint on the space of admissible solutions to the boundary value problem [93].
In the last decades, many numerical approaches for hyperelasticity have been proposed. Ahmadi
et al. [94] presented a two-dimensional formulation for plain strain problems of compressible
structures adopting one- and three-field variational formulations, including the numerical sim-
ulations of composites. Alvarez et al. [95] proposed a mixed-order interpolation and a 3D
hexahedral model to analyze arterial walls. Ansari et al. [96] proposed a variational differential
quadrature technique for the 3D analysis of compressible materials in a large deformation con-
text. The same mathematical formalism has been adopted by Hassani et al. [97], who conducted
plain strain analyses of isotropic compressible and nearly incompressible bodies. Velayati et al.
[98] proposed a three-dimensional model for the free-edge stress analysis of plate hyperelastic
structures under bending loads. Balzani et al. [99] proposed a quadrilateral shell element for
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the numerical simulation of anisotropic fiber reinforced shell using an enhanced strain approach.
Firouzi et al. [100] analyzed the pure mechanical analysis of thin shells in an anisotropic context
using quadrilateral plane stress elements. Hong [101] proposed an inverse Lagrangian approach
for the large strain analysis of hyperelastic isotropic bodies. The more recent Virtual Element
Method (VEM), introduced by [102], has been adopted by Van Huyssteen et al. [103, 45] to
investigate locking phenomena and novel procedures in isotropic and transversely isotropic hy-
perelasticity. Karabelas et al. [104] proposed a tetrahedral and hexahedral pure 3D formulation
for the finite torsion and bending of hyperelastic beams. Lejeunes et al. [105] proposed a 3D
FE formulation based on reduction methods for the analysis of a multilayered bearing under
compressive and shear loads. [106]. The IsoGeometric Analysis (IGA) framework, adopted in
improved shell elements formulations, has also been extended to the hyperelastic material frame-
work. Leonetti et al. [106] proposed a hierarchical formulation of shell elements for the finite
bending and torsion of compressible and nearly-incompressible curved membranes. Kiendl et
al. [107] proposed an isogeometric Kirchhoff-Love formulation for the analysis of cardiac valves.
The same framework has been exploited by Nitti et al. [108] to analyze multi-physics problems
involving soft muscular tissues. Additionally, the same framework based on Kirchhoff-Love shell
assumption has been exploited by Schulte et al. [109]. The multi-physics analysis of soft materi-
als structures has been also conducted by many authors, analyzing the effects of thermal varia-
tions or electro-mechanical coupling within dielectric elastomers, as proposed by Hansy-Staudigl
et al. [110] and Humer et al. [111]. Furthermore, Liu et al. [112] proposed a curvilinear shell
framework for the analysis of inflated curved thin membranes. Pascon et al. [113] proposed
a plane stress formulation for the large strain analysis of a functionally graded hyperelastic
beam. Additionally, the same authors analyzed the same framework to model 2D structures
with triangular elements [114]. Nayyar et al. [115] analyzed wrinkles in stretched membranes
adopting plane-stress formulations. Dadgar-Rad and Sahraee [116] developed a nonlinear for-
mulation for curved hyperelastic beams adopting again plane stress assumptions. Similarly, Hu
et al. [117] proposed enriched triangular elements for the plane-stress analysis of elastomers.
Dadgar-Rad and Firouzi [118] extended the same two-dimensional approach to the analysis of
visco-hyperelastic beams. Salamatova et al. [119] analyzed instead new strain measures in a
two-dimensional plane-stress formulation under finite element formulations. Firouzi and Amabili
[120] analyzed the mechanics of growth in soft tissues adopting plane-stress models. Reese et al.
[121] analyzed the capabilities of 3D brick elements in pneumatic applications for the implemen-
tation of through-the-thickness shell integration methods. Suchocki [122] presents an extensive
general invariant-based framework for formulating user-defined subroutines in ABAQUS com-
mercial software, analyzing both the implementation of 2D and 3D material models and finite
elements. From a computational standpoint, the numerical simulation of materials and struc-
tures within the nonlinear domain requires a detailed stress analysis for further investigations.
However, particularly within the hyperelastic context, stress components are strongly influenced
by the type of load applied (conservative and non-conservative) and the boundary conditions
considered; thus, a detailed and rigorous mathematical treatment of the stress tensor involved
in the FE approach must be taken into account [123, 124]. The need for accurate models that
comprehend all these features is nowadays an active research area, due to the already known
limitations of classical FE approaches and involved mathematical derivation procedures.

1.1.4 Refined fully nonlinear unified models

The simulation of nonlinear materials at large strains is a challenging task that requires
refined, fully nonlinear models. In this sense, three-dimensional formulations based on classical
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3D approaches have been extensively proposed in the literature, as well as 2D plane-strain ones.
A complete three-dimensional strain and stress analysis has been proposed adopting simpli-
fied models based on cylindrical or polar coordinates, approach the incompressibility modeling
exploiting convenient reference frames involved in typical geometries of biological tissues [125].

In the nonlinear finite element scenario, over the last few decades, novel numerical procedures
have been proposed within the well-established Carrera Unified Formulation (CUF) framework
[126]. The CUF provides a versatile tool for formulating any theory of structure in a hierarchical
manner, exploiting a recursive index formalism to rewrite the governing equations in a compact
form [127]. The key feature of CUF is given by the implementation of any possible theory of
structure, either for beam/plate/shell structures, following the same mathematical formalism. In
this sense, therefore, the formalism imposed allows to consider the structural theory as a formal
input of the model considered, establishing a direct relation between the axiomatic order of the
structural theory and the desired level of accuracy [128]. Leveraging on this modeling strategy,
the CUF has been utilized to develop refined, fully nonlinear finite elements for 1D beam and 2D
plate/shell structures with three-dimensional capabilities. From a governing equations point of
view, the recursive and hierarchical form of the physical quantities defined in the CUF formalism
permits the definition of elementary building blocks of the model, the so-called Fundamental
Nuclei (FN), by which pure displacement-based FE models are straightforwardly established
[129]. Following this approach, FE procedures independent of the mathematical theory adopted
in the element definition are directly implemented without any loss of generality [129]. The
capabilities of the proposed approach have also been demonstrated in the last decade, also
in the field of nonlinear analysis of structures. The pioneering work of Pagani and Carrera
[130] for the geometrically nonlinear analysis of beam structures, Carrera et al. [131] for the
large displacement and post-buckling analysis of plate structures, and Wu et al. [132] for the
large displacement analysis of 2D shell structures has demonstrated the capabilities of the CUF
framework within the context of geometrically nonlinear analysis of thin-walled or compact
isotropic and multilayered structures. Additionally, the same approach has been exploited within
various engineering fields, demonstrating the consistency of the CUF approach in the definition
of higher-order, fully nonlinear models. In the context of higher-order theory of structures for
geometrically nonlinear problems, the present formulation has been applied to the accurate
modeling of thin walled structures [133, 134, 135, 136], nonlinear rotordynamic analysis [137,
138, 139], progressive failure analysis [140, 141], as well as application to multiphysics problems
[142, 143, 144, 145]. The extensive literature available on higher-order CUF models makes the
proposed approach a versatile and appealing numerical tool to analyze soft material structures, at
large strain, exploiting the three-dimensional capabilities of the proposed higher-order modeling
of structures.

1.2 Objectives and outline

The accurate prediction of the nonlinear response of advanced biological systems requires the
development of robust theoretical and computational frameworks. Traditional finite element are
often limited, in terms of accuracy and efficiency, when nonlinear anisotropic constitutive laws
are included. Additionally, the inclusion of the incompressibility constraint, which is essential,
leads to computationally expensive models or involved mathematical formulations when large
deformations are accounted for.
In this perspective, the present thesis proposes the implementation of a novel finite element
formulation for hyperelasticity, within the well-established Carrera Unified Formulation (CUF).

9



Introduction

The adoption of the CUF formalism allows for the straightforward implementation of invariant-
based hyperelastic approaches within a FE procedure, exploring the higher-order modeling of
the theory of structure approximation, in an resulting enrichment of the structural kinematics
within the element definition accounting for three-dimensional capabilities. On this foundation,
the existing modeling framework is now extended to the nonlinear analysis of isotropic and
anisotropic hyperelastic materials at large strains, with a particular focus on biological-like
structure systems.
This thesis proposes the extension of the unified formalism for beam and plate theories and their
finite element implementation, within the framework of hyperelasticity. The nonlinear governing
equations are formulated independently of the discretization model and the adopted hyperelas-
tic strain energy function constitutive assumptions. The exploited formulation allows for the
definition of numerical models with enhanced robustness and efficiency, as demonstrated also
within the field of strongly nonlinear problems. Consistent physical quantities within the numer-
ical framework are derived following classical continuum mechanics arguments, thus closed-form
analytical expressions of stress tensors, kinematic measures, and linearized physical quantities
are derived independently of the chosen constitutive law. In this way, consistency and straight-
forward implementation across different hyperelastic models are guaranteed.

The objective of this research is twofold: (i) to advance the theoretical foundations of hy-
perelastic modeling through CUF-based finite element formulations and unified approaches,
exploiting the unified approach to formulate hyperelastic finite elements based on higher-order
beam and plate theories of structures; (ii) to provide practical numerical tools that enable accu-
rate nonlinear analyses of isotropic and anisotropic structures, proposing a numerical framework
for the simulation of the pure mechanical behavior of biological tissues.
The present thesis is divided into several chapters, each devoted to a specific aspect of the
mathematical framework of continuum mechanics for hyperelasticity, the unified formulation of
beam and plate theories, and the formulation of the present higher-order finite element method-
ology for anisotropic nonlinear materials and structures. The numerical simulations carried out
in the fields of isotropic, transversely isotropic, and orthotropic hyperelasticity are extensively
analyzed, listing the key findings and main conclusions.

1. Chapter 2 introduces the kinematics concepts, focusing on the kinematics descriptors
adopted in the definition of a continuum body motion. The strain and rotation mea-
sures adopted in the following work. Moreover, the stress measures and balance principles
in the material and spatial reference frames are introduced;

2. Chapter 3 introduces the hyperelastic continuum mechanics framework. The strain en-
ergy function approach to hyperelasticity and the nonlinear constitutive relations are
presented in an invariant formulation. The constitutive modeling of compressible and
nearly-incompressible isotropic and anisotropic materials is presented, deriving the ex-
pression of stress tensors and consistent linearized tangent elasticity tensor under different
formulations.

3. Chapter 4 introduces the adopted framework for higher-order one-dimensional (1D) and
two-dimensional (2D) formulation of beam and plate theories. The proposed approach is
formulated under the CUF formalism, introducing the structural kinematics as a generic
polynomial expansion of the generalized displacement components along the beam cross-
section or plate thickness. In the work, both Taylor expansion models (TE models) and
Lagrange expansion models (LE models) will be employed to describe the kinematics of
beam cross-sections or plate thickness. In this sense, Equivalent-Single-Layer (ESL) models
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and Layer-Wise (LW) or Component-Wise (CW) modeling approaches are introduced.
The description of the two proposed approaches is provided in this chapter, along with a
detailed list of literature references.

4. Chapter 5 introduces the proposed finite element implementation developed in this thesis.
Starting from the definition of higher-order beam and plate models, the nonlinear governing
equations defined by variational principles are rewritten in matrix form, introducing all
the physical quantities in the CUF domain. In this way, the Fundamental Nuclei (FN)
are introduced, rewriting the governing equations under the hierarchical and recursive
notation, independent of the kinematic models adopted along the reference directions and
theory of structure approximations imposed.

5. Chapter 6 provides the numerical schemes adopted for the iterative solution of a nonlinear
algebraic system of equations. In this chapter, both the classical load control procedure
and the modified path-following method based on the Crisfield line-search methods are
fully described.

6. Chapter 7 discusses the numerical results obtained in the numerical simulation of isotropic
hyperelastic materials. The refined, fully nonlinear 1D and 2D CUF models are validated
against reference solutions, such as analytical or numerical solutions obtained via com-
mercial software. Specifically, the uniaxial and simple shear tension tests are performed
to validate the proposed approach. Then, the static and linearized vibration analysis of
slender, thin-walled, or compact thick beams is then performed to assess the capabili-
ties of the CUF models in cases involving large strain problems. Finally, the capabilities
of the present modeling approaches are also investigated considering the static and lin-
earized analysis of a multilayered nearly-incompressible plate. The results demonstrate the
robustness and the accuracy of the present higher-order modeling approach in isotropic
hyperelasticity.

7. Chapter 8 discusses the numerical results obtained in the numerical simulation of trans-
versely hyperelastic materials. The refined, fully nonlinear 1D and 2D CUF models are
validated against available analytical solutions in the case of a simple shear tension test.
Subsequently, the proposed methodology has been applied to the static and linearized vi-
bration analysis of circular fiber reinforced plates, multilayered compressible and nearly
incompressible beams, analyzing the effects of kinematics models and theory of struc-
ture approximation on the mechanical performance of different compressible and nearly-
incompressible soft structures under large strain and displacement conditions. Thanks to
the adoption of a higher-order theory of structures, local effects and complex modal phe-
nomena are analyzed with enhanced accuracy compared to classical 3D FE formulations.

8. Chapter 9 discusses the numerical results obtained in the numerical simulation of biological
tissues. The validated nonlinear 1D and 2D CUF models are adopted here for the numerical
simulation of biological systems, such as veins and arteries, incorporating anisotropic effects
in the constitutive modeling. The proposed approach is validated considering reference
solutions obtained by analytical models or available literature results. The effects of fiber
reinforcement and fiber dispersion, as well as other anisotropic effects, are investigated
using higher-order FE models in the context of large-strain problems or linearized modal
behavior along non-trivial equilibrium states.

9. Chapter 10 presents the discussion of the general conclusions of the work, highlighting
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the most important outcomes of the present work, proposing also the future applications
arising from the present model.

10. Appendix A provides the detailed list of published journal articles and conference proceed-
ings, resulting from the present work.

11. Appendix B provides the analytic, closed form expression found for the orthotropic elas-
ticity tensor, derived for further manipulations and investigations during the present work,
whose expression is extensively used in the numerical modeling of hyperelastic materials.

12. Appendix C provides the implementation of variable-kinematics finite element models for
the geometrically nonlinear analysis of complex structures, preliminary framework devel-
oped within the context of the present work for future developments in large strain analysis
of complex hyperelastic structures.

12



Chapter 2

Kinematics

2.1 Continuum body

2.1.1 Motion

In the classical continuum mechanics framework, a macroscopic system is identified with
the concept of a continuum body, namely a closed volume in Euclidean space with a continuous
distribution of matter in space and time. The body is then imagined as a collection of continuum
particles, in such a way that physical quantities, such as mass and volume, can be measured with
continuous functions. To introduce the concept of a continuum body, the concept of a simple
body is generally used as a starting point.

A simple body is defined as an open subset of the Euclidean space B ⊂ R3. A configuration
of the body, instead, is defined as the mapping ϕ : B → R3. The concept of configuration is
related to the actual state of the body at a generic time frame. In general, during the evolution
of the body, one can describe each evolved state, in space and time, of the deformed body by
considering the collection of all possible configurations described by the mapping ϕ [146].

The material particles P ∈ B of the simple body are the basic elements to describe each
possible configuration of the body at each time instant, thus ϕ = ϕ(P, t). At the initial time,
typically considered t = 0, the reference or material configuration Ω0 of the body is obtained
considering ϕ0 : B → Ω0 ⊂ R3 [146]. Introducing the Cartesian reference frame (E1,E2,E3),
called material reference frame, for each point of Ω0 the material particles are uniquely identified
with the position vector X = XIEI , where XI are the Cartesian components [63]. Considering,
instead, the generic configuration at the time t, denoted as the actual or spatial configuration
of the body Ω, the mapping ϕt : B → Ω ⊂ R3, describes the closed volume of actual mate-
rial particles, denoted by x = xiei, where (e1, e2, e3) is the Cartesian spatial reference frame [63].

A motion of the body is the mapping χ : Ω0 → Ω, where Ω is the configuration of the
body at the generic time t described as the evolved configuration from the material one. The
motion can also be defined as the map χ(X, t) : X → x(t), thus considering the evolution
of the material particles of the body. In general, some mathematical conditions are imposed
on χ to satisfy the physical admissibility of the motion [146]. The evolution of the continuum
body described with respect to the material coordinates is referred to as Lagrangian description;
instead, referring to the spatial coordinates, the motion description is referred to as Eulerian
description [147]. The material configuration is described in the {Ei} reference frame, instead
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the spatial configuration in the {ei} reference frame, that can be generally different [146].
In this context, the Lagrangian displacement field as the map u : Ω0 → R3 given by:

u(X, t) = x−X = χ(X, t) −X (2.1)

Additionally, the Eulerian displacement field is defined as the map u∗ : Ω → R3 given by:

u∗(X, t) = x−X = x− χ−1(x, t) (2.2)

A graphical representation of the introduced mathematical quantities, as well as the concept of
simple body and material and spatial configurations, is provided in Fig. 2.1.
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Ω0

0 t

Ω

χ

u(X,t)

ℬ

ϕ ϕ

X  1 X  2

X  3

x x

x

1 2

3

Figure 2.1: Continuum body: definition of simple, continuum body, material, and spatial reference
frame.

The behavior in the neighborhood of the material particle X is described by the deformation
gradient F [148]:

F(X, t) =
∂χ(X, t)

∂X
= ∇Xχ FiJ =

∂χi

∂XJ
(2.3)

where the symbol ∇X denots the gradient with respect to the X coordinates. The definition
of F in Eq. (2.3) corresponds to a two-point tensor, involving points in different body config-
urations [146]. Generally, physical admissibility conditions of motion are expressed in terms of
mathematical conditions imposed on F. Under the hypothesis of smooth motion, considering
thus χ invertible, one can define its inverse function, namely the map χ−1 : Ω → Ω0 and the
inverse of the deformation gradient [63]:

F−1(x, t) =
∂χ−1(x, t)

∂x
= ∇xχ

−1 (F−1)Ij =
∂χ−1

I

∂xj
(2.4)

Starting from these definitions,the fundamental kinematics relation is automatically derived:

H = ∇u = ∇Xχ(X, t) −∇XX = F− I (2.5)

Within the context of nonlinear solid mechanics, the volume change has a crucial role,
especially in the case of compressible and nearly-incompressible materials. The volume ratio
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J(X, t) is defined as the determinant of F, and relates the infinitesimal volume change from the
material and spatial configurations:

dv = J(X, t)dV (2.6)

where dv and dV are the infinitesimal volumes in the neighborhood of the actual particle x and
reference particle X, respectively. Consider now a unit versor N, mounted in the point P of
the material configuration, and the associated infinitesimal vector dX = dSN. By means of the
motion χ, the material point is now located at p, denoting also with dx = dsn the infinitesimal
vector after the deformation. A graphical representation of the described scenario is proposed
in Fig. 2.2.
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Figure 2.2: Continuum body: definition of motion in the neighborhood of a continuum particle.

Through these definitions, the tensor operations of push-forward and pull-back on vector
quantities can be introduced. The deformation gradients map the material elementary vector
dX to the spatial vector dx, and they can be described either in terms of material and spatial
reference frames [147]. When the elementary vector dx is written in terms of dX and material
coordinates, it can be considered as the push-forward of the material vector dX to the actual
spatial reference frame [147]:

dx = Φ∗[dX] = FdX (2.7)

Vice versa, if the elementary vector dX is written in terms of dx and spacial coordinates, it can
be considered as the pull-back of the spatial vector dx to the material reference frame [147]:

dX = Φ−1
∗ [dx] = F−1dx (2.8)

The power of these two operations is related to the possibility of expressing any quantity in
the preferred reference frame [146], interchanging variable dependence by means of the defor-
mation gradient. The pull-back and push-forward operations give the possibility to change the
material or spatial description of physical quantities by the deformation gradient, the fundamen-
tal kinematic descriptor in continuum mechanics [146]. These two operations are extensively
employed in the derivation of material or spatial description of governing equations, stress and
strain measures, and balance laws.
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2.1.2 Strain measures

The deformation gradient is the fundamental kinematic descriptor used in continuum me-
chanics to analyze the behavior of the continuum body. In continuum mechanics, and par-
ticularly in numerical methods for finite deformation analysis, alternative strain measures are
typically adopted, which are strictly related to the material or actual frames. In general, during
the evolution of the body, the strain measures are defined by analyzing the behavior of the
continuum body in the neighborhood of a continuum particle. Let P be a material particle
described by the material position vector X, and Q1 and Q2 two related material particles in
the neighborhood of P identified by the elementary vectors dX1 and dX2. The deformation χ
maps these entities in the positions p, identified by the spatial position vector x, q1 and q2,
respectively, identifying thus the elementary vectors dx1 and dx2. A graphical representation
of the described scenario is provided in Fig. 2.3.
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Figure 2.3: Continuum body: motion in the neighborhood of a continuum particle.

A generic strain measure is introduced by means of the scalar product between the elementary
vectors. Analyzing the variation of these two elementary vectors and their scalar products, both
stretching effects and changes in angles are then investigated. Introducing then the quantities
dx1 ·dx2 and dX1 ·dX2, recalling the introduced definition of push-forward operation Eq. (2.7):

dx1 · dx2 = (FdX1) · (FdX2) = dXT
1 (FTF)dX2 = dX1 ·CdX2 (2.9)

where the tensor C = FTF is the right Cauchy-Green strain tensor, given in terms of the
deformation gradient. A key aspect of this tensor, as can be observed by Eq. (2.9), is that it
acts directly on elementary vectors defined in the material reference frame. For this reason, the
right Cauchy-Green strain tensor is a material tensor quantity, whose components can be written
as CIJ = FkIFkJ . Alternatively, the proposed scalar product can be equivalently expressed in
terms of spatial vectors, exploiting the pull-back operation Eq. (2.8):

dX1 · dX2 = (F−1dx1) · (F−1dx2) = dxT
1 (F−TF−1)dx2 = dx1 · b−1dx2 (2.10)

where the tensor b = FFT is the left Cauchy-Green strain tensor, given in terms of the defor-
mation gradient. A key aspect of this tensor, as can be observed by Eq. (2.10), is that it acts
directly on the elementary vectors defined in the spatial reference frame. For this reason, the
left Cauchy-Green strain tensor is a spatial tensor quantity, whose components can be written
as bij = FiKFjK .
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The right Cauchy-Green strain tensor represents a useful physical quantity and strain mea-
sure, since it is related to the material reference frame. One can prove that this tensor is strictly
related to the geometrical description of the assigned body and metric arguments [146].

Given these physical quantities, one can also explore the variation in the scalar product
between the two elementary vectors. Expressing this variation in terms of material reference
quantities, applying then the push-forward operations on the vector dx:

1

2
(dx1 · dx2 − dX1 · dX2) =

1

2
(dX1 ·CdX2 − dX1 · dX2) = dX1 ·EdX2 (2.11)

where the tensor E = 1/2(C− I) has been introduced in Eq. (2.11). The tensor E is the Green-
Lagrange strain tensor, related again to the material reference frame. Alternatively, expressing
again the same variation in terms of spatial quantities:

1

2
(dx1 · dx2 − dX1 · dX2) =

1

2
(dx1 · dx2 − dx1 · b−1dx2) = dx1 · edx2 (2.12)

where the tensor e = 1/2(I − b−1) has been introduced. The tensor e is the Almansi strain
tensor, related to the spatial reference frame. These two tensors are the classical strain measure
adopted either in a Total Lagrangian or Eulerian scenario, since they are defined within the
same reference frame. Unlike the deformation gradient, which is a two-point tensor, these
tensors provide information about the local strain behavior in the infinitesimal neighborhood of
particles in the material and spatial frames, respectively [146]. Due to their physical behavior,
since the deformation must be objective, namely independent of the reference frame adopted for
its description, one can write the following equality:

dx1 · edx2 = dX1 ·EdX2 (2.13)

From Eq. (2.13), one can apply again the already introduced concepts of pull-back and push-
forward for vectors and define the same algebraic operation for tensorial quantities. In this
sense, the following operators are here defined [147]:

Push-forward: e = Φ∗[E] = F−TEF−1 (2.14)

Pull-back: E = Φ−1
∗ [e] = FTeF (2.15)

The right Cauchy-Green and Green-Lagrange strain tensors can be expressed in terms of the
displacement gradient H, exploiting the fundamental kinematic relation Eq. (2.5):

C = FTF = (H + I)T (H + I) = HTH + HT I + ITH + IT I =

= HTH + HT + H + I (2.16)

E =
1

2

(
FTF− I

)
=

1

2

(
HTH + HT + H + I− I

)
=

=
1

2

(
HTH + HT + H

)
(2.17)

2.2 Polar Decomposition Theorem

The characterization of the body motion and the behavior in the neighborhood of a material
particle is characterized in a local sense by means of the deformation gradient. Adopting this
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reference kinematic measure, also, infinitesimal local vectors dX are associated with the corre-
sponding dx. This fundamental kinematic measure is further investigated by introducing the
concepts of rotation and pure stretch, which can be conveniently used to characterize local body
motion. Exploiting from the Polar Decomposition Theorem [63], the deformation F is split and
expressed by means of a pure stretch tensor U and a pure rotation tensor R:

F = RU (2.18)

In Eq. (2.18), the quantity U is the symmetric, unique, and positive-definite stretch tensor
that measures local variations (stretch or contractions) of infinitesimal material lines in the
neighborhood of a material particle, thus local shape changes are measured. As it will be now
shows, this tensor can be characterized by means of the Cauchy-Green strain tensor:

U2 = UU = C (2.19)

Additionally, the stretch tensor can be seen as a measure of local stretching/contraction along
the local eigenvectors, namely the principal directions, in the neighborhood of the continuum
body [148]. Instead, R is the unique rotation matrix defined in such a way RTR = I. The
physical interpretation of the tensor U can be found in the definition of the stretch vector and
its variation during the deformation.
Considering a continuum body in its material and spatial configuration. Denote again with
X ∈ Ω0 the material particle in the material reference frame, and with x ∈ Ω the correlated
position in the spatial reference frame. Additionally, at the point X, consider the unit vector
a0, on which an infinitesimal volume neighborhood is identified, considering a sphere of radius
dε0 centered in X. After the deformation, the change in the infinitesimal volume such defined
is given by the deformation gradient, which maps also the versor a0 in the actual a, identifying
the vector dεa in the spatial reference frame. The stretch vector λa0 , measured in the material
reference frame, is defined as follows:

λa0(X, t) = F(X, t)a0 (2.20)

If now P , Q ∈ Ω0 and p, q ∈ Ω are the corresponding points in the material and spatial
reference frame, the infinitesimal neighborhood of the points in the material reference frame are
described by the quantity Q − P = dε0a0, as shown in Fig. 2.4. The evolution of the stretch
vector can again be expressed adopting the previously introduced linearization procedure:

pP

Q

a
0

Ω0 Ω

χ

q

dε a00 a

dεa

Figure 2.4: Continuum body: stretch during a deformation.
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q − p = F(Q− P ) = Fdε0a0 = λa0dε0 (2.21)

The squared modulus of this last vector gives the physical interpretation of the stretch ratio and
its definition in terms of deformation gradient and right Cauchy-Green strain tensor:

|q − p| =
√

(q − p) · (q − p) =
√
λa0 · λa0dε0 = λadϵ (2.22)

λ2 = |λa|2 = λa0 · λa0 = Fa0 · Fa0 = aT
0 F

TFa0 = aT
0 Ca0 (2.23)

Equation (2.23) provides additional information on the physical meaning of the tensor C. The
components of the right Cauchy-Green strain tensor measure the pure stretches between two
neighborhood points during the evolution process. Additionally, using the Polar Decomposition
Theorem:

λ2 = (RUa0) · (RUa0) = a0U
TRTRUa0 = a0U

TUa0 = (Ua0) · (Ua0) = |Ua0|2 (2.24)

Since the stretch ratio is uniquely related to the stretch tensor U, the tensor C does not provide
any information about the local change in orientation of two neighborhood points in the material
configuration after the deformation [147].

From its definition, similar considerations can be addressed for the Green-Lagrange strain
tensor, whose components are here reported for further manipulations. If u = uxE1 + uyE2 +
uzE3 is the Lagrangian displacement field, applying the definition given by Eq. (2.18):

εxx =
∂ux
∂x

+
1

2

[ (
∂ux
∂x

)2

+

(
∂uy
∂x

)2

+

(
∂uz
∂x

)2 ]
(2.25)

εyy =
∂uy
∂x

+
1

2

[ (
∂ux
∂y

)2

+

(
∂uy
∂y

)2

+

(
∂uz
∂y

)2 ]
(2.26)

εzz =
∂ux
∂z

+
1

2

[ (
∂ux
∂z

)2

+

(
∂uy
∂z

)2

+

(
∂uz
∂z

)2 ]
(2.27)

γxy =
1

2

(
∂ux
∂y

+
∂uy
∂x

)
+

1

2

[
∂ux
∂x

∂ux
∂y

+
∂uy
∂x

∂uy
∂y

+
∂uz
∂x

∂uz
∂y

]
(2.28)

γxz =
1

2

(
∂ux
∂z

+
∂uz
∂x

)
+

1

2

[
∂ux
∂x

∂ux
∂z

+
∂uy
∂x

∂uy
∂z

+
∂uz
∂x

∂uz
∂z

]
(2.29)

γxz =
1

2

(
∂uy
∂z

+
∂uz
∂y

)
+

1

2

[
∂ux
∂y

∂ux
∂z

+
∂uy
∂y

∂uy
∂z

+
∂uz
∂y

∂uz
∂z

]
(2.30)

2.3 Linearized kinematics

In the development of linearized consistent models, typically required in the context of non-
linear elasticity, linearized kinematic quantities are therefore needed. It is then required to derive
linearized physical quantities when small perturbations to the motion are considered. This can
be performed both in the material and spatial reference frames.
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Let ū(x) be a small perturbation of the displacement field, defined in the spatial frame Ω.
The linearization of the deformation gradient is performed considering the directional derivative
of F with respect to the direction ū [146]:

DF[ū] =
d

dε
F(x + εū)

∣∣∣∣
ε=0

=
∂ū

∂X
= ∇X ū = (∇xū)F (2.31)

where the symbol DF[ū] is employed to denote the directional derivative. If the perturbation ū
is given in terms of material coordinates, thus ū = ū(X), then DF[ū] = ∇X ū.

The linearization of the deformation gradient automatically allow for the definition of the lin-
earized Green-Lagrange strain tensor, obtained by applying the directional derivative at Eq.
(2.18) and its properties:

DE[ū] =
1

2

(
FTDF[ū] + (DF[ū])TF

)
=

1

2
(FT (∇X ū)F + FT (∇X ū)TF) =

= FT

(
(∇X ū)T + ∇X ū

2

)
F = FTεF = Φ−1

∗ [ε] (2.32)

The last relation in Eq. (2.32) means that the linearized Green-Lagrange strain tensor is given
by the pull-back of the linear strain tensor, in the spatial reference frame, arising from the
assigned perturbation displacements.

2.4 Stress measure

Consider the material configuration of a continuum body Ω0 subjected to surface and vol-
ume forces, and geometrical constraints. Considering a generic material point inside the body
X ∈ Ω0, let Π be a plane, passing through this point, and let N be its normal vector; this plane
identifies two distinct portions of the body, identified as Ω+

0 and Ω+
0 . During the evolution of

the continuum body, also the normal vector N is transformed into the normal vector n in the
actual reference frame, identifying then in the material point x ∈ Ω the cutting plane, by which
the two half-bodies Ω+ and Ω− are defined, as depicted in Fig. 2.5.
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Figure 2.5: Continuum body: stress analysis, concept of traction vector.
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2.4 – Stress measure

In the actual reference frame, the Euler-Cauchy deformable body assumptions, also known as
Cauchy’s section principle, are considered. In an infinitesimal neighborhood dA of x, lying on a
cutting plane, the action of a sub-body on the other one is a surface traction force field defined
over dA. If dR is the resultant vector of this field, Cauchy’s section principle states that dR
admits a finite limit when the infinitesimal neighborhood dA approaches zero:

t(n)(x) = lim
dA→0

R(n)

dA
(2.33)

This finite limit is called Cauchy traction vector, evaluated in the point x and related to the
plane of normal vector n. The traction vector is then depending of both the spatial point and
the cutting plane; however, fixing the particle, the traction vector changes only if the normal
vector of the cutting plane changes.
Global equilibrium conditions for a deformable body are given by Cauchy’s Theorem for a
continuum body. Let Ω be the spatial configuration of a continuum body, supposing to known
the internal forces and external forces fields, the equilibrium under the Cauchy assumptions
relates the traction vector to the Cauchy stress tensor σ, in such a way t(n)(x) = σ(x, t)n. In
addition, the equilibrium of the continuum body is governed by:

1. Static translational equilibrium of the body: if the only load considered is the volume force
field b, the translational equilibrium is

divxσ + b = 0 (2.34)

where divx denotes the divergence operator with respect to the x coordinates:

divx(·) =
∂(·)
∂x1

+
∂(·)
∂x2

+
∂(·)
∂x3

(2.35)

2. Rotational equilibium: the stress tensor is symmetric

σ(x, t) = σT (x, t) (2.36)

Let {e1, e2, e3} be the orthonormal Cartesian reference frame in the actual configuration.
The generic nine Cartesian components of the stress tensor can be characterized by considering
the three planes passing through the material point x and parallel to the coordinate planes. By
fixing as a normal vector of the cutting plane the three normal vectors of the Cartesian basis,
normal stress components and tangential stress components can be identified:

σxx = t
(n)
1 · e1 = (σ e1) · e1 τxy = t

(n)
1 · e2 = (σ e1) · e2 τxz = t

(n)
1 · e3 = (σ e1) · e3

τyx = t
(n)
2 · e1 = (σ e2) · e1 σyy = t

(n)
2 · e2 = (σ e2) · e2 τyz = t

(n)
2 · e3 = (σ e2) · e3

τzx = t
(n)
3 · e1 = (σ e3) · e1 τzy = t

(n)
3 · e2 = (σ e3) · e2 σzz = t

(n)
3 · e3 = (σ e3) · e3
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2.5 Balance principles

2.5.1 Reynolds’ Transport Theorem

The equilibrium equations describing the evolution of a deformable continuum body are
typically expressed in both strong and weak forms, namely in differential and integral forms,
respectively [146]. In this section, the governing equations for the elastodynamic problem of a
deformable body are briefly presented, with a focus on their material and spatial definitions.
The starting point for a generic balance equation in a continuum mechanics framework is the
Reynolds Transport Theorem. If φ(x, t) is a general scalar quantity of a particle per unit volume,
namely the intensive physical quantity, the related extensive (volume-dependent) quantity is
defined as:

Φ(x, t) =

∫
Ω
φ(x, t)dv (2.37)

where Ω = vol(Ω) is the actual volume after the deformation. From this definition, the material
time derivative that gives the rate of Φ is expressed as:

dΦ

dt
=

∫
Ω

(
divx(φv) +

∂φ

∂t

)
dv =

∫
Ω

Dφ

Dt
dv =

∫
Ω

∂φ

∂t
dv +

∫
∂Ω

φv · nds (2.38)

where v is the spatial velocity vector, n is the unitary outward vector from the boundary surface
∂Ω. In Eq. (2.38), the rate of change in time of a generic quantity has been compactly introduced

by means of the total time derivative, denoted with the symbol
D(·)
Dt

, defined as:

D(·)
Dt

=
∂(·)
∂t

+ divx( (·) v) (2.39)

Equation (2.38) is the most general form of the Reynolds’ Transport Theorem. In con-
tinuum mechanics, balance principles are typically written applying the transport theorem to
fundamental mechanical quantities such as mass or linear momentum. In this way, a straight-
forward derivation of the governing equation can be easily proposed.

2.5.2 Conservation of mass

In the case of the mass continuity equation, the balance equation is given by considering φ(x, t) =

ρ(x, t), where ρ is the mass density in the spatial reference frame, thus m(t) =

∫
Ω
ρ(x, t)dv.

Applying Eq. (2.38) to the mass definition given, in the case of a closed domain that does
not exchange mass with the external ambient considered, one can derive the integral mass
conservation equation:

dm

dt
=

∫
Ω

(
∂ρ(x, t)

∂t
+ divx(ρ(x, t)v)

)
dv = 0 (2.40)

Equation (2.40) is the most general form of the mass continuity equation for a closed system.
For the sake of completeness, applying the Localization Theorem [146], one can write the same
equation in strong form as:

∂ρ(x, t)

∂t
+ divx(ρ(x, t)v) = 0 (2.41)
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2.5 – Balance principles

Equation (2.41) is helpful in defining the transport equation and balance law for a vector-valued
function weighted by the material density, as can be seen, for example, in the definition of linear
momentum. Starting from the definition of intensive and extensive quantities, let u be a generic
vector field defined over the actual reference frame and configuration. Introducing now:

φ(x, t) = ρ(x, t)u(x, t); Φ(t) =

∫
Ω
ρ(x, t)u(x, t)dv (2.42)

The general transport equation for the extensive quantity Φ(t) will be written following the
Reynolds Transport Theorem:

dΦ

dt
=

∫
Ω

[
∂(ρu)

∂t
+ divx(ρu⊗ v)

]
dv =

=

∫
Ω

(
∂ρ

∂t
u + ρ

∂u

∂t
+ udivx(ρv) + ρv · ∇xu

)
dv =

=

∫
Ω
u

(
∂ρ

∂t
+ divx(ρv)

)
dv︸ ︷︷ ︸

Mass conservation, =0

+

∫
Ω

(
ρ
∂u

∂t
+ ρv · ∇xu

)
dv =

∫
Ω
ρ
Du

Dt
dv (2.43)

where the total time derivative for a generic vector field, considering that the mass balance
equation holds, has been introduced as:

Du

Dt
=

∂u

∂t
+ v · ∇xu (2.44)

In this way, any balance law for density-weighted fields can be easily proposed.

2.5.3 Conservation of linear momentum

Consider a continuum body B occupying the actual configuration Ω at the generic time
instant t. In this configuration, the position vector x = χ(X, t), the spatial mass density ρ(x, t)
and the spatial velocity v(x, t). Conversely, from the undeformed reference configuration Ω0

the material mass density ρ0(X, t) and material velocity V (X, t) are respectively defined. The
linear momentum Q(t) is defined as the vector integral function:

Q(t) =

∫
Ω
ρ(x, t)v(x, t)dv =

∫
Ω0

ρ(x, t)V (X, t)J(X, t)dV =

∫
Ω0

ρ0(X, t)V (X, t)dV (2.45)

The balance of linear momentum is postulated as the governing equation for the material
time derivative given by the Reynolds Transport Theorem and Newton’s laws of motion [149]:

dQ(t)

dt
=

∫
Ω
ρ(x, t)

Dv(x, t)

Dt
dv =

∫
Ω0

ρ0(X, t)V̇ (X, t)dV = F (t) (2.46)

where D/Dt denotes again the total time derivative operator, and F (t) denotes the global
external force vector applied to the continuum body. Different acting forces are considered in
the definition of the global external force vector. On a portion of the boundary surface ∂Ω of
the actual domain, it is supposed the application of a traction vector t(n)(x, t) where n is the
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outward normal of the actual configuration boundary. Instead, the global volume force b(x, t)
is the vector field of the force per unit volume applied to the body (e.g., gravitational forces).
In this way, the external force vector is written as:

F (t) =

∫
∂Ω

t(n)(x, t)dv +

∫
Ω
b(x, t)dv (2.47)

Equations (2.46)-(2.47) are the starting elements for the definition of linear momentum
balance equilibrium, both in terms of material and spatial description.

Considering the traction vector force load applied to the structure, one can apply classical
calculus arguments to derive:∫

∂Ω
t(n)(x, t)dv =

∫
∂Ω

σ(x, t)ndv =

∫
Ω

divxσ(x, t)dv (2.48)

where σ(x, t) is the Cauchy stress tensor introduced in Sec. 2.4. Applying now Eq. (2.46)
referring to the spatial description of the balance law, imposing the integral term related to the
traction vector field in the spatial description into the definition of external force vector Eq.
(2.47), one can obtain:∫

Ω
ρ(x, t)

Dv(x, t)

Dt
dv =

∫
Ω

divxσ(x, t)dv +

∫
Ω
b(x, t)dv (2.49)

Applying now the Localization Theorem [146], one can retrieve the global translational equi-
librium equation in strong form, also known as Cauchy’s first equation of motion, written with
respect to the spatial reference frame:

ρ(x, t)
Dv(x, t)

Dt
= divxσ(x, t) + b(x, t) (2.50)

Equation (2.50) is the starting point for the analysis of the elasto-dynamic problem in nonlinear
solid mechanics when pure mechanical loads are considered. Typically, equilibrium equations are
written in the material reference frame, adopting alternative strain and stress measures, based
on energetic arguments and duality. These considerations will be addressed from a variational
perspective in the following section.

2.6 Variational formulation

The mathematical foundations of finite element formulation frequently involves the intro-
duction of linearized virtual quantities, which allow for the consistent representation of small
variations in kinematic fields [149]. The adoption of the configuration concepts is helpful when
variations have to be considered. Considering a continuum body, the set of all possible con-
figurations that satisfy the geometric constraints is the set of admissible configurations [150].
Within this set, only one configuration satisfies the equilibrium conditions. From this true con-
figuration, the set of admissible ones is then restricted to those in its neighborhood, and they are
obtained considering infinitesimal variations from this equilibrated state. A virtual variation is
a small perturbation, experienced by a mechanical system in its equilibrium configuration, to
define another compatible and admissible configuration [150]. As stated by Reddy [150]: “[...]
the displacements are called virtual because they are imagined to take place (i.e, hypothetical),
with the actual loads acting at their fixed values”. The application of the calculus of variations
[149, 151] and appropriate variational principle provides a rigorous framework for deriving the
governing equations in a weak and global form.
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2.6 – Variational formulation

2.6.1 Virtual variation and linearized quantities

Let δu(x) be a small perturbation of the displacement field defined in the spatial configu-
ration x, considered to define the variation of the displacement field, supposed arbitrary and
virtual. In this sense, the concept of variation is not referred to an actual change but to a
possible realization of the displacements [149]. The linearized kinematics approach described in
Sec. 2.3 is now employed, adopting the same formalism, to define the virtual variation of the
kinematic measures introduced before.
Given the virtual displacement δu(x), one can derive:

∇x(δu) =
∂(δu)

∂x
=

∂(δu)

∂X

∂X

∂x
= ∇X(δu)F−1 (2.51)

Starting from the above definitions and following Eq. (2.31), one can derive the virtual
variation of the deformation gradient δF by means of the directional derivative [147]:

δF = DF[δu] =
d

dε
F(x + εδu)

∣∣∣∣
ε=0

=
∂(δu)

∂X
= ∇X(δu) (2.52)

Applying the properties of the directional derivative, and exploited the obtained relation in
Eq. (2.52), the virtual variation of the Green-Lagrange strain tensor is rapidly obtained [147]:

δE =
1

2
δ(FTF− I) =

1

2
δ(FTF) =

1

2
((δF)TF + FT δF) =

=
1

2
((∇X(δu))TF + FT (∇X(δu))) =

1

2
((FT (∇X(δu))T + FT (∇X(δu))) =

= sym(FT (∇X(δu))) (2.53)

The property of symmetry expressed in Eq. (2.53) is useful when integral energetic contributions
will be derived. From this derivation, the virtual variation of the strain tensor in the spatial
reference frame δe is carried out starting from the push-forward of the tensor δE:

δe = Φ∗[δE] = F−T δEF−1 = F−T

[
1

2

(
FT (∇X(δu)) + FT (∇X(δu))

)]
F−1 =

=
1

2

[
F−T (∇X(δu))TFF−1 + F−TFT (∇X(δu))F−1

]
=

=
1

2

(
(∇x(δu))T + ∇x(δu)

)
(2.54)

2.6.2 Governing equation in weak form in spatial description

Let Ω be the spatial actual configuration of the continuum body. Let u be the displacement
field and let the body be in equilibrium under Cauchy’s conditions. Assume the equilibrium con-
ditions Eq. (2.50), assuming b is the vector of volume forces. Geometrical and load constraints
have to be defined, characterizing the initial and boundary value problem. On the surface sub-
domain ∂Ωσ of the whole external surface ∂Ω, a generic load application is supposed. Instead,
in the subdomain ∂Ωu geometrical constraints are considered, in such a way ∂Ω = ∂Ωσ ∪ ∂Ωu.
Considering this problem statement, the governing equation in strong form is then coupled with
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initial and boundary conditions to define the boundary-value problem of the elastodynamic
problem, written in the spatial reference frame:

ρ(x, t)
Dv(x, t)

Dt
= divxσ(x, t) + b(x, t)

u(x, t) = ū(x, t) on ∂Ωu

t(x, t) = t̄(x, t) on ∂Ωσ

(2.55)

The set of governing equations Eq. (2.55) is not generally solvable analytically in the most
general case, for any boundary conditions or load configurations. Exact reference solutions are
available only in special and idealized cases [150]. The most common approach to finding a
general solution is the implementation of numerical procedures based on the variational prin-
ciples. In this sense, the governing equations are rewritten in a global, integral form, where
a discretization technique is applied for the approximation of the solution numerically. Most
variational principles are based on the fundamental lemma of calculus of variations [152], which
is briefly presented here for the application of the present thesis.
Starting from the equilibrium equation Eq. (2.55), considering a generic η(x) : Ω → R3 vector-
valued function, defined over the spatial configuration of the continuum body at equilibrium,
the following functional is introduced [63]:

f(u(x),η(x)) =

∫
Ω

(
divxσ(x, t) + b(x, t) − ρ(x, t)

Dv(x, t)

Dt

)
· η(x)dv = 0 (2.56)

In the context of the calculus of variation, the generic η(x) is called test function. By the
definition of the test function, one can automatically retrieve the equilibrium condition in strong
form by the previous statement through the fundamental lemma of calculus of variations. Since
the test function is arbitrary, the argument of the functional (that is, multiplied by η(x)) must
be zero in the whole domain of integration to satisfy the above condition. In other words, the
solution of the strong form equilibrium equations is equivalent to the solution of the weak form
equation. Within the context of finite element procedures for nonlinear elasticity, the arbitrary
test-function η(x) considered is typically the virtual variation of the displacement field, namely
δu. Given by the physical interpretation of the virtual displacements introduced before, the
Principle of Virtual Work is then introduced:∫

Ω

(
divxσ(x, t) + b(x, t) − ρ(x, t)

Dv(x, t)

Dt

)
· δu dv = 0 (2.57)

Exploiting tensor algebra and related properties [153], remembering that Cauchy’s stress tensor
σ(x, t) is a symmetric tensor and the virtual variation of the strain tensor in the spatial de-
scription is given by Eq. (2.54), the first integral contribution in Eq. (2.57) can be rewritten
as:

divxσ(x, t) · δu = divx(σT (x, t)δu) − σ(x, t) : ∇x(δu)

= divx(σT (x, t)δu) − σ(x, t) :
1

2

(
(∇x(δu))T + ∇x(δu)

)
= divx(σT (x, t)δu) − σ(x, t) : δe (2.58)

Substituting the obtained expression into Eq. (2.57), applying the Divergence Theorem and an-
alyzing separately each term, one obtains finally the classical expression of weak-form governing
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2.6 – Variational formulation

equation for the elasto-dynamic nonlinear problem:∫
Ω
σ(x, t) : δedv =

∫
∂Ω

σ(x, t)Tn · δudv +

∫
Ω
b(x, t) · δudv −

∫
Ω
ρ(x, t)

Dv(x, t)

Dt
· δudv (2.59)

This final statement is one of the most straightforward variational principles used for construct-
ing finite element procedures in nonlinear continuum mechanics. Denoting with a(x, t) the
spatial acceleration, from Eq. (2.59), the internal, external, and inertial virtual work contribu-
tions are defined:

δLint =

∫
Ω
σ : δe dv (2.60)

δLext =

∫
Ω
σ(x, t)Tn · δudv +

∫
Ω
b(x, t) · δudv (2.61)

δLine =

∫
Ω
ρ(x, t)

Dv(x, t)

Dt
· δudv =

∫
Ω
ρ(x, t)a(x, t) · δudv (2.62)

2.6.3 First Piola-Kirchhoff stress tensor

The final weak-form equation Eq. (2.59), is written in the spatial reference frame, as can be
observed from the volume integral computation, referred to the actual configuration Ω. Alter-
native forms of the equilibrium conditions are adopted in finite element scenarios, when referred
to the material undeformed state. From tensor algebra [153] and mathematical manipulations,
the weak-form balance law referring to the material reference frame can be introduced.
Staring from the definition of internal work Eq. (2.60):

δLint =

∫
Ω
σ : δe dv =

∫
Ω0

σ : ∇x(δu) JdV =

=

∫
Ω0

σ : ∇X(δu) F−1 JdV =

∫
Ω0

(JσF−T ) : ∇X(δu) dV =

∫
Ω0

P : δF dV(2.63)

where the tensor P = JσF−T is the first Piola-Kirchhoff stress tensor (PK1), defined as a
two-point unsymmetric stress tensor whose components are given by:

P = PiJei ⊗EJ ; PiJ = Jσik(F)−1
Jk (2.64)

The physical meaning of the PK1 stress tensor, provided in Eq. (2.64), is given by Nanson’s
formula [63] and the analysis of the force per unit area, as done in the definition of Cauchy’s
stress tensor. For an infinitesimal area described by the vector da = dan, the elemental force
dp acting on da is given by the traction vector:

dp(x, t) = t(n)(x, t)da = σ(x, t)da = Jσ(x, t)F−TdA = P(X, t)dA (2.65)

where dA is the infinitesimal area vector around the X material particle in the material con-
figuration. In this sense, by Eq. (2.65) gives the physical meaning of the PK1 stress tensor,
that relates the spatial force per unit undeformed area, introduced as the concept of material
traction vector T(N)(X, t) = P(X, t)N . Therefore, the P tensor is not strictly related to the
material condition [147].
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2.6.4 Governing equation in weak form in material description

The material description of the balance equation can be obtained exploiting the definition
of the first Piola-Kirchhoff stress tensor. Starting from Eq. (2.57), applying again the funda-
mental lemma of calculus of variation, the material description of the governing equation can
be retrieved:

0 =

∫
Ω

(
divxσ(x, t) + b(x, t) − ρ(x, t)

Dv(x, t)

Dt

)
· δudv =

=

∫
Ω0

(
divxσ(x, t) + b(x, t) − ρ(x, t)

Dv(x, t)

Dt

)
· δu J(X, t)dV =

=

∫
Ω
J(X, t)divxσ(x, t) · δudV +

∫
Ω0

J(X, t)b(x, t) · δudV −
∫
Ω0

J(X, t)ρ(x, t)
Dv(x, t)

Dt
· δu =

=

∫
Ω0

J(X, t)divxσ(x, t) · δudV +

∫
Ω0

B(X, t) · δudV −
∫
Ω0

ρ0(X, t)V̇ (X, t)dV (2.66)

where, in the last equality of Eq. (2.66), the vector B(X, t) denotes the reference body forces,
ρ0(X, t) is the density function evaluated in the material reference frame and V̇ (X, t) represent
the material velocity, exploiting a derivation in time since no convective terms of the total time
derivative are involved. The first term of Eq. (2.66) is analyzed separately starting from the
definition of PK1 tensor Eq. (2.64) and the properties of the divergence operator [153]:

divXP = divX(JσF−T ) = ∇X(σ) : JF−T + σdivX(JF−T ) = Jdivx(σ) (2.67)

where the Piola Identity divX(JF−T ) = 0 has been applied [63]. In this way, the weak-form
equation is rewritten as:∫

Ω0

divXP · δudV +

∫
Ω0

B(X, t) · δudV −
∫
Ω0

ρ0(X, t)V̇ (X, t) · δudV =

=

∫
Ω0

(
divXP + B(X, t) − ρ0(X, t)V̇ (X, t)

)
· δudV = 0 (2.68)

Considering the Fundamental Lemma of Calculus of Variation, the strong-form equilibrium
equation written in the material reference frame is obtained from Eq. (2.68):

ρ0(X, t)V̇ (X, t) = divXP(X, t) + B(X, t) (2.69)

This final statement provides the material expression of the variational principle for con-
structing a finite element procedure in nonlinear continuum mechanics. Denoting with A(x, t)
the material acceleration, from Eq. (2.69), the internal, external, and inertial virtual work
contributions are defined in the material reference frame as:

δLint =

∫
Ω0

P : δFdv (2.70)

δLext =

∫
Ω0

P(X, t)TN · δudv +

∫
Ω0

B(X, t) · δudv (2.71)

δLine =

∫
Ω0

ρ0(X, t)V̇ (X, t) · δudv =

∫
Ω0

ρ0(x, t)A(X, t) · δudv (2.72)
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2.6.5 Second Piola-Kirchhoff stress tensor

In the material description of the continuum body, the PK1 stress tensor is not commonly
adopted because it refers to physical quantities related to the actual spatial reference frame.
From Eq. (2.65), one can consider the pull-back of the spatial elemental force vector dp to
define the related force vector dP in the material configuration:

dP = Φ−1
∗ [dp] = Φ−1

∗ [JσF−TdA] = JF−1σF−TdA = SdA (2.73)

where the tensor S = JF−1σF−T is the second Piola-Kirchhoff stress tensor. In the practical
application, the PK2 stress tensor has no physical meaning; it relates the material force per
unit material area. In addition, by its definition, the PK2 stress tensor S is the pull-back on the
material configuration of the Cauchy’s stress tensor σ in the spatial configuration, scaled by a
factor of J . This tensor transformation is called Piola transform on contravariant tensors [146]:

(a) S = JΦ−1
∗ [σ] (b) σ = JΦ∗[S] (2.74)

As seen in the previous derivation, the PK2 stress tensor can be derived from energetic argu-
ments. Starting from the definition of internal energy and using the push-forward operation on
the Almansi strain Eq. (2.54), and remembering the properties of the trace and contraction
operators [153], one can write:

δLint =

∫
Ω
σ : δe dv =

∫
Ω0

σ : (F−T δEF−1)JdV =

∫
Ω0

tr((F−T δEF−1)(Jσ))dV =

=

∫
Ω0

tr(J(F−1σF−T )δE)dV =

∫
Ω0

(JF−1σF−T ) : δEdV =

=

∫
Ω0

S : δEdV (2.75)

From these introduced quantities, then, the internal strain energy, namely the energy stored dur-
ing the deformation process, can be equivalently written in the material or spatial configuration
as:

δLint =

∫
Ω0

P : δF dV =

∫
Ω0

S : δEdV =

∫
Ω
σ : δe dv (2.76)

In other words, the deformation gradient F is the work-conjugate of the first Piola-Kirchhoff
P stress tensor, the Green-Lagrange strain tensor E is the work-conjugate of the second Piola-
Kirchhoff S stress tensor, and the Almansi strain tensor r is the work-conjugate of the Cauchy
σ stress tensor.

