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Abstract

A multi-agent model for individuals endowed with strategies and subject to diffusive effects is proposed.
The microscopic state of each agent is described by a spatial position and a probability measure, interpreted
as a mixed strategy, over a compact metric space. The evolution is governed by a non-local interaction
mechanism and by stochastic effects acting on the spatial component of the state. The well-posedness of
the multi-agent system and that of a certain McKean—Vlasov stochastic differential equation are proved.
Eventually, a propagation of chaos result is obtained, which guarantees that the former model converges to
the latter as the number of agents goes to infinity.
© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: 34F05; 60K35; 93A16; 60H10

Keywords: Multi-agent systems; Mean-field limit; Propagation of chaos; Stochastic differential equations;
McKean—Vlasov equation

1. Introduction

Multi-agent models offer a paradigm to describe a huge variety of complex systems driven
by interactions among the constituting individuals. Since the number of agents is typically very
large, following the evolution of each of them can be a demanding, often unfeasible, task, and
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both analytical approaches and the algorithmic complexity in simulating such large ensembles
call for reduced models that can capture the macroscopic, global behaviour of these systems.
The idea of providing macroscopic descriptions emerging from the microscopic behaviour of
particles dates back to Boltzmann’s work [15], where one of the fundamental assumptions is
the so-called Stosszahlansatz, namely the independence of the behaviour of distinct particles
when their number is very large. One of the most successful attempts to justify this approach
can be found in Kac’s seminal paper [38], where he introduces the notion of propagation of
chaos, which, shortly afterwards, was shown by McKean [41] to be satisfied by a certain class of
diffusion models.

Systems that can be studied with this approach model, for instance, opinion formation [31,57],
wealth distribution [30,32,46], traffic or pedestrian flow [2,29,49,50,58], herding problems [1,2,
11,20,40,51], flocking and swarming [14,22,23,28], consensus-based optimisation [3,16,21,34—
36,52,59], including applications to pattern formation and chemical reaction networks [19,43],
often stimulating the development of novel rigorous analytical techniques, see, e.g., [24,47,48].
We refer the reader to [45] for a comprehensive overview of modelling through multi-agent
kinetic equations, and to [25,26] for a thorough review of propagation of chaos techniques. In
recent years, much attention has been drawn to two enhancements of multi-agent systems, with
the aim of devising models that can better describe the above-mentioned complex phenomena:
the addition, to the microscopic state, of more variables that may represent the agents’ strategies
or their belonging to a certain population [5,9,27,39,42,56], and the introduction of stochastic
terms which alter the deterministic character of the dynamics, to account for randomness.

We study here multi-agent models expanding those in [5,42] by introducing a diffusive term
to the spatial evolution of agents in addition to the classical drift term that describes the spatial
velocity. The microscopic state features also the presence of a variable, referred to as mixed
strategy, describing the behavioural pattern of agents. The evolution of this microscopic state is
regulated by non-local interactions.

Given N € N7, a time horizon T > 0, and a compact metric space U of pure strategies, we
consider a population of N agents, each of which is identified by a label i € {1,..., N}; the
microscopic state of the i-th agent at time ¢ € [0, T'] is represented through the random variable
Y} = (Xi, Al) taking values in the space RY x P(U), where P(U) is the convex set of Borel
probability measures over U. The R¢-valued random variable X ! can be interpreted as the spatial
position of the agent i, while the random variable Aﬁ can be viewed, borrowing the language of
game theory, as the agent’s mixed strategy."

The states of the agents evolve according to the stochastic differential equation (SDE)

dX} = ven (X], A di + o (X], A} B,
. o forre[0,T]andi=1,...,N, (1)
dA} = Tyn (X7, ADdr,

1 Despite the fact that our model includes the case of U containing a continuum of pure strategies, the concept is
perhaps more clear in the simpler and very peculiar case in which U = {uy, ..., u s} contains a finite number of pure
strategies. In particular, the simplest case is instructive: if M =2, then we can consider U = {u,us} = {F, L}, so that
A; € P(U) can be identified with a parameter in [0, 1] describing the degree of leadership of agent i at time ¢, ranging
from being a leader to being a follower. If M > 2, then U can represent, for instance, the different assets in a financial
portfolio, or different populations an individual can belong to, see, e.g., [42] for a few examples; in this case, Af e PWU)
can be identified with a point in the (M — 1)-dimensional simplex AM-1 .= {A eRM . ?’[:] Aj=1and A; >
0 for every j = 1,.‘.,M}.
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N . 1 N ) ) .. . .
where X" = & Zj: 10 o/ Ad) denotes the empirical measure of the system, starting from given

initial states Yé =X . AB) (i=1,...,N).In (1), the field v models drift, whereas the diffusive
effects are accounted for the m-dimensional standard Brownian motions B!, ..., BY, whose
effects are modulated by the R?*"-valued field o'; the measure-valued field 7 in the second
equation regulates the evolution of the mixed strategies. The interaction mechanism is encoded
in the dependence of these three fields on the empirical measure Efv which gives (1) a non-linear
and non-local character.

When the number N of agents becomes very large, the rigorous study of the coupled SDE (1)
may be hindered, due to the complex dependencies that may arise among the random variables
Yti. To overcome this difficulty, one seeks to approximate the N -particle system by a single SDE
describing the dynamics of a representative agent, by performing a mean-field limit: we forgo the
description of the evolution of every single agent of the population in favour of a representation of
the behaviour of a generic member of the population. However, to properly perform this limiting
procedure, it is necessary to prove a propagation of chaos result, that is, when N — oo, the
microscopic states of the agents {Yli}izl ,,,,, N become independent and identically distributed,
provided that the i.i.d. property holds at the initial time # = 0. Intuitively, if propagation of chaos
holds, owing to the asymptotic i.i.d. property of the random variables Y;, we can approximate,
for large values of N, the empirical measure = by the (deterministic) law ¥, := Law(Y,]) of
the representative individual. Therefore, by formally plugging the common law %; in (1), the
dynamics decouples and it is reasonable to postulate that the mean-field description as N — oo
is provided by the McKean—Vlasov SDE

dYI=UZ,(YZ7Kl)dt+O'2[(YTsXI)dETa (2 )
_ —_ a
dA; = TE,(Xt» Ay)de,
subject to the requirement that
Law(Y,) = %;, forall t € [0, T]. (2b)

In (2), Y, = (X;, A;) denotes the state of the representative individual.

One of the peculiarities of systems (1) and (2) is that the state space of the agents is
R x P(U), which lacks the vector space structure and is, in general, infinite-dimensional. By
embedding it into a suitable Banach space (see Section 2.2), we will be able to take advantage
of the techniques to study evolution problems in closed convex subspaces of Banach spaces, see
[17, Chapitre 1.3] (see also [5]).

1.1. Main results and technical details

We now proceed to describe the three main contributions of this paper, together with the
relevant technical details.

Our first main result, Theorem 3.2 below, concerns the well-posedness of the N -particle sys-
tems (1). We prove the existence of a pathwise unique strong solution (see Definition 3.1 below),
under the hypothesis of square integrability on the spatial initial data {X, 6}?’2 |- Moreover, we
obtain that the integrability of the initial data is inherited by the solution at all future times. To
show the existence of the solutions to (1), we combine a Picard iteration scheme with Brézis’s
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strategy [17, Chapitre 1.3] to treat the infinite-dimensional components Aﬁ belonging to the con-
vex set P(U). As in [5], the crucial hypothesis on the fields is the global Lipschitz continuity
(see (17) below), together with the geometric property (18) of the field 7, which ensures that
the evolution of the Aﬁ’s does not escape P(U). We stress that system (1) is a generalisation
of [5, equation (3.5)], with respect to which a state-dependent stochastic component is added to
the spatial dynamics (we mention that, in the deterministic case, a generalisation of [5, equation
(3.5)] has been studied in [42, equation (1.3)]).

Our second main result, Theorem 4.2 below, concerns the well-posedness of the McKean—
Vlasov SDE (2). We prove the existence of a strong solution (see Definition 4.1 below), under
the hypothesis of square integrability on the spatial initial datum X(. Also in this case, the inte-
grability of the initial datum is inherited by the solution uniformly in time. Uniqueness is obtained
in the class of strong solutions whose spatial first moment is uniformly bounded in time. To show
the existence of solutions to (2), we resort to an auxiliary SDE (see (59) below), which allows us
to construct a map S (see Proposition 4.16) in a way that condition (2b) can be interpreted as a
fixed-point problem for S. The latter is solved by applying the Banach—Caccioppoli fixed-point
Theorem. This strategy is an adaptation of that of Sznitman [55] to the case in which the state
space is the more general R¢ x P(U).

Our third main result, Theorem 5.3 below, concerns the propagation of chaos. This is achieved
via synchronous coupling [26, Section 3] (see also [55]) between the trajectories of the N -particle
system (1) and the trajectories of N independent copies of the solution to the mean-field equation.
Thanks to this result, the McKean—Vlasov SDE (2) is indeed the mean-field limit of the N-
particle system (23) as N — oo.

The paper is structured as follows: in Section 2, we set the notation, collect some prelimi-
naries on measure theory, and fix the functional setting of the problem. Section 3 is devoted to
studying the N-particle system (1), Section 4 tackles the well-posedness of the McKean—Vlasov
SDE (2), and propagation of chaos is proved in Section 5. Appendix A contains the proofs of
some technical probabilistic results.

2. Notation and preliminaries

We collect here some preliminaries on measure theory, probability measures, stochastic pro-
cesses, and present the functional setting of our problem.

2.1. Distances on the space of probability measures

If (X, dx) is a metric space, we denote by M (X) the vector space of signed Borel measures
over X with finite total variation; we also indicate by P(X) the convex subset of probability
measures, by M (X) the convex cone of non-negative measures and by My(X) :=R(P(X) —
P (X)) the vector subspace of measures with zero mass.

We recall the notion of push-forward of measures.

Definition 2.1. Let (X, 27, i) be a measure space (with u € M (X)) and (), ¢') a measurable
space. Given a measurable function f: X — ), we define the measure fyu on (), %) as

fou(B):=p(f~'(B)), forallBe?. 3)
The measure f;u is called push-forward (or image measure) of p through f.

4
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By construction, the image measure f;u is non-negative and it has the same total mass as u;
in particular, if u € P(X) then also fiu € P(X). The integrals with respect to p and f;u are
related by the following change of variable formula.

Theorem 2.2. Let (X, 2, t) be a measure space (with u € M(X)), (Y, %) a measurable space
and f: X — Y a measurable map. Then, for every measurable ¢: Y —> R, the following
relation holds

/ o(f () du(x) = / e A f) (). @)
X Yy

If (2, .%#,P) is a probability space and X: Q2 —> % is a random variable, the probability
measure X3P over % is called the law of X, which we shall denote by Law(X).

In the sequel we will frequently employ a notable class of metrics defined on spaces of prob-
ability measures: the Wasserstein distances. We start by defining the set of probability measures
with finite p-th moment.

Definition 2.3. Let (X', dy) be a metric space and p € [1, 400). The set of probability measures
with finite p-th moment P,(X) is defined as

Pp(X) = {,u e P(X): /d;((x,xo)pdu(x) < oo for some xq € X}. (®)]
X

We note that the definition of P, (X)) is actually independent of the choice of the point x( and
that if (X, dy) is a compact metric space then P, (X) = P(X) for every p € [1, 00).

If (X, dy) is a complete and separable metric space, the sets P,(X’) can be endowed with a
metric structure by equipping them with the Wasserstein distances, whose definition and main
properties we recall thereafter (for a detailed treatment see, e.g., [6,61]).

Definition 2.4. Let (X, dy) be a complete and separable metric space and let p € [1, +00). For
every u, v € Pp(X) the Wasserstein distance of order p between u and v is defined as

Wl (u,v) = inf /dx(xl,xz)”dﬂ(x1,xz), (6)
wel(n,v)
XxX

where I'(, v) denotes the sets of transport plans between u and v, given by

T, v) ={m € P(X x X): (p)sm =, (p2)s7 =v},

where p1, p2: X x X — X denote the canonical projections on the first and second factor,
respectively.

The general theory of Optimal Transport (see, e.g., [4,6,53,61]) ensures that the infimum in
(6) is actually attained, so that the definition of W, is well-posed. Furthermore, it can be shown
that W, satisfies all the properties of a metric.
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Definition 2.5 (Wasserstein space). Let (X, dy) be a complete and separable metric space and
p € [1, +00). The function W, defines a metric over the set P, (X) of probability measures with
finite p-th moment. The metric space (P,(X), W) is called the Wasserstein space of order p.

Wasserstein spaces inherit form (X', dy) the properties of completeness and separability.

Theorem 2.6. Let (X, dy) be a complete and separable metric space and p € [1,+00). Then
the Wasserstein space (P,(X), W)) is complete and separable.

We conclude this paragraph by recalling the definition and fundamental properties of the
spaces of Lipschitz continuous functions. Let (X, dy) be a metric space and ¢: X — R a
Lipschitz continuous function. We define Lipschitz constant of ¢ the quantity

. lp(x1) — p(x2)]
Lip(p) = sup =2, (7)
x1,X0€X X(x]axZ)
X1#£X2

We denote by Lip, (X) the set of functions ¢ : X — R that are bounded and Lipschitz contin-
uous over X' Lip, (X) is a real vector space and can be endowed with the norm ||-||y , defined
as

l@llLip = suple(x)| + Lip(¢) 3
xeX

for every ¢ € Lip, (X). If (X, dx) is a compact metric space, by Weierstrass Theorem, Lip, (X)
coincide with the vector space of Lipschitz function over X', which we simply denote by Lip(X).

2.2. The Banach space F(U)

One of the peculiarities of the system (1) lies in the fact that the dynamics of the mixed
strategies A’ takes place in the convex set P(U), which inherently does not posses the structure
of a normed vector space. Therefore, it is useful to preliminarily embed the set of probability
measures P(U) into a suitable Banach space, thereby taking advantage of its vector space and
metric structures, and of some analytical tools such as Bochner integration. The construction that
we adopt follows that of [5, Section 2.1]; here, we provide an outline of the procedure, referring
to the work of Ambrosio et al. and to [7,8,62] for further details.

Let us consider the metric space (U, dy), which we recall to be compact by hypothesis; we
consider the Banach space (Lip(U), ||-ll.;p), from which we can construct the topological dual
(Lip(U))* endowed with the customary dual norm, referred to as the bounded Lipschitz norm (or
BL norm for brevity), defined as

el = supf (€. 9)I: ¢ € Lip(U). llglluip <1 ©)

for every £ € (Lip(U))*. Now, by identifying each probability measure on U with a linear and
continuous functional on Lip(U), we can embed P(U) into a Banach space, which we define as
follows.
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Definition 2.7. We call F(U) the closed subspace of the Banach space ((Lip(U n*, ”'”BL) de-
fined as

F(U) ==span(P(0)) "=, (10)

where span(P(U)) denotes the set of all finite linear combinations of elements of P(U); here,
each measure A € P(U) is identified with the element of (Lip(U))* defined by

O —> /(p(u)dk(u), for every ¢ € Lip(U). (11)
U

Remark 2.8. For notational consistency, we shall use the symbol |||y to indicate the BL
norm restricted to F'(U). The space F(U) is known in the literature as Arens—Eells space, and it
can be shown to be a separable Banach space containing M (U). Additionally, P(U) turns out
to be a compact subset of F(U) with respect to the topology induced by the BL norm.

In view of the importance of these properties throughout the present article, we highlight them
in the following proposition.

Proposition 2.9 (properties of F(U)). Let (U, dy) be a compact metric space. Then the normed
vector space (F(U), ||| p)) introduced in Definition 2.7 is a separable Banach space. Further-
more, the convex subset P(U) is compact in F(U).

