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Abstract
Collapsed ancient solutions to the homogeneous Ricci
flow on compact manifolds occur only on the total
space of principal torus bundles. Under an algebraic
assumption that guarantees flowing through diagonal
metrics and a tameness assumption on the collapsing
directions, we prove that such solutions have addi-
tional symmetries, that is, they are invariant under the
right action of their collapsing torus. As a byproduct of
these additional torus symmetries, we prove that these
solutions converge, backward in time, in the Gromov–
Hausdorff topology to an Einstein metric on the base of
a torus bundle.
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1 INTRODUCTION

Ricci flow solutions that are defined for all negative times have a special significance and are called
ancient. Ancient solutions appear as blow-up limits of finite-time singularities for the flow, and
so they play a crucial role in the analysis of solutions near their extinction time. They have been
classified and, as a result, shown to be rotationally symmetric on compact surfaces [27] and in
higher dimensions under noncollapsing and positive curvature assumptions [15, 16]. Many other
instances in the literature also appear where ancient solutions turn out to have more symmetries
than initially assumed [3, 5, 14, 17, 18, 21, 28, 36, 54]. Furthermore, by simplifying the evolution
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equation, symmetry assumptions play an important role in the construction of examples (see,
e.g., [4, 12, 29, 32, 36, 42, 50, 53, 55]).
In this paper, we investigate whether this tendency for ancient solutions to be more symmetric

holds true in the compact homogeneous setting, where any ancient solution is Type I [10] and the
Ricci flow has special structural properties (see, e.g., [2, 8, 10, 20, 30, 35, 37, 54]). In this case, if an
ancient solution is noncollapsed, then the backward limit is unique and, in fact, a homogeneous
Einstein metric on the same manifold [10]. Thus, this picture is well-understood. Here, we look
at the collapsed case, where along any sequence of times approaching negative infinity, the met-
rics collapse with bounded curvature [10]. As expected from the foundational work on collapsed
Riemannian manifolds in [23–25], these metrics asymptotically develop additional toral symme-
tries in a precise sense (see [47] and Section 3), and this motivates our investigation. As a further
motivation, we show that the additional structure provided by these toral symmetries leads to the
existence of backward limit solitons for collapsed ancient solutions. Here, this limit is, in fact, a
homogeneous Einstein metric on a manifold of lower dimension.
From now on, we denote by𝑀 = 𝖦∕𝖧 an almost-effective homogeneous space with 𝖦, 𝖧 com-

pact and connected Lie groups, and by 𝑁𝖦(𝖧) the normalizer of 𝖧 in 𝖦. By [13, Corollary I.4.3],
𝑁𝖦(𝖧)∕𝖧 is isomorphic to the gauge group of𝖦-equivariant diffeomorphisms of𝑀. By [11] and [10,
Remark 5.13],𝑀 admits a collapsed ancient solution only if it is the total space of a homogeneous
torus bundle, that is, only if dim(𝑁𝖦(𝖧)∕𝖧) > 0. In fact, by adapting [47] to curvature-normalized
solutions ḡ(𝑡) ∶= 1|𝑡|g(𝑡), we know more.

Theorem A (cf. [47]). Let g(𝑡) be a collapsed, ancient solution to the homogeneous Ricci flow on a
compact manifold and 𝜉 = {𝑡(𝑛)} a sequence of times with 𝑡(𝑛) → −∞. Then, up to passing to a sub-
sequence, the collapsing directions of the rescaled metrics 1|𝑡(𝑛)|g(𝑡(𝑛)) converge to a limit distribution
induced by the (possibly locally defined) right action of a torus 𝖳𝜉 .

Here, 𝖳𝜉 is a connected, abelian subgroup of𝑁𝖦(𝖧)∕𝖧, possibly nonclosed. Moreover, the right
action of 𝖳𝜉 gets closer to becoming g(𝑡(𝑛))-isometric, as 𝑛 → +∞, in a precise sense (see Theo-
rem 3.1). We remark that, while there must exist a collapsing torus 𝖳𝜉 ⊂ 𝑁𝖦(𝖧)∕𝖧, the collapsing
directions could potentially oscillate within the gauge group 𝑁𝖦(𝖧)∕𝖧 as 𝑡 → −∞. A priori, this
allows for the possibility that different tori collapse along different sequences going to −∞ (see
Section 3).
Examples of collapsed ancient solutions have been found on a case-by-case basis in [4, 10, 20, 21,

42, 54], and,more recently, in [49] the second- and third-named authors proved a general existence
result. As a matter of fact, in all known examples, the collapsing torus 𝖳 is unique, that is, it does
not depend on the sequence of times, and it is compact. Moreover, the curvature-normalizedmet-
rics shrink the fibers of the principal torus bundle 𝖳 → 𝖦∕𝖧 → 𝖦∕𝖧𝖳 and converge to an Einstein
metric on the base 𝖦∕𝖧𝖳 in the Gromov–Hausdorff topology. Furthermore, all known examples
have additional symmetries; in particular, they are invariant under the right action of𝖳 for all time.
It is not known whether the phenomenon of additional toral symmetries characterizes all col-

lapsed ancient solutions on compact homogeneous spaces. We investigate this question when
solutions evolve through diagonal metrics, that is, their eigenspaces are time-independent. This
happens, for example, if the isotropy representation of 𝖦∕𝖧 does not contain any pair of equiva-
lent irreducible submodules, an assumption that widely occurs in the literature. More generally,
it is guaranteed by the existence of an NR-decomposition for the isotropy representation of 𝖦∕𝖧
(see Definition 5.8). The main result of our paper is the following.
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Theorem B. Let g(𝑡) be a collapsed ancient solution to the homogeneous Ricci flow on a
compact manifold such that g(−1) is diagonal with respect to an NR-decomposition. If the col-
lapsing torus 𝖳 of this solution is unique, then g(𝑡) is invariant under the right action of 𝖳 for
all 𝑡.

Note that, if 𝑀 = 𝖦∕𝖧 does not have any pair of equivalent irreducible submodules, the
conclusion of Theorem B follows by applying Schur’s Lemma. However, for such spaces,
dim(𝑁𝖦(𝖧)∕𝖧) ⩽ 1, and so this class is rather restricted. This motivates the introduction of
NR-decompositions that generalize work of [34, 38, 46]. In particular, Theorem B applies
to all homogeneous spheres, for which the result was proved in an ad hoc manner in
[21, 54]. Furthermore, Theorem B applies to a large class of examples including, for exam-
ple, the orthogonal groups 𝖲𝖮(𝑛) and their quotients 𝖲𝖮(𝑛)∕Π𝑖𝖲𝖮(𝑝𝑖) with

∑
𝑖 𝑝𝑖 ⩽ 𝑛 − 1,

the manifolds 𝖲𝗉(𝑛)∕Π𝑖𝖲𝗉(𝑝𝑖) with
∑
𝑖 𝑝𝑖 = 𝑛 − 1, the Aloff–Wallach spaces and many oth-

ers (see Section 7). Finally, we point out that no curvature assumption is needed for
Theorem B.
To prove Theorem B, we quantify the symmetries induced by the right action of the collaps-

ing torus 𝖳 in terms of the submersion tensor (see Section 6). This tensor 𝑆 is defined as the
g-symmetric part of the infinitesimal action of 𝖳 and vanishes if and only if the right 𝖳-action
on𝑀 is g-isometric. Results from [47], coupled with our assumptions, imply that 𝑆(𝖳, g(𝑡)) → 0
as 𝑡 → −∞, which can be interpreted as the right action of 𝖳 becoming closer to being g(𝑡)-
isometric as 𝑡 → −∞. Our main new technical result here is that, under the assumptions of
the theorem, a monotonicity result holds for the norm |𝑆| of the submersion tensor along the
solution g(𝑡), see Theorem 6.9. These two facts then imply that 𝑆 is identically zero along the
flow.
Although it holds in all known examples, the uniqueness of the collapsing torus is a nontrivial

question. In the following result, we describe a case in which the uniqueness is guaranteed.

Proposition C. Let g(𝑡) be a collapsed ancient solution to the homogeneous Ricci flow on a compact
manifold𝑀 = 𝖦∕𝖧 such that g(−1) is diagonal with respect to an NR-decomposition. If 𝑁𝖦(𝖧)∕𝖧
has rank 1, then the collapsing torus 𝖳 of g(𝑡) is unique.

We remark that the hypotheses of Proposition C are automatically satisfied in dimension 3,
where the conclusion has already been established in [21] via a case-by-case analysis.
Finally, we investigate the limiting behavior of ancient solutions in the presence of right toral

symmetries. By [43, Theorem 3.1] and [22, Theorem 4.1], if an ancient solution is noncollapsed,
then there exists a sequence of times, going to −∞, such that the corresponding blow-down
sequence converges in the Cheeger–Gromov topology to a gradient shrinking Ricci soliton. More-
over, by [52, Theorem 1.1], all homogeneous gradient Ricci solitons are rigid, that is, locally
isometric to the product of an Einstein manifold with flat Euclidean space. However, when col-
lapse happens along the flow, the results of [22, 43] do not apply, and one cannot hope for a smooth
limit in the classical Cheeger–Gromov topology. However, we prove the following.

Theorem D. Let g(𝑡) be a collapsed ancient solution to the homogeneous Ricci flow on a compact
manifold𝑀, such that its collapsing torus 𝖳 is unique andmaximal. If g(𝑡) is right 𝖳-invariant, then
the rescaled metrics 1|𝑡|g(𝑡) converge in Gromov–Hausdorff topology to an Einstein metric on 𝑀∕𝖳
as 𝑡 → −∞.
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4 of 52 KRISHNAN et al.