29



30



Chapter 3

Hyperelasticity

“The task of the theorist is to bring order into the chaos of the phenomena of nature, to invent a
language by which a class of these phenomena can be described efficiently and simply.”

- “The Non-Linear Field Theories of Mechanics”, Truesdell and Noll, 1992.

3.1 Basics of isotropic hyperelastic constitutive modeling

3.1.1 Helmholtz free energy

The constitutive theory for hyperelastic materials is based on the existence of a Helmholtz
free-energy function Ψ, denoted as the strain energy density function per unit volume. The
material model is characterized by the definition of Ψ. In general, a hyperelastic material is
classified as homogeneous or non-homogeneous. In the case of homogeneous hyperelasticity,
the distribution of internal structure is considered uniform across the scales (from macro- to
micro-scale), and the material model is fully characterized by the deformation gradient, thus
Ψ = Ψ(F). Instead, in the case of non-homogeneous materials, the strain energy function per
unit volume will depend on both the deformation gradient and the position vector of the particle
considered in the continuum body.

In the present thesis, perfectly elastic homogeneous materials will be considered. From the
definition of “perfectly” elastic, a general hypothesis on the dissipative behavior is considered,
expressed in mathematical terms by means of the Coleman-Noll procedure [146]:

Dint = P : Ḟ− Ψ̇ =

(
P− ∂Ψ(F)

∂F

)
: Ḟ = 0, ∀X ∈ Ω0 (3.1)

where Dint is the internal dissipation energy, P is the first Piola-Kirchhoff stress tensor, and Ḟ
is the rate of change of the deformation gradient during the evolution of the continuum body.
For perfectly elastic structures, since the internal dissipation is required to be null for each
arbitrarily chosen Ḟ, the constitutive law for hyperelastic material is obtained:

P =
∂Ψ(F)

∂F
(3.2)

In the constitutive theory of hyperelasticity, typically physical admissibility conditions are
imposed directly on the admissible values of the strain energy function model Ψ:
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� Normalization condition: in the ground state, the undeformed configuration characterized
by F = I, a stress free condition is imposed, thus

Ψ(I) = 0 (3.3)

� Non-negativeness condition: in every possible deformed configuration, the strain energy
function satisfies the condition Ψ(F) ≥ 0.

In the present approach, under these hypotheses, the strain energy function Ψ admits only
a global minimum in F = I. This can also be addressed as pure convexity of Ψ. Additionally,
in the literature, numerous models for hyperelastic materials have been analyzed under the
poly-convexity assumptions, considering more complex models for the analysis of large strains,
damage, progressive failure, and constitutive theories of biological tissue [154].

3.1.2 Equivalent and reduced forms of constitutive law

The basic assumption of the constitutive modeling of materials is objectivity. This aspect
has to be incorporated in the constitutive law in order to be physically admissible [155]. It
is generally assumed that the strain energy function Ψ(F) is objective when the motion χ is
considered, condition that is expressed as:

Ψ̃(F) = Ψ̃(RTF) = Ψ̃(RTRU) = Ψ̄(U) (3.4)

where R is the proper orthogonal rotation tensor introduced in the Polar representation theo-
rem, and U is the stretch tensor. From Eq. (3.4), one can note that the strain energy function
depends only on the pure stretch tensor, and the rotational part of the deformation gradient
does not affect the total energy stored during the deformation process. This condition is nec-
essary and sufficient to incorporate, in the constitutive modeling of materials, objectivity for
superimposed rigid body motion and physical consistency of the material model.

Moreover, one can rewrite the dependence of the material model given by Ψ in terms of the
right Cauchy-Green strain tensor C and the Green-Lagrange strain tensor E. Since these strain
measures, as discussed in Sec. 2.1.2, do not depend on the rotational part of the deformation
gradient, they can be both assumed to completely characterize the strain energy density function:

Ψ̃(F) = Ψ̂(E) = Ψ(C) (3.5)

Starting from this point, it is possible to rewrite the material model in an alternative form,
depending on the specific application. In the framework of numerical models for simulations of
materials and structures, typically the right Cauchy-Green strain tensor and Green-Lagrange
strain tensor are adopted, since they are related to the material reference [156].

Considering the time derivative of the strain energy function, by means of the chain rule and
classical continuum mechanics arguments, one can write:

Ψ̇ = tr

[(
∂Ψ̃(F)

∂F

)T

Ḟ

]
= tr

[(
2
∂Ψ(C)

∂C

)
FT Ḟ

]
(3.6)

(
∂Ψ̃(F)

∂F

)T

= 2

(
∂Ψ(C)

∂C

)
FT (3.7)
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Alternative expression for the first and second Piola-Kirchhoff stress tensor can be automat-
ically retrieved from Eq. (3.7):

σ = 2J−1F
∂Ψ(C)

∂C
FT (3.8)

P = 2F
∂Ψ(C)

∂C
(3.9)

S = 2
∂Ψ(C)

∂C
=

∂Ψ̂(E)

∂E
(3.10)

These definitions of the stress tensors Eqs. (3.8)-(3.10) are the starting point for the imple-
mentation of structural mechanics numerical models, and represent the fundamental relations
adopted in the hyperelastic material framework for the stress analysis and balance principle
definitions.

3.1.3 Representation theorem

One of the most important results in continuum mechanics is the representation theorem. If
a scalar-valued function is invariant under rotations, such as the strain energy density function
discussed in Sec. 3.1.1, this can be expressed in terms of principal invariants of the argument.
Considering the definition of Ψ = Ψ(C) in terms of the right Cauchy-Green strain tensor, the
principal invariants of the argument C are defined as:

I1(C) = tr(C) = I : C (3.11)

I2(C) =
1

2

(
(tr(C))2 − tr(C2)

)
(3.12)

I3(C) = det(C) = J2 (3.13)

where I is the identity tensor and the symbol “:” denotes the double contraction operator.
Therefore, the strain energy function can be written as Ψ = Ψ(I1(C), I2(C), I3(C)). These
fundamental results have been extensively adopted in the constitutive modeling of hyperelastic
materials, utilizing constitutive models that depend only on the relations between the invariants
of the tensor C, while analyzing the physical interpretation of each component.

To derive a general, closed-form expression of the constitutive law in terms of invariants,
starting from the differentiation rule:

∂Ψ(C)

∂C
=

∂Ψ(C)

∂I1

∂I1
∂C

+
∂Ψ(C)

∂I2

∂I2
∂C

+
∂Ψ(C)

∂I3

∂I3
∂C

(3.14)

The derivatives of the principal invariants Eqs. (3.11)-(3.13) can be retrieved from simple
tensor calculus [153]:

∂I1
∂C

=
∂(I : C)

∂C
= I (3.15)

∂I2
∂C

= I1I−C (3.16)

∂I3
∂C

= I3C
−1 (3.17)

The constitutive law in terms of the second Piola-Kirchhoff stress tensor Eq. (3.10) can be
rewritten as:

S = 2
∂Ψ(C)

∂C
= 2

[(
∂Ψ

∂I1
+ I1

∂Ψ

∂I2

)
I− ∂Ψ

∂I2
C + I3

∂Ψ

∂I3
C−1

]
(3.18)
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The adoption of the strain energy function in terms of the right Cauchy-Green strain tensor
Eq. (3.5) and the constitutive law written, consequently, as done in Eq. (3.18) is referred
to as the coupled hyperelastic formulation. This approach is typically useful is incompressible
material modeling, for which J = 1, or internally constrained materials.

3.2 Compressible isotropic hyperelasticity

The mechanical response of some soft materials and structures is characterized by different
deformation mechanisms. In particular, volumetric and isochoric deformations are typical me-
chanical responses observed under general boundary conditions. For this reason, it is convenient
to split the definition of the strain energy density function in the so-called volume-preserving
part and volume-changing part, under the Flory decomposition of the deformation gradient [157].

The dilatational and distorsional components of the strain energy functions are defined
imposing the multiplicative decomposition into volumetric and isochoric components of the
deformation gradient F and the right Cauchy-Green strain tensor C.

F = (J1/3I)F̄, F̄ = J−1/3F (3.19)

C = (J2/3I)C̄, C̄ = J−2/3C (3.20)

These definitions provided in Eqs. (3.19)-(3.20) are useful in the constitutive modeling of nearly
incompressible soft materials, for which dilatation changes (volume changes) require significantly
more energy compared to distortional deformation [1]. In the following, the strain energy density
function is the sum of a purely volumetric component and a purely distortional part:

Ψ(C) = Ψvol(J) + Ψiso(C̄) = Ψvol(J) + Ψiso(Ī1, Ī2) (3.21)

In the expression Eq. (3.21), the volumetric and dilatation parts are analyzed separately us-
ing the multiplicative decomposition of the kinematic measures. This approach has been ex-
tensively adopted in the numerical procedure to avoid numerical limitations of finite element
approaches when incompressible materials are analyzed. The rescaled invariants of the modified
right Cauchy-Green strain tensor are then straightforwardly introduced:

Ī1 = J−2/3I1; Ī2 = J−4/3I2 (3.22)

The assumptions considered on the kinematic splitting of the deformation gradient are then
imposed for the definition of the same constitutive law in terms of modified rescaled tensors
F̄ and C̄. Starting from the chain rule, one can automatically derive the following differential
relations:

(a):
∂J

∂C
=

1

2
JC−1; (b):

∂J−2/3

∂C
= −1

3
J−2/3C−1 (3.23)

The definition of the constitutive law in terms of modified tensors requires the definition of
the so-called projection tensor. The modified tensors are strictly a function of the deformation
gradient through the volume ratio J dependence. In this sense, it is useful to consider the
variation of the rescaled kinematic measure with respect to the reference Lagrangian strain
measure adopted in the definition of a hyperelastic constitutive law [63]. Considering then:
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3.2 – Compressible isotropic hyperelasticity

∂C̄

∂C
=

∂(J−2/3C)

∂C
=

∂(J−2/3)

∂C
⊗C + (J−2/3)

∂C

∂C
= J−2/3

(
I− 1

3
C−1 ⊗C

)
= J−2/3P (3.24)

where the definition of P, the projection tensor in the material reference frame, is exploited in
Eq. (3.24). This tensor is required to correctly rewrite the balance equation in the material
reference frame when considering the strain energy function splitting presented in Eq. (3.21).
The second Piola-Kirchhoff stress tensor is defined imposing the decomposition of the strain
energy density function Eq. (3.21):

S = 2
∂Ψ

∂C
= 2

∂Ψvol

∂C
+ 2

∂Ψiso

∂C
= Svol + Siso (3.25)

where the volumetric Svol and dilatation Siso terms are respectively defined as:

Svol = 2
∂Ψvol(J)

∂C
= 2

∂Ψvol(J)

∂J

∂J

∂C
= JpC−1 (3.26)

Siso = 2
∂Ψiso(Ī1, Ī2)

∂C
= 2

∂Ψiso(Ī1, Ī2)

∂C̄

∂C̄

∂C
=

= J−2/3

(
I− 1

3
C−1 ⊗C

)
: S̄ = J−2/3P : S̄ = J−2/3Dev(S̄) (3.27)

From the defintions provided in Eqs. (3.26)-(3.27), p =
∂Ψvol(J)

∂J
is the hydrostatic pressure,

S̄ =
∂Ψiso

∂C̄
is the rescaled second Piola-Kirchhoff stress tensors (RPK2), P is the projection

tensor and Dev(·) is the physically-consistent deviatoric operator in the Lagrangian reference
frame, defined as:

Dev(A) = A− 1

3

[
A : C

]
C−1 (3.28)

The final expression of the second Piola-Kirchhoff stress tensors under the decoupled ap-
proach is retrieved:

S = JpC−1 + J−2/3P : S̄ (3.29)

Under this formalism, the specific hyperelastic material model is implemented in the def-
inition of the hydrostatic pressure and the RPK2 stress tensor, which are the only physical
quantities depending on the strain energy density function model assigned. From the definition
of rescaled invariants Eq. (3.22) and the derivative rules Eqs. (3.15)-(3.16):

S̄ = 2
∂Ψiso(Ī1, Ī2)

∂C̄
= 2

∂Ψiso(Ī1, Ī2)

∂Ī1
· ∂Ī1
∂C̄

+ 2
∂Ψiso(Ī1, Ī2)

∂Ī2
· ∂Ī2
∂C̄

=

= 2

(
∂Ψiso(Ī1, Ī2)

∂Ī1
+ Ī1

∂Ψiso(Ī1, Ī2)

∂Ī2

)
I− 2

∂Ψiso(Ī1, Ī2)

∂Ī2
C−1 (3.30)

Once the constitutive model for the isochoric component is assigned, the RPK2 stress tensor
is automatically assigned, computed by means of Eq. (3.30), thus the final isochoric component.
Equations (3.18)-(3.30) are the most general expressions of the constitutive laws expressed in
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terms of invariants of the deformations and hyperelastic material model Ψ. These expressions
of the non-physical stress tensor represent the starting point for implementing Total Lagrangian
numerical models, where all the involved quantities are referred to the undeformed structural
configuration.

3.3 Tangent elasticity tensor

In the framework of numerical procedures for nonlinear problems, incremental procedures
are adopted to solve the final nonlinear governing equations. In the context of hyperelasticity,
a general representation of the incremental constitutive law is further required. Supposing that
the stress tensor is only a function of the deformation state, the finite ∆ (virtual δ) variation of
the PK2 stress tensor during the evolution process is computed by the directional derivative of
S, introducing the linear relation [147]:

∆S =
1

2
C∆C = C∆E; δS =

1

2
CδC = CδE; (3.31)

where C is the tangent elasticity tensor, also denoted as tangent elastic moduli or material
Jacobian tensor. Following the fundamental kinematics relations and the constitutive law Eq.
(3.10), the elasticity tensor introduced in Eq. (3.31) can be defined as:

C = 2
∂S(C)

∂C
=

∂S(E)

∂E
= 4

∂2Ψ

∂C∂C
(3.32)

The elasticity tensor C satisfies the minor symmetries, due to the symmetries of the right
Cauchy-Green strain tensor C and the second Piola-Kirchhoff stress tensor S; additionally, C
satisfies the major symmetries by the Schwarz Theorem [63]. Hence, a hyperelastic material
always possesses the major symmetries. Typically, the major symmetries of the tensor C are
considered a necessary and sufficient condition for the existence of a strain energy function [63].
Therefore, only 21 independent components are required to fully characterize this fourth-order
tensor [146]. The decoupled representation of the fourth-order tensor C is briefly provided, due
to the relevance of involved terms, but the full analytic derivation of the following quantity can
be found in [63, 147]. Following the split into volumetric and dilatation part introduced before,
the tangent elastic moduli are also rewritten as:

C = 2
∂S

∂C
= 2

∂Siso

∂C
+ 2

∂Svol

∂C
= Cvol + Ciso (3.33)

The volumetric contribution is defined as:

Cvol = 2
∂Svol

∂C
= 2

∂

∂C
(JpC−1) = J

(
p + J

dp

dJ

)
C−1 ⊗C−1 − 2JpC−1 ⊙C−1 (3.34)

Ciso = 2
∂Siso

∂C
= P : C̄ : PT +

2

3
J−2/3(S̄ : C)P̃− 2

3
(C−1 ⊗ Siso + Siso ⊗C−1) (3.35)

where the symbol (·) ⊙ (·) denotes the Hadamard product, C̄ is the fictitious rescaled tangent
elasticity tensor C̄ = ∂Ψiso/∂C̄∂C̄ and P̃ is the modified projection tensor:

P̃ = C−1 ⊙C−1 − 1

3
C−1 ⊗C−1 (3.36)
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In some applications, the analytic closed-form expression of the tangent stiffness moduli under
the coupled approach can be useful for the sake of convenience in implementing a numerical
procedure. Supposing then the most general form of the strain energy function Ψ = Ψ(I1, I2, I3),
applying the definition of the tangent elasticity tensor Eq. (3.32), one can derive the following
expression:

C = 4

(
∂2Ψ

∂I21
+ 2I1

∂2Ψ

∂I1∂I2
+

∂Ψ

∂I2
+ I21

∂2Ψ

∂I22

)
I⊗ I + 4

(
∂2Ψ

∂I1∂I2
+ I1

∂2Ψ

∂I22

)
(I⊗C + C⊗ I) +

+ 4

(
I3

∂2Ψ

∂I1∂I3
+ I1I3

∂2Ψ

∂I2∂I3

)
(I⊗C−1 + C−1 ⊗ I) + 4

∂2Ψ

∂I22
C⊗C +

− 4I3
∂2Ψ

∂I2∂I3
(C⊗C−1 + C−1 ⊗C) + 4

(
I3

∂Ψ

∂I3
+ I23

∂2Ψ

∂I23

)
C−1 ⊗C−1 +

− 4I3
∂Ψ

∂I3
C−1 ⊙C−1 − 4

∂Ψ

∂I2

(
I + IT

2

)
(3.37)

with Ī = δILδJKEI ⊗ EJ ⊗ EK ⊗ EL denoting the fourth-order identity tensor, and δij be the
Kronecker delta.

3.4 Anisotropic hyperelastic constitutive modeling

Anisotropic hyperelastic materials exhibit directional stiffness and strength, as well as direction-
dependent mechanical properties. Accurate constitutive models of such materials must take into
account this directional dependence. These models extend the classical theory of isotropic hyper-
elasticity by incorporating structural tensors or fiber families that reflect the material’s preferred
orientations. The constitutive behavior of fiber-reinforced soft materials is modeled again fol-
lowing the classical hyperelastic arguments based on strain energy functions and the invariants
approach.

3.4.1 Transversely isotropic hyperelasticity

In the case of a transversely isotropic hyperelastic material, at least two different phases can
be identified within the material microstructural configuration, and the constitutive model is
again established by assigning the strain energy function Ψ. Within this framework, a simple
decomposition of the strain energy function is adopted, where two distinct terms, referred to as
the isotropic ground matrix and the fiber family, are introduced [63]. The definition of strain
energy function is given in terms of the isotropic invariants of the deformation (I1, I2, I3), em-
bedding instead the dependence of the fiber direction a0 = (ax, ay, az)

T (expressed in Cartesian
components) by means of a structural tensor a0 ⊗ a0, to fulfill objectivity arguments:

Ψ = Ψ(C,a0 ⊗ a0) (3.38)

The constitutive model, including fiber phases, is done, at a mathematical level, by including
the dependence of the a0 ⊗ a0 tensor that modifies the constitutive equation. From objectivity
arguments, the constitutive law is then expressed by two additional pseudo-invariants that
depend on the fiber direction and the local deformation, given again by the tensor C

Ψ = Ψ(I1(C), I2(C), I3(C), I4(C,a0), I5(C,a0)) (3.39)
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where the additional terms considered in Eq. (3.39) are defined by:

I4 = a0 ·Ca0; I5 = a0 ·C2a0 (3.40)

The nonlinear constitutive law for transversely isotropic hyperelastic materials is carried out
following the previously introduced procedure, as shown in Eq. (3.18):

S = 2
∂Ψ(C)

∂C
(3.41)

where S is again the PK2 tensor. In the case of transversely isotropic hyperelastic materials,
the chain rule and the derivative with respect to C are naturally extended as follows:

∂Ψ(C)

∂C
=

∂Ψ(C)

∂I1

∂I1
∂C

+
∂Ψ(C)

∂I2

∂I2
∂C

+
∂Ψ(C)

∂I3

∂I3
∂C

+
∂Ψ(C)

∂I4

∂I4
∂C

+
∂Ψ(C)

∂I5

∂I5
∂C

(3.42)

Again, the closed-form expression of PK2 stress tensor is characterized completely by means
of the derivatives of Ψ with respect to invariants of the deformation process. To characterize
instead the transversely isotropic mechanical behavior, the derivatives of the additional pseudo-
invariants have to be introduced [153]:

∂I4
∂C

= a0 ⊗ a0 (3.43)

∂I5
∂C

= a0 ⊗Ca0 + a0C⊗ a0 (3.44)

Substituting the above expressions into Eq.(3.42), the most general expression of the PK2
tensor under the coupled formulation is given by:

S = 2

[(
∂Ψ

∂I1
+I1

∂Ψ

∂I2

)
I− ∂Ψ

∂I2
C+I3

∂Ψ

∂I3
C−1+

∂Ψ

∂I4
a0⊗a0+

∂Ψ

∂I5
(a0⊗Ca0+a0C⊗a0)

]
(3.45)

In Eq.(3.45), the inclusion of anisotropic effects and direction-dependent mechanical response is
obtained, including the additional terms referred to the strain energy function derivatives with
respect to I4 and to I5, thus including in a straightforward manner the dependence with respect
to the preferential direction within the constitutive law.

For nearly incompressible transversely isotropic materials, the same decomposition into iso-
choric and volumetric components of the strain energy function can be adopted, introducing a
decoupled approach for fiber-reinforced hyperelastic materials. Within this framework, the strain
energy function is written as the sum of the volumetric, isochoric, and anisotropic components,
depending on the rescaled invariant and pseudo-invariants:

Ψ = Ψvol(J) + Ψ̄(Ī1, Ī2, Ī4, Ī5) = Ψvol(J) + Ψ̄iso(Ī1, Ī2) + Ψ̄aniso(Ī1, Ī2, Ī4, Ī5) (3.46)

where Ψ̄iso depend on the already introduced rescaled isotropic invariants (Ī1, Ī2) of C̄ = J−2/3C,
instead the additional anisotropic term Ψ̄aniso depend on the rescaled invariants Ī4 = J−2/3I4
and Ī5 = J−4/3I5. Due to the generality of the proposed decoupled approach, the constitutive
law is again characterized by the introduction of the projection tensor and RPK2 tensor, by
which the final constitutive law is introduced:

S̄ = 2

[(
∂Ψ̄

∂Ī1
+ Ī1

∂Ψ̄

∂Ī2

)
I− ∂Ψ̄

∂Ī2
C̄ +

∂Ψ̄

∂Ī4
a0 ⊗ a0 +

∂Ψ̄

∂Ī5
(a0 ⊗ C̄a0 + a0C̄⊗ a0)

]
(3.47)
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3.4 – Anisotropic hyperelastic constitutive modeling

Incremental formulation and tangent elasticity tensor

The full explicit derivation of the tangent elasticity tensor for isotropic hyperelastic materials
has been proposed in Eq. (3.37). Supposing now then the most general form of the strain energy
function Ψ = Ψ(I1, I2, I3, I4, I5), applying the definition of tangent elasticity tensor Eq. (3.32)
one can derive, in the case of transversly isotropic hyperelastic material, the following extension
to the already introduced tangent elastic moduli, embedding now the effects of fiber direction:

C = 4

(
∂2Ψ

∂I21
+ 2I1

∂2Ψ

∂I1∂I2
+

∂Ψ

∂I2
+ I21

∂2Ψ

∂I22

)
I⊗ I + 4

(
∂2Ψ

∂I1∂I2
+ I1

∂2Ψ

∂I22

)
(I⊗C + C⊗ I) +

+ 4

(
I3

∂2Ψ

∂I1∂I3
+ I1I3

∂2Ψ

∂I2∂I3

)
(I⊗C−1 + C−1 ⊗ I) + 4

∂2Ψ

∂I22
C⊗C +

− 4I3
∂2Ψ

∂I2∂I3
(C⊗C−1 + C−1 ⊗C) + 4

(
I3

∂Ψ

∂I3
+ I23

∂2Ψ

∂I23

)
C−1 ⊗C−1 +

− 4I3
∂Ψ

∂I3
C−1 ⊙C−1 − 4

∂Ψ

∂I2
S + 4

(
∂2Ψ

∂I1∂I4
+ I1

∂2Ψ

∂I2∂I4

)
(I⊗ a0 ⊗ a0 + a0 ⊗ a0 ⊗ I) +

− 4
∂2Ψ

∂I2∂I4
(C⊗ a0 + a0 ⊗ a0 ⊗C) + 4

∂2Ψ

∂I24
a0 ⊗ a0 ⊗ a0 ⊗ a0 +

+ 4

(
∂2Ψ

∂I1∂I5
+ I1

∂2Ψ

∂I2∂I5

)(
I⊗ ∂I5

∂C
+

∂I5
∂C

⊗ I

)
− 4

∂2Ψ

∂I2∂I5

(
C⊗ ∂I5

∂C
+

∂I5
∂C

⊗C

)
+

+ 4
∂2Ψ

∂I25

(
∂I5
∂C

⊗ ∂I5
∂C

)
+ 4

∂2Ψ

∂I4∂I5

(
a0 ⊗ a0 ⊗

∂I5
∂C

+
∂I5
∂C

⊗ a0 ⊗ a0

)
+

+ 4
∂Ψ

∂I5

∂2I5
∂C∂C

+ 4I3
∂2Ψ

∂I3∂I4
(a0 ⊗ a0 ⊗C−1 + C−1 ⊗ a0 ⊗ a0) +

+ 4I3
∂2Ψ

∂I3∂I5
(a0 ⊗Ca0 ⊗C−1 + a0C⊗ a0 ⊗C−1

+ C−1 ⊗ a0 ⊗Ca0 + C−1 ⊗ a0C⊗ a0) (3.48)

The full expressions of the terms C−1 ⊙C−1 and the fourth-order tensor S = (I + Ī)/2 can be
found in reference textbooks [153].
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Hyperelasticity

3.4.2 Anisotropic hyperelasticity with two fiber families

In the case of an hyperelastic composites, within the material microstructural configuration,
two distinct and independent fiber families can be identified. The constitutive model, assigned
by the strain energy function Ψ, is again extended following the same procedure proposed in
the case of transversely isotropic materials. The definition of strain energy function proposed is
now considered dependent of the isotropic invariants of the deformation (I1, I2, I3), the first fiber
direction a0 = (ax, ay, az)

T (expressed in Cartesian components) by means of a structural tensor
a0 ⊗ a0, and the second fiber direction g0 = (gx, gy, gz)T (expressed in Cartesian components)
by means of a structural tensor g0 ⊗ g0, to fulfill objectivity arguments:

Ψ = Ψ(C,a0 ⊗ a0, g0 ⊗ g0) (3.49)

The extension of the representation theorem, provided in Sec. 3.1.3, for an orthotropic material
model is given by the inclusion of another two additional pseudo-invariants, depending now on
the fiber direction g0:

Ψ = Ψ(I1(C), I2(C), I3(C), I4(C,a0), I5(C,a0), I6(C, g0), I7(C, g0)) (3.50)

where the additional terms considered in Eq. (3.50) are defined by:

I6 = g0 ·Cg0; I7 = g0 ·C2g0; (3.51)

Once assigned the strain energy function, the nonlinear constitutive law is carried out as shown
in Eq. (3.18). In case of orthotropic models, the chain rule and the derivative with respect to
C are naturally extended as follows:

∂Ψ(C)

∂C
=

∂Ψ(C)

∂I1

∂I1
∂C

+
∂Ψ(C)

∂I2

∂I2
∂C

+
∂Ψ(C)

∂I3

∂I3
∂C

+

+
∂Ψ(C)

∂I4

∂I4
∂C

+
∂Ψ(C)

∂I5

∂I5
∂C

+
∂Ψ(C)

∂I6

∂I6
∂C

+
∂Ψ(C)

∂I7

∂I7
∂C

(3.52)

Again, the closed-form expression of PK2 stress tensor is characterized completely by means
of the derivatives of Ψ with respect to invariants of the deformation process. To characterize
instead the orthotropic mechanical behavior, the derivatives of the additional pseudo-invariants,
exploited in Eq. (3.52), are introduced [153]:

∂I6
∂C

= g0 ⊗ g0 (3.53)

∂I7
∂C

= g0 ⊗Cg0 + g0C⊗ g0 (3.54)

Substituting the above expressions into Eq.(3.52) and subsequently in the definition of the
constitutive law, the most general expression of the PK2 tensor under the coupled approach is
given by:

S = 2

[(
∂Ψ

∂I1
+ I1

∂Ψ

∂I2

)
I− ∂Ψ

∂I2
C + I3

∂Ψ

∂I3
C−1 +

∂Ψ

∂I4
a0 ⊗ a0 +

+
∂Ψ

∂I5
(a0 ⊗Ca0 + a0C⊗ a0) +

∂Ψ

∂I6
g0 ⊗ g0 +

∂Ψ

∂I7
(g0 ⊗Cg0 + g0C⊗ g0)

]
(3.55)
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3.4 – Anisotropic hyperelastic constitutive modeling

In Eq.(3.55), the inclusion of anisotropic effects and direction-dependent mechanical response
with respect to the second fiber family is obtained, including the additional terms referred to the
strain energy function derivatives with respect to I6 and to I7, thus including in a straightforward
manner the dependence with respect to the preferential direction within the constitutive law.

For nearly incompressible transversely isotropic materials, the same decomposition into iso-
choric and volumetric components of the strain energy function can be adopted, introducing
a decoupled approach for orthotropic hyperelastic materials with two distinct fiber families.
Within this framework, the strain energy function is written as the sum of the volumetric, iso-
choric, and anisotropic components, depending on the rescaled invariant and pseudo-invariants:

Ψ = Ψvol(J) + Ψ̄(Ī1, Ī2, Ī4, Ī5, Ī6, Ī7) = Ψvol(J) + Ψ̄iso(Ī1, Ī2) + Ψ̄aniso(Ī1, Ī2, Ī4, Ī5, Ī6, Ī7) (3.56)

where the isotropic and anisotropic terms related to the first fiber family have been already
presented, instead the additional rescaled pseudo-invariant with respect to the second fiber
direction are obtained similarly, given by Ī6 = J−2/3I6 and Ī7 = J−4/3I7. Due to the generality of
the proposed decoupled approach, the constitutive law is again characterized by the introduction
of the projection tensor and RPK2 tensor, by which the final constitutive law is introduced:

S̄ = 2

[(
∂Ψ̄

∂Ī1
+ Ī1

∂Ψ̄

∂Ī2

)
I− ∂Ψ̄

∂Ī2
C̄ +

∂Ψ̄

∂Ī4
a0 ⊗ a0 +

+
∂Ψ̄

∂Ī5
(a0 ⊗ C̄a0 + a0C̄⊗ a0) +

∂Ψ̄

∂Ī6
g0 ⊗ g0 +

∂Ψ̄

∂Ī7
(g0 ⊗ C̄g0 + g0C̄⊗ g0)

]
(3.57)

The derivation of the tangent elastic moduli in the case of an orthotropic material model is
reported in Appendix B, considering both fiber families’ contribution up to the seventh invari-
ants. These generalized rescaled tangent elastic moduli can be straightforwardly adopted also
in the case of isotropic and transversely isotropic hyperelastic materials by neglecting the terms
related to the fiber directions a0 and g0.
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Chapter 4

Unified finite element formulation

4.1 Beam theories: Unified formulation

The unified formulation of beam theories is proposed here. Starting from classical ap-
proaches, such as the Euler-Bernoulli Beam Theory (EBBT) [158] or Timoshenko Beam Theory
(TBT) [159], the three-dimensional displacement field is expressed through an expansion of the
displacement variables following structural theories based on the geometric characteristics of
the beam. In this way, simple and relatively cheap models have been defined. Due to certain
superimposed kinematic assumptions, such as rigid cross-section behavior or constant transverse
stresses across the cross-section, classical approaches are unable to capture the effective beam
deformation [160] within many contexts. In hyperelasticity, where large strains are considered,
several local phenomena, such as section warping or twisting, are observed; therefore, higher-
order models are required. Many higher-order theories have been proposed in the literature,
starting from the Third-Order Shear Deformation Theory (TSDT) by Reddy [161]. An exten-
sive review of existing refined beam theories can be found in [162, 163]. The CUF offers the
possibility of defining any beam theory of a structure in a unified manner. Under the CUF
approach, the three-dimensional displacement field is defined through a polynomial expansion
of the generalized nodal displacements, coupling directly the imposed theory of structure along
the cross-section, of any order, with models describing the beam axis kinematics, under a recur-
sive index notation [129]. In the classical orthonormal (x, y, z) Cartesian reference frame, the
displacement field of a general beam theory is expressed as:

u(x, y, z) = Fτ (x, z)uτ (y) τ = 1, ...,M (4.1)

where M is the dimension of the cross-section polynomial expansion basis, related to the order
of the adopted theory of structure, and Fτ are the approximating expansion functions that char-
acterize the CUF model adopted. The vector uτ (y) is the vector of generalized displacement
components along the reference direction. In the following, the Einstein notation for repeated
indices summation is exploited. This definition enables the implementation of any higher-order
theory of structure by selecting the set of expansion functions Fτ (x, z), that characterizes the
beam cross-section kinematics. The key advantage of the proposed methodology is in the recur-
sive approach, which makes the structural theory and order of expansion parametric inputs of
the problem under consideration [129].
From a theoretical standpoint, two distinct classes of expansion functions are discussed here for
the cross-section kinematics: the Taylor expansion class (TE-class) and the Lagrange expan-
sion class (LE-class). The adoption of these two different expansion classes leads to a distinct
modeling approach.
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Unified finite element formulation

4.1.1 Taylor Expansion models

In TE models for higher-order 1D beam formulation, 2D MacLaurin polynomials are ex-
ploited as Fτ basis functions for expanding the generalized displacement field [164]. Depending
on the order of expansion, the behavior of the generalized displacements and beam cross-section
kinematics can be axiomatically assumed [165]. Once the expansion order is chosen, higher-order
beam theories are straightforwardly defined in a hierarchical manner. As examples, the TE-2
higher-order theory with constant, linear, and parabolic expansion terms is:

ux = ux1(y) + xux2(y) + zux3(y) + x2ux4(y) + xzux5(y) + z2ux6(y)

uy = uy1(y) + xuy2(y) + zuy3(y) + x2uy4(y) + xzuy5(y) + z2uy6(y)

uz = uz1(y)︸ ︷︷ ︸
uτ=1

+ xuz2(y)︸ ︷︷ ︸
uτ=2

+ z uz3(y)︸ ︷︷ ︸
uτ=3

+ x2 uz4(y)︸ ︷︷ ︸
uτ=4

+ xz uz5(y)︸ ︷︷ ︸
uτ=5

+ z2 uz6(y)︸ ︷︷ ︸
uτ=6

(4.2)
where uxτ , uyτ , and uzτ are the generalized variables, related to the higher-order derivatives of
the displacement field components, by which the final three-dimensional displacement field is
reconstructed. More generally, the TE model for an M-th order expansion of the beam theory
can be hierarchically derived as:

ux = ... +

M∑
N=0

xM−N zN ux1/2(N(N+1)+M+1)

uy = ... +

M∑
N=0

xM−N zN uy1/2(N(N+1)+M+1)

uz = ...︸︷︷︸
1,...,M−1

+

M∑
N=0

xM−N zN uz1/2(N(N+1)+M+1)︸ ︷︷ ︸
M− order

(4.3)

From a multilayered structural modeling standpoint, TE models have been generally referred
to as ESLm (Equivalent Single Layer Models). Within this modeling approach, the resulting
structural features are assumed to be homogenized quantities that combines each cross-section
sub-component or layer into an equivalent yet unique representative cross-sectional behavior,
taking into account the features of the sub-components. A graphical representation of the
present 1D beam TE class is provided in Fig. 4.1.

Cross-section expansion

u u(
)

xτ  = ,
1
uyτ  = , , ...

1
uzτ  =1

uxτ  = ,
M
uyτ  = ,

M
uzτ  =M

y =( )τ  

Figure 4.1: Unified formulation of beam theories, Taylor Expansion (TE) class.
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4.1 – Beam theories: Unified formulation

4.1.2 Lagrange Expansion models

For LE-models, cross-section kinematics is defined starting from local sub-elements definitions,
exploiting the set of 2D Lagrange polynomials [166]. The resulting, pure displacement-based,
kinematic model is provided in terms of nodal Cartesian displacement components defined in
correspondence of the Lagrange points adopted for the 2D interpolation. In LE-models, no
rotation or higher-order terms are exploited. In the following, linear, parabolic, and cubic
expansion models will be explored and denoted as linear four-node L4, parabolic nine-node L9,
and sixteen-node cubic L16 cross-section expansion elements, referring to the total number of
Lagrange Points adopted in the arbitrary sub-modeling of the cross-section. As a representative
example, the displacement field of a 1D-L9 parabolic expansion model is here reported:

ux(x, y, z) = F1(x, z)uxτ=1(y) + F2(x, z)uxτ=2(y) + ... + F9(x, z)uxτ=9(y)

uy(x, y, z) = F1(x, z)uyτ=1(y) + F2(x, z)uyτ=2(y) + ... + F9(x, z)uyτ=9(y)

uz(x, y, z) = F1(x, z)uzτ=1(y) + F2(x, z)uzτ=2(y) + ... + F9(x, z)uzτ=9(y)

(4.4)

where uxτ , uyτ and uzτ are the Cartesian displacement components defined in the Lagrange
Point. A complete list of adopted 2D elements in the cross-section expansion and the relative
shape functions involved is detailed in Table 4.2, where these polynomials are exploited in
natural coordinates [129]. The cross-section can be modeled with multiple LE sub-domains,
thus refining the cross-sectional behavior without increasing the polynomial order but adopting
refined discretization with more sub-models. The key feature of LE-class models is given by the
capability to model independently different beam cross-section sub-components or layers, and
for this reason they are generally referred to as Component-Wise models (CWm) or Layer-Wise
models (LWm). A graphical representation of the 1D LE expansion class is provided in Fig. 4.2.

u
(1)

(2)

(3)

(4)

Lagrange Points

u( )xτ  = ,
1
uyτ  = ,

1
uzτ  =1τ  =1u u( )xτ  = ,

2
uyτ  = ,

2
uzτ  =2τ  =2

u

u( )xτ  = ,
4
uyτ  = ,

4
uzτ  =4

τ  =4

u u( )xτ  = ,
3
uyτ  = ,

3
uzτ  =3τ  =3

Figure 4.2: Unified formulation of beam theories, Lagrange Expansion (LE) class.

4.1.3 Finite element approximation of the beam axis kinematic

Once the refined theory of structure approximation and expansion class have been chosen, the
generalized displacement field components along the beam axis are further discretized exploiting
classical 1D FE approach:

uτ (y) = Ni(y)uτi i = 1, ..., Nn (4.5)

where the generalized displacement components are formulated as a general linear combination
of Ni(y) shape functions and the discrete generalized displacements uτi, final unknowns of the
model. In Eq. (4.5), the index i is exploited for the summation, considering the total Nn finite
nodes per element adopted in the beam axis discretization, along the y-direction. The final

45



Unified finite element formulation

expression of the 3D displacement field in the CUF domain is then written a coupled finite
element approximation with expansion of structural theories, written then as:

u(x, y, z) = Fτ (x, z)uτ (y) = Fτ (x, z)Ni(y)uτi (4.6)

The 1D FE discretization elements along the beam axis will be generally referred to as linear B2,
parabolic B3, and cubic B4 elements, following the total number of nodes involved. Equation
(4.6) is the most general expression, within the CUF framework, of the displacement field.
Refined higher-order models for beam structures are defined in a hierarchical manner, as the
given definition is independent of the polynomial basis adopted for either the beam axis or
the structural theory considered. A graphical representation of a higher-order CUF model is
provided in Fig. 4.3.

x

z

y

B2 B3 B4

N  (y)i

F  (x,z)τ

L9 L16

Figure 4.3: Unified formulation of beam theories: graphical representation of a 1D CUF model.

The finite element approximation of the beam axis is established by discretizing the con-
tinuous field of generalized displacement variables within the framework of a classical one-
dimensional formulation. This key concept is introduced in the framework of CUF by considering
the interpolation of the expanded displacement field by linear, quadratic, or cubic shape func-
tions, thereby enabling the definition of any one-dimensional beam model with three-dimensional
capabilities. In particular, in each finite node involved in the discretized beam axis, the selected
structural theory is consistently superimposed. The final, nodal degrees of freedom of the models
are thus defined following the present approach:

1. TE models: for each i-th node involved in the 1D beam axis discretization, the vectors
of the τ -th generalized displacement components (uτ1 , ...,uτM )i is considered. For each
uτi the respective terms related to the M-th order of expansion of the three-dimensional
displacement field are considered, thus uτi = (uxτi , uyτi , uzτi). The final vector of the
global unknowns is then:
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4.1 – Beam theories: Unified formulation

uDOF =



(uxi=1,τ=1 , uyi=1,τ=1 , uzi=1,τ=1)T

...

(uxi=1,τ=M , uyi=1,τ=M , uzi=1,τ=M )T

Node i=1

(uxi=2,τ=1 , uyi=2,τ=1 , uzi=2,τ=1)T

...

(uxi=2,τ=M , uyi=2,τ=M , uzi=2,τ=M )T

Node i=2

...

...

...

(uxi=Nn,τ=1 , uyi=Nn,τ=1 , uzi=Nn,τ=1)T

...

(uxi=Nn,τ=M , uyi=Nn,τ=M , uzi=Nn,τ=M )T

Node i=Nn



(4.7)

2. LE models: the DOF definition follows the same introduced approach in TE models,
obtaining the final vector as done in Eq. (4.7), however for each i-th node involved in the
1D beam axis discretization, the vectors of the τ -th generalized displacement components
(uτ1 , ...,uτM )i are now the physical Cartesian displacement components of the discretized
uτi-th node:

uDOF =



(uxi=1,τ=1 , uyi=1,τ=1 , uzi=1,τ=1)T
}

Node τ=1

...

(uxi=1,τ=(M+1)2
, uyi=1,τ=(M+1)2

, uzi=1,τ=(M+1)2
)T

}
Node τ=(M+1)2

Node i=1

...

...

...

(uxi=1,τ=1 , uyi=1,τ=1 , uzi=1,τ=1)T
}

Node τ=1

...

(uxi=1,τ=(M+1)2
, uyi=1,τ=(M+1)2

, uzi=1,τ=(M+1)2
)T

}
Node τ=(M+1)2

Node i=Nn


(4.8)

The extension to higher-order structural theories is achieved in a straightforward manner, result-
ing in a final one-dimensional beam model with three-dimensional capabilities, while preserving
computational efficiency through higher-order interpolation. A graphical representation of the
final, discretized, beam CUF model is provided in Fig. 4.4. The complete list of 1D finite ele-
ment interpolation adopted and the respective shape functions involved are presented in Table
4.1.
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Figure 4.4: Unified formulation of beam theories: graphical representation of the final 1D CUF model
with explicit DOF representation
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4.2 – Plate theories: Unified formulation

B2 element, linear 1D interpolation N1(ξ) =
1

2
(1 − ξ)

1 2 ξ N2(ξ) =
1

2
(1 + ξ)

B3 element, quadratic 1D interpolation N1(ξ) =
1

2
(ξ2 − ξ)

1 2 3 ξ

N2(ξ) = 1 − ξ2

N3(ξ) =
1

2
(ξ2 + ξ)

B4 element, cubic 1D interpolation N1(ξ) =
1

16
(ξ − 1)(1 − 9ξ2)

1 2 ξ3 4

N2(ξ) =
9

16
(1 − ξ2)(1 − 3ξ)

N3(ξ) =
9

16
(1 − ξ2)(1 + 3ξ)

N4(ξ) =
1

16
(ξ + 1)(9ξ2 − 1)

Table 4.1: Finite element interpolation in one dimension: local internal numbering and shape functions
expressions.

4.2 Plate theories: Unified formulation

The Unified formulation of plate theories is proposed here. Starting from classical ap-
proaches, such as the Kirchhoff-Love theory [167] or the Reissner-Mindlin plate theory (RM)
[168], also known as the First-Order Shear Deformation Theory (FSDT), the three-dimensional
displacement field is expressed through an expansion of the displacement field following struc-
tural theories based on the geometric characteristics of the plate. In this way, simple and rel-
atively cheap models have been defined. Due to certain superimposed kinematic assumptions,
such as constant rotation or through-the-thickness stretching, neglecting transverse shear effects,
classical approaches are unable to capture the effective plate behavior within many contexts [127],
thus higher-order structural theories are required [169]. In hyperelasticity, where large strains are
considered, several local phenomena, such as localized stretching and out-of-plane stress arising
from complex three-dimensional deformation states, typically require higher-order models [170].
Many higher-order theories have been proposed in the literature. An extensive review of existing
plate theories can be found in [171]. The CUF offers the possibility to define any plate theory
of structure in a unified manner. Under the CUF approach, the three-dimensional displacement
field is defined through a polynomial expansion of the generalized nodal displacements,, coupling
directly the imposed theory of structure along the thickness, of any order, with models describ-
ing the reference plate mid-surface kinematics, under a recursive index notation. In the classical
orthonormal (x, y, z) Cartesian reference frame, the displacement field of a general plate theory
is expressed as:

u(x, y, z) = Fτ (z)uτ (x, y) τ = 1, ...,M (4.9)

where M is the dimension of the thickness polynomial expansion basis, related to the order
of the theory of structure approximation, and Fτ are the approximating expansion polynomi-
als. Finally, the vector uτ (x, y) is the vector of generalized displacement components along the
reference direction. In the following, the Einstein notation for repeated indices summation is
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Unified finite element formulation

exploited. This definition enables the implementation of any higher-order theory of structure
by selecting the set of expansion functions Fτ (z), which characterizes the plate’s thickness kine-
matics. The key advantage of the proposed methodology lies in its recursive definition of the
displacement field, which makes the structural theory and order of expansion parametric inputs
to the problem under consideration [129].
From a theoretical standpoint, two distinct classes of expansion functions are discussed here for
the through-the-thickness kinematics: the Taylor expansion class (TE-class) and the Lagrange
expansion class (LE-class). The adoption of these two different expansion classes leads to a
distinct modeling approach.

4.2.1 Taylor Expansion models

In TE models for higher-order 2D plate formulation, 1D MacLaurin polynomials are exploited
as Fτ basis functions for expanding the generalized displacement field [128]. As discussed in the
case of 1D TE models, depending on the order of expansion, the behavior of the generalized
displacements and through-the-thickness plate kinematics can be axiomatically assumed [128].
Once the expansion order is chosen, higher-order plate theories are straightforwardly defined in
a hierarchical manner. As examples, we present the TE-3 cubic expansion model:

ux = ux1(x, y) + zux2(x, y) + z2ux3(x, y) + z3ux4(x, y)

uy = uy1(x, y) + zuy2(x, y) + z2uy3(x, y) + z3uy4(x, y)

ux = uz1(x, y)︸ ︷︷ ︸
uτ=1

+ z uz2(x, y)︸ ︷︷ ︸
uτ=2

+ z2 uz3(x, y)︸ ︷︷ ︸
uτ=3

+ z3 uz4(x, y)︸ ︷︷ ︸
uτ=4

(4.10)

where uxτ , uyτ , and uzτ are the generalized variables, related to the higher-order derivatives
of the displacement field components, by which the final three-dimensional displacement field
is reconstructed. From a multilayered structural modeling standpoint, TE-class models are
generally referred to as ESLMs (Equivalent-Single-Layer Models). In this structural modeling
approach, the final mechanical features of plate structures are assumed as an homogenized
structural behavior, where different thickness layers or sub-components are homogenized in an
equivalent but unique representative through-the-thickness behavior, taking into account the
features of each sub-component. As discussed in the case of 1D TE models, the generalized
unknowns represent are again related to the higher-order derivatives of the displacement field
components. A graphical representation of the present 1D beam TE class is provided in Fig.
4.5.

u u(
)

xτ  =,
1
uyτ  = , , ...

1
uzτ  =1

uxτ  = ,
M
uyτ  = ,

M
uzτ  =M

yx =( )τ  

Figure 4.5: Unified formulation of plate theories, Taylor Expansion (TE) class.
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4.2 – Plate theories: Unified formulation

4.2.2 Lagrange Expansion models

For LE-models, the through-the-thickness kinematics is defined starting from local sub-layer def-
initions, exploiting the set of 1D Lagrange polynomials [129]. The resulting, pure displacement-
based, kinematic model is provided in terms of nodal Cartesian displacement components defined
in correspondence of the Lagrange points adopted for the 2D interpolatio. In LE models, no
rotation or higher-order terms are exploited. In the following, linear, parabolic, and cubic ex-
pansion models will be explored and referred to as two-node linear LE1, three-node quadratic
LE2, and four-node cubic LE3 thickness expansion models, based on the total number of nodes
used in the arbitrary sub-modeling of the thickness. As an example, the displacement field of a
2D-LE2 quadratic model is reported here:

ux(x, y, z) = F1(z)uxτ=1(x, y) + F2(z)uxτ=2(x, y) + F3(z)uxτ=3(x, y)

uy(x, y, z) = F1(z)uyτ=1(x, y) + F2(z)uyτ=2(x, y) + F3(z)uyτ=3(x, y)

uz(x, y, z) = F1(z)uzτ=1(x, y) + F2(z)uzτ=2(x, y) + F3(z)uzτ=3(x, y)

(4.11)

where uxτ , uyτ and uzτ are the Cartesian displacement components defined in the Lagrange
Point. A complete list of adopted 1D elements in the cross-section expansion and the relative
shape functions involved is detailed in Table 4.1 [129], where these polynomials are exploited in
natural coordinates. The through-the-thickness kinematics can be modeled using multiple LE
elements, thereby refining the behavior without increasing the polynomial order, while adopting
a refined discretization with more sub-models. The key feature of LE-class models is given by
the capability to model independently different plate thickness sub-components or layers, for this
reason they are generally referred to as Layer-Wise (LWm) models. A graphical representation
of the 2D LE expansion class is provided in Fig. 4.6.

u
(1)

(2)

(3)

Lagrange Points

u( )xτ  = ,
1
uyτ  = ,

1
uzτ  =1τ  =1

u

u( )xτ  = ,
2
uyτ  = ,

2
uzτ  =2

τ  =2

u u( )xτ  = ,
3
uyτ  = ,

3
uzτ  =3τ  =3

Figure 4.6: Unified formulation of plate theories, Lagrange Expansion (LE) class.

4.2.3 Finite element approximation of the plate reference mid-surface

Once the refined theory of structure approximation and expansion class have been chosen, the
generalized displacement field components along the plate mid-surface axis are further discretized
exploiting classical 2D FE approach:

uτ (x, y) = Ni(x, y)uτi i = 1, ..., Nn (4.12)

where the displacement components of the plate mid-surface are written exploiting a general lin-
ear combination of the discrete generalized displacements uτi, final unknowns of the model, and
Ni(x, y) shape functions. In Eq. (4.12), the index i is exploited for the summation, considering
the total Nn finite nodes per element adopted in the plate mid-surface discretization, along the
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Unified finite element formulation

(x, y) directions. The final expression of the 3D displacement field in the CUF domain is then
written a coupled finite element approximation with expansion of structural theories, written
then as:

u(x, y, z) = Fτ (z)uτ (x, y) = Fτ (z)Ni(x, y)uτi (4.13)

The 2D FE discretization models along the reference plate mid-surface will be generally re-
ferred to as four-node linear Q4, nine-node parabolic Q9, and sixteen-node cubic Q16 elements,
following the total number of nodes involved. Equation (4.13) is the most general expression,
within the CUF framework, of the displacement field. Refined higher-order models for plate
structures are defined in a hierarchical manner, as the given definition is independent of the
polynomial basis adopted, whether for the beam axis or the structural theory considered. A
graphical representation of a higher-order CUF model is provided in Fig. 4.7.

x

z

y

F  (z)τ

N  (x,y)i

Q4 Q9 Q16

LE1TE-N LE2 LE3

Figure 4.7: Unified formulation of plate theories: graphical representation of a 2D CUF model.

The finite element approximation of the reference plate mid-surface is established by dis-
cretizing the continuous field of generalized displacement variables within the framework of a
classical two-dimensional formulation. This key concept is introduced in the framework of CUF
by considering the interpolation of the expanded displacement field by linear, quadratic, or cu-
bic shape functions, thereby enabling the definition of any two-dimensional plate model with
three-dimensional capabilities. In particular, in each finite node involved in the discretized ref-
erence mid-surface, the selected structural theory is consistently superimposed. The final, nodal
degrees of freedom of the models are thus defined following the present approach:

1. TE models: for each i-th node involved in the 2D plate mid-surface discretization, the vec-
tors of the τ -th generalized displacement components (uτ1 , ...,uτM )i is considered. For each
uτi the respective terms related to the M-th order of expansion of the three-dimensional
displacement field are considered, thus uτi = (uxτi , uyτi , uzτi). The final vector of the
global unknowns is then:
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4.2 – Plate theories: Unified formulation

uDOF =



(uxi=1,τ=1 , uyi=1,τ=1 , uzi=1,τ=1)T

...

(uxi=1,τ=M , uyi=1,τ=M , uzi=1,τ=M )T

Node i=1

(uxi=2,τ=1 , uyi=2,τ=1 , uzi=2,τ=1)T

...

(uxi=2,τ=M , uyi=2,τ=M , uzi=2,τ=M )T

Node i=2

...

...

...

(uxi=Nn,τ=1 , uyi=Nn,τ=1 , uzi=Nn,τ=1)T

...

(uxi=Nn,τ=M , uyi=Nn,τ=M , uzi=Nn,τ=M )T

Node i=Nn



(4.14)

2. LE models: the DOF definition follows the same introduced approach in TE models,
obtaining the final vector as done in Eq. (4.14), however for each i-th node involved in
the 2D plate mid-surface discretization, the vectors of the τ -th generalized displacement
components (uτ1 , ...,uτM )i are now the physical Cartesian displacement components of the
discretized uτi-th node:

uDOF =



(uxi=1,τ=1 , uyi=1,τ=1 , uzi=1,τ=1)T
}

Node τ=1

...

(uxi=1,τ=M+1 , uyi=1,τ=M+1 , uzi=1,τ=M+1)T
}

Node τ=M+1

Node i=1

...

...

...

(uxi=1,τ=1 , uyi=1,τ=1 , uzi=1,τ=1)T
}

Node τ=1

...