It can be shown that the convergence of probability measures with respect to the BL norm
is closely related to the convergence in the 1-Wasserstein distance Wy, which, in turn, is related
to the weak convergence of probability measures (that is, in the duality with continuous and
bounded functions). For details, we refer again to [5, Section 2.1]; we highlight that

”)“”F(U) < 1, fOrall)\.elp(U) (12)

Remark 2.10. We point out that all integrals of F(U)-valued functions are to be intended as
Bochner integrals, see [5, Appendix A] and [63].

2.3. Functional setting of the problem

We can now formulate problem (1) in a suitable analytical framework. We recall that the
microscopic states Yti = (XI, Af) belong to RY x P(U) foralli € {1, ..., N} and for all times ¢ €
[0, T']. In view of Proposition 2.9, we shall always consider R9 x P(U) as a subset of R x F(U),
which can naturally be endowed with a Banach space structure by considering the product norm
I-lRd x F (17> defined as

IYIRd % Fvy = IXIIRe + 1M F(0) for y = (x,1) e RY x F(U). 13)

Here, ||-||ga denotes the customary Euclidean norm on R¢, and ||-|| F(vy denotes the norm on
F(U) (see Remark 2.8).
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It will be often useful to consider the product spaces (Rd)N , F(U)V, and (Rd x F(U))N
(with N € NT), which we also equip with the customary product norms, given by

N N
Il ay =D Ixillga. M@y =Y MrillFw) -

i=1 i=1
and

N N
19l Rax ryy =Y _Ixillra + Y _I12ill py = 1% I ays + M ey »

i=1 i=1

respectively, for all x = (x1,...,xy) € ROV, X = (A1,...,An) € (FWU)N, and y =
(X1, Ay xn, Ay) € RY x F(U)N. Since (R, ||-|ga) and (F(U), |||l p(y)) are separa-
ble Banach spaces, so are (RHN, -l Rayn), (F(U)HN, I-Il¢Fcwyyn), and (R4 x FU)V,
-l R¢ x £y~ )- By (12), it follows that

Al (pyny <N, for all A € (P(U))". (14)
On the vector space R?*” we shall consider the Frobenius norm

d m
Z Zal%. , for all 0 € R4*™,

i=1 j=I

lo I gam =

while for real matrices o of dimension d N x m N obtained by the juxtaposition of N2 matrices of
dimension d x m we stipulate that their norm be given by the sum of the norms of the constituting
blocks: more explicitly, we define

N N o111 -+ OIN
o Igavsny =3 Y lokellgasn, forallo=| : - 1 |eRMNmN

When considering the space C([0, T'], E) of continuous functions taking values in a Banach
space (E, ||-|| ), we always endow it with the uniform norm

[ flloo = max [|f(D)]E. forevery f € C([0, T], E),
t€[0,T]

which makes it a Banach space. We recall that if (E, ||-|| ) is separable, so is (C([0, T'], E), || lloo)-
As alast item, we state an inequality for stochastic integrals.

Theorem 2.11 (Burkholder—Davis—Gundy inequality). Let (Q,ﬁ,(ﬁ,),e[oj],]?) be a fil-
tered probability space and let (By)cjo,1] be a standard R™-valued Brownian motion and
(G1)iefo,11 be a progressively measurable, RY*™ _yalued stochastic process, both defined on
(Q, F A(Fie)0.1] ]P’). Let p > 2 and suppose that fOT ||G,||]’fvxm dt < 400, P-almost surely.
Then for all t € [0, T, the following inequality holds:

8
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u p

IEI|: sup /Gsst j|§Cptp2 [/||G I ds ] (15)
uel0,1] o

R4
P

where ¢, =[5 pP(p — D!=P]7.
We refer the reader to [12, Proposition 8.4] and [54, page 116] for further details.

2.4. Structural hypotheses on the fields v, o, and T

We list here the standing assumptions on the fields

v: PR x P(U)) x RY x P(U) — R? (16a)
o: P1(RY x P(U)) x R x P(U) —> R4 (16b)
T: Pi(RY x P(U)) x RY x P(U) — My(U) € F(U) (16¢)

in the right-hand side of (1). We assume that there exist constants L,,, L, , L7,6 > 0 such that
the following properties hold: for all (21, x1, A1), (2, X2, 12) € P1(R? x P(U)) x R¢ x P(U),

s, (X1, A1) — vs, (2, 22) IRe < Lo(llx1 — x2llge + A1 — A2l ppy + Wi(E1, £2)),  (17a)
los, (x1, A1) — 05, (x2, M) [Raxm < Lo (lx1 — x2llga + 121 — A2l prry + W1(Z1, £2)), (17b)
[T, (1, A1) — T, (2, M) L py < Ly (Ix1 — x2llga + 121 = A2l oy + Wi (E1, £2)), (17¢)

and, for all (2, x,1) € Pi(R? x P(U)) x R? x P(U),

L+0Ts(x, 1) € P(U). (18)
Remark 2.12. The following remarks on the structural hypotheses (17) and (18) are in order.

e The set of requirements (17) corresponds to global Lipschitz continuity of the field with
respect to all their arguments.

e Assumption (18) is geometric in nature: intuitively, it expresses the fact that the field T
always points inside the convex set P(U), thereby preventing the trajectories of the mixed
strategy components from escaping the set of probability measures. More specifically, it
implies that, for all (£, x, 1) € P1(RY x P(U)) x R? x P(U),

Te(x.2) € RL(P(U) — 1) = Tp (4),

the tangent cone of the set of probability measures at A. This is the infinite-dimensional
analogue of the Nagumo condition in the classical theory of ODE’s, see [10, Chapters 1
and 5] and the references therein.
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3. The N-particle model

Let us consider a time horizon T > 0 and a fixed number of particles N € N*. We begin
studying the well posedness of (1) by introducing a suitable notion of solution.

Definition 3.1.Let B',...,BY: Q — C([0, T]1, R™) be m-dimensional standard Brownian
motions defined on a filtered probability space (Q, F (Fie0.T] IP’); let X(l), . X(I)V Q0 —
R4 be Fo-measurable random variables, and let AL A{)V 1 Q — P(U) be F#y-measurable
random variables. We define a strong solution to problem (1) a continuous, (%;);-adapted
stochastic process Y = (X', Al, ..., XN AN): @ — C([0, T], RY x P(U))") satisfying, P-
almost surely, forall ¢t € [0, T]andi =1,..., N,

t t
X! :X6+/UZSN(X§,A§)ds+/azy(X§,A§)dB§,

0 0 (19)

t
Al =A5+/T2SN(X§,,A§)ds,
0

where Ef’ = % Z;V:l S(Xj Ay € PR? x P(U)), for every t € [0, T]. We say that such a strong
[

solution is pathwise unique if, given two strong solutions Y1, Y» of (1) (with the same Brownian

motions and initial data), we have

P (Yl,, — Y., forevery 1 € [0, T]) —1. (20)

The main result of this section will be the following well-posedness theorem.

Theorem 3.2 (well-posedness of the N -particle system (1)). Let us assume that (17) and (18)
are satisfied and that the spatial initial data xho., X(])V belong to LZ(Q, F,P). Then problem
(1) admits a pathwise unique strong solution Y. Moreover, the integrability of the spatial initial
data is inherited, uniformly in time, by the solution, namely, ile, e X(])V € LP(Q, .7 ,P) with
p =2, the process Y satisfies

E[ s[ng]||Yt||fRdxF(U))N] = C(1+E[IXol o ]). @n
tel0,

for some constant C > 0 depending on p, N, T, M,,, and M, (the last two constants are intro-
duced in the statement of Proposition 3.4, see estimates (27) below).

Proof. The proof of the theorem is articulated in various steps, which are addressed in the rest
of this section. In particular, the first step is to recast the dynamics (1) in the equivalent form (23)
below, thanks to the introduction of suitable vector fields v, o, and T (see (22)). In Section 3.1,
we prove some structural properties of these fields (see Propositions 3.3 and 3.4), as well as of
the field G defined in (30) below (see Proposition 3.5).

10
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In Section 3.2, we prove that the N-particle problem in (1) admits a strong solution according
to Definition 3.1: to do so, we rely on Picard iterations to solve (23), whose convergence is a con-
sequence of the estimates proved in Proposition 3.8 below. The proofs that the Picard iterations
and the solution to (1) are adapted to the filtration (.%;);¢[0,7] (see Propositions 3.6 and 3.12,
respectively) are postponed to Appendix A.l. In Section 3.3, we prove an a priori estimate on
the p-th moments of solutions to (1). Finally, in Section 3.4, we prove continuous dependence
on the initial data (see Proposition 3.15), which implies pathwise uniqueness. O

It is convenient to rewrite problem (1) in a more compact and synthetic form, by gath-
ering all spatial variables together in the process X: Q@ —> C([0, T, (RY)") defined by
X, = (Xl,...,X,N), and the mixed strategies in the process A: Q —> C([O, T], (P(U))N)
defined by A; = (Atl, e Afv), for all r € [0, T]. We also introduce the random variables
Xo = (X}, ..., X)) € L2(Q, Z,P) and Ag = (A}, ..., A}), taking values in (R9)N and
(PU))V, respectively.

We now introduce the fields v: P;(R? x P(U)) x (RDHN x (P(U)Y — (RHY, ¢ : P;(RY x
PU)) x RHN x (PU)N — RIN>*MN and T2 Py (RY x P(U)) x RHN x (P(U)N —
(F(U))N defined as

v (x1, A1)

V: (2, X0, XN AL, e AN) : , (22a)
vy (XN, AN)

o: (E,xl,...,xN,M,...,)»N)r—>diag(ag(xl,kl),...,Uz(xN,kN)), (22b)
Ts(x1, A1)

T:(Z, X1, s XNy ALy o e ey AN) > , (22c¢)
Ts(xn, AN)

respectively, so that we can rewrite problem (1) in integral form as

t t

X =Xo+ [opy Ko A)ds+ [ omy (XA dB
0 0

. (23)
A= Kot [ Ty Ao ds,
0
where B; := (Bl, cee, BtN ), for t € [0, T']. The more concise formulation (23) will be convenient

for the analytical arguments that follow, which require a different treatment of the spatial and
mixed-strategy components due to their different nature.

3.1. Structural properties of the fields v, o, and T

Before starting with the proof of Theorem 3.2, we deduce some Lipschitz continuity and
sublinearity estimates for the fields v, o, and T~ introduced in (22).

11
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Proposition 3.3. Ler (21, x1,11), (£2,%2,12) € PI1(R? x P(U)) x RN x (P(U))N. Then
the following estimates hold

lvs, (x1, A1) — v, (2, A2) [ (RayN

(24a)
<Ly(llx1 = x2ll ey + 121 = A2l ppyy + NWi(E1, 2)),
los, (x1,A1) — 05, (x2, A2) [|Ran xmn
(24b)
< Lo (Ilx1 — x2l| ey + 1M1 = A2l gy + NWi(E1, £2)),
1T s, (1, 21) — T sy (x2, X2 | (puyv
(24¢)

<L7(llx1 — x2ll®ayy + A1 = A2l (rpyy + NWi(Z1. £2)),
where the constants Ly, Ly, and L7 are those appearing in (17).

Proof. We only prove estimate (24a), since the others are analogous. By the definition of the
norm in (R9)N and (17a), we have

N

lvs, (1. A1) = v, (2. A gy = D _llvg, (x5 A1) — v, (52,72 A2, )) [Ra
j=1

N
<L, Z (Ilx1,j — x2.jIRd + A1, — A2, | ey + Wi(Z1, £2)),
=1

which yields (24a). O
Proposition 3.4. Let x; = (x;.1,...,xi.n) € RON and i = (\i 1, ..., hin) € (PU))N, and
let y; = (Xi1s kit - s Xi N> AiN) =2 ity -5 Yin) € (REX PO, fori = 1,2, and let

N

=i 1 d .

¥ = Nigayi_j ePIR! x P(U)), fori=1,2. (25)
j:

Then

log (e, A1) — v (02, M)l meyy < 2Ly (IIX1 = X2l ey + A1 = X2l pyyv),  (262)
||U§1 (x1,X1) — UEZ(xL A2)IRanxmyn < 2LU(||x1 — X2lRayy + A1 — )»2||(F(U))N), (26b)
||7'§1 (*1,41) — T§2(x27 M) rayn = 2L7’(||-’C1 —X2llrayv + A1 — )~2||(F(U))N)~ (26¢)

Furthermore thergexist My, My , M7 > 0 such that for every y = (X1, A1,..., XN, AN) € (Rd X
PONV, letting ¥ := % 2?;1 8y, the following sublinearity estimates hold

los(e, Ml ayy < Mo(1 + [1x]lgayy). (27a)
llo 5@, M) [Ransmy < Mg (14 1|2 Rayy ), (27b)
1T s, Mllp@yy <M7(1+ 11 Rayy)- (27¢)

12
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. . =l &2 ..
Proof. We start by observing that, since % 27:18(),1, i €T (E , 2 ), by definition of
Wasserstein distance, we have the estimate

N
=1 =2 1
Wi(2, %) < / ly— y/”RdxF(U)d(N Z‘S(yl,j,yz,j))(y, D)
RIxPU))? =1 28)
N

1 1
= N Z”yl.,j —n.jllRdx Py = N”yl - }’2||(Rd><F(U))N .
j=1

This, in combination with (24a), gives (26a); the remaining estimates are proved in an analo-

gous fashion. Finally, by choosing a point y, € (R? x P(U))" and letting 5" be the associated
empirical measure defined as in (25), by means of the triangle inequality and (26a), we obtain

[vg(x, Ml rayy =llvg, (0, o) lwayv + lvg(x, X) —vg (X0, Xo) | (Re)Y
<llvg, (x0, 2o)ll(rayv + 2Ly (X — Xoll®ayv + 1A = Xoll (£ @)v) (29)
<My (1 + llx[lRayn),

where we have used (14) for the last inequality. Estimate (27a) is proved; the remaining estimates
are proved in an analogous fashion. 0O

Let us now introduce an auxiliary vector field that will be useful in the proof of existence. We
fix § > 0 such that (18) is satisfied, thereby we can define a vector field G: P (R? x P(U)) x
RHN x (PUNN — (PU)N given by

Z,x, M) — Gx(x,A) =A+0Tx(x,1r), 30)
which allows us to write
LA — A
Tate = ZZEHNTE

so as to obtain a field analogous to the one studied in [17, Corollaire 1.1, Pag. 11]. The field
G inherits from 7T its properties of Lipschitz continuity and sublinearity: in fact, as an easy
corollary of Proposition 3.4, we obtain the following estimate.

Proposition 3.5. Let il, iz, ¥ be the empirical measures of Proposition 3.4. Then there exists
Lg > 0, depending on L7 and 6, and there exists Mg > 0, depending on M and 6, such that

the following inequalities hold:
||g§1 (1, A1) — giz (2, M)l (puyny = 2Lg(||x1 —x2[[rayy + A1 — )~2||(F(U))N), (31a)
IG5, Ml < Mg(1+ 1% rayv)- (31b)

13
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3.2. Existence of a solution to the N -particle model

We start by showing existence of a strong solution to (1). We make use of the classical method
of successive approximation: having fixed 6 > 0 so as to satisfy condition (18), we define the
Picard iterations as follows:

t t

Xn+l,t =Xo+ / UZQJJ (Xn,57 An,s)ds +/0'2’/1\{J (Xn,S7 An,s)st s
0 0
(32)

t

1 5=
Aris=e Aoty [ €7 Gy Ko Ands.

0
forallt €[0,T]and n =0, 1,2, ..., where Efxt = % Z?le 8(X,~ Ay the initial iteration is
given by S
Xo,r ==X,
forallr € [0, T]. (33)
Ao =Ap,

The proof of the following property (which is more probabilistic in nature) is postponed to
Appendix A.1.