Here, we do not assume the solution g(𝑡) to be diagonal. Additionally, we do not strictly
require maximality of 𝖳, which is just needed to guarantee that the horizontal distribution of
the Riemannian submersion (𝑀, g(𝑡)) → 𝑀∕𝖳 is time-independent (see Theorem 4.1).
To prove Theorem D, we introduce a new functional (see (4.7)) in the spirit of [41], where

immortal Ricci flow solutions were studied under local abelian symmetries. Our functional is
defined on the space of metrics on 𝑀 that are both left 𝖦-invariant and right 𝖳-invariant. It is
scale-invariant, monotone along the Ricci flow, and its critical points detect 𝖦-invariant Einstein
metrics on the quotient space𝑀∕𝖳. This allows us to prove the existence of a limit Einsteinmetric
on𝑀∕𝖳. Uniqueness of the limit follows from a result of Lojasiewicz on analytic gradient flows,
applied to an appropriate gauge-normalization of the Ricci flow introduced in [49].
To the best of our knowledge, Theorem D is the first theoretical existence result for backward

limit solitons of collapsed ancient solutions, which does not presume the existence of an Einstein
metric on the base beforehand. Results concerning the existence of solitons for collapsed immortal
solutions appear, for example, in [9, 40, 41]. A different approachwould be needed to drop the toral
symmetry assumption in Theorem D. This will be the subject of further studies.
The paper is organized as follows. Section 2 gathers background material on compact homoge-

neous spaces and homogeneous ancient Ricci flow solutions. Section 3 describes the collapsing
tori of homogeneous ancient solutions. The proof of TheoremD is presented in Section 4. Section 5
introduces NR-decompositions and their algebraic consequences, and it contains the proof of
Proposition C. Section 6 is devoted to the proof of TheoremB. In Section 7, we present a large class
of homogeneous spaces where Theorems B and D can be applied. Appendix A collects some basic
facts about root spaces that get used in constructing examples in Section 7. Finally, Appendix B
proves Theorem A.

2 PRELIMINARIES

2.1 Homogeneous ancient solutions to the Ricci flow

Let (𝑀, g𝑜) be a compact Riemannianmanifold. The Ricci flow is the geometric partial differential
equation (PDE)

𝜕𝑡g(𝑡) = −2Ric(g(𝑡)) , g(𝑡𝑜) = g𝑜 . (2.1)

Assume now that 𝖦 is a compact Lie group acting isometrically on (𝑀, g𝑜). Since by [33] the isom-
etry group remains unchanged under the flow, Equation (2.1) restricts to a flow on the spaceM𝖦

of 𝖦-invariant metrics. In this paper, we are interested in the case when the 𝖦-action is transitive.
Consequently, Equation (2.1) becomes a dynamical system, andM𝖦 is finite-dimensional.
If g𝑜 ∈M𝖦

1
, that is it has unit volume, then the volume-normalized Ricci flow g̃(𝑡) starting at

g𝑜 satisfies the ordinary differential equation (ODE)

g̃ ′(𝑡) = −2Ric0(g̃(𝑡)) , (2.2)

whereRic0(g)denotes the tracelessRicci tensor of g . It iswell-known that Equation (2.2) preserves
M𝖦
1
and is equivalent to the Ricci flow, up to time-dependent rescaling and time reparameteriza-

tion. Moreover, the volume-normalized Ricci flow (2.2) coincides, up to a positive constant, with
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the 𝐿2-gradient of the restricted scalar curvature functional onM𝖦
1
(see, e.g., [6, Proposition 4.17]).

This fact has remarkable consequences on the geometry of ancient solutions to the flow, that is,
those solutions g(𝑡)which are defined for any 𝑡 ∈ (−∞, 0). In the rest of the paper, we use 𝑡𝑜 = −1
for formulating those conditions that may fail at the forward extinction time. We refer to [49,
section 2.3] for a more extended presentation of this topic. Here, we summarize the main facts.
Let g(𝑡) be the solution to (2.1) with initial metric g𝑜 = g(−1) ∈M𝖦

1
and g̃(𝑡) the corresponding

solution to (2.2). Notice that, by [54, Theorem 3.2], g(𝑡) being ancient is equivalent to g̃(𝑡) being
ancient. By themaximumprinciple, if g(𝑡) is ancient, then scal(g(𝑡)) is positive andmonotonically
increasing (see, e.g., [26, p. 102]) and so the same holds true for the scalar curvature of g̃(𝑡) as
well. Moreover, by [10], there exists a constant 𝑐 > 0, depending only on the dimension𝑚 and on
scal(g𝑜), such that

||Rm(g(𝑡))||g(𝑡) ⩽ 𝑐 ⋅ scal(g(𝑡)) , |𝑡| scal(g(𝑡)) ∈ [𝑐−1, 𝑐] for any 𝑡 ⩽ −1 . (2.3)

Indeed, by rescaling and time reparameterization, the solution can be assumed to satisfy the
hypotheses of [10]. Then, the first inequality in (2.3) is stated in [10, eq. (20)]. The lower bound on|𝑡| scal(g(𝑡)) follows by [10, eq. (20)] and [10, Corollary 2], while the upper bound on |𝑡| scal(g(𝑡))
follows by [10, Corollary 2] and the Cauchy–Schwarz inequality. Up to changing the constant, it
is possible to choose the same constant 𝑐 for all the bounds in (2.3).
In particular, any ancient homogeneous solution is of Type I, and the behavior of its scalar

curvature determines the geometry of the solution as 𝑡 → −∞.
There are two possibilities for the limiting behavior of the scalar curvature under the volume-

normalized flow, and, by [10], they characterize the collapsing behavior in the homogeneous
setting. Here, we recall that the solution g(𝑡) is said to be noncollapsed if the quantity

inj(g(𝑡))
(||Rm(g(𝑡))||g(𝑡)) 12

is bounded away from zero as 𝑡 → −∞, where inj(g) denotes the injectivity radius of the metric
g . Otherwise, g(𝑡) is said to be collapsed.
The first possibility is that scal(g̃(𝑡)) → 𝜀 > 0 as 𝑡 → −∞. In this case, the solution is noncol-

lapsed and, according to [10, Theorem5.2], converges to anEinsteinmetric on𝑀 as 𝑡 → −∞. Since
the traceless Ricci tensor is the negative 𝐿2-gradient of the scalar curvature functional, noncol-
lapsed ancient solutions are known to exist whenever𝑀 admits a𝖦-unstable,𝖦-invariant Einstein
metric (see, e.g., [2, 10]). The second possibility is that scal(g̃(𝑡)) → 0 as 𝑡 → −∞. In this case, the
solution is collapsed and, based on (2.3) and the fact that𝑀 is not diffeomorphic to a torus, it does
not admit any convergent subsequence. In this paper, we are interested in the latter case.

2.2 Compact homogeneous spaces

Let𝑀𝑚 = 𝖦∕𝖧 be an almost-effective homogeneous space of dimension𝑚, with𝖦 and𝖧 compact,
connected Lie groups. We assume that𝑀 is not diffeomorphic to a torus. Fix an Ad(𝖦)-invariant
Euclidean inner product 𝑄 on the Lie algebra 𝔤 ∶= Lie(𝖦) and denote by 𝔪 the 𝑄-orthogonal
complement of 𝔥 ∶= Lie(𝖧) in 𝔤. We identify 𝔪 ≃ 𝑇𝑒𝖧𝑀 by means of the induced infinitesimal
action

𝑋 ↦ 𝑋∗𝑒𝖧 ∶=
d
d𝑠
exp(𝑠𝑋)𝖧||𝑠=0 , 𝑋 ∈ 𝔪
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6 of 52 KRISHNAN et al.

and, consequently, any 𝖦-invariant tensor field on 𝑀 with the corresponding Ad(𝖧)-invariant
tensor on the vector space 𝔪 by the evaluation map at 𝑒𝖧 ∈ 𝑀. This induces an identification
M𝖦 ≃ 𝑆2+(𝔪

∗)Ad(𝖧) of the space of 𝖦-invariant Riemannian metrics on𝑀 with the space of sym-
metric, positive-definite, Ad(𝖧)-invariant bilinear forms on 𝔪. We denote by M𝖦

1
the subset of

unit volume metrics.
We denote by𝔪0 the trivial Ad(𝖧)-submodule of𝔪, that is,

𝔪0 ∶= {𝑋 ∈ 𝔪 ∶ [𝔥, 𝑋] = 0} . (2.4)

By [7, Lemma 4.27], 𝔪0 is the Lie algebra of a compact, connected complement of 𝖧 inside the
normalizer 𝑁𝖦(𝖧). In the following, we identify this compact, connected complement with the
identity component (𝑁𝖦(𝖧)∕𝖧)0. By [13, Corollary I.4.3], 𝑁𝖦(𝖧)∕𝖧 acts by right multiplication
on 𝑀 = 𝖦∕𝖧 and it is isomorphic to the gauge group of 𝖦-equivariant diffeomorphisms of 𝑀.
Therefore, any abelian subalgebra 𝔱 ⊂ 𝔪0 gives rise to a homogeneous torus bundle