(uxi=1,τ=M+1 , uyi=1,τ=M+1 , uzi=1,τ=M+1)T
}

Node τ=M+1

Node i=Nn



(4.15)

The extension to higher-order structural theories is achieved in a straightforward manner, result-
ing in a final one-dimensional plate model with three-dimensional capabilities, while preserving
computational efficiency through higher-order interpolation. A graphical representation of the
final, discretized, beam CUF model is provided in Fig. 4.8. The complete list of 2D finite ele-
ment interpolation adopted and the respective shape functions involved are presented in Table
4.2.
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Figure 4.8: Unified formulation of beam theories: graphical representation of the final 1D CUF model
with explicit DOF representation
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Q4 element, linear 2D in-
terpolation

N1(ξ, η) =
1

4
(1 − ξ)(1 − η) N2(ξ, η) =

1

4
(1 + ξ)(1 − η)

1 2

34

ξ

η

N3(ξ, η) =
1

2
(1 + ξ)(1 + η)

N4(ξ, η) =
1

4
(1 − ξ)(1 + η)

Q9 element, quadratic 2D
interpolation

N1(ξ, η) =
1

4
(ξ2 − ξ)(η2 − η) N6(ξ, η) =

1

2
(1 − ξ2)(η2 + η)

ξ

η

1 2 3

4

567

8
9

N2(ξ, η) =
1

2
(1 − ξ2)(η2 − η) N7(ξ, η) =

1

4
(ξ2 − ξ)(η2 + η)

N3(ξ, η) =
1

4
(ξ2 + ξ)(η2 − η) N8(ξ, η) =

1

2
(ξ2 − ξ)(1 − η2)

N4(ξ, η) =
1

2
(ξ2 + ξ)(1 − η2) N9(ξ, η) = (1 − ξ2)(1 − η2)

N5(ξ, η) =
1

4
(ξ2 + ξ)(η2 + η)

Q16 element, cubic 2D in-
terpolation

N1(ξ, η) =

[
1

16
(ξ − 1)(1 − 9ξ2)

]
·
[

1

16
(η − 1)(1 − 9η2)

]

ξ

η

1 4

5

6

78910

11

12
13 14

1516

2 3

N2(ξ, η) =

[
9

16
(1 − ξ2)(1 − 3ξ)

]
·
[

1

16
(η − 1)(1 − 9η2)

]
N3(ξ, η) =

[
9

16
(1 − ξ2)(1 + 3ξ)

]
·
[

1

16
(η − 1)(1 − 9η2)

]
N4(ξ, η) =

[
1

16
(1 + ξ)(9ξ2 − 1)

]
·
[

1

16
(η − 1)(1 − 9η2)

]
N5(ξ, η) =

[
1

16
(1 + ξ)(9ξ2 − 1)

]
·
[

9

16
(1 − η2)(1 − 3η)

]
N6(ξ, η) =

[
1

16
(1 + ξ)(9ξ2 − 1)

]
·
[

9

16
(1 − η2)(1 + 3η)

]
N7(ξ, η) =

[
1

16
(1 + ξ)(9ξ2 − 1)

]
·
[

1

16
(1 + η)(9η2 − 1)

]
N8(ξ, η) =

[
9

16
(1 − ξ2)(1 + 3ξ)

]
·
[

1

16
(1 + η)(9η2 − 1)

]
N9(ξ, η) =

[
9

16
(1 − ξ2)(1 − 3ξ)

]
·
[

1

16
(1 + η)(9η2 − 1)

]
N10(ξ, η) =

[
1

16
(ξ − 1)(1 − 9ξ2)

]
·
[

1

16
(1 + η)(9η2 − 1)

]
N11(ξ, η) =

[
1

16
(ξ − 1)(1 − 9ξ2)

]
·
[

9

16
(1 − η2)(1 + 3η)

]
N12(ξ, η) =

[
1

16
(ξ − 1)(1 − 9ξ2)

]
·
[

9

16
(1 − η2)(1 − 3η)

]
N13(ξ, η) =

[
9

16
(1 − ξ2)(1 − 3ξ)

]
·
[

9

16
(1 − η2)(1 − 3η)

]
N14(ξ, η) =

[
9

16
(1 − ξ2)(1 + 3ξ)

]
·
[

9

16
(1 − η2)(1 − 3η)

]
N15(ξ, η) =

[
9

16
(1 − ξ2)(1 + 3ξ)

]
·
[

9

16
(1 − η2)(1 + 3η)

]
N16(ξ, η) =

[
9

16
(1 − ξ2)(1 − 3ξ)

]
·
[

9

16
(1 − η2)(1 + 3η)

]
Table 4.2: Finite element interpolation in two dimension: local internal numbering and shape functions

expressions.
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4.3 Equivalent-Single-Layer and Layer-Wise models

Multilayered structures, widely adopted in many engineering fields, as composites, laminates,
or complex biological materials, exhibit a complex mechanical behavior due to the mechanical
interactions between layers or sub-components with differing material properties and orienta-
tions. The performance of these structural components depends on interlaminar stresses, de-
lamination, and local effects that cannot be accurately described with lower-order models [172,
173]. Therefore, refined theories of structure approximations are essential to effectively cap-
ture the through-the-thickness behavior and the complex anisotropic structural response [170].
Within the framework of CUF, and more generally in a finite element scenario for multilayered
structures, numerical models are dependent on the choice of through-the-thickness kinematics
description. In this sense, two different approaches have been proposed: Equivalent-Single-Layer
models (ESLm) or Layer-Wise (LW) / Component-Wise (CW) models. These models have al-
ready been introduced, but a comprehensive description of the two approaches is provided here.
Multilayered structures exhibit an anisotropic behavior at least in the thickness direction, where
different through-the-thickness material properties are encountered [174]. This anisotropy can
lead to non-negligible displacement gradients, where discontinuities in the displacement slopes
can be observed at interfaces [175], arising in the zig-zag form of the displacements [176]. Fur-
thermore, from equilibrium equations, the interlaminar continuity of transverse normal and
shear stress components at interfaces is also required when modeling multilayered structures
[177], as well as displacement components. In a Total Lagrangian finite element scenario, where
the governing equations for a hyperelastic material are written in the material reference frame,
the first Piola-Kirchhoff stress components (Pxz, Pyz, Pzz) must be continuous at layer interfaces
[178]. The interlaminar continuity conditions of stress and displacement components in the
through-the-thickness direction, as well as the compatibility at structural interfaces and bound-
ary conditions, are called C0

z requirements [179]. These conditions must be fulfilled in a finite
element scenario to accurately compute and predict the structural response of materials and
structures. These can be achieved by adopting appropriate theory of structure approximations
in the numerical modeling of multilayered structures [175].

In the case of ESLm, as described in the definition of higher-order 1D and 2D models, Tay-
lor polynomials are employed in the kinematic modeling of the displacement field along the
thickness or cross-sectional direction. In this sense, the number of unknown variables is defined
regardless of the beam cross-section sub-components or plate layers [126]. The final unknowns of
the problem are the generalized displacement components, namely the higher-order derivatives
of the 3D displacement field, which are obtained as a higher-order expansion of the displace-
ment field in the cross-section direction of thickness, as for example introduced in Eqs. (4.2)
and (4.10). Classical TE-based models, generalized up to any order, have been referred to as
extensions of the Classical Laminated Theories (CLTs) [180], where refinements in the classical
First-Order Shear-Deformation theory (FSDT) allowed for the fulfillment of some compatibility
requirements [172]. In the CUF framework, the ESLm are exploited by adopting TE models,
which define a unique expression of the displacement field expanded up to the M -th order hier-
archically. In this way, it is possible to analyze the behavior of each possible theory of structure
up to any order. The main limitation of this approach is the insensitivity to the specific layer
properties, and the final kinematic description of the structural behavior is given by a homoge-
nized resultant behavior, where the mechanical properties across layers or sub-components have
been homogenized in a resulting, unique model [179].
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Naturally, the simple idea of incorporating zig-zag effects into the theory of structural ap-
proximation led to the definition of LW or CW models. In this sense, the classical TE models
are defined at the layer-component level; thus, each structural sub-component is modeled inde-
pendently, imposing the compatibility conditions between interfaces as additional constraints of
the model. As historically done [181, 160], in the CUF framework, LW/CW models have been
introduced by adopting LE models. In this theory of structure approximation, the through-the-
thickness or cross-section expansion of the displacement field is made through the adoption of
1D or 2D Lagrange’s polynomials [182]. The expansion direction is discretized into several local
beam sub-domains or plate layers, over which Lagrange’s polynomials are defined to interpolate
the displacement field [183]. In this way, the definition of local independent discretizations for
each sub-component is naturally achieved, and different kinematics can be assigned indepen-
dently from those of other components. A graphical representation of the two approaches is
provided in Fig. 4.9.
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Figure 4.9: Multilayered structures: ESLm and CW-LWm.
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Chapter 5

Governing equations in matrix form

In the present chapter, the proposed nonlinear finite element procedure based on higher-order
CUF model is extensively described. All the physical quantities involved will be introduced. The
Principle of Virtual Work (PVW) is the starting point in the definition of the nonlinear gov-
erning equation, implementing then the proposed formalism to rewrite the matrix-form of the
governing equation. Therefore, the Fundamental Nuclei (FN) formalism is introduced, defining
the basic elementary blocks of the present approach, in a resulting definition of the govern-
ing equation in a compact and hierarchical form. The nonlinear governing equations will be
solved numerically by means of a linearized-incremental scheme based on the Newton-Raphson
linearization, introducing the tangent stiffness matrix and the residual nodal force vector. In
particular, the description of the present isoparametric approach, the numerical quadrature rule
and the assembling procedure of FN are also proposed.

5.1 Preliminaries

Let (x, y, z) be the Cartesian reference frame and let u be the continuous displacement field
of the body, described in the material configuration:

u = u(x, y, z) = { ux(x, y, z), uy(x, y, z), uz(x, y, z) }T (5.1)

In the following, the Voigt notation is adopted for symmetric tensorial quantites. Thus, the
Green-Lagrange strain tensor E, the second Piola-Kirchhoff stress tensor S are referred to as:

E = { εxx, εyy, εzz, 2γxz, 2γyz, 2γxy }T (5.2)

S = { Sxx, Syy, Szz, Sxz, Syz, Sxy }T (5.3)

The components of the Green-Lagrange strain tensor Eqs. (2.25)-(2.30) are then written in
compact formal:

ε = (bl + bnl)u (5.4)

where the matrices bl and bnl are the formal matrices of the linear and non-linear derivative
operators [148] defined as follow:
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bl =



∂

∂x
0 0

0
∂

∂y
0

0 0
∂

∂z

∂

∂z
0

∂

∂x

0
∂

∂z

∂

∂y

∂

∂y

∂

∂x
0



bnl =



1
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(
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∂x
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2
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2
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∂

∂y

)2 1

2
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∂

∂y

)2

1

2

(
∂

∂z

)2 1

2

(
∂

∂z

)2 1

2

(
∂

∂z

)2

∂

∂x

∂
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∂

∂x

∂
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∂
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∂z

∂

∂y

∂

∂z

∂

∂y
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∂z

∂
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∂

∂z

∂

∂x

∂

∂y

∂

∂x

∂

∂y

∂

∂x

∂

∂y



(5.5)

For further manipulations, the Green-Lagrange strain tensor is here rewritten now under the
CUF formalism, expressing it in terms of generalized nodal displacements and polynomial ex-
pansion. Suppressing the variable dependence to obtain a more general formulation of the strain
tensor, independent of the 1D or 2D approach chosen, one can rewrite then:

E = (bl + bnl) u = (bl + bnl)FτNiuτi = (Bτi
l + Bτi

nl)uτi (5.6)

The formal matrices of derivatives operator bl and bnl Eq. (5.5) applied to the discretized
displacement field provide the algebraic matrices Bτi

l and Bτi
nl, adopted for the strain interpo-

lation [130]. In the case of 1D and 2D beam and plate models, these algebraic matrices can be
straightforwardly derived from the definition of the 3D displacement field, specialized in both
cases:

1D CUF beam models [130]

Bτi
l =



Fτ,xNi 0 0

0 FτNi,y 0

0 0 Fτ,zNi

Fτ,zNi 0 Fτ,xNi

0 Fτ,zNi FτNi,y

FτNi,y Fτ,xNi 0


(5.7)

Bτi
nl =

1

2



ux,xFτ,xNi uy,xFτ,xNi uz,xFτ,xNi

ux,yFτNi,y uy,yFτNi,y uz,yFτNi,y

ux,zFτ,zNi uy,zFτ,zNi uz,zFτ,zNi

ux,xFτ,zNi + ux,zFτ,xNi uy,xFτ,zNi + uy,zFτ,xNi uz,xFτ,zNi + uz,zFτ,xNi

ux,yFτ,zNi + ux,zFτNi,y uy,yFτ,zNi + uy,zFτNi,y uz,yFτ,zNi + uz,zFτNi,y

ux,xFτNi,y + ux,yFτ,xNi uy,xFτNi,y + uy,yFτ,xNi uz,xFτNi,y + uz,yFτ,xNi


(5.8)
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5.2 – Weak-form of the governing equation

2D CUF plate models [184]

Bτi
l =



FτNi,x 0 0

0 FτNi,y 0

0 0 Fτ,zNi

Fτ,zNi 0 FτNi,x

0 Fτ,zNi FτNi,y

FτNi,y FτNi,x 0


(5.9)

Bτi
nl =

1

2



ux,xFτNi,x uy,xFτNi,x uz,xFτNi,x

ux,yFτNi,y uy,yFτNi,y uz,yFτNi,y

ux,zFτ,zNi uy,zFτ,zNi uz,zFτ,zNi

ux,xFτ,zNi + ux,zFτNi,x uy,xFτ,zNi + uy,zFτNi,x uz,xFτ,zNi + uz,zFτNi,x

ux,yFτ,zNi + ux,zFτNi,y uy,yFτ,zNi + uy,zFτNi,y uz,yFτ,zNi + uz,zFτNi,y

ux,xFτNi,y + ux,yFτNi,x uy,xFτNi,y + uy,yFτNi,x uz,xFτNi,y + uz,yFτNi,x


(5.10)

where the symbol (·),(·) stands for the partial derivative operator in compact form.
In the implementation of a FE procedure based on variational principles, the virtual variation
of the displacement field and strain field are required, as described in Sec. 2.6. Adopting now
the same index notation, the explicit expression of virtual displacements and virtual strains is
exploited adopting independent indices, using the j index for kinematic models along the beam
axis and plate mid-surface nodes, and the s index for the CUF theory of structure approximation
expansion [129]:

δu(x, y, z) = Fsδus = FsNjδusj j = 1,2, .., Nn, s = 1, ...,M (5.11)

The virtual variation of the strain measure is written again in compact form following the
previous procedure explicited in Eq. (5.6):

δE = δ((Bτi
l + Bτi

nl)uτi) = (Bsj
l + 2Bsj

nl)δusj (5.12)

where the algebraic matrices Bsj
l and Bsj

nl are defined as done in Eqs. (5.7)-(5.10) using the
polynomial expansion basis FsNj instead of FτNi.

5.2 Weak-form of the governing equation

In the present thesis, the large strain analysis of hyperelastic soft structure is considered.
Therefore, it is necessary to analyze structures undergoing large displacements, rotations and
deformation by considering the full Green-Lagrange strain tensor in the FE procedure [156]. In
particular, to develop a Total Lagrangian approach, the work-conjugate of the Cauchy-Green
strain tensor is used, thus the stress tensor considered is the second Piola-Kirchhoff stress tensor
[148]. The nonlinear governing equation in weak form are derived by the PVW, carried out in
Eq. (2.59):

δLint + δLine = δLext (5.13)
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Governing equations in matrix form

where Lint is the internal strain energy, Lext is the work done by external loads, Line is the work
done by inertia loads and δ denotes the virtual variation. Introducing the Voigt notation in the
definition of integral terms Eqs. (2.60)-(2.62), one can write

(a) δLint =

∫
Ω0

δETSdV (b) δLext =

∫
Ω0

δuTfdV (c) δLine =

∫
Ω0

δuTρüdV (5.14)

where E is the Green-Lagrange strain tensor, S is the PK2 stress tensor, ü is the acceleration
vector and f is the vector of external loads. In the present approach, a Total Lagrangian
approach is exploited, thus all volume integrals are evaluated with respect to the material
configuration.
Starting from the integral contributions defined in Eq. (5.14), the matrix-form of the governing
equations is carried out imposing the CUF-FEM approximation of the general displacement
field. As it will be proven, the matrix-form of the governing equation will be expressed in terms
of few basic building block, denoted as Fundamental Nuclei (FN), defined regardless of the
polynomial basis adopted in the finite element definition [129]. The final governing equation
will be a unique set of nonlinear algebraic equations where the only, final, unknowns of the
problem are the generalized nodal displacements [130]. All involved FE matrices are defined
in the CUF formalism and presented in a hierarchical form. In the following derivation, all
the variable dependence will be suppressed to derive a more general formulation of matrix-form
equations independently of the CUF model adopted.

Internal energy contribution

The internal strain energy defined in Eq.(5.14)(a) is rewritten as:

δLint =

∫
Ω0

δuT
sj(B

sj
l + 2Bsj

nl)
TSdV = δuT

sj

[∫
Ω0

(Bsj
l + 2Bsj

nl)
TS dV

]
= δuT

sjF
sj
int (5.15)

where the 3x1 FN Fsj
int of the internal forces vector is:

Fsj
int =

∫
Ω0

(Bsj
l + 2Bsj

nl)
TSdV (5.16)

External load contribution

Following the previous derivation procedure for the internal strain contribution, the matrix-form
of the external load term in the variational principle is expressed starting from the definition in
Eq. (5.14)(b):

δLext =

∫
Ω0

δuTfdV =

∫
Ω0

δuT
sjFsNjf dV = δuT

sjF
sj
ext (5.17)

where the 3x1 FN Fsj
ext of the external forces vector is:

Fsj
ext =

∫
Ω0

FsNjf dV (5.18)

Inertia load contribution

The inertial contribution given by Eq. (5.14)(c) is defined in matrix form starting from the
definitions:

δLine =

∫
Ω0

δuTρ üdV =

∫
Ω0

δuT
sjFsNjρFτNiüτidV = δuT

sjM
τsijüτi (5.19)
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5.3 – Static problem, linearization of the governing equation

where the 3x3 FN Mτsij of the constant mass matrix is:

Mτsij =

∫
Ω0

FsNj ρ I FτNidV (5.20)

Considering then Eq. (5.16), Eq. (5.18) and Eq. (5.20), the variational principle written in
matrix form is:

δusj : Fsj
int + Mτsijüτi = Fsj

ext (5.21)

In the CUF framework, the basic entries of finite element matrices defined in Eqs. (5.16)-
(5.20) are carried out and defined regardless of the polynomial expansion basis used for the
displacement fields, thus the final nonlinear matrix-form equation Eq. (5.21) is valid for any
arbitrarily chosen FE definition of the displacement field. Once the specific 1D beam axis or
2D mid-surface kinematics are assigned, namely the set of Ni and Nj shape functions, and
the theory of structure approximation Fτ and Fs along the beam cross-section or plate mid-
surface are chosen, the final form of the nonlinear governing equation is exploited by means
of the recursive summation over the indices considered (namely i, j, τ and s) [129], as will be
described in the following.

The summation over the four introduced indices provides the final, matrix form, of the
assembles internal and external forces vectors and the mass matrix, straightforwardly obtained
by the CUF assembling procedure [129]. Once the final matrix form contributions are assembled,
the PVW in matrix form states:

Fint(u) + Mü = Fext(f) (5.22)

Due to the presence of both geometrical and material nonlinearities in the constitutive modeling,
the final governing equation Eq. (5.22) is a strongly nonlinear set of differential equations, that
is typically solved through the adoption of linearized incremental-iterative numerical schemes.
Historically, the internal energy contribution has been defined, within the context of nonlinear
analysis, through the adoption of the secant stiffness matrix [130]. Although this has been the
classical modeling approach, in the context of hyperelasticity where a nonlinear constitutive law
is encountered, the secant stiffness matrix can not be introduced and therefore the internal strain
energy contribution is written directly in terms of the second Piola-Kirchhoff stress tensor. In
linear elasticity, instead, it is possible to derive the expression of the internal strain energy in
terms of secant stiffness matrix, as detailed in Appendix C.1.

5.3 Static problem, linearization of the governing equation

The resulting, strongly nonlinear, governing equations are commonly solved adopting solu-
tion algorithms based on linearized incremental procedures. In the case of a static, nonlinear
analysis, the final governing equation Eq. (5.22) is written as an equivalent minimization prob-
lem of the residual function [185]. Neglecting the inertial contribution, one can define the
unbalanced nodal forces vector as:

φres(u,f) ≡ Fint − Fext (5.23)

From a mathematical standpoint, the non-trivial equilibrium state u, given by the application
of the load vector f , is equivalently identified by root of Eq. (5.23) since, due to balance at
equilibrium, the residual nodal force vector is null.

63



Governing equations in matrix form

Considering a known equilibrium condition (uk,fk), the residual nodal forces vector is expanded
considering a first order Taylor’s expansion of an increment (∆u,∆f):

φres(u
k + ∆uk,fk + ∆fk) = φres(u

k,fk) +
∂φres

∂u

∣∣∣∣
(uk,fk)

∆uk +
∂φres

∂f

∣∣∣∣
(uk,fk)

∆fk (5.24)

In the present approach, f is the vector of conservative loads, thus independent of the deformed
configuration. Therefore, the finite variation of the external load vector is rewritten in terms of
the load factor:

fk = λkf ref → ∆fk = ∆λkf ref (5.25)

Following Eq. (5.24), the tangent stiffness matrix is defined as
∂φres

∂u
= KT [148], and

∂φres

∂f
=

−I under the hypothesis of dead loads. Afterwards, to impose an equilibrium condition in the
state (uk + ∆uk,fk + ∆fk), the residual nodal force vector is considered zero, obtaining the
following incremental equation:

KT (uk)∆uk = ∆λkf ref −φres(u
k,fk) (5.26)

In Eq. (5.26), the unknowns are given by both ∆uk and ∆λk. The load scale parameter λ is
now an additional variable of the problem, thus an additional constraint equation is coupled
with the incremental equation, to close algebraically the nonlinear system of equations [186]:{

KT (uk)∆uk = ∆λkf ref −φres(u
k,fk)

c(∆uk,∆λk) = 0
(5.27)

Eq. (5.27) is the final system of equation to be solved to obtain the new updated configuration
(uk+1,fk+1) = (uk + ∆uk,fk + ∆fk). This algorithm is iteratively repeated until a certain
convergence tolerance on the unbalanced nodal forces vector, namely |φres| < ε is reached. In
the proposed solver, additional convergence criteria are imposed on the variations ∆uk and ∆λk,
to correctly predict complex structural phenomena as snap-back or snap-through [187].

5.3.1 Derivation of the tangent stiffness matrix

The matrix form of the tangent stiffness matrix, introduced in Eq. (5.26) is here defined within
the CUF formalism, by considering the linearization of the equilibrium equation Eq. (5.23) [148].
Under the hypothesis of dead loads, the only non-null linearized contribution to be considered
is the related to the internal strain energy, thus:

∆(δLint) =

∫
Ω0

∆(δETS)dV =

∫
Ω0

δET∆SdV +

∫
Ω0

∆(δET)SdV (5.28)

Linearization of the constitutive law

The first term of Eq. Eq. (5.28) is related to the linearization of constitutive law. This variation
has been already presented in Eq. (3.31), thus the variation of the second Piola-Kirchhoff stress
tensor can be defined as:

∆S = C
1

2
∆C = C∆E = C(Bτi

l + 2Bτi
nl)∆uτi (5.29)
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5.3 – Static problem, linearization of the governing equation

where C is the tangent elasticity tensor. Therefore, the linearized energetic term considered is
written as [148]:∫

Ω0

δET∆SdV =

∫
Ω0

δuT
sj(B

sj
l + 2Bsj

nl)
TC(Bτi

l + 2Bτi
nl)∆uτi dV =

= δuT
sjK

τsij
ll ∆uτi + δuT

sjK
τsij
lnl ∆uτi + δuT

sjK
τsij
nll ∆uτi + δuT

sjK
τsij
nlnl∆uτi =(5.30)

= δuT
sjK

τsij
ll ∆uτi + δuT

sjK
τsij
T1

∆uτi (5.31)

where Kτsij
T1

= Kτsij
lnl + Kτsij

nll + Kτsij
nlnl is 3x3 FN nonlinear contribution to the tangent stiffness

matrix given by the nonlinear strain components of the Green-Lagrange strain tensor, instead
Kτsij

ll is the 3x3 FN of the “linear” contribution, coming from the linear strain components. The
terms defined in Eq. (5.30) are here explicitly reported:

Kτsij
ll =

∫
Ω0

BsjT
l CBτi

l dV

Kτsij
lnl =

∫
Ω0

2BsjT
l CBτi

nldV

Kτsij
nll =

∫
Ω0

2BsjT
nl CBτi

l dV

Kτsij
nlnl =

∫
Ω0

4BsjT
nl CBτi

nldV

(5.32)

At this level, the FN of the tangent stiffness matrix are defined regardless of the hyperelastic
material model adopted, either independent of the adopted expression and formulation of the
tangent elastic moduli. The present FN expression is defined for a generic 6×6 elasticity tensor.
Once the material model is given, the FN expression is specialized by the evaluation of the
tangent elasticity tensor C in the hyperelastic framework, depending of the model considered.

Linearization of the geometrical relations

The second term of Eq. (5.28) is related to the linearization of geometrical relations. The finite
variation of the virtual strain involved in this term is carried out following the same rule of the
previous derivation, introducing the formal matrix of derivative operators [148]. Analytically,
this finite variation is expressed as [148]:

∆(δE) =



(δux,x)v δux,x + (δuy,x)v ux,y + (δuz,x)v δuz,x

(δux,y)v δux,y + (δuy,y)v uy,y + (δuz,y)v δuz,y

(δux,z)v δux,z + (δuy,z)v uy,z + (δuz,z)v δuz,z

[(δux,x)v δux,z + ux,x(δux,z)v ] + [(δuy,x)v δuy,z + uy,x(δuy,z)v ] + [(δuz,x)v δuz,z + uz,x(δuz,z)v ]

[(δux,y)v δux,z + ux,y(δux,z)v ] + [(δuy,y)v δuy,z + uy,y(δuy,z)v ] + [(δuz,y)v δuz,z + uz,y(δuz,z)v ]

[(δux,x)v δux,y + ux,x(δux,y)v ] + [(δuy,x)v δuy,y + uy,x(δuy,y)v ] + [(δuz,x)v δuz,y + uz,x(δuz,y)v ]


(5.33)

where the notation (·)v is used for the finite variation operator in compact form. Applying
now the CUF approximation of the real and virtual displacement field, the term ∆(δE) can
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be rewritten in compact form introducing the algebraic B∗
nl, as similarly done for the Green-

Lagrange strain tensor:

∆(δE) = B∗
nl


∆uxτiδuxsj

∆uyτiδuysj
∆uzτiδuzsj

 (5.34)

where the matrix B∗
nl is defined again both for 1D and 2D beam models following the definitions

of each displacement field approximation:

1D CUF beam models [130]

B∗
nl =



Fs,xNjFτ,xNi Fs,xNjFτ,xNi Fs,xNjFτ,xNi

FsNj,yFτNi,y FsNj,yFτNi,y FsNj,yFτNi,y

Fs,zNjFτ,zNi Fs,zNjFτ,zNi Fs,zNjFτ,zNi

Fs,xNjFτ,zNi + Fs,zNjFτ,xNi Fs,xNjFτ,zNi + Fs,zNjFτ,xNi Fs,xNjFτ,zNi + Fs,zNjFτ,xNi

FsNj,yFτ,zNi + Fs,zNjFτNi,y FsNj,yFτ,zNi + Fs,zNjFτNi,y FsNj,yFτ,zNi + Fs,zNjFτNi,y

Fs,xNjFτNi,y + FsNj,yFτ,xNi Fs,xNjFτNi,y + FsNj,yFτ,xNi Fs,xNjFτNi,y + FsNj,yFτ,xNi


(5.35)

2D CUF plate models [184]

B∗
nl =



FsNj,xFτNi,x FsNj,xFτNi,x FsNj,xFτNi,x

FsNj,yFτNi,y FsNj,yFτNi,y FsNj,yFτNi,y

Fs,zNjFτ,zNi Fs,zNjFτ,zNi Fs,zNjFτ,zNi

FsNj,xFτ,zNi + Fs,zNjFτNi,x FsNj,xFτ,zNi + Fs,zNjFτNi,x FsNj,xFτ,zNi + Fs,zNjFτNi,x

FsNj,yFτ,zNi + Fs,zNjFτNi,y FsNj,yFτ,zNi + Fs,zNjFτNi,y FsNj,yFτ,zNi + Fs,zNjFτNi,y

FsNj,xFτNi,y + FsNj,yFτNi,x FsNj,xFτNi,y + FsNj,yFτNi,x FsNj,xFτNi,y + FsNj,yFτNi,x


(5.36)

Therefore, the term given by the linearized geometrical relations is:

∫
Ω0

δ(∆E)TSdV =

∫
Ω0


∆uxτiδuxsj

∆uyτiδuysj
∆uzτiδuzsj


T

B∗T
nl SdV =

∫
Ω0

δuT
sj diag(B∗T

nl S) ∆uτidV =

= δuT
sjK

τsij
σ ∆uτi (5.37)

where the term

∫
Ω0

diag(B∗T
nl S)dV in Eq. (5.37) is a 3×3 diagonal matrix with the components

of the vector B∗T
nl S. This contribution defines the FN of geometric stiffness matrix Kτsij

σ . For
the sake of completeness, the FN of the geometric stiffness matrix is here reported, for both 1D
beam and 2D plate models:
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1D CUF beam models [130]

Kτsij
σ =

∫
Ω0

(
SxxFs,xNjFτ,xNi + SyyFsNj,yFτNi,y + SzzFs,zNjFτ,zNi +

+ SxyFs,xNjFτNi,y + SxyFsNj,yFτ,xNi + SxzFs,xNjFτ,zNi +

+ SxzFs,zNjFτ,xNi + SyzFsNj,yFτ,zNi + SyzFs,zNjFτNi,y

)
dV I (5.38)

2D CUF plate models [184]

Kτsij
σ =

∫
Ω0

(
SxxFsNj,xFτNi,x + SyyFsNj,yFτNi,y + SzzFs,zNjFτ,zNi +

+ SxyFsNj,xFτNi,y + SxyFsNj,yFτNi,x + SxzFsNj,xFτ,zNi +

+ SxzFs,zNjFτNi,x + SyzFsNj,yFτ,zNi + SyzFs,zNjFτNi,y

)
dV I (5.39)

Afterwards, once the two terms have been defined separately, the final 3 × 3 FN of the tangent
stiffness matrix is obtained:

∆(δLint) =

∫
Ω0

δET∆SdV +

∫
Ω0

∆(δE)TSdV =

= δuT
sjK

τsij
ll ∆uτi + δuT

sjK
ij
T1

∆uτi + δuT
sjK

τsij
σ ∆uτi =

= δuT
sjK

τsij
T ∆uτi (5.40)

As discussed in the derivation procedures of the FN of internal and external force vectors and
mass matrix, again all the 3×3 sub-matrices of the tangent stiffness matrix FN, exploited in Eq.
(5.40), are again defined regardless of the discretization model adopted. The CUF formalism
exploited in the finite element definition allow to derive the final incremental equation in matrix
form regardless of the kinematic and theory of structure approximation considered [130].

5.4 Linearized free vibration in non-trivial equilibrium states

The problem of linearized vibrations around non-trivial equilibrium states becomes funda-
mental when investigating the modal and dynamic properties of hyperelastic materials [188, 189].
In a large strain context, the effect of pre-stress on the structure can significantly modify the
modal and dynamic structural response. The problem of linearized vibrations is here defined,
including pre-stress effects in the linearized vibration analysis of these materials and structures,
examining how natural frequencies and modal shapes are affected by highly deformed states.
The governing equations for the undamped vibration problem in non-trivial equilibrium states
are carried out again adopting the PVW. Starting from Eq. (5.22), the residual nodal forces
vector is defined now including the non-negligible inertial loads:

φres(u, ü,f) = Fint + Mü− Fext (5.41)

The generic equilibrium condition is equivalently expressed by the formal condition φres(u, ü,f) =
0. If (u0, ü0,f0) is a known equilibrium state, the residual nodal force vector is expanded by a
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Taylor series, truncated at first order, considering an increment (∆u,∆ü,∆f):

φres(u0 + ∆u, ü0 + ∆ü,f0 + ∆f) = φres(u0, ü0,f0) +
∂φres

∂u
∆u +

∂φres

∂ü
∆ü +

∂φres

∂f
∆f =

= φres(u0, ü0,f0) +
∂Fint

∂u
∆u +

∂

∂ü

(
Mü

)
∆ü− ∂Fext

∂f
∆f =

= φres(u0, ü0,f0) + KT∆u + M∆ü− I∆λf ref (5.42)

where again the tangent stiffness matrix is introduced as done in the case of static analysis, and
exploiting again the assumption of conservative loads for the variation of the applied loads. The
three terms in this final equation are related to the finite variation of internal work, external
work, and inertial work, respectively. Under the assumption of linear inertial loads with respect
to the constant mass matrix, one can write in the Taylor expansion around the known condition:

∆(δLine) = ∆(δuT
sjM

τsijüτi) = δuT
sj∆Mτsijüτi + δuT

sjM
τsij∆üτi = δuT

sjM
τsij∆üτi (5.43)

In the successive, generic, non-trivial equilibrium state of the structures, the equilibrium is
imposed by considering the null unbalanced nodal force vector, thus φres(u+∆u, ü0+∆ü,f0+
∆f) = 0. The incremental equation is then rewritten now as:

KT (u)∆u + M∆ü = −φres(u0, ü0,f0) + I∆λf ref (5.44)

In the case of linearized, undamped vibration analysis, once the structure is considered in a
known non-trivial equilibrium state, all the residual nodal vectors of Eq. (5.42) are null, as
well as load variations, thus ∆λ = 0 is considered. Under these considerations, the governing
equation for the linearized free-vibration problem around the k-th non-trivial condition uk is:

KT (uk)∆uk + M∆ük = 0 (5.45)

The classical linear eigenvalue problem, around the non-trivial equilibrium state is introduced
by imposing a generic harmonic increment ∆uk = Φkeiωkt:

KT (uk)Φkeiωt − ω2
kMΦkeiωkt = 0 (5.46)

(KT (uk) − ω2
kM)Φkeiωkt = 0 (5.47)

(KT (uk) − ω2
kM)Φk = 0 (5.48)

where Φk is the set of eigenvectors, representing the normal modes of vibration around the de-
formed k-th pre-stressed structural configuration, and ωk is the natural frequency of oscillation
around the k-th deformed configuration. Equation (5.48) is the classical linear eigenvalue prob-
lem, defining thus the small-amplitude free vibration problem, solved numerically employing
already available libraries and packages of linear mechanical analysis. The linear eigenvalues
problem is then uniquely defined in each equilibrium state by means of the related tangent stiff-
ness matrix KT (uk). From the classical eigenvalue problem Eq. (5.48), the natural frequencies
and normal modes of vibration around the deformed equilibrium state (different from the trivial
one) are obtained. Figure 5.1 provide a graphical representation of the adopted algorithm in
the proposed linearized vibration analysis.
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5.4 – Linearized free vibration in non-trivial equilibrium states
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Figure 5.1: Linearized vibration problem around non-trivial equilibrium states: representation scheme.
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5.5 Assembling procedure of FN

In the present work, the CUF approach allow the definition of the governing equation in a
hierarchical form, whose expression is independent of the finite element model adopted. The
previous definitions of the FN of the internal force vector Eq. (5.16), the external force vector Eq.
(5.18), the mass matrix Eq. (5.20) and the tangent stiffness matrix Eq. (5.40) allow for a compact
redefinition of the equilibrium and incremental equations depending only on elementary blocks
defined in terms of the generic polynomial expansion bases chosen for the theory of structure
approximation Fτ and Fs and kinematic model along the beam axis or plate mid-surface Ni and
Nj [129]. This approach can be seen as a recursive definition of the elementary entries of the
FE matrices, starting from the basic unity of the present higher-order finite element modeling
approach [129]. In the present section, a detailed description of the CUF assembling procedure
is provided. For the sake of clarity, vector indices will be proposed following the order Fsj ,
matrices indices instead with the order Ksjτi, to better clarify the summations involved.
For each FE node of the beam axis or plate mid-surface the structural theory DOF are mounted.
In this sense, for each i-th node of the finite element, the total M generalized displacements
DOF are mounted. This can be equivalently considered for the virtual displacement field,
overlapped to the real displacement field, in the same definition. The global FE matrices for the
discretization model adopted are obtained considering the summation over the recursive index
notation of the FN. In the present approach, in total four loops have to be performed to define
the overall FE matrices, instead two loops are required for defining the overall force vector [129].
The proposed methodology is now detailed and explained with a representative example on the
equilibrium equation in matrix form Eq. (5.21). Consider a representative linear B2 1D beam
CUF model and a single L4 expansion model. In this case, for each node involved in the beam
axis discretization (2), the theory of structure approximation DOF are mounted (3 DOF × 4
Lagrange Points), in a resulting model of 24 DOF. The expanded equation of motion, following
the summation over the repeated indices is then:

δuT
1,1F

1,1
ext + ... + δuT

4,1F
4,1
ext︸ ︷︷ ︸

Sum over s, j=1

+ δuT
1,2F

1,2
ext + ... + δuT

4,2F
4,2
ext︸ ︷︷ ︸

Sum over s, j=2

=

Sum over s, j=1:



δuT
1,1

[
M1,1,1,1ü1,1 + ... + M1,1,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M1,1,1,2ü1,2 + ... + M1,1,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

]
+

+ · · ·+

δuT
4,1

[
M4,1,1,1ü1,1 + ... + M4,1,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M4,1,1,2ü1,2 + ... + M4,1,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

]
+

Sum over s, j=2:



δuT
1,2

[
M1,2,1,1ü1,1 + ... + M1,2,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M1,2,1,2ü1,2 + ... + M1,2,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

]
+

+ · · ·+

δuT
4,2

[
M4,2,1,1ü1,1 + ... + M4,2,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M4,2,1,2ü1,2 + ... + M4,2,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

]
+

+ δuT
1,1F

1,1
int + ... + δuT

4,1F
4,1
int︸ ︷︷ ︸

Sum over s, j=1

+ δuT
1,2F

1,2
int + ... + δuT

4,2F
4,2
int︸ ︷︷ ︸

Sum over s, j=2

(5.49)
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Starting from the general equilibrium equation Eq. (5.21), one can observe that for the specific
DOF, given by the s-th term of the theory of structure summation expansion over the j-th finite
node, the specific equilibrium equation is found. Therefore, the indices (s, j) give the entry rows
of FE matrices, corresponding also to the specific functions to be further integrated. From the
Polynomials Identity Theorem, since this equation is valid for all possible values of δusj , one
can rearrange the full expression obtained in Eq. (5.49) in a set of algebraic equation as follows:

δu1,1 : F1,1
ext = M1,1,1,1ü1,1 + · · · + M1,1,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M1,1,1,2ü1,2 + ... + M1,1,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

+F1,1
int

...

δu4,1 : F4,1
ext = M4,1,1,1ü1,1 + ... + M4,1,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M4,1,1,2ü1,2 + · · · + M4,1,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

+F4,1
int

δu1,2 : F1,2
ext = M1,2,1,1ü1,1 + · · · + M1,2,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M1,2,1,2ü1,2 + · · · + M1,2,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

+F1,2
int

...

δu4,2 : F4,2
ext = M4,2,1,1ü1,1 + · · · + M4,2,4,1ü4,1︸ ︷︷ ︸

Sum over τ, i=1

+M4,2,1,2ü1,2 + · · · + M4,2,4,2ü4,2︸ ︷︷ ︸
Sum over τ, i=2

+F4,2
int

(5.50)
A graphical scheme of the CUF assembling procedure of FN, following the procedure derived
from the Polynomial Identity Theorem, is provided in Fig. 5.2.
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Figure 5.2: Assembling procedure of Fundamental Nuclei: graphical representation.
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As observed in the derivation procedure, one can conclude that the summation over the
indices (i− τ) provide the final (j− s) algebraic equation, and each term will be now referred to
the contribution related to the τ -th term of the theory of structure expansion around the finite
node i. In this sense, from an algebraic point of view, the recursive index notation adopted for
the polynomial expansion of the displacement field is also explicitly addressing the contribution
of the FE matrices. The four looping indices are both indicating the function to be integrated in
the FN definition and the relative contribution to the global FE matrices by the index meaning.
A graphical representation of the CUF assembling procedure from nodal DOF theory to the
whole element is provided in Fig. 5.3, but more details can be found in the reference [129].

Kxx
τsij τsij τsij

τsij τsij τsij

τsij τsij τsij

Kxy Kxz

Kyz Kyy Kyz

Kzx Kzy Kzz

1

1

M

M

s

τ
1

1

N

N

j

i

3x3

FN

Figure 5.3: Assembling procedure of Fundamental Nuclei: global assembling from nodal quantities to
general FE matrix.
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5.6 – Isoparametric approach

5.6 Isoparametric approach

The FN definition of FE matrices, such as the tangent stiffness matrix or mass matrix, in-
volves the computation of interpolating shape functions, their derivatives with respect to the
global Cartesian reference frame, and displacement gradients. In an hyperelastic finite element
framework, the volume integral related to the material configuration has to be computed consid-
ering also the dependence from the three dimensions of the tangent elasticity tensor within the
element domain, differently with respect to classical linear elastic materials where the elasticity
tensor is constant. From Eqs. (5.7)-(5.10), the basic algebraic matrices to build the FN, one
can observe that the integration over the domain involves both shape functions derivative and
displacement gradients. Classical FE approaches, as in the case of the preset thesis, rely on
the isoparametric approach. The element geometry and related field variables are approximated
adoping the same set of interpolation functions, defined in a natural coordinate system. This
approach ensures consistency, allows the automation of quadrature procedures, and it is adopt to
map each possible distorted element of the computational domain into a simple unitary domain.
The physical reconstruction of field variables is then performed by means of the Jacobian of the
transformation.

In a 2D sense, both for 2D FE approximation of the reference plate mid-surface and 1D
expansion with LE models, geometrical recontruction and partial derivatives are performed in
the so-called natural reference frame, that maps the physical domain by means of a simple
squared domain [−1; 1] × [−1,1]. Figure 5.4 illustrates the definition of a general quadrilateral
plane element and its mapping in the natural reference frame.

x

x2
u

y2
u

x3
u

y3
u

x4
u
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u
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2

3

4

1 (-1,-1)

u

y1
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y

ξ

η

≡ 2 (1,-1)≡

4 (-1,1)≡ 3 (1,1)≡
J

Figure 5.4: Jacobian and element mapping from the global to natural reference frame.

Typically, the set of interpolating functions is given in terms of natural coordinates, defined
in (ξ, η) domain. The derivatives of the interpolating functions with respect to the natural
coordinates are obtained by means of the chain rule, starting from the natural derivatives:

2D FEM:


∂Ni

∂ξ
=

∂Ni

∂x

∂x

∂ξ
+

∂Ni

∂y

∂y

∂ξ

∂Ni

∂η
=

∂Ni

∂x

∂x

∂η
+

∂Ni

∂y

∂y

∂η

1D CUF:


∂Fτ

∂ξ
=

∂Fτ

∂x

∂x

∂ξ
+

∂Fτ

∂z

∂z

∂ξ

∂Fτ

∂η
=

∂Fτ

∂x

∂x

∂η
+

∂Fτ

∂z

∂z

∂η

(5.51)

Considering the Nn total nodes of the element definition, either in the case of 2D FEM element
definition or Lagrange domains for cross-section expansions, the geometry is reconstructed using
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the physical coordinates of the Lagrange points of the imposed interpolation:

2D FEM:


x =

Nn∑
i=1

Ni(ξ, η) · xi

y =

Nn∑
i=1

Ni(ξ, η) · yi

1D CUF:


x =

M∑
τ=1

Fτ (ξ, η) · xτ

z =
M∑
τ=1

Fτ (ξ, η) · zτ

(5.52)

Using this definition, one can compute by means of the Lagrange points coordinates the deriva-
tives of the physical coordinates with respect to natural variables:

2D FEM:


∂x

∂ξ
=

Nn∑
i=1

∂Ni(ξ, η)

∂ξ
· xi

∂x

∂η
=

Nn∑
i=1

∂Ni(ξ, η)

∂η
· xi

∂y

∂ξ
=

Nn∑
i=1

∂Ni(ξ, η)

∂ξ
· yi

∂y

∂η
=

Nn∑
i=1

∂Ni(ξ, η)

∂η
· yi

1D CUF:


∂x

∂ξ
=

M∑
τ=1

∂Fτ (ξ, η)

∂ξ
· xτ

∂x

∂η
=

M∑
τ=1

∂Fτ (ξ, η)

∂η
· xτ

∂z

∂ξ
=

M∑
τ=1

∂Fτ (ξ, η)

∂ξ
· zτ

∂z

∂η
=

M∑
τ=1

∂Fτ (ξ, η)

∂η
· zτ

By means of chain rule then, and the introduction of the Jacobian matrix, the derivatives with
respect to the natural reference frame are:

2D FEM:


∂

∂ξ

∂

∂η

 =


∂x

∂ξ

∂y

∂ξ

∂x

∂η

∂y

∂η


︸ ︷︷ ︸

J(2D)


∂

∂x

∂

∂y

 1D CUF:


∂

∂ξ

∂

∂η

 =


∂x

∂ξ

∂z

∂ξ

∂x

∂η

∂z

∂η


︸ ︷︷ ︸

J(2D)


∂

∂x

∂

∂z

 (5.53)

Inverting the J(2D) Jacobian matrix, the derivatives with respect to the physical reference frame
are straightforwardly obtained, obtaining then a computational and simple approach for the
derivative computation, depending only on the geometrical features of the elements.

The same procedure can be also considered in the case of 1D shape function, involved typically
in 1D beam axis discretization models and 2D through-the-thickness LE models. In this sense,
the numerical evaluation of physical derivatives is straightforward since the change of variables
is performed in a single direction. Again, the set of interpolating functions is given in terms of
natural coordinates, defined thus in (ν) ∈ [−1; +1] natural domain. Considering the nn total
nodes of the 1D element definition, the geometry is reconstructed using the nodal coordinates
and the imposed interpolation:

1D FEM: y =

nn∑
i=1

Ni(ν) · yi (5.54)

2D CUF expansion: z =

nn∑
i=1

Fτ (ν) · zi (5.55)
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By means of the chain rule:

1D FEM:
∂Ni

∂y
=

∂Ni

∂ν

∂ν

∂y
=

1

|J(1D)|
∂Ni

∂ν
(5.56)

2D CUF expansion:
∂Fτ

∂z
=

∂Fτ

∂ν

∂ν

∂z
=

1

|J(1D)|
∂Fτ

∂ν
(5.57)

This approach is extensively used in cross-sectional mapping, geometry reconstruction and
implementation of numerical quadrature techniques that allows recursive implementation into
finite element program.

5.7 Numerical integration

The FN of finite element matrices is a scalar function of three variables, to be integrated
over the closed volume domain of the element definition. A function can be integrated using
different techniques. Compared to analytical integration, the numerical quadrature technique
is preferred for its versatility and generality, as it can be applied to any domain. The Gauss-
Legendre quadrature here proposed involves computing the integrals in the so-called natural
reference frame, with coordinates (ξ, η, ν), each defined in the domain [−1,1]. The numerical
approximation of the integral is carried out through a sum of a fixed number of contributions
depending on the value of the integrand and on a quadrature weights. In the natural reference
system, the generic quantity f(ξ, η, ν) integrated over the natural domain is:

1∫
−1

1∫
−1

1∫
−1

f(ξ, η, ν)dξdηdν =

NGP∑
i=1

NGP∑
j=1

NGP∑
k=1

f(ξi, ηj , νk)wiwjwk (5.58)

From this general definition, both 2D and 1D numerical evaluations of integrals can be directly
defined with this approximation, the calculation of integrals requires only the evaluation of the
integrand at specific points of the natural domain, called Gauss Points (GP), multiplied by real
constants called quadrature weights, which depend on the number of quadrature points used and
are tabulated; their value is known a priori. In the case of polynomial functions, depending on
the order of the integrating functions, there exists also a specific number of Gauss Points with
related coordinates which guarantees the exactness of the numerically evaluated integral.
As an example, here the quadrature technique applied to a generic component of the tangent
stiffness matrix is provided. Considering the component Kxx

T,ll, namely the (1,1) component of
the linear stiffness matrix of a 2D plate model, one can write applying the definition:

Kxx
T,ll =

∫
Ω0

C44Fs,zFτ,zNiNjdV +

∫
Ω0

C14Fs,zFτNi,xNjdV︸ ︷︷ ︸
(∗)

+

∫
Ω0

C46Fs,zFτNi,yNjdV +

+

∫
Ω0

C14FsFτ,zNiNj,xdV +

∫
Ω0

C11FsFτNi,xNj,xdV +

∫
Ω0

C46FsFτ,zNiNj,ydV +

+

∫
Ω0

C66FsFτNi,yNj,ydV +

∫
Ω0

C16FsFτNi,yNj,xdV +

∫
Ω0

C16FsFτNi,xNj,y (5.59)

In general, as shown in Eq. (5.59), the generic integration considers as integrand the product of
the derivatives of shape functions, for example Ni,x and Nj,x, as i and j vary, coupled with the
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derivatives and nominal values of through-the-thickness expansion polynomials. To generalize
the numerical quadrature procedure, the generic integrand is written in terms of natural coor-
dinates, performing a change of variables. Applying this transformation to the (∗) term of the
stiffness matrix component, one can write:

∫
Ω0

C14Fs,zFτNi,xNjdV =

1∫
−1

1∫
−1

1∫
−1

C14(ξ, η, ν)Fs,z(ξ, η)Fτ (ξ, η)Ni,x(ν)Nj(ν)|J(2D)||J(1D)|dξdηdν

(5.60)
Applying now the numerical quadrature, the integral over the natural (mapped) domain can be
rewritten as:

1∫
−1

1∫
−1

1∫
−1

C14(ξ, η, ν)Fs,z(ξ, η)Fτ (ξ, η)Ni,x(ν)Nj(ν)|J(2D)||J(1D)|dξdηdν =

=

N l
GP∑

l=1

Nn
GP∑

n=1

Nm
GP∑

m=1

C14(ξl, ηn, νm)Fs,z(ξl, ηn)Fτ (ξl, ηn)Ni,x(νm)Nj(νm) ×

× |J(2D)(ξl, ηn)||J(1D)(νm)|wlwnwm (5.61)

In the case of hyperelastic isotropic and anisotropic soft materials and structures one can observe
that, differently to the classical quadrature procedure proposed in linear elasticity, the integral
has to be computed in a pseudo-3D sense, since the approximation of polynomial expansion
could be possible separating the variables, thus performing two different integrations for the
FEM approximation and the CUF expansion, however the presence of the generic term of the
tangent elastic moduli within the element domain do not allow for the automatic splitting of
the integrals in different directions. In this sense, since material coefficients vary point-wise in
the whole volume domain, they need to be included into the 3D formulation.
Looking at Eq. (5.61), to compute the approximate value of the integral for the stiffness matrix
element, it is therefore necessary to know the derivatives of the shape functions evaluated at the
Gauss Point (through the natural coordinates), and the value of the Jacobian, the term that
measures the change in volume between the physical and natural reference systems, by adopting
the isoparametric formulation. The pseudo-3D integration is performed considering a global 3D
Jacobian obtained as the product of the Jacobians along the FEM approximation and the CUF
expansion. The global 3D location of the Gauss point is used for the numerical computation
of the tangent elasticity tensor, to be consistent with the quadrature rules in the two different
directions. In this sense, the considered models behave as beam- or plate-like models, exploiting
3D interpolation with different orders of approximation in different directions. The accuracy and
exactness of the integral thus calculated are directly dependent on the number of Gauss Points
used. In some cases, it is even preferable to reduce the number of Gauss Points to deliberately
underestimate the stiffness matrix and mitigate numerical issues arising from the method. More
details about the quadrature rule applied in a CUF-based finite element scenario can be found
in Carrera et al. [129].
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Chapter 6

Numerical schemes

Generally, the presence of both material and geometrical nonlinearities lead to strongly
nonlinear governing equations that can not be solved directly. For this reason, iterative and
incremental solvers are mainly adopted for such problems, thus linearized procedures are adopted
to find, iteratively, the equilibrium conditions. In this chapter, the two algorithms adopted in
the present thesis are presented.

6.1 Load-control procedure

Newton load-control method is an iterative method adopted to find the equilibrium equations
at a given assigned load condition, namely the maximum load applied, postulating a sequence
of intermediate steps between the undeformed and final configurations by a fixed variation of
the load at each step. In this sense, the final solution of the problem for λmax is obtained
considering different N load steps where, for each step, a fixed load variation ∆λ = λmax/N
is considered. For each i-th step, the structural configuration is analyzed at λi = (i/N)λmax,
considering iterative solvers to find the new equilibrium condition that satisfies the governing
equations. In this sense, this algorithm is intended as an iterative-incremental solver where only
displacement variables are considered as final unknowns, since load variations are assigned.
Each i-th incremental step is obtained iteratively, up to a certain convergence tolerance, with
m-th internal iterations steps. Following this procedure, one can compute the equilibrium state
for increasing values of the load applied, until the final requested load condition is obtained.
Suppose to start from a known equilibrium condition identified by (u(k), λk), where the internal

forces vector is known and the external load vector is F
(k)
ext = λkf ref . From this condition, a load

variation of ∆λ is considered, to analyze the structure at the load condition F
(k+1)
ext = λ(k+1)f ref .