Proposition 3.6. The stochastic processes X, and A, defined by (32) and (33), are continuous
and adapted to the filtration (F;)ejo.11 for alln =0,1,2, ...

Remark 3.7. We observe that for alln =0, 1,2, ..., and for all 7 € [0, T'], we have that A, ; €

(P(U))N. In fact, by hypothesis, Ao, = Ag € (P(U))"; additionally, if A, , € (P(U))" for all
t € [0, T'], then the same holds for A, ;. Indeed, since G take values in (P(U NN, we have

Gy K, Ans) € (PUNY, foralls €[0,T],
whence

1
1 s—t
5/67g2,’?’,s(X“’A”“‘)ds
0

e (PN, for every € [0, T,

t

by virtue of the convexity of (P(U))". Noticing that % fé eTds=1—e"0 , we have that

t

1 s—i !
) / ETg):,ﬂVS (Xan,ss Ans)ds € (1 — e—g)(’P(U))N
0

14
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and again, by convexity of (P(U))",

t
' 1 s—
Arits=e R0ty [ €76y Ko Anods e (PO
0

and the statement follows by induction on 7.

Invoking Proposition 3.6, this ensures that, for all fixed w € €2, the map ¢ — A, ;(w) de-
scribes continuous trajectories that remain confined inside the convex set (P(U))", where the
Lipchitz continuity and sublinearity inequalities of Propositions 3.4 and 3.5 hold.

Let us now deduce the fundamental estimates that will be crucial in the proof of the existence
of solutions for the N-particle system (1).

Proposition 3.8. Under the hypotheses of Theorem 3.2, the following estimates hold:

E|: sup [IX1,u — X0||?Rd)Nj| = (6MU212 +24NM§1‘)
uel0,¢]

(34a)
(1 + E[1X0Rgay ] + E[I A0 1),
2 22 2
E uil[lopt]”Al,u - AO”(F(U))N < EE[”AO”(F(U))N]
' (34b)
6M(_2;t2 5 5
+—5— (1 + E[IXol fgaye ]+ E[IA0 1 v])
forallt €[0,T], and
E|: sup | X410 — Xn,u”?Rd)N:| < (16L%l‘ + 64NL3)
u€el0,r]
(35a)

t
2 2
: E[/(||XH,S - Xl’l—l,S”(]Rd)N + ”An,s - An—l,S”(F(U))N)ds}v
0

2 8L2gt \ 2
E|: sup ||An+1,u - An,u”(Rd)N] = Q—ZE[/(”XH,S - Xn—l,s”(Rd)N
nelol 0 (35b)

+ ”An,s - An—l,s ||(2F(U))N) dsi|

foralln=1,2,... and t € [0, T], where L, Ly ,Lg and M, , My , Mg are the constants in
(17), (27), and (31).

15
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Proof. We start by proving (34a). Let ¢ € [0, T'] be fixed and u € [0, t]. We have that

u u 2
1X1.0 = Xollfga,y = f vy, (Xo, Ag)ds + / o 5y (Xo, Ao) dB;
0 0 (RN
u 2 u 2
52( /ngS(Xo,Ao)ds + /UEKS(XO,AO)st )
0 (RAYN 0 (RA)YN
u 2 u 2
§2</|Ivzg{x(X07Ao)ll(Rd)N dS) +2 /UE(I)‘{J(XOvAO)st
0 0 (R4)YN
u u 2
Szu/|lv2(])\{x(X07AO)”%R{I)N ds +2 fﬁgm(xo,f\o) dB; )
0 0 (R4)YN

where we have applied Holder inequality in the last line; now, since Eé\f ¢ 1s an empirical measure,
by (27a), we have that, for all s € [0, u],

2
oy (Xo. Ao)[IFgayy < [Mo(1+ [Xollay + [ Aollrwyv)]
< 32 (14 X0y + 18007 ) v)-

hence, for all u € [0, ¢],
u 2
X1, = Xollggayw < 6u” My (14 11XollTgayy + I AollEpgyyv) +2 / oy (Xo. Ao) dB;
0 (]Rd)N

By taking the supremum over the interval [0, t] and by subsequently taking the expectations, we
obtain

JE[ sup X1 —Xou%Rd)N] <620 (14 E[IXol 20,0 [+E[I A0l ) v])
uel0,t]

2

u
+2E|: sup /GEN (Xop, Ag) dBg ];
uel0,1] O.s
0 (Rd)N

now, by applying the Burkholder—Davis—Gundy inequality (15) to each component of the last
term, and by (27b), we get

2 N " 2

u
IE|: sup /023{‘? Xo, Ap) dB; i| < NZE[ sup /O’Z(])\; (X6,A6) dBé i|
uel0,7] i=1 uel0,7]
0 (]Rd)N 0 R4

16
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Ny 4 [ / oy (X A ds] <4NE [ / 155 (Ko, A0) v ds]

i=1

t

2
<4NE [ / [Ms (1 + 1Xoll gayy + 140l zyv)] ds]

<128 M2 (1+ E[1Xo g ]+ EIA0 12 0]).

Therefore, estimate (34a) follows by combining the previous estimates.
Let us now turn to the proof of (34b) Let 7 € [0, T'] be fixed and u € [0, #]. The following
chain of inequalities holds:

2
u
_u |
A1~ Aol = | (€75 = Do+ [ 567Gy o Agyas
0 (FOHY
2 f 1 2
<2<H - 1)AOH(F(U))N+ /56%QZ§S(XO’AO)ds )
0 (FUHY

2
OS(XO, AO)”(F(U))N dS) )

u
_u 2 2 1 s—u
=2l =1 1AolEp gy +2( [|5€7
0

where we have used the subadditivity property of Bochner integrals (see [5, formula (A.8)]).
Recalling the elementary inequalities

“ 2 y?
‘e—a—l(gu—, forallu€[0.f],  and ‘—ee for all s € [0, u],

62

we conclude that

u 2
2 2
1AL = Aolitr @y < 2z 1Al p @y + 25 ( / IG5y, Xo. Ao) (k) ds)

2
< 921/! ”AOH(F(U))N + — 92 /”gEN (X07 AO)”(F(U))N ds.

Applying (31b) to the last term, we obtain that, for all u € [0, ¢],

D) 6M2
”A] u AO“(F(U))N = 921,{ ”AO”(F(U))N + — 2(1 + ”XO“(Rd)N + ”AO”(F(U))N)

By taking the supremum over the interval [0, ] and subsequently the expected values, estimate
(34b) follows.

17
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We now tackle estimate (35a). Letn € N, ¢t € [0, T, and u € [0, ¢]. We can estimate

u
”Xn-i-l,u - Xn,u “(2]Rd)N Szu/”vzrf,\{x (Xn,s» An,s) - vzlfl\/il,x (Xn—l,S7 An—l,s)”%Rd)N ds
0

u 2

+2 / (050, s M) =05y Kot Agoi.)) B
0 (Rd)N

u
<1623 [ (X0 = Xty + s = Antcl )
0

2
u
+2 /‘(UZL\{S (Xn,s, An,s) - ‘TEZIV_I Y(Xn—l,s, An—l,s)) dBg s
0

RHN

where we have used (26a); hence, by taking the supremum over the interval [0, #] and subse-
quently the expected values, by applying Burkholder—Davis—Gundy inequality (15) and (26b),
we obtain

E[ sup [ Xt 1,0 — Xonull M]
ME[O’t] n u n,u (R)

t

= (16L%l + 64NL(2,)]E|:/(”Xn,S - Xn—l,x”%Rd)N + 1 Ans — An—1s ”%F(U))N) d5]~

From the arbitrariness of ¢ € [0, T] and n € NT, (35a) follows.
We now turn to (35b). As before, we fix n € NT, ¢ € [0, T1, and u € [0, t]. We have that

||An+1,u - An,u ”%F(U))N

u

(/
0

u
u 2
=< 9_2 fl'gzyr (Xn,Sv An,s) - gzy’:fil,s (anl,_&" Anfl,s)”(F(U))N ds

s—u 2
e o
T ‘ ”gzlrf,\’A (Xn,s» An,s) - gzlfl\’il Y(Xn—l,Sv An—l,s)”(F(U))N dS>

u

0
8L2
S QZQM/(”X'!,S - Xi’l—l,S”%Rd)N + ”An,s - An—l,S”%F(U))N)dsv
0

where we have used (31a) in the third inequality. By taking the supremum over [0, #] and the
expected values of both sides of the inequality, we conclude that

18
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E[ sup [ Ant1,u — Anull? M]
ME[O’I] n u n,u (R)

8Lt
=< 92g E[/(”Xn,s - Xn—l,s”?]Rd)N + ”An,s - A"_I’XH%F(U))N)dS:|’
0

and from the arbitrariness of ¢ € [0, T] and n € NT we obtain (35b). This concludes the

proof. O

Remark 3.9. We notice that the term IE[HXO ”%Rd) N] is finite due to the assumed square integra-
bility of the spatial initial data, whereas E[|| A0||§F (U))N] < N2 by (14).

Now, let us introduce the sequence of continuous (R? x P(U))" -valued stochastic processes
{Y,};2, defined by

Y= (Xp, Apgoeon X0 AY)) (36)
for all ¢ € [0, T'], where the processes {sz}lN:O and {Af1 lN:O are, foralln =0,1,2..., the com-

ponents of the processes X,, and A, defined through the iterations (32). In the following, we will
construct a solution to the N-particle problem (23) as a suitable limit of the processes {Y,,}2 .

Proposition 3.10. Let {Y,l};':o:O be the sequence of continuous (R4 x PUNY -valued stochas-
tic processes {Yn};io defined by (36). Then, for alln =0,1,2,... and for all t € [0, T], the
following inequality holds

Rt n+1
} < (Rr) 37)

E|: sup [[Ynt1,u — Yn,u”%RdxF(U))N = m,

uel0,z]

where R > O depends on 6, N, T, onthe constants L, , L, , Lg, My, , M , Mg and on the second
moments of the initial data Xt X(')V.

Proof. We proceed by induction on n. We first prove the statement for n = 0: recalling estimates
(34), we obtain

]E[ sup [|Y1, _YOH%]RdxF(U))N]

uel0,t]

szJE[ sup [ X1 —Xou%Rd)N} +2]E[ sup [[A1, — Aon%F(U))N}
uel0,r] uel0,]

(an s s (1 +E[IXol e ] + E[||A0||§F(U))N])

41 2 12Mét2 2 2
+ B0l 0] + 52— (1 + E[1Xol oy ]+ E[IA0lF ),4])
2 2

12M2T AN
< (12M§T + 48N M? + 929 )<N2 +1 +JE[I|X0||§Rd)N])t +

t = Rt,

19
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where we have bounded some occurrences of ¢+ with 7 and used (14) in the last inequality; this
is (37) for n = 0. Now, let n € N; by (35), we can estimate

E[ sup 1 Yos2.u — Yoitull’pa N]
uel0,1] RIXFO)

§2E[ sup [ Xo42,u — Xn+1,u||%Rd)N] +2JE[ sup [[Ant2.u — An+1,u||§F(U))N}
uel0,t] uel0,r]

t

< (32L3r + 128NL§)JE[ / (X415 = X5 I gayy + 1Ant1,s = Anss [P sy v) ds]

0
t
16L%¢
+ E[ / (1,5 = X s gy + 1Anss = An,sn%F(U))N)ds}

0

2 t
<af22r v sviz + 24 \g IYpits — Yosl? ds
= v o 92 n+1,s n.s (R x P U))N
0

t
L2T Rs)1T1 _ Rn+lmn+2
532<2L%T+8L§,+ - )/( g me

a+ ) T N g

’

0

where, again, we have estimated some occurrences of ¢ by 7', and we have used the induction
hypothesis in the last inequality. By possibly redefining R as max{R, R}, we finally obtain the
instance of (37) with n replaced by n + 1. O

In what follows, we will construct a strong solution to problem (23) as the uniform limit of
the processes {Y,}°2 .

Proposition 3.11. There exists a P-negligible set Z € .7 such that for all o € Z¢, {Yn(0)}52, S
C([0, T, (RY x P(U))N) is a Cauchy sequence in the space (C([0, T1, (R x F(U)N), I loo)-
Therefore, letting § be an arbitrary element of (RY x P(U))N, the process Y: @ —>
C([0, T1, (R4 x P(U))N) given by

lim Y, (w), we€Z°
Y(w)={""%® (38)
y, w€EZ

is well defined.

Proof. By Markov inequality and (37) with t = T, we obtain, foralln =0, 1,2,...,

20
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1
P( sup IYn+1.t — Ynsll(Rix ey > —>

1€[0,T] 2n 39)
(RT)n—H
<4"E Y — Y, .3 <qn 7
= |:tes[g)p’]"]“ n+1,t ”’t”(RdxF(U))N] = (n + 1)'
so that, by the Borel-Cantelli Lemma, we deduce that
. 1
P limsupy sup [Yn+1.r — Yurll(Rixpyn > = 0.
n lieo,1] 2
Therefore, we have found a P-negligible set Z € .% such that, for all w € Z¢, it holds
1
sup [|Yn+1,6(@) — Yn (@)l(Rdx puyy < TR eventually. (40)

te[0,T]

Now we show that, for all w € Z¢, the sequence of continuous functions {Y, (@)},2, is a Cauchy
sequence in the Banach space (C([0, T'], R4 x F(UYY, |- llso)- Let us begin by presenting the
function Y, (@) as a telescoping sum

n—1

Y, (@) =Yo@) + Y (Yiq1(@) — Ye(),  foralln=0,1,2,...,
k=0

so that, for m > n, we can write
m—1
Yo (@) = Yoi(@) =Y (Yes1.0(@) = Vi (@) forallz€[0,T].

k=n

Therefore, for n large enough, by (40),

sup (| Y1 (w) — Yn,t(w)”(]RdxF(U))N

tel0,T]

m—1 m—1 1 00 1 “41)
< Z( sup | Yy1,0 (@) — Yk,z(wn(RdxF(U))N) <D w=D oo

k=n te(0,T] k=n k=n

which vanishes as n — oco. Now, letting § be an arbitrary element of (R¢ x P(U))V, (38) is well
defined and Y;(w) € (Rd x P(UNHN owing to the closedness of P(U) in F(U). Continuity of
the trajectories follows from uniform convergence. This concludes the proof. 0O

The proof of the following property, which is more probabilistic in nature, is postponed to
Appendix A.1.