𝖳 → 𝖦∕𝖧 → 𝖦∕𝖧𝖳 , (2.5)

where 𝖳 ⊂ 𝑁𝖦(𝖧)∕𝖧 is the connected Lie subgroup of 𝖦 satisfying Lie(𝖳) = 𝔱. Note that 𝖳 can be
nonclosed in 𝖦. In that case, one can still define 𝖦∕𝖧𝖳 as a local quotient (see [48, Proposition
6.1]) and (2.5) becomes a locally homogeneous torus bundle. Since we are interested in collapsed
ancient solutions to the homogeneous Ricci flow, we are in the case where dim(𝔪0) ⩾ 1 (see Sec-
tion 3). We also denote by𝔪⟂

0
the 𝑄-orthogonal complement of the trivial submodule𝔪0 inside

𝔪.
We recall that the isotropy representation of 𝖦∕𝖧 is equivalent to the adjoint representation of

𝖧 on 𝔪. Since 𝔪 is finite-dimensional and 𝖧 is compact, this representation can be split into a
sum of 𝑄-orthogonal, irreducible, Ad(𝖧)-submodules

𝔪 = 𝔪1 +𝔪2 + … +𝔪𝓁 . (2.6)

Two Ad(𝖧)-submodules𝔪𝑖,𝔪𝑗 ⊂ 𝔪 are said to be equivalent if there exists

𝐿 ∶ 𝔪𝑖 → 𝔪𝑗 linear map such that 𝐿◦Ad(ℎ) = Ad(ℎ)◦𝐿 for any ℎ ∈ 𝖧. (2.7)

In that case, we write 𝔪𝑖 ≃ 𝔪𝑗 , and any map as in (2.7) is called an Ad(𝖧)-intertwining map. If
𝔪 ismultiplicity-free as an Ad(𝖧)-representation, that is, its irreducible submodules are pairwise
inequivalent, then the decomposition (2.6) is unique up to order.
In Section 3 and Appendix B, we will need to allow for the possibility of the decomposition

𝜑 changing, while elsewhere in the paper the choice of a specific decomposition plays a cen-
tral role. Hence, for the sake of notation, we denote by F𝖦 the set of ordered, 𝑄-orthogonal,
Ad(𝖧)-invariant, irreducible decompositions of𝔪. By [7, Lemma 4.19], F𝖦 inherits the structure
of a compact homogeneous space. Moreover, the number 𝓁 of irreducible submodules and the
dimensions 𝑑𝑖 ∶= dim(𝔪𝑖) do not depend on the specific choice of 𝜑 ∈ F𝖦.

Remark 2.1. The conjugation action of the gauge group𝑁𝖦(𝖧)∕𝖧 yields an infinitesimal action on
𝔪 that preserves the splitting𝔪 = 𝔪0 +𝔪⟂0 . Its restriction to𝔪0 coincides with its adjoint action
as a Lie group. Moreover, by (2.4) and (2.7), 𝑁𝖦(𝖧)∕𝖧 acts on𝔪 by Ad(𝖧)-intertwining maps.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 7 of 52

Fix a decomposition 𝜑 = (𝔪1,…,𝔪𝓁) ∈ F𝖦. An equivalence class of modules in 𝜑 under the
relation induced by Ad(𝖧)-intertwining maps is called an isotypical class. Notice that the number
of isotypical classes does not depend on the specific choice of 𝜑. Up to reordering, we can assume
that

𝔪0 =

𝓁0∑
𝑝=1

𝔪𝑝 , where 𝑑𝑝 = 1 for any 1 ⩽ 𝑝 ⩽ 𝓁0 . (2.8)

A basis {𝑒𝛼} for𝔪 is said to be 𝜑-adapted if it respects the decomposition 𝜑. Let

[𝑖𝑗𝑘]𝜑 ∶=
∑
𝑒𝛼∈𝔪𝑖

∑
𝑒𝛽∈𝔪𝑗

∑
𝑒𝛾∈𝔪𝑘

𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾)
2 for any 1 ⩽ 𝑖, 𝑗, 𝑘 ⩽ 𝓁 . (2.9)

Notice that (2.9) does not depend on the choice of the𝜑-adapted,𝑄-orthonormal basis. Since ad(𝑋)
is𝑄-skew-symmetric for any𝑋 ∈ 𝔤, the coefficients [𝑖𝑗𝑘]𝜑 are symmetric in all three entries. Fur-
thermore [𝑖𝑗𝑘]𝜑 ⩾ 0, with [𝑖𝑗𝑘]𝜑 = 0 if and only if [𝔪𝑖,𝔪𝑗] and𝔪𝑘 are 𝑄-orthogonal. Moreover,
the correspondence𝜑 ↦ [𝑖𝑗𝑘]𝜑 is a continuous function onF𝖦 (see [7, section 4.3]).We also define
the coefficients 𝑏1, …, 𝑏𝓁 ∈ ℝ by

(−𝔤)|𝔪𝑖⊗𝔪𝑖 = 𝑏𝑖𝑄|𝔪𝑖⊗𝔪𝑖 , (2.10)

where 𝔤 is the Cartan–Killing form of 𝔤. Since 𝖦 is compact, it follows that 𝑏𝑖 ⩾ 0 and 𝑏𝑖 = 0 if
and only if𝔪𝑖 ⊂ 𝔷(𝔤), where 𝔷(𝔤) denotes the center of 𝔤.
For any g ∈M𝖦 there is a decomposition 𝜑 = (𝔪1,…,𝔪𝓁) ∈ F𝖦 with respect to which g is

diagonal, that is,

g = 𝑥1 𝑄|𝔪1⊗𝔪1 + … + 𝑥𝓁 𝑄|𝔪𝓁⊗𝔪𝓁
. (2.11)

Notice that, in general, this condition does not uniquely determine the decomposition 𝜑. If
the adjoint representation is multiplicity free, then any 𝖦-invariant metric on 𝑀 is diagonal
with respect to the (essentially) unique decomposition of 𝔪. If g is diagonal with respect to 𝜑
(𝜑-diagonal for short) and has eigenvalues 𝑥1, …, 𝑥𝓁 as in (2.11), then its Ricci tensor satisfies

Ric(g)|𝔪𝑖⊗𝔪𝑖 = 𝑥𝑖 ric𝑖(g) 𝑄|𝔪𝑖⊗𝔪𝑖 for any 1 ⩽ 𝑖 ⩽ 𝓁 ,

with

ric𝑖(g) ∶=
𝑏𝑖
2𝑥𝑖

−
1
2𝑑𝑖

∑
1⩽𝑗,𝑘⩽𝓁

[𝑖𝑗𝑘]𝜑
𝑥𝑘
𝑥𝑖𝑥𝑗

+
1
4𝑑𝑖

∑
1⩽𝑗,𝑘⩽𝓁

[𝑖𝑗𝑘]𝜑
𝑥𝑖
𝑥𝑗𝑥𝑘

. (2.12)

Notice that, although the metric g is 𝜑-diagonal, in general Ric(g) has off-diagonal terms. Finally,
the scalar curvature of g takes the form

scal(g) =
1
2

∑
1⩽𝑖⩽𝓁

𝑑𝑖𝑏𝑖
𝑥𝑖
−
1
4

∑
1⩽𝑖,𝑗,𝑘⩽𝓁

[𝑖𝑗𝑘]𝜑
𝑥𝑖
𝑥𝑗𝑥𝑘

. (2.13)
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8 of 52 KRISHNAN et al.

In the rest of the paper, when a distinguished decomposition 𝜑 is fixed and there is no ambiguity,
we will write [𝑖𝑗𝑘] instead of [𝑖𝑗𝑘]𝜑.

3 COLLAPSING TORI OF HOMOGENEOUS ANCIENT SOLUTIONS

Asmentioned in the introduction, a compact homogeneous space admits a collapsed ancient solu-
tion only if it is the total space of a principal torus bundle (see [11] and [10, Remark 5.13]). In this
section, we describe the collapsing behavior of these solutions along the toral fibers inmore detail.
Let g(𝑡) be a collapsed ancient solution to the homogeneous Ricci flow on𝑀 = 𝖦∕𝖧. By the dis-

cussion in Subsection 2.1, the scalar curvature of the corresponding volume-normalized solution
g̃(𝑡) satisfies scal(g̃(𝑡)) → 0 as 𝑡 → −∞. Then, since the first inequality of (2.3) is scale-invariant,
we obtain

lim
𝑡→−∞

||Rm(g̃(𝑡))||g̃(𝑡) = 0 ,
which implies that g̃(𝑡) cannot admit any convergent subsequence of metrics in M𝖦

1
. More pre-

cisely, fix a sequence of times 𝜉 = {𝜏(𝑛)} ⊂ (0, +∞) such that 𝜏(𝑛) → +∞ as 𝑛 → +∞. Then,{
g̃(−𝜏(𝑛))

}
⊂M𝖦

1
is a divergent sequence of unit volume 𝖦-invariant metrics with bounded cur-

vature, and so [47, Theorem 4.3] applies. In fact, a similar characterization also holds for the
curvature-normalized metrics, from which Theorem A follows immediately.

Theorem 3.1. Let g(𝑡) be a collapsed, ancient solution to the homogeneous Ricci flow on𝑀 and let
𝜉 = {𝜏(𝑛)} be a sequence such that 𝜏(𝑛) → +∞. Then, up to passing to a subsequence, the following
properties hold.

(i) There exists a sequence of decompositions 𝜑(𝑛) = (𝔪(𝑛)
1
, …,𝔪(𝑛)𝓁 ) ∈ F𝖦, with

g(−𝜏(𝑛)) = 𝑥(𝑛)
1
𝑄||𝔪(𝑛)

1
⊗𝔪(𝑛)

1

+ … + 𝑥(𝑛)𝓁 𝑄
||𝔪(𝑛)

𝓁
⊗𝔪(𝑛)

𝓁
,

such that {𝜑(𝑛)} converges to a limit decomposition 𝜑(∞) = (𝔪(∞)
1
, …,𝔪(∞)𝓁 ) as 𝑛 → +∞.