This is analyzed by means of the incremental equation for the static nonlinear problem Eq.
(5.26):

KT (u(k), λk)δu
(k+1)
j=1 = ∆λf ref − φres(u

(k), λk)︸ ︷︷ ︸
=0, F

(k)
ext=F

(k)
int

= ∆λf ref (6.1)

The first internal increment δu
(k+1)
j=1 is then found by solving Eq. (6.1). In this way, the

provisional step u
(k+1)
j=1 is obtained considering the initial displacement variation ∆u

(k)
j=1. Due

to numerical approximation, the configuration given by the displacement vector u
(k+1)
j=1 do not

satisfy immediately the equilibrium equation Eq. (5.23), since the computation of internal force
vector in the updated provisional step are still not balancing the applied external load.
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For this reason, another linearization around the updated provisional step is performed to enforce
the equilibrium equation in terms of unbalanced nodal vector:

φres(u
(k+1)
j + δu

(k+1)
j+1 , λ(k+1)) = 0 (6.2)

By expanding Eq. (6.2) truncating at the first order:

φres(u
(k+1)
j ) + KT (u

(k+1)
j )δu

(k+1)
j+1 = 0 (6.3)

The solution of Eq. (6.3) provide the internal increment δu
(k+1)
j+1 by which the corrected variation

of the displacement vector is found, thus ∆u
(k)
j+1 = ∆u

(k)
j + δu

(k+1)
j+1 . Therefore, the updated

provisional step of the j + 1 iteration is obtained considering u
(k+1)
j+1 = u

(k+1)
j + δu

(k+1)
j+1 =

u(k) + ∆u
(k)
j+1, equivalently. In the updated provisional step, again, the equilibrium conditions

are verified by the computation of the unbalanced residual nodal force vector in the updated

condition, evaluating thus φ(u
(k+1)
j+1 , λk+1). If the equilibrium condition is still not satified,

Eq. (6.3) is again defined in the updated temporal configuration state, updated iteratively the
deformed configuration until the unbalanced residual nodal force vector is null, or up to a certain
convergece tolerance, thus |φ| < ε. A graphical representation of the proposed algorithm, with
the representation of unbalanced nodal force vectors and provisional steps, as well as correcting
increment, is depicted in Fig. 6.1.
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Figure 6.1: Iterative solvers for nonlinear algebraic system of equations: load-control procedure, graph-
ical representation of the proposed algorithm.
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6.2 Arc-length procedure

Arc-length method is an efficient incremental-iterative approach for nonlinear solvers, exten-
sively adopted in the case of one or more critical points within the structural equilibrium path,
handling negative slope in load–displacement curves and particularly effective within the context
of geometric and material nonlinear problems (e.g., plasticity, large deformations). Differently
with respect to the case of load-control procedures, this algorithm postulates a simultaneous
variation of both displacements and load factor to achieve the new equilibrium conditions by
considering simultaneous convergence criteria.
Each i-th incremental step is obtained iteratively, up to a certain convergence tolerance, with
j-th internal iterations steps, on both displacements and load variations. To begin with the
algorithm description, the following quantities will be introduced:

� δ
(k)
j (·) indicates the internal finite variation, where k is the load step considered and j

the internal iteration index within the k − th load step. In this sense, this variation

can be seen as δ
(k)
j (·) = (·)(k)j − (·)(k)(j−1), as well as the global final convergent quantity

(·)(k+1) = (·)(k) +
∑m

j=1
δ
(k)
j (·);

� k = 0 is identically adopted for the initial condition, thus δ0ju is the initial known conditions

and δ0jλ is adopted to denote the initial load parameter increment;

� δt
(k)
j =

(
δu

(k)
j , δλ

(k)
j

)
is the formal vector of configuration updating, used to map the

updating provisional step during the internal convergence iterations;

� t(k) = t(k−1) +
∑m

j=1
δt

(k)
j relates the current solution to the previous one.

As performed in the case of load control procedures, suppose to start from a known equilibrium
condition identified by (u(k), λk), where the internal forces vector is known and the external load

vector is F
(k)
ext = λkf ref . From this condition, simultaneous variations of both displacements and

load scale factor are considered, to analyze the structure at a load condition F
(k+1)
ext = λ(k+1)f ref ,

where now λ(k+1) is unknown, differently with respect to the previous presented algorithm. This
is analyzed by means of the incremental equation for the static nonlinear problem Eq. (5.26):

KT (u(k))δu
(k+1)
j=1 = (λk+1

j=1 − λk)︸ ︷︷ ︸
δλk

j=1

f ref − φres(u
(k), λk) (6.4)

where the δλk
j=1 initial load variation is assigned and can be considered a tuning parameter of

the algorithm. As already discussed within the load control algorithm, solving Eq. (6.4) for

δu
(k+1)
j=1 does not provide automatically the successive convergent equilibrium step, thus:

φres(u
k+δu

(k+1)
j=1 , λk+δλ

(k+1)
j=1 ) = F int(u

k+δu
(k+1)
j=1 , λk+δλ

(k+1)
j=1 )−(λk+δλ

(k+1)
j=1 )f ref /= 0 (6.5)

Starting from this last provisional condition Eq. (6.5), one can again consider a linearization

of φres(u
k + δu

(k+1)
j=1 , λk + δλ

(k+1)
j=1 ) with respect, again, both variables (since they are again

unknowns), imposing thus a variation (δu
(k+1)
j=2 , δλ

(k+1)
j=2 ) that provide the following condition:

φres(u
k + δu

(k+1)
j=1 + δu

(k+1)
j=2 , λk + δλ

(k+1)
j=1 + δλ

(k+1)
j=2 ) (6.6)
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Obtaining then the additional incremental equation:

KT (uk + δu
(k+1)
j=1 , λk + δλ

(k+1)
j=1 )δu

(k+1)
j=2 = δλ

(k+1)
j=2 f ref −φres(u

k + δu
(k+1)
j=1 , λk + δλ

(k+1)
j=1 ) (6.7)

That can be written, at this point, for the generic m-th iteration step, denoting as introduced
before:

KT

(
uk +

m−1∑
j=1

δu
(k+1)
j , λk +

m−1∑
j=1

δλ
(k+1)
j

)
δu

(k+1)
j=m =

= δλ
(k+1)
j=m f ref −φres

(
uk +

m−1∑
j=1

δu
(k+1)
j , λk +

m−1∑
j=1

δλ
(k+1)
j

)
(6.8)

This final incremental-updating equation for the increments δu
(k+1)
j=m and δλ

(k+1)
j=m is solved fol-

lowing the numerical strategy proposed by Batoz and Dhatt[190], introducing now the pseudo-
incremental equations and finally the Crisfield spherical arc-length constraint. It is assumed
that the solution of this final incremental equation in two unknowns is written as:

δu
(k+1)
j=m = δλ

(k+1)
j=m

[
δu

(k+1)
j=m

]
1

+
[
δu

(k+1)
j=m

]
2

(6.9)

where:
KT

(
uk +

m−1∑
j=1

δu
(k+1)
j , λk +

m−1∑
j=1

δλ
(k+1)
j

)[
δu

(k+1)
j=m

]
1

= f ref

KT

(
uk +

m−1∑
j=1

δu
(k+1)
j , λk +

m−1∑
j=1

δλ
(k+1)
j

)[
δu

(k+1)
j=m

]
2

= −φres

(
uk +

m−1∑
j=1

δu
(k+1)
j , λk +

m−1∑
j=1

δλ
(k+1)
j

)
(6.10)

Adopting this decomposition proposed in Eq. (6.9) and computing the solutions of the two
equations for the pseudo-increments (6.10), one can preserve the adoption of symmetric matrix
solver and to avoid inversion of the tangent matrix [187, 190]. The arc-length constraint is now
imposed. Introducing the total variation vector and its variation, as the “formal” vectors of two
dimensions:

tkm =

( m∑
j=1

δu
(k)
j ,

m∑
j=1

δλ
(k)
j

)
(6.11)

δtkm = tkm − tkm−1 =

(
δu

(k)
j=m, δλ

(k)
j=m

)
(6.12)

It is assumed that the additional constraint equation is an expression that relates the possible
variation of displacements and load variables, as proposed by [186]:

(tkm)T(tkm) = (∆l0)2 (6.13)

Imposing then automatically a condition on the possible variation δtkm, that must lie on the
“spherical” constraint. The linearization of this constraint, by means of the already introduced

variable variations, lead to the additional constraint equation for the admissible δλ
(k+1)
j=m :

a( δλ
(k+1)
j=m )2 + b( δλ

(k+1)
j=m ) + c = 0 (6.14)
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where the three real constants are defined as follows:

a =
[
δu

(k+1)
j=m

]T
1

[
δu

(k+1)
j=m

]
1

+ fT
reff ref (6.15)

b = (u
(k+1)
j=m − u(k))T

[
δu

(k+1)
j=m

]
1

+
[
δu

(k+1)
j=m

]T
1

[
δu

(k+1)
j=m

]
2

+ (λk+1
j=m − λk)fT

reff ref (6.16)

c =

(
(u

(k+1)
j=m − u(k)) +

[
δu

(k+1)
j=m

]
2

)T(
(u

(k+1)
j=m − u(k)) +

[
δu

(k+1)
j=m

]
2

)
(6.17)

+(λk+1
j=m − λk)2fT

reff ref − (∆l0m)2 (6.18)

where the notation introduced for the total updated provisional step has been adopted for the
final updated displacement and load configurations. Equation (6.14) provides the two possible

load increment parameters δλ
(k+1)
j=m . This proposed algorithm has been extended also to handle

complex structural phenomena, such as snap-back or snap-through behaviors, including more
involved predictor load factor mathematical formulations [130, 187]. In the updated provisional
step, again, the equilibrium conditions are again evaluated by the computation of the unbal-
anced residual nodal force vector in the updated condition, evaluating thus φ(u(k+1), λk+1). If
the equilibrium condition is still not satisfied, Eq. (6.8) is again defined in the updated tem-
poral configuration state, updating iteratively the deformed configuration until the unbalanced
residual nodal force vector is null, or up to a certain convergece tolerance, thus |φ| < ε. A
graphical representation of the proposed algorithm, with the representation of unbalanced nodal
force vectors and provisional steps, as well as correcting increment, is depicted in Fig. 6.2.
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Figure 6.2: Iterative solvers for nonlinear algebraic system of equations: arc-length procedure, graphical
representation of the proposed algorithm.
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Chapter 7

Isotropic hyperelasticity

In the present chapter, the numerical results obtained for the static, modal and linearized
vibration analysis of isotropic soft structures are proposed and discussed. The capabilities of
the present model to analyze structures at large strains will be assessed, considering initially a
validation of the present CUF-based FE approach comparing the results against exact analytical
solutions, available only for few special cases. Moreover, the possibility to implement different
hyperelastic material models in the following framework will be discussed, since the present
approach is independent of the specific strain energy density function adopted when governing
equations are carried out.

7.1 Validation procedure of the present methodology

The first case study analyzed is the large strain analysis of an incompressible cubic specimen.
Two different cases will be analyzed: the uniaxial and the uniaxial and simple shear test. This
classical test has been conducted by many authors, see [122, 191], since analytical solutions
are available. These analysis are carried out to validate the proposed methodology, comparing
the results with the reference exact solution. Typically, these patch-test problems are analyzed
with single element discretization, to assess the consistency of the model implemented. In
the following, then, both 1D beam and 2D plate model will be adopted and analyzed. The
discretization exploited in this patch-test employ 1L4-1B2 linear models in the case of beam
CUF element, and 1Q4-1LE2 linear models in the case of plate CUF element. A graphical
representation of the two discretization model adopted is provided in Fig. 7.1.
In this proposed case study, a first-invariant hyperelastic strain energy framework is analyzed,
through the classical quadratic volumetric model and a generic decoupled isochoric strain energy
function:

Ψ(C) = Ψvol(J) + Ψiso(C̄) =
1

D1
(J − 1)2 + Ψ̄(Ī1) (7.1)

The strain energy densities adopted and the material constants are considered from Suchochi
[122] and listed in Table 7.1.
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(a) 1D beam CUF model
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Figure 7.1: Isotropic hyperelasticity, validation test: graphical representation of the single element
path-test models adopted in the case study.

Model Parameters

Gent Ψ̄(Ī1) = −µJm
2

log

(
1 − Ī1 − 3

Jm

)
µ = 0.27 [MPa]

Jm = 85.91

Exp-Ln Ψ̄(Ī1) = A

[
1

a
e(a(Ī1−3)) + b(Ī1 − 2)(1 − log(Ī1 − 2)) − 1

a
− b

]
A = 0.195 [MPa]

a = 0.018
b = 0.22

Fung-Demiray Ψ̄(Ī1) = c[e(β(Ī1−3)) − 1] c = 0.2 [MPa]
β = 16

Neo-Hookean Ψ̄(Ī1) =
µ

2
(Ī1 − 3) µ = 0.27 [MPa]

Table 7.1: Isotropic hyperelasticity, validation test: hyperelastic isochoric first-invariant models, math-
ematical expressions and material constants adopted.

7.1.1 Uniaxial tension test of an incompressible cubic block

In the case of the uniaxial tension test, the geometry considered and boundary conditions
applied are depicted in Fig. 7.2.

y = 0, uy = 0

z = 0, uz = 0
y

z

x

(a) Geometry and boundary conditions

y

z

x

(b) Deformed configuration

Figure 7.2: Isotropic hyperelasticity, validation test: uniaxial test case, boundary conditions and load
configuration.
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7.1 – Validation procedure of the present methodology

Considering the first-invariant hyperelastic model described earlier, by assigning the explicit
expression of deformation gradient, given the superimposed displacement field, the analytic
expressions of first and second Piola-Kirchhoff, and Cauchy’s stress tensors are known. If X =
(x0, y0, z0) are the coordinates of the point of the cube in the reference configuration, and x =
(x, y, z) the coordinate in the actual deformed configuration, the deformation field components
for the uniaxial tension problem are:

χ(x0, y0, z0) :


x = λ1x

0

y = λ2y
0

z = λ3z
0

where λi are the (positive) stretches along the three normal axes. Imposing a single uniform
stretch in the y direction, thus λ1 = λ3, and the incompressibility hypothesis, the deformation
gradient F and the right Cauchy-Green tensor are expressed as follow:

F =

λ1 0 0
0 λ2 0
0 0 λ1

 detF = λ2
1λ2 = 1 → λ1 =

1√
λ2

(7.2)

C = FTF =


λ2
1 0 0

0 λ2
2 0

0 0 λ2
1

 =


1

λ2
0 0

0 λ2
2 0

0 0
1

λ2

 I1 = tr(C) = λ2
2 +

2

λ2
(7.3)

Since, for incompressibbility J = detF = 1, also the the volumetric component of S is identically
null. Independently of the strain energyy function used, the components of the first and second
Piola-Kirchhoff and Cauchy’s stress tensors can be derived by analytical considerations, given
the deformation gradient components in terms of the pure axial stretch:

P22 =
∂Ψ

∂λ2
=

∂Ψ

∂I1

∂I1
∂λ2

= 2
∂Ψ

∂I1

(
λ2 −

1

λ2
2

)
(7.4)

S22 =
1

λ2

∂Ψ

∂λ2
=

2

λ2

∂Ψ

∂I1

(
λ2 −

1

λ2
2

)
(7.5)

In the case of uniaxial test, four different strain energy functions have been investigated and
listed in Table 7.1. For each material model considered the uniaxial test case is performed.
Figure 7.3 show the stress-strain curve obtained analytically and numerically, adopting the
previously listed CUF models. The results proposed depict a perfect match across analytical
and numerical solutions, in all the cases considered. In this sense, the present hyperelastic finite
element formulation can be considered valid, the analytic solution has been used for validation
purposes and the stress-strain constitutive law is verified by the described numerical model.
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Figure 7.3: Isotropic hyperelasticity, uniaxial test case: stress-strain curve for the normal tension com-
ponent. Comparison between analytical solution and CUF model results.

86



7.1 – Validation procedure of the present methodology

7.1.2 Shear test of an incompressible block

In the case of the simple shear tension test, the geometry considered and boundary conditions
applied are depicted in Fig. 7.4.

z = h, uz = 0

z = 0, uz = 0
y

z

x

(a) Geometry and boundary conditions

y

z

x

(b) Deformed configuration

Figure 7.4: Isotropic hyperelasticity, validation test: simple shear test case, boundary conditions and
load configuration.

Starting again from the first-invariant constitutive model presented before, the analytic ex-
pression of the stress tensor components can be straightforwardly derived from the known de-
formation gradient components. Let again X = (x0, y0, z0) be the reference coordinates of the
specimen in the material configuration of the cube. After the deformation, the point is located
in the x = (x, y, z) coordinates of the spatial configuration, measured again with respect to the
same reference frame. In the case of simple shear condition applied in the (y − z) plane:

χ(x0, y0, z0) :


x = x0

y = y0 + γz0

z = z0
F =

∂χ

∂X
=

1 0 0
0 1 γ
0 0 1

 C = FTF =

1 0 0
0 1 γ

0 γ 1 + γ2


where γ is a positive real number. Again, since incompressibility is imposed, J = detF = 1,
hence the volumetric component of S is identically null. The analytic expression of the stress
tensor S is obtained considering then:

S = Siso = 2
∂Ψ̄

∂C
= 2J

−2
3

∂Ψ̄

∂Ī1

(
I− 1

3
Ī1C

−1

)
=

−γ2/3 0 0

0 −γ2/3(4 + γ2) γ + γ3/3

0 γ + γ3/3 −γ2/3

 (7.6)

Furthermore, the analytic expression of PK1 stress tensor is obtained:

P = FS =
2

3

∂Ψ̄

∂Ī1

−γ2 0 0

0 −γ2 3γ

0 γ(γ2 + 3) −γ2

 (7.7)

In the case of simple shear test, three different strain energy functions have been investigated,
analyzing the behavior of normal (Syy, Pyy, σyy) and shear (Syz, Pyz, σyz) components. Figure
7.5 shows the stress-strain curve obtained analytically and numerically, adopting the previously
listed CUF models. The results proposed show again perfectly matching solution across analyt-
ical and numerical solutions, in all the cases considered.
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(a) Neo-Hookean model, normal component
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(b) Neo-Hookean model, transversal component
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(c) Gent model, normal component
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(d) Gent model, transversal component
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(e) Fung model, normal component
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(f) Fung model, transversal component

Figure 7.5: Isotropic hyperelasticity, simple shear test case: stress-strain curve for the normal tension
component. Comparison between analytical solution and CUF model results.
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7.2 – Free-vibration of a neo-Hookean thick and thin beam

7.2 Free-vibration of a neo-Hookean thick and thin beam

This case study is proposed to investigate the accuracy of the proposed higher-order beam
model for hyperelasticity by analyzing the undamped free vibration of a doubly clamped Neo-
Hookean compressible soft beam. The free vibration analysis of a rectangular cross-section
compressible beam is here considered, investigating the effect of kinematic models along the
beam axis and theory of structure approximation on the modal response of the beam. The
geometrical features are h = 10 mm and w = 6 mm. Two different slender ratio are here
considered: a thick beam for which the slender ratio L/h = 10 and a thin beam for which
instead L/h = 100. The geometry and boundary conditions are depicted in Fig. 7.6.

x

z

yL

t

h

u      u      u      0   x y z= = =

Figure 7.6: Free vibration of a Neo-Hookean clamped-clamped beam: geometrical features and bound-
ary conditions.

The Neo-Hookean strain energy function is adopted to model the soft material structure:

Ψ = Ψvol(J) + Ψ̄(Ī1) =
k

2
(J − 1)2 +

µ

2
(Ī1 − 3) (7.8)

where µ is the infinitesimal shear modulus, set equal to 50 MPa, k is the bulk modulus, set to
k = 2/3µ, in a resulting Poisson ratio ν = (3k − 2µ)/(2(3k + 2µ)) = 0. In all further investiga-
tions of this case study, the material density of the hyperelastic beam is set to a typical value
of silicone rubber, thus ρ = 1340 kg/m3.
A convergence analysis is performed for various 1D CUF beam models in both thick and slender
beam configurations. For each kinematic discretization along the beam axis, different cross-
section expansion models are examined. In the following, cubic B4 (four-node) FE will be
adopted in the discretizaion of beam axis, while cross-section approximations employ a single
quadratic and cubic LE model, addressed as L9 (nine nodes) and L16 (sixteen nodes). The
numerical solutions of the free-vibration problem obtained with 1D CUF elements are com-
pared against reference solutions obtained by the commercial software ABAQUS. For the thick
beam reference solution, 750 C3D20RH hexahedral elements (20-node quadratic brick, hybrid
formulation, with reduced integration) are employed in the 3D discretization model, while 334
C3D20RH elements are employed for the slender beam. For comparison purposes, the total
number of degrees of freedom (DOF) required by each model will be also discussed, as well as
the relative percentage difference between CUF and 3D ABAQUS models, reported in brackets.
Table 7.2 and Table 7.3 show the convergence analysis carried out in the case of a thick beam,
analyzing the influence of total number of FE adopted along the beam axis and the polynomial
order of expansion along the beam cross section, varying the theory of structure in a LE model
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Isotropic hyperelasticity

condition. The same investigations are carried out in the case of the thin beam with a slender
ratio L/h = 100, and the proposed results are listed in Table 7.4 and Table 7.5. For coarser
discretizations, notable discrepancies with respect to reference results are observed. In the case
of L9 paravolic expansion model, discrepancies are found fo tigher order modes that are not
affected by the beam axis discretization. At the same time, the adoption of cubic L16 expansion
model instead let to an improvement in terms of accuracy, noticing also a slight influence of the
beam axis discretization. From the proposed results, the effects of the discretization model are
clearly assessed, concluding that the accuracy in computing the natural frequencies are strictly
dependent of the theory of structure approximation adopted. In the following, 20 B4 elements
along the axis of the beam will be employed in further analysis, for convergence reasons. In
the case of TE models, higher-order theories are required in the case of thick beam, due to the
limitation of classical models when thick structures are considered. Instead, in the case of very
elongated structures, all Taylor models can capture correctly all the frequencies also adopting
lower order models, results are in perfect agreement with the reference one. The same accuracy
is guaranteed by higher order models (TE-3, TE-4, and L16) in the case of thick beam, or the
adoption of LE model.

Since the free vibration problem is analyzed, these last results are compared with the natural
frequencies obtained considering the equivalent linear elastic material. Adopting a 1D CUF
model made of 20B4-L16 and 3D ABAQUS models described before, the natural frequencies of
the equivalent material with Poisson ratio ν = 0 and Young’s modulus E = 2µ(1 + ν) = 2µ are
investigated in both L/h = 100 and L/h = 10 configurations. Table 7.6 summarizes the results
proposed in terms of natural frequencies obtained with convergent CUF models in the case of
hyperelastic and equivalent linear elastic material. In the case of the Neo-Hookean models, the
equivalent linear elastic material is able to provide reliable and consistent results in terms of
natural frequencies spectrum, and perfectly matching results are observed.
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LE-2 (parabolic model) LE-3 (cubic model) ABQ 3D

Mode 5B4 10B4 15B4 20B4 5B4 10B4 15B4 20B4 C8D20RH

1 165.776(0.297%) 165.748(0.003%) 165.747(0.280%) 165.747(0.280%) 165.327(0.025%) 165.290(0.003%) 165.287(0.001%) 165.285(0.000%) 165.285

2 268.728(0.731%) 268.707(0.723%) 268.707(0.723%) 268.707(0.723%) 266.849(0.026%) 266.796(0.007%) 266.789(0.004%) 266.785(0.003%) 266.778

3 447.768(0.713%) 447.199(0.585%) 447.188(0.583%) 447.187(0.582%) 445.269(0.151%) 444.642(0.010%) 444.612(0.003%) 444.601(0.001%) 444.597

4 702.324(1.457%) 701.908(1.397%) 701.900(1.396%) 701.900(1.395%) 693.016(0.112%) 692.372(0.019%) 692.323(0.012%) 692.287(0.007%) 692.240

5 856.881(7.635%) 860.799(8.128%) 860.704(8.116%) 852.887(7.134%) 799.437(0.420%) 797.447(0.170%) 797.092(0.125%) 797.612(0.190%) 796.096

6 861.709(1.974%) 852.980(0.941%) 852.894(0.931%) 860.686(1.853%) 849.345(0.511%) 845.238(0.025%) 845.089(0.008%) 845.043(0.002%) 845.025

7 1294.772(2.279%) 1291.848(2.048%) 1291.793(2.043%) 1291.788(2.043%) 1270.174(0.336%) 1266.414(0.039%) 1266.226(0.024%) 1266.079(0.012%) 1265.924

8 1365.896(1.404%) 1364.976(1.336%) 1365.896(1.404%) 1365.896(1.404%) 1360.741(1.022%) 1347.720(0.055%) 1347.175(0.014%) 1347.035(0.004%) 1346.981

9 1376.907(0.806%) 1365.896(0.000%) 1364.589(−0.096%) 1364.555(−0.098%) 1365.896(0.000%) 1365.896(0.000%) 1365.896(0.000%) 1365.896(0.000%) 1365.896

10 1724.067(8.242%) 1722.166(8.123%) 1721.977(8.111%) 1721.941(8.109%) 1599.650(0.431%) 1595.535(0.173%) 1594.822(0.128%) 1595.871(0.194%) 1592.787

DOFs 432 837 1242 1647 768 1488 2208 2928 13086

Table 7.2: Free vibration of a Neo-Hookean clamped-clamped beam, case L/h = 10: convergence analysis on natural frequencies [Hz]. In brackets,
the percentage difference between the proposed models and the 3D elasticity solution is given.

1D CUF, Expansion theory ABQ 3D

Mode TE-1 TE-2 TE-3 TE-4 LE-2 LE-3 C8D20RH

1 165.747(0.280%) 165.747(0.280%) 165.286(0.000%) 165.285(0.000%) 165.747(0.280%) 165.285(0.000%) 165.285

2 268.707(0.723%) 268.707(0.723%) 266.788(0.003%) 266.785(0.003%) 268.707(0.723%) 266.785(0.003%) 266.778

3 447.187(0.582%) 447.187(0.582%) 444.605(0.002%) 444.601(0.001%) 447.187(0.582%) 444.601(0.001%) 444.597

4 701.900(1.395%) 701.900(1.395%) 692.311(0.010%) 692.287(0.007%) 701.900(1.395%) 692.287(0.007%) 692.240

5 852.887(7.134%) 852.887(7.134%) 860.435(8.082%) 797.612(0.190%) 852.887(7.134%) 797.612(0.190%) 796.096

6 965.834(14.297%) 860.686(1.853%) 845.058(0.004%) 845.043(0.002%) 860.686(1.853%) 845.043(0.002%) 845.025

7 1291.788(2.043%) 1291.788(2.043%) 1266.185(0.021%) 1266.079(0.012%) 1291.788(2.043%) 1266.079(0.012%) 1265.924

8 1365.896(1.404%) 1364.555(1.305%) 1347.083(0.008%) 1347.035(0.004%) 1365.896(1.404%) 1347.035(0.004%) 1346.981

9 1364.555(−0.098%) 1365.896(0.000%) 1365.896(0.000%) 1365.896(0.000%) 1364.555(−0.098%) 1365.896(0.000%) 1365.896

10 1931.669(21.276%) 1721.941(8.109%) 1720.951(8.046%) 1595.871(0.194%) 1721.941(8.109%) 1595.871(0.194%) 1592.787

DOFs 549 1098 1830 2745 1242 1647 13086

Table 7.3: Neo-Hookean doubly-clamped beam, free vibration analysis, case L/h = 10: effect of the expansion theory on natural frequencies [Hz].
The percentage difference between proposed results and the 3D elasticity solution is reported in brackets.
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LE-2 (parabolic model) LE-3 (cubic model) ABQ 3D

Mode 5B4 10B4 15B4 20B4 5B4 10B4 15B4 20B4 C8D20RH

1 1.685(0.057%) 1.685(0.000%) 1.685(0.004%) 1.685(0.003%) 1.685(0.054%) 1.685(0.003%) 1.685(0.001%) 1.685(0.000%) 1.685

2 2.808(0.060%) 2.807(0.011%) 2.807(0.009%) 2.807(0.008%) 2.808(0.052%) 2.807(0.003%) 2.807(0.001%) 2.807(0.000%) 2.807

3 4.661(0.397%) 4.644(0.031%) 4.643(0.011%) 4.643(0.008%) 4.660(0.391%) 4.643(0.024%) 4.642(0.004%) 4.642(0.001%) 4.642

4 7.761(0.395%) 7.734(0.039%) 7.732(0.021%) 7.732(0.019%) 7.760(0.377%) 7.732(0.021%) 7.731(0.004%) 7.731(0.001%) 7.731

5 9.222(1.367%) 9.107(0.102%) 9.100(0.028%) 9.099(0.016%) 9.220(1.354%) 9.106(0.091%) 9.099(0.017%) 9.098(0.005%) 9.097

6 15.343(2.074%) 15.071(0.261%) 15.041(0.062%) 15.145(0.758%) 15.354(2.146%) 15.068(0.243%) 15.038(0.045%) 15.141(0.727%) 15.031

7 15.356(1.429%) 15.157(0.111%) 15.147(0.044%) 15.036(0.689%) 15.338(1.305%) 15.152(0.080%) 15.142(0.013%) 15.033(0.706%) 15.140

8 25.528(13.754%) 22.566(0.553%) 22.469(0.124%) 22.453(0.052%) 25.517(13.703%) 22.560(0.526%) 22.464(0.099%) 22.448(0.028%) 22.442

9 25.703(2.829%) 25.061(0.262%) 25.016(0.082%) 25.009(0.056%) 25.687(2.765%) 25.049(0.213%) 25.004(0.035%) 24.998(0.009%) 24.996

10 38.179(21.887%) 31.644(1.023%) 31.394(0.224%) 31.351(0.087%) 38.152(21.801%) 31.632(0.984%) 31.383(0.190%) 31.341(0.055%) 31.324

DOFs 432 837 1242 1647 768 1488 2208 2928 9558

Table 7.4: Neo-Hookean doubly-clamped beam, free vibration analysis, case L/h = 100: convergence analysis on natural frequencies [Hz]. In brackets,
the percentage difference between the proposed models and the 3D elasticity solution is given.

1D CUF, Expansion theory ABQ 3D

Mode TE-1 TE-2 TE-3 TE-4 LE-2 LE-3 C8D20RH

1 1.685(0.003%) 1.685(0.003%) 1.685(0.000%) 1.685(0.000%) 1.685(0.000%) 1.685(0.000%) 1.685

2 2.807(0.008%) 2.807(0.008%) 2.807(0.000%) 2.807(0.000%) 2.807(0.000%) 2.807(0.000%) 2.807

3 4.643(0.008%) 4.643(0.008%) 4.642(0.001%) 4.642(0.001%) 4.643(0.008%) 4.642(0.001%) 4.642

4 7.732(0.019%) 7.732(0.019%) 7.731(0.001%) 7.731(0.001%) 7.732(0.019%) 7.731(0.001%) 7.731

5 9.099(0.016%) 9.099(0.016%) 9.098(0.005%) 9.098(0.005%) 9.099(0.016%) 9.098(0.005%) 9.097

6 15.036(0.030%) 15.036(0.030%) 15.141(0.727%) 15.033(0.013%) 15.145(0.758%) 15.141(0.727%) 15.031

7 15.145(0.034%) 15.145(0.034%) 15.033(−0.706%) 15.141(0.004%) 15.036(−0.689%) 15.033(−0.706%) 15.140

8 22.453(0.052%) 22.453(0.052%) 22.448(0.028%) 22.448(0.028%) 22.453(0.052%) 22.448(0.028%) 22.442

9 25.009(0.056%) 25.009(0.056%) 24.998(0.009%) 24.998(0.009%) 25.009(0.056%) 24.998(0.009%) 24.996

10 31.351(0.087%) 31.351(0.087%) 31.341(0.055%) 31.341(0.055%) 31.351(0.087%) 31.341(0.055%) 31.324

DOFs 549 1098 1830 2745 1242 1647 9558

Table 7.5: Neo-Hookean doubly-clamped beam, free vibration analysis, case L/h = 100: effect of the expansion theory on natural frequencies [Hz].
The percentage difference between proposed results and the 3D elasticity solution is reported in brackets.
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7.2 – Free-vibration of a neo-Hookean thick and thin beam

L/h = 100 L/h = 10

1D CUF 3D ABQ 1D CUF 1D CUF 3D ABQ 1D CUF
Mode Linear Elastic Linear Elastic Hyperelastic Linear Elastic Linear Elastic Hyperelastic

1 1.685 1.685 1.685 165.285 165.285 165.285
2 2.807 2.807 2.807 266.785 266.778 266.785
3 4.642 4.642 4.642 444.601 444.597 444.601
4 7.731 7.731 7.731 692.287 692.240 692.287
5 9.098 9.097 9.098 797.612 796.096 797.612
6 15.141 15.031 15.141 845.043 845.025 845.043
7 15.033 15.140 15.033 1266.078 1265.924 1266.079
8 22.448 22.442 22.448 1347.035 1346.981 1347.035
9 24.998 24.996 24.998 1365.896 1365.896 1365.896
10 31.341 31.324 31.341 1595.871 1592.787 1595.871

Table 7.6: Neo-Hookean doubly-clamped beam, free vibration analysis, compressible cases for L/h =
100 and L/h = 10: comparison between natural frequencies obtained adopting the linear
elastic constitutive law and hyperelastic constitutive law, frequencies in [Hz].
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Isotropic hyperelasticity

7.3 Effects of large displacements on the modal behavior of can-
tilever beams

The following case study is devoted to the linearized vibration analysis of a cantilever square
cross-section beam in non-trivial equilibrium conditions. A square cross-section thick beam with
L = 100 mm and h = 10 mm is loaded with two vertical concentrated forces applied at the free
upper vertex and clamped at the opposite side. The equilibrium path is first evaluated through
a static nonlinear analysis, investigating also the influence of different material compressibility
modulus. Subsequently, the linearized vibration analysis is performed along the computed non-
trivial equilibrium configurations. The effects of compressibility on the natural frequencies and
mode shapes is again assessed through modal analysis at the selected points of interest. The
geometrical features, the boundary conditions, and the discretization model are illustrated in
Fig. 7.7(a). A convergent CUF model, adopted in the following investigations, is introduced
employing 20 B4 cubic element along the beam axis and 2 cubic L16 expansion model, selected
for convergence reasons and locking mitigation, represented in 7.7(b).
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(a) Geometrical features and boundary conditions
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(b) 1B4-2L16 elem.

Figure 7.7: Neo-Hookean cantilever beam subjected to point loads: geometrical features, boundary
conditions and discretization model adopted.

The material is again modeled using the Neo-Hookean strain energy density function defined
in Eq. (7.8), as in the previous case. The parameters k and µ are chosen to analyze different
Poisson’s ratio, from a compressible condition (ν = 0.125) toward the nearly incompressible
limit (ν → 0.5). The specific values adopted in each case are listed in Table 7.7. The material
density is identical to that used in the previous study, ρ = 1340 kg/m3.

The numerical results obtained adopting a convergent 1D CUF models are compared against
reference numerical solutions computed using the commercial finite element software ABAQUS,
employing the same discretization described in Sec. 7.2.

E [MPa] D1 = 2/k [MPa−1] ν µ [MPa]

Compressible 100 4.5·10−2 0.125 44.444

Nearly-incompressible, case 1 100 1.2·10−3 0.49 33.557

Nearly-incompressible, case 2 100 1.2·10−4 0.499 33.355

Nearly-incompressible, case 3 100 1.2·10−5 0.4999 33.355

Table 7.7: Neo-Hookean cantilever beam subjected to point loads: material properties adopted.
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7.3 – Effects of large displacements on the modal behavior of cantilever beams

The first analysis is the nonlinear static analysis of the considered beam. Figure 7.8 illustrates
the equilibrium paths of the cantilever beam analyzed in each material condition, analyzing the
vertical tip displacement (measured at the point load application) versus the the modulus of
single load value applied, comparing the nonlinear paths obtained with 3D elasticity reference
solutions.

To further compare the accuracy of the present model, the values of the vertical displacement
of the tip-free end for different load values applied in different configurations are reported Table
7.8, where both 1D CUF results and 3D ABAQUS solutions are reported. Minor differences are
observed at extremely deformed configurations due to local compressibility effects.
Furthermore, the modal analysis in the computed non-trivial states is conducted for all different
compressibility conditions considered. The dependence of deformed configuration is then inves-
tigated, solving the linearized vibration problem around different non-trivial equilibrium states,
obtaining the associated natural frequencies and mode shapes.
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Figure 7.8: Neo-Hookean cantilever beam subjected to point loads: representation of the equilibrium
paths for all material compressibility conditions considered.

F = 5 N F = 10 N F = 20 N

1D CUF 3D ABQ 1D CUF 3D ABQ 1D CUF 3D ABQ

ν = 0.125 -37.5140 -37.8263 -59.7240 -60.2539 -78.1179 -78.9955
ν = 0.49 -36.6995 -37.3115 -58.7537 -59.6533 -77.1931 -78.4105
ν = 0.499 -36.6035 -37.1045 -58.6403 -59.4295 -77.1168 -78.2279
ν = 0.4999 -36.6480 -37.0770 -58.8465 -59.3996 -77.1154 -78.2030

Table 7.8: Neo-Hookean cantilever beam subjected to point loads: vertical displacement for different
loads and material conditions [mm]. Comparison between 1D CUF and 3D ABAQUS results.

Table 7.9 lists the first five natural frequencies, computed for each material condition con-
sidered, evaluated in reported load conditions. Significant effects of the pre-stress applied are
observed for higher frequency modes; instead, the material conditions do not affect the first five
natural frequencies. The behavior of a wider spectrum of frequencies is now detailed analyzed.
Figure 7.9 shows the load-frequency plots of the first twelve natural frequencies, comparing
the behavior of each natural frequencies in each deformed configuration computed in the static
nonlinear analysis. The results are proposed comparing the load-frequency curves obtained for

95



Isotropic hyperelasticity

different values of the compressibility modulus. At low frequencies, even for large deformations,
the effects of the material compressibility on the modal response is negligible, the natural fre-
quencies vary with the load applied following comparable behavior, in both compressible and
nearly-incompressible regimes. For higher frequencies, instead, deviations in the natural fre-
quency behavior become more evident when compared to the compressible reference; however,
in the nearly-incompressible regime, these analyzed modes still show an overall comparable evo-
lution in terms of frequency-load behavior. In some cases, as for example mode 5-7-10, the
natural frequencies appear to be insensitive to material compressibility condition. One can
conclude then that, for some specific normal modes of vibration, the modal characteristics are
governed by geometric and inertial effects rather than volumetric deformation constraints.

F = 10 N

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

ν = 0.125 51.983 55.394 248.576 272.316 403.699
ν = 0.49 52.886 56.114 250.416 273.799 348.649
ν = 0.499 53.459 56.876 250.209 274.392 345.918
ν = 0.4999 52.787 55.998 250.693 273.831 344.717

F = 30 N

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

ν = 0.125 71.724 79.072 253.693 292.286 416.499
ν = 0.49 72.943 79.975 254.757 287.430 367.265
ν = 0.499 74.124 81.209 256.079 289.079 369.714
ν = 0.4999 73.107 80.108 255.150 287.964 367.316

Table 7.9: Neo-Hookean cantilever beam subjected to point loads: natural frequencies in non-trivial
equilibrium states for different material conditions [Hz].

Further investigations are now carried out analyzing the possible correlation between nor-
mal modes of vibration in different deformed states. Three distinct deformed configurations,
obtained applying F = 5 N, F = 15 N, and F = 25 N, for both ν = 0.125 and ν = 0.49, are
considered. Once the natural frequencies and full modal behavior of the structures in these non-
trivial equilibrium states are determined, modal correlation is analyzed by means of the Modal
Assurance Criterion (MAC) Eq. (7.9), to investigate the possible correlation between mode
shapes, computed in different non-trivial equilibrium states, highlighting differences in the nor-
mal vibration modes of structures between the two analyzed set of eigenvectors. In general, for
two sets A and B of eigenvectors, the MAC matrix is defined as:

MACij =
|ΦAi

TΦBj |2

(ΦAi
TΦAi)(ΦBj

TΦBj )
(7.9)

Figure 7.10 shows the MAC matrix, for the case ν = 0.49, comparing mode shapes in different
non-trivial equilibrium states with those of the undeformed configuration. The same correlation
analysis is performed for the compressible material condition, with the resulting MAC matrices
shown in Fig. 7.11. Along the equilibrium path, mode shapes are already interacting in the
small strain regime. Increasing the load applied lead to a global different modal response in
terms of mode shapes. Also, in the three different non-trivial equilibrium states listed before,
the correlations between modal shapes for the compressible ν = 0.125 and nearly-incompressible
case of ν = 0.49 are examined, and the resulting MAC matrices are presented in Fig. 7.12.
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Figure 7.9: Neo-Hookean cantilever beam subjected to point loads: natural frequencies for increasing
value of the free-end vertical load.
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Figure 7.10: Neo-Hookean cantilever beam subjected to point loads: MAC matrix for the nearly-
incompressible beam.
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(c) Undef. vs F = 25 N

Figure 7.11: Neo-Hookean cantilever beam subjected to point loads: MAC analysis for the compressible
beam.
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Figure 7.12: Neo-Hookean cantilever beam subjected to point loads: MAC between compressible and
nearly-incompressible modal behavior in a specific nontrivial equilibrium state considered.
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7.4 Effects of large strain on the modal behavior of thick beams

The case study here considered is the static and linearized vibration analysis of a square
cross-section beam subjected to large strain. The focus of the present analysis is on the small-
amplitude vibrations of a thick beam with a side length of h = 10 mm and a slender ratio of
L/h = 10. The analysis is performed in two steps: first, a free vibration analysis around the
trivial equilibrium state is performed to examine the influence of material compressibility on
modal response of the structure; subsequently, the beam is analyzed under a uniform traction
load applied to both the free ends, analyzing the effects of large strain on the natural frequencies
and mode shapes of the square cross-section beam. The geometry, boundary conditions, and
mesh discretization used are shown in Fig. 7.13.

x
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h

(a) Geometrical features and boundary con-
ditions

F (x,z)τ

z

y

x

N (y)i

(b) Single B4-L16 elem.

Figure 7.13: Neo-Hookean beam subjected to large axial strain: geometry, boundary conditions and
discretization.

The material is once again modeled using the Neo-Hookean strain energy function, as defined
in Eq. (7.8). Both compressible and nearly-incompressible material behaviors are considered.
The related material properties employed in this case study are presented in Table 7.10. The
density of the hyperelastic beam is set to ρ = 1150 kg/m3.

k [MPa] µ [MPa] E [MPa] ν

Compressible 2.222222222 2.222222222 5 0.125
Nearly-incompressible 8333333.333 1.666666778 5 0.4999999

Table 7.10: Neo-Hookean beam subjected to large axial strain: material properties for different com-
pressibility conditions.

Reference results are obtained by ABAQUS commercial software, with the same discretiza-
tion adopted for the previous study case described in Sec. 7.3. The free vibration analysis is
considered restricting only the possible translation in the z direction of the bottom plane, thus
the beam is simulated as if it is resting on the bottom plane. For this reason, three possible
rigid motions are possible (translation along x and y axis, rotation about z axis), therefore
the first three natural frequencies are identically null. Figure 7.14(a) the first thirty natural
frequencies comparing the trivial modal behavior of the compressible and nearly-incompressible
beams. A comparison with a reference 3D ABAQUS solution is also proposed, and the com-
puted natural frequencies are in a excellent agreement with the reference. Minor differences
between structural responses in different material compressibility conditions are observed for
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higher-frequency modes. This is also motivated by the MAC matrix shown in Fig. 7.14(b),
where the normal modes of vibrations of the compressible beam have been compared with the
nearly-incompressible beam ones. These particular boundary conditions have been investigated
to address the behavior of the volumetric modes of vibrations. In the following, the effects of
compressibility on the volumetric modes, induced by the possible unconstrained motions due
to the boundary conditions, are analyzed. Figure 7.15 shows the computed volumetric modes,
comparing the modal shapes of compressible and nearly incompressible beam.
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Figure 7.14: Neo-Hookean beam subjected to large axial strain: natural frequencies in the compressible
and nearly-incompressible material regime and MAC matrix comparing the two sets of
solutions.
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Figure 7.15: Neo-Hookean beam subjected to large axial strain: comparison between volumetric modes
in different material regimes.
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These modes have been associated with an axially moving waves. In nearly-incompressible
material regime, differently to the case of compressible material, the deformation gradient sat-
isfies the incompressibility condition given by J = detF = 1, therefore the components of the
deformation gradient are dependent from each other. Due to incompressibility, shrinks and di-
latations are observed periodically, differently with respect to the compressible case in which
the components of the deformation gradient are free and independent from each other.
Furthermore, the nearly-incompressible beam is examined in the static case, to assess the im-
pact of pre-stressed equilibrium states on its vibration behavior. A uniform axial traction is
now applied to the beam free ends. The geometry, boundary conditions, and applied load are
illustrated in Fig. 7.16(a). The beam discretization used employs a convergent 1D beam model,
as discussed in the previous analysis, where 20 B4 - 2 L16 are adopted. Figure 7.16(b) depicts
the equilibrium path, reported as a a stretch-load curve, where the axial stretch λy as a function
of the tip axial pressure magnitude is investigated. Alongside, for further considerations, the
total internal stress component Syy is also reported. Analytically, it can be demonstrated that
the axial component of the S second Piola-Kirchhoff stress tensor is a monotonically increasing
function that approaches the asymptotic value of the infinitesimal shear modulus, as shown in
the uniaxial tension test case in Sec. 7.1. This has also been observed also numerically.
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Figure 7.16: Neo-Hookean beam subjected to large axial strain: load conditions and equilibrium paths.

In each computed non-trivial equilibrium state, the linearized vibration problem is solved
to study the influence of the principal stretch λy on the dynamic beam response. Figure 7.17
shows the frequency-stretch curve for the first fifteen modes as functions of the stretch ratio,
while Fig. 7.18 reports the same results in the small strain regime. Figure 7.19 displays the first
six vibration modes for a pre-stretched condition of λy = 2. For low frequency modes, a general
reduction in the natural frequency is observed. In contrast, higher modes initially increase due
to the rise in axial internal stresses, followed by a monotonic decrease at high stretch. This
behavior can be justified by the previously reported result, in terms of axial stress component,
considering the mathematical nature of the tangent stiffness matrix. In general, an increase
in stiffness can lead to an increase in natural frequency but, in the analyzed case, the internal
stress is considered constant with the axial stretch up to a certain value. As Syy reaches an
asymptotic value, the only stiffening term is represented by the KT1 matrix, and the geometric
stiffness Kσ do not contribute with the increase of stretch.
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Figure 7.17: Neo-Hookean beam subjected to large axial strain: natural frequencies versus traction
pressure applied.
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Figure 7.18: Neo-Hookean beam subjected to large axial strain: natural frequencies versus traction
pressure applied, nearly-incompressible case, small/moderate stretch regime.
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Figure 7.19: Neo-Hookean beam subjected to large axial strain: normal modes of vibrations for λy = 2.
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7.5 Effects of compressibility in thin-walled box beam

This case study is here addressed to show the capabilities of the proposed modeling approach
when thin-walled structures are considered, for which computationally expensive 3D models are
required. Again, both the static and linearized vibration analysis are performed considering a
thin-walled box beam. The free vibration analysis of a beam with a total length of L = 50
mm, cross-section dimensions a = 4 mm and b = 3 mm, wall thickness t = 0.2 mm, considered
clamped at both ends is initially analyzed. The geometry, boundary conditions, and discretiza-
tion models adopted are shown in Fig. 7.20. The influence of material compressibility on the
modal behavior is again examined, comparing a compressible and a nearly-incompressible ma-
terial constitutive behavior. The material properties used in each condition are listed in Table
7.11.

x
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(a) Geometrical features

LE-2

LE-3

Cross-section expansion

N x B4

(b) 1D CUF model

Figure 7.20: Thin-walled box beam, free vibration problem: geometrical features and discretization
adopted.

The material is once again modeled using the Neo-Hookean model, as given in Eq. (7.8). The
modal behavior of the thin-walled beam is analyzed under two different compressibility cases.
In all simulations, the Young’s modulus is set to E = 0.5 MPa, with the remaining parameters
summarized in Table 7.11. The material density of the hyperelastic beam is taken as ρ = 1150
kg/m3.

k [MPa] µ [MPa] E [MPa] ν

Compressible 0.416666 0.19230 0.5 0.3
Nearly-incompressible 16.66666 0.16722 0.5 0.495

Table 7.11: Thin-walled box beam, free vibration problem: material properties.

The numerical results obtained adopting 1D CUF beam models are compared with numerical
reference solution obtained using the commercial software ABAQUS, adopting hexahedral mod-
els to compare with exact solution of equilibrium equation, without any superimposed kinematic
theory. The 1D CUF model employs 36 cross-section expansion elements, as illustrated in Fig.
7.20(b), for convergence reasons. Two different expansion theories (parabolic L9 and cubic L16)
are considered to analyze the influence of the polynomial order of expansion of cross-section
kinematics. To further investigate the effects of the discretization, different beam axis kinematic
models are proposed. The adopted model will be denoted, from now one, as NB4 − 36LE T ,
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7.5 – Effects of compressibility in thin-walled box beam

where N indicates the number of finite elements along the beam axis and T refers to the poly-
nomial order of the cross-section expansion. The total number of degrees of freedom (DOFs)
for each configuration is also reported.

A convergence analysis is carried out for the free vibration problem about the trivial equilib-
rium state (undeformed configuration). The first five natural frequencies are examined for both
compressible and nearly-incompressible materials under various discretization models. Table
7.12 and Table 7.13 show the first five natural frequencies for each compressibility condition,
comparing the results with those of the numerical reference solution. For the compressible ma-
terial case, each FE model proposed provide accurate results and predictions in terms of natural
frequencies. However, in the nearly-incompressible case, the limitations of pure displacement-
based FE formulations become apparent due to volumetric locking, necessitating the use of
higher-order theories and refined kinematic models to achieve accuracy. Nevertheless, such nu-
merical issues can be alleviated through refined theory of structures. In both material regimes,
the use of 1D CUF models provides noticeable computational savings, due to the enhanced
performance of the present model when thin-walled structures are analyzed, overcoming the
limitation of classical models such as aspect-ratio constraints.

36 L9 (parabolic model) 36 L16 (cubic model) ABQ 3D

Mode 10B4 15B4 20B4 10B4 15B4 20B4 C8D20RH

1 32.28(0.52%) 32.21(0.32%) 32.18(0.22%) 32.27(0.48%) 32.20(0.28%) 32.17(0.18%) 32.11

2 40.37(0.51%) 40.29(0.31%) 40.25(0.21%) 40.36(0.49%) 40.28(0.29%) 40.24(0.19%) 40.16

3 79.33(0.55%) 79.17(0.35%) 79.10(0.26%) 79.23(0.42%) 79.07(0.22%) 79.00(0.14%) 78.90

4 99.54(0.49%) 99.35(0.29%) 99.86(0.81%) 99.48(0.43%) 99.15(0.09%) 99.13(0.08%) 99.06

5 99.92(0.59%) 99.88(0.54%) 99.26(0.08%) 99.19(0.15%) 99.29(0.04%) 99.21(0.13%) 99.34

DOFs 20088 29808 39528 40176 59616 79056 254118

Table 7.12: Thin-walled box beam, free vibration problem: first five natural frequencies in the com-
pressible regime [Hz].

36 L9 (parabolic model) 36 L16 (cubic model) ABQ 3D

Mode 10B4 15B4 20B4 10B4 15B4 20B4 C8D20RH

1 33.21(3.70%) 32.78(2.34%) 32.57(1.70%) 33.19(3.63%) 32.76(2.27%) 32.55(1.63%) 32.03

2 41.35(3.54%) 40.83(2.23%) 40.59(1.62%) 41.34(3.50%) 40.82(2.19%) 40.57(1.57%) 39.94

3 81.09(3.43%) 80.16(2.24%) 79.71(1.67%) 80.90(3.19%) 79.97(2.01%) 79.53(1.44%) 78.40

4 99.59(1.84%) 99.49(1.74%) 99.19(1.44%) 98.80(1.04%) 98.70(0.94%) 98.65(0.89%) 97.79

5 100.77(2.44%) 99.70(1.36%) 99.44(1.09%) 100.67(2.34%) 99.60(1.26%) 99.09(0.74%) 98.36

DOFs 20088 29808 39528 40176 59616 79056 254118

Table 7.13: Thin-walled box beam, free vibration problem: first five natural frequencies in the nearly-
incompressible regime [Hz].

The set of the first thirty natural frequencies is plotted in Fig. 7.21(a) for the compressible
beam and Fig. 7.21(b) for the nearly-incompressible beam, comparing the results obtained for
each discretization model and the numerical reference.

Finally, the normal modes of the compressible and nearly-incompressible cases are compared
using the MAC matrix, based on eigenvectors from the 20B4-36L16 models. This comparison
highlights potential correlations between vibration modes in different compressibility regimes,
with results shown in Fig. 7.21(c).
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Figure 7.21: Thin-walled box beam: MAC comparison between modes, clamped configuration

In the second case, the modal behavior of the compressible beam is examined in non-trivial
equilibrium conditions under a large strain context. First, a nonlinear static analysis of the
same structure subjected to symmetry boundary conditions and uniaxial traction pressure ap-
plied at the free end section is considered. The boundary conditions and the load applied are
depicted in Fig. 7.22(a). The same boundary conditions are then considered in the linearized
vibration analysis. The results obtained are proposed in Fig. 7.22(b), where the stretch-pressure
response and the stress-strain curve are proposed in the same graph. The model adopted for
the computation of the non-trivial equilibrium states is the convergent model analyzed in the
convergence analysis, thus 20 B4 finite element along the beam axis and 36 L9 element along
the cross-section are adopted.

In each non-trivial equilibrium state computed, marked in the equilibrium path, the lin-
earized vibration problem is solved, investigating then how natural frequencies are mode shapes
are affected by the the axial stretch applied. Figure 7.23 presents the evolution of the first fifteen
natural frequencies along the equilibrium curve. Due to the rapid increase in stress observed
along the path, significant variations in natural frequencies occur in the small strain regime, as
shown in Fig. 7.24.
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Figure 7.22: Thin-walled box beam: equilibrium path for axial normal pressure.
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7.5 – Effects of compressibility in thin-walled box beam

Overall, an increasing behavior of the natural frequencies is observed at small strain. Instead,
a monotonic decreasing behavior of each natural frequencies is observed thereafter, attributed
again to the reduction of the principal stiffness component Syy during the loading process.
Again, also in this case, the effects of the geometrical stiffness is considered negligible since,
for equilibrium, the internal stress component is not contributing to the material stiffening.
The normal modes of vibration corresponding to a fixed stretch value of λy = 3.94 are finally
displayed in Fig. 7.25.
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Figure 7.23: Thin-walled box beam, compressible case: variation of the first twelve natural frequencies
along the equilibrium path. Global strain regime.
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Figure 7.24: Thin-walled box beam, compressible case: variation of the first twelve natural frequencies
along the equilibrium path. Small to moderate strain regime.
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Figure 7.25: Thin-walled box beam: normal modes of vibrations for λy = 3.94, eigenvector magnitude.