Proposition 3.12. The limiting stochastic process Y defined in Proposition 3.11 is adapted to the
filtration (F;)e(0.1)-
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In the following, we will show that Y is a strong solution to the N-particle problem (1). The
key idea is to pass to the limit as n — 00 in the definition of the iterations (32). In line with the
previous sections, we write Y as

Y, =X AL ..., xN, AN), forallte(0,T],
and we introduce the (R)"N - and (P(U))" -valued processes X and A defined as
X, =X, XN, A=Al ... AN), forallr€[0,T];

we also introduce the associated empirical measures
. 1 &
=N ::NZ(S(X,-,A,-) and =N = (ev,)ﬁzN:NZ(s(th’A{). (42)
j=1 j=1

By construction, we have that, for all w € Z¢, the sequences of continuous functions {X,, (w) };’lo:()
and {A, (w)};2, uniformly converge to X(w) and A (w), respectively. We first observe that, as a
consequence of inequalities (26a), (26b), and (31a), we have that

sup ||v):N1 (Xn,ts Anyt) — UsN X, At)”(Rd)N <2Ly sup [, — Yt||(RdxF(U))N )
tefo,7] " 1€[0,7T]

sup ||‘72Nt Xn,ts Ant) — OsN X, A llRavxmy <2Ls sup [[Yu: —Y: ”(]RdxF(U))N :
relo,T] ™ t€[0,T]

sup ”gZN, Xon,t> Anyp) — gg{\/ (X, At)”(F(U))N <2Lg sup [[Yn:— Yt||(]RdxF(U))N .
t€[0,T] a t€[0,T]

By Proposition 3.11 (see (38)), for every w € Z¢ we deduce that the sequences of continuous
functions

[0. 715 1 vy (X (@), Ans(@) € RDY
n=0,12....
[0.7]5 1 Gy Kt (@), Ans(@)) € (PO

uniformly converge to
[0, T]5 1+ vy (X (@), A(@)) and [0, T]>51+— Gov (Xi (@), Ar(w),

respectively, and that the latter are in turn continuous. Therefore we deduce that on Z¢

1 1

lim VN (X,”,A,,,S)ds=/vEN(XS,AS)ds,
n—00 n,s s

0 0
t t

1 s—t 1 s—t
lim gfengrlle(Xn,sa An,s)dsz gfeng‘,gV(XSa Ag)ds,

n—00
0 0
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for all ¢ € [0, T']. Furthermore, we have that on Z¢ the sequence of continuous functions
[0, 131+ 0 5n Xt (@), A (@) € RIN>mMN = —0,1,2, ...

uniformly converges to the function [0, T] > ¢t —> oy X;(w), As(w)); therefore

t
: 2
lim /”‘7):1\’ Xn,ss Ans) — 058 Xy, As) ligansmy ds =0
n—00 s s
0

P-almost surely. This implies (see [12, Proposition 7.3]) the convergence of the random variables
t

t
/ozﬁvy(xn,s,An,s)st F, /aEy(XS,AS)dBS for all € [0, T].
0 0

Hence, taking the limit in P-probability as n — oo, we have that, for all ¢ € [0, T'],

P P
Xn,t — X, An,t — A,

t t
X0+/v2£{x(xn,sa An,s)ds+/‘72’11\{S(X11,S»An,s)st
0 0
t t
P
> Xo—f—/vzﬁy(Xs,As)ds—}—/azfy(XS,As)st,
0 0

and

t

t t
1 s—t P t 1 s—t
ot g [ Gy KA ds D eBRot 5 [T Ony XA as.
0 0

In particular, we have that for all 7 € [0, T] N Q there exists a P-negligible set Z; € .% such that,
on (Z; U 2Z)¢, by the uniqueness almost-everywhere of the limit in probability, we have that

t t
X =Xo+ [ony (e A)ds+ [ omy (XA dB,

0 0
t

1 1 s—t
M=ot [T Gnxa A as
0

(43)

Now, defining the P-negligible set N :=( Ute[O,T]ﬂQ Zt) U Z, we deduce that on N, equality
(43) holds for all 7 € [0, T] N Q. Since the trajectories of all processes are continuous, we can
conclude that, by density, (43) holds for all # € [0, T'].
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We note that equality (43) does not immediately imply that Y is a solution to problem (23).
To conclude the proof of existence we need the following result.

Proposition 3.13. The stochastic process Y defined in Proposition 3.11 satisfies, P-a.s.,

t t

X; =Xp+ / vzé\/ (X5, Ag)ds + / 0’):?/ (X5, Ay) dBy,
0 0 forallt €[0,T].  (44)

t

Ar = Ao +/T2§v (X, Ay)ds,
0

Proof. Let us fix w € N¢. We define, for all ¢ € [0, T'], the following functions:

t t
x(t) =X (w) =Xo(w) + / vzév(Xs, Ag)(w)ds +/02§v Xy, Ay)dBg(w) € (]Rd)zv’
0 0
| t
A1) = Ar(@) = ¢ Ag() + 5 / e Gn Xy, Ay (@) ds € (PU)Y,
0

1
A1) = Ag(w) + / T v Xs, Ay (@) ds € (PUNHY,
0

Our goal is to show that A(7) = X(t) for all ¢ € [0, T']. We first note that A and X are of class C!
with respect to the ||| y(g)v norm on the interval [0, T'], while x is of class cO. By defining the

function k: [0, T] —> (F(U))N ast —> h(r) == A(t) —A(1), we can readily show that h(r) =0,
forall r € [0, T']. In fact, we have

t
0) =i<e—’n(0) + Lemi feégzN (x(s), k(s))ds)
de 0 s
0
t
== 5O -y [HGn 6 A6 s+ 585 x 0 A0)
0
1

1
= — M0 + 2 (MO + 0T 3y (60, () ) = T (x(1). 10)

(the last line follows from the definition (30) of G), whence h'(t) = A'(¢) — ):/(t) =0, for all
t € [0, T']. Therefore we conclude that, for all # € [0, T], we have h(t) = ¢, for a certain ¢ €
(F(U)N. Since h(0) = A(0) — A(0) = 0, we have that ¢ = 0 for all 7 € [0, T, which concludes
the proof. O

The existence of a strong solution to the N-particle problem (23) is therefore proved.
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3.3. An a priori estimate on the moments of the solutions

In the proof of uniqueness we will employ an auxiliary result, consisting in an a priori estimate
on the moments of the solutions to problem (1), which is of independent interest.

Proposition 3.14. Let Y be a strong solution to problem (1), and let the spatial initial data X
be a random variable in L? (2, F, P) with p > 2. Then the following estimate holds

E[zes[gpﬂ”Yt ”fRd”(U”N] = C(l + ]E[”X"”fww])’ (45)

where C > 0 depends on p, N, My, My, T.

Proof. Our strategy consists in proving estimate (45) for a suitable stopped process, constructed
from Y, and then to extend it to Y through an approximation procedure. Notice that, by (14), we
only need to prove the finiteness of the p-th moments of the spatial components X.

Let us fix a constant R > 0 and let us consider, for all w € 2, the set of times

Tr(@) =11 €0, T1: X, (@) | gayv = R},
through which we define the random time

inf Tr(w) if Tr(w) # 0,

TR(w) =
T if Tg(w) =1,
representing the exit time of the process X from the open ball of radius R in (R)". The conti-
nuity of the process X guarantees that tg is a stopping time [12, Proposition 3.7]; in particular,
it is a finite stopping time taking values in the range [0, T']. Through the random time g we can
define the stopped stochastic processes Xg and A g given by, for all ¢ € [0, T],

XF=Xinrg:  Af = Asngg (46)

The continuity of X and A ensures that X® e AR are stochastic processes adapted to the filtration
(Z1)eef0.1, see [12, Proposition 3.6]]. We observe that the process XR® coincides with X on the
interval [0, Tg], whereas on (z,, T'] it takes the constant value X(tg); therefore, for all t € [0, T'],
we have

tATR IATR
XR =Xy + / vsv Xy, Ay) ds + / o 5n (X, Ay) dBs
0 0

1 1

X0+ [ o5y e ALy + [ 05 (X Ao 0B,
0 0
t t

=Xo + f vzﬁvﬂ(va A‘f)]l{‘KfR} ds +/GZ£’~R(X5’ Af)]l{s<rR}st,
0 0
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where

Z(X

INTR? [/\‘[R

is the empirical measure associated with the stopped processes. Now, if ¢ € [0, T], we have

uel0,¢]

t
E[ sup ||X5||§’Rdw]sy—l(E[nXonfRd)N]+E[rl’—1 f 1o vr XE, A a1 mR}ds}
0

u p

—HE|: sup /azy,R(Xf,Af)]l{KfR}st D

uel0,¢]
0 (Rd)N

=37 (E [1Xol Rd)N]—i—It—i—IIt).

We now estimate the two terms I; and II; separately. By (27a), we have

t

I < ,p—lE[ f [My (1 + 1IX5 | gayy + ||A§||(F(U)>~)]”11{s<m}ds]

t
< TP—13P‘1M5’/(1 +E[||X§||5Rd)N] +E[”AR"(F(U))N]) ds.
0

Invoking (15) and (27b), we have that

t
_1.p=2
I <c, NP7t E[ / ||a2g,R<Xf,Af)||§delel{s<fR}ds]

t
pP—

2
z E[ / (M (141Xl ayy + ||A5||<F(U»N)]"ds]

0

<c,NP~lt

t
<c, NPT 30" l1"1pf(1+1E[IIXRI| @y ]+ ELASIG gy ) ds.
0

Therefore, for all ¢ € [0, T], recalling (14), we have

E[ s1[10p1||X5||fRd>N]s3P‘JE[nXonfRd)N] + 3200 (7771 M 4+, NPT ME)-
uel0,t

t

/(1 +N? +E[IXEF Rd)N]) ds
0
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t
=1 (1+E[IXoll uy]) + CZ/E[ sup I, RM} ds,

uel0

where C| and C; are suitable positive constants depending on p, N, M, , M, , T , but independent
of the parameter R.
We can now apply Gronwall inequality, once we prove the boundedness of

[0, T]>t+— v(t) = |: sup [|X, ”(Rd)N]'

uel0,r]
Since, P-almost surely,
IXS 1l mayy < IXollgayy Vv R, forall t €[0, T,

we deduce that, for all ¢ € [0, T],
v(®) <E[IXollgay ] v R” <E[IXoll{gayv] + R

thus implying the boundedness of v over [0, T'], as desired. Consequently, we can conclude that,
forallr € [0, T],

v(t) < C1(1+E[I X0l ])elo %
By substituting t = T in the last inequality we obtain

u(T) < Ci(1+E[IXoll’;

P DT,

that is

E[Zesng ||XR||(Rd)Ni| < Co(l + IE[”XO“fRd)N])’ “7)

where Cg := C1€C2T is a positive constant depending on p, N, M, , M, and T, but is indepen-
dent of R. Therefore the estimate is proven for the stopped process Xg; we will now extend it to
the process X by letting R — 4-00 in (47). We observe that for almost all w € 2 we have the
inequality

sup “XR(w)” ROV = SUP X, () |7 RN for all R € [0, 4-00),
1€[0,T] 1€[0,7g ()]

and that the function R —— sup; ¢ 7, () 1 Xt ()| RN is monotonically increasing. Moreover,
we have that

tim (sup [XF@Ngan) = Im ( sup X (@)l )= sup [X:(@)lfp -
R—+400\e[0,T] RHY R—>+400 \e[0,7(w)] RN 1€[0,T] RN
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We can therefore apply Beppo Levi’s Theorem on monotone convergence to inequality (47) to
obtain, as desired,

E[ sup [1X 1] ]§C0<1+E 1Xolligan])-
t€[0,7T] TR [ (Rd)N]

We now conclude the proof by obtaining inequality (45). We have

JE[ sup Y7 }szl’—l(E[ sup [IX; % }HE[ sup [|A|I” D
tel0,T] ! (RdXF(U))N t€l0,T] ' (Rd)N t€l0,T] ! (FWUNY

=277 (Co+ N? + CoE[IXolfgv]) = € (1 + E[IXoll gy ])-
where C > 0 is a constant depending on p, N, M,,, M, and T. The proof is concluded. O
3.4. Pathwise uniqueness of the solution

We dedicate this subsection to the proof of the continuous dependence on initial data, which
yields the pathwise uniqueness of strong solutions to the N-particle problem (23).

Proposition 3.15. Let Y| ,0 and Y20 be two Fy-measurable, (R? x PN -valued random
variables with X1 o and X o belonging to LP (2, #, P), with p > 2. If Y| and Y3 are strong so-
lutions to problem (1) with initial datum Y1 o and Y ¢, respectively, then the following estimate
holds true

_ P Kt _ p
ELZ?OI?I]HYI,M Yz,un(RdxF(U))N]se KoE[ V1.0 = Yoollpo g |- G49)

where the constant K > 0 depends on p, N, Ly, Ly, L7, and T, and the constant Ky > 0
depends only on p.

Proof. Let Y| and Y, be two strong solutions to problem (23) defined on the same filtered
probability space (2, .#, (%;)iel0,1]. P) and associated with the same collection of Brownian
motions (B!, ..., BY) =: B and with initial datum Y o and Y3 g respectively. According to Def-
inition 3.1, Y| and Y5 are two continuous, (R x P(U))¥ -valued stochastic processes satisfying
(23) P-almost surely, with X% replaced by

N
1
N .
E”:NZ(S(X,-’;,A{Q’ fori=1,2.
o K

For t € [0, T], we can estimate
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ELE%PI]IIXLM - Xz,ullfRd)N:| <377t <]E[|IX1,0 - Xz,ollfRd)N]

t
+ P! E|:/||”gffs(xl,m Ars)— sy, X5, Az,s)llfRd)N ds}
0

t
_y,p=2
+cp NPl E[ / Ilazys(xl,s,m,s)—azgs(xz,s,Az,s)n{{gmmNdsD
0

<3p-1 (E[HXI,O - Xz,oIIfRd)N]
t

+ Tp_l E|:[ [ZLU(”XI,s - X2,s||(]Rd)N + ”Al,s - AZ,S”(F(U))N)]P dsi|

t

NPT E| | 2L, (1X), — X Als—A 4
+cp [ a(|| L,s 2.5l wayy + | A1 2,s||(F(U))N)] s
0
t

<3 (m[nxl,o = X0l | + K / E[IX1.5 = X W + 1415 = Azl v ] ds),
0

where we have applied Holder inequality, (15), (26a), and (26b), and where K, := 2>7~!(TP~1L}
+cpNP -Ir = Lg) Analogously, by Holder inequality and (26¢), we have

E[ sup [ A1 — Azull! ]52P1<E[||A1,o— ER -
weton] ul (PN (FWN

t
+tP7'E [/ ”TE?{S X1,5, Ars) — Tgé\{s (X2,s, Az,s)llfRd)N ds})
0
E 217_1 (EI:”ALO - A2’0”5F(U))N:|
t
+ KAfE[||X],s - Xz,s”{Rd)N + ”Al,s - A2>5”5F(U))N:| dS),
0

where K, :=2%P~!TP~!L”. Therefore, by combining the two previous estimates, we conclude
that, for all ¢t € [0, T],

E|: sup Y1 — Youll? :|
uel0,1] ! “IRIXFWHY

52”1<E[ sup [1X1u — Xo,ull” :|+E[ sup [ A1y — Azull” D
uel0,1] " HIRHY uel0,1] " HEOHN
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t
S KOE[”YI,O - YZ’O”fRdXF(U))N] + K / El:u:l[':)pv]”Yl,M - Y2,M ”f]RdXF(U))N} ds7
0 )

where Ko :=6P~! and K := 6P~ K, + 4P~1 K; Now, the a priori estimate obtained in Proposi-
tion 3.14 allows us to prove the boundedness of the function

[0, T]>t— v(t) = E|: sup Y1, —Yo2.ull

p
d N |
uel0,1] RIXFU) }

Indeed, by (45),
2 2
v(r) <27~ ZIEL;nopﬂnY,-,u||§’RdxF<U))N] < 21"0(2 + ZE[nxi,onfRd)N]),
i=1 ’ i=1

which is bounded by virtue of the p-integrability of X o and X3 . Therefore we can apply
Gronwall inequality obtaining that, for all ¢ € [0, T'],

v(t) < eK’Ko]E[IIYl,o - Y2,0||5RdxF(U>)N]’

which is (48). This concludes the proof. O

Pathwise uniqueness for the N-particle problem (23) now follows immediately from Proposi-
tion 3.15. Indeed, by taking Y10 =Y2,0, p =2, and t =T, estimate (48) yields that

E|: sup ||Yl,z—Y2,t||2 d N] =0,
1€[0,T] REXFUY

whence

JP’< sup Y1 — Yo I 2pa N =0> =1,
1€[0.7] RIx FU))

which is (20). Pathwise uniqueness is proved. O
4. The mean-field model

In the present section we will address rigorously the problem of well-posedness of the mean-
field model (2). Hence, we begin with the following

Definition 4.1. Let B: Q@ —> C([0, T'], R™) be an m-dimensional standard Brownian motion
defined on a filtered probability space (Q, F(Fi)re0.115 P), let Xo: © — R be an .%-
measurable random variable, and let Ag: 2 —> P(U) be an .Zy-measurable random variable.
We define strong solution to problem (2) a continuous, (.%;),-adapted stochastic process ¥ =
(X,A): @ — C([0,T1,R? x P(U)) satisfying, P-almost surely, for all € [0, T,
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t t
)?t:XO'*‘/UES(XSvKS)dS+/O'Z‘x()?3s KS)dESs
0 0

o o (49)
Af=A0+/TZS(XS7AS)dS’

Law(Y,) = %, € Pi(R? x P(U)).