(ii) Up to reordering, there exist 1 ⩽ 𝑠𝜉 ⩽ 𝓁 and 𝛿 > 0 such that

lim
𝑛→+∞

𝑥(𝑛)𝑝

𝜏(𝑛)
= 0 for any 1 ⩽ 𝑝 ⩽ 𝑠𝜉 ,

𝑥(𝑛)
𝑖
⩾ 𝛿 𝜏(𝑛) for any 𝑠𝜉 < 𝑖 ⩽ 𝓁 , for any 𝑛 ∈ ℕ .

(3.1)

(iii) The sum 𝔱𝜉 ∶= 𝔪
(∞)
1
+ … +𝔪(∞)𝑠𝜉

is an abelian subalgebra of𝔪0.
(iv) For any 1 ⩽ 𝑝 ⩽ 𝑠𝜉 and for any 1 ⩽ 𝑖 ⩽ 𝑗 ⩽ 𝓁,

[𝑝𝑖𝑗]𝜑(∞) = 0 ⟹ lim
𝑛→+∞

[𝑝𝑖𝑗]𝜑(𝑛)
𝑥(𝑛)
𝑗

𝑥(𝑛)
𝑖

= 0 , (3.2)
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 9 of 52

[𝑝𝑖𝑗]𝜑(∞) > 0 ⟹ lim
𝑛→+∞

𝑥(𝑛)
𝑗

𝑥(𝑛)
𝑖

= 1 . (3.3)

(v) Up to reordering, there exists 𝐶 > 0 such that

𝑥(𝑛)
𝑠𝜉+1

⩽ 𝐶 𝜏(𝑛) for any 𝑛 ∈ ℕ .

Since the proof of Theorem3.1 is technical and is an adaptation of the proofs of [47, Theorems 4.1
and 4.3] to this context, we provide it in Appendix B.
Notice that the subalgebra 𝔱𝜉 obtained in Theorem 3.1 could depend on the sequence of times

𝜉. Within this context, we give the following.

Definition 3.2. Let g(𝑡) be a collapsed, ancient solution to the 𝖦-homogeneous Ricci flow. We
say that a connected, abelian subgroup 𝖳 ⊂ 𝑁𝖦(𝖧)∕𝖧 is a collapsing torus of g(𝑡) if there exists a
sequence 𝜉 = {𝜏(𝑛)}, with 𝜏(𝑛) → +∞, such that Lie(𝖳) = 𝔱𝜉 as in Theorem 3.1.

Notice that any collapsing torus 𝖳𝜉 of g(𝑡) acts on the right on𝑀 and gives rise to a (possibly
locally) homogeneous torus bundle

𝖳𝜉 → 𝖦∕𝖧 → 𝖦∕𝖧𝖳𝜉 . (3.4)

Moreover, condition (3.3) can be interpreted as the (possibly locally defined) right action of 𝖳𝜉
getting closer to being isometric along the sequence of times 𝜉 as 𝑛 → +∞. Indeed, condition
[𝑝𝑖𝑗]𝜑(∞) > 0 implies that the right action of𝖳𝜉 intertwines the submodules𝔪

(∞)
𝑖

and𝔪(∞)
𝑗

, which

are limits of𝔪(𝑛)
𝑖

and𝔪(𝑛)
𝑗
, while the right-hand side of (3.3) implies that the metric eigenvalues

𝑥(𝑛)
𝑖

and 𝑥(𝑛)
𝑗

are getting closer to each other as 𝑛 → +∞.
To draw the geometric conclusions that we are interested in, we need collapsing tori to satisfy

additional properties.

Definition 3.3. Let g(𝑡) be a collapsed, ancient solution to the𝖦-homogeneous Ricci flow.We say
that a collapsing torus 𝖳 of g(𝑡), with 𝔱 = Lie(𝖳), is rigid if the following conditions are satisfied:

(i) for any 𝑉 ∈ 𝔱, we have lim𝑡→−∞ |𝑡|−12 |𝑉|g(𝑡) = 0;
(ii) 𝔱 and its 𝑄-orthogonal complement 𝔱⟂ inside𝔪 are g(𝑡)-orthogonal for any 𝑡 < 0;
(iii) there exists 𝛿 > 0 such that |𝑋|g(𝑡) ⩾ 𝛿|𝑋|g(−1) for any 𝑋 ∈ 𝔱⟂ and for any 𝑡 ⩽ −1.
Notice that if a collapsing torus 𝖳 of g(𝑡) is rigid, then 𝖳 is also unique. Interestingly, the col-

lapsing torus is rigid in all known constructions in the literature. We remark that it is unknown
whether this is generally true. However, we can prove it under the assumptions of Proposition C
(see Remark 5.9).

4 LIMIT SOLITONS FOR HOMOGENEOUS ANCIENT SOLUTIONS

For noncollapsed ancient Ricci flow solutions, [22, 43] give us a sequence of times, going to
−∞, along which the metric converges to a gradient shrinking Ricci soliton. Moreover, in the
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10 of 52 KRISHNAN et al.

homogeneous case, the limit is an Einstein metric on the same manifold, obtained as a full
backward limit (see [10]).
In the collapsed setting, one cannot hope for a limit soliton metric on the same space, but the

behavior of known examples, along with the results of Section 3, suggest seeking a limiting Ein-
stein metric on a quotient by a collapsing torus. Here, we verify this claim for flows that satisfy
additional structural assumptions. The main result of this section is the following.

Theorem4.1. Let g(𝑡)a collapsedancient solution to the homogeneousRicci flowon𝑀. If its collaps-
ing torus 𝖳 is rigid and g(𝑡) is right 𝖳-invariant, then

(
𝑀, 1|𝑡|g(𝑡)) converges in Gromov–Hausdorff

topology to an Einstein metric on𝑀∕𝖳 as 𝑡 → −∞.

As a corollary, we obtain Theorem D.

Proof of TheoremD. We need to show that, under the assumption of 𝖳 being unique andmaximal,
if g(𝑡) is right 𝖳-invariant, then 𝖳 is also rigid (see Definition 3.3). Let 𝔱 = Lie(𝖳) and consider the
𝑄-orthogonal splitting

𝔪 = 𝔱 + 𝔱⟂ .

By maximality of 𝔱, there exists no trivial Ad(𝖧𝖳)-submodule in 𝔱⟂. Therefore, since g(𝑡) is right
𝖳-invariant for any 𝑡 < 0, it follows from Schur’s Lemma that 𝔱 and its 𝑄-orthogonal comple-
ment 𝔱⟂ are g(𝑡)-orthogonal for any 𝑡 < 0. By maximality of 𝔱 and Theorem 3.1, there exists
𝛿 > 0 such that |𝑋|g(𝑡) ⩾ 𝛿|𝑋|g(−1) for any 𝑋 ∈ 𝔱⟂ and for any 𝑡 ⩽ −1. Finally, since the split-
ting 𝔪 = 𝔱 + 𝔱⟂ is g(𝑡)-orthogonal for any 𝑡 < 0 and the collapsing torus 𝖳 is unique, it follows
that lim𝑡→−∞ |𝑡|−12 |𝑉|g(𝑡) = 0 for any 𝑉 ∈ 𝔱, because every sequence of times 𝑡(𝑛) → −∞ admits
a subsequence along which the limit is zero (see the first equation in (3.1)). □

Theorem 4.1 illustrates the important role of right toral symmetries and provides further moti-
vation for TheoremB. In the presence of right 𝖳-invariance, themetric g on𝑀 has extra structure,
namely it is a Riemannian submersion onto a homogeneous metric on 𝖦∕𝖧𝖳. Following [44], this
simplifies the expression for Ric(g). We begin by introducing the notation required for this.

4.1 Riemannian submersions on homogeneous torus bundles

Let 𝑀𝑚 = 𝖦∕𝖧 be as in Section 2 and fix a torus 𝖳 ⊂ 𝑁𝖦(𝖧)∕𝖧. This gives rise to a (locally)
homogeneous torus bundle

𝖳 → 𝑀 = 𝖦∕𝖧 → 𝐵 ∶= 𝖦∕𝖧𝖳 (4.1)

and the corresponding 𝑄-orthogonal splitting at the Lie algebra level:

𝔤 = 𝔥 +

𝔪
⏞⏞⏞
𝔱 + 𝔟 , with 𝔟 ≃ 𝑇𝑒𝖧𝖳𝐵 . (4.2)

We say that a left 𝖦-invariant metric g on𝑀 is of submersion type with respect to the bundle (4.1)
if it preserves the decomposition (4.2) and its restriction to the subspace 𝔟 is Ad(𝖧𝖳)-invariant.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 11 of 52

We denote the set of all such metrics byM𝖦,𝖳. Any g ∈M𝖦,𝖳 can be written as

g = g𝔱 + g𝔟,

where g𝔱 is an inner product on 𝔱 and g𝔟 is an Ad(𝖧𝖳)-invariant inner product on 𝔟. Notice that
(𝑀, g) → (𝐵, g𝔟) is a Riemannian submersion with totally geodesic fibers (see, e.g., [47, Lemma
3.5]). The failure of the horizontal distribution 𝔟 to be integrable is measured by the O’Neill tensor
𝐴 defined in [44, section 2], which is characterized by the following (see [6, chapter 9.C]):