108



7.6 – Multilayered compressible beam subjected to point load

7.6 Multilayered compressible beam subjected to point load

The capabilities of the proposed higher-order approach are now investigated in terms of
static (and) stress response of multilayered structures. The compatibility conditions and C0

z

requirements will be here discussed , assessing the capabilities of the proposed modeling approach
of multilayered structures. A multilayered square cross-section cantilever beam, of total length
L and side a, is now considered. The three-layer beam is made of compressible Mooney-Rivlin
material, adopting two distinct sets of material properties. The layer thickness is considered
fixed to hA = hB = a/3, considering the square cross-section side as a = 10 mm. To investigate
the influence of kinematic models and theory of structure approximation on the static and stress
response of the present beam two configurations are considered: a thick beam with slenderness
ratio L/a = 10 and a slender beam with L/a = 100. The beam is considered clamped at y = 0
mm and subjected to a concentrated transverse load at its free end. The geometrical features
and boundary conditions describing the present scenario are illustrated in Fig. 7.26.
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Figure 7.26: Cantilever multilayer beam: geometry and boundary conditions.

The material model adopted for each layer is the isotropic Mooney-Rivlin formulation and the
standard volumetric strain energy function [192]:

Ψ = Ψvol(J) + Ψ̄(Ī1, Ī2) =
1

D1
(J − 1)2 + c10(Ī1 − 3) + c01(Ī2 − 3) (7.10)

where c10 and c01 are material constants usually identified through experimental data fitting, and
D1 = 2/k with k representing the bulk modulus. For this material model, the equivalent Young
modulus E and bulk modulus k can be obtained from classical elasticity relations, considering
the initial shear modulus given by µ = 2(c10 + c01). The material properties employed are listed
in Table 7.14.

c10 [MPa] c01 [MPa] µ [MPa] ν [-] E [MPa] D1 = 2/k [MPa−1]

Material A 30 -4 52 0.2 124.8 2.8846·10−2

Material B 10 1.5 23 0.3 59.8 4.0133·10−2

Table 7.14: Cantilever multilayered beam: material properties.

This case study is proposed to assess the capabilities and the accuracy of higher-order beam
formulation. Specifically, both the effects of kinematics models along the beam axis discretiza-
tion and, particularly, the influence of the theory of structure approximation adopted on the
static mechanical response of the hyperelastic multilayered beam are investigated, analyzing
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displacements and strss distribution, and discussing the results in terms of compatibility re-
quirements. The aim of the present case study is to assess the accuracy and the capabilities
of both ESLm and LWm are here investigated, analyzing the effects of both Taylor expansion
models and Lagrange expansion models on the obtained numerical solution. The performances
of the present implementation of higher-order beam models is extensively compared with a refer-
ence numerical solution provided by the 3D ABAQUS, both in terms of displacement and stress
fields. The 3D FEM ABAQUS solution is adopted to compare the present model’s capabilities
with direct solution of the equilibrium equation given by standard 3D FE. In the following, for
the thick beam, the discretization is performed with 8190 C3D20R hexahedral elements (20-
node quadratic brick elements with reduced integration). For the slender beam, instead, 31320
C3D20R elements are adopted due to aspect ratio constraints inherent to classical 3D formula-
tion. In the meanwhile, the 1D CUF models employed, for both thick and slender beams, adopt
N cubic B4 finite elements along the beam axis discretization; instead both ESLm and LWm
are comprehensively analyzed, adopting low- to higher-order models in both cases. In the case
of LWm, NE L9 parabolic (nine-node) or cubic L16 (sixteen-node) cross-sectional subdomains
will be considered. The results will be discussed, where needed, in terms of non-dimensional
quantities, defined as:

ūz =
uz
L

%diff(·) =
(·)1D CUF − (·)3D

(·)3D
· 100% λ =

F

Fmax
(7.11)

where uz denotes the transverse displacement component and Fmax the maximum applied load
in the static analysis, when specified. The accuracy is quantified through the percentage dif-
ference between 1D CUF and 3D ABAQUS results, while the computational cost is measured
by the total number of DOF required by the adopted discretization. The first analysis pro-
posed is a convergence study, carried out to evaluate the accuracy and efficiency of the 1D
beam formulations in predicting displacement distributions, considering both thick and slender
beam configurations. Initially, LWm are adopted to further investigate the effects of beam axis
discretization models. For the cross-section discretization, parabolic L9 (nine-node) and cubic
L16 (sixteen-node) expansion models are considered. The adopted cross-section expansion sub-
domains are depicted in Fig. 7.27. In the simulations, the numerical solver is coupled with a
load-control procedure, considering Fmax = 50 N for the thick beam and Fmax = 1 N for the
slender beam.
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7.6 – Multilayered compressible beam subjected to point load

(a) 3L9 (b) 3L16 (c) 6L9 (d) 6L16

(e) 12L9 (f) 12L16 (g) 24L9 (h) 24L16

Figure 7.27: Cantilever multilayered beam: cross-section expansion adopted, LE models.
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Table 7.15 lists the non-dimensional transverse displacement ūz for the thick beam case, mea-
sured at the load application, under various load condition applied. Both small to moder-
ate/large displacement regimes are analyzed, allowing the assessment of both accuracy and
efficiency of the model at small and large strain. Figure 7.28 depicts the equilibrium paths of
the thick beam employing the convergent beam axis discretization model given by 20 B4 cubic
FE, with different LWm, comparing the solution obtained with refined 1D beam models with the
3D ABAQUS reference path. Similarly, Table 7.16 reports the results obtained in the conver-
gence analysis performed considering the slender beam case, analyzing again the non-dimensional
transverse displacement ūz computed at the load application point. As proposed for the thick
beam case, Fig. 7.29 shows the equilibrium paths computed again adopting the convergent
model for the beam axis discretization, comparing different cross-section LW models. In both
structural cases, the convergence study highlights accurate predictions. Regarding the slender
beam case, all cross-sectional models provide perfectly matching results; in the thick beam case,
instead, slight discrepancies are observed in the large displacement regime for strongly nonlinear
equilibrium states. In the case of thick beam, more evidently with respect to the case of slender
beam, a refined cross-section discretization allow for the computation of accurate results. In all
load cases considered, a sensible reduction of the relative percentage difference is observed when
refined cross-section expansion models are taken into account. Different with respect to the case
of slender beam, a slight influence of the beam axis discretization is noted when the thick beam
is considered. Vice versa, for slender beams, the computed percentage differences have been
found below 1% across all proposed CUF models. In this case, for the computation of accurate
displacement distributions, the choices of cross-section expansion or axial kinematic approxi-
mation have negligible influence on the displacement distributions. Accurate predictions are
obtained with less refined discretization, for instance using only 10 B4 cubic elements along the
axis, leading to a reduction of about 95% in DOF compared to the computational effort required
by the convergent 3D model. Generally, convergent models have been reached employing 20 B4
cubic elements along the beam axis. Although minor deviations are observed among different
discretizations, consistent solutions are achieved, especially with refined cross-section kinemat-
ics. Thereafter, the influence of structural theory approximation on the mechanical response of
the beam is investigated, comparing different expansion classes. The most accurate cross-section
expansion model, that exploits 24L16 subdomains, is now considered for comparison purposes,
analyzing the influence of the theory of structure approximation in the case of ESLm. In the
following, the pure LWm and 3D FE models are compared against the numerical solution ob-
tained with TE models, considering the multilayered beam as an homogenized structure and the
cross-section displacement field is approximated by means of higher-order Taylor polynomials.
The proposed results will be compared, for both slender and thick beam, with respect to the
reference ABAQUS solutions, comparing again the relative percentage difference and the total
DOF required by the simulations. In the case of ESLm, the convergent beam axis model is
adopted, i.e., 20 B4 cubic elements. Table 7.17 shows, for the slender beam case (L/h = 100),
the non-dimensional transverse displacement ūz again computed at the load application point,
comparing results obtained with different TE models against the corresponding LE models and
3D ABAQUS reference. The same comparison for the thick beam case (L/h = 10) is proposed
in Table 7.18. Finally, Fig. 7.30 displays the full equilibrium paths obtained with higher-order
TE models for both structural configuration considered. From the proposed results, accurate
solutions are found even with lower-order ESLm in the slender beam case, whereas for the thick
beam, the use of higher-order models is required to correctly compute the nonlinear equilibrium
states.
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7.6 – Multilayered compressible beam subjected to point load

uz(P)/L

B4 Expansion F = 10 N F = 20 N F = 30 N F = 40 N DOFs

10 3 L9 0.31503(2.75%) 0.53003(2.34%) 0.65552(2.55%) 0.73188(2.41%) 1953

3 L16 0.31488(2.79%) 0.52975(2.39%) 0.65514(2.61%) 0.73140(2.48%) 3720

6 L9 0.31511(2.72%) 0.53021(2.31%) 0.65577(2.52%) 0.73217(2.37%) 3627

6 L16 0.31489(2.79%) 0.52977(2.39%) 0.65517(2.61%) 0.73143(2.47%) 7068

12 L9 0.31665(2.25%) 0.53335(1.73%) 0.66011(1.87%) 0.73758(1.65%) 6045

12 L16 0.31731(2.04%) 0.53484(1.46%) 0.66242(1.53%) 0.74070(1.24%) 12369

24 L9 0.31720(2.08%) 0.53457(1.51%) 0.66203(1.58%) 0.74022(1.30%) 10881

24 L16 0.31784(1.88%) 0.53610(1.22%) 0.66464(1.20%) 0.74402(0.79%) 22971

15 3 L9 0.31528(2.67%) 0.53042(2.27%) 0.65594(2.49%) 0.73230(2.36%) 2898

3 L16 0.31514(2.71%) 0.53016(2.32%) 0.65561(2.54%) 0.73189(2.41%) 5520

6 L9 0.31543(2.63%) 0.53074(2.21%) 0.65637(2.43%) 0.73281(2.29%) 5382

6 L16 0.31516(2.71%) 0.53023(2.31%) 0.65569(2.53%) 0.73200(2.40%) 10488

12 L9 0.31750(1.99%) 0.53481(1.46%) 0.66183(1.61%) 0.73948(1.40%) 8970

12 L16 0.31860(1.65%) 0.53723(1.02%) 0.66548(1.07%) 0.74438(0.75%) 18354

24 L9 0.31836(1.72%) 0.53666(1.12%) 0.66467(1.19%) 0.74336(0.88%) 16146

24 L16 0.31946(1.38%) 0.53944(0.61%) 0.66937(0.49%) 0.75020(0.03%) 34086

20 3 L9 0.31541(2.63%) 0.53060(2.24%) 0.65612(2.46%) 0.73247(2.33%) 3843

3 L16 0.31528(2.67%) 0.53038(2.28%) 0.65584(2.51%) 0.73212(2.38%) 7320

6 L9 0.31561(2.57%) 0.53103(2.16%) 0.65668(2.38%) 0.73312(2.25%) 7137

6 L16 0.31533(2.66%) 0.53050(2.26%) 0.65600(2.48%) 0.73232(2.35%) 13908

12 L9 0.31807(1.81%) 0.53571(1.30%) 0.66279(1.47%) 0.74050(1.26%) 11895

12 L16 0.31963(1.33%) 0.53901(0.69%) 0.66764(0.75%) 0.74704(0.39%) 24339

24 L9 0.31920(1.46%) 0.53806(0.86%) 0.66630(0.95%) 0.74533(0.62%) 21411

24 L16 0.32088(0.94%) 0.54224(0.09%) 0.67323(0.08%) 0.75558(0.75%) 45201

ABQ 8190 C3D20R 0.32393 0.54275 0.67269 0.74997 115314

Table 7.15: Cantilever Mooney-Rivlin multilayered beam: convergence analysis for the case L/h = 10.
Comparison between 1D CUF and 3D ABAQUS solutions, for different load conditions. In
brackets, the percentage difference between model results is proposed.
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Figure 7.28: Cantilever Mooney-Rivlin multilayered beam, case L/h = 10: equilibrium paths for the
thick beam computed, adopting 20 B4 along the beam axis.
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uz(P)/L

B4 Expansion F = 0.2 N F = 0.4 N F = 0.6 N F = 0.8 N DOFs

10 3 L9 0.49028(0.15%) 0.66983(0.12%) 0.74601(0.11%) 0.78720(0.11%) 1953

3 L16 0.48472(1.28%) 0.66559(0.75%) 0.74285(0.54%) 0.78466(0.43%) 3720

6 L9 0.49028(0.15%) 0.66983(0.12%) 0.74601(0.11%) 0.78720(0.11%) 3627

6 L16 0.49028(0.15%) 0.66983(0.12%) 0.74601(0.11%) 0.78720(0.11%) 7068

12 L9 0.49028(0.15%) 0.66984(0.12%) 0.74602(0.11%) 0.78720(0.11%) 6045

12 L16 0.49029(0.15%) 0.66984(0.12%) 0.74602(0.11%) 0.78720(0.11%) 12369

24 L9 0.49029(0.15%) 0.66984(0.12%) 0.74602(0.11%) 0.78720(0.11%) 10881

24 L16 0.49029(0.15%) 0.66984(0.12%) 0.74602(0.11%) 0.78720(0.11%) 22971

15 3 L9 0.49055(0.10%) 0.67015(0.07%) 0.74637(0.06%) 0.78760(0.06%) 2898

3 L16 0.48499(1.23%) 0.66592(0.71%) 0.74321(0.49%) 0.78507(0.38%) 5520

6 L9 0.49056(0.10%) 0.67016(0.07%) 0.74637(0.06%) 0.78760(0.06%) 5382

6 L16 0.49056(0.09%) 0.67016(0.07%) 0.74637(0.06%) 0.78760(0.06%) 10488

12 L9 0.49056(0.09%) 0.67016(0.07%) 0.74638(0.06%) 0.78760(0.06%) 8970

12 L16 0.49056(0.09%) 0.67016(0.07%) 0.74638(0.06%) 0.78761(0.06%) 18354

24 L9 0.49056(0.09%) 0.67016(0.07%) 0.74638(0.06%) 0.78761(0.06%) 16146

24 L16 0.49056(0.09%) 0.67016(0.07%) 0.74638(0.06%) 0.78761(0.06%) 34086

20 3 L9 0.49068(0.07%) 0.67029(0.05%) 0.74651(0.05%) 0.78774(0.04%) 3843

3 L16 0.49068(0.07%) 0.67029(0.05%) 0.74651(0.05%) 0.78774(0.04%) 7320

6 L9 0.49068(0.07%) 0.67029(0.05%) 0.74651(0.05%) 0.78774(0.04%) 7137

6 L16 0.49068(0.07%) 0.67029(0.05%) 0.74651(0.05%) 0.78774(0.04%) 13908

12 L9 0.49069(0.07%) 0.67029(0.05%) 0.74651(0.05%) 0.78774(0.04%) 11895

12 L16 0.49069(0.07%) 0.67030(0.05%) 0.74651(0.05%) 0.78775(0.04%) 24339

24 L9 0.49069(0.07%) 0.67030(0.05%) 0.74651(0.05%) 0.78774(0.04%) 21411

24 L16 0.49069(0.07%) 0.67030(0.05%) 0.74652(0.05%) 0.78775(0.04%) 45201

ABQ 31320 C3D20R 0.49102 0.67065 0.74685 0.78806 445758

Table 7.16: Cantilever Mooney-Rivlin multilayered beam: convergence analysis for the case L/h = 100.
Comparison between 1D CUF and 3D ABAQUS solutions, for different load conditions. In
brackets, the percentage difference between model results is proposed.

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

3D ABQ

20B4-3L9

20B4-3L16

20B4-6L9

20B4-6L16

20B4-12L9

20B4-12L16

20B4-24L9

20B4-24L16

F
 [
N

]

-uz [m]

Figure 7.29: Cantilever Mooney-Rivlin multilayered beam, case L/h = 100: equilibrium paths for the
slender beam, adopting 20 B4 along the beam axis.
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7.6 – Multilayered compressible beam subjected to point load

B4 Expansion F=0.2 N F=0.4 N F=0.6 N F=0.8 N DOFs

10 24 L16 0.49029(0.15%) 0.66984(0.12%) 0.74602(0.11%) 0.78720(0.11%) 22971

15 24 L16 0.49056(0.09%) 0.67016(0.07%) 0.74638(0.06%) 0.78761(0.06%) 34086

20 24 L16 0.49069(0.07%) 0.67030(0.05%) 0.74652(0.05%) 0.78775(0.04%) 45201

20 TE1 0.45957(6.41%) 0.64623(3.64%) 0.72864(2.44%) 0.77361(1.83%) 549

TE2 0.49051(0.10%) 0.67014(0.08%) 0.74638(0.06%) 0.78762(0.06%) 1098

TE3 0.49053(0.10%) 0.67017(0.07%) 0.74641(0.06%) 0.78766(0.05%) 1830

TE4 0.49055(0.10%) 0.67018(0.07%) 0.74642(0.06%) 0.78767(0.05%) 2745

ABQ 31320 C3D20R 0.49102 0.67065 0.74685 0.78806 445758

Table 7.17: Cantilever Mooney-Rivlin multilayered beam, case L/h = 100: comparison between LW
models and ESL models results, for different load conditions. Non-dimensional transversal
displacement ūz measured at the point-load application.

B4 Expansion F = 10 N F = 20 N F = 30 N F = 40 N DOFs

10 24 L16 0.31784(1.88%) 0.53610(1.22%) 0.66464(1.20%) 0.74402(1.67%) 22971

15 24 L16 0.31946(1.38%) 0.53944(0.61%) 0.66937(0.49%) 0.75020(0.85%) 34086

20 24 L16 0.32088(0.94%) 0.54224(0.09%) 0.67323(0.08%) 0.75558(0.14%) 45201

20 TE1 0.28572(11.80%) 0.49389(9.00%) 0.62281(7.41%) 0.70373(6.99%) 549

TE2 0.31289(3.41%) 0.52639(3.01%) 0.65099(3.23%) 0.72672(3.95%) 1098

TE3 0.31387(3.11%) 0.52791(2.73%) 0.65270(2.97%) 0.72848(3.72%) 1830

TE4 0.31376(3.14%) 0.52758(2.80%) 0.65215(3.05%) 0.72776(3.82%) 2745

ABQ 8190 C3D20R 0.32393 0.54275 0.67269 0.75663 115314

Table 7.18: Cantilever Mooney-Rivlin multilayered beam, case L/h = 10: comparison between LE mod-
els results and TE models results, for different load conditions. Non-dimensional transversal
displacement ūz measured at the point-load application.
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(a) Slender beam, L/h = 100
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(b) Thick beam, L/h = 10

Figure 7.30: Cantilever Mooney-Rivlin multilayered beam: equilibrium paths for the slender and thick
beam, comparison between LE expansion models and TE expansion models.
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These results can be justified by the geometrical assumption made and the performances of
low- to higher-order TE models, particularly effective when slender structures are considered,
differently with respect to thick beams where higher-order models are required to describe the
cross-sectional behavior and the computation of accurate solutions. Consequently, higher rela-
tive errors between TE and 3D reference solutions are observed for the thick beam due to the
stronger influence of transverse shear effects, taken into account in the Mooney-Rivlin material
models. From a computational standpoint, TE models also provide an evident efficiency advan-
tage when displacement predictions are analyzed, observing for example the fourth-order TE
formulation, that requires 2745 DOF. This corresponds to a reduction of approximately 99.4%
in the total number of DOFs, while still providing accurate results. Such computational cost
reduction while preserving accuracy is obtained by overcoming the aspect-ratio limitations in-
herent to 3D solid elements and by exploiting the enrichment of the cross-section displacement
behavior independently of the beam axis discretization model.
For further considerations, a detailed three-dimensional stress analysis of the two considered
beams is now performed. The accuracy of the present one-dimensional beam models with three-
dimensional capabilities is now discussed both in terms of ESLm and fully LWm through a
detailed stress analysis. Stress compatibility and equilibrium conditions are now discussed, par-
ticularly under moderate and large deformation regimes. In the following, all the proposed results
are obtained considering 20 B4 cubic elements along the beam axis, and the previously defined
cross-section expansion models, to investigate the influence of the theory of structure approxi-
mation on the prediction of three-dimensional stress states. Figure 7.31 shows the through-the-
thickness distribution of the Cauchy stress components for the thick beam with slender ratio
L/a = 10, evaluated at x = a/2 (symmetry section) and y/L = 0.25, comparing the results
against the 3D ABAQUS reference solution, obtained without any superimposed kinematic as-
sumption. For further investigations, Fig. 7.32 compares the results obtained in terms of Cauchy
stress σyz and the corresponding first Piola–Kirchhoff stress component Pyz under different load
conditions. The same comparison is proposed for the case of slender beam, where the three-
dimensional Cauchy’s stress components are depicted in Fig. 7.33. The analogous comparison
between transverse shear Cauchy’s σyz and first Piola-Kirchhoff stress component Pyz is reported
for the slender beam in Fig. 7.34. Regarding the normal stress components, excellent agreement
with the 3D reference is obtained for σyy and σzz, while minor deviations are observed in σxx,
where a dependence of the cross-section kinematic model is found, since related to the out-of-
plane bending behavior. Particularly, in the case of transverse shear stress σyz, non-zero values
at the beam edges and non-symmetric distributions are detected, differently with respect to the
case of first Piola-Kirchhoff stress component. The results clearly demonstrate that equilibrium
and stress compatibility are rigorously satisfied by the first Piola–Kirchhoff tensor, defined in
the material configuration and reference frame, where the balance laws are strictly defined. Due
to balance, the compatibility and continuity equation on the transverse normal and shear stress
component in the thickness direction, where the anisotropy is encountered, are enforced in the
reference configuration. Additionally, in the case of the Cauchy stress tensor, compatibility is
not strictly guaranteed under conservative loading, since equilibrium is expressed in the de-
formed configuration and the highly deformed structural states are then computed to balance
external loads at deformed outer boundaries. As a result, non-symmetric distributions of σyz
naturally arise to guarantee translational force equilibrium in highly deformed states. This out-
come reflects, in the present work, the intrinsic link between the Cauchy stress tensor and the
deformation gradient, which directly measures the moderate-to-large strain regime. The asym-
metric shear stress distribution can therefore be interpreted as the internal mechanism by which
the structure balances the applied external loads through shear force redistribution.
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7.6 – Multilayered compressible beam subjected to point load

 0

 0.002

 0.004

 0.006

 0.008

 0.01

-0.3 -0.2 -0.1  0  0.1  0.2  0.3

z 
[m

]

Stress [MPa]

(a) σxx

 0

 0.002

 0.004

 0.006

 0.008

 0.01

-8 -6 -4 -2  0  2  4  6  8

3D ABQ

3L9

3L16

6L9

6L16

12L9

12L16

24L9

24L16

TE 2

TE 3

TE 4

z 
[m

]

Stress [MPa]

(b) σyy

 0

 0.002

 0.004

 0.006

 0.008

 0.01

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

z 
[m

]

Stress [MPa]

(c) σzz

 0

 0.002

 0.004

 0.006

 0.008

 0.01

-4 -3 -2 -1  0  1  2  3  4

z 
[m

]

Stress [MPa]

(d) σyz

Figure 7.31: Cantilever Mooney-Rivlin multilayered beam, case L/h = 10: through-the-thickness stress
distribution along for y/L = 0.25 and x = a/2. Comparison between 1D CUF solution
and ABAQUS 3D reference.
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Figure 7.32: Cantilever Mooney-Rivlin multilayered beam, case L/h = 10: through-the-thickness dis-
tribution of the transverse stress components σyz and Pyz for y/L = 0.25 and x = a/2,
for different load conditions.
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Figure 7.33: Cantilever Mooney-Rivlin multilayered beam, case L/h = 100: through-the-thickness
stress distribution along for y/L = 0.25 and x = a/2. Comparison between 1D CUF
solution and ABAQUS 3D reference.
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Figure 7.34: Cantilever Mooney-Rivlin multilayered beam, case L/h = 100: through-the-thickness dis-
tribution of the transverse stress components σyz and Pyz for y/L = 0.25 and x = a/2,
for different load conditions.
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7.7 – Multilayered nearly-incompressible plate under pressure

7.7 Multilayered nearly-incompressible plate under pressure

The accuracy and the efficiency of the the proposed higher-order models for isotropic hyper-
elasticity is now established in the case of 2D plate models. A multilayered rectangular clamped
plate, of total lateral sides a = 20 mm and b = 10 mm, is made of two soft layers of thickness
h = 1 mm. In both cases, the structure is made by two different layers, with thickness hl = h/2.
The structure is considered made of two different Mooney-Rivlin material, whose hyperelastic
strain energy function model is given in Eq. (7.12), adopting again two distinct sets of model’s
constants taken from available literature material properties [193] and listed in Table 7.19.

Ψ = Ψvol(J) + Ψ̄(Ī1, Ī2) =
1

D1
(J − 1)2 + c10(Ī1 − 3) + c01(Ī2 − 3) (7.12)

To investigate the influence of kinematic models and theory of structure approximation on the
static and linearized vibration response of the present plate structures higher-order theories
along the plate thickness are considered, and increasing number of parabolic Q9 finite element
along the reference mid-surface. The plate is considered clamped at y = 0 mm plane and
subjected to a uniform transversal pressure applied at the top-surface. The geometrical features
and boundary conditions describing the present scenario are illustrated in Fig. 7.35.

x

z

y

a

b

A

p

h

Figure 7.35: Multilayered cantilever plate: geometrical features and boundary conditions consiered.

This case study is proposed to assess the capabilities and the accuracy of higher-order plate
formulation. Specifically, both the effects of kinematics models along the plate mid-surface dis-
cretization and, particularly, the influence of the theory of structure approximation adopted on
the static mechanical response of the hyperelastic multilayered plate are investigated, analyzing
displacements and natural frequencies, and discussing the results in terms of compatibility re-
quirements. The aim of the present case study is to assess the accuracy and the capabilities of
LW models, since the efficiency of TE-based models will been extensively analyzed in the fol-
lowing sections. The detailed analysis of TE models for plate structure will be directly proposed
in the case of anisotropic hyperelastic structural analysis. The 3D FEM ABAQUS solution is
adopted to compare the present model’s capabilities with direct solution of the equilibrium equa-
tion given by standard FE approaches. In the following, for the thick plate, the discretization
is performed with 12800 C3D20R hexahedral elements (20-node quadratic brick elements with
reduced integration). For the thin plate, instead, 32160 C3D20R elements are adopted due to
aspect ratio constraints inherent to classical 3D formulation.
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Isotropic hyperelasticity

c10 [MPa] c01 [MPa] D1 = 2/k [MPa−1]

Bottom layer 1.1240 · 10−2 1.1240 · 10−2 0.628

Top layer 2.0780 · 10−2 1.9875 · 10−2 0.445

Table 7.19: Multilayered cantilever plate: material properties considered.

In the meanwhile, the 2D CUF models employed, for both thick and slender beams, adopt
N ×N parabolic Q9 finite elements along the plate mid-surface; instead LWm are comprehen-
sively analyzed, adopting NE LE2 parabolic (three-node) or LE3 cubic (four-node) subdomains
for each material layer. As proposed in the previous analyses, the accuracy is expressed through
the percentage difference between 1D CUF and 3D ABAQUS results, while the computational
cost is measured by the total number of DOF required by the adopted discretization. The first
analysis considered is the convergence analysis with respect to the natural frequencies of the
structure around the trivial equilibrium state, thus the undamped vibration problem is ana-
lyzed as first assessment case of multilayered plate elements. Tables 7.21 and 7.20 summarize
the convergence analysis results for the two plates with different thickness, in which the influ-
ence of mid-surface discretization and theory of structure approximation on the first five natural
frequencies is extensively analyzed. From the proposed convergence analysis, higher relative
percentage differences are noted in the case of the thick plate, as expected, due to the classical
arguments in modeling of thick structures. Small relative percentage difference, below 3% are
noted within all the cases, demonstrating the consistency of the present approach. From the
proposed results, a strong influence of the plate mid-surface discretization is noted, differently
considering the theory of structure approximation that provide reliable and similar results for
all expansion models considered.

Mesh Expansion Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 DOF

A 10x10 1 LE2 / layer 6.330(−2.64%) 24.537(−0.23%) 38.744(−2.24%) 51.883(−1.54%) 79.917(−0.51%) 6615

B 2 LE2 / layer 6.329(−2.65%) 24.529(−0.26%) 38.735(−2.27%) 51.881(−1.54%) 79.883(−0.55%) 11907

C 1 LE3 / layer 6.329(−2.65%) 24.528(−0.26%) 38.735(−2.27%) 51.881(−1.54%) 79.882(−0.55%) 9261

D 2 LE3 / layer 6.329(−2.65%) 24.528(−0.26%) 38.734(−2.27%) 51.881(−1.54%) 79.880(−0.55%) 17199

E 15x15 1 LE2 / layer 6.353(−2.29%) 24.593(0.01%) 38.896(−1.86%) 52.011(−1.30%) 80.143(−0.22%) 14415

F 2 LE2 / layer 6.352(−2.30%) 24.586(−0.03%) 38.888(−1.88%) 52.010(−1.30%) 80.110(−0.27%) 25947

G 1 LE3 / layer 6.352(−2.30%) 24.585(−0.03%) 38.888(−1.88%) 52.010(−1.30%) 80.108(−0.27%) 20181

H 2 LE3 / layer 6.352(−2.30%) 24.585(−0.03%) 38.887(−1.88%) 52.010(−1.30%) 80.107(−0.27%) 37479

I 20x20 1 LE2 / layer 6.403(−1.51%) 24.722(0.53%) 39.264(−0.93%) 52.295(−0.76%) 80.685(0.45%) 25215

J 2 LE2 / layer 6.402(−1.52%) 24.714(0.50%) 39.256(−0.95%) 52.294(−0.76%) 80.652(0.41%) 45837

K 1 LE3 / layer 6.402(−1.52%) 24.714(0.49%) 39.255(−0.95%) 52.294(−0.76%) 80.650(0.41%) 35301

L 2 LE3 / layer 6.402(−1.52%) 24.714(0.49%) 39.255(−0.95%) 52.294(−0.76%) 80.649(0.41%) 65559

ABAQUS 12800 C3D20 6.501 24.592 39.633 52.694 80.323 187467

Table 7.20: Multilayered cantilever plate, thick case, modal analysis: convergence analysis for the first
five natural frequencies [Hz]. Comparison between 2D CUF and 3D ABAQUS model results.
In brackets, the percentage difference is given.
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7.7 – Multilayered nearly-incompressible plate under pressure

Mesh Expansion Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 DOF

A 10x10 1 LE2 / layer 0.654(−0.09%) 2.589(1.05%) 4.096(1.53%) 8.604(1.54%) 11.795(4.14%) 6615

B 2 LE2 / layer 0.654(−0.09%) 2.589(1.05%) 4.095(1.52%) 8.604(1.54%) 11.795(4.14%) 11907

C 1 LE3 / layer 0.654(−0.10%) 2.589(1.05%) 4.095(1.52%) 8.604(1.54%) 11.795(4.14%) 9261

D 2 LE3 / layer 0.654(−0.10%) 2.589(1.05%) 4.095(1.52%) 8.604(1.54%) 11.795(4.14%) 17199

E 15x15 1 LE2 / layer 0.645(−1.38%) 2.573(0.46%) 4.014(−0.49%) 8.511(0.43%) 11.393(0.60%) 14415

F 2 LE2 / layer 0.645(−1.38%) 2.573(0.45%) 4.014(−0.49%) 8.510(0.43%) 11.393(0.59%) 25947

G 1 LE3 / layer 0.645(−1.38%) 2.573(0.45%) 4.014(−0.49%) 8.510(0.43%) 11.393(0.59%) 20181

H 2 LE3 / layer 0.645(−1.39%) 2.573(0.45%) 4.014(−0.49%) 8.510(0.43%) 11.393(0.59%) 37479

I 20x20 1 LE2 / layer 0.641(−2.01%) 2.565(0.14%) 3.979(−1.38%) 8.468(−0.07%) 11.231(−0.84%) 25215

J 2 LE2 / layer 0.641(−2.01%) 2.565(0.14%) 3.978(−1.38%) 8.468(−0.07%) 11.230(−0.84%) 45837

K 1 LE3 / layer 0.641(−2.01%) 2.565(0.14%) 3.978(−1.38%) 8.468(−0.07%) 11.230(−0.85%) 35301

L 2 LE3 / layer 0.641(−2.01%) 2.565(0.14%) 3.978(−1.38%) 8.468(−0.07%) 11.230(−0.85%) 65559

ABAQUS 12800 C3D20 0.654 2.562 4.034 8.474 11.326 298878

Table 7.21: Multilayered cantilever plate, thin case, modal analysis: convergence analysis for the first
five natural frequencies [Hz]. Comparison between 2D CUF and 3D ABAQUS model results.
In brackets, the percentage difference is given.

Furthermore, the proposed twelve models enumerated in the depicted Tables, the nonlinear
static analysis of the cantilever plate under uniform transversal pressure is carried out. The
results are proposed in terms of load-displacement equilibrium curves, denoting with p the
applied value of the transversal pressure, measuring instead the transversal uz displacement
component at the point “A” indicated in Fig. 7.35. The results of the present static analysis
are reported in Fig. 7.36, where the obtained equilibrium paths are depicted.
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Figure 7.36: Multilayered cantilever plate: equilibrium path obtained both in the case of thin and thick
plate. Comparison between higher-order 2D CUF models and 3D ABAQUS results.
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Figure 7.37: Multilayered cantilever plate, thick case: variation of the first nine natural frequencies
along the equilibrium path, large strain regime. Influence of structural theory and reference
mid-surface discretization.
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7.7 – Multilayered nearly-incompressible plate under pressure
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Figure 7.38: Multilayered cantilever plate, thin case: variation of the first nine natural frequencies along
the equilibrium path, large strain regime. Influence of structural theory and reference mid-
surface discretization.
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7.8 Discussion

The proposed results suggest that:

� The isotropic hyperelastic constitutive law has been successfully implemented in the pro-
posed higher-order CUF modeling of soft materials and structures under an invariant
approach, enabling the adoption of any hyperelastic model by providing the derivatives
of the chosen strain energy function. The present implementation has been first vali-
dated through the uniaxial and simple shear tests, problems for which analytical reference
solutions are available, demonstrating its accuracy and robustness.

� Some limitations of ESLm have been highlighted in the present study. While accurate
displacement distributions and natural frequencies are provided, inconsistencies in the
three-dimensional stress states have been observed due to the intrinsic restrictions of TE-
based approaches. Fully layer-wise models, on the other hand, have provided accurate
predictions of both displacement and stress fields, thereby guaranteeing a powerful tool
for analyzing problems where stress resolution is critical.

� The present implementation of higher-order beam and plate models can handle the repre-
sentation of complex constitutive behaviors in multilayered structures. Considering differ-
ent cross-section or thickness polynomial expansion of the displacement field, the present
higher-order models accurately capture the complex three-dimensional stress state while
fulfilling the C0

z requirements. Moreover, the compatibility and equilibrium conditions
have been correctly verified in terms of the first Piola–Kirchhoff stress tensor, the refer-
ence stress measure in a hyperelastic, total Lagrangian framework, where the equilibrium
balance laws are written in the material reference frame.

� The computational efficiency and accuracy of the proposed approach have been demon-
strated with several case studies involving the large strain analysis of isotropic soft struc-
tures. Convergence analyses have proven that the adoption of higher-order kinematic
models along the beam axis or reference plate mid-surface allows for the definition of
computationally advantageous FE models with fewer DOF, while maintaining high levels
of accuracy, both in the static and modal analysis. In addition, the use of higher-order
structural theories and LWm guarantees the computation of accurate predictions with less
refined discretizations without affecting the solution quality;

� The convergence analysis carried out in terms of natural frequencies has shown that accu-
rate predictions can be obtained with coarser discretizations, but with a sensible depen-
dence on the material compressibility. For nearly incompressible materials, which typically
enforce the adoption of refined discretization models where pure displacement-based for-
mulations are adopted, higher-order models provide a consistent alternative to reduce
computational effort while preserving accuracy;

� The linearized vibration analyses revealed that the dependence of natural frequencies on
applied pre-stretch can exhibit ambiguous trends, which are strongly influenced by material
compressibility. For compressible hyperelastic models, a decrease in natural frequencies
was observed with increasing pre-stretch. This phenomenon can be explained by the
reduction of internal stress levels at higher strains, which in turn lowers the geometric
stiffness contributions to the tangent stiffness matrix.
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Chapter 8

Transversely isotropic hyperelasticity

In the present chapter, the numerical results obtained for the static and linearized vibration
analysis of transversely isotropic hyperelastic structures are proposed. The proposed higher-
order finite element modeling approach is exploited to simulate continuously fibre-reinforced
structures. The present model is validated comparing the results against reference solutions
available in literature or numerical references obtained via classical FE hexahedral solutions.
In particular, the numerical modeling of these structures is analyzed in terms of displacement
and stress distributions to analyze the effects of the discretization model, the influence of the
theory of structure approximation on the investigated physical quantities. Finally, the results
are analyzed in terms of compatibility conditions and equilibrium equations, to discuss the
C0
z requirements in laminated multilayered structures in terms of reference and actual stress

measures.

8.1 Validation procedure of the present methodology

The first case study analyzed is the simple shear test of an incompressible, fiber-reinforced
cubic specimen. As discussed in Sec. 7.1, an analytical solution is available for this simple
configuration. These analysis are carried out to validate the proposed methodology, comparing
the results with the reference exact solution. This patch-test problem is analyzed with a single
element discretization, to assess the consistency of the model implemented. For this reason, in
the following, both 1D beam and 2D plate model will be discussed. The mathematical models
adopted in this patch-test employ 1L4-1B2 linear models in the case of beam CUF element, and
1Q4-1LE2 linear models in the case of plate CUF element, as already described in Sec. 7.1 . A
graphical representation of the two discretization model adopted is provided in Fig. 7.1, instead
the geometry and boundary conditions are depicted in Fig. 8.1.

The material model considered is a refined version of the classical Holzapfel-Gasser-Ogden
(HGO) model for fiber-reinforced materials [26], analyzed in Mendez at al. [194]. This revisited
model has been proposed to investigate the physical meaning of I5 invariant, since the invariant
I4 is consistently defined in the kinematic framework. The strain energy function adopted is
written as:

Ψ = Ψvol(J) + Ψiso(Ī1, Ī2) + Ψani(Ī1, Ī2, Ī4, Ī5) (8.1)
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z = h, uz = 0

z = 0, uz = 0
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z

x

(a) Geometry and boundary conditions

y

z

x

(b) Deformed configuration

Figure 8.1: Transversely isotropic hyperelasticity, validation test: simple shear test case, geometry
considered and boundary conditions applied.

The three terms of the decoupled strain energy function Eq. (8.1) are then introduced:

Ψvol(I3) =
k

2
(J − 1)2 (8.2)

Ψiso(I1, I2, I3) =
c1
2

(Ī1 − 1) (8.3)

Ψaniso(I3, I4, I5) =
c2
2c3

[
ec3(Ī4−1)2 − 1

]
+

c4
2c5

[
ec5(Ī5−Ī4

2
)2 − 1

]
(8.4)

The material constants adopted in the following are taken from the reference work, and listed
in Table 8.1.
The analytical solution of the approached problem is here carried out. Considering the known
expression of the deformation gradient, one can straightforwardly derive the expression of the
right Cauchy-Green strain tensor and, consequently the analytic expression of the additional
pseudo-invariant of the deformation, function of the fiber reinforcement direction, it is possi-
ble then to derive analytically the second Piola-Kirchhoff stress tensor by the constitutive law
written in the material reference frame, by the Piola transform of the first Piola-Kirchhoff and
Cauchy’s stress tensors. Let X = (x0, y0, z0) the coordinates of the generic material point of the
cube in the material configuration, denote also with x = (x, y, z) the coordinate of the deformed
particle measured again the material configuration. For a simple shear test the deformation field
components for the shear problem in the y − z plane are:

χ(x0, y0, z0) :


x = x0

y = y0 + γz0

z = z0
F =

∂χ

∂X
=

1 0 0
0 1 γ
0 0 1

 C = FTF =

1 0 0
0 1 γ

0 γ 1 + γ2


where γ is a positive real number. Again, since incompressibility is imposed, thus J = detF =
1, the volumetric component of S is identically null. Supposing that a0 = (ax, ay, az)T , the
invariants and pseudo-invariants required for the computation of physical quantities are:

I1 = 3 + γ2

I2 = −3 − 2γ2

I3 = 1

{
I4 = a2x + ay(ay + azγ) + az(ayγ + az(1 + γ2))

I5 = a2x + ay(ay + azγ
2) + az(ayγ

2 + az(1 + γ2)2)
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Computing now the derivatives of strain energy function Eq. (8.1), characterized by the three
terms imposed for isochoric, volumetric and anisotropic components, the analytic expression of
the stress tensor S is obtained. In the proposed analysis, normal and transverse shear stress
components are analyzed, whose analytical expression are given by:

Sxx =
1

3

[
4a2x

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5

)
− 2

(
∂Ψ̄

∂Ī1
γ2 + a2z

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5
+

(
∂Ψ̄

∂Ī4
+ 6

∂Ψ̄

∂Ī5

)
γ2 + 2

∂Ψ̄

∂Ī5
γ4

)
+

+ a2y

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5
(1 + γ2)

)
+ 2ayazγ

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5
(2 + γ2)

))]
(8.5)

Syy =
1

3

[
− 2(a2x − 2a2y + a2z)

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5

)
− 4ayaz

(
∂Ψ̄

∂Ī4
+

∂Ψ̄

∂Ī5

)
γ +

− 2

(
4
∂Ψ̄

∂Ī1
+ a2x

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5

)
+ (a2y + 2a2z)

(
∂Ψ̄

∂Ī4
+ 4

∂Ψ̄

∂Ī5

))
γ2 − 4ayaz

(
∂Ψ̄

∂Ī4
+ 6

∂Ψ̄

∂Ī5

)
γ3 +

− 2

(
∂Ψ̄

∂Ī1
+ 2a2y

∂Ψ̄

∂Ī5
+ a2z

(
∂Ψ̄

∂Ī4
+ 8

∂Ψ̄

∂Ī5

))
γ4 − 8ayaz

∂Ψ̄

∂Ī5
γ5 − 4a2z

∂Ψ̄

∂Ī5
γ6

]
(8.6)

Szz =
1

3

[
− 2(a2x + a2y − 2a2z)

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5

)
− 4ayaz

(
∂Ψ̄

∂Ī4
+

∂Ψ̄

∂Ī5

)
γ +

− 2

(
∂Ψ̄

∂Ī1
+ a2z

∂Ψ̄

∂Ī4
+ 2a2y

∂Ψ̄

∂Ī5

)
γ2 − 8ayaz

∂Ψ̄

∂Ī5
γ3 − 4a2z

∂Ψ̄

∂Ī5
γ4

]
(8.7)

Sxy = 2ax

(
ay(

∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5
) + az

∂Ψ̄

∂Ī5
γ

)
(8.8)

Due to the analytical complexity, the full expressions of the Cauchy’s stress components are not
reported here, as well as the expressions of the first Piola-Kirchhoff stress tensor, although they
can be readily computed by the Piola transform:

σ =
1

J
FSFT (8.9)

The consistency and capabilities of the present CUF-based methodology are assessed by ana-
lyzing the simple shear test in six different fiber orientations, considering different generic fiber
reinforcement vectors.

k [kPa] c1 [kPa] c2 [kPa] c3 [ - ] c4 [kPa] c5 [ - ]

1 · 108 50 831.4 4.241 350.96 6.18

Table 8.1: Transversely isotropic hyperelasticity, validation test: material properties considered.

Figure 8.2 depicts, for each unitary versor a0 considered, the geometrical model of the fiber-
reinforcement considered and the 1D CUF finite element adopted. The results, proposed in
terms of strain-stress distributions in terms of the shear parameter γ, are here summarized.
Figure 8.3(a)-(b) show the comparison between the analytical reference results and the CUF
model results, in the case of simple shear test considering the unitary versor a0 along the y axis,
respectively for 1D beam and 2D plate models. Figure 8.3(c)-(d) show the same comparison,
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Transversely isotropic hyperelasticity

respectively for 1D beam and 2D plate models, considering the unitary versor a0 along the
x axis. Figure 8.3(e)-(f) show the same comparison, respectively for 1D beam and 2D plate
models, considering the unitary versor a0 along the z axis. In all the proposed cases, both 1D
beam and 2D plate numerical results perfectly match with the analytical reference solution, in
each fiber reinforcement configuration. In this sense, the present transversely isotropic hyper-
elastic finite element formulation can be considered valid, the analytic solution has been used
for validation purposes and the stress-strain constitutive law is verified by the present numer-
ical model. Following Mendez et al. [194], additional case studies are considered here. The
mechanical response of the cubic specimen is now analyzed for an inclined preferential fiber
direction, lying in the (y, z) plane, of an angle θ with respect to the y-axis. Three inclination
angles are investigated: θ = 30◦, θ = 45◦, and θ = 60◦. Figure 8.4(a)-(b) show the compari-
son between the analytical reference results and the CUF model results, in the case of simple
shear test considering the unitary versor a0 = (0, cos 30◦, sin 30◦), respectively for 1D beam and
2D plate models. Figure 8.4(c)-(d) show the same comparison considering the unitary versor
a0 = (0, cos 45◦, sin 45◦). Figure 8.4(e)-(f) show the same comparison, considering the unitary
versor a0 = (0, cos 60◦, sin 60◦). Again, a perfect agreement is observed and both 1D beam
and 2D plate numerical results perfectly predict the analytical reference solution, for each fiber
reinforcement configuration.

z

y

x a  = (0,1,0)0

(a) Configuration a0 = (0,1,0)

z

y

x a  = (1,0,0)0

(b) Configuration a0 = (1,0,0)

z

y

x

a  = (0,0,1)0

(c) Configuration a0 = (0,0,1)

Figure 8.2: Transversely isotropic hyperelasticity, validation test: fiber distributions considered
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(c) a0 = (1,0,0), 1D CUF model
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(d) a0 = (1,0,0), 2D CUF model

-2000

-1500

-1000

-500

 0

 500

 1000

 1500

 2000

 0  0.2  0.4  0.6  0.8  1

Ref. σxx

Ref. σyy

Ref. σzz
Ref. σxy

  1D CUF - σxx

  1D CUF - σyy

  1D CUF - σzz
  1D CUF - σxy

S
tr

es
s 

[k
P
a]

γ

(e) a0 = (0,0,1), 1D CUF model
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Figure 8.3: Transversely isotropic hyperelasticity, validation test: comparison between analytical refer-
ence and 1D CUF numerical results. Comparison of different Cauchy’s stress component,
for different fiber orientations along the three Cartesian axes.
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(a) a0 = (0, cos 30◦, sin 30◦), 1D CUF model
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(b) a0 = (0, cos 30◦, sin 30◦), 2D CUF model
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(c) a0 = (0, cos 45◦, sin 45◦), 1D CUF model
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(d) a0 = (0, cos 45◦, sin 45◦), 2D CUF model
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(e) a0 = (0, cos 60◦, sin 60◦), 1D CUF model
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(f) a0 = (0, cos 60◦, sin 60◦), 2D CUF model

Figure 8.4: Transversely isotropic hyperelasticity, validation test: comparison between analytical refer-
ence and 1D CUF numerical results. Comparison of different Cauchy’s stress component,
for different fiber orientations of type a0 = (0, cos θ, sin θ).
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8.2 Circular plate under uniform transversal pressure

As a second numerical example, the bending of a clamped circular plate, presented for the
first time by Beheshti et al. [195] and lately analyzed by Chiaia et al. [196] is now discussed.
The present implementation of higher-order plate models is employed to analyze 2D structures
under large displacements conditions. The plate has a radius of R = 50 mm and a thickness
of h = 5 mm, considered clamped along its lateral surface. The load condition considered is a
transverse vertical pressure qz applied to the top surface. The geometry and boundary conditions
are depicted in Fig. 8.5.

u = 0  (clamped)

x y

z

h

R 

q
z

(a) Geometry and boundary conditions.

TE-N / LE-N

Q9

(b) Mathematical model description.

Figure 8.5: Circular clamped plate under uniform pressure: geometrical features and discretization
adopted

The mechanical response of the plate is investigated for different material conditions: (i) first,
an isotropic soft plate is analyzed; (ii) an anisotropic hyperelastic plate with radial and tangential
fiber reinforcement distributions is analyzed. The latter material condition is analyzed by means
of a refined technique given by the numerical integration procedure. During the computation
of integral quantities and FN of FE matrices, the unit vector a0 required for the evaluation
of the physical quantities is locally defined at the Gauss integration points for the in-plane
interpolation, for each element in the discretization, as illustrated in Fig. 8.6. The material
model adopted, considered in [195], exploit the isotropic Neo-Hookean coupled model and a
standard quadratic model for the fiber-reinforcement phase:

Ψ(C) =
µ

2
(I1 − 3) +

λ

2
(J − 1)2 − µ log J + γ(I4 − 1)2 (8.10)

The material constants consiered are µ = 1 MPa, λ = 4 MPa γ = 0.375 MPa. To simulate
the plate in the isotropic hyperelastic scenario, the constant γ is considered equal to zero.

8.2.1 Static nonlinear analysis

As a preliminary investigation, a convergence analysis is performed to assess the influence of
finite element approximation of the reference mid-surface on the numerical results, as well as the
effects of the adopted theory of structure approximation. Different FE discretization adopting
Q9 parabolic elements along the reference mid-surface will be considered. Furthermore, the
influence of TE models, together with LE models, is assessed. The former will be denoted as
TEN (with N indicating the polynomial order), the latter instead as LE2 (parabolic Lagrange
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expansion model), and LE3 (cubic Lagrange expansion model). The results obtained with 2D
plate CUF elements are compared against available solutions taken from the literature.

x

y

r,GPe

a0

(a) Radial reinforcement.

x

y

r,GPe
a0

(b) Angular reinforcement.

Figure 8.6: Circular clamped plate under uniform pressure, anisotropic case: fiber distribution defini-
tion. By exploiting the numerical integration scheme used in the computation of the stiffness
matrices, the vector a0 is defined from the physical coordinates of each Gauss integration
point, thus allowing a globally accurate distribution of fibers to be obtained.

Figure 8.7(a) presents the equilibrium paths of the clamped plate with radial fiber distri-
bution, measuring the transverse vertical displacement at the plate center (evaluated at the
mid-surface), analyzing the influence of the mid-surface discretization. The proposed results are
compared against reference solutions [195]. Each proposed model provide the equilibrium paths
in good agreement with the reference solution. The same case study is analyzed by TR models,
comparing the proposed solutions to LE models and reference literature solution in Fig. 8.7(b),
reporting the same displacement component. Both ESLm and LWm provide reliable equilibrium
paths and displacement distributions, confirming the accuracy of the predictions.
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Figure 8.7: Circular clamped plate under uniform pressure, radial fiber case: effects of reference mid-
surface discretization and structural theory on the equilibrium curves of the plate.

132



8.2 – Circular plate under uniform transversal pressure

After assessing the capabilities of the proposed modeling approach, the nonlinear static
analysis of the clamped plate is performed for each fiber reinforcement case considered. Both
isotropic and fiber-reinforced cases are studied by adopting the convergent mathematical model
previously identified, thus employing 180 Q9 parabolic elements for the mid-surface approxima-
tion and a single LE3 element for the through-the-thickness kinematic expansion. Figure 8.8
depict the equilibrium paths for all the considered material configurations, comparing the trans-
verse displacement at the plate center (measured at the mid-surface) obtained with 2D CUF
models against the available reference. The numerical predictions are in excellent agreement
with the reference proposed solution in all analyzed material conditions. In general, a stiffer
behavior is observed in the radial fiber distribution case, whereas the tangential (or circumfer-
ential) fiber distribution and isotropic condition show similar mechanical behavior. In the radial
fiber case, Fig.8.9(a) shows the through-the-thickness distribution of transverse displacement,
while Fig.8.9(b) illustrates the same displacement component in the longitudinal direction along
the plate diameter at the mid-surface. Once again, the linear TE1 model fails to capture the
correct transverse behavior due to the limitations of its theoretical assumptions. Figure 8.10
shows the contour plot of the displacement magnitude of the anisotropic radial reinforced plate
for different loads, computed adopting the previous convergent model listed before.
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Figure 8.8: Circular clamped plate under uniform pressure: equilibrium paths computed for the con-
vergent discretization model, in each material configuration considered.

The capabilities and the accuracy of the present higher-order implementation of plate theories
is now discussed in terms of stress distributions. In an hyperelastic finite element scenario, both
the Cauchy’s stress component in the actual reference frame and second Piola-Kirchhoff stress
components in the material reference frame are discussed, to analyze compatibility conditions
and effects of theory of structure approximation on the obtained stress distributions. In the
following, adopting the previously listed 180 Q9 FE discretization of the reference mid-surface,
the stress analysis is performed at the point located at coordinates (−3/4R, 0) mm on the plate
mid-surface, for each material configuration considered. The first case considered is the isotropic
material condition, when a pressure of qz = 0.1 MPa is applied. Figure 8.11 shows the through-
the-thickness distribution of each second Piola-Kirchhoff stress component Sij , comparing the
results obtained using lower- to higher-order TE and LE models.
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Figure 8.9: Circular clamped plate under uniform pressure, radial fiber case: through-the-thickness and
diametral displacement distributions, computed for each theory of structure considered.