We say that such a solution is pathwise unique if, given two strong solutions Y1, Y5 of (2) (with
the same Brownian motion and initial datum), we have

]P”(Yl,, = 172,, , for every t € [0, T]) =1. (50)
The main result of this section is the following well-posedness theorem.

Theorem 4.2 (well-posedness of the mean ﬁeld system (2)). Let us assume that (17) and (18) are
satisfied and that the spatial initial datum Xo belongs to LX(Q, .#,P). Then problem (2) admits
a strong solution Y, which is pathwise unique in the class of strong solutions such that the map
[0,T]5t+— %; € P1(RY x P(U)) satisfies the condition

sup / lx IR d2; (x, A) < +00. (&2))
r€[0,T]
RIxPU)

Moreover, the integrability of the spatlal initial datum is inherited, uniformly in time, by the
solution, namely, if Xo € LP(Q, %, P) with p > 2, the process Y satisfies

IE[ sup ||Yf||RdXF(U)] = CE(1+E[IXollg]). (52)
tel0,T]

for some constant C* > 0 depending on p, T, Mvz, and M UE (the last two constants are intro-
duced in the statement of Proposition 4.3, see estimates (55) below, with t —> W, replaced by
t— %, =Law(Y,)).

Proof. The proof of the theorem is articulated in various steps, which are addressed in the rest
of this section. As a preliminary result, in Proposition 4.3 below, we prove structural properties
of the fields v, o, and T in the right-hand side of (2a) for a given curve of measures t —> ¥;;
moreover, in Proposition 4.5, we prove the a priori estimate (58), of which estimate (52) will be
a particular instance satisfied by the solutions to (2) which will be constructed.

In Section 4.1, we outline the main steps of the construction of the solution to (2), which relies
on solving the auxiliary SDE presented in (59). In Section 4.2, we deal with the well-posedness of
this auxiliary problem, which will be instrumental in the successive fixed-point argument needed
to prove the existence of a solution to (2), see Section 4.3. Finally, the uniqueness argument is
discussed in Section 4.4, where we show that it follows from the continuous dependence on the
initial data (see Proposition 4.21). O
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Proposition 4.3. Let us consider a curve of measures [0, T] > t —> W, € P (R? x P(U)) such
that

sup / Ix|ga AW, (x, A) < 4o00. (53)
t€[0,7T]
RIxP(U)

Then, for all (t,x1, A1), (t,x2,12) €[0, T] x RY x P(U), the following estimates hold

lvw, (x1, A1) — vy, (x2, 22) I[Ra < Ly (llx1 — x2llRa + 141 = A2l 1)) (54a)
low, (x1, A1) — 0w, (x2, 22) [|Raxm < Lo (IIx1 — x2llga + IA1 — A2ll pr)) (54b)
17w, (1, A1) = T, (k2. A peyy < L7 (161 — x2llRe + 141 = 220l 0)) - (54¢)

where the constants L,, L, and L7 are those appearing in (17). Furthermore, there exist
constants M;I’, M(;I’, and M%y- > 0, depending on the curve V, such that, for all (t,x,)\) €

[0, T] x R x P(U), the following sublinearity estimates hold

lvw, (6, Mlige < MY (1+ |xlIRga), (55a)
low, (x, M) Igaxm < My (14 l|x|lga), (55b)
17w, e, Ml py < MF (14 [IxlIRa).- (55¢)

Proof. Inequalities (54) immediately follow from the structural assumptions (17). We shall only
prove the first of the estimates (55a), as the other two follow analogously. We fix an arbitrary
element (o, X0, A9) € [0, T] x R? x P(U), and by making use of inequalities (17a) and (12) we
obtain that, for all (¢, x, 1) € [0, T] x RY x PU),
lvg, (x, MlIre < v, (X0, 20)lIrd + vy, (x, 1) — vy, (x0, Ao)lIRd
< g, (x0, 20) I + Lo (Ilx = xollga + 12 = Aol ) + Wi (Wr, ¥yy)) (56)
< g, (x0, 2o) e + Lo (2 + l1xllRa + 1x0llRa + Wi (¥r, Wyy)).

Now, letting yo := (x0, Ao) and ¢ :=2 + ||xollge + W1(¥y,, 8y,), we have that for all 7 € [0, T']

Wy (W, W) < ¢ + / Il AW, Cx, ),
RIxPU)

where we have employed the triangle inequality for the metric Wy, inequality (12), and the fact
that

Wi(W,, 8,,) = / Iy = yollgax 0y Wi () 57)
RIxPU)

(which is an immediate consequence of I'(¥;, 8y,) = {¥; ® &y,}). Therefore, by virtue of hy-
pothesis (53), we conclude that there exists C ¥, depending on the curve W, such that
sup;epo,7] W1 (Wr, Wy) < CY. This bound, combined with (56), yields the claim. O
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Remark 4.4. Proposition 4.3 applies, in particular, when the curve t —> W, consists of the time
marginals of a fixed probability measure W € P,(C([0, T], R? x P(U))), with p € [1, +00);
namely, W; = (ev;)W for all ¢ € [0, T']. Indeed, as a consequence of Lebesgue Dominated Con-
vergence Theorem it can be verified that the curve [0,T] > ¢ +—— W, € Pp(Rd x P(U)) is
continuous with respect to the Wasserstein metric W),, hence, by Weierstrass Theorem, there
exists C¥ > 0 such that Wy, 8y,) < CY forallt e [0, T], where yq is an arbitrary point in
R? x P(U). By choosing for convenience yg of the form (0, A¢), and by using equation (57), we
immediately conclude that

f x| ga dW; (x, &) < W1 (W, 8y,) < Wp(¥y,8y,) <C¥, forallz €0, T],
RIxP(U)

therefore condition (53) is satisfied.
We prove the following a priori estimate on the moments of the solutions to (2).

Proposition 4.5 (a priori estimate on the moments of the solutions). Let us assume that (17) and
(18) are satisfied and that the spatial initial datum X0 belongs to LP(Q2, %, P), with p > 2.
Moreover, let Y be a strong solution to problem (2) such that the map [0,T] >t +— X, =
Law(Y;) € P1 (R4 x P(U)) satisfies condition (51). Then the following estimate holds

E[ sup ||Yz||§<dxm] sc2(1+1E[||Yo||§d]), (58)
tel[0,T]

where C= > 0 de;_wnds onp,T, MUE, and M(,E (see estimates (55), with t —> W, replaced by
t— %, =Law(Y,)).

Proof. The proof is completely analogous to that of Proposition 3.14. Here, the sublinearity
estimates (27a) and (27b) are replaced by the sublinearity estimates (uniform in time) (55a) and
(55b) respectively. Note that the latter are valid since, by hypothesis, the map t — X; satisfies
condition (53). O

4.1. Construction of a solution to the mean-field problem: outline of the proof

The argument will be articulated in two steps. First, we consider a filtered probability space
(Q,.Z,(F)iei0.1], P), an initial datum Yo = (X, Ag) with Xo € L*(Q,.#,P), and an m-
dimensional standard Brownian motion B adapted to the filtration (.%#;);e0,7]- We then fix a
probability measure W € P>(C([0, T], R? x P(U))) and we consider the following auxiliary
problem

SV SV U SV v —
dX, =vy, (X, ,A,)dt +oy, (X, , A, )dB;,
— SV 0 (59)
dA, =Ty, (X, , A, )dt,
where ¥, := (ev,)yV, for all ¢ € [0, T']. We shall prove that problem (59) has a pathwise unique
strong solution v’ = (YLP, KW): Q —> C([0, T], R? x P(U)), which satisfies
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Law(7") € P2(C([0, T1, R x P(U))).
Therefore, it will be well-defined a map

S: P2(C(10, T1, R x P(U))) —> P»(C([0, T1,R? x P(U))) )
U S(W) == Law(¥ ")

which associates to the measure W € P, (C ([0, T, R4 x P(U ))) the law of the stochastic pro-

cess v solving the auxiliary problem (59). We explicitly note that pathwise uniqueness of the
solution guarantees that the measure S(W) is unambiguously determined.

In the second step of the proof, we will show that the map S admits a unique fixed point. To
achieve this, we will employ the Banach—Caccioppoli fixed-point theorem in the complete met-
ric space (792 (C ([0, T],RY x P(U ))), Wz). Therefore we will obtain the existence of a unique
measure X € P, (C ([0, T, R4 x P(U ))) satisfying the fixed-point equation

S(T)=Law(Y ") = %. 61)

By setting ¥ := }72, we will find a strong solution to the mean-field problem (2). Indeed, since,
by construction, ¥ =Law(Y), and X; := (ev/)y X € Pr(R4 x P(U)) for all ¢ € [0, T], we have,
by associativity of the push-forward operation,

Law(Y,) =Law((ev,) o ¥) = ((ev;) o V):IP = (ev,)s (Y3 P) = (ev,): X = %,

for all € [0, T'], as prescribed in (2b). In the following paragraphs, we will present the construc-
tion in detail.

4.2. Study of the auxiliary problem

We begin by defining the notion of solution to the auxiliary problem (59) and the main result
about its well-posedness.

Definition 4.6. Let us fix ameasure W € P, (C([0, T],R? x P(U))), and define W, := (ev,); ¥ for
all t € [0, T]. Moreover, let B: @ — C([0, T], R™) be an m-dimensional standard Brownian
motion defined on a filtered probability space (2, .7, (;):e(0,77. P), let Xo: & —> R? be an
Zo-measurable random variable, and let Ag: Q@ —> P(U) be an .%p-measurable random vari-
able. We define strong solution to problem (59) a continuous, (-%;);-adapted stochastic process

v¥= ()?\p, K\P): Q— C([O, T1,R? x P(U)) satisfying, P-almost surely, for all t € [0, T'],

' '
v = S0 v SO v —
X, =X0+/v\y_v(Xs,As)ds—i—/.myx(Xs,As)dBS,

0 0 62

t
v - -
A, =A()+/T\,I;S(Xs , A )ds.
0
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.o . . e . SV oW
We say that such a solution is pathwise unique if, given two strong solutions Y|, Y, of (59)
(with the same Brownian motion and initial datum), we have

P(¥V, =7y, foreveryr €[0.71) =1. (63)

Proposition 4.7. Let us assume that (17) and (18) are satisfied and that the spatial initial datum
Xo belongs to L*(2, %, P). Then the auxiliary problem (59) admits a pathwise unique strong
solution Y v according to Definition 4.6. Moreover, the integrability of the spatial initial datum
is inherited, uniformly in time, by the solution, namely, if Xo € L?(Q, %, P) with p > 2, the
process Y v satisfies

_\I} —
E[ sup ||, ||{1;dxF(U)] = ¥ (1+E[IX0l5,]).
t€[0,T]

where C¥ > 0 depends on p, T, M;I’, and M(‘,I' (see estimates (55), with t —> W; = (ev;) WV, see
also Remark 4.4).

The proof of Proposition 4.7 will proceed along the lines of Section 3, by exploiting the Lip-
schitz continuity and sublinearity properties (54), (55), and the geometric property (18). Unlike
the N-particle system, the auxiliary problem (59) features an explicit dependence on time. How-
ever, the techniques employed in the study of the N -particle system can be adapted to the present
problem with almost no modifications, as we will see.

Let us begin with the proof of existence. Our strategy will be based again on the method of
successive approximation. We first fix 6 > 0 such that property (18) is satisfied; this condition
allows us to introduce the field G: [0, T] x R? x P(U) —> P(U), defined as

Gy, (x, 1) =A+60Tg, (x, 1) (64)

(notice that in the auxiliary problem (59) the measure ¥ € P, (C ([0, T1,R4 x P(U ))) is fixed
once and for all), so that the field 7 can be rewritten as

Gy, (x, A) — 4

Ty, (x, 1) = 5 ,

forall (r,x,1) € [0, T]x R x P(U), allowing us to employ the strategy of Brezis [17, Corollaire
1.1] in the definition of the Picard iterations. Before writing down the expression of the iterations,
we state the structural properties of the field G.

Proposition 4.8. Let W be as in Definition 4.6. Then there exists a constant Lg > 0, depending on

L7 and 0, such that, for all (t, x1, A1), (t, x2,A2) € [0, T] % R? x P(U), the following inequality
holds

IGw, (x1, A1) — G, (%2, 22l 0y < Lg (Ix1 — x2llga + 121 — 22l prry)- (65a)
Furthermore, there exists M é’ > 0, depending on M%I’- and 6, such that
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1Gw, 6. Ml ry < MG (14 IxlIRa). (65b)
forall (t,x,1) €[0,T] x R¢ x P(U).

Proof. By Remark 4.4, we have that the map # —— W¥; = (ev;)y W satisfies condition (53), there-
fore, estimates (54¢) and (55c) are valid, and it can easily be checked that they are inherited by
G as a consequence of its definition (64). O

Notational warning. In the ensuing part of this section, and in this section alone, we will denote
by Y, and Y the iterations and the solutions, respectively, of the auxiliary problem (59) associated
with the measure ¥ € P, (C ([0, T],R4 x P(U ))), and the same convention will apply to their
spatial components X,,, X, and mixed-strategy components A,, A. Therefore, we will avoid the

. .U SV C .
more complete (though heavier) notation Y, and Y . This choice is justified by the fact that in
this section the measure W is fixed.

We are now in a position to write the expression of the iterations and prove their convergence
to a solution to the auxiliary problem (59). They are defined recursively as follows:

t t

Xn+1,t = )?0 + / Uy, ()?n,j‘a Kn,s)ds +/0—\IIS ()?n,s» Kn,x)dEs s
0 0

. (66)
_ — 1 s— — _
An+l,t = 67§A0 + 5/37’g\¥s (Xn,s, An,s)ds’
0
forallr € [0,T]and n =0, 1, 2, ... The initial iteration in given by

Xo,i == Xo,

_ _ forallt € [0, T]. 67)

AO,[ = AOa

We anticipate that many of the ensuing arguments are completely analogous to those followed
in the proof of well-posedness of the N-particle system (23). Therefore, to avoid redundancy,
we will only sketch the proof of the following statements, pointing out only the properties and
results that are needed in each case.

The proof of the following proposition is the same as that of Proposition 3.6.

Proposition 4.9. The stochastic processes X, and N, defined by (66) and (67), are continuous
and adapted to the filtration (F;)cjo0,11 for alln =0,1,2, ...

Arguing like in Remark 3.7, it can readily be checked that, as a consequence of the convexity
of P(U) and of the geometric property (18), we have that Kn,t e P(U), forall t € [0, T] and for
alln=0,1,2,....