𝐴𝑋𝑌 =
1
2
[𝑋, 𝑌]𝔱 , 𝐴𝑈𝑋 = 𝐴𝑈𝑉 = 0 , g(𝐴𝑋𝑈,𝑉) = 0 , g(𝐴𝑋𝑈,𝑌) = −g(𝐴𝑋𝑌,𝑈) , (4.3)

where 𝑋,𝑌 ∈ 𝔟, 𝑈,𝑉 ∈ 𝔱 and [⋅, ⋅]𝔱 denotes the orthogonal projection of the bracket onto 𝔱. Note
that if 𝐴 ≡ 0, then g is (at least locally) a Riemannian product 𝖳 × 𝐵 (see [6, Remark 9.26]). One
can express the quantity |𝐴|2g in terms of the eigenvalues 𝑥1, …, 𝑥𝓁 of g ∈M𝖦,𝖳 as

|𝐴|2g = 𝑠∑
𝑘=1

𝓁∑
𝑖,𝑗=𝑠+1

[𝑖𝑗𝑘]𝜑
𝑥𝑘
𝑥𝑖𝑥𝑗

, (4.4)

where 𝜑 = (𝔪1,…,𝔪𝓁) is a decomposition with respect to which g is diagonal and the integer
1 ⩽ 𝑠 ⩽ 𝓁 is such that 𝔱 = 𝔪1 + … +𝔪𝑠, 𝔟 = 𝔪𝑠+1 + … +𝔪𝓁 .
By [6, Proposition 9.36], for a metric g ∈M𝖦,𝖳, the vertical and the horizontal components of

its Ricci tensor are given by

Ric(g)|𝔱⊗𝔱 = 𝐴̂g , Ric(g)|𝔟⊗𝔟 = Ric𝐵(g𝔟) − 2𝐴̌g , (4.5)

where the tensors 𝐴̂g ∈ 𝑆
2(𝔱∗) and 𝐴̌g ∈ 𝑆

2(𝔟∗)Ad(𝖧𝖳) are given by

𝐴̂g (𝑈, 𝑉) ∶=
∑
𝑖

g(𝐴𝑋𝑖𝑈,𝐴𝑋𝑖𝑉) , 𝐴̌g (𝑋, 𝑌) ∶=
∑
𝑖

g(𝐴𝑋𝑋𝑖, 𝐴𝑌𝑋𝑖) =
∑
𝑗

g(𝐴𝑋𝑈𝑗, 𝐴𝑌𝑈𝑗)

(compare with [6, Formula (9.33a), Formula (9.33c)]). Here, {𝑋𝑖} (resp., {𝑈𝑖}) denotes a g-
orthonormal basis of 𝔟 (resp., 𝔱). Observe that, whereas the tensor𝐴 depends only on the principal
connection on the fiber bundle (4.1), the tensors 𝐴̂g and 𝐴̌g depend on the metric g . For later use,
we provide the following estimates.

Proposition 4.2. There exists 𝐶 = 𝐶(𝑚) > 1, depending only on the dimension, such that

𝐶−1|𝐴|2
g
⩽ |𝐴̂g |g ⩽ 𝐶|𝐴|2g , 𝐶−1|𝐴|2

g
⩽ |𝐴̌g |g ⩽ 𝐶|𝐴|2g (4.6)

for any g ∈M𝖦,𝖳.

Proof. Wewill give the proof of the inequalities for |𝐴̂g |g , since the proof for |𝐴̌g |g is very similar.
For convenience, we set 𝐴𝑟𝑝𝑞 ∶= g(𝐴𝑋𝑝𝑋𝑞,𝑈𝑟). Since

|𝐴|2g = ∑
𝑝,𝑞,𝑟

g(𝐴𝑋𝑝𝑋𝑞,𝑈𝑟)
2 =

∑
𝑝,𝑞,𝑟

(𝐴𝑟𝑝𝑞)
2 ,

|𝐴̂g |2g =∑
𝑖,𝑗

𝐴̂g (𝑈𝑖, 𝑈𝑗)
2 =
∑
𝑖,𝑗

(∑
𝑘,𝑙

𝐴𝑖
𝑘𝑙
𝐴
𝑗
𝑘𝑙

)2
,
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12 of 52 KRISHNAN et al.

the Cauchy–Schwarz inequality implies that

|𝐴̂g |2g ⩽∑
𝑖,𝑗

((∑
𝑘,𝑙

(𝐴𝑖
𝑘𝑙
)2

)(∑
𝑘,𝑙

(𝐴
𝑗
𝑘𝑙
)2

))
⩽ 𝑚2|𝐴|4g .

On the other hand, by the equivalence of norms on a finite-dimensional space, we obtain

|𝐴̂g |2g ⩾ 𝐶1(𝑚)
(∑
𝑖,𝑗

||||∑𝑘,𝑙 𝐴𝑖𝑘𝑙𝐴𝑗𝑘𝑙||||
)2
⩾ 𝐶1(𝑚)

(∑
𝑖,𝑘,𝑙

||𝐴𝑖𝑘𝑙|| ⋅ ||𝐴𝑖𝑘𝑙||
)2
= 𝐶1(𝑚)|𝐴|4g

and this concludes the proof. □

Finally, the Ricci tensor generally has off-diagonal entries, namely Ric(g)|𝔱⊗𝔟 ≠ 0. However,
under the assumptions of Theorem 4.1, this cannot happen.

4.2 Ricci flow solutions on homogeneous torus bundles

In this subsection, we introduce a functional 𝐹 with monotonicity properties along collapsed
ancient Ricci flow solutions on compact homogeneous spaces. More precisely:

𝐹 ∶M𝖦,𝖳 → ℝ , 𝐹(g) ∶=
(
scal(g) + 2|𝐴|2g)vol𝐵(g𝔟) 2𝑘 , (4.7)

where vol𝐵(g𝔟) is the volume of (𝐵, g𝔟) and 𝑘 = dim(𝐵). Notice that 𝐹 is scale-invariant.
The following theorem establishes a monotonicity property of 𝐹. To state it more conveniently,

we consider a solution g(𝜏) to the backward Ricci flow defined for any 𝜏 > 0, that is,

g ′(𝜏) = +2Ric(g(𝜏)) , 𝜏 ∈ (0, +∞) . (4.8)

Notice that this is equivalent to considering an ancient solution for the forward flow, but we prefer
to work with positive times for the sake of readability.

Theorem 4.3. Let g(𝜏) be a collapsed homogeneous solution to the backward Ricci flow on𝑀 exist-
ing for all 𝜏 > 0 and assume that its collapsing torus 𝖳 is rigid and that g(𝜏) is right 𝖳-invariant for
any 𝜏 > 0. Then, the first variation of the functional 𝐹 defined in (4.7) is given by

d
d𝜏
𝐹(g(𝜏)) = −2vol𝐵(g𝔟)

2
𝑘

(|Ric𝐵(g𝔟)|2g𝔟 − 1
𝑘
scal𝐵(g𝔟)

2

+ 1
𝑘
scal𝐵(g𝔟)|𝐴|2g − |𝐴̂g |2g − 4|𝐴̌g |2g + 2

𝑘
|𝐴|4g) . (4.9)

As a consequence, there exists 𝑇 > 0 such that

d
d𝜏
𝐹(g(𝜏)) ⩽ 0 for any 𝜏 ⩾ 𝑇. (4.10)

In particular, 𝐹 is bounded from above.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 13 of 52

We need two preparatory lemmas to prove Theorem 4.3. For the rest of this section, assume
that the collapsing torus 𝖳 of g(𝜏) is rigid and that g(𝜏) is right 𝖳-invariant for any 𝜏 > 0. Then,
the solution g(𝜏) evolves through submersion metrics with respect to the (locally) homogeneous
torus bundle (4.1), that is,

g(𝜏) = g𝔱(𝜏) + g𝔟(𝜏) , 𝜏 ∈ (0, +∞) . (4.11)

Since g(𝜏) is of the form (4.11) for any 𝜏 > 0, it follows that its Ricci tensor is block diagonal,
namely, Ric(g(𝜏))(𝑈, 𝑋) = 0 for any 𝑈 ∈ 𝔱, 𝑋 ∈ 𝔟.

Lemma 4.4. Along a solution as in (4.11), the first variation of the quantity |𝐴|2
g
is given by

d
d𝜏
|𝐴|2

g(𝜏)
= 2|𝐴̂g |2g + 8|𝐴̌g |2g − 4g(Ric𝐵(g𝔟), 𝐴̌g ) . (4.12)

Proof. Let {𝑋𝑖} be a g(1)-orthonormal basis for 𝔟 and denote by 𝑋𝑖(𝜏) the vector fields evolving
through

d
d𝜏
𝑋𝑖(𝜏) = −Ric(g(𝜏))

♯(𝑋𝑖(𝜏)) , 𝑋𝑖(1) = 𝑋𝑖 .