The same comparison is proposed in terms of Cauchy’s stress components σij in Fig. 8.12,
as well as first Piola-Kirchoff stress components for further considerations, depicted in Fig. 8.13.
In all cases, minor differences are observed between higher-order models; notable differences are
observed when lower-order TE models are compared against higher-order LE models. In par-
ticular, the TE1 model, which assumes a constant transverse strain throughout the thickness,
cannot accurately capture the global stress state. This limitation is particularly evident in the
prediction of the transverse stress components. From the proposed results, a direct incompati-
bility of transverse normal and shear stresses Pxz and Pyz is observed. Figure 8.13(c) shows the
through-the-thickness distribution of the normal stress component Pzz, where the boundary con-
dition fulfillment is correctly observed for different discretization models involving both ESLm
and LWm. This has also been satisfied for the PK2 Szz component: the boundary condition is
satisfied at the top surface at z = 0.25. At the same time, the equilibrium condition at the plate
edges is still not fulfilled for the Pxz stress component by higher-order LWm; the TE-4 model
correctly predicts compatibility at the top and bottom surfaces. For the Pyz component, each
discretization model considered yielded non-null transverse shear stress values, but these were
relatively small (two orders of magnitude lower). These discrepancies are justified by the numer-
ical approximation of the deformation gradient F in highly deformed states, which is required
for post-processing the stress tensor components in a pure displacement-based method. In the
present analysis, single-element LE2 and LE3 expansion models have been adopted to compare
results with LWm and ESLm. However, adopting pure LWm is not sufficient to achieve equilib-
rium at large strains; refined discretization models with more through-the-thickness subdomains
are needed. For these reasons, further analyses, including more subdomains in the through-the-
thickness discretization, have been performed to assess the convergence of the present model’s
stresses, particularly with respect to the fulfillment of equilibrium and compatibility conditions.
Furthermore, the same stress analysis is performed at the same point previously considered for
the radial fiber reinforcement. The through-the-thickness stress distributions are compared now
when a pressure of qz = 0.08 MPa is applied, considering again the components of the first
and second Piola-Kirchhoff stress tensors, as well as the Cauchy stress components. Figure 8.14
shows the through-the-thickness distribution of each second Piola-Kirchhoff stress component
Sij , comparing the results obtained using lower- to higher-order TE and LE models. The same
comparison is proposed in terms of Cauchy’s stress components σij in Fig. 8.15, as well as first
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Piola-Kirchoff stress components for further considerations, depicted in Fig. 8.16. Similar find-
ings can be observed, comparing the proposed results to the isotropic case. In particular, for the
transverse normal and shear PK1 stress components, compatibility and equilibrium are satisfied
for the Pxz component by higher-order TE models or refined LWm. Similar considerations to
the isotropic case can be applied to the Pyz component. However, higher-order models still yield
inconsistent results regarding compatibility at z = 0.25.

The proposed results suggest that convergence has not been achieved with the adoption
of these pure LWm; thus, a refined discretization, including more subdomains, is suggested to
assess the capabilities of the present approach when LE models are analyzed. Figure 8.17 shows
the through-the-thickness distribution of transverse shear components of each stress tensor, in
the case of an isotropic plate under an applied pressure of qz = 0.1 MPa, comparing the results
obtained adopting different LE models. A similar comparison is provided in Fig. 8.18 for the
radial fiber distribution case, for an applied pressure of qz = 0.08 MPa. From the proposed
results, looking at Fig. (8.17)(a), a parabolic behavior of the component Pxz is observed, and
refined LWm satisfy the equilibrium conditions at plate edges correctly. Similar findings are
observed in the case of transverse PK1 stress components for the fiber reinforced plate, as shown
in Fig. 8.18(a) and 8.18(b), where the compatibility at plate edges is satisfied by the adoption of
refined LWm with more subdomains. Still, minor discrepancies have been observed in some cases,
where very small, yet non-zero, values of the stress components are observed, attributed again to
numerical reasons or to FE convergence along the reference mid-surface. The adoption of higher-
order expansion theories of the displacement field provides reliable distributions of the complex
three-dimensional stress state, thereby improving the reliability of numerical predictions.
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(a) qz = 0.008 MPa, uz = −7.38829 mm
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(b) qz = 0.024 MPa, uz = −12.0195 mm
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(c) qz = 0.048 MPa, uz = −15.9218 mm
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(d) qz = 0.08 MPa, uz = −19.5227 mm

Figure 8.10: Circular clamped plate under uniform pressure: deformed configurations for different value
of applied pressure, 180Q9-1LE3 model results.
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Transversely isotropic hyperelasticity
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Figure 8.11: Circular clamped plate under uniform pressure: effects of theory of structure approxima-
tion on the through-the-thickness stresses distribution, components of S, isotropic case
and load condition qz = 0.1 MPa.
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8.2 – Circular plate under uniform transversal pressure
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Figure 8.12: Circular clamped plate under uniform pressure: effects of theory of structure approxima-
tion on the through-the-thickness stresses distribution, components of σ, isotropic case
and load condition qz = 0.1 MPa.

137



Transversely isotropic hyperelasticity
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Figure 8.13: Circular clamped plate under uniform pressure: effects of theory of structure approxima-
tion on the through-the-thickness stresses distribution, components of P, isotropic case
and load condition qz = 0.1 MPa.
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8.2 – Circular plate under uniform transversal pressure
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Figure 8.14: Circular clamped plate under uniform pressure: effects of theory of structure approxima-
tion on the through-the-thickness stresses distribution, components of S, radial fiber case
and load condition qz = 0.08 MPa.
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Transversely isotropic hyperelasticity
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Figure 8.15: Circular clamped plate under uniform pressure: effects of theory of structure approxima-
tion on the through-the-thickness stresses distribution, components of σ, radial fiber case
and load condition qz = 0.08 MPa.
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8.2 – Circular plate under uniform transversal pressure
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Figure 8.16: Circular clamped plate under uniform pressure: effects of theory of structure approxima-
tion on the through-the-thickness stresses distribution, components of P, radial fiber case
and load condition qz = 0.08 MPa.
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Figure 8.17: Circular clamped plate under uniform pressure: influence of theory of structure approxi-
mation on the transverse normal and shear stresses components, isotropic case and load
condition qz = 0.1 MPa.
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8.2 – Circular plate under uniform transversal pressure
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Figure 8.18: Circular clamped plate under uniform pressure: influence of theory of structure approxi-
mation on the transverse normal and shear stresses components, radial fiber distribution
case and load condition qz = 0.08 MPa.
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Transversely isotropic hyperelasticity

8.2.2 Linearized vibration analysis

Thereafter, in each computed (and marked in the equilibrium path) non-trivial equilibrium state,
the linear eigenvalue problem is solved, evaluating then the natural frequencies and mode shapes
around different deformed configurations. Figure 8.19 illustrates the pressure-frequency curve
of the first ten natural frequencies along the equilibrium path for the radial fiber distribution,
comparing the results obtained for different CUF expansion models. A similar comparison is
conducted for the tangential fiber distribution case and presented in Fig. 8.20.
From the proposed results, one can observe different modal interactions both at small and large
displacement regimes. In particular, both for radial and tangential fiber distribution cases,
modal interactions are observed for high-frequency modes. To investigate the behavior of modal
shapes in the interacting zone, different criteria can be adopted. For this proposed case study,
the assessment of the proposed methodology, the mode shapes for the tangential distribution
case are analyzed. Figure. 8.21 shows the eight modes of vibration, computed for different load
conditions. The same comparison is proposed for the ninth mode of vibration in Fig. 8.22. From
the pressure-frequency curve of the tangential distribution case, an evident modal interaction
can be observed between modes 8 and 9, around the condition qz = 0.064 MPa. By considering
a single fiber reinforcement in two different configurations, different static and modal behaviors
have been observed. The results suggest that, in the case of a radial fiber configuration, a stiffer
behavior of the plate is observed, which is also confirmed in the linearized vibration analysis,
where higher natural frequencies are observed across all cases. On the other hand, more evident
modal interactions instead are observed in the case of tangential fiber distribution. These
preliminary results are considered an assessment of the proposed procedure, further motivating
investigations into the influence of pre-stressed conditions on the dynamic and modal analysis
of structures.
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Figure 8.19: Compressible circular plate: radial fibre configuration, variation of the first ten natural
frequencies along the equilibrium path.
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8.2 – Circular plate under uniform transversal pressure
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Figure 8.20: Compressible circular plate: tangential fibre configuration, variation of the first ten natural
frequencies along the equilibrium path.
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Figure 8.21: Compressible circular plate: tangential fiber configuration, eight mode of vibration for dif-
ferent deformed configurations. Eigenvalue represented on the undeformed configuration.
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Figure 8.22: Compressible circular plate: tangential fiber configuration, nine mode of vibration for dif-
ferent deformed configurations. Eigenvalue represented on the undeformed configuration.
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8.3 Finite strain analysis of a cantilever square plate

In this case study, the finite strain behavior of a fiber-reinforced cantilever square plate, as
already investigated by Beheshti et al. [195], is discussed. The clamped square plate has a
lateral dimension of a = 20 mm and a thickness of t = 1 mm, and it si considered subjected to a
uniaxial tensile load applied at its free end. From previous discretization convergence analyses,
the structure is discretized adopting higher-order 1D CUF models, exploiting 20 L9 parabolic
elements along the clamped side of the plate and 15 cubic B4 elements along the beam axis in
the y direction. The total number of DOF involved by the simulation is 16974. The geometrical
features, boundary conditions and discretization exploited are illustrated in Fig. 8.23.

a
t
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p

x

y

z

A

B

(a) Geometry and boundary conditions

20 L9

15 B4

(b) Discretization

Figure 8.23: Finite strain analysis of a cantilever square plate: geometrical features, boundary condi-
tions and discretization model adopted.

The square plate is modeled as a transversely isotropic hyperelastic material reinforced by a
single fiber family. The variable fiber reinforcement considered is included by the unit vector a0

lying in the y–z plane, modeling thus a continuous planar fiber reinforcement, and inclined at
an angle θ with respect to the y-axis, i.e., a0 = (0, cos θ, sin θ). Different fiber orientations are
considered, with θ varying from 0◦ to 90◦. The material behavior is described using the same
strain energy function introduced in Eq. (8.10), with material constants taken from [195]. The
influence of anisotropy and fiber orientation is assessed by analyzing the horizontal displacement
of points A and B, located at the free end of the plate, as the applied uniaxial load increases. The
analysis performed is a static nonlinar analysis by which the equilibrium paths of the plate can
be computed. The previously introduced discretization is analyzed for convergence reason and
investigate the material response under different fiber orientation angles, guaranteeing accurate
results compared with the literature reference. Figure 8.24(a) shows the equilibrium paths for
fiber inclination angles θ = 0◦ and θ = 30◦. For θ = 0◦, the displacements of the two points
coincide, since the fiber direction is aligned with the loading direction, and the plate exhibits a
stiffer response. In contrast, for θ = 30◦ the fiber orientation introduces a transverse component,
which affects the deformation process and results in an unsymmetric final configuration. Figure
8.24(b) depicts the equilibrium paths for θ = 60◦ and θ = 90◦. In these cases, the preferential
direction is more inclined with respect to the loading axis, leading to a significantly softer
structural response. For this reason, larger displacements and strains are observed at much
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8.3 – Finite strain analysis of a cantilever square plate

lower load conditions applied. For θ = 90◦, the fibers provide no resistance along the loading
direction, and the resulting deformed configuration results again symmetric.
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Figure 8.24: Finite strain analysis of a cantilever square plate: equilibrium curves for various fiber
inclination. Comparison between 1D CUF model results and available literature reference.

Figure 8.25 illustrates the deformed configurations for different fiber orientations when the
horizontal displacement of point B reaches approximately 19 mm. The results proposed highlight
the strong influence on the mechanical response of the material from anisotropy effects and the
preferential fiber direction orientation.

7.8e-12

1.9e+01

2

4

6

8

10

12

14

16

D
is

p
la

c
e
m

e
n
ts

 M
a
g
n
it
u
d
e

(a) Fiber angle θ = 0◦
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(b) Fiber angle θ = 30◦
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(c) Fiber angle θ = 60◦
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(d) Fiber angle θ = 90◦

Figure 8.25: Finite strain analysis of a cantilever square plate: displacement magnitude contour, de-
formed configuration representation.
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8.4 Multilayered laminated 0◦/90◦ reinforced beam

The next case study focuses on the static analysis of a multilayered fiber-reinforced laminated
beam. This case study is proposed to analyze the structure under large displacements and
large strain. For this reason, two different geometrical configurations and loading conditions
are considered to investigate the capabilities of the present implementation of higher-order FE
model. In the first configuration, a doubly clamped cantilever beam of total length Lb = 100
mm with a square cross-section of lateral side a = 5 mm is analyzed under uniform transversal
pressure applied to the top surface. In the second configuration, for a large strain analysis and
a uniaxial tension test, a beam of length Ls = 20 mm and lateral side a = 5 mm is considered.
Due to the symmetry of the structures and the applied load conditions, only one quarter of the
model can be analyzed in the numerical simulations. The geometry and boundary conditions
for the two problems, considering the applied symmetries and the considered quarter of the
structures, are shown in Fig. 8.26(a) and Fig. 8.26(b), respectively.

p

x

z

y

uy= 0

L  /2

a/2

b

A

(a) Bending problem

x

z

y

p

uy= 0 ux= 0

L  /2s

A

uz= 0

(b) Uniaxial test problem

Figure 8.26: Multilayered fiber-reinforced 0◦/90◦ laminated beam: geometrical features and boundary
conditions.

The material modeled adopt is given by the quadratic model for fiber reinforcement strain
energy function given in [195], coupled with a Neo-Hookean model for the isotropic matrix and
a stabilized volumetric strain energy function model:

Ψ = Ψvol(J) + Ψiso(I1, I2) + Ψaniso(I4) =
µ

2
(I1 − 3) +

λ

2
(J − 1)2 − µ log J + γ(I4 − 1)2 (8.11)

where µ = 1 MPa is the infinitesimal shear modulus, λ = 4 MPa is the Lamé constant, and
γ = 0.375 MPa. In both structural configuration the beam layers are arranged in a global
stacking sequence given by [0◦/90◦], with the fibers of the top layer oriented along the beam
axis and those of the bottom layer oriented transversely, along the x axis. The influence of the
adopted discretization models and the effects of the theory of structure approximation on the
mechanical response of the structure are examined in both geometrical configuration, to assess
the influence of the cross-section kinematics when large displacements or large strain conditions
are analyzed. Based on the convergence studies discussed in the previous sections, 20 cubic B4
finite elements are adopted in the discretization along the beam axis. Different cross-section
expansion models instead are then considered, employing either parabolic L9 (nine-node) or
cubic L16 (sixteen-node) approximations. The computational cost is again measured in terms
of the total DOFs associated with the chosen discretization. The two proposed configurations
are analyzed separately in the following.
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8.4 – Multilayered laminated 0◦/90◦ reinforced beam

8.4.1 Uniform transverse pressure

Table 8.2 presents the numerical results for the transversal displacement uz, evaluated at
point ”A” of the beam shown in Fig. 8.26(a), in correspondence of the symmetry section. The
results are reported for different values of the applied transversal pressure and compared across
the various cross-section expansion models. Figure 8.27 depicts the equilibrium path obtained
using the cross-section expansion models listed in the previous table. The analyses are carried
out through the static solver coupled with path-following type constraint. From the small-
displacement regime to the moderate/large-displacement regime, the solutions obtained with
the different cross-section kinematic models show an excellent agreement. Finally, Fig. 8.28
illustrates the through-the-thickness distribution of the transversal displacement uz, measured
at the x-symmetry section for y = 40 mm, near the y-symmetry section. From the proposed
results, an almost linear variation of the transversal displacement component across the thickness
is observed.

−uz [mm]

Model p = 2.52 kPa p = 17.33 kPa p = 81.94 kPa p = 309.93 kPa DOFs

2L9 6.7890 15.2934 28.1352 48.2150 2745
2L16 6.7976 15.2973 28.1128 48.1427 5124
4L9 6.7954 15.3064 28.1584 48.2707 4941
4L16 6.7976 15.3109 28.1658 48.2870 9516
8L9 6.7966 15.3088 28.1620 48.2807 9333
8L16 6.7978 15.3113 28.1663 48.2875 18300
10L9 6.7967 15.3090 28.1623 48.2810 11529
10L16 6.7978 15.3113 28.1663 48.2877 22692
20L9 6.7977 15.3109 28.1656 48.2869 19215
20L16 6.7981 15.3119 28.1671 48.2892 39711

Table 8.2: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniform transverse pressure case: con-
vergence analysis, transversal displacement component −uz. Comparison between various
cross-section LE models adopted, for different load conditions.

In terms of displacement distributions and equilibrium paths, all the adopted models provide
consistent results. Convergence is already achieved when using pure LW discretization models,
such as the 2L9 and 2L16 expansions. As discussed in the previous section, the convergent models
for displacement distributions is not typically associated with the convergent model for a detailed
three-dimensional stress analysis of the material. For this reason now, convergence in terms of
stress distributions is discussed. Figure 8.29 depict the through-the-thickness distribution of
the Cauchy stress components for an applied pressure of p = 162 kPa. The stress distributions
are evaluated at the symmetry section, for x = 0 and y = 40 mm, close to the y-symmetry
section. All three-dimensional stress components are consistently computed across the different
cross-section kinematic models. Perfect agreement is observed for the normal σyy and transverse
σyz components, while the remaining also show good agreement. Minor discrepancies arise due
to the adoption of refined kinematics in the z-direction of the cross-section, instead of the
transverse x-direction. In particular, for the transverse component σyz shown in Fig. 8.29(d)
discontinuities and non-zero values at the beam edges are observed. Theoretical consistency
is achieved when the Pyz stress component is analyzed, shown in Fig. 8.30, and higher-order
models are employed. This behavior can be explained by the significant influence of large strains
in hyperelastic soft structures, which strongly affect the distribution of the first Piola–Kirchhoff
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Transversely isotropic hyperelasticity

stress tensor. Since this tensor is computed from the second Piola–Kirchhoff stress tensor S
within the Total Lagrangian displacement-based finite element formulation (with conservative
loading), the equilibrium with external loads is guaranteed on the Cauchy’s stress components,
linked by the deformation gradient.

A

A

B

B

C

C

Figure 8.27: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniform transverse pressure case:
equilibrium path, transversal displacement −uz versus applies load p. Comparison between
paths obtained adopting different cross-section kinematics.
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Figure 8.28: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniform transverse pressure case:
through-the-thickness transversal displacement uz distribution, measured at y = 40 mm,
for an applied transversal pressure of p = 162 kPa. Comparison betwwen various cross-
section expansion models.
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Figure 8.29: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniform transverse pressure case:
through-the-thickness stress components distribution, measured at y = 40 mm and x = 0
mm at the x-symmetry section, for an applied transverse pressure of p = 162 kPa.
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Figure 8.30: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniform transverse pressure case:
through-the-thickness distribution of Pyz component, measured at y = 40 mm and x = 0
mm at the x-symmetry section, for an applied transverse pressure of p = 162 kPa.
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8.4.2 Uniform uniaxial tension

The numerical results reported in Table 8.3 present the horizontal displacement uy at point
”A” of the beam, shown in Fig. 8.26(b) specifically at the end section for y = 10 mm, computed
for various values of the applied traction pressure. The discretization models adopt the same
cross-section kinematics previously discussed. Results are provided for different values of the
applied transversal pressure, comparing the solutions obtained with the various cross-section
expansion models. Figure 8.31(a) illustrates the equilibrium path for the uniaxial tension test,
obtained through static analysis with a load-control procedure. The maximum applied load is
set to pmax = 30 MPa, distributed over 20 equal increments. From the small-strain regime up
to moderate and large strains, the numerical solutions from different models exhibit excellent
agreement. In the same figure, the deformed configurations of the structure in various specified
load conditions are also reported. Figure 8.31(b) depicts the cross-sectional displacement at the
symmetry section, highlighting the influence of the applied traction pressure on cross-section
warping, stretching, and other local effects. Finally, Fig. 8.32 shows the through-the-thickness
distribution of the vertical displacement uz, measured at the symmetry section (y = 0 mm, x = 0
mm) for p = 13.5 MPa. The results obtained with different cross-section kinematics reveal a
slightly parabolic profile of the transversal displacement component. As in the previous case, the

uy [mm]

Model p = 4.5 MPa p = 12 MPa p = 18 MPa p = 24 MPa DOFs

2L9 7.7553 14.6649 18.3484 21.2875 2745
2L16 7.7574 14.6690 18.3536 21.2935 5124
4L9 7.7563 14.6670 18.3507 21.2898 4941
4L16 7.7574 14.6686 18.3525 21.2916 9516
8L9 7.7571 14.6689 18.3533 21.2930 9333
8L16 7.7579 14.6699 18.3545 21.2930 18300
10L9 7.7571 14.6690 18.3534 21.2931 11529
10L16 7.7579 14.6699 18.3545 21.2943 22692
20L9 7.7578 14.6700 18.3548 21.2946 19215
20L16 7.7580 14.6703 18.3534 21.2943 39711

Table 8.3: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniaxial tension test: convergence anal-
ysis, horizontal displacement component uy measured at the point A. Comparison between
various cross-section LE models adopted for different load conditions.

displacement distributions and equilibrium paths predicted by the different models are perfectly
matching. Convergence is already achieved with pure LW discretization models, such as the
2L9 and 2L16 expansions. The discussion now focuses on stress distributions. Convergence is
discussed again in terms of stress distributions. In the following, both Cauchy’s stress and first
Piola-Kirchhoff stress components are discussed. Figure 8.33 presents the through-the-thickness
distribution of the Cauchy stress components when a uniform traction pressure of p = 15.5 MPa
is applied. Again, stresses are evaluated at the symmetry section, for x = 0 and y = 2.5 mm, close
to the y-symmetry plane. For all adopted cross-section kinematic models, the three-dimensional
stress components are consistently computed. Perfect agreement is observed for the normal
components σyy and Pyy, while σxx show good agreement across models but major discrepancies
are observed between less and more refined cross-section discretizations, due to less refinement
in the x-direction of the expansion model. Significant discrepancies appear also for the normal
components σzz where discontinuities and variations in both global and local slopes are observed.
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8.4 – Multilayered laminated 0◦/90◦ reinforced beam

In this case, the presence of large strains requires refined structural theories and kinematic models
to accurately compute the deformation gradient F, and consequently the second Piola–Kirchhoff
stress tensor S. Coarser cross-section discretizations, instead, may lead to inconsistent results.
A similar behavior is observed for the transverse shear components σyz shown in Fig. 8.33(d)
and Pyz, depicted in Fig. 8.34. With coarser discretizations, discontinuities and non-zero values
at the beam edges appear, in contradiction with equilibrium and compatibility requirements.
In contrast, refined cross-section models satisfy the global equilibrium conditions, leading to
non-symmetric global stress distributions induced by local shear effects. Specifically, for the Pyz

component, equilibrium and compatibility are fully satisfied, while a non-symmetric distribution
is observed as a direct consequence of local shear phenomena.
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Figure 8.31: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniaxial tension test: equilibrium
path, transversal displacement uy versus applies load p. Comparison between paths ob-
tained adopting different cross-section kinematics.
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Figure 8.32: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniaxial tension test: through-the-
thickness transversal displacement uz distribution, measured at the symmetry section for
x = 0 mm, obtained with different cross-section kinematics.
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Figure 8.33: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniaxial tension test: through-the-
thickness stress components distribution, measured at y = 2.5 mm and x = 0 mm, for an
applied traction pressure of p = 13.5 MPa.
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Figure 8.34: Multilayered fiber-reinforced 0◦/90◦ laminated beam, uniaxial tension test: through-the-
thickness distribution of Pyz component, measured at y = 2.5 mm and x = 0 mm, for an
applied traction pressure of p = 13.5 MPa.
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8.5 – Multilayered laminated 0◦/45◦/− 45◦/0◦ reinforced beam

8.5 Multilayered laminated 0◦/45◦/− 45◦/0◦ reinforced beam

The final case study in the transversely isotropic hyperelastic modeling concerns the static
analysis of a multilayered four-layer laminated beam. The following investigations once again
focus on the influence of the adopted structural theory on the mechanical response of the struc-
ture. Two different configurations are again considered to analyze both the effects of large
displacements and strains, in pure bending and stretching problems. In the first configuration,
a cantilever beam with a square cross-section, with total length Lb = 100 mm and lateral side
a = 10 mm, is subjected to a uniform transverse pressure applied on the top surface, as il-
lustrated in Fig. 8.35(a). In the second configuration, a beam of length Ls = 50 mm and
lateral side a = 10 mm is analyzed under a uniform uniaxial traction pressure, as shown in Fig.
8.35(b). The beam consists of four layers of equal thickness, hl = a/4, each with different fiber
orientations. Due to the symmetry of both the geometry and the applied loads, only one-fourth
of the structure is modeled in the numerical analyses.
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Figure 8.35: Multilayered fiber-reinforced 0◦/45◦/− 45◦/0◦ laminated beam: geometrical features and
boundary conditions.

The material behavior is described using the same strain energy function introduced in Sec. 8.4;
hence, Eq. (8.11) is adopted once again. The material parameters are µ = 1 MPa, λ = 4 MPa,
and γ = 0.375 MPa, consistent with the previous studies. The structure consists of four fibrous
soft-material layers, with fiber orientations varying within the x–y plane. The continuous fiber
reinforcement, defined in the anisotropic hyperelastic constitutive model, is represented by the
unit vector a0 = (sin θ, cos θ, 0), where θ is measured from the y axis in the x–y plane. The
global stacking sequence, from the bottom to the top layer, is 0◦/45◦/−45◦/0◦. As performed in
the previous analyses, for convergence reasons, again 20 B4 cubic finite elements are adopted for
the discretization of the beam axis. The influence of different cross-section expansions is again
analyzed, due to the presence of higher-order effects in the cross-sectional behavior at large
strain, modeling the beam sub-domains adopting again parabolic L9 (nine-node) and cubic L16
(sixteen-node) polynomials. The computational cost is again quantified in terms of the total
number of degrees of freedom of the adopted discretization.

8.5.1 Uniform transverse pressure

Table 8.4 shows the numerical results for the transversal displacement uz, evaluated at point
”A” of the beam shown in Fig. 8.35(a) in correspondence of the symmetry section, evaluated in
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the reported load conditions. The results are provided for different values of the applied transver-
sal pressure, comparing the solutions obtained with various cross-section expansion models.
Figure 8.36 shows the equilibrium path computed using the previously introduced discretiza-
tion models along the beam cross-section. The analysis is carried out through a static solver
with an arc-length type constraint. From the small-displacement regime to the moderate/large-
displacement regime, the numerical solutions exhibit an excellent agreement among all the con-
sidered discretization models. Figure 8.37 illustrates the through-the-thickness distribution of
the transversal displacement uz, measured at the x-symmetry section for y = 5 mm, near the
y-symmetry section, for the considered discretization models. Again, in terms of displacement
distribution, perfect agreements among solution is observed but convergence has to be discussed
also in terms of stress distributions.

−uz [mm]

Model p = 6.01 kPa p = 35.02 kPa p = 156.84 kPa p = 455.65 kPa DOFs

4L9 3.9373 13.2365 26.8623 42.2488 4941
4L16 3.9414 13.2501 26.8891 42.2975 9516
8L9 3.9398 13.2444 26.8772 42.2855 9333
8L16 3.9421 13.2523 26.8935 42.3096 18300
8L92 3.9414 13.2501 26.8891 42.2975 15555
8L162 3.9414 13.2501 26.8891 42.2975 32025
12L9 3.9403 13.2460 26.8801 42.2933 13725
12L16 3.9422 13.2528 26.8945 42.3107 27084
16L9 3.9405 13.2467 26.8813 42.2957 18117
16L16 3.9423 13.2529 26.8948 42.3113 35868

Table 8.4: Multilayered fiber-reinforced 0◦/45◦/− 45◦/0◦ laminated beam, uniform transverse pressure
case: convergence analysis, transversal displacement component −uz measured at the sym-
metry plane. Comparison between various cross-section LE models adopted for different load
conditions.

A
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B
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C

Figure 8.36: Multilayered fiber-reinforced 0◦/45◦/− 45◦/0◦ laminated beam, uniform transverse pres-
sure case: equilibrium path, transversal displacement −uz versus applies load p. Compar-
ison between paths obtained adopting different cross-section kinematics.
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Figure 8.37: Multilayered fiber-reinforced 0◦/45◦/− 45◦/0◦ laminated beam, uniform transverse pres-
sure case: through-the-thickness transversal displacement uz distribution, measured at the
symmetry section for x = 0 mm, at the section at y = 20 mm, obtained with different
cross-section kinematics.

Figure 8.38 show the through-the-thickness distribution of the normal stress components under
a uniform transverse pressure of p = 156.85 kPa. The stresses are again evaluated along the
x-symmetry section at y = 20 mm. In particular, the proposed results in terms of the Cauchy
stress components and the corresponding first Piola–Kirchhoff stress components are discussed
in terms of compatibility and equilibrium requirements for further considerations. For the same
loading condition of p = 156.85 kPa, Fig. 8.39 shows the through-the-thickness distribution of
the transverse normal and shear first Piola-Kirchhoff stress components. Overall, the results
are in a good agreement across the different cross-section kinematic models in the case of Pyz

where minor discrepancies are found in correspondence of the z-symmetry section, with con-
sistent predictions achieved for all proposed cross-section expansion models. However, major
discrepancies in the case of Pxz appear when coarser cross-section kinematic models are adopted
in the finite element definition. In particular, one can observe that some models are not able to
handle correctly equilibrium conditions at beam edges, even if compatibility and stress continu-
ity is guaranteed. The normal stress components σyy and σzz exhibit a perfect overlap of the
computed distributions. As previously discussed, the transverse normal component Pyz shown
in Fig. 8.39(b) satisfies both compatibility and equilibrium conditions. In contrast, the actual
σyz component shows non-zero transverse shear stresses at the beam edges, which arise from the
dead load assumption under conservative (non-follower) loading. Finally, it is reaffirmed that
large strains strongly affect the distribution of the first Piola–Kirchhoff stress tensor, since it is
computed from the PK2 stress tensor S.
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Figure 8.38: Hyperelastic 0◦/45◦/ − 45◦/0◦ laminate, uniform transversal pressure case: through-the-
thickness distribution of normal stress components, measured at y = 20 mm and x = 0
mm, for an applied transverse pressure of p = 156.85 kPa. Comparison between stress
components obtained from different cross-section expansion models.
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Figure 8.39: Hyperelastic 0◦/45◦/ − 45◦/0◦ laminate, uniform transversal pressure case: through-the-
thickness distribution of transverse normal and shear stress components, measured at y =
20 mm and x = 0 mm, for an applied transverse pressure of p = 156.85 kPa. Comparison
between stress components obtained from different cross-section expansion models.

8.5.2 Uniform uniaxial tension

The following discussion presents and comments on the results obtained for the uniaxial ten-
sion test. Table 8.5 reports the numerical values of the horizontal displacement uy measured at
point ”A” of the beam shown in Fig. 8.35(b), specifically at the end section for y = 25 mm. In
this investigation, the previously discussed cross-section models are adopted within the mathe-
matical formulations. Results are provided for different applied traction pressure values. Figure
8.40(a) illustrates the equilibrium path for the uniaxial tension test, obtained through static
analysis with a load-control procedure. The maximum traction pressure is set to pmax = 20
MPa and applied in 15 equal increments. From the small-strain regime to moderate and large
strains, the numerical solutions obtained with the different cross-section models show excellent
agreement. Figure 8.40(b) depicts the cross-sectional displacement at the symmetry section,
highlighting the influence of the applied traction pressure on local effects such as warping and
stretching. Figure 8.41 presents the through-the-thickness distribution of the vertical displace-
ment uz, measured at the symmetry section (y = 0 mm, x = 0 mm) under p = 13.5 MPa. The
results reveal a parabolic profile of the transversal displacement component across the thickness.
Figure 8.42 shows the through-the-thickness distribution of the normal stress components for
a uniform traction pressure of p = 8 MPa. The stresses are evaluated along the x-symmetry
section at y = 5 mm, comparing the actual Cauchy stress components with the corresponding
first Piola–Kirchhoff stress components. Figure 8.43 reports the through-the-thickness distribu-
tion of the transverse normal and shear stress components for the same loading condition (p = 8
MPa), again evaluated along the x-symmetry section at y = 5 mm. The comparison between the
Cauchy stress components and the corresponding Piola–Kirchhoff components is also addressed.

In large strain scenarios, the normal σzz and Pzz components present notable disparities, such
as discontinuities and variations in global and local gradients when considering different cross-
section kinematics. These discrepancies arise due to the influence of significant displacement
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uy [mm]

Model p = 4 MPa p = 8 MPa p = 12 MPa p = 16 MPa DOFs

4L9 17.2623 27.6715 35.3166 41.4984 4941
4L16 17.2956 27.7278 35.3888 41.5829 9516
8L9 17.2678 27.6852 35.3383 41.5272 9333
8L16 17.3004 27.7387 35.4052 41.6044 18300
8L92 17.2949 27.7275 35.3890 41.5837 15555
8L162 17.3045 27.7461 35.4152 41.6164 32025
12L9 17.2689 27.6884 35.3437 41.5350 13725
12L16 17.3008 27.7397 35.4069 41.6066 27084
16L9 17.2692 27.6892 35.3452 41.5371 18117
16L16 17.3009 27.7399 35.4073 41.6072 35868

Table 8.5: Hyperelastic 0◦/45◦/ − 45◦/0◦ laminate, uniaxial tension test: convergence analysis, hori-
zontal displacement component uy measured at the point A. Comparison between various
cross-section LE models adopted for different load conditions.

derivatives, necessitating the adoption of refined structural theories to accurately compute the
deformation gradient F, for which the displacement derivatives are approximated using higher-
order shape functions are refined polynomial expression of the displacement field. Consequently,
employing coarser discretization schemes for cross-sections may yield inconsistent predictions.
The transverse normal component Pyz shown in Fig. 8.43(b) is satisfying the compatibility
and equilibrium conditions. The necessity of higher-order refined models in large strain hyper-
elasticity is generally attributed to volumetric locking prevention and computation of physical
quantities, such as hydrostatic pressure, without any stabilization technique. A representation
of the cross-section warping and deformation along the beam axis is given in Fig. 8.44. These
local effects, such as warping and twisting, are captured accurately by refined kinematics. Typ-
ically, non-conventional stress distribution within the body arises from these highly deformed
states.

A

A

B

B
C

C

(a) Equilibrium path

p = 3 MPa

p = 9.33 MPa

p = 17.33 MPa

(b) Cross-section kinematics for 10L16

Figure 8.40: Hyperelastic 0◦/45◦/−45◦/0◦ laminate, uniaxial tension test: equilibrium path, transver-
sal displacement uy versus applies load p. Comparison between paths obtained adopting
different cross-section kinematics.
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Figure 8.41: Hyperelastic 0◦/45◦/ − 45◦/0◦ laminate, uniaxial tension test: through-the-thickness
transversal displacement uz distribution, measured at the symmetry section for x = 0
mm, obtained with different cross-section kinematics.
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Figure 8.42: Hyperelastic 0◦/45◦/− 45◦/0◦ laminate, uniaxial tension test: through-the-thickness dis-
tribution of normal stress components, measured at y = 5 mm and x = 0 mm, for an
applied traction pressure of p = 8 MPa. Comparison between stress components obtained
from different cross-section expansion models.
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Figure 8.43: Hyperelastic 0◦/45◦/− 45◦/0◦ laminate, uniaxial tension test: through-the-thickness dis-
tribution of transverse normal and shear stress components, measured at y = 5 mm and
x = 0 mm, for an applied traction pressure of p = 8 MPa. Comparison between stress
components obtained from different cross-section expansion models.

Figure 8.44: Hyperelastic 0◦/45◦/ − 45◦/0◦ laminate, uniaxial tension test: cross-section kinematics
representation for an applied traction pressure of p = 18.6 MPa, obtained adopting 12L16
cubic element in the cross-section discretization. Displacement magnitude contour.
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8.6 Discussion

The proposed results suggest that:

� The transversely isotropic hyperelastic constitutive law has been successfully implemented
in an invariant finite element formulation, including the fiber reinforcement direction via
Cartesian unit vectors, and the straightforward implementation of any anisotropic model
by means of the structural tensor representation. This approach has been directly inte-
grated within the numerical quadrature procedure, ensuring an accurate representation
of complex fiber distributions. Again, a validation against analytical reference solutions
has been performed, considering the simple shear test with different fiber orientations.
The results, showing perfect agreement between solutions, confirm the robustness of the
present implementation.

� The accuracy and the efficiency of the present higher-order modeling of fiber-reinforced
soft materials and structures have been further validated through benchmark problems in-
volving multilayered structures under different fiber distributions. While both ESLm and
LWm yield accurate displacement distributions and natural frequencies, some inconsisten-
cies in the three-dimensional stress state have been observed when ESLm formulations
are adopted in scenarios involving large strains or displacements, due to the limitations of
TE–based kinematics. In contrast, the hierarchical enrichment of the displacement field
in an LW context, where refined, higher-order approximations of different cross-section or
thickness sub-components are defined independently, ensures the accurate computation of
displacement gradients and strain invariants, allowing for the correct representation of the
anisotropic response of fiber-reinforced hyperelastic structures.

� The fulfillment of the C0
z requirements has been extensively analyzed again in terms of both

first Piola–Kirchhoff and Cauchy stress tensors. In the case of multilayered configurations,
these equilibrium requirements have been satisfied by refined cross-section or thickness
expansions, typically more advanced than those employed in the modeling of linear elastic
multilayered structures, due to the presence of both geometric and material nonlinearities.

� The computational efficiency and accuracy of the proposed approach have been demon-
strated with several case studies involving the large strain analysis of transversely isotropic
fiber reinforced structures. Convergence analyses have proven that the adoption of higher-
order kinematic models along the beam axis or reference plate mid-surface allows for the
definition of computationally advantageous FE models with fewer DOF, while maintain-
ing high levels of accuracy, both in the static and modal cases. In addition, the use of
higher-order structural theories and LWm guarantees that the computation of accurate
predictions will be less refined discretizations without affecting the solution quality;

� The linearized vibration analyses have highlighted the strong influence of fiber orientation
on the modal response of reinforced structures. This effect manifests not only in stiffness
variations but also in the modal interaction mechanisms observed in the frequency–pressure
response, where crossing and veering of vibration modes occur under large strains. The
influence of pre-stretch conditions has also been assessed, showing that the evolution of
natural frequencies depends simultaneously on the applied pre-stress and the fiber config-
uration. These results demonstrate the complex coupling between reinforcement direction,
pre-stretch state, and dynamic response, which must be carefully accounted for in predic-
tive modeling.
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Chapter 9

Orthotropic hyperelasticity and
biological tissue modeling

This section presents several case studies and numerical results for the static and linearized
modal analysis of fiber-reinforced hyperelastic materials, with applications to the large displace-
ment and strain analysis of biological tissues. The analyses are performed using the current
implementation of higher-order models, which enhances the capabilities of the proposed ap-
proach in terms of hyperelastic constitutive modeling and the inclusion of anisotropic effects in
the model. The results are compared against reference solutions obtained from conventional 3D
finite element models implemented in ABAQUS.

“[...] A dragon one instant, a butterfly the next, and something indescribable in between.”

- Leissa A.W. ”On a curve veering aberration”
J. Appl. Math. Phys. ZAMP, 25 (1) (1974), pp. 99-111.

9.1 Validation procedure of the present methodology

The first case study analyzed is the simple shear test of an incompressible, fiber-reinforced
cubic specimen. As discussed in Sec. 7.1, an analytical solution is available for this simple
configuration. These analysis are carried out to validate the proposed methodology, comparing
the results with the reference exact solution. This patch-test problem is analyzed with a single
element discretization, to assess the consistency of the model implemented. For this reason, in
the following, both 1D beam and 2D plate model will be discussed. The mathematical models
adopted in this patch-test employ 1L4-1B2 linear models in the case of beam CUF element, and
1Q4-1LE2 linear models in the case of plate CUF element, as already described in Sec. 7.1 . A
graphical representation of the two discretization model adopted is provided in Fig. 7.1, instead
the geometry and boundary conditions are depicted in Fig. 9.1.

In the following, the material model is written in terms of isotropic matrix contribution,
volumetric strain energy function component and an additional anisotropic part depending on
both the fiber directions embedded in the material:

Ψ = Ψvol(J) + Ψiso(Ī1, Ī2) + Ψani(Ī1, Ī2, Ī4, Ī5, Ī6, Ī7) (9.1)

165



Orthotropic hyperelasticity and biological tissue modeling

z = h, uz = 0

z = 0, uz = 0
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(a) Geometry and boundary conditions
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(b) Deformed configuration

Figure 9.1: Orthotropic hyperelasticity, validation test: geometrical features and boundary conditions
considered in the shear test.

The analytical solution of the approached problem is here carried out. Considering the
known expression of the deformation gradient, one can straightforwardly derive the expression
of the right Cauchy-Green strain tensor and, consequently the analytic expression of the addi-
tional pseudo-invariant of the deformation, function of the two independent fiber reinforcement
directions, to analytically evaluate the second Piola-Kirchhoff stress tensor by the constitutive
law written in the material reference frame, and by the Piola transform compute the expression
of the first Piola-Kirchhoff and Cauchy’s stress tensors.

Let (x0, y0, z0) the coordinates of the generic material point of the cube in the material
configuration, denote also with (x, y, z) the coordinate of the deformed particle measured again
the material configuration. For a shear test the deformation field components for the shear
problem in the y − z plane are:

f(x, y, z) :


x = x0

y = y0 + γz0

z = z0
F =

1 0 0
0 1 γ
0 0 1

 C = FTF =

1 0 0
0 1 γ

0 γ 1 + γ2


where γ is a positive real number. Again, since incompressibility is imposed thus J = detF = 1,
the volumetric component of S is identically null. Supposing again, in the Cartesian ma-
terial reference frame, that the two fiber reinforcement vectors are a0 = (ax, ay, az)T and
g0 = (gx, gy, gz)T , the invariants and pseudo-invariants required for the computation of physical
quantities are:


I1 = 3 + γ2

I2 = −3 − 2γ2

I3 = 1


I4 = a2x + ay(ay + azγ) + az(ayγ + az(1 + γ2))

I5 = a2x + ay(ay + azγ
2) + az(ayγ

2 + az(1 + γ2)2)

I6 = g2x + gy(gy + gzγ) + gz(gyγ + gz(1 + γ2))

I7 = g2x + gy(gy + gzγ
2) + gz(gyγ

2 + gz(1 + γ2)2)

Note that, since J = 1, Ij = Īj , thus the strain energy function adopted is conveniently adopted
for the derivative computation without any particular algebraic manipulation. Independently of
the mathematical model adopted for the strain energy function model, the normal and transverse
shear stress components can be straighforwrdly defined following the constitutive law in the
decoupled approach, whose analytical expression are given by:
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∂Ī4
+

∂Ψ̄

∂Ī5
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∂Ī5

)
+ 2ayaz

∂Ψ̄

∂Ī5
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∂Ī1
+ a2z

∂Ψ̄

∂Ī4
+ 2a2y

∂Ψ̄

∂Ī5
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(9.4)

Sxy = 2

[
axay

(
∂Ψ̄

∂Ī4
+ 2

∂Ψ̄

∂Ī5

)
+ axaz

∂Ψ̄

∂Ī5
γ +

(
∂Ψ̄

∂Ī6
+ 2

∂Ψ̄

∂Ī7

)
gxgy +

∂Ψ̄

∂Ī7
γgxgz

]
(9.5)

Due to the analytical complexity, the full expressions of the Cauchy’s stress components are
not reported here, as well as the expressions of the first Piola-Kirchhoff stress tensor, although
they can be readily computed by the Piola transform. The consistency and capabilities of
the present CUF-based methodology are assessed by analyzing the shear test in six different
fiber orientations, considering different generic fiber reinforcement vectors. Three different fiber
distributions are here analyzed: (i) two fiber directions laying on the (x, z) plane, considering an
angle β12 between directions; (ii) two fiber reinforcements along the x and y axes; (iii) two fiber
reinforcements along the x and z axes; A graphical representation of the proposed case studies
is provided in Fig. 9.2. These proposed fiber distribution cases are then analyzed in different
biological tissue models, analyzing different strain energy function models for the numerical
simulation of biological tissues.
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Figure 9.2: Orthotropic hyperelasticity, validation test: geometrical representation of the three fibers
configurations analyzed and the representative 1D CUF discretization adopted.

9.1.1 Holzapfel-Gasser-Ogden (HGO) compressible model

The first material model considered is the Holzapfel-Gasser-Ogden (HGO) model for com-
pressible fiber reinforced material, presented in [197], in its decoupled formulation. The three
terms of the decoupled strain energy function Eq. (9.1) are then introduced:

Ψvol(I3) =
K

2
(J − 1)2 (9.6)

Ψiso(I1, I2, I3) =
µ

2
(Ī1 − 1) (9.7)

Ψaniso(I3, I4, I5, I6, I7) =
k1
2k2

(
ek2(Ī4−1)2 − 1

)
+

k1
2k2

(
ek2(Ī6−1)2 − 1

)
(9.8)

In this model, K is the material bulk modulus, µ is the initial infinitesimal shear modulus of the
Neo-Hookean isotropic ground-matrix, in which the two fiber reinforcements are continuously
embedded. The fiber contributions, characterized by the material constants k1 and k2 instead
are the load-bearing phase at higher strains [198]. The shear test is then performed, considering
the material model proposed here and the material constants listed in Table 9.1, adapted from
literature examples. For each case of fiber distribution considered, the nonlinear static analysis
is performed to obtain the stretch-stress material response.

Figure 9.3 show the stretch-stress response of the HGO compressible material, in the case of
a0 = (cosβ, 0, sinβ) and g0 = (cosβ, 0,− sinβ), where the comparison between the analytical
solution and the numerical stress-strain response obtained by 1D beam (a) ad 2D plate (b)
models. The same comparison is proposed in Fig. 9.4 for the second fiber distribution case, where
a0 = (1,0,0) and g0 = (0,1,0). Figure 9.5, finally, depict the same comparison between analytical
and numerical model in the third fiber distribution case, where a0 = (1,0,0) and g0 = (0,0,1). A
perfect match is observed, both 1D beam and 2D plate numerical results perfectly predict the
analytical reference solution, for each fiber distribution configuration considered.

K [kPa] µ [kPa] k1 [kPa] k2 [ - ]

1 · 105 0.33 0.562 0.7112

Table 9.1: Orthotropic hyperelasticity, validation test, compressible HGO model case: material proper-
ties adopted.
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Figure 9.3: Orthotropic hyperelasticity, validation test, compressible HGO model case: comparison
between analytic and 1D beam CUF numerical solution, fiber case (i).
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Figure 9.4: Orthotropic hyperelasticity, validation test, compressible HGO model case: comparison
between analytic and 1D beam CUF numerical solution, fiber case (ii).
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Figure 9.5: Orthotropic hyperelasticity, validation test, compressible HGO model case: comparison
between analytic and 1D beam CUF numerical solution, fiber case (iii).
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Figure 9.6: Orthotropic hyperelasticity, validation test, compressible HGO model case: comparison
between analytic and 2D plate CUF numerical solution, fiber case (i).
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Figure 9.7: Orthotropic hyperelasticity, validation test, compressible HGO model case: comparison
between analytic and 2D plate CUF numerical solution, fiber case (ii).
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Figure 9.8: Orthotropic hyperelasticity, validation test, compressible HGO model case: comparison
between analytic and 2D plate CUF numerical solution, fiber case (iii).
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9.1.2 Holzapfel-Gasser-Ogden (HGO) model for distributed and dispersed
fibers

The second material model considered is the Holzapfel-Gasser-Ogden (HGO) model for sta-
tistically distributed fibers, considering dispersion effects, presented in [26], in its decoupled
formulation. In general, from experimental evidence, it is assumed that the isotropic ground-
matrix is the load-carrying phase at small strain, instead the load carrying mechanisms at higher
strain is characterized by the collagen fiber embedding [54]. In simple models, where this stiff-
ening effects has been introduced by means of exponential strain energy potentials [197], the
embedded collagen has been model with parallel aligned fibres distributions. This assumption
can help in models for some particular soft tissue, but is not physically consistent with the
micro-structural configurations of different biological tissues, like intima and adventitia layer of
an artery, where dispersed fibers are instead observed [26]. The mechanical mechanism of fiber-
reinforced with dispersed fibers is still a challenging research topic in the constitutive modeling
of soft biological tissue. In the modified HGO model, the dispersion effect of the fibers along
their reference direction, indicated by a0,i, is included in the anisotropic potential Eq. (9.8) by
means of the structural tensor, following objectivity arguments:

Hi = kI + (1 − 3k)a0,i ⊗ a0,i → Ēi = Hi : C̄− 1 = kĪ1 + (1 − 3k)Īi − 1, i = 4,6 (9.9)

where k is the dispersion parameter, introduced as a scalar measure of statistically oriented
fiber distribution in a global sense, representing the ”degree of anisotropy”. The isotropic
mechanism is represented by considering k = 1/3, whereas perfectly aligned fibers along the
direction a0,i correspond to k = 0 [26]. In all the other cases, with 0 < k < 1/3, the dispersion
parameter, typically obtained from experimental data, models the effect of fiber dispersion on
the mechanical response of the tissue, modeled using a specific orientation probability density
functions and three-dimensional dispersion arguments [26], which characterizes the complex
behavior through both isotropic and anisotropic invariants. A perfect match is observed, both
1D beam and 2D plate numerical results perfectly predict the analytical reference solution, for
each fiber dispersion configuration considered.
The strain energy function model adopted, as proposed by the reference, is:

Ψ = Ψg(C̄) + Ψf,i(C̄,Hi(a0,i, C̄)) =

=
µ

2
(Ī1 − 3) +

k1
2k2

[
ek2E

2
1 − 1

]
+

k1
2k2

[
ek2E

2
2 − 1

]
=

=
µ

2
(Ī1 − 3) +

k1
2k2

[
ek2(kĪ1+(1−3k)Ī4−1)2 − 1

]
+

k1
2k2

[
ek2(kĪ1+(1−3k)Ī6−1)2 − 1

]
(9.10)

where Ψg(C̄) is the isotropic ground-matrix model, and Ψf,i(C̄,Hi(a0,i, C̄)) is the anisotropic
potential characterized for each embedded fiber family. In the following, a cubic specimen of a
representative iliac advential aortic layer is considered, and the associated material parameters,
considered from Gasser et al. [197] are given by K = 104 kPa, µ = 2.7 kPa, k1 = 5.1 kPa and
k2 = 15.4. To analyze the effects of the fiber dispersion parameter, only the fiber distribution
case (iii) has been considered in the following. Figure 9.9 show the stretch-stress response of
the HGO model, in the case of a0 = (1,0,0) and g0 = (0,0,1), where the comparison between
the analytical solution and the numerical stress-strain response, in terms of 2nd Piola-Kirchhoff
stress components, obtained by 1D beam (a) ad 2D plate (b) models is proposed. The same com-
parison, regarding the Cauchy’s stress components obtained for the same test case, is proposed
in Fig. 9.10.
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(d) k = 0.3̄, fibers perfectly dispersed

Figure 9.9: Orthotropic hyperelasticity, validation test, HGO model for dispersed fibers: comparison
between analytic and 1D/2D CUF numerical solutions, considering the two fiber directions
along the x and z axis. 2nd Piola-Kirchhoff stress tensor components for different values of
the fiber dispersion parameter.
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(d) k = 0.3̄, fibers perfectly dispersed

Figure 9.10: Orthotropic hyperelasticity, validation test, HGO model for dispersed fibers: comparison
between analytic and 1D/2D CUF numerical solutions, considering the two fiber directions
along the x and z axis. Cauchy’s stress tensor components for different values of the fiber
dispersion parameter.
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9.2 Effects of large displacements on biological tissue multilay-
ered specimen

In this proposed case study, a numerical model for the large strain analysis a multilay-
ered plate composed of iliac adventitial strips, whose material models has been proposed by
Gasser et al. [26], is presented in the CUF framework. The analysis focuses on a biological-
like simply-supported plate, analyzing how fiber dispersion and orientation affect the static and
linearized vibration responses of the structure. The strain energy function function model is
the Holzapfel–Gasser–Ogden (HGO) potential for dispersed fiber proposed in Eq. (9.10), here
adopted without any assumption on the tension/compression behavior of collagen fibers:

Ψ =
K

2

(
J2 − 1

2
− log J

)
+

µ

2
(Ī1 − 3) +

∑
j=4,6

k1
2k2

[
ek2(kĪ1+(1−3k)Īj−1)2 − 1

]
(9.11)

where k1 and k2 are model constants calibrated from experiments, k is the fiber dispersion pa-
rameter, K is the bulk modulus, and µ is the shear modulus of the Neo-Hookean ground-matrix.
In the case study, a rectangular plate of two equal thickness layers is analyzed, considering hl = 1
mm for each layer, with dimensions a = 100 mm and b = 50 mm, as depicted in Fig. 9.11(a).
Material parameters are taken from [26], thus µ = 7.64 kPa, k1 = 996.6 kPa, k2 = 524.6, and
K = 38.147 MPa, with density fixed to a typical value of ρ = 1300 kg/m3. The value of the
bulk modulus has been computed and chosen to enforce a nearly incompressible behavior, in a
resulting ν = 0.4999. The fiber distribution considered is a two-families straight fibers arranged
in the x–y plane, for each layer, as illustrated in Fig. 9.11(b), with different opening angles
γ1 = 45◦ and γ2 = 30◦.
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Figure 9.11: Multilayered aortic iliac plate: geometry and material characteristics.

Through static, modal, and non-trivial linearized vibration analyses of the presented plate,
the capabilities of the present modeling approach and incorporation of anisotropic effects within
the FE definition are assessed. To address the mathematical inconsistencies of the built-in HGO
implementation in ABAQUS under large deformations [82], a custom UANISOHYPER INV sub-
routine was developed to implement a more general strain energy function framework within
the reference 3D ABAQUS model. This subroutine implements Eq. (9.10) and its derivatives,
as suggested in [199], enabling the simulation of fiber-reinforced material models, avoiding the
inconsistencies observed regarding the ABAQUS HGO formulation. The results obtained adopt-
ing higher-order 2D CUF models and 3D hexahedral FEM solutions are extensively compared to
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assess the accuracy and efficiency of the present modeling approach. In ABAQUS, the reference
model uses 13924 C3D20 (20-node quadratic brick) elements. Modal analyses are performed
around the undeformed equilibrium configuration, in two different material configurations: dis-
persed fibers case (k = 0.226) and perfectly aligned fibers case (k = 0). Tables 9.2 and 9.3
summarize the convergence analysis results for the two fiber cases, in which the influence of
mid-surface discretization and theory of structure approximation on the first ten natural fre-
quencies is extensively analyzed. In both material configuration considered, 2D CUF models
achieve accurate results with up to 8% of the DOF required by the ABAQUS reference mesh
(Model E). Afterwards, after an initial assessment of the capabilities of 2D plate model, the
static nonlinear analyses of the plates in both material configurations are also conducted, in-
vestigating again the same discretization and kinematic assumptions of the modal analysis to
assess the effect of midsurface modeling and through-thickness approximation. The accuracy is
measured again computing the relative percentage difference against the 3D benchmark, while
efficiency is terms of DOF required by the computation.
Figure 9.12(a) depict the equilibrium path for the dispersed fiber case (k = 0.226), while Fig.
9.12(b) shows the case of perfectly aligned fibers (k = 0). In both, the global load–displacement
response is compared with the fully 3D reference solution.