Let us now introduce the four estimates which represent the analogous for the auxiliary prob-
lem (59) of estimates (34) and (35).
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Proposition 4.10. Under the hypotheses of Proposition 4.7, the following estimates hold:

IEJ[ sup || X1, — ’70”112@1] < (6(M;1’)2[2 + 24(M;')2r)

uel0,¢] (68a)
(1+E[1%ol34] + E[1 Kol )] ).
_ — o, 22
E| sup [Aru— AO”F(U) =< Q_ZE[”AOHF(U)]
uel0,z] (68b)
6(MY)%t? _ _
— 4 — (1 + E[1%oli3a] + E[1 Foli} )]
forallt €[0,T], and
a Y 2 2 2
E|: sup ”XnJrl,u - Xn,u”]Rd:| = (4Lvt + 16L(7)
uel0,1]
' (69a)
E|:/(||}?ns - Yn—l,s”ﬁgd + ”Kns - Kn—l,s”%?((])) d5i|a
0
_ — 2Lt _ _ 5
E|: sup ||An+1,u - An,u”(Rd)N:| = Q—ZE |:/(||Xn,s - Xn—l,s”]Rd
uelo] 0 (69b)

+ ”Knv - Kn—l,s ”%’(U)) ds:|

foralln=1,2,... and t €0, T], where Ly, Ly, Lg and M,', M}, M indicate the Lipschitz
and sublinearity constants of the fields vy, oy, and Gy respectively (see (54), (55), and (65)).

Proof. The proof is the same as that of Proposition 3.8. In the present case, the Lipschitz
estimates (26a), (26b), (31a) must be replaced by (54a), (54b), (65a), respectively, whereas sub-
linearity estimates (27a), (27b), (31b), must be replaced by (55a), (55b), (65b). The validity of
the latter is ensured by Remark 4.4. The role of Holder and Burkholder—Davis—Gundy (15) in-
equalities is unchanged. O

_We now introduce the sequence of R? x P(U)-valued continuous stochastic processes
{Yn}fl":o, which we define, foralln =0,1,2, ..., as

Yn,t = ()?n,ta Kn,t) (70)

forall ¢ € [0, T1, where X,,, A, are defined in (66). As we will see, the uniform limit of {¥,,}°°
will provide a strong solution to the auxiliary problem (59).

Proposition 4.11. Lez (Y, 102 be the sequence of continuous R? x P(U)-valued stochastic pro-
cesses {17,1};’;0 defined by (70). Then, foralln =0,1,2, ... and for all t € [0, T, the following
inequality holds
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W \n+1
}_ (R¥1) 7 1)

E[ SUp 1Vt = Vol poy | < eEny

uel0,¢]

where RY >0 dependson 9, T, onthe constants L, , Ly , Lg, M,;y , M:’ , Mé’ and on the second

moment of the initial datum X.

Proof. The argument is identical to that of Proposition 3.10. Here, estimates (34) and (35) are
replaced by (68) and (69), respectively. O

Proposition 4.12. There exists a P-negligible set Z € .F such that forallw e Z Y, (0)}52.

C([0, T1,R? x P(U)) is a Cauchy sequence in the space (C([0, T1,R? x F(U)), ||- loo)- There-
fore, letting 7 be an arbitrary element of R? x P(U), the process Y : Q@ — C([0, T],R? x
PU)) given by

B lim Y,(w), weZ°
Y(w)={""% (72)

y, weZ

is well defined.

Proof. The proof is the same that as Proposition 3.11; estimate (71) replaces (37). O
The proof of the following proposition is analogous to that of Proposition 3.12.

Proposition 4.13. The limiting stochastic process Y defined in Proposition 4.12 is adapted to the
filtration (Z;)e(0.1)-

_ We now show that the process Y is a strong solution to the auxiliary problem (59). We write
Y as

?I = (Yla Kt)’

for all 7 € [0, T'], where, by construction, X and A are the uniform limits of the sequences of
processes { X, 152 and (A, 152 o» respectively. We now observe that, by virtue of properties (54a),
(54b), and (65a), we have that

sup ||U\I', (Yn,zy Kn,t) — Uy, (Yt, Kt)”]Rd <L, sup ||)7n,t - YIHRdxF(U)s
t€[0,T] t€[0,T]

sup [low, (X, Ans) — 0w, (Xs, Ap)Igaxm < Lo sup [|Yy; = YillRdy p )
t€[0,T] 1€[0,T]

sup ”g\Il, (Xn,ta Kn,t) - g\l/t()?la Kt)”F(U) < Lg sup ”?n,t - Yt ”]RdxF(U);
te[0,T] t€l0,T]

therefore we can replicate the argument of Section 3.2 (see the discussion just before Proposi-
tion 3.13), by passing to the limit as n — oo in the definition of the iterations (66), and conclude
that, P-almost surely, the process Y satisfies
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t t
)?l:)?0+/U\PS(XSVKS)ds+/O-\IJS()?S9 Ks)dgs,
0 0
t

_ _ 1 — _
Aﬁ:E%Am+5/eTthXmAQd&
0

(73)

for all ¢t € [0, T]. Finally, equation (73) allows us to deduce that Yisa strong solution to the
auxiliary problem (59). Indeed, arguing as in Proposition 3.13, we have the following result.

Proposition 4.14. The stochastic process Y defined in Proposition 4.12 satisfies, P-a.s.,

t t
Yz=YO"‘/U\PS(YS»Ks)ds“"/a‘l’s(ys’KS)dES’

0 0 forallt €[0,T]. (74)

1
Kl = KO + / T\I}Y ()?Sv KS)dsa
0
The proof of existence of a solution to the auxiliary problem (59) is concluded.
The following a priori estimate on the moments of the strong solutions to (59) holds true.

Proposition 4.15. Let Y be a strong solution to problem (59), and let X a random variable in
LP(Q, %, P) with p > 2. Then the following estimate holds

E| sup |IY,|% }scW1+EnYﬂ” : (75)
|:te[O,T] "R F(U) ( [ R"])

where CY > 0 depends on p, T, M;I', M;I’

Proof. The argument is analogous to that of Proposition 3.14 (and of Proposition 4.5). Here, the
sublinearity estimates (55a) and (55b) must be used, which are valid by Remark 4.4. O

Finally, the proof of pathwise uniqueness is identical to the one presented in Section 3.4. The
Lipschitz estimates (26) must be replaced by estimates (54), and the concluding argument is
performed through Gronwall inequality and the a priori estimate (75). This concludes the proof
of Proposition 4.7.

4.3. Construction of a solution to the mean-field problem: fixed-point argument

In this paragraph, we conclude the proof of existence of a solution to the mean-field problem
(2) through a fixed-point argument.

Proposition 4.16. Let us assume that (17) and (18) are satisfied and that the initial datum Yo is
such that its spatial component X belongs to L*(Q, .F, P). Then the map
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S: P2(C(10, T1,R? x P(U))) —> P»(C(10, T1,R? x P(V))) 6
Wi S(W) = Law(¥ ),

is well defined. Here, r'.o— C([0, T1,R? x P(U)) is the pathwise unique strong solution
of the auxiliary problem (59) associated with the measure V € P, (C([O, T1,R? x P(U))) (see
Definition 4.6 and Proposition 4.7).

Proof. The statement is a consequence of Proposition 4.7. Indeed, for any fixed ¥ € P, (C ([0, T1,
RY x P(U))), we can construct a strong solution 17‘1’: Q —> C([0, T],R? x P(U)) of the aux-
iliary problem (59), whose law Law(?lp) is unambiguously determined owing to the pathwise
. . . SV SV . . .
uniqueness. In fact, given two strong solutions of (59) Y| and Y, , pathwise uniqueness implies

that the C([0, T'], RY x P(U))-valued random variables ¥ Ill and }7;! coincide P-almost surely.
Since two random variables coinciding almost surely necessarily have the same law, we con-
clude that S(W) is well defined. Finally, to show that S(¥) € P (C([O, T1, R x P(U))), we use
estimate (75), which ensures that the quantity

72 v Yoll2
E| sup |7} ]sc (1+E[I1%ol3d])
|:te[0,T] t IRdx F(U) [ Rd]

is finite. Therefore S(¥) = Law(?w) is a measure with finite second moment. 0O
For all ¢ € [0, T], and for all measures !, ¥2 € P, (C([O, T1,R? x P(U))), we define the
quantity

L

2
%xww%:( inf / sup o1 () — @2 ()| dﬂwwﬂ.
' rel (Wl u2) vl RIxFU)
C([O,T],]R“’XP(U))2

Remark 4.17. We highlight the following immediate facts about W5 ;.

(a) The infimum defining Wz’t(llll, \IJZ) is actually achieved for some optimal transport plan
7 e (W', ¥?), as a consequence of the general theory of Optimal Transport on complete
and separable metric spaces [4, Theorem 2.10].

(b) If s <t, then W, ¢ < W5 ,; the quantity W5 r is the customary W, distance on P (C ([0, T1,
R4 x P(U))).

We now prove some estimates regarding the iteration of the map S.

Lemma 4.18. For all W', W2 € Py (C([0, T],RY x P(U))), n=1,2, ..., and t € [0, T] we have

that
W3 (S, SW) <Kt Wi w', v?), (77a)
t
W3 (S"(¥"), 8" (¥?)) lef W3 (S, $"Hw?)) ds, (77b)
0
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where KC > 0 depends only on Ly, Ly, L7, and T.

_ _yl _ g2
Proof. In what follows, we shall denote by Y e 7Y and V=7 the strong solutions to the
auxiliary problem (59) associated with the measures W! and W2, respectively. We first observe
that, for all fixed 7 € [0, T'], we have

W3 (S(¥h), S(w?)

S / Sup ||€01 (L{) - (pZ(u)”%RdXF(U) dP(yl }72) (‘Pl ) (/)2)
uel0,r] ’ (78)
C([0,T1,RIxP(U))?

=1 52,2
=IE[ sup Y, =Y, lga ]
wel0.1] u ullRdx F(U)

where Py 32, = Law(?l, 7% = (171, Yz)jP, which is an element of I'(S(¥'), S(¥?)). Owing
to Holder iflequality, (15), (17a), and (17b), we observe that

=1 =2
E[ sup |1 X, — quﬁgd}
uel0,1]

t t
=1 =2 =l =2
sm[ / g1 (V) = vg2 (V) ds] + SE[ / llog (Y5) = 02 (V) IR ds]
0 0

t

=1 =2 2
§2tIEI|:/(Lv(||YS — Y, lIRaxr) + Wi (¥, WD) ds]
0

t
=1 =2 2
+8E |:/ (L(,(||YS -y ”RdxF(U) + W (‘1’3, ‘l’f))) dsi|
0

t
=1 =2
<4(L2+4L2) -IE[ f (15 = Vil sy + WECS, WD) ds}
0

and, owing to Holder inequality and (17c), we analogously observe that

t
—1 —2 =1 =2
E[ sup 14, — A, ||2F(U)} <E [r / 1 Tgr (V) = Toa(Y) ||2F(U)ds}
uel0,t

0

t

=1 =2 2
§tIE|:/(L7~(||YS — YR xry + Wi (¥4, ¥)))) ds:|

t
=1 =2
<2 LZTE[ f (175 = ¥Ry poy + WE W, w2>)ds].
0
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Combining the previous inequalities, we obtain the estimate

=1 =2 =1 =2 —1 —2
]E[ sup ||Y, — YM||§WF(U)} < 2IEJ[ sup || X, — X”||§W} + 2E[ sup ||A, — Au||2F(U)}
uel0,1] uel0,1] uel0,t]

t
=1 =2
<4(2tL?+8L2 +1L%) ~E[/(||YS — Vi lgawpy + W WD) dsi|

t

t

2 2 2 7l 52,2 200l @2

<4(2TL;+8L; +TL7)- </E|:uztlops]||Yu _Yu||Rd><F(U)i| ds+/W1 (\IJS,\I!S)ds>.
0 ’ 0

To estimate the last integrand above, let us fix s < s’ and let us consider a measure 7 € I‘(\Ill, \112)
which is optimal for W, v (see Remark 4.17(a)). We also define the probability measure over
(R? x P(U))? given by 7 == (evy, eVs)sTT € F(\Ili, \Il%). We have that

2
W%(nv},w?)s( / ||y1—y2||RdxF(U>dﬁs(y1,yz)>
(RIxPU))?

S | T Yo

RIxP(U))?
= / ”901 (S) - §02(S) ”]IZQ“,XF(U) dﬁ(‘ﬁla (/)2)
C([0,T],RIxP(U))?
= sup [lg1(u) = @2 lga gy A7 (@15 92) = Wy o (W7, W9),
uel0,s’]

C([0,T],R4 xP(U))?

where we have used Jensen inequality in the second line and the optimality of 77 in the last one.
Using this last estimate with s’ = s, we can write

t

t
=1 =2 =1 =2
]E[ sup ||Yu—Yu||]%dxF(U):| gc()(/E[ sup ||Yu—Yu||§WxF(U)] ds—i—/Wis(\pl,\pZ)ds),
uel0,7] 0 uel0,s] o

. . =1 =2

with Cp = 4(2TL% +8L2 + TLZT). Since the map ¢ +—> E[supuelo’,]HYM - Y””ﬁ{dxF(U)]
is bounded over [0, T] (see the a priori estimate (75)) and the map ¢ —> f(; Wés(wl, w2)ds
is non decreasing and bounded (indeed fot Wis(\lﬂ, Wl)ds < TW22(\IJI, W?) < 400, see Re-
mark 4.17(b)), by Gronwall inequality we conclude that, for all ¢ € [0, T'], estimate (78) becomes

t
Sl =2
W3,(S(Wh), S(w?)) 51@[ sup Yy, — YM||%R,,WU)] SgCOICO/ W2 (W', 0 ds.  (79)
uel0,t]
0
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By choosing K := e©oT Cy, inequality (77a) follows from Remark 4.17(b), and inequality (77b)
follows by applying (79) replacing ¥/ by S"~1 (W), fori =1,2. O

The following contractivity estimates holds true.

Lemma 4.19. For all V!, W2 P>(C([0, T1, R x PW))) andn=1,2,..., we have that

Wa(S" (W), 8" (W) </ (li—T,)"Wz(wl, v, (80)

where IC is the constant from Lemma 4.18.
Proof. We proceed by induction to show that, for every n =1, 2, ... and for every 7 € [0, T],

(K"

n!

W3 ,(S" (W), 8" (¥?)) < Wi (', ¥ (81)
For n =1, (81) is exactly (77a). Let us assume that (81) holds true for a given n — 1 > 0. By
(77b) and the inductive hypothesis, we can estimate

t
W3, (S" (W), 8"(¥7) < IC/ W3 (S T, ST ds
0

t
K"ty g KD
§IC/7(”_1)!W2(\I/,\IJ)ds_ L WRW, ),
0

which proves (81). Estimate (80) follows by taking t = T and by Remark 4.17(b). O

As a consequence of Lemma 4.19, in the next proposition we prove that the map S has a
unique fixed point.

Proposition 4.20. Under the hypotheses of Proposition 4.16, the map S defined in (76) admits a
unique fixed point in the space P>(C([0, T1,R? x P(U))).

Proof. Since the coefficient /(KT)"/n! < 1 for n sufficiently large, estimate (80) implies that
the corresponding iterate S” is a contraction in the complete metric space (PZ(C ([0, T1, R¥ x
PU))), Wz). A classical variant of the Banach—Caccioppoli fixed-point theorem (see, e.g., [18],
see also [37]) allows us to conclude. O

4.4. Uniqueness of the solution to the mean-field problem

Analogously to what we did for the N-particle system in Proposition 3.15, we now prove
continuous dependence on the initial data of the solution to (2). This result will allow us to
deduce pathwise uniqueness of strong solutions to the McKean—Vlasov equation (2) in the class

of strong solutions such that the map ¢ — X; satisfies (51).
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Proposition 4.21. Let 171,0 and 172,0 be two Fy-measurable, R? x P(U)-valued random vari-
ables with )71’0 and )72’0 belonging to LP(Q, F,P), with p > 2. If Y| and Y, are strong
solutions to problem (2) with initial datum Y 1.0 and Y 2.0, respectively, and such that the two
mapst— X;; = LaW(Yi,,) satisfy condition (51) for i = 1,2, then the following stability esti-
mate holds true

E[ sup |V 1.4 — ?2,u||§dxF(U)} <K ROE[ 1710 = V20l o |- (82)
uel0,1]

where the constant K > 0 depends on p, Ly, Ly, L, and T, and the constant Ko>0 depends
only on p.