Then, {𝑋𝑖(𝜏)} is g(𝜏)-orthonormal. Notice that 𝐴 itself does not depend on g , so that

d
d𝜏
|𝐴|2

g(𝜏)
=
d
d𝜏

{∑
𝑖,𝑗

g(𝐴𝑋𝑖𝑋𝑗, 𝐴𝑋𝑖𝑋𝑗)

}

=
∑
𝑖,𝑗

2Ric(g(𝜏))(𝐴𝑋𝑖𝑋𝑗, 𝐴𝑋𝑖𝑋𝑗) − 2g(𝐴(Ric(g(𝜏))♯𝑋𝑖)𝑋𝑗, 𝐴𝑋𝑖𝑋𝑗)

− 2g(𝐴𝑋𝑖 (Ric(g(𝜏))
♯𝑋𝑗), 𝐴𝑋𝑖𝑋𝑗)

=
∑
𝑖,𝑗

2Ric(g(𝜏))(𝐴𝑋𝑖𝑋𝑗, 𝐴𝑋𝑖𝑋𝑗) − 4g(𝐴𝑋𝑖 (Ric(g(𝜏))
♯𝑋𝑗), 𝐴𝑋𝑖𝑋𝑗) .

Notice that the fibers of𝑀 → 𝐵 are abelian and totally geodesic. At any fixed time 𝜏 > 0, we can
consider a g(𝜏)-orthonormal basis {𝑈𝑝} for 𝔱. Therefore, by [6, 9.21 and Proposition 9.36], we have

2
∑
𝑖,𝑗

Ric(g(𝜏))(𝐴𝑋𝑖𝑋𝑗, 𝐴𝑋𝑖𝑋𝑗) = 2
∑
𝑖,𝑗

𝐴g(𝜏)(𝐴𝑋𝑖𝑋𝑗, 𝐴𝑋𝑖𝑋𝑗)

= 2
∑
𝑖,𝑗,𝑝,𝑞

𝐴g(𝜏)(𝑈𝑝,𝑈𝑞)g(𝜏)(𝐴𝑋𝑖𝑈𝑝, 𝑋𝑗)g(𝜏)(𝐴𝑋𝑖𝑈𝑞, 𝑋𝑗)

= 2
∑
𝑝,𝑞

𝐴g(𝜏)(𝑈𝑝,𝑈𝑞)
2

= 2|𝐴g(𝜏)|2g(𝜏)
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14 of 52 KRISHNAN et al.

and

−4
∑
𝑖,𝑗

g(𝐴𝑋𝑖 (Ric(g(𝜏))
♯𝑋𝑗), 𝐴𝑋𝑖𝑋𝑗) = 4

∑
𝑖,𝑗

Ric(g(𝜏))(𝐴𝑋𝑖𝐴𝑋𝑖𝑋𝑗, 𝑋𝑗)

= −4
∑
𝑖,𝑗,𝑘

Ric(g(𝜏))(𝑋𝑗, 𝑋𝑘)g(𝜏)(𝐴𝑋𝑖𝑋𝑘, 𝐴𝑋𝑖𝑋𝑗)

= −4
∑
𝑖,𝑗,𝑘

Ric(g(𝜏))(𝑋𝑗, 𝑋𝑘)𝐴̌g(𝜏)(𝑋𝑗, 𝑋𝑘)

= −4g(𝜏)(Ric(g(𝜏)), 𝐴̌g(𝜏)) .

Finally, by (4.5) we obtain (4.12). □

The following lemma will be used in the proof of Theorem 4.3.

Lemma 4.5. Under the assumptions of Theorem 4.3, we have

lim
𝜏→+∞

𝜏|𝐴|2
g(𝜏)

= 0 . (4.13)

Proof. Since the collapsing torus 𝖳 is rigid, it follows that

𝑥𝑘(𝜏)

𝜏
→ 0 as 𝜏 → +∞, for every 1 ⩽ 𝑘 ⩽ 𝑠 ,

𝑥𝑖(𝜏)

𝜏
⩾ 𝛿 for any 𝜏 ⩾ 1, for every 𝑠 < 𝑖 ⩽ 𝓁 .

Therefore, by (4.4) we obtain

lim
𝜏→+∞

|𝐴| 1
𝜏
g(𝜏)

= 0 ,

which completes the proof. □

Finally, we are ready to prove Theorem 4.3.

Proof of Theorem 4.3. By [6, Theorem 1.174] and homogeneity, we have

d
d𝜏
scal(g(𝜏)) = −2|Ric(g)|2

g

and, by [6, Propositions 1.186 and 9.36],

d
d𝜏
vol𝐵(g𝔟(𝜏)) = Tr(Ric(g)|𝔟)vol𝐵(g𝔟) = (scal𝐵(g𝔟) − 2|𝐴|2g )vol𝐵(g𝔟) .
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 15 of 52

Therefore, by using (4.12), we have

d
d𝜏
𝐹(g(𝜏)) = 2

(
−|Ric(g)|2g + 2|𝐴̂g |2g + 8|𝐴̌g |2g − 4g(Ric𝐵(g𝔟), 𝐴̌g )

)
vol𝐵(g𝔟)

2
𝑘 +

+ 2
𝑘

(
scal(g) + 2|𝐴|2

g

)
(scal𝐵(g𝔟) − 2|𝐴|2g )vol𝐵(g𝔟) 2𝑘

= −2vol𝐵(g𝔟)
2
𝑘

(|Ric(g)|2
g
− |𝐴̂g |2g − 4|𝐴̌g |2g + 4g(Ric𝐵(g𝔟), 𝐴̌g ) −

1
𝑘
scal𝐵(g𝔟)

2

+ 1
𝑘
scal𝐵(g𝔟)

2|𝐴|2g − |𝐴̂g |2g − 4|𝐴̌g |2g + 2
𝑘
|𝐴|4g) .

Since

|Ric(g)|2g = |𝐴̂g |2g + |Ric𝐵(g𝔟)|2g𝔟 + 4|𝐴̌g |2g − 4g(Ric𝐵(g𝔟), 𝐴̌g ) ,

we obtain (4.9). Moreover, by the Cauchy–Schwarz inequality, we have

|Ric𝐵(g𝔟(𝜏))|2g𝔟(𝜏) − 1
𝑘
scal𝐵(g𝔟(𝜏))

2 ⩾ 0

with equality if and only if Ric0𝐵(g𝔟(𝜏)) = 0. By (4.6), the remaining term can be estimated as

1
𝑘
scal𝐵(g𝔟(𝜏))|𝐴|2g(𝜏) − |𝐴̂g(𝜏)|2g(𝜏) − 4|𝐴̌g(𝜏)|2g(𝜏) + 2

𝑘
|𝐴|4

g(𝜏)
⩾
1
𝑘
|𝐴|2

g(𝜏)

(
scal𝐵(g𝔟(𝜏)) − 𝐶|𝐴|2g(𝜏))

for some 𝐶 > 0. Therefore, by (4.13), there exists 𝑇 > 0 such that

scal𝐵(g𝔟(𝜏)) ⩾ 𝐶|𝐴|2g(𝜏) for any 𝜏 ⩾ 𝑇

and this completes the proof of (4.10). □

4.3 Existence of limit Einstein metrics

We use the estimates in the previous subsections to prove Theorem 4.1, namely, the existence of a
limit Einstein metric on the base of the principal bundle (4.1).

Proof of Theorem 4.1. Let g(𝜏) be a collapsed solution to the backwardRicci flow existing for all 𝜏 >
0 and ḡ(𝜏) = 1

𝜏
g(𝜏) the corresponding curvature-normalized metrics. Assume that the collapsing

torus 𝖳 of g(𝜏) is rigid, and that g(𝜏) is right 𝖳-invariant. Then, ḡ(𝜏) splits as in (4.11), with

ḡ𝔱(𝜏) → 0 as 𝜏 → +∞ , ḡ𝔟(𝜏) ⩾ 𝛿 ḡ𝔟(1) for any 𝜏 ⩾ 1.

By (4.13) and [6, Corollary 9.37], scal(ḡ𝔟(𝜏)) converges to a positive constant as 𝜏 → +∞. Since
𝐹(ḡ(𝜏)) is bounded, it follows that vol𝐵(ḡ𝔟(𝜏)) is bounded as well. Therefore, the 1-parameter
family ḡ𝔟(𝜏) lives in a compact set of 𝖦-invariant metrics on 𝐵. We now prove the following
two claims.
Claim 1: There exists 𝜏𝑖 → +∞ such that ḡ𝔟(𝜏𝑖) → ḡ∞

𝔟
as 𝑖 → +∞, with Ric0𝐵(ḡ

∞
𝔟
) = 0.

To prove Claim 1, we observe that, by Theorem 4.3,
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16 of 52 KRISHNAN et al.

𝜏
d
d𝜏
𝐹(g(𝜏)) = −2vol𝐵(ḡ𝔟)

2
𝑘 𝜏scal(g)

(|Ric𝐵(ḡ𝔟)|2ḡ𝔟 − 1
𝑘
scal𝐵(ḡ𝔟)

2

+ 1
𝑘
scal𝐵(ḡ𝔟)|𝐴|2ḡ𝔟 − |𝐴̂ḡ |2ḡ − 4|𝐴̌ḡ |2ḡ + 2

𝑘
|𝐴|4ḡ) .