Parabolic expansion per layer (1 LE2) Cubic expansion per layer (1 LE3) ABQ 3D

Model A Model C Model E Model G Model B Model D Model F Model H
Mode 10 × 10 Q9 10 × 15 Q9 15 × 20 Q9 20 × 20 Q9 10 × 10 Q9 10 × 15 Q9 15 × 20 Q9 20 × 20 Q9 C3D20

1 1.667(1.66%) 1.651(0.68%) 1.645(0.35%) 1.645(0.33%) 1.662(1.35%) 1.646(0.36%) 1.640(0.01%) 1.640(0.00%) 1.640

2 4.612(2.69%) 4.531(0.87%) 4.510(0.40%) 4.509(0.38%) 4.596(2.32%) 4.514(0.50%) 4.493(0.02%) 4.492(0.01%) 4.492

3 4.920(0.91%) 4.899(0.49%) 4.890(0.31%) 4.890(0.30%) 4.899(0.48%) 4.877(0.03%) 4.868(0.16%) 4.867(0.17%) 4.875

4 9.223(4.17%) 8.954(1.12%) 8.895(0.46%) 8.893(0.44%) 9.183(3.72%) 8.913(0.66%) 8.855(0.01%) 8.853(0.01%) 8.854

5 10.025(1.20%) 9.962(0.57%) 9.939(0.33%) 9.938(0.32%) 9.974(0.69%) 9.909(0.03%) 9.886(0.21%) 9.884(0.22%) 9.906

6 15.071(2.47%) 14.933(1.53%) 14.795(0.59%) 14.790(0.56%) 14.994(1.95%) 14.845(0.93%) 14.708(0.00%) 14.704(0.03%) 14.708

7 15.522(3.34%) 15.053(0.22%) 15.041(0.14%) 15.040(0.13%) 15.555(3.56%) 14.973(0.31%) 14.959(0.41%) 14.958(0.42%) 15.020

8 15.641(2.67%) 15.344(0.72%) 15.293(0.38%) 15.291(0.37%) 15.430(1.28%) 15.248(0.08%) 15.196(0.26%) 15.194(0.27%) 15.235

9 19.683(1.00%) 19.604(0.60%) 19.570(0.42%) 19.568(0.41%) 19.528(0.21%) 19.439(0.25%) 19.400(0.45%) 19.398(0.46%) 19.488

10 21.727(3.42%) 21.228(1.05%) 21.111(0.49%) 21.106(0.47%) 21.576(2.70%) 21.072(0.30%) 20.954(0.26%) 20.949(0.28%) 21.008

DOFs 6615 9765 19065 25215 9261 13671 26691 35301 234009

Table 9.2: Multilayered aortic iliac plate, dispersed fiber case k = 0.226, modal analysis: convergence
analysis for the first ten natural frequencies [Hz]. Comparison between 2D CUF and 3D
ABAQUS model results. In brackets, the percentage difference is given.

Parabolic expansion per layer (1 LE2) Cubic expansion per layer (1 LE3) ABQ 3D

Model A Model C Model E Model G Model B Model D Model F Model H
Mode 10 × 10 Q9 10 × 15 Q9 15 × 20 Q9 20 × 20 Q9 10 × 10 Q9 10 × 15 Q9 15 × 20 Q9 20 × 20 Q9 C3D20

1 3.283(1.75%) 3.255(0.89%) 3.243(0.54%) 3.243(0.52%) 3.222(0.12%) 3.191(1.08%) 3.178(1.47%) 3.178(1.49%) 3.226

2 8.630(1.96%) 8.536(0.86%) 8.506(0.50%) 8.505(0.49%) 8.477(0.16%) 8.376(1.03%) 8.344(1.41%) 8.343(1.42%) 8.464

3 10.295(0.99%) 10.257(0.62%) 10.239(0.44%) 10.238(0.43%) 10.150(0.43%) 10.109(0.84%) 10.091(1.02%) 10.090(1.02%) 10.194

4 16.534(2.55%) 16.253(0.81%) 16.187(0.40%) 16.185(0.38%) 16.217(0.58%) 15.918(1.27%) 15.848(1.70%) 15.847(1.71%) 16.123

5 19.917(0.87%) 19.845(0.51%) 19.813(0.34%) 19.812(0.34%) 19.654(0.46%) 19.578(0.84%) 19.548(1.00%) 19.547(1.00%) 19.745

6 27.299(3.23%) 26.674(0.86%) 26.544(0.37%) 26.540(0.36%) 26.778(1.25%) 26.113(1.26%) 25.975(1.78%) 25.972(1.79%) 26.446

7 28.436(1.01%) 28.291(0.49%) 28.240(0.31%) 28.238(0.31%) 28.057(0.34%) 27.910(0.86%) 27.861(1.03%) 27.860(1.04%) 28.152

8 31.812(0.09%) 31.799(0.05%) 31.791(0.03%) 31.790(0.02%) 31.360(1.33%) 31.342(1.39%) 31.331(1.42%) 31.331(1.42%) 31.783

9 33.549(0.86%) 33.448(0.56%) 33.397(0.40%) 33.394(0.39%) 32.900(1.09%) 32.785(1.44%) 32.731(1.60%) 32.729(1.61%) 33.263

10 36.249(1.76%) 35.841(0.61%) 35.739(0.32%) 35.736(0.31%) 35.751(0.36%) 35.344(0.78%) 35.245(1.06%) 35.243(1.07%) 35.624

DOFs 6615 9765 19065 25215 9261 13671 26691 35301 234009

Table 9.3: Multilayered aortic iliac plate, perfectly aligned fiber case k = 0, modal analysis: convergence
analysis for the first ten natural frequencies [Hz]. Comparison between 2D CUF and 3D
ABAQUS model results. In brackets, the percentage difference is given.
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Figure 9.12: Multilayered aortic iliac plate: equilibrium paths obtained of the simply supported plate
subjected to uniform traction pressure. Comparison between high-order 2D CUF models
and 3D ABAQUS reference solution.

The results of the static nonlinear analysis, as previously discussed, is exploited as the basis
for the subsequent non-trivial linearized vibration investigation. For each computed non-trivial
equilibrium state, the linearized modal analysis is solved for each computed equilibrium state,
in both material conditions scenarios, to assess the influence of fiber dispersion parameters on
the modal behavior of the structure when pre-stressed conditions are considered. Figure 9.13
depicts the pressure–frequency curve for the dispersed fiber case (k = 0.226) within the small-
displacement regime. In particular, Fig. 9.13(a) illustrates the evolution of the first four natural
frequencies, while Fig. 9.13(b) reports the corresponding results for the next four modes (fifth
to eighth). The same analysis is extended to the full equilibrium path in Fig. 9.14, highlighting
modal interactions in the large-strain regime for the multilayered biological plate with dispersed
fibers.
The same comparison is proposed in Fig. 9.15 for the converged 20 × 20 + 1LE2 model, where
results are benchmarked against fully 3D ABAQUS simulations. Specifically, Fig. 9.15(a) com-
pares the first ten natural frequencies across various non-trivial equilibrium states, while Fig.
9.15(b) depicts the overall evolution of the first ten vibration modes. These results reveal distinct
modal interactions, which vary between the small- and large-strain regimes.
To further examine these phenomena, the Modal Assurance Criterion (MAC) is analyzed. Figure
9.16 shows MAC matrices comparing the vibration modes of the undeformed reference configura-
tion with those obtained from linearized vibration analyses around selected deformed states (as
specified in the figure). The results show that, for slightly deformed configurations in the small-
strain regime, the normal modes remain independent, with clear evidence of mode swapping and
crossing.
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Figure 9.13: Multilayered aortic iliac plate, dispersed fibers case (k = 0.226): variation of the first eight
natural frequencies along the equilibrium path, small strain regime. Influence of structural
theory and reference mid-surface discretization.
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Figure 9.14: Multilayered aortic iliac plate, dispersed fibers case (k = 0.226): variation of the first eight
natural frequencies along the equilibrium path, large strain regime. Influence of structural
theory and reference mid-surface discretization

177



Orthotropic hyperelasticity and biological tissue modeling

 0

 5

 10

 15

 20

 25

 0  2  4  6  8  10

M. 1 - CUF

M. 2 - CUF

M. 3 - CUF

M. 4 - CUF

M. 5 - CUF

M. 6 - CUF

M. 7 - CUF

M. 8 - CUF

M. 9 - CUF

M. 10 - CUF

M. 1 - ABQ

M. 2 - ABQ

M. 3 - ABQ

M. 4 - ABQ

M. 5 - ABQ

M. 6 - ABQ

M. 7 - ABQ

M. 8 - ABQ

M. 9 - ABQ

M. 10 - ABQ

ω
 [
H

z]

p [Pa]

(a) Small strain regime

 0

 5

 10

 15

 20

 25

 30

 35

 0  20  40  60  80  100

Mode 1

Mode 2

Mode 3

Mode 4

Mode 5

Mode 6

Mode 7

Mode 8

Mode 9

Mode 10

ω
 [
H

z]

p [Pa]

(b) Global strain regime

Figure 9.15: Multilayered aortic iliac plate, dispersed fibers case (k = 0.226): variation of the first ten
natural frequencies along the equilibrium path. Comparison between high-order 2D CUF
models and 3D ABAQUS reference solution.

In the large-strain regime, more evident modal interactions are noted, such as the mode 4–5
interaction shown in Fig. 9.16(b). To further characterize this phenomenon, the corresponding
vibration modes are illustrated in Fig. 9.17. The modal shapes clearly indicate a veering
effect, where the interacting modes lose their original characteristics, giving rise to distinct
modal shapes. The fifth and sixth modes, in particular, follow smooth solution paths until they
approach each other near p = 18 Pa. At this point, instead of intersecting continuously, the two
frequency–pressure curves undergo an avoided crossing, each deflecting to follow the trajectory
that the other mode would have taken [200].
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Figure 9.16: Multilayered aortic iliac plate, dispersed fibers case (k = 0.226): MAC matrix computed
comparing the undeformed modal shapes with respect to different deformed configuration
modal shapes. The deformed configuration state is indicated in the sub-caption.
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Figure 9.17: Multilayered aortic iliac plate, dispersed fibers case (k = 0.226): eigenvector representation
on the undeformed structures, modes 5 and 6, veering observed.

The same linearized vibration analysis is next performed for the perfectly aligned fiber case
(k = 0). For each non-trivial equilibrium state, the linearized vibration problem is again defined
and solved. Figure 9.18 depicts the pressure–frequency curves in the small-displacement regime.
The first four natural frequencies are reported in Fig. 9.18(a), while Fig. 9.18(b) illustrates
modes five to eight. The full behavior in the analyzed load range of the equilibrium path is
further investigated and reported in Fig. 9.19, where modal interactions in the large-strain
regime are highlighted, in the case of the multilayered biological plate with perfectly aligned
fibers. Figure 9.20 compares the results obtained with the converged 20 × 20 + 1 LE2 model
against fully 3D ABAQUS simulations. Figure 9.20(a) reports the comparison for the first ten
natural frequencies at selected equilibrium states, while Fig. 9.20(b) shows the global evolution
of these modes. The results shows excellent agreement of the proposed 2D CUF model results
with the reference ABAQUS, assessing the capability of the proposed high-order model to ac-
curately capture the nonlinear effects, given by both geometrical and material nonlinearities,
on the vibration behavior of anisotropic hyperelastic materials. In particular, the nonlinear
anisotropic constitutive behavior of the plate has given different modal behavior and responses
considering different values of the fiber dispersion parameters. Modal interactions are further
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investigated again using the MAC criterion. Figure 9.21 shows MAC matrices comparing the un-
deformed reference configuration with linearized vibration solutions at different deformed states
(as indicated in the captions). For small strains, the normal modes remain independent, with
crossing phenomena being observed. At large strains, more evident interactions appear, such
as the mode 4–5 interaction shown in Fig. 9.21(b). A consistent behavior already observed in
the case of dispersed fiber plate is again noted, but for higher natural frequencies and modal
interactions occurring at relatively higher loads. In particular, Fig. 9.20(b), compared with Fig.
9.15(b), highlights that the observed modal interactions shifts to larger pressures in the aligned
case, due to the increased material stiffness. The interaction between the fifth and sixth modes
is fully analyzed now around p = 85 Pa. Figure 9.22(a) compares the fifth mode shapes at
p = 83.64 Pa and p = 92.89 Pa, while Fig. 9.22(b) reports the same comparison for the sixth
mode. Differently with respect to the case of dispersed fibers, the aligned configuration exhibits
a crossing phenomenon. The frequency–pressure curves intersect without significant alteration
of the corresponding mode shapes. Thus, while the solution paths exchange trajectories, the
modal patterns remain unaffected [200].
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Figure 9.18: Multilayered aortic iliac plate, perfectly aligned fibers case (k = 0): Variation of the first
eight natural frequencies along the equilibrium path, small strain regime. Influence of
structural theory and reference mid-surface discretization.
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Figure 9.19: Multilayered aortic iliac plate, perfectly aligned fibers case (k = 0): variation of the first
eight natural frequencies along the equilibrium path, large strain regime. Influence of
structural theory and reference mid-surface discretization.
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Figure 9.20: Multilayered aortic iliac plate, perfectly aligned fibers case (k = 0): variation of the first
ten natural frequencies along the equilibrium path. Comparison between high-order 2D
CUF models and 3D ABAQUS reference solution.
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Figure 9.21: Multilayered aortic iliac plate, perfectly aligned fibers case (k = 0): MAC matrix computed
comparing the undeformed modal shapes with respect to different deformed configuration
modal shapes. The deformed configuration state is indicated in the sub-caption.
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Figure 9.22: Multilayered aortic iliac plate, perfectly aligned fibers case (k = 0): eigenvector represen-
tation on the undeformed structures, modes 5 and 6, crossing observed.
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9.2.1 Effects of large strain on biological tissue modal behavior

The final case study addresses the large strain analysis of a nearly incompressible arterial
wall specimen subjected to uniform traction pressure. As proposed in Gasser et al. [26], the
material considered is again simulating iliac adventitial strips, but in accounting now for fiber
stiffening while excluding fibers in compression. The focus is on assessing the influence of fiber
dispersion and large strains on both the static and dynamic responses of the structure. The
numerical results obtained adopting now higher-order 1D CUF models are compared against
reference numerical solutions obtained using fully 3D hexahedral elements for validation pur-
poses, since they provide a direct discretization of the governing equations without relying on
any superimposed kinematic assumptions. For this purpose, the strain energy function adopted
corresponds to the Holzapfel–Gasser–Ogden (HGO) model as implemented in the ABAQUS
commercial software [192], given in Eq. (9.12):

Ψ =
K

2

(
J2 − 1

2
− log J

)
+

µ

2
(Ī1 − 3) +

∑
j=4,6

k1
2k2

[
ek2<kĪ1+(1−3k)Īj−1>2 − 1

]
(9.12)

Here, the parameters µ, k1, k2, K, and k are considered the same values as shown in the previous
case study, while the operator < x >= 1

2(x + |x|) denotes the Macauley bracket. The specimen
is modeled as a rectangular beam with dimensions w = 2 mm, h = 1 mm, and L = 10 mm,
clamped at one end and subjected to a uniform traction pressure at the opposite free end. To
replicate a practical uniaxial tension test, the load boundary condition is applied via a rigid
block attached to the free-end section, rather than directly on its surface. The geometry and
material properties are illustrated in Fig. 9.23. Given the material properties considered, the
specimen is again modeled in the nearly incompressible regime. The fiber distribution is given by
two symmetric unit vectors, a0 and g0, lying in the x–y plane and inclined at an angle γ = 30◦

with respect to the y-axis, as depicted in Fig. 9.23.
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Figure 9.23: Finite strain analysis of an aortic iliac strip: geometrical and material features considered.

The numerical results obtained adopting higher-order 1D CUF models are again compared
against reference numerical solutions obtained in ABAQUS, to assess the modeling capabilities
and the performances of the proposed approach. In this case study, the tension–compression
behavior is modeled using the built-in ABAQUS formulation. Many 1D CUF models will be
employed to compute both the static equilibrium path and the modal response of the aortic
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iliac strip at large strain, with 3D results adopted as benchmarks. The ABAQUS reference
model consists of 6734 C3D20 elements, for a total of 95514 DOFs. A convergence analysis of
the modal properties around the trivial equilibrium state is first conducted. Following previous
findings, cubic B4 finite elements are adopted along the beam axis, while different cross-section
discretizations with parabolic L9 subdomains are tested to mitigate volumetric locking [178].
The strip is initially modeled as clamped at both ends, imposing ux = uy = uz = 0 at x = 0
and x = L. Table 9.4 reports the convergence results for the first three natural frequencies
of the linearized vibration problem around the undeformed equilibrium state. Both dispersed
(k = 0.226) and perfectly aligned (k = 0) fiber configurations are analyzed, investigating the
influence of the theory of structure approximation (given by LE-models, as previously addressed
from previous discretization convergence analyses) and FE refinement along the beam axis. The
results show that all proposed discretizations provide accurate natural frequencies, with relative
percentage differences below 3%. Larger errors are noted in the perfectly aligned case (k = 0),
which also exhibits higher natural frequencies and a stiffer overall response, suggesting that
more refined discretizations are required in this configuration. Convergence is reached with 20
B4 elements along the axis, for which relative percentage differences below 1% are observed
for all refined cross-section expansions. Moreover, the CUF models achieve these accuracy
levels with a reduction of 69–88% in DOF compared to the ABAQUS reference, confirming
both the consistency and efficiency of the present modeling strategy. The use of higher-order
models effectively alleviates numerical instabilities and locking phenomena [178]. Based on
these discussed findings, further analyses in the case of static and linearized vibration analysis
will be performed using the convergent beam axis discretization model, which exploits 20 B4
cubic elements, while investigating the influence of structural approximation through different
L9 expansions, as reported in the convergence analysis results.

Dispersed fibers k = 0.226 Perfectly aligned fibers k = 0

Mesh Exp. Mode 1 Mode 2 Mode 3 Mode 1 Mode 2 Mode 3 DOF

10 B4 16 L9 89.329(1.76%) 184.508(1.02%) 204.205(1.19%) 106.305(1.55%) 201.683(−0.33%) 276.915(2.99%) 7533

24 L9 89.342(1.77%) 185.028(1.30%) 204.137(1.15%) 105.810(1.08%) 202.003(−0.17%) 272.986(1.53%) 11067

35 L9 89.112(1.51%) 184.141(0.82%) 203.749(0.96%) 105.457(0.74%) 201.105(−0.62%) 272.247(1.25%) 15345

15 B4 16 L9 88.732(1.08%) 183.903(0.69%) 203.340(0.76%) 105.990(1.25%) 201.541(−0.40%) 275.452(2.44%) 11178

24 L9 88.704(1.04%) 184.437(0.98%) 203.175(0.68%) 105.337(0.63%) 201.872(−0.24%) 270.658(0.66%) 16422

35 L9 88.467(0.77%) 183.503(0.47%) 202.782(0.48%) 105.013(0.32%) 200.946(−0.70%) 270.106(0.46%) 22270

20 B4 16 L9 88.455(0.76%) 183.628(0.54%) 202.963(0.57%) 105.847(1.11%) 201.480(−0.43%) 274.776(2.19%) 14823

24 L9 88.404(0.70%) 184.166(0.83%) 202.751(0.47%) 105.150(0.45%) 201.816(−0.27%) 269.800(0.34%) 21777

35 L9 88.166(0.43%) 183.210(0.31%) 202.359(0.27%) 104.839(0.15%) 200.878(−0.73%) 269.322(0.16%) 30195

ABQ 6734 C3D20 87.788 182.650 201.810 104.681 202.354 268.882 95514

Table 9.4: Finite strain analysis of an aortic iliac strip, cases k = 0.226 and k = 0: convergence analysis
for the first three natural frequencies [Hz]. Comparison between high-order 1D model results
and 3D ABAQUS solution. In brackets, the percentage difference with respect to ABAQUS
is given.

Using the converged discretization models, the nonlinear static analysis of the aortic iliac spec-
imen is carried out. The two fiber configurations addressed in the previous modal analysis are
again considered, thus dispersed fibers (k = 0.226) and perfectly aligned fibers (k = 0) are
analyzed, investigating the influence of the material conditions on the uniaxial response of the
material. Figure 9.24 presents the global equilibrium path of the specimen, comparing the nu-
merical results obtained via different 1D CUF models with the 3D ABAQUS reference solution,
comparing also the results obtained for both fiber distributions. As anticipated from the modal
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analysis, the perfectly aligned fiber case exhibits an evidently stiffer response than the dispersed
configuration.
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Figure 9.24: Finite strain analysis of an aortic iliac strip, cases k = 0.226 and k = 0: equilibrium
path for different LE cross-section expansion models. Comparison between higher-order
1D CUF models and the reference 3D ABAQUS solutions.

The non-trivial equilibrium states computed in the nonlinear static analysis define the deformed
configurations around which the linearized vibration problem is solved. For both fiber dispersion
cases, the variation of natural frequencies and mode shapes, when different stretch configurations
are examined, is investigated. Figure 9.25 depicts the pressure–frequency curves for the dispersed
fiber case (k = 0.226) in the small-displacement regime. In particular, Fig. 9.25(a) shows the
evolution of the first four natural frequencies obtained from the previously introduced cross-
section models, while Fig. 9.25(b) presents the corresponding results for modes five through
eight. The complete equilibrium path is shown in Fig. 9.26, highlighting modal interactions
in the large-strain regime of the multilayered biological plate with dispersed fibers. Near the
undeformed equilibrium state, at very small strains, evident variations are observed in the first
eight natural frequencies, with modal interactions occurring between modes 2–3–4, 5–6, and
7–8. These effects, noted for axial stretch still close to unity and very small strains applied,
of frequency increase and modal interactions can be attributed to a stiffening effect caused by
the activation of fiber traction energy. At small strain, the applied energy via the traction load
is primarily converted by the material for microstructural internal reorganization, leading to
increased stiffness as fibers rotate and align [26]. The results also confirm that all cross-section
discretization models provide accurate predictions, with solutions showing excellent agreement
across all non-trivial equilibrium states.
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Figure 9.25: Finite strain analysis of an aortic iliac strip, dispersed fiber case k = 0.226: variation
of the natural frequencies in the small strain regime. Comparison between different LE
expansion models.
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Figure 9.26: Finite strain analysis of an aortic iliac strip, dispersed fiber case k = 0.226: variation of
the natural frequencies in the whole computed equilibrium strain regime. Representation
of dispersion curves for the first eight normal modes of vibration.

As in the previous case studies, modal interactions are further examined using the MAC criterion.
Figure 9.27 presents MAC matrices comparing the vibration modes of the undeformed reference
configuration with those obtained from linearized vibration analyses around selected deformed
states, as specified in the captions. The modal interactions identified at small strains in Fig. 9.25
are analyzed in greater detail by inspecting the mode shapes at the corresponding non-trivial
equilibrium states. Figure 9.28 compares the second and third mode shapes across different
configurations, while Fig. 9.29 reports the same comparison for the seventh and eighth modes.
Unlike the cases discussed in the previous section, the observed interactions here correspond to
crossings. This behavior is further confirmed by the correlations revealed in the MAC matrices.
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Figure 9.27: Finite strain analysis of an aortic iliac strip, dispersed fiber case k = 0.226: MAC matrices,
comparing the normal modes of vibration around the deformed equilibrium states against
the reference undeformed normal models of vibration. Deformed configurations reported
in the caption.
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Figure 9.28: Finite strain analysis of an aortic iliac strip, dispersed fiber case k = 0.226: graphical
representation of modes II and III for different deformed configurations. Comparison
between different pre-stress applied.
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Figure 9.29: Finite strain analysis of an aortic iliac strip, dispersed fiber case k = 0.226: graphical
representation of modes VII and VIII for different deformed configurations. Comparison
between different pre-stress applied.
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The same analysis is now carried out for the case of perfectly aligned fibers (k = 0). Figure
9.30 shows the pressure–frequency curves in the small-displacement regime: Fig. 9.30(a) reports
the variation of the first four natural frequencies obtained with the previously introduced cross-
section models, while Fig. 9.30(b) presents the corresponding results for modes five through
eight. The complete equilibrium path is illustrated in Fig. 9.31, highlighting modal interac-
tions in the large-strain regime for the multilayered biological plate with aligned fibers. Near
the undeformed equilibrium state, modal interactions are observed for several partially loaded
configurations characterized by very small stretch ratios. As in the dispersed fiber case, these
interactions are driven by the activation of fiber traction energy and the associated microstruc-
tural reorganization at small strain, which contribute to the stiffening response of the strip.
Once again, the results confirm an excellent agreement across all cross-section discretization
models, with perfectly matching solutions at each non-trivial equilibrium state.
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Figure 9.30: Finite strain analysis of an aortic iliac strip, perfectly aligned fiber case k = 0: variation
of the natural frequencies in the small strain regime. Comparison between different LE
expansion models.

The correlation between vibration modes across different deformed configurations is again an-
alyzed using the MAC criterion, as shown in Fig. 9.27, where deformed states are compared
against the undeformed reference configuration. The modal interactions identified at small
strains in Fig. 9.30 are further examined by inspecting the corresponding mode shapes. Figure
9.33 compares the second and third mode shapes at selected deformed states, while Fig. 9.34
reports the same comparison for the sixth and seventh modes. In both cases, the results indicate
crossings between the vibration modes, confirming the interaction mechanism suggested by the
MAC analysis.
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Figure 9.31: Finite strain analysis of an aortic iliac strip, perfectly aligned fiber case k = 0: variation of
the natural frequencies in the whole computed equilibrium strain regime. Representation
of dispersion curves for the first eight normal modes of vibration.
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Figure 9.32: Finite strain analysis of an aortic iliac strip, perfectly aligned fiber case k = 0: MAC
matrices, comparing the normal modes of vibration around the deformed equilibrium states
against the reference undeformed normal models of vibration. Deformed configurations
reported in the caption.
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Figure 9.33: Finite strain analysis of an aortic iliac strip, perfectly aligned fiber case k = 0: graphical
representation of modes II and III for different deformed configurations. Comparison
between different pre-stress applied.
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Figure 9.34: Finite strain analysis of an aortic iliac strip, perfectly aligned fiber case k = 0: graphical
representation of modes VI and VII for different deformed configurations. Comparison
between different pre-stress applied.

9.3 Discussion

The proposed results suggest that:

� The orthotropic hyperelastic constitutive law has been successfully implemented in an
invariant finite element formulation, including the two fiber families, fiber reinforcement
via Cartesian unit vectors, and the straightforward implementation of any anisotropic
model by means of the structural tensor representation. This approach has been directly
integrated within the numerical quadrature procedure, ensuring an accurate representation
of complex fiber distributions. Again, a validation against analytical reference solutions
has been performed, considering the simple shear test with different fiber orientations
and constitutive hyperelastic models, including anisotropy effects and fiber dispersion.
The results, showing perfect agreement between solutions, confirm the robustness of the
present implementation.

� The accuracy and the efficiency of the present higher-order modeling of fiber-reinforced soft
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materials and structures have been further validated through benchmark problems involv-
ing large displacement and finite strain analysis of multilayered fiber-reinforced biological-
like structures. Based on the previously introduced concepts of convergence and accuracy
of FE discretization models, LWm and LE-class models are primarily adopted to ensure the
computation of accurate results. As shown by the results, accurate displacement distribu-
tions and natural frequencies have been observed. Again, computationally advantageous
FE models with fewer DOF, while maintaining high levels of accuracy, have been devel-
oped. In addition, the adoption of LE-class models enables efficient modeling of structural
behavior without compromising solution quality.

� A strong influence of the fiber dispersion parameter has been observed. Depending, in
particular, on the type of load applied, the fiber dispersion leads to different mechanical
response mechanisms in terms of nonlinear static behavior. In particular, it has been
observed that a stiffer structural response occurs for perfectly aligned fibers, as expected,
with respect to the case of dispersed fibers.

� In terms of linearized vibration analyses, the fiber dispersion parameter has a strong
influence on the modal response of reinforced structures. In particular, modal interactions
and aberrations have been observed at small strain when tension/compression behavior
of the fiber reinforcement has been included in the constitutive model. Additionally, the
effects of fiber dispersion have also been observed in the aberration effects, where mode
shapes interact in a different manner depending on the value of k, leading to crossing
phenomena rather than veering.

� The proposed results demonstrate a complex coupling between reinforcement direction,
pre-stretch state, and dynamic response, which must be carefully accounted for in predic-
tive modeling.
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Chapter 10

Conclusions

The static and linearized vibration analyses of hyperelastic materials have been presented in
this thesis work. The adoption of the Carrera Unified Formulation (CUF) allowed the implemen-
tation of lower- to higher-order theory of structure based finite element models, accounting for
geometrical and material nonlinearities governed by the hyperelastic constitutive law. A numer-
ical framework based on one-dimensional beam (1D) and two-dimensional plate (2D) models has
been proposed for research analyses of isotropic and anisotropic soft materials and structures,
with applications to biological tissue modeling.

10.1 Remarks

This thesis presents a novel numerical framework based on finite element procedures for the
large-strain analysis of hyperelastic materials and structures. The nonlinear material response,
governed by the hyperelastic constitutive law, has been investigated in the case of isotropic and
fiber-reinforced soft materials. The analyses have been performed within the CUF framework,
a well-established formalism exploited to define efficient and accurate one- and two-dimensional
models. The implementation of finite element procedures based on the higher-order theory of
structures has been achieved through the recursive and hierarchical formalism introduced by
CUF. In this context, the accuracy of Equivalent-Single-Layer (ESL) models, Layer-Wise (LW),
and Component-Wise (CW) models has been extensively investigated. First, the continuum
mechanics approach employed in the present work is presented, focusing on the kinematic and
energetic descriptors used in soft material modeling at large strains. The governing equations for
such nonlinear materials have been written in both weak and strong forms, considering classical
balance laws. In particular, energetic arguments are exploited to define the local and global
forms of the equations with respect to the material and spatial reference frames. Second, the
nonlinear hyperelastic framework has been extensively discussed, with particular emphasis on
the invariant formalism typically adopted in the constitutive modeling of such materials and
structures. The basic principles have been proposed within the context of isotropic hyperelas-
ticity, extending naturally the proposed concept to the nonlinear anisotropic constitutive law
for fiber-reinforced soft materials. In particular, the closed-form expressions for stress tensors
and tangent elastic moduli have been provided, ensuring the exact analytic computation of in-
volved physical quantities without relying on approximate methods. Subsequently, the adopted
unified approach of beam and plate theories has been discussed. The implementation of lower-
to higher-order finite element models is proposed within the rigorous framework of CUF. The
CUF allowed for the straightforward definition of ESLm and CW/LWm without any loss of
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generality. As shown in the theoretical derivation of the model, the key features of the present
modeling approach is given by the independent nature of the final formal expression of the dis-
placement field from the adopted polynomial expansion. In particular, the order of the theory of
structure can be assigned as a formal input to the analysis, achieving a desired level of accuracy
and obtaining refined 1D and 2D models with three-dimensional capabilities. The nonlinear
governing equations have then been redefined in matrix form, following the imposed polyno-
mial expansion of the displacement field, and introducing, by means of variational principles,
the basic building block of the present methodology: the Fundamental Nuclei (FN). The FN
represent the basic unit entries of FE matrices, specifically the internal and external force vec-
tors, mass, and tangent stiffness matrix, formally defined without dependence on the kinematic
assumptions used in the displacement field definition. In this sense, the final, resulting FE pro-
cedure is a pure, fully nonlinear, displacement-based model. The capabilities of the presented
modeling approach, based on higher-order theory of structures with three-dimensional capabili-
ties, have been initially assessed by analyzing isotropic soft structures. Attention has been paid
to predicting accurate displacement and three-dimensional stress distributions, comparing the
proposed results with analytical reference solutions and benchmark problems analyzed using a
classical 3D FE formulation available in commercial software. In particular, the effects of the
boundary conditions, the pre-stressed configurations, and the adopted theory of structure on the
pure mechanical and vibration response of the materials have been investigated. Afterwards,
the present FE formulation was validated in the framework of isotropic hyperelasticity. This
approach has been extensively adopted in modeling continuously fiber-reinforced soft materials
and structures, with a focus on applications to biological tissues. Specifically, the implementa-
tion of constitutive models for distributed and dispersed fiber-reinforced materials within a FE
framework has been discussed, including anisotropic effects at micro-scale in the macroscopic
material response. These peculiar behaviors have been investigated by means of pure mechanical
analysis of aortic iliac materials and biological-like structures at large strains.

10.2 Main contributions

The main novelties and principal contributions proposed and carried out during this period
of the doctoral research can be summarized as follows:

� The hyperelastic framework has been derived rigorously, following variational principles.
In particular, the final resulting expression of the tangent elastic moduli has been proposed
to straightforwardly implement any hyperelastic model without making any assumptions
about the strain energy density function considered.

� The proposed modeling strategy based on the CUF has been extensively adopted to in-
troduce a hierarchical FE derivation procedure, independent of the kinematic assumption
made of the displacement field. In particular, the hyperelastic framework has been con-
sistently introduced, following classical continuum mechanics arguments and linearization
principles, to include the effects of material nonlinearities in the model, without making
any assumptions about the hyperelastic model considered.

� The proposed higher-order 1D beam and 2D plate models can accurately predict complex
three-dimensional displacement and stress states in isotropic and anisotropic soft materials.

� The adoption of higher-order theories allows for the definition of efficient models that
guarantee a high level of accuracy with reduced DOF required by the numerical simulation
with respect to classical FE formulation.

194



10.2 – Main contributions

� The proposed CUF-based LW and CW models are introduced for the first time, presenting
a hierarchical and general FE framework for the pure mechanical analysis of multilayered
soft structures, whose analysis has been limited to simplified models in the literature.

� In the framework of nonlinear analysis, the adopted methodology allows for comparing var-
ious kinematic approximations of the structural behavior, which has not been investigated
in the literature since available models are typically based on classical 3D FE formulations.

� Classical structural theories have been proven inadequate for the large strain analysis of
soft structures, due to the superimposed kinematic assumption of these lower-order theo-
ries regarding the cross-section or through-the-thickness behavior. In this sense, high-order
approximations can be considered a valid alternative when analyzing displacement distri-
butions. However, inconsistencies and limitations have been observed when investigating
stress distributions at large strains, as discussed in the case of isotropic circular plate stress
distribution provided in Fig. 8.13, or displacement distribution as discussed in the case of
large strain analysis of multilayered beams under concentrated loads as provided in Fig.
7.30 and Table 7.18 when thick structures are considered. Thus, a CW or LW modeling
approach is preferred for accurate stress predictions.

� A detailed stress analysis in terms of the reference first Piola-Kirchhoff stress tensor and
spatial Cauchy stress tensor has been conducted in different cases, assessing the fulfill-
ment of the C0

z requirements. From theoretical considerations, a key aspect of the present
approach is the fulfillment of compatibility conditions for the first Piola-Kirchhoff stress
tensor. This is justified by the definition of the proposed methodology under a Total La-
grangian approach. Unlike the case of linear elastic materials, for which the Cauchy and
the second Piola-Kirchhoff stress tensors are the reference stress measures, the equilibrium
requirements are satisfied for the corresponding stress measure defined with respect to the
material coordinates. Additionally, due to the presence of both geometrical and mate-
rial nonlinearities, as well as numerical instability phenomena like volumetric locking due
to incompressibility, the C0

z requirements have been satisfied by refined cross-section or
thickness expansions. In the case of pure displacement-based models, without any assump-
tion of separate interpolation of stress variables, like in mixed methods, the equilibrium
conditions are satisfied axiomatically via refinement of the kinematic assumptions.

� Natural frequencies and mode shapes are strongly influenced by the pre-stressed non-
trivial equilibrium state. From the proposed results, complex or non-monotonic variation
of the natural frequencies with the applied loads has been observed. In particular, in
the case of compressible materials, the internal stress is also compared at large strain to
demonstrate the influence of geometrical and pure nonlinear stiffness terms on the variation
of natural frequencies. It has been shown that, in the case of compressible materials,
natural frequencies propose monotonic decreasing behavior even if the pre-stretch applied
is increasing, due to the reduction of internal stress given by the constitutive nonlinear
material response. For this reason, even at small strains, mode aberrations such as veering
and crossing have been observed and extensively analyzed.

� Compressibility plays a crucial role when highly deformed structural configurations of
materials and structures are investigated. In particular, refined models are required to
obtain accurate mode shapes and natural frequencies, as well as deformed configurations,
since a general stiffer response is observed for nearly incompressible materials. This has
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been extensively analyzed by means of large strain analysis and modal analysis of nearly-
incompressible beam and multilayered plate structures, where higher natural frequencies
with respect to the compressible cases have been found.

� Additionally, compressibility has a strong influence on the stability and accuracy of the
FE model. As discussed in the proposed case studies, as in the case of Sec. 7.2 and Sec.
7.3 regarding the static and vibration of thick and slender beams, when nearly incom-
pressible material behavior is considered, higher-order theories of structures with refined
discretization models are needed to deal with volumetric locking at large strains. In partic-
ular, the capabilities of classical displacement-based models, such as 3D FE or lower-order
beam and plate theories, have been shown to be limited in the incompressible limit, and
they rely on more complex and involved FE formulations, such as the hybrid formula-
tion, to mitigate locking phenomena and achieve convergent results in the incompressible
regime. Otherwise, computationally burden models have to be adopted in the case of pure
displacement-based formulations. This has also been observed in biological tissue analysis,
as in the case described in Sec. 9.2.1, where expensive 3D models have been adopted
because no hybrid formulation is available in the reference commercial software when the
Holzapfel-Gasser-Ogden model is considered. Due to the complexity of the mathemati-
cal formalism, convergent results can be obtained by adopting only refined discretization
models. In the present work, the capabilities of the higher-order, pure displacement-based
approach for nearly incompressible structures have been established. Within his formal
strategy, locking phenomena have been mitigated by adopting enriched kinematics and
refined structural theories, straightforwardly implemented through the hierarchical for-
malism of the governing equations.

� For dispersed and perfectly aligned fiber-reinforced biological tissues, stiffening behavior
at small strains is strongly observed. Although this cannot be correctly observed by
means of a pure static analysis, where the fiber stiffening effects and hardening behavior
are evident at large strains, the linearized vibration analysis showed material stiffening
at small strains. This is justified by the micro-structural reconfiguration induced by the
application of traction load, which activates the collagen fiber reinforcement. As discussed,
since the fiber families within the materials are contributing to the material response only
when they are in traction, at small strain there are coupling and energy transmission effects
that contribute to a global material stiffening.

� Different fiber-reinforcement models have been investigated in the case of biological tis-
sues. In particular, a strong effect of the mathematical formulation adopted for the ten-
sion/compression behavior is observed. From the proposed literature review, in the pro-
posed approach, different models have been adopted to investigate the capabilities of the
present numerical approach, showing good agreement with the available solutions in each
material modeling case.

10.3 Future activities

In this work, a versatile FE procedure for the numerical analysis of hyperelastic soft materials
and structures is presented, enabling accurate and efficient modeling in a nonlinear continuum
mechanics context. Although this approach has presented numerous significant opportunities,
various perspectives and developments can be envisioned. In particular, starting from the pro-
posed work, future research will include:
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10.3 – Future activities

� The implementation of hybrid finite element procedures, also referred to as mixed finite
element procedures, where a distinct and independent interpolation of the hydrostatic
pressure is proposed. This solution is typically explored when incompressibility is consid-
ered.

� Introduction of multi-physics effects, such as thermo-, piezo-hyperelasticity, and the anal-
ysis of magneto-sensitive materials. Innovative manufacturing processes have enabled the
development of novel materials whose deformation state is controlled by means of multi-
physics loads, such as temperature or voltage variations within the material.

� Component-Wise modeling of biological tissues, analyzing the influence of fiber-matrix
interactions at meso- and microscopic levels. Adoption of refined, higher-order, Node-
Dependent kinematics model to develop advanced numerical model for the simulation of
biological tissues, introducig physically-consistent representation of embedded fibers within
the material matrix.

The last point of discussion proposes an alternative and efficient tool for investigating the more
complex mechanical behavior of biological tissues, exploiting the key modeling capabilities of the
proposed approach. The possibility to incorporate different material behavior in a structural-
theory-based scenario allows to analyze complex three-dimensional stress and deformation states,
incorporating the fiber effects within the model without relying on specific constitutive hyper-
elastic models. This is particularly effective when fiber-matrix interactions, calibration of con-
stitutive parameters, homogenization, and other pure mechanical problems are considered, as it
includes an accurate representation of the three-dimensional behavior of independent material
phases within the model. This allows to include, within the same numerical model, different
descriptions of different phases. Figure 10.1 proposes a preliminary numerical model developed
for the large strain analysis of a multi-phase biological tissue, considering an isotropic matrix
embedded with two families of fibers arranged in a symmetrical way, along shifted planes, to
include three-dimensional effects.

Figure 10.1: Component-Wise modeling of a biological tissue. Beam model with different fiber arrange-
ments.

In the proposed approach, a unique beam model consisting of different expansions is pro-
posed, including within the same representation of beam theory, different structural theories.
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Conclusions

Moreover, by building on already-introduced advanced numerical models based on the imple-
mentation of Node-Dependent Kinematics and variable-kinematics approaches [201], different
structural theories can be embedded within the same finite element model. In this way, refined
yet distinct approaches can be considered for the numerical modeling of different phases, e.g.,
higher-order plate models for the matrix and beam models for the fibers, as shown in Fig. 10.2.

Figure 10.2: Component-Wise modeling of a biological tissue. Beam model with different fiber arrange-
ments.
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Appendix B

Tangent elasticity tensor for
orthotropic materials

In the present appendix, the full, analytic closed form expression of the rescaled tangent
elasticity tensor for the computation of the Lagrangian incremental elastic moduli, required
by Eq. (3.35) is proposed. One can express the tangent elastic moduli without considering
the general dependence of the strain energy function model, and deriving it in a more general
framework as here proposed:
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+

∂Ψ̄

∂Ī2
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∂Ī4∂Ī5
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∂2Ī7

∂C̄2 (B.3)

202



Appendix C

Modeling of complex structures

C.1 Geometrically nonlinear problem

Within the context of geometrically nonlinear analysis, namely the analysis of linear elastic
materials in a large displacement contexts, the nonlinear governing equation in weak form are
derived again by means of the the PVW, carried out in Eq. (2.59):

δLint + δLine = δLext (C.1)

where Lint is the internal strain energy, Lext is the work done by external loads, Line is the
work done by inertia loads and δ denotes the virtual variation. Differently with respect to the
case of hyperelastic materials, in the case of classical linear elasticity, the internal strain energy
contribution can be straightforwardly defined using the Hooke’s law:

(a) δLint =

∫
Ω
δETσdV (b) δLext =

∫
Ω
δuTdV (c) δLine =

∫
Ω
δuTρ üdV (C.2)

where σ is the Cauchy’s stress tensor, E is the Green-Lagrange strain tensor, f is the vector of
external loads, ü is the acceleration vector and all volume integrals are referred to the material
configuration. Adopting again the same Total Lagrangian approach, all volume integrals are
referred to the material reference frame. As done for the case of hyperelastic finite element
formulation, the proposed approach is now derived in the case of geometrically nonlinear context.

Internal energy contribution

The internal strain energy defined in Eq.(C.2)(a) is rewritten as:
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The quantity Kτsij
S is the 3x3 FN of the secant stiffness matrix [130], Kτsij

ll is the 3x3 FN of

its linear contribution, and Kτsij
S1

= Kτsij
S,lnl + Kτsij

S,nll + Kτsij
S,nlnl is 3x3 FN nonlinear contribution,
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given again by the nonlinear strain components of the Green-Lagrange strain tensor. The terms
defined in Eq. (C.4) are here explicitly reported:
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nl CBτi
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(C.5)

External load contribution

Following the previous derivation procedure for the internal strain contribution, the matrix-
form of the external load term in the variational principle is expressed starting from the definition
in Eq. (C.2)(b):

δLext =

∫
Ω
δuTfdV =

∫
Ω
δuT

sjFsNjf dV = δuT
sjF

sj
ext (C.6)

where Fsj
ext the 3x1 FN of the external forces vector:

Fsj
ext =

∫
Ω
FsNjf dV (C.7)

Inertia load contribution

Regarding the inertial contribution of the energetic balance principle, one can write, following
the same derivation procedure, the matrix form of the inertial energy contribution starting from
the definition in Eq. (C.2)(c):

δLine =

∫
Ω
δuTρ üdV =

∫
Ω
δuT

sjFsNjρFτNiüτidV = δuT
sjM

τsijüτi (C.8)

where Mτsij the 3x3 FN of the mass matrix:

Mτsij =

∫
Ω
FsNj ρ I FτNidV (C.9)

Considering then the defined matrix-form of the energetic contributions to variational prin-
ciple, the matrix form of the governing equation is:

δusj : Kτsij
S uτi + Mτsijüτi = Fsj

ext (C.10)

In the CUF framework, as observed for the previously introduced physical quantities, also the
FN of the secant stiffness matrix is defined regardless of the polynomial approximation adopted
in the displacement field definition, thus the final nonlinear matrix-form equation Eq. (C.10)
is valid for any arbitrarily chosen polynomial expansion. Considering the specific kinematic
models for the 1D beam axis or 2D mid-surface, namely assigning the set of Ni and Nj shape
function, and the theory of structure approximation Fτ and Fs along the beam cross-section or
plate mid-surface, one can derive hierarchically and automatically the final form of the nonlinear
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governing equation by means of the summation over the FE and CUF indices expansion (thus
over the indices i, j, τ and s). More details about the generic expansion of the FN can be found
in [129].

The summation over indices τ , s, i and j gives the internal and external forces vectors and the
mass matrix for the single element considered, obtained straightforwardly by following the CUF
assembling procedure [129]. Assembling the FE matrices along the discretization considered,
the final definition of PVW in matrix form states:

Ks(u)u + Mü = Fext(f) (C.11)

The linearization procedure of the Eq. (C.11) follows the same steps already provided in Sec.
5.3, obtaining the final incremental system of equation Eq. (5.27). In this context, also the
tangent stiffness matrix is defined following the same approach, with the main simplification
given by the assumption of constant elasticity tensor given by the Hooke’s law. For this reason,
the framework provided in the context of linearized equations for hyperelasticity is still perfectly
valid in the context of geometrically nonlinear analysis, by considering the constant elasticity
tensor given by linear elasticity.

C.2 Variable-kinematics approach

Complex structures can be modeled following different approaches. Typically, complex ge-
ometries are analyzed by means of pure 3D FE discretization, given the generality of the element
shape that can be adopted in various contexts. In the following, a modeling approach of com-
plex structure to defined computationally efficient and accurate discretization for geometrically
nonlinear analysis of structure is proposed. This methodology is established again by means of
the CUF, and the capabilities given by the LE-class models, as discussed in Sec. 4.1 and Sec.
4.2. The proposed approach is based on the variable-kinematics modeling of 1D and 2D finite
elements. The variable-kinematics models, originally introduced by Zappino and Carrera [201]
and extended to geometrically nonlinear structural analysis [202], are purely displacement-based
finite element formulations. Thanks to the adoption of LE-class models, within the 1D beam
and 2D plate finite element definitions, the resulting DOF directly correspond to the Cartesian
displacement components, defined in physical independent nodes. This feature enables the a
straightforward coupling of different FE models, with different kinematic descriptions or struc-
tural approximations, regardless of the imposed mathematical definition by exploiting superpo-
sition principles. The final assembled model, where both pure 3D FE and higher-order 1D/2D
models are present, is performed by enforcing the correspondence of displacement components
at common shared nodes between distinct discretization models. When nodes from different fi-
nite element models are merged, the global FE matrices, such as the tangent stiffness matrix or
the internal force vector, as assembled considering the superposition and nodal correspondence.
Figure C.1 illustrates this variable-kinematics assembling procedure, showing the coupling pro-
cedure at assembly level between refined 1D beam models and 3D hexahedral models. The
proposed approach reflects typical assembling strategies used in commercial software between
classical FE formulation. In this sense, the proposed approach based on variable-kinematic mod-
eling and LE-class expansion models, a straightforward, efficient and natural coupling between
FE approaches is established, exploiting direct connections between higher-order 1D beam mod-
els with conventional 3D elements at the nodal level. This strategy makes it possible to locally
refine complex geometries using advanced beam models, while overcoming the well-known lim-
itations of classical beam theories—such as rigid cross-section assumptions, incompatibility of
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transverse normal and shear stresses at beam edges, or uniform shear stress distributions across
the section. Leveraging the CUF formalism, the method avoids the need for ad-hoc coupling
techniques (e.g., Lagrange multipliers).
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Figure C.1: Coupled 1D-3D models: assembling procedure.

According to the theoretical framework proposed, a 3D discretization model and a 1D cross-
section expansion model have to be matched through the superposition of common nodes. This
ensure continuity and smooth transitions between elements, without relying on numerical tech-
niques for model coupling. When classical models or Rigid Body Elements (RBE) are used to
connect variable-kinematics models, local effects may be observed at the element interfaces. In
particular, due to the Poisson effect, the displacement field may become discontinuous across
the interface. Refined beam models, however, can capture cross-section warping, thereby avoid-
ing such inconsistencies at the transitions interfaces. However, the displacement continuity can
generate stress concentrations and oscillations, that can still arise within the transition zone as
a consequence of the direct coupling.

C.3 Numerical results

This section presents the numerical results obtained via variable-kinematics for the geomet-
rically nonlinear analysis of structures with complex geometries. The proposed model results are
compared against literature results available or against reference solutions obtained by classical
FE implemented in commercial codes. Several case studies are examined to demonstrate the
effectiveness of the proposed variable-kinematics models

C.3.1 Clamped angle frame

The first case study addresses the geometrically nonlinear static analysis of a clamped L-
shaped frame. This benchmark problem has been analyzed by many authors, here the reference
work of Zouari et al. [203] is reported for comparison purposes. This benchmark problem is
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typically analyzed within the framework of plane-strain finite element models, here instead th
three-dimensional extension of the reported case study is proposed, analying the large-deflection
response of the L-shaped frame in a 3D set. The frame is clamped at the left end and subjected
to a horizontal force applied at the top-right end, as illustrated in Figure C.2. The frame
dimensions considered are L = 0.1 m, h = 0.01 m, and thickness t = 0.01 m. The material
properties are defined by a Young’s modulus E = 3 · 1011 Pa and a Poisson’s ratio ν = 0.3, and
consistently introduced starting from the non-dimensional parameters reported in the reference
study. The adopted discretization employs unified 1D beam finite element models for the two
straight sides and a 3D hexahedral model for the corner. Each square-section beam is modeled
with a single L9 cross-section expansion element and NB4 cubic elements along the axis, while
the corner is discretized using a single H27 parabolic hexahedral element. The resulting mesh
is shown in Figure C.2(b). A convergence study is first performed by increasing the number of
finite elements along the straight beams, to assess the influence of the beam axis kinematics on
the numerical results and displacement distributions. Tables C.1–C.2 compare the displacement
components predicted by the 1D-3D variable-kinematics models for different values of the shear
load considered against the reference solution, reporting the measured percentage difference
between solutions in brackets. The computed equilibrium paths, obtained with each FE model
introduced, is reported in Figure C.3, measuring the displacement components at the load
application point.

F

z

x

y
L

L

h

(a) Geometrical features

B4

HEXA27

L9

(b) Merging nodes between models

Figure C.2: Clamped angle frame: geometry and multi-dimensional discretization adopted.

Figure C.4 shows the stress contours for σxx and σyy obtained with the 4B4–1L9 + 1H27
discretization model. The convergence study listed demonstrate that the 2B4+1L9 model al-
ready provides a convergent solution. Although minor differences are observed across the tested
discretizations, all cases yield to accurate displacement predictions. The measured percentage
differences between variable-kinematic models and the reference solution are observed to be
lower than 1% for each model considered. In most load conditions, accuracy improves with
the increasing number of finite elements along the beam axis. Overall, the proposed variable-
kinematics models demonstrate high efficiency in terms of computational cost. An approximate
85% reduction in degrees of freedom is achieved when comparing the 1B4 model with the 10B4
model, without any significant loss of accuracy.
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F [kN] uyref
[203] 1 B4 2 B4 4 B4 5 B4 10 B4

4 1.6490 1.6375(−0.695%) 1.6428(−0.374%) 1.6394(−0.584%) 1.6391(−0.602%) 1.6391(−0.598%)

8 2.9820 2.9600(−0.737%) 2.9664(−0.523%) 2.9615(−0.688%) 2.9611(−0.702%) 2.9612(−0.697%)

12 3.9990 3.9694(−0.741%) 3.9735(−0.639%) 3.9682(−0.769%) 3.9679(−0.779%) 3.9681(−0.773%)

16 4.7610 4.7273(−0.708%) 4.7279(−0.696%) 4.7228(−0.802%) 4.7225(−0.808%) 4.7228(−0.803%)

20 5.3330 5.3001(−0.618%) 5.2973(−0.670%) 5.2925(−0.759%) 5.2923(−0.763%) 5.2926(−0.758%)

24 5.7750 5.7389(−0.626%) 5.7333(−0.721%) 5.7288(−0.80%) 5.7287(−0.802%) 5.7290(−0.797%)

28 6.1200 6.0822(−0.617%) 6.0747(−0.741%) 6.0703(−0.812%) 6.0702(−0.813%) 6.0705(−0.808%)

32 6.3950 6.3561(−0.609%) 6.3471(−0.749%) 6.3429(−0.815%) 6.3429(−0.815%) 6.3432(−0.811%)

36 6.6180 6.5786(−0.595%) 6.5687(−0.744%) 6.5646(−0.807%) 6.5646(−0.807%) 6.5649(−0.803%)

40 6.8030 6.7625(−0.595%) 6.7522(−0.747%) 6.7480(−0.809%) 6.7480(−0.808%) 6.7483(−0.804%)

DOF 243 405 729 891 1701

Table C.1: L-shaped clamped frame: tip horizontal displacement measured at the load point application
[mm], convergence analysis and comparison between results obtained by 1D+3D CUF models
and the reference.