Proof. The proof follows the scheme of that of Proposition 3.15. Indeed, by using Holder in-
equality, (15), (17a), and (17b), we can estimate, for all # € [0, T'],

E|: sup ”)?l,u _YZ,u”ﬁd:|
uel0,r]

t
<3p-1 <]E[||)?1,0 - sz()”{éd:l + lplE[[llvzl,s(fl,s) — sy, (Y2,5) I pa ds}
0
t
p=2 — —
+Cpt 2 E[/”O—ZLS (Yl,s) - Oﬁ):zJ(YZ,S)”I][)&dxm dsi|>
0

t
<3r-! <E[IIY1,0 - YZ,O”]Iéd] + Tp_lE[/(LU(”YI,S —Yaslrixrw)
0

+ Wi (S5, Ez,s)))pds}

t

p=2 — —
+CpT 2 E[/(LU(||Y1,S - Y2,s||]Rd><F(U) + W](E],sa EZ,S)))pdS:|)
0
t

<301 <]E[II)71,0 - )?2,0”]%(1] +K, /(E[”?l»s - 172»-?”1127@%((/)] + W (Z1ss 22“‘)) ds)
0

where K, == 2”_1(T”_1L5 + CPT%Lg). Similarly, by Holder inequality and (17c), we can
estimate, for all ¢ € [0, T],

E|: sup ”Kl,u - Kz,unfr(u)]
uel0,r]
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t
521771 (E[HK],O - KZOHII;(U)] + tplE[/ln—ELs (Yl,s) - TEz,S (}72,5)”1;‘@]) dsi|)
0

t

<P (E[“KI,O - Kz,ollf:w)] + I?A/<E[||?l,s - ?2,S||§dXF(U):| + W (Zis, 22,0) dS>
0

where K = 21’_1T”_1Lp7-. By virtue of (2b), X; s = Law(f,‘,s), for every s € [0, T'] and for
i =1,2, so that, since W; < W, and Law(Y 5, Y2 5) € ['(Z15, £2,5), We estimate

Wl (15, 22,0 < WE (S 20 S E[1V1s = Vol |

By combining the three previous estimates, we obtain

E[ sup Y14 —Youllb }
wel0.1] u UWIRd x F(U)

<2r”! (E[ sup | X1 — Xlu”ﬁd} +E[ sup | A1y — Kz,ullﬁ(U)D
uel0,1] uel0,1]

t
SEOE[”YI,O - 172,0||]If§,;sz(U)] + I?/E[ sup ||V — ?lbt”fadxp(w] ds,
0

uel0,s]

where Ko :=6""" and K :=2(6""'K + 4P~ K, ). We now show the boundedness of the func-
tion

[0,T]3t > v() :=IEZ[ sup ||V, — Yz,uu]’l’wﬂw]
uel0,t]

Indeed, by virtue of a priori estimate (58), we have that, for all 7 € [0, T'],
2 2
v(r) <277 ZE[ sup [|¥;, ||]§dxF(U)] <2/ "max{C*, €2} (2 + Z]E[||Xi,o||§d]>.
i1 Luelo.] =
Thus, we can apply Gronwall inequality and obtain that, for all ¢ € [0, T'],

v(r) < eKtl?olE[H?l,o - 72,0||]§[fo(,])],

which is (82). This concludes the proof. O

Pathwise uniqueness for the McKean—Vlasov equation (2) now follows immediately from
Proposition 4.21. Indeed, by taking Y o =Y2,0, p =2, and t = T, estimate (82) yields that

]E[ sup ||Y],I_Y2,t”2d i|=0,
1€[0,T] RIXFO)
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whence

P( sup Y1, — Yo l5a =0>=1,
0] R x F(U)

which is (50). Pathwise uniqueness is proved. O
5. Propagation of chaos

In this section, we prove the propagation of chaos, that is, the solution to the N-particle
problem (1) converges to the solution to the mean-field problem (2), as N — oo.

We start by recalling that we work in the filtered probability space (2, .%, (%1)refo.11, P),
which is fixed once and for all, and that we assume that the fields v, o, and 7T satisfy the structural
assumptions (17) and (18).

This section contains two main results. In Proposition 5.1, we prove that if we consider a
sequence {(Yy, B")};Z, of i.i.d. pairs of initial datum and Brownian motion, then the corre-
sponding solutions to the mean-field problem (2) maintain the i.i.d. property. In Theorem 5.3, we
prove the pathwise propagation of chaos through synchronous coupling [26, Section 3].

Proposition 5.1 (independence and identical distribution). Let {(Yy, B")}7>, be a sequence
of independent and identically distributed random variables, where {Yj}>° | is a sequence of
Fo-measurable, R? x P(U)-valued random variables with Yy = (X3, Ay) and {X(}02, ©
L*(Q,.Z,P), and where {B"}22 | is a sequence of m-dimensional standard Brownian motions.
Then, denoting with Y" the solution to the mean-field problem (2) constructed from the initial da-
tum Yy and the Brownian motion B" (for every n € NT), the processes {17”}2021 are independent

and identically distributed.

The proof is obtained from the following technical result concerning the structure of the map S
defined in (76). To better understand the meaning of Proposition 5.2 below, notice that the map S
defined in (76) is determined, in principle, by the initial datum Y and by the Brownian motion
B defining the auxiliary problem (59), see the beginning of Section 4.1. Actually, S is solely
determined by the law of the initial datum Y.

Proposition 5.2 (properties of the map S). Under the hypotheses of Proposition 4.16, the map S
defined in (76) is determined only by the law of the initial datum Y. More precisely, let Y, (1) and

Y, é be two identically distributed initial data, let B ! and E2 be two m-dimensional Brownian
motions, and let S| and Sy be the maps defined in (76) by solving the auxiliary problem (59)

associated with the pairs (7(1), B 1) and ()73, l_?z), respectively. Then S| = S».

Proof. Let us consider two identically distributed initial data Y, (]), 17(2) and two m-dimensional
Brownian motions B 1, Ez. We want to show that, for a fixed measure ¥ € P,(C([0, T, RY x
P(U))), the laws of the solutions ¥ and ¥~ to the auxiliary problems
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t t
;?;'=;?g+/v%(>?§,x;)ds+/a%o?§,x§)d§§,
0 0 (83)

A =R} +/T%(Y§, Alyds,

(i = 1,2) actually coincide. From the proof of well- posedness of the auxﬂlary problem (83) (see
Proposition 4.7), we know that, forz =1, 2, the solutions Y' = (X A ) are P-almost surely the
uniform limit of the iterations {Yk} 2=0> Which we recall to be defined as

t t
T =X+ [ o Fhyp B dst [ 0w, (oo K1) 4B,
0 0
t (84)

. . 1 s—t /i . .
Rpy=e Ryt [ (B, +0T0 (B 10 Bl b
0

=i —i
=G, (Xi_15:Mp_1,4)

fork=0,1,2,... andforallt € [0, T].

Let us begin by proving that the two processes (17,1(, B')and (¥ ,%, B%) (considered as random
variables from  with values in C([0, T],R? x P(U) x R™)) are identically distributed for
all k=0,1,2,... We proceed by induction on k: the case k = 0 follows from the fact that,

by hypothesis, 17(1) and 73 are .#o-measurable, hence (see, e.g., Exercise 3.4¢ in [12, page 75])
they are independent of the Brownian motions B " and B respectively. Therefore the random
variables (}7(1), B 1) and (Y é, Ez) are identically distributed since their joint law is the product of
the laws of their components.

We consider now k > 1 and we suppose that ()7,1(_1, B') and (Yi_l, B) are identically dis-
tributed; to show that (¥ ,i B 1) and (Y i 1_32) have in turn the same law, we prove that their finite-
dimensional dzstrzbutzons comade that is, for any finite collection of times #1, ..., t, € [0, T'], the

random vectors (Yk (1), B' (t1),...,Y k(t,) B' (t;)), fori =1,2, are 1dentlca11y distributed (the
fact that we are working with continuous processes taking values in a separable Banach space

ensures the applicability of the criterion). We observe that, for any time t; € {t1,...,#,}, we can
construct a sequence of partitions n,’f ={0=rm<1<---< ng,_,- =t; }2 of the interval [0, tj]

with vanishing amplitude as # — oo, and such that

t M -1
i . =i
/ vy, (Yy_y ) ds = hli)n;o Z v, (Vi1 7)) (T1 — ), P-as.
0 n=0

2 Tobe precise, each node 1, € n}]: /' should be labelled with k, j, and h; we omit this explicit dependence to keep the
notation lighter.
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t k.j
ol =~y . ! =~y =~ . oqe
/U\ps (Yy_15)dBs = hlin;o E ow, (Yi_y4)(By , —By), inP-probability,
=0
0

t My 1
/e 7 Gy, (Yk 1s)d5— hm Z e g\pm(yk L) (Ty+1 — 7). Pas.

0

for i =1, 2; this is possible thanks to the properties of Lebesgue, Ito (see [12, Proposition 7.4]),
and Bochner 1ntegrals owing to the continuity of the integrands. Therefore, from the sequences

of partitions {nh J }hey»j =1...,r, wecanextract suitable subsequences of partitions (which we

will denote with the same set of symbols JT]]; J ) such that all limits in P-probability are P-almost
sure limits.
Therefore, forany j =1,...,r and for i = 1, 2, we can write that, P-almost surely,

» i » » .
Y;(t,»):hlggoq>h1(yj<,1(ro),B’(TO),...,Y;,l(rM:.,) B (IM;:,))

. k.j
where CIDI;Z’] S (R x P(U) x RMMi'+1 5 RY » F(U) is a suitable measurable map. Hence,
we conclude that, P-almost surely and for i = 1, 2, we have

(V). B (). Y1), B () = lim @ (Y, (20). B (0). ... ¥y (1ygt). B (Tagt))

where

r
k. k,j
TO,...,TM;: ETL’h = U]th
j=1

and % : (R? x P(U) x R™Mi+1 5 (R x F(U) x R™)" is a suitable measurable map, com-

mon to i = 1, 2. Since, by inductive hypothesis, (17,1_1, El) and (17,3_1, 1§2) have the same law,
and hence the same finite-dimensional distributions, we conclude that for all fixed h € N we
have

Law (® (¥, (v0), B' (10), ..., Vi (1), B (54y0)
=Law(@f (Vy_, (1), B (10), ... Ty (ryp), B (1)),

By recalling that almost sure convergence implies weak convergence (that is, in duality with
continuous and bounded functions) of the laws, we conclude that, fori =1, 2,

Law (P, (Y} (70), B'(%0). -, Vi1 (Typ), B' (11y0)))
—— Law(Vi(n). B (). ... V@), B' (1),

but the previous argument shows that the two sequences on the left-hand side are actually the
same sequence: by uniqueness of the weak limit of probability measures we deduce that
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>1 =1 >l =1 52 =2 52 =2
LaW(Yk(tl)ﬂB (t1)7'~7Yk(tr)7B (tr))zLaW(Yk(tl)aB (tl)a'aYk(tr)’B (tr)),

and from the arbitrariness of times f1, ..., t, we finally conclude that & ,i, B 1) and (Y i, EZ) are
identically distributed.

To conclude the proof, we need to show that ()71, B 1) and ()72, Ez) have the same law. We
proceed similarly to the last lines of the first part of the proof. We know that

', BH =klirgo(f2, B, P-as. fori=1,2:

moreover, as shown earlier, for every k =0, 1,2,..., we have Law(l?,i, El) = Law(l?i, E2),
therefore, relying again on the uniqueness of the weak limit, we conclude that Law()?l, B 1) =
Law(Y°, B>). Finally, by projecting onto the first component, it follows that Law(¥ ) =
Law()72) and the proof is complete. O

Proof of Proposition 5.1. Let us begin by showing that the stochastic processes {7"};02 | are
identically distributed. From the proof of the well-posedness of the mean-field problem (see
Theorem 4.2), we know that Law(?n) is the unique fixed point of the map S, defined as in
(76) associating to the measure W € 732(0([0, T1,RY x P(U ))) the law of the stochastic pro-
cess solving the auxiliary problem (59) with data (Y, B"). Proposition 5.2 implies that all
maps {S,}7° , actually coincide, since the random variables {(Yy, B")};° |, and therefore the
initial data {Y'}7° , are identically distributed. By uniqueness of the fixed point of the maps
{Sn}f;‘;1 (see Proposition 4.20), we conclude that Law()?l) = Law(172) == Law(fn) =,
thus proving the claim.

We now want to show that the family of sub-o-algebras {0(17:1, t €10, T])}fjoz1 of .% is inde-
pendent. By hypothesis, the family of sub-o-algebras {a Yy, Bt tel0,T]) }2021 is independent.
Letting .4 be the collection of the P-negligible elements of .%, Lemma A.3 implies that also the
family {U(Y"; B, tel0,T]; JV)}EL is independent. By arguing as in Proposition 5.2, we can
see that, for all t € [0, T'], each random variable Y’ ’: is measurable with respect to the o -algebra
o(Y]; B!',t €[0,T]; .4). Indeed, }7:1 is the P-almost sure limit of the sequence of iterations
{YZ),},?‘;O, which are, in turn, P-almost sure limits of o (¥; B}',t € [0, T'])-measurable func-
tions. As a consequence, we have that, foralln e N T,

oY, tel0,T) Co (Yl B, t€[0,T];.A)

and since the family {o (Y; B}, t € [0, T]; A )}ff:] is independent, the same holds true for the
family {o (Y}, 7 € [0, T])}°,, and the proof is concluded. O

n=1’

We are now in a position to state and prove the main result of this section, concerning the
propagation of chaos as the number of particles N — oo.

Theorem 5.3 (propagation of chaos). Let {(Y}, B")}f;o:1 be as in Proposition 5.1. For every
fixed N € N, denote with Y'N | ..., YNN the stochastic processes solving the N -particle prob-
lem (1), namely
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t t
xmN = xn —l—/UE?.N(X;”N’A;’,N)ds +/02;’,N(X§"N7A?9N)d3g,
0 0

1
APN = Al +fTE,;,N (XN AN ds,
0

ool 52 . .
where E?’N = % Z;V:l S(Xj,zv AFN Y and denote with Y , Y™, ... the stochastic processes solving
t i |
the mean field problems (2)

1 1
X, =Xg+/UEX(YZ,Kf)ds+/ozx()?f,xf)d3§,

0 0 n=1.2..) (85)

t
A=A} + / Ts, (X, Ay ds,
0

where %, :=Law(¥|) = Law(Y>) = - -, for all t € [0, T). Then
. N _ Hh2 _
1\Ih—r>n00<lr<r:za<XNE |:tes[l(;,pT]”Yt Yt ”RdXF(U)jD =0 (80)

The proof relies on the following two technical propositions.