We claim that there exists 𝜏𝑖 → +∞ such that 𝜏𝑖
d
d𝜏
𝐹(g(𝜏𝑖)) → 0. Indeed, suppose that this is not

the case. Then, by (4.10), there exist 𝑇 > 0 and 𝐶 > 0 such that

𝜏
d
d𝜏
𝐹(g(𝜏)) ⩽ −𝐶 for any 𝜏 ⩾ 𝑇 . (4.14)

Then, define the function

𝜓 ∶ [𝑇,+∞) → ℝ , 𝜓(𝜏) ∶= 𝐹(g(𝑇)) − 𝐶 log
(
𝜏
𝑇

)
and notice that 𝜓(𝑇) = 𝐹(g(𝑇)), and lim𝜏→+∞ 𝜓(𝜏) = −∞. Moreover, by (4.14), it follows that
d
d𝜏
𝐹(g(𝜏)) ⩽ 𝜓′(𝜏) for all 𝜏 ⩾ 𝑇, from which we obtain lim𝜏→+∞ 𝐹(g(𝜏)) = −∞. This is a

contradiction since 𝐹(g(𝜏)) is nonnegative.
Consider {𝜏𝑖} as above. Since the quantities vol𝐵(ḡ𝔟)

2
𝑘 , 𝜏scal(g), and scal𝐵(ḡ𝔟) are bounded from

above and bounded away from zero along the flow, and |𝐴|ḡ → 0 by (4.13), it follows that
|Ric𝐵(ḡ𝔟(𝜏𝑖))|2ḡ𝔟(𝜏𝑖) − 1

𝑘
scal𝐵(ḡ𝔟(𝜏𝑖))

2 → 0 .

Up to passing to a subsequence, we can assume that ḡ𝔟(𝜏𝑖) → ḡ∞
𝔟

as 𝑖 → +∞. Then, Claim 1
follows by applying the Cauchy–Schwarz inequality.
Claim 2: We have ḡ(𝜏) → 0 ⊕ ḡ∞

𝔟
as 𝜏 → +∞.

By the previous step, we have convergence to the degenerate metric 0 ⊕ ḡ∞
𝔟
along a sequence

of times. Here, we need to show full convergence along the flow. We use the theory the second-
and third-named authors developed in [49] to prove this fact.
By [49, Proposition 3.1], the Ricci curvature can be analytically extended to the space

𝑆2(𝔱∗) ⊕ 𝑆2+(𝔟
∗)Ad(𝖧𝖳)

of submersion metrics on 𝑀 = 𝖦∕𝖧 that are possibly not positive-definite on the toral fibers of
(4.1). Moreover, by [6, Formula (9.37)], the scalar curvature of a submersion metric g is given by

scal(g) = scal𝐵(g𝔟) − |𝐴|2g
and so, by (4.4), it follows that the scalar curvature can be analytically extended to the space
𝑆2(𝔱∗) ⊕ 𝑆2+(𝔟

∗)Ad(𝖧𝖳) as well. By [49, section 3.2], there exists an inner product ⟨⟨⋅, ⋅⟩⟩ḡ∞𝔟 on
𝑆2(𝔪∗)Ad(𝖧), depending on the Einstein metric ḡ∞

𝔟
on the base, such that the following claims

hold. First, up to time reparameterization, the projection of g(𝜏) on the unit sphere

Σ ∶=
{
g ∈ 𝑆2(𝔱∗) ⊕ 𝑆2+(𝔟

∗)Ad(𝖧𝖳) ∶ ⟨⟨g , g⟩⟩ḡ∞𝔟 = 1}
is a solution to the gradient flow of the restricted scalar curvature functional

g ∈ Σ ↦ scal(g) . (4.15)
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 17 of 52

Second, the degenerate metric 0 ⊕ ḡ∞
𝔟
is a critical point for the functional (4.15). Therefore, by

[39, Theorem (1)], the convergence is uniform along the flow trajectories, and this concludes the
proof of Claim 2.
Finally, arguing as in [49, Proposition 4.2], it follows that (𝖦∕𝖧, ḡ(𝜏)) converges to (𝖦∕𝖧𝖳, ḡ∞

𝔟
)

in the Gromov–Hausdorff topology as 𝜏 → +∞. □

5 NR-DECOMPOSITIONS FOR THE ISOTROPY REPRESENTATION

This section describes our main algebraic assumption in Theorem B, that is, the notion of a NR-
decomposition for the isotropy representation.

5.1 Normalizer-adapted decompositions

We introduce a class of decompositions, for which the associated structure constants will turn out
to satisfy specific symmetry properties (see Lemma 5.4). This will be an important tool to estimate
the Ricci eigenvalues in Section 6.
Let 𝜑 = (𝔪1,…,𝔪𝓁) ∈ F𝖦 be a decomposition for 𝔪 and assume that it is ordered such that

(2.8) holds. For the sake of notation, we will also fix generators 𝑉𝑝 ∈ 𝔪𝑝 with 𝑄(𝑉𝑝, 𝑉𝑝) = 1 for
any 1 ⩽ 𝑝 ⩽ 𝓁0. We introduce the following definition.

Definition 5.1. A decomposition 𝜑 = (𝔪1,…,𝔪𝓁) ∈ F𝖦 is said to be normalizer-adapted if the
following property holds: for any 1 ⩽ 𝑝 ⩽ 𝓁0 and for any 1 ⩽ 𝑖 ⩽ 𝓁, if [𝔪𝑝,𝔪𝑖] ≠ {0}, then there
exists 1 ⩽ 𝑗 ⩽ 𝓁 such that [𝔪𝑝,𝔪𝑖] ∩ 𝔪𝑗 ≠ {0}.

Notice that the nomenclature above is due to the fact that the action of the normalizer
intertwines the modules𝔪𝑖 ∈ 𝜑 in a precise sense described by the following lemma.

Lemma 5.2. Let 𝜑 = (𝔪1,…,𝔪𝓁) be normalizer-adapted. Fix 1 ⩽ 𝑝 ⩽ 𝓁0 and 1 ⩽ 𝑖 ⩽ 𝓁. If there
exists 1 ⩽ 𝑗 ⩽ 𝓁 such that [𝑝𝑖𝑗] > 0, then [𝑝𝑖𝑘] = 0 for any 𝑘 ∈ {1, …,𝓁} ⧵ {𝑗}. As a consequence,
𝔪𝑖 ≃ 𝔪𝑗 and ad(𝑉𝑝)(𝔪𝑖) = 𝔪𝑗 .

Proof. Fix 1 ⩽ 𝑝 ⩽ 𝓁0, 1 ⩽ 𝑖 ⩽ 𝓁 and assume that there exists 1 ⩽ 𝑗 ⩽ 𝓁 such that [𝑝𝑖𝑗] > 0. By
means of Remark 2.1, the image 𝔪̃𝑖 ∶= ad(𝑉𝑝)(𝔪𝑖) is Ad(𝖧)-equivalent to𝔪𝑖 and thus it is con-
tained in the linear span of the isotypical class of𝔪𝑖 . By assumption, there exists 1 ⩽ 𝑗′ ⩽ 𝓁 such
that 𝔪̃𝑖 ∩ 𝔪𝑗′ ≠ {0} and hence 𝔪̃𝑖 = 𝔪𝑗′ . By hypothesis, 𝑗′ = 𝑗 and the claim follows. □

For any 1 ⩽ 𝑝 ⩽ 𝓁0, we can therefore consider the splitting

{1, … ,𝓁} = 𝐼+𝑝 ∪ 𝐼
0
𝑝 , with

𝐼0𝑝 ∶= {1 ⩽ 𝑖 ⩽ 𝓁 ∶ ad(𝑉𝑝)|𝔪𝑖 is trivial } , 𝐼+𝑝 ∶= {1, … ,𝓁} ⧵ 𝐼
0
𝑝

(5.1)

and the map

𝜙𝑝 ∶ {1, … ,𝓁} → {1, … ,𝓁} , 𝜙𝑝(𝑖) ∶=

{
the unique 1 ⩽ 𝑗 ⩽ 𝓁 that satisfies [𝑝𝑖𝑗] > 0 , if 𝑖 ∈ 𝐼+𝑝
𝑖 , if 𝑖 ∈ 𝐼0𝑝

.
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18 of 52 KRISHNAN et al.

By Lemma 5.2, for any 𝑖 ∈ 𝐼+𝑝 there exists a unique element 𝑗 ∈ 𝐼
0
𝑝 such that [𝑝𝑖𝑗] > 0, and hence

the map 𝜙𝑝 is well-defined. Moreover, since [𝑝𝑖𝑗] = [𝑝𝑗𝑖] (see (2.9)), it follows that 𝜙𝑝 is bijective
with 𝜙−1𝑝 = 𝜙𝑝. For the sake of notation, we consider the splitting

𝐼+𝑝 = 𝐼𝑝 ∪ 𝐼
′
𝑝 ∪ 𝐼

′′
𝑝 , with

𝐼𝑝 ∶= {𝑖 ∈ 𝐼
+
𝑝 ∶ 𝑖 < 𝜙𝑝(𝑖)} , 𝐼′𝑝 ∶= {𝑖 ∈ 𝐼

+
𝑝 ∶ 𝑖 = 𝜙𝑝(𝑖)} , 𝐼′′𝑝 ∶= {𝑖 ∈ 𝐼

+
𝑝 ∶ 𝑖 > 𝜙𝑝(𝑖)} .

(5.2)

Let us also emphasize that, for any 𝑗 ∈ 𝐼′𝑝, ad(𝑉𝑝)|𝔪𝑗 is a linear 𝑄-skew-symmetric isomorphism
and therefore the dimension 𝑑𝑗 is even. Notice also that, by Schur’s Lemma, we can find a 𝜑-
adapted, 𝑄-orthonormal basis B such that the following hold:

(i) for any 𝑖 ∈ 𝐼𝑝, if {𝑒𝛼} = B ∩𝔪𝑖 and {𝑒𝛼̄} = B ∩𝔪𝜙𝑝(𝑖), then

[𝑉𝑝, 𝑒𝛼] = 𝜇𝑝,𝑖 𝑒𝛼̄ , [𝑉𝑝, 𝑒𝛼̄] = −𝜇𝑝,𝑖 𝑒𝛼 (5.3)

for any 1 ⩽ 𝛼 ⩽ 𝑑𝑖 , for some coefficients 𝜇𝑝,𝑖 ∈ ℝ ⧵ {0};
(ii) for any 𝑗 ∈ 𝐼′𝑝, if {𝑒𝛼, 𝑒𝛼̄} = B ∩𝔪𝑗, then

[𝑉𝑝, 𝑒𝛼] = 𝜇𝑝,𝑗 𝑒𝛼̄ , [𝑉𝑝, 𝑒𝛼̄] = −𝜇𝑝,𝑗 𝑒𝛼

for any 1 ⩽ 𝛼 ⩽ 𝑑𝑗
2
, for some coefficients 𝜇𝑝,𝑗 ∈ ℝ ⧵ {0}.

A direct computation shows that the coefficients 𝜇𝑝,𝑖 can be explicitly determined, up to a sign,
by the relation

[𝑝𝑖𝜙𝑝(𝑖)] = 𝑑𝑖(𝜇𝑝,𝑖)
2 for any 𝑖 ∈ 𝐼+𝑝 . (5.4)

As a matter of notation, we set 𝜇𝑝,𝑖 ∶= 0 for any 𝑖 ∈ 𝐼0𝑝, so that (5.4) holds true for any 1 ⩽ 𝑖 ⩽ 𝓁.
For later use, we observe that for any 1 ⩽ 𝑝, 𝑞 ⩽ 𝓁0, by the Jacobi identity we have

[𝑉𝑝, 𝑉𝑞] = 0 ⟹ 𝜙𝑝◦𝜙𝑞 = 𝜙𝑞◦𝜙𝑝 . (5.5)

We also prove the following two results about the structure constants of𝜑, whichwill play a crucial
role in the proof of our main result.

Lemma 5.3. Let 𝜑 = (𝔪1,…,𝔪𝓁) be normalizer-adapted. For any 1 ⩽ 𝑝 ⩽ 𝓁0 and 1 ⩽ 𝑖 ⩽ 𝓁, we
have

𝑑𝑖 = 𝑑𝜙𝑝(𝑖) , (5.6)

𝑏𝑖 = 𝑏𝜙𝑝(𝑖) . (5.7)

Proof. It is sufficient to prove the lemma for 𝑖 ∈ 𝐼𝑝. Equation (5.6) is true since𝔪𝑖 and𝔪𝜙𝑝(𝑖) are
Ad(𝖧)-equivalent and so, in particular, are isomorphic as linear spaces. Moreover, since𝔪𝑖 and
𝔪𝜙𝑝(𝑖) are intertwined by the adjoint action of a vector𝑉𝑝 ∈ 𝔪0, it follows that both𝔪𝑖 and𝔪𝜙𝑝(𝑖)
are contained in a single simple ideal of 𝔤. Therefore, since𝑄 isAd(𝖦)-invariant, (5.7) follows. □

Lemma 5.4. Let 𝜑 = (𝔪1,…,𝔪𝓁) be normalizer-adapted. Fix 1 ⩽ 𝑝 ⩽ 𝓁0 and 𝑖 ∈ 𝐼𝑝.
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(a) If 𝑗 ∈ 𝐼+𝑝 and 1 ⩽ 𝑘 ⩽ 𝓁, then

[𝜙𝑝(𝑖)𝜙𝑝(𝑗)𝑘] = [𝑖𝑗𝑘] . (5.8)

(b) If 𝑗, 𝑘 ∈ 𝐼0𝑝, then

[𝜙𝑝(𝑖)𝑗𝑘] = [𝑖𝑗𝑘] . (5.9)

(c) If 1 ⩽ 𝑞 ⩽ 𝓁0 with [𝑉𝑝, 𝑉𝑞] = 0, then

[𝑞𝜙𝑝(𝑖)𝜙𝑞(𝜙𝑝(𝑖))] = [𝑞𝑖𝜙𝑞(𝑖)] . (5.10)

Proof. Fix 1 ⩽ 𝑝 ⩽ 𝓁0, 𝑖 ∈ 𝐼𝑝 and, for the sake of shortness, set 𝑟 ∶= 𝜙𝑝(𝑟) for any 1 ⩽ 𝑟 ⩽ 𝓁. Fix a
𝜑-adapted,𝑄-orthonormal basisB for𝔪 and assume that it diagonalizes ad(𝑉𝑝) as in (5.3). Then,
for any 1 ⩽ 𝑗, 𝑘 ⩽ 𝓁 we have

𝜇𝑝,𝑘𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾̄) + 𝜇𝑝,𝑗𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾) − 𝜇𝑝,𝑖𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾) = 0 ,

𝜇𝑝,𝑘𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾̄) + 𝜇𝑝,𝑖𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾) − 𝜇𝑝,𝑗𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾) = 0
(5.11)

for any 𝑒𝛼 ∈ B ∩𝔪𝑖 , 𝑒𝛽 ∈ B ∩𝔪𝑗 , 𝑒𝛾 ∈ B ∩𝔪𝑘. Indeed, by (5.3), the Ad(𝖦)-invariance of 𝑄 and
the Jacobi Identity, it follows that

𝜇𝑝,𝑘𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾̄) + 𝜇𝑝,𝑗𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾) − 𝜇𝑝,𝑖𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾) =

= −𝑄([𝑉𝑝, [𝑒𝛼̄, 𝑒𝛽]], 𝑒𝛾) − 𝑄([𝑒𝛼̄, [𝑒𝛽, 𝑉𝑝]], 𝑒𝛾) − 𝑄([𝑒𝛽, [𝑉𝑝, 𝑒𝛼̄]], 𝑒𝛾) = 0 .

The second equation in (5.11) is obtained similarly.
By taking the squares of (5.11), we have

𝜇2
𝑝,𝑘
𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾̄)

2 = 𝜇2𝑝,𝑗𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾)
2 + 𝜇2𝑝,𝑖𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾)

2

− 2𝜇𝑝,𝑖𝜇𝑝,𝑗𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾)𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾) ,

𝜇2
𝑝,𝑘
𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾̄))

2 = 𝜇2𝑝,𝑖𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾)
2 + 𝜇2𝑝,𝑗𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾)

2

− 2𝜇𝑝,𝑖𝜇𝑝,𝑗𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾)𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾),

and so

𝜇2
𝑝,𝑘
𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾̄)

2 − 𝜇2𝑝,𝑗𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾)
2 − 𝜇2𝑝,𝑖𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾)

2 =

𝜇2
𝑝,𝑘
𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾̄))

2 − 𝜇2𝑝,𝑖𝑄([𝑒𝛼̄, 𝑒𝛽], 𝑒𝛾)
2 − 𝜇2𝑝,𝑗𝑄([𝑒𝛼, 𝑒𝛽], 𝑒𝛾)

2 . (5.12)

Taking sums in (5.12), we get

𝜇2
𝑝,𝑘
[𝑖𝑗𝑘̄] − 𝜇2𝑝,𝑗[𝑖𝑗̄𝑘] − 𝜇

2
𝑝,𝑖[𝑖𝑗𝑘] = 𝜇

2
𝑝,𝑘
[𝑖𝑗̄𝑘̄] − 𝜇2𝑝,𝑖[𝑖𝑗̄𝑘] − 𝜇

2
𝑝,𝑗[𝑖𝑗𝑘] . (5.13)
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20 of 52 KRISHNAN et al.

By applying cyclic index permutations and the index transformations

(𝑗, 𝑘) ↦ (𝑗̄, 𝑘̄) , (𝑖, 𝑗) ↦ (𝑖, 𝑗̄) , (𝑖, 𝑘) ↦ (𝑖, 𝑘̄)

to (5.13), we obtain the following linear system:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜇2
𝑝,𝑖
[𝑖𝑗̄𝑘] +(𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
)[𝑖𝑗̄𝑘̄] −𝜇2

𝑝,𝑖
[𝑖𝑗𝑘̄] −(𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
)[𝑖𝑗𝑘] = 0

𝜇2
𝑝,𝑗
[𝑖𝑗̄𝑘] −𝜇2

𝑝,𝑗
[𝑖𝑗̄𝑘̄] +(𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑘
)[𝑖𝑗𝑘̄] −(𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑘
)[𝑖𝑗𝑘] = 0

𝜇2
𝑝,𝑘
[𝑖𝑗̄𝑘] −(𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑗
)[𝑖𝑗̄𝑘̄] +(𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑗
)[𝑖𝑗𝑘̄] −𝜇2

𝑝,𝑘
[𝑖𝑗𝑘] = 0

(𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑗
)[𝑖𝑗̄𝑘] −𝜇2

𝑝,𝑘
[𝑖𝑗̄𝑘̄] +𝜇2

𝑝,𝑘
[𝑖𝑗𝑘̄] −(𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑗
)[𝑖𝑗𝑘] = 0

(𝜇2
𝑝,𝑗
− 𝜇2

𝑝,𝑘
)[𝑖𝑗̄𝑘] +𝜇2

𝑝,𝑖
[𝑖𝑗̄𝑘̄] −(𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
)[𝑖𝑗𝑘̄] −𝜇2

𝑝,𝑖
[𝑖𝑗𝑘] = 0

(𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑘
)[𝑖𝑗̄𝑘] −(𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑘
)[𝑖𝑗̄𝑘̄] +𝜇2

𝑝,𝑗
[𝑖𝑗𝑘̄] −𝜇2

𝑝,𝑗
[𝑖𝑗𝑘] = 0