F [kN] uxref
[203] 1 B4 2 B4 4 B4 5 B4 10 B4

4 -0.7860 -0.7789(−0.898%) -0.7845(−0.185%) -0.7827(−0.414%) -0.7825(−0.442%) -0.7826(−0.438%)

8 -1.6710 -1.6538(−1.028%) -1.6639(−0.424%) -1.6604(−0.635%) -1.6600(−0.660%) -1.6601(−0.654%)

12 -2.5300 -2.5043(−1.016%) -2.5161(−0.550%) -2.5115(−0.732%) -2.5109(−0.754%) -2.5111(−0.747%)

16 -3.3040 -3.2723(−0.960%) -3.2836(−0.618%) -3.2784(−0.773%) -3.2778(−0.792%) -3.2780(−0.786%)

20 -3.9750 -3.9430(−0.804%) -3.9527(−0.560%) -3.9474(−0.695%) -3.9467(−0.711%) -3.9470(−0.705%)

24 -4.5570 -4.5197(−0.819%) -4.5275(−0.648%) -4.5220(−0.768%) -4.5214(−0.782%) -4.5216(−0.776%)

28 -5.0540 -5.0150(−0.773%) -5.0209(−0.655%) -5.0154(−0.763%) -5.0148(−0.776%) -5.0151(−0.770%)

32 -5.4820 -5.4411(−0.746%) -5.4454(−0.667%) -5.4400(−0.766%) -5.4394(−0.777%) -5.4397(−0.772%)

36 -5.8510 -5.8094(−0.711%) -5.8124(−0.660%) -5.8070(−0.751%) -5.8064(−0.762%) -5.8067(−0.757%)

40 -6.1720 -6.1294(−0.690%) -6.1314(−0.657%) -6.1261(−0.744%) -6.1255(−0.754%) -6.1258(−0.749%)

DOF 243 405 729 891 1701

Table C.2: L-shaped clamped frame: tip vertical displacement measured at the load point application
[mm], convergence analysis and comparison between results obtained by 1D+3D CUF models
and the reference.
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Figure C.3: L-shaped clamped frame: equilibrium paths for different beam axis discretization models,
comparison against reference literature results.
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Figure C.4: L-shaped clamped frame: contour of the stress component obtained for a value of the
applied load P = 8.474 · 103 N, stress reported in [Pa].

C.3.2 Clamped frame subjected to shear load

The first case study analyzes a clamped angle frame with a curved connecting zone. The
geometry and boundary conditions are depicted in Figure C.5. The structure is made of two
straight frame segments, each of length L = 200 mm with cross-section dimensions t = 10 mm
and h = 30 mm, joined by a curved 90◦ corner with an internal radius of R = 20 mm. The frame
is made of aluminum, whose material constants are expressed in terms of Young modulus E = 70
GPa and Poisson ratio ν = 0.3. The straight segments are modeled using unified 1D beam finite
elements, while the corner is modeled with 3D hexahedral elements. Different cross-section
expansion models are considered, employing Nh L9 elements along the lateral side and NB4

elements along the beam axis. The curved corner is discretized with Nh ×Ntan H27 hexahedral
parabolic elements, where Nh denotes the number of elements along the radial direction and
Ntan along the tangential curved direction. Figure C.6 illustrates the discretization adopted and
the variable-kinematics coupling achieved through node correspondence between the 1D and 3D
models. The frame is clamped at one end and subjected to a vertical out-of-plane concentrated
load applied at the center of the free end.
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uz= 0ux= uy=
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F

3D model
zone

L L
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t

h

Figure C.5: Clamped angle frame: geometry and multi-dimensional discretization adopted.

209



Modeling of complex structures

The first numerical investigation focuses on the convergence analysis, investigating the ef-
fects of beam axis FE discretization, cross-section expansion models, and the 3D refinement
adopted for the corner modeling. The results obtained via the present variable-kinematics mod-
els are compared with those obtained from a fully 3D numerical solution performed using the
commercial software ABAQUS. In the study, both the accuracy and efficiency of the proposed
approach are assessed by comparing the required computational cost by each model and the rel-
ative percentage difference between the solutions. For each test case, the mathematical model
is characterized in terms of the total number of L9 expansion elements, the number of elements
used in the circumferential direction for the corner, and the total number of cubic B4 models
employed along each straight frame discretization. Tables C.3–C.4 report the displacement com-
ponents obtained with variable-kinematics models under different shear load levels, alongside
the reference solution, measuring the corresponding displacement components at the point load
applications. Relative errors with respect to the reference are reported in brackets. Finally,
Figure C.7 presents the equilibrium paths, showing the displacement components at the point
of load application, obtained with 20 NB4 B4 elements, plotting the results obtained adopting
each previously listed cross-section expansion models and 3D hexahedral discretizations.

3D model nodes

1D cross-section nodes

N   L9

H27

h
N   L9

h

Figure C.6: Clamped angle frame with curved connector: multi-dimensional discretization adopted.

The convergence study for the out-of-plane load case demonstrates that each model pro-
vide accurate predictions of the displacement components uz and ux, across all the FE models
considered. In particular, the out-of-plane component uz is consistently captured across all dis-
placement regimes, whereas the in-plane component ux shows slight deviations when coarser
discretizations are adopted, particularly in the low-displacement regime. This behavior is linked
to the strong nonlinearity of the problem at small load levels, where discrepancies are found
relatively small and below 5%. Similar observations arise from the convergence analysis un-
der shear loading. In this case, the displacement component orthogonal to the load direction
is consistently predicted with high accuracy across all models. In both analyses, the absolute
percentage differences between the variable-kinematics results and the ABAQUS 3D solutions
is found similar across all discretizations. Even coarser models with a reduced number of ele-
ments along the beam axis allow for accurate displacement predictions. Accuracy is observed
to be strongly dependent of the cross-section kinematic description the curved corner 3D dis-
cretization. While coarse meshes improve computational efficiency, the configuration 4L9–10B4
+ 4Ö6 H27 achieves reliable accuracy with a 94% reduction in computational cost compared
to the reference solution, while maintaining acceptable percentage differences relative to refined
models.
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Model −ux [mm]

L9/H27 B4 F = 2.25 kN F = 5.25 kN F = 8.25 kN F = 12.75 kN DOF

2L9 + 2x6H27 10 20.4665(4.20%) 62.3523(2.57%) 90.6258(1.71%) 114.5720(1.03%) 3285

15 20.4777(4.15%) 62.3722(2.54%) 90.6437(1.69%) 114.5840(1.02%) 4635

20 20.4823(4.13%) 62.3804(2.52%) 90.6510(1.68%) 114.5885(1.02%) 5985

2L9 + 2x8H27 10 20.4543(4.26%) 62.3288(2.61%) 90.6041(1.73%) 114.5586(1.04%) 3465

15 20.4653(4.20%) 62.3485(2.57%) 90.6218(1.71%) 114.5704(1.03%) 4815

20 20.4699(4.18%) 62.3567(2.56%) 90.6290(1.70%) 114.5749(1.03%) 6165

4L9 + 4x6H27 10 21.2387(0.58%) 63.8391(0.25%) 92.1500(0.05%) 115.9014(0.12%) 5913

15 21.2508(0.53%) 63.8601(0.21%) 92.1687(0.03%) 115.9137(0.13%) 8343

20 21.2560(0.50%) 63.8691(0.20%) 92.1765(0.02%) 115.9186(0.13%) 10773

4L9 + 4x8H27 10 21.2260(0.64%) 63.8152(0.28%) 92.1282(0.08%) 115.8881(0.10%) 6237

15 21.2380(0.59%) 63.8361(0.25%) 92.1467(0.06%) 115.9003(0.12%) 8667

20 21.2431(0.56%) 63.8450(0.24%) 92.1545(0.05%) 115.9051(0.12%) 11097

3D ABQ 6000 C8D20R 21.3636 63.9962 92.1986 115.7670 92247

Table C.3: Clamped angle frame with curved connector: tip vertical displacement measured at the load
point application [mm], convergence analysis and comparison between results obtained by
1D+3D CUF models and the reference.

Model uz [mm]

L9/H27 B4 F = 2.25 kN F = 5.25 kN F = 8.25 kN F = 12.75 kN DOF

2L9 + 2x6H27 10 105.7439(1.34%) 179.0502(1.13%) 213.6598(0.74%) 242.4510(0.52%) 3285

15 105.7804(1.31%) 179.0947(1.10%) 213.7070(0.72%) 242.5055(0.50%) 4635

20 105.7955(1.30%) 179.1128(1.09%) 213.7259(0.71%) 242.5273(0.49%) 5985

2L9 + 2x8H27 10 105.7218(1.37%) 179.0368(1.13%) 213.6566(0.74%) 242.4537(0.52%) 3465

15 105.7581(1.33%) 179.0812(1.11%) 213.7036(0.72%) 242.5082(0.50%) 4815

20 105.7732(1.32%) 179.0993(1.10%) 213.7226(0.71%) 242.5300(0.49%) 6165

4L9 + 4x6H27 10 107.4332(0.23%) 180.5947(0.27%) 214.7964(0.21%) 243.2478(0.20%) 5913

15 107.4721(0.27%) 180.6419(0.25%) 214.8467(0.19%) 243.3065(0.17%) 8343

20 107.4886(0.28%) 180.6616(0.24%) 214.8674(0.18%) 243.3306(0.16%) 10773

4L9 + 4x8H27 10 107.4108(0.21%) 180.5814(0.28%) 214.7933(0.22%) 243.2506(0.20%) 6237

15 107.4495(0.25%) 180.6285(0.26%) 214.8435(0.19%) 243.3092(0.17%) 8667

20 107.4660(0.26%) 180.6482(0.25%) 214.8642(0.18%) 243.3332(0.16%) 11097

3D ABQ 6000 C8D20R 107.1850 181.0920 215.2570 243.7270 92247

Table C.4: Clamped angle frame with curved connector: tip vertical displacement measured at the load
point application [mm], convergence analysis and comparison between results obtained by
1D+3D CUF models and the reference.
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Figure C.7: Clamped angle frame with curved connector: computed equilibrium paths and comparison
with the reference 3D elasticity solution obtained via ABAQUS software.

C.3.3 Doubly-curved beam subjected to uniform loads

The next case study addresses the static analysis of a clamped doubly-curved beam. The
structural response is examined under two distinct loading conditions. First, a uniform tensile
load is applied at the free tip along the y-direction. Subsequently, the nonlinear static response
is investigated under a transverse shear pressure applied at the same free end. The beam
geometry is defined by a length L = 30 mm, curvature radius R = 2 mm, section height h = 6
mm, thickness t = 3 mm, and a mid-span inclination of θ = 10◦. Figure C.8(a) depicts the
geometrical features considered, while Fig. C.8(b) shows the applied boundary conditions and
loading configurations investigated in the following.
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Figure C.8: Doubly-curved beam subjected to uniform loads: case study reference description.

The mechanical response is evaluated by evaluating the Cartesian displacement components
at point ”A,” located at the free end of the beam, as indicated in Fig. C.8(b). The mate-
rial considered is aluminum, for which the mechanical properties are defined in terms Young’s
modulus of E = 70 GPa and a Poisson’s ratio of ν = 0.3. The frame discretization is exploit
either CUF 1D beam finite element models for each straight frame and 3D hexahedral models
for the two curved connecting regions. The straight beam-like segments are modeled with 1D
CUF elements, employing Ny cubic B4 elements coupled with NE L9 elements across the beam
cross-section. For the curved regions, consistently with respect to the cross-section partitions
defined by the 1D expansion models, the FE model is performed with NE parabolic H27 ele-
ments along the radial direction and Nt H27 elements along the span. Each model configuration
is therefore denoted as Ny B4–NE L9 + NE×Nt H27. The adopted discretization scheme and
the node-merging procedure for variable-kinematics models are illustrated in Fig. C.9. The nu-
merical responses obtained with higher-order variable-kinematics models are compared against
a reference solution obtained via 3D FE models implemented in ABAQUS.

B4
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3 L9
3 H27

3D model nodes

1D cross-section nodes

Figure C.9: Doubly-curved beam subjected to uniform loads: multi-dimensional discretization adopted.
Example representation of nodes superposition along the radial direction of the curved
frame.
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A convergence study is performed by evaluating the displacement components at point “A”
considering different discretization models, in particular considering progressively increasing
number of beam and hexahedral elements. Table C.5 shows the comparison between the results
obtained with variable-kinematics discretization models and the full 3D reference solutions com-
puted with ABAQUS, in the case of application of a traction pressure load. For three deformed
configurations and load value considered, reported in the table, the horizontal displacement
uy and vertical displacement uz at point “A” are reported, highlighting the influence of the
adopted mathematical model and the relative percentage differences between solutions. The
same comparison, regarding the shear pressure load case, is proposed in Table C.6. Finally, the
full equilibrium paths are computed, enabling a broader assessment of the structural response
over the entire load range.

p = 900 MPa p = 1650 MPa p = 2400 MPa

B4 Model uy uz uy uz uy uz DOF

2 2 L9 + 4x2 H27 52.767(1.98%) 20.466(0.27%) 62.830(3.38%) 22.784(0.20%) 67.639(4.32%) 23.502(0.20%) 1575

2 L9 + 6x2 H27 52.844(1.84%) 20.470(0.29%) 62.881(3.30%) 22.785(0.20%) 67.679(4.27%) 23.501(0.21%) 1935

3 L9 + 4x3 H27 52.836(1.85%) 20.176(1.15%) 62.837(3.37%) 22.642(0.83%) 67.603(4.37%) 23.421(0.55%) 2205

3 L9 + 6x3 H27 52.913(1.71%) 20.180(1.13%) 62.887(3.29%) 22.643(0.82%) 67.642(4.32%) 23.421(0.55%) 2709

5 2 L9 + 4x2 H27 52.755(2.00%) 20.451(0.20%) 62.823(3.39%) 22.766(0.28%) 67.635(4.33%) 23.486(0.27%) 2790

2 L9 + 6x2 H27 52.833(1.86%) 20.455(0.22%) 62.875(3.31%) 22.768(0.27%) 67.675(4.27%) 23.487(0.26%) 3150

3 L9 + 4x3 H27 52.822(1.88%) 20.179(1.13%) 62.827(3.38%) 22.642(0.82%) 67.598(4.38%) 23.420(0.55%) 3609

3 L9 + 6x3 H27 52.901(1.73%) 20.184(1.11%) 62.879(3.30%) 22.644(0.81%) 67.638(4.33%) 23.421(0.55%) 4410

10 2 L9 + 4x2 H27 52.754(2.01%) 20.448(0.18%) 62.821(3.39%) 22.764(0.29%) 67.632(4.33%) 23.485(0.27%) 4815

2 L9 + 6x2 H27 52.832(1.86%) 20.453(0.20%) 62.873(3.31%) 22.766(0.28%) 67.672(4.28%) 23.486(0.27%) 5175

3 L9 + 4x3 H27 52.821(1.88%) 20.179(1.14%) 62.826(3.39%) 22.642(0.82%) 67.597(4.38%) 23.420(0.55%) 6741

3 L9 + 6x3 H27 52.900(1.73%) 20.184(1.11%) 62.878(3.31%) 22.644(0.82%) 67.637(4.33%) 23.421(0.55%) 7245

ABQ 1140 C3D20R 53.833 20.411 65.028 22.830 70.696 23.549 21249

Table C.5: Doubly-curved beam subjected to uniform loads, traction pressure case: horizontal uz and
vertical uy displacements components [mm]. Comparison between variable-kinematics dis-
cretization model and ABAQUS 3D reference solutions for different load conditions.

p = 500 MPa p = 1000 MPa p = 1500 MPa

B4 Model −uy −uz −uy −uz −uy −uz DOF

2 2 L9 + 4x2 H27 18.666(1.28%) 40.510(1.81%) 21.208(0.48%) 56.567(2.94%) 23.146(0.15%) 65.563(3.82%) 1575

2 L9 + 6x2 H27 18.659(1.32%) 40.600(1.59%) 21.205(0.49%) 56.643(2.81%) 23.146(0.15%) 65.623(3.73%) 1935

3 L9 + 4x3 H27 18.664(1.29%) 40.582(1.64%) 21.211(0.46%) 56.631(2.83%) 23.153(0.18%) 65.613(3.75%) 2205

3 L9 + 6x3 H27 18.657(1.33%) 40.672(1.42%) 21.208(0.48%) 56.707(2.70%) 23.153(0.18%) 65.672(3.66%) 2709

5 2 L9 + 4x2 H27 18.674(1.24%) 40.510(1.81%) 21.233(0.36%) 56.577(2.92%) 23.217(0.46%) 65.619(3.74%) 2790

2 L9 + 6x2 H27 18.665(1.29%) 40.599(1.60%) 21.228(0.38%) 56.652(2.79%) 23.214(0.45%) 65.678(3.65%) 3150

3 L9 + 4x3 H27 18.672(1.26%) 40.581(1.64%) 21.235(0.35%) 56.642(2.81%) 23.222(0.48%) 65.670(3.66%) 3609

3 L9 + 6x3 H27 18.663(1.3%) 40.671(1.42%) 21.230(0.38%) 56.717(2.68%) 23.220(0.47%) 65.729(3.58%) 4410

10 2 L9 + 4x2 H27 18.674(1.24%) 40.509(1.81%) 21.235(0.35%) 56.579(2.92%) 23.230(0.52%) 65.634(3.72%) 4815

2 L9 + 6x2 H27 18.665(1.29%) 40.599(1.60%) 21.230(0.38%) 56.654(2.79%) 23.227(0.51%) 65.693(3.63%) 5175

3 L9 + 4x3 H27 18.672(1.25%) 40.581(1.64%) 21.237(0.34%) 56.643(2.81%) 23.235(0.54%) 65.684(3.64%) 6741

3 L9 + 6x3 H27 18.663(1.3%) 40.670(1.42%) 21.231(0.37%) 56.718(2.68%) 23.233(0.53%) 65.743(3.56%) 7245

ABQ 1140 C3D20R 18.909 41.257 21.310 58.278 23.111 68.167 21249

Table C.6: Doubly-curved beam subjected to uniform loads, shear pressure case: horizontal uz and
vertical uy displacements components [mm]. Comparison between variable-kinematics dis-
cretization model and ABAQUS 3D reference solutions for different load conditions.
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Figures C.10–C.11 illustrate the equilibrium curves of the frame under normal traction pres-
sure, reporting separately the horizontal and vertical displacement components at point “A.”
The corresponding results for the shear traction pressure applied at the free end are shown in
Figs. C.12–C.13. Stress distributions are reported in Figs. C.14–C.15, in which the contour
plots of the normal and transverse stress components σyy and σyz under a normal pressure of
p = 900 MPa are depicted Results are compared between the 10B4–3L9 + 6Ö3 H27 discretiza-
tion and the ABAQUS 3D solution. A similar comparison is shown in Figs. C.16–C.17, where
the normal σyy and σzz stress components are evaluated for the shear pressure case (p = 500
MPa), adopting the same discretization model. The convergence analysis for the traction pres-
sure case shows that the vertical displacement component uz is accurately predicted across all
mathematical models. For the horizontal component uy, moderate discrepancies (below 5%) ap-
pear and increase with the applied load. Comparable findings are observed in the shear pressure
case: the displacement component orthogonal to the load direction is well predicted, while the
transversal component exhibits reduced accuracy at higher pressures. In both load scenarios,
the absolute percentage differences between the variable-kinematics results and the ABAQUS
3D solutions remain consistent across most discretizations. Even models with a limited num-
ber of beam-axis elements achieve good agreement, indicating that accuracy is not sensitive to
the beam-axis discretization. Instead, the predictions depend strongly on the cross-section and
corner discretizations (radial and tangential directions). Coarse discretizations provide a good
balance between accuracy and efficiency: the 2B4–2L9 + 4Ö2 H27 model already yields reliable
results with a 92% reduction in computational cost compared to the reference solution, while
maintaining acceptable deviations from refined models. Stress contour plots confirm good agree-
ment with the ABAQUS 3D reference, showing smooth distributions and consistent prediction
of local stress concentrations at the curved corners. Minor discrepancies between the two ap-
proaches under traction and shear loading can be attributed to differences in the mathematical
formulations and to local effects arising from the coupling of distinct structural theories in the
corner regions. Finally, it is observed that the 3D solid model predicts a less stiff structural
response than the variable-kinematics formulations, leading to larger displacements. This trend,
also reported in previous works [204], can be linked to local stiffness variations at the interfaces,
which represent critical zones of the structure, and to the different structural theories coupled
within the corner regions.
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Figure C.10: Doubly-curved beam subjected to uniform loads, traction pressure case, p = (0, py,0):
equilibrium curve, horizontal displacement vs pressure applied.
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Figure C.11: Doubly-curved beam subjected to uniform loads, traction pressure case, p = (0, py,0):
equilibrium curves, vertical displacement vs pressure applied.
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Figure C.12: Doubly-curved beam subjected to uniform loads, shear pressure case, p = (0,0,−pz):
equilibrium curve, horizontal displacement vs pressure applied.
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Figure C.13: Doubly-curved beam subjected to uniform loads, shear pressure case, p = (0,0,−pz):
equilibrium curves, vertical displacement vs pressure applied.
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Figure C.14: Doubly-curved beam subjected to uniform loads, traction pressure case: contour plot
of σyy stress component for p = 900 MPa, stress values in MPa. Comparison between
variable-kinematic results and ABAQUS 3D solutions.
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Figure C.15: Doubly-curved beam subjected to uniform loads, traction pressure case: contour plot
of σyz stress component for p = 900 MPa, stress values in MPa. Comparison between
variable-kinematic results and ABAQUS 3D solutions.
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Figure C.16: Doubly-curved beam subjected to uniform loads, shear pressure case: contour plot of σyy

stress component for p = 500 MPa, stress values in MPa. Comparison between variable-
kinematic results and ABAQUS 3D solutions.
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Figure C.17: Doubly-curved beam subjected to uniform loads, shear pressure case: contour plot of σzz

stress component for p = 500 MPa, stress values in MPa. Comparison between variable-
kinematic results and ABAQUS 3D solutions.

C.3.4 Pipe joint structure

The final case study in the geometrically nonlinear static analysis of complex structures,
a representative and simplified pipe-like system connected through a central joint is analyzed
under concentrated loads. This example highlights the capabilities of multi-dimensional finite
element modeling, where classical hexahedral solid elements are used for the connecting regions
and refined higher-order beam models are employed for the adjoining truss-like structures, ex-
ploring the capabilities of the present approach in thin-walled structural modeling. In the global
symmetric frame, the joint connects two horizontal hollow beams with square cross-sections and
two vertical hollow cylindrical beams with different internal and external radii. The geometry of
the system and the boundary conditions adopted are illustrated in Fig. C.18, while the consid-
ered dimensions are reported in Table C.7. The frame is made of steel, with material properties
defined by a Young modulus of E = 210 GPa and a Poisson’s ratio of ν = 0.3. For the 3D joint
discretization, the red-colored region in Fig. C.18, only parabolic hexahedral H27 elements are
employed. The horizontal square-section beams are modeled using refined beam elements, ex-
ploiting 20 parabolic L9 (nine-node) cross-section elements and five cubic B4 elements along the
beam axis for each frame. The vertical cylindrical beams are modeled with 30 L9 elements across
the circular cross-section and 10 cubic B4 elements along the axis. The discretization strategies

Sec. A Sec. B Sec. C Joint

lC1 40 mm lC2 56 mm lQ 23 mm hJ 24 mm
rext 13.2 mm rext 8.2 mm hQ 12 mm d 6 mm
rext 12 mm rext 7 mm tQ 1.5 mm wJ 17 mm

Table C.7: Pipe joint: dimensions of each sub-components.

adopted for the beams and the connecting region, enabled by LE models, are illustrated in Fig.
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Figure C.18: Pipe joint: geometrical features and boundary conditions considered.

C.19. The applied loading conditions are shown in Fig. C.20: four concentrated forces F are ap-
plied at the free end of the cylindrical beam, while eight concentrated forces of magnitude F/2 are
applied at the free end of the hollow square beam. The structural response is evaluated in terms
of the displacement components of point “A,” indicated in Fig. C.20, located at coordinates
(0, LC1 + hJ +LC2 , rextA). The equilibrium curves of the structure, describing the displacement
of point “A” under incremental shear loads at the circular tip-free end, are reported in Fig. C.21.
These curves highlight the differences between linear and nonlinear responses, with significant
discrepancies emerging for shear loads greater than 6 kN. The corresponding displacement values
at selected equilibrium points are provided in Table C.8, along with the computational cost ex-
pressed in terms of degrees of freedom (DOF). The structure exhibits an almost linear response
in the moderate load range, while strongly nonlinear effects appear beyond this range. At higher
loads, localized phenomena become evident, such as local buckling of the cylindrical clamped
beam, occurring in the 9–10 kN range. Figure C.22(a) illustrates the deformed structure in two
non-trivial equilibrium states, while Fig. C.23 shows the stress contour distribution in the joint
region for the post-buckling configuration at F = 10.14 kN. The global equilibrium path indi-
cates a highly nonlinear static response, with typical buckling behavior identified at the critical
load of F = 9.20 kN, where small load variations lead to large displacement increments. In this
regime, stress levels exceed the elastic limit, indicating that material nonlinearities should be
accounted for. The proposed approach proves effective for capturing local effects such as stress
concentrations and buckling, while maintaining computational efficiency. Compared with full
3D analyses, the computational cost is significantly reduced, requiring only about 60,000 DOF.
The CUF-based FE formulation, being independent of kinematic assumptions and structural
theory approximations, enables a seamless discretization of different beam cross-sections within
a unified framework. By tailoring the cross-section expansion discretization to meet accuracy
requirements and coupling constraints, the method provides an efficient and accurate tool for
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advanced finite element modeling of complex structures.

B4 B4

B4

B4

L9

1D cross-section nodes

3D model connecting nodes

H27

Figure C.19: Pipe joint: multi-dimensional discretization modeling adopted and variable-kinematics
models assembling.

F

2

F

A

Figure C.20: Pipe joint: reference frame and load conditions.
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Equilibrium conditions

F [kN] ux [mm] uy [mm] uz [mm] F [kN] ux [mm] uy [mm] uz [mm]

0.00 0.0000 0.0000 0.0000 5.61 -4.9101 3.1180 13.2871
0.05 -0.0312 0.0197 0.1351 9.20 -8.1083 5.6731 19.6508
0.16 -0.1002 0.0631 0.4284 10.14 -15.9897 10.6175 25.9269
0.40 -0.2558 0.1608 1.0631 10.58 -18.8694 12.6802 27.6567
0.91 -0.6191 0.3880 2.4284 10.16 -21.9841 14.9957 28.4426
1.76 -1.2831 0.8014 4.6121 10.46 -20.0800 13.5115 27.9940
3.17 -2.5373 1.5832 8.0492 10.53 -18.5592 12.4582 27.4918

DOF 60138

Table C.8: Pipe joint: displacement components measured at the point ”A” for different values condi-
tions.
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Figure C.21: Pipe joint: multi-dimensional discretization modelling adopted and variable-kinematics
models assembling.
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Figure C.22: Pipe joint: deformed configurations for the local buckling representation, displacement in
[mm].
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(a) σxx (b) σyy

(c) σzz (d) σyz

Figure C.23: Pipe joint: plot contour of stress components for F = 10.14 kN, stress in [MPa].
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[100] Firouzi N. and Żur K.K. “On the generalized nonlinear mechanics of compressible, incom-
pressible, isotropic, and anisotropic hyperelastic membranes”. In: International Journal
of Solids and Structures 264 (Mar. 2023), p. 112088. issn: 0020-7683. doi: 10.1016/j.
ijsolstr.2022.112088.

[101] Hong W. “Inverse Lagrangian formulation for the deformation of hyperelastic solids”. In:
Extreme Mechanics Letters 9 (Dec. 2016), pp. 30–39. issn: 2352-4316. doi: 10.1016/j.
eml.2016.04.009.

[102] L:B. Da Veiga, Brezzi F., Marini L.D., and Russo A. “The virtual element method”. In:
Acta Numerica 32 (May 2023), pp. 123–202. issn: 1474-0508. doi: 10.1017/s0962492922000095.

[103] Van Huyssteen D. and Reddy B.D. “A virtual element method for isotropic hyperelas-
ticity”. In: Computer Methods in Applied Mechanics and Engineering 367 (Aug. 2020),
p. 113134. issn: 0045-7825. doi: 10.1016/j.cma.2020.113134.

[104] Karabelas E., Haase G., Plank G., and Augustin C.M. “Versatile stabilized finite element
formulations for nearly and fully incompressible solid mechanics”. In: Computational
Mechanics 65.1 (Sept. 2019), pp. 193–215. issn: 1432-0924. doi: 10.1007/s00466-019-
01760-w.

230

https://doi.org/10.1016/0045-7825(83)90055-5
https://doi.org/10.1002/nme.1620350511
https://doi.org/10.1002/nme.1620350511
https://doi.org/10.1007/s00707-025-04310-z
https://doi.org/10.1007/s00466-023-02356-1
https://doi.org/10.1007/s00366-020-00959-3
https://doi.org/10.1007/s00366-020-00959-3
https://doi.org/10.1016/j.ijnonlinmec.2019.05.003
https://doi.org/10.1016/j.jcomc.2023.100369
https://doi.org/10.1016/j.cma.2007.10.005
https://doi.org/10.1016/j.cma.2007.10.005
https://doi.org/10.1016/j.ijsolstr.2022.112088
https://doi.org/10.1016/j.ijsolstr.2022.112088
https://doi.org/10.1016/j.eml.2016.04.009
https://doi.org/10.1016/j.eml.2016.04.009
https://doi.org/10.1017/s0962492922000095
https://doi.org/10.1016/j.cma.2020.113134
https://doi.org/10.1007/s00466-019-01760-w
https://doi.org/10.1007/s00466-019-01760-w


BIBLIOGRAPHY

[105] Lejeunes S., Boukamel A., and Cochelin B. “Analysis of Laminated Rubber Bearings
with a Numerical Reduction Model Method”. In: Archive of Applied Mechanics 76.5–6
(June 2006), pp. 311–326. issn: 1432-0681. doi: 10.1007/s00419-006-0030-z.

[106] Leonetti L. and Verhelst H.M. “A hierarchic isogeometric hyperelastic solid-shell”. In:
Computational Mechanics 74.3 (Mar. 2024), pp. 723–742. issn: 1432-0924. doi: 10.1007/
s00466-024-02452-w.

[107] Kiendl J., Hsu M.C., Wu M.C.H., and Reali A. “Isogeometric Kirchhoff–Love shell formu-
lations for general hyperelastic materials”. In: Computer Methods in Applied Mechanics
and Engineering 291 (July 2015), pp. 280–303. issn: 0045-7825. doi: 10.1016/j.cma.
2015.03.010.

[108] Nitti A., Kiendl J., Gizzi A., Reali A., and De Tullio M.D. “A curvilinear isogeometric
framework for the electromechanical activation of thin muscular tissues”. In: Computer
Methods in Applied Mechanics and Engineering 382 (Aug. 2021), p. 113877. issn: 0045-
7825. doi: 10.1016/j.cma.2021.113877.

[109] Schulte J., Dittmann M., Eugster S.R., Hesch S., Reinicke T., dell’Isola F., and Hesch
C. “Isogeometric analysis of fiber reinforced composites using Kirchhoff–Love shell ele-
ments”. In: Computer Methods in Applied Mechanics and Engineering 362 (Apr. 2020),
p. 112845. issn: 0045-7825. doi: 10.1016/j.cma.2020.112845.

[110] Hansy-Staudigl E., Krommer M., and Humer A. “A complete direct approach to nonlinear
modeling of dielectric elastomer plates”. In: Acta Mechanica 230.11 (Oct. 2019), pp. 3923–
3943. issn: 1619-6937. doi: 10.1007/s00707-019-02529-1.

[111] Humer A., Pechstein A.S., Meindlhumer M., and Krommer M. “Nonlinear electrome-
chanical coupling in ferroelectric materials: large deformation and hysteresis”. In: Acta
Mechanica 231.6 (Apr. 2020), pp. 2521–2544. issn: 1619-6937. doi: 10.1007/s00707-
020-02657-z.

[112] Liu Z., McBride A., Ghosh A., Heltai L., Huang W., Yu T., Steinmann P., and Saxena P.
“Computational instability analysis of inflated hyperelastic thin shells using subdivision
surfaces”. In: Computational Mechanics 73.2 (July 2023), pp. 257–276. issn: 1432-0924.
doi: 10.1007/s00466-023-02366-z.

[113] Pascon J.P. “Finite element analysis of functionally graded hyperelastic beams under
plane stress”. In: Engineering with Computers 36.4 (May 2019), pp. 1265–1288. issn:
1435-5663. doi: 10.1007/s00366-019-00761-w.

[114] Pascon J.P. “Large deformation analysis of plane-stress hyperelastic problems via tri-
angular membrane finite elements”. In: International Journal of Advanced Structural
Engineering 11.3 (Aug. 2019), pp. 331–350. issn: 2008-6695. doi: 10.1007/s40091-019-
00234-w.

[115] Nayyar V., Ravi-Chandar K., and Huang R. “Stretch-induced stress patterns and wrinkles
in hyperelastic thin sheets”. In: International Journal of Solids and Structures 48.25–26
(Dec. 2011, DOI: 10.1016/j.ijsolstr.2011.09.004), pp. 3471–3483. issn: 0020-7683. doi:
10.1016/j.ijsolstr.2011.09.004.

[116] Dadgar-Rad F. and Sahraee S. “Large deformation analysis of fully incompressible hyper-
elastic curved beams”. In: Applied Mathematical Modelling 93 (May 2021), pp. 89–100.
issn: 0307-904X. doi: 10.1016/j.apm.2020.12.001.

231

https://doi.org/10.1007/s00419-006-0030-z
https://doi.org/10.1007/s00466-024-02452-w
https://doi.org/10.1007/s00466-024-02452-w
https://doi.org/10.1016/j.cma.2015.03.010
https://doi.org/10.1016/j.cma.2015.03.010
https://doi.org/10.1016/j.cma.2021.113877
https://doi.org/10.1016/j.cma.2020.112845
https://doi.org/10.1007/s00707-019-02529-1
https://doi.org/10.1007/s00707-020-02657-z
https://doi.org/10.1007/s00707-020-02657-z
https://doi.org/10.1007/s00466-023-02366-z
https://doi.org/10.1007/s00366-019-00761-w
https://doi.org/10.1007/s40091-019-00234-w
https://doi.org/10.1007/s40091-019-00234-w
https://doi.org/10.1016/j.ijsolstr.2011.09.004
https://doi.org/10.1016/j.apm.2020.12.001


BIBLIOGRAPHY

[117] Hu W., Wu C.T., and Koishi M. “A displacement-based nonlinear finite element formula-
tion using meshfree-enriched triangular elements for the two-dimensional large deforma-
tion analysis of elastomers”. In: Finite Elements in Analysis and Design 50 (Mar. 2012),
pp. 161–172. issn: 0168-874X. doi: 10.1016/j.finel.2011.09.007.

[118] Dadgar-Rad F. and Firouzi N. “Large deformation analysis of two-dimensional visco-
hyperelastic beams and frames”. In: Archive of Applied Mechanics 91.10 (June 2021),
pp. 4279–4301. issn: 1432-0681. doi: 10.1007/s00419-021-02008-x.

[119] Salamatova V.Y., Vassilevski Y.V., and Wang L. “Finite Element Models of Hyperelastic
Materials Based on a New Strain Measure”. In: Differential Equations 54.7 (July 2018),
pp. 971–978. issn: 1608-3083. doi: 10.1134/s0012266118070145.

[120] Firouzi N. and Amabili M. “Two-dimensional growth of incompressible and compressible
soft biological tissues”. In: European Journal of Mechanics - A/Solids 103 (Jan. 2024),
p. 105150. issn: 0997-7538. doi: 10.1016/j.euromechsol.2023.105150.

[121] Reese S., Raible T., and Wriggers P. “Finite element modelling of orthotropic material
behaviour in pneumatic membranes”. In: International Journal of Solids and Structures
38.52 (Dec. 2001), pp. 9525–9544. doi: 10.1016/s0020-7683(01)00137-8.

[122] Suchocki C. “Finite element implementation of slightly compressible and incompressible
first invariant-based hyperelasticity: theory, coding, exemplary problems”. In: Journal of
Theoretical and Applied Mechanics (July 2017), p. 787. issn: 1429-2955. doi: 10.15632/
jtam-pl.55.3.787.

[123] Kulikov G.M. and Plotnikova S.V. “On the second Piola-Kirchhoff and Cauchy stress
tensors in nonlinear shells subjected to displacement-dependent loads”. In: Mechanics of
Advanced Materials and Structures 31.16 (Feb. 2023), pp. 3564–3582. issn: 1537-6532.
doi: 10.1080/15376494.2023.2180121.

[124] Kulikov G.M., Plotnikova S.V., and Mamontov A.A. “Assessment of second Piola–Kirchhoff
and Cauchy stress tensors in finite rotation sandwich and laminated shells under non-
conservative pressure loads”. In: Acta Mechanica 235.7 (May 2024), pp. 4489–4513. issn:
1619-6937. doi: 10.1007/s00707-024-03925-y.

[125] Amabili M. Nonlinear Mechanics of Shells and Plates in Composite, Soft and Biological
Materials. Cambridge University Press, p. 582. isbn: 9781107129221.

[126] Carrera E. “Theories and Finite Elements for Multilayered Plates and Shells: A Uni-
fied compact formulation with numerical assessment and benchmarking”. In: Archives of
Computational Methods in Engineering 10.3 (Sept. 2003), pp. 215–296. issn: 1886-1784.
doi: 10.1007/bf02736224.

[127] Carrera E. and Ciuffreda A. “A unified formulation to assess theories of multilayered
plates for various bending problems”. In: Composite Structures 69.3 (July 2005), pp. 271–
293. issn: 0263-8223. doi: 10.1016/j.compstruct.2004.07.003.

[128] Carrera E. and Petrolo M. “Guidelines and Recommendations to Construct Theories for
Metallic and Composite Plates”. In: AIAA Journal 48.12 (Dec. 2010), pp. 2852–2866.
issn: 1533-385X. doi: 10.2514/1.j050316.

[129] Carrera E., Cinefra M., Zappino E., and Petrolo M. Finite Element Analysis of Structures
Through Unified Formulation. Wiley, Chichester, West Sussex, UK, 2014, July 2014. doi:
10.1002/9781118536643.

232

https://doi.org/10.1016/j.finel.2011.09.007
https://doi.org/10.1007/s00419-021-02008-x
https://doi.org/10.1134/s0012266118070145
https://doi.org/10.1016/j.euromechsol.2023.105150
https://doi.org/10.1016/s0020-7683(01)00137-8
https://doi.org/10.15632/jtam-pl.55.3.787
https://doi.org/10.15632/jtam-pl.55.3.787
https://doi.org/10.1080/15376494.2023.2180121
https://doi.org/10.1007/s00707-024-03925-y
https://doi.org/10.1007/bf02736224
https://doi.org/10.1016/j.compstruct.2004.07.003
https://doi.org/10.2514/1.j050316
https://doi.org/10.1002/9781118536643


BIBLIOGRAPHY

[130] Pagani A. and Carrera E. “Unified formulation of geometrically nonlinear refined beam
theories”. In: Mechanics of Advanced Materials and Structures 25.1 (Sept. 2016), pp. 15–
31. doi: 10.1080/15376494.2016.1232458.

[131] Carrera E., Pagani A., and Augello R. “Large deflection and post-buckling of thin-walled
structures by finite elements with node-dependent kinematics”. In: Acta Mechanica 232.2
(Nov. 2020), pp. 591–617. issn: 1619-6937. doi: 10.1007/s00707-020-02857-7.

[132] Wu B., Pagani A., Chen W. Q., and Carrera E. “Geometrically nonlinear refined shell the-
ories by Carrera Unified Formulation”. In: Mechanics of Advanced Materials and Struc-
tures (Dec. 2019), pp. 1–21. issn: 1537-6532. doi: 10.1080/15376494.2019.1702237.

[133] Carrera E., Pagani A., and Augello R. “Evaluation of geometrically nonlinear effects due
to large cross-sectional deformations of compact and shell-like structures”. In: Mechanics
of Advanced Materials and Structures 27.14 (Sept. 2018), pp. 1269–1277. issn: 1537-6532.
doi: 10.1080/15376494.2018.1507063.

[134] Pagani A., Carrera E., and Augello R. “Evaluation of Various Geometrical Nonlinearities
in the Response of Beams and Shells”. In: AIAA Journal 57.8 (Aug. 2019), pp. 3524–
3533. issn: 1533-385X. doi: 10.2514/1.j057877.

[135] Carrera E., Pagani A., Augello R., and Wu B. “Popular benchmarks of nonlinear shell
analysis solved by 1D and 2D CUF-based finite elements”. In: Mechanics of Advanced
Materials and Structures 27.13 (Feb. 2020), pp. 1098–1109. doi: 10.1080/15376494.
2020.1728450.

[136] Carrera E., Pagani A., Giusa D., and Augello R. “Nonlinear analysis of thin-walled beams
with highly deformable sections”. In: International Journal of Non-Linear Mechanics 128
(Jan. 2021), p. 103613. issn: 0020-7462. doi: 10.1016/j.ijnonlinmec.2020.103613.

[137] M. Filippi, A. Pagani, and E. Carrera. “Accurate Nonlinear Dynamics and Mode Aber-
ration of Rotating Blades”. In: Journal of Applied Mechanics 85.11 (July 2018). issn:
1528-9036. doi: 10.1115/1.4040693.

[138] Filippi M., Azzara R., and Carrera E. “Rotordynamic analyses with variable-kinematic
beam and shell finite elements”. In: Mechanics of Advanced Materials and Structures 31.1
(Aug. 2023), pp. 45–57. issn: 1537-6532. doi: 10.1080/15376494.2023.2246221.

[139] Azzara R., Filippi M., and Carrera E. “Geometrically nonlinear transient analyses of
rotating structures through high-fidelity models”. In: Composite Structures 343 (Sept.
2024), p. 118265. issn: 0263-8223. doi: 10.1016/j.compstruct.2024.118265.

[140] Shen J., Arruda M.R., Pagani A., Carrera E., Zappino E., Augello R., and Petrolo M.
“Node-Dependent Kinematics Approach for Damage Analysis of Reinforced Concrete
Structures”. In: Journal of Structural Engineering 151.8 (Aug. 2025). issn: 1943-541X.
doi: 10.1061/jsendh.steng-13729.

[141] Nagaraj M.H., Reiner J., Vaziri R., Carrera E., and Petrolo M. “Progressive damage
analysis of composite structures using higher-order layer-wise elements”. In: Composites
Part B: Engineering 190 (June 2020), p. 107921. issn: 1359-8368. doi: 10.1016/j.

compositesb.2020.107921.

[142] Filippi M., Entezari A., and Carrera E. “Unified finite element approach for generalized
coupled thermoelastic analysis of 3D beam-type structures, part 2: Numerical evalua-
tions”. In: Journal of Thermal Stresses 40.11 (July 2017), pp. 1402–1416. issn: 1521-
074X. doi: 10.1080/01495739.2017.1336741.

233

https://doi.org/10.1080/15376494.2016.1232458
https://doi.org/10.1007/s00707-020-02857-7
https://doi.org/10.1080/15376494.2019.1702237
https://doi.org/10.1080/15376494.2018.1507063
https://doi.org/10.2514/1.j057877
https://doi.org/10.1080/15376494.2020.1728450
https://doi.org/10.1080/15376494.2020.1728450
https://doi.org/10.1016/j.ijnonlinmec.2020.103613
https://doi.org/10.1115/1.4040693
https://doi.org/10.1080/15376494.2023.2246221
https://doi.org/10.1016/j.compstruct.2024.118265
https://doi.org/10.1061/jsendh.steng-13729
https://doi.org/10.1016/j.compositesb.2020.107921
https://doi.org/10.1016/j.compositesb.2020.107921
https://doi.org/10.1080/01495739.2017.1336741


BIBLIOGRAPHY

[143] Sánchez-Majano A.R., Masia R., Pagani A., and Carrera E. “Microscale thermo-elastic
analysis of composite materials by high-order geometrically accurate finite elements”. In:
Composite Structures 300 (Nov. 2022), p. 116105. issn: 0263-8223. doi: 10.1016/j.
compstruct.2022.116105.

[144] Carrera E., Cinefra M., and Fazzolari F.A. “Some Results on Thermal Stress of Layered
Plates and Shells by Using Unified Formulation”. In: Journal of Thermal Stresses 36.6
(June 2013), pp. 589–625. issn: 1521-074X. doi: 10.1080/01495739.2013.784122.

[145] Cinefra M., Valvano S., and Carrera E. “A layer-wise MITC9 finite element for the free-
vibration analysis of plates with piezo-patches”. In: International Journal of Smart and
Nano Materials 6.2 (Apr. 2015), pp. 85–104. issn: 1947-542X. doi: 10.1080/19475411.
2015.1037377.

[146] Marsden J.E. and Hughes J.R.T. Mathematical Foundations of Elasticity. Dover, Engle-
wood Cliffs, N.J., Prentice-Hall, 1983, p. 556. isbn: 0486678652.

[147] Bonet J. and Wood R.D. Nonlinear Continuum Mechanics for Finite Element Analysis.
Cambridge University Press, 2010. isbn: 9780511755446.

[148] Crisfield M. A. Non-Linear Finite Element Analysis of Solids and Structures. Wiley,
1996, p. 362. isbn: 9780471970590.

[149] Lanczos C. The Variational Principles of Mechanics. Dover Publications, 1986, p. 418.
isbn: 0486650677.

[150] Reddy J.N. Energy and Variational Methods in Applied Mechanics. with an introduction
to the finite element method. Wiley, 1984, p. 545. isbn: 047189673X.

[151] Simo J.C. and Hugher T.J.R. Computational Inelasticity. Springer-Verlag, New York,
1998, p. 392. isbn: 0387975209.

[152] Landau L.D. and Lifsits E.M. Fisica teorica. Editori Riuniti Univ. Press, 2010. isbn:
9788864732022.

[153] Sahraee S. and Wriggers P. Tensor Calculus and Differential Geometry for Engineers:
With Solved Exercises. Springer Nature Switzerland, 2023. isbn: 9783031339530. doi:
10.1007/978-3-031-33953-0.

[154] Suchocki C. and Jemio lo S. “Polyconvex hyperelastic modeling of rubberlike materials”.
In: Journal of the Brazilian Society of Mechanical Sciences and Engineering 43.7 (June
2021). issn: 1806-3691. doi: 10.1007/s40430-021-03062-w.

[155] Rivlin R.S. “Objectivity of the constitutive equation for a material with memory”. In:
International Journal of Solids and Structures 27.3 (1991), pp. 395–397. issn: 0020-7683.
doi: 10.1016/0020-7683(91)90090-3.

[156] Bonet J., Gil A.J., and Wood R. Nonlinear Solid Mechanics for Finite Element Analysis:
Statics. Statics. Cambridge University Press, 2016, p. 350. isbn: 9781107115798.

[157] Flory P.J. “Thermodynamic relations for high elastic materials”. In: Transactions of the
Faraday Society 57 (1961), p. 829. doi: 10.1039/tf9615700829.

[158] Euler L. “Methodus inveniendi lineas curvas maximi minimive proprietategaudentes sive
solutio problematis isoperimetrici latissimo sensu accepti”. In: Vol. 1.Berlin, Germany:
Springer Science & Business Media (1952).

[159] Timoshenko S.P. “On the transverse vibrations of bars of uniform cross-section”. In:
Philosophical Magazine, Vol. 43, pp. 125–131 (1922).

234

https://doi.org/10.1016/j.compstruct.2022.116105
https://doi.org/10.1016/j.compstruct.2022.116105
https://doi.org/10.1080/01495739.2013.784122
https://doi.org/10.1080/19475411.2015.1037377
https://doi.org/10.1080/19475411.2015.1037377
https://doi.org/10.1007/978-3-031-33953-0
https://doi.org/10.1007/s40430-021-03062-w
https://doi.org/10.1016/0020-7683(91)90090-3
https://doi.org/10.1039/tf9615700829


BIBLIOGRAPHY

[160] Carrera E., Giunta G., and Petrolo M. Beam Structures: Classical and Advanced Theories.
Classical and Advanced Theories. Wiley, Chichester, West Sussex, UK, 2011, p. 208. isbn:
9781119951049.

[161] Wang C.M., Reddy J.N., and Lee K.H. Shear Deformable Beams and Plates. Ed. by
Elsevier. Elsevier Science, 2000, p. 312. isbn: 9780080437842.

[162] Kapania R.K. and Raciti R. “Recent advances in analysis of laminated beams and plates.
Part I - Sheareffects and buckling.” In: AIAA Journal 27.7 (July 1989), pp. 923–935. issn:
1533-385X. doi: 10.2514/3.10202.

[163] Kapania R.K. and Raciti S. “Recent Advances in Analysis of Laminated Beams and
Plates, Part II: Vibrations and Wave Propagation”. In: AIAA Journal 27.7 (July 1989),
pp. 935–946. issn: 1533-385X. doi: 10.2514/3.59909.

[164] Giunta G., Biscani F., Belouettar S., and Carrera E. “Analysis of thin-walled beams via
a one-dimentional unified formulation thorugh a Navier-type solution”. In: International
Journal of Applied Mechanics 03.03 (Sept. 2011), pp. 407–434. issn: 1758-826X. doi:
10.1142/s1758825111001056.

[165] Carrera E. and Petrolo M. “On the Effectiveness of Higher-Order Terms in Refined Beam
Theories”. In: Journal of Applied Mechanics 78.2 (Nov. 2010). issn: 1528-9036. doi:
10.1115/1.4002207.

[166] Carrera E., Pagani A., and Petrolo M. “Classical, Refined, and Component-Wise Analysis
of Reinforced-Shell Wing Structures”. In: AIAA Journal 51.5 (May 2013), pp. 1255–1268.
issn: 1533-385X. doi: 10.2514/1.j052331.

[167] Kirchhoff G. “Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe”. In:
Journal für die reine und angewandte Mathematik, Vol. 40,pp. 51–88. (1850).

[168] Reissner E. “The Effect of Transverse Shear Deformation on the Bending of Elastic
Plates”. In: Journal of Applied Mechanics 12.2 (June 1945), A69–A77. issn: 1528-9036.
doi: 10.1115/1.4009435.

[169] Reddy J.N. “A general non-linear third-order theory of plates with moderate thickness”.
In: International Journal of Non-Linear Mechanics 25.6 (Jan. 1990), pp. 677–686. issn:
0020-7462. doi: 10.1016/0020-7462(90)90006-u.

[170] Reddy J.N. and Liu C.F. “A higher-order shear deformation theory of laminated elastic
shells”. In: International Journal of Engineering Science 23.3 (Jan. 1985), pp. 319–330.
issn: 0020-7225. doi: 10.1016/0020-7225(85)90051-5.

[171] Naghdi P.M. “A survey of recet progress in the theory of elastic shells”. In: Applied
Mechanics Review, Vol. 9, pp. 365-368 (1956).

[172] Reddy J.N. Mechanics of Laminated Composite Plates and Shells Theory and Analysis,
Second Edition. Theory and Analysis, Second Edition. Taylor & Francis Group, 2003,
p. 858. isbn: 9780203502808.

[173] Jemielita G. “On Kinematical Assumptions of Refined Theories of Plates: A Survey”.
In: Journal of Applied Mechanics 57.4 (Dec. 1990), pp. 1088–1091. issn: 1528-9036. doi:
10.1115/1.2897635.

[174] Reissner E. “A Consistent Treatment of Transverse Shear Deformations in Laminated
Anisotropic Plates”. In: AIAA Journal 10.5 (May 1972), pp. 716–718. issn: 1533-385X.
doi: 10.2514/3.50194.

235

https://doi.org/10.2514/3.10202
https://doi.org/10.2514/3.59909
https://doi.org/10.1142/s1758825111001056
https://doi.org/10.1115/1.4002207
https://doi.org/10.2514/1.j052331
https://doi.org/10.1115/1.4009435
https://doi.org/10.1016/0020-7462(90)90006-u
https://doi.org/10.1016/0020-7225(85)90051-5
https://doi.org/10.1115/1.2897635
https://doi.org/10.2514/3.50194


BIBLIOGRAPHY

[175] Carrera E. “Historical review of Zig-Zag theories for multilayered plates and shells”. In:
Applied Mechanics Reviews 56.3 (May 2003), pp. 287–308. issn: 2379-0407. doi: 10.

1115/1.1557614.

[176] Carrera E. “On the use of the Murakami’s zig-zag function in the modeling of layered
plates and shells”. In: Computers & Structures 82.7–8 (Mar. 2004), pp. 541–554. issn:
0045-7949. doi: 10.1016/j.compstruc.2004.02.006.

[177] Carrera E. “C0
z requirements—models for the two dimensional analysis of multilayered

structures”. In: Composite Structures 37.3–4 (Mar. 1997), pp. 373–383. issn: 0263-8223.
doi: 10.1016/s0263-8223(98)80005-6.

[178] Chiaia P., Pagani A., and Carrera E. “Large strain and 3D stress analysis of laminated
fiber-reinforced soft material structures with high order beam finite elements”. In: Com-
puters & Structures 313 (June 2025), p. 107735. issn: 0045-7949. doi: 10.1016/j.

compstruc.2025.107735.

[179] Carrera E. “C0
z Reissner-Mindlin multilayered plate elements including Zig-Zag and in-

terlaminar stress continuity”. In: International Journal for Numerical Methods in Engi-
neering 39.11 (June 1996), pp. 1797–1820. issn: 1097-0207. doi: 10.1002/(sici)1097-
0207(19960615)39:11<1797::aid-nme928>3.0.co;2-w.

[180] Carrera E. “Theories and finite elements for multilayered, anisotropic, composite plates
and shells”. In: Archives of Computational Methods in Engineering 9.2 (June 2002),
pp. 87–140. issn: 1886-1784. doi: 10.1007/bf02736649.

[181] Reddy J.N. Mechanics of Laminated Composite Plates and Shells. CRC Press, Nov. 2003.
isbn: 9780429210693. doi: 10.1201/b12409.

[182] Carrera E. and Petrolo M. “Refined beam elements with only displacement variables and
plate/shell capabilities”. In: Meccanica 47.3 (Aug. 2011), pp. 537–556. issn: 1572-9648.
doi: 10.1007/s11012-011-9466-5.
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