Proposition 5.4. Under the hypotheses of Theorem 5.3, for all N € NT, define the empirical
measures

N
N _ 1 . d
) .:NX;BYj. Q — P(C([0, T],RY x P(U))), 87)
J:
associated with the N processes Y 1, LY N, solving the first N instances of the mean-field
problems (85). Define ¥ := Law(l?l) = Law(fz) = ---. Then the following inequality holds:

n,N _ 5h2 2, &N
é‘iaé‘NELj[‘gpﬂ”Yf -7 ||RdXF(U)]sc1E[W2(2 B, (88)

where C > 0 is a constant depending on L, Ly, L7, and T.
Proof. For a fixed N € N and ¢ € [0, T], by applying Holder and Burkholder—Davis—Gundy
(15) inequalities, combined with the Lipschitz properties (17a) and (17b), we have that for all

n=1,...,N
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<N
E[ sup [ XY — xunﬂid]
uel0,¢]

1 t
sZtIE[ / losy (YY) = v, (Y I ja ds] + 8E[ f losy (V) = o5, (T I gasn ds}
0 0

t

S 2
SZZE[/(LU(”Y;LN - Y?”Rdxp((]) + WI(Z?/, Es))) d5i|+

t
v 2
+ SIE[/(LU(HYS"'N — Y lRaxry + W1(EY, 2)))) dsi|
0
t

<4(tL? +4L2) .EU(”ng _ )7?”]%‘1”@ + w2V, Es))ds].

Analogously, by applying Holder inequality and the Lipschitz property (17c), we have that

uel0,7]

t
JE[ sup AN — A, ||%(U)} < E[r / 1Ty (VN) = Te, (VD30 ds}
0

t

= 2
SZE[/(LT(HYS”’N —Y;l”RdxF(U)‘*‘Wl(Eﬁv’Es))) ds}
0

t
<2t LZTIE[/(”Y;”N —-7! ||H2{dxF(U) +wizN, ) ds:|.
Combining the previous inequalities, we obtain that, forallt € [0, T]andn =1,..., N,

N g2 N 72 N 2
]E|: sup Y,V — Yu”]R“’xF(U)i| 52]E|: sup || X)) —Xulle] +2E|: sup [|A} —Au||F(U)]
uel0,1] uel0,] uel0,]

t
<4t +8L% +1L%) .JEU(IIY!”N — Vi lgaypwy + Wi(EY, E) ds}

t t
<4QTL2+8LZ+TL%)- <]E |:f||Yf’N - Y;’n]’{{w(w ds] +1E[/ w2V, Es)ds]).
0 0

We shall now estimate the last integral in the previous inequality. We note that, by triangle in-
equality, for all s € [0, ¢], we have

=N =N
Wi(E), Z) = Wi (B E0) + Wi(E L Z),
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where f;v = (evt)ij; therefore we obtain that, for all ¢ € [0, T'],
t t t
fwf(zﬁ,v, %) ds 52/ w2V, =) ds +2/ W2EY, 2,) ds = 21, + 211, .
0 0 0

We observe now that, by definition of the Wasserstein distance and by convexity of the square
function, we have

t N 5
1
I; S/( / ||x—)’||]RdxF(U)d(N E 5(Y{‘*N,Y_’§)>(x’3’)) ds
i—1

0 (RIxPU))?
t | N 2 ! 1 N
< /(ﬁ >N — vy ”]RdxF(U)) ds =< / N DI = Vg 95
0 i=1 0 i=1

and, since Wl(fiv, ) < Wz(iiv, %) < WaEV. %), we immediately obtain that II, <

TW22(§N, Y). Therefore, by letting Co = 4(2TL% + 8L§ + TL%—), we can write that, for all
tel0,T]andn=1,...,N,

t
E[ sup [[Y;N — YZ||§dxF(U)} < Co (E[ / YN = Vil r ds]
uel0,1]
0

t

N
1 _ =N
+2EU 5 2 =Vl o) ds} +E[2TW§<E ; E)])
0 i=1
t

<C E YN v d
= [ s, 0 P | o
0

t

1 nN _ "2 2 N
+2/N'N11_<nnastE[u§[t)%]”Y” ~Yullgaxp, |45 +2TE| W3 (X7, %)
0

= <N
<3Co [ max E[ sup ||y;’N_yZ||H2{dxF(U)} ds+2TC0E[W22(E ,2)].

<nsN uel0,s]

Now we can apply Gronwall inequality to the function

v(t) = max E| sup [|[Y*N —Y")3 ,
® 1<n<N |:u€[01,)t]“ “ e w)

which is bounded on [0, T'] as a consequence of the a priori estimates (45) and (58) (with p = 2),
to conclude that, for all ¢ € [0, T'],
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=N
(t) < e3C°’2TCOE[W22(E , z)],

and by substituting t = T' we finally obtain estimate (88) with C := 36T Cy. O

The next proposition, which is a consequence of the strong law of large numbers, can be found
in [44, Lemma 4.7.1]; we present its proof in Appendix A.3 for the reader’s convenience.

Proposition 5.5. Let Z,,: 2 —> X be a sequence of random variables defined on the probability
space (2, F, P) taking values in a complete and separable metric space (X, d). Let us assume
that the random variables {Z,}.° | are i.i.d., and, for a certain p € [1,400), they all have finite
p-th moment. Then, by denoting with |1 € P,(X) the common law of the Z,,’s and with i the
empirical measure

N
1
Vo= ¥ Zazn Q> Py(X), NeNT,

n=1

we have
lim E[W) @Y, w]=0. 89
Jim [(Wy @™, )] (89)
Thanks to Propositions 5.4 and 5.5, we can now obtain our propagation of chaos result.

Proof of Theorem 5.3. By Proposition 5.1, the processes {¥’ n}g‘;l are i.i.d. with common law
> e PL(C([0, T1, RY x P(U))), so that (86) holds by combining (88) and (89) in Proposition 5.5,
which we apply in the complete metric space X = C([0, T], R4 x P(U)) to the random variables
Z,=Y" andwith p=2. O
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Appendix A. Proofs of some technical propositions

In this appendix, we present the proofs of some propositions with a more probabilistic flavour,
which we left behind in the preceding text. To do so, we start by recalling some known facts on
the measurability of maps with values in metric and Banach spaces: the statements of the next

two propositions are borrowed from [60] and adapted to our needs.

Proposition A.1 ([60, Chapter I, Proposition 1.1]). Let (A, o/) be a measurable space and
let X be a metric space endowed with its Borel o-algebra B(X). Let f,: A—> X, n €N,
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be (of , B(X))-measurable maps. If the map f: A — X is the pointwise limit of the sequence
{fu)y2 then itis (o7, B(X))-measurable.

Proposition A.2 ([60, Chapter II, Theorem 1.1]). Let (A, /) be a measurable space and E be
a separable Banach space endowed with its Borel o-algebra B(E). If f: A —> E then the
following are equivalent:

(a) the map f is (<7, B(E))-measurable;
(b) for every continuous linear functional ¢ € E*, the function (¢, f): A — R is (&, B(R))-
measurable.

A.l. Proofs of Propositions 3.6 and 3.12

Proof of Proposition 3.6. We proceed by induction on n. By definition (33), we have that
Xo,r = Xp for all ¢ € [0, T'], therefore the initial (spatial) iteration is clearly continuous, and
it is (:%):ef0,71-adapted since, by hypothesis, the initial datum X is an .%p-measurable random
variable. We argue identically for the process Ag.

We now consider n > 0, and assume that the n-th iterations X,, and A, are continuous and
(Z1)te0.71-adapted. We first prove the continuity of the trajectories of X, 1; and A,41. Let
w € Q2 be fixed; we observe that the maps [0,7T] > s — vE,?’g(X"»S’ Ans)(w) € (RHN and

S —> (}2,11\1Y X5, Ans)(@) e (F(U )V are continuous, since they are obtained through the com-

position of continuous maps, therefore they are integrable (in the sense of Lebesgue and Bochner
respectively) and the two maps

t
t

t
1 5=
t—> /.UEN.n(Xn’S,An‘S)(CL))dS, t—> 5/eTgZN,n(Xn,S,An,S)(a))ds
0 0

are in turn continuous over [0, T']. The inductive hypothesis also implies that the RZV*"N_
valued process (azi\/,n (Xn.t, An.t))reo.r) is continuous and (% );ep0,71-adapted, hence it is
progressively measurable as a consequence of [12, Proposition 2.1], and satisfies the condition
fOT ”ath’" X Ant) ||]%d nxam Af < 00 everywhere on 2. Therefore, it is integrable in the sense
of Ito, and the map

1
t— (/ O'Egv‘" (Xn,S7 An,s)st>(w)
0

is continuous over [0, T] by virtue of the continuity properties of stochastic integrals (see,
e.g., [12, Theorem 7.3]). Recalling definition (32), we conclude that the maps [0, T] > ¢t +—>
Xpi1.0(@) € RN and [0, T] 5 1 —> Apy1 (@) € (F(U))N are continuous, thus proving the
claim concerning continuity.

We now show that both X, ;1 and A,41 are (%)ep0,71-adapted. We start from the spa-
tial components: owing to the progressive measurability of X, and A, (coming, again,
from [12, Proposition 2.1]), we deduce that, for every t € [0, T], the map 2 x [0,7] >
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(w,s) —> Vg X5, Ans)(w) is F ® HAB([0, t])-measurable; by the Fubini-Tonelli The-
orem (see, e.g., [12, Theorem 1.2(a)]), we can conclude that, for every ¢ € [0, T], the
map 235 w+— fé LN X5 Aps)(@)ds is Z;-measurable. By recalling that the random
variable fé O g (Xn,s» Ap.s)dBg is #;-measurable, we conclude that so is X,y ,, whence
the process X4 is adapted. Since A,ii; takes valued in the separable Banach space
(F(U)HN, Il 7(wy~), by virtue of Proposition A.2, we conclude if we show that, for every
continuous linear functional ¢ € ((F(U))N)*, the real-valued map 23 w+— (@, Ayt (w)) is
Z;-measurable. By taking ¢ € ((F(U))"V)*, we have that

t

t 1 s—t
9 Arns@) =<l Ao + 5 [ €T (0. Gpa Ko Ano@)ds. (aD)
0

where we have used [63, Chapter 5.5, Corollary 2] to swap the time integral and the duality ac-
tion. Since the integral in (A.1) is a Lebesgue integral, we can argue as for the spatial components
to obtain that the map Q > w —> %fot e%@, G v (Xns, Ay s)(w))ds is F;-measurable. We
conclude by arbitrariness of ¢. O

Pr00£ of Proposition 3.12. Letting 7 € [0, T] and n =0, 1, 2, ..., by defining the random vari-
able Y, ;: @ — (R? x F(U))N as

~ Yn,t(a))7 we ch
Yn,t(w) =1_
Y, weZ,

we can write Y;(w) = lim,,_, o ?,,,,(w), for every w € 2. Proposition 3.6 grants that, for every
n=0,1,2,..., the random variables Y, ; are ?,—measurable. Since the filtration (%;)¢[0,1] is
standard, Z € .%, so that the random variables Y, ; are .%;-measurable. Since Y is the pointwise
limit of a sequence of .%;-measurable random variables, by Proposition A.1, we conclude that it
is .%;-measurable. The thesis follows from the arbitrariness of 7. O

A.2. On the independence of sub-o -algebras augmented by null sets

Lemma A.3. Let (2, %, P) be a probability space, and let N C .F be the collection of its P-
negligible subsets. If { <y} is an independent family of sub-o -algebras of F, so is the family
{4 }ael, where of .= o (Iu UN), forall a € 1.

Proof. We want to show that, E)r any finite collection of indices «y,...,®, € I, and for any
choice of A| € &y, ..., A, € &, , we have

P(Zlm~--mZ,)=HIP’(Z,-). (A.2)
i=1

By a repeated application of the coincidence criterion for finite measures [12, Theorem 1.1 and
Remark 1.1], it is straightforward to check that it suffices to verify condition (A.2) for A| € €y,,
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LA, € 6w, , where €y, C o o (fori = 1 ., 1) is a subclass which is stable with respect to
ﬁnlte intersection and such that 0 (6g,) = In the present case, we may choose the subclasses

Go; ={ANN:Aec .o, andeither N=Qor N € AN}, fori=1,...,r,

which satisfy the desired properties. We observe that two cases can arise: either all the sets
Aj,..., A, are of the form A; N Q with A; € g, , and in this case (A 2)is satlsﬁed owmg to the
assumed independence of the family {.%%}qcs, or one of the sets Aj,..., A, (say A}) is of the
form A; N Ny with Aj € o, and N; € ./, in this case we have that

r r
P(A N---NA)=PA NN N--NANN)=0=] [P nN)=]]P(4).
i=l1 i=l1

since both AfN N1 N---NA- NN, and A; N N are contained in the negligible set N;. O
A.3. Proof of Proposition 5.5

To obtain the proof of Proposition 5.5, the following generalization of Lebesgue’s Dominated
Convergence Theorem is needed.

Proposition A.4 ([33, Theorem 1.20]). Let (E, &, v) be a measure space and, for all N € N7,
let gn , g be v-integrable functions, and fy , f be measurable functions. Assume that

(a) imy_o0 fn = f, V-a.e.;

(b) |fn|<gn, for every N e NT;

(c) imy_,o gny =g, v-a.e.;

(d) lim [ gydv= [ gdv.
N—o00

E E

Then the functions { fx}3;_, and f are v-integrable and it holds
hm fN dv = / fdv.

Proof of Proposition 5.5. We start by showing that for almost every w € 2 we have that
W,f (@ (w), p) =0. By [61, Theorem 6.9], this is equivalent to showing that there exists a IP-
negligible set A € .Z such that, for every w € N¢, the following conditions hold:

(i) (convergence of p-th moments) for some zg € X,

/ d(z, 20)? A (@) (2) —> / A 20 du@@). s N — oo,
X

(ii) (weak convergence, in duality with Cp (X)) " (w) — u, as N — oo.
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To show (i), we observe that the real-valued random variables {d(Z,,, zo)” };’LO | arei.i.d. and have

finite first moment. Thus, we can apply the strong law of large numbers [13, Theorem 22.1] to
deduce the existence of a P-negligible set My € .Z such that, for every w € N,

N
1
/ d(z,20)” d(ZV (@) (@) = = Y d(Z,(), 20)” — E[d(Z1,20)" ] = f d(z,20)” dp(2).
N N—oo
X n=1 X
To show (ii), we use the fact that, being X’ a separable space, it suffices to test the convergence

condition on a suitable countable collection {¢};2 | € Cp(X) (see the discussion at the beginning
of [44, Section 2.2.2]). By applying, for every fixed k, the strong law of large numbers to the real-

valued random variables {¢y (Zn)},;'f:1 (which turn out to be i.i.d. and with finite first moment),

we conclude that for a certain P-negligible set Ny € %, we have that, for every w € N,

1 N
/wk(z) d(i@Y (@))(z) = v Zwk(Zn(w)) SV Elpr(Z1)] =/<Pk(Z) du(z).
X n= X

Now the set N := U2 Ny belongs to .7, is P-negligible, and, for every w € N, we have
W{,’ (@ (w), n) — 0, as N — 00, as desired.
To obtain (89), we need to pass to the limit under the expectation, so that

Jim E[Wp @Y, w] =E[ lim wiz¥,w)]=o0.

To show the first equality above, we apply Proposition A.4 with (E, &, v) = (2, #, P),

1 N
gn(w) = NZ/d(Zn(w),z)”du«(z), forall N, and g(w) :=E[/d(21,z)”du(z)],
"=1X

fn(@) = W§ (" (w), p), for all N € N*, and f(®) := 0. Indeed, condition (a) follows from
what we have just proved; condition (b) is a consequence of the definition of W, by taking
N (w) ® p as a competitor in (6); condition (c) follows from the strong law of large numbers
applied to the i.i.d. random variables |’ yd(Zy,2)P du(z); finally, condition (d) is a conse-
quence of the identical distribution of Z,, so that E[gy] = % ZlN:l Elfyd(Zy, 2)? diu(z)] =
IE[fX d(Z1,z)P du(z)] = E[g]. The proof is concluded. O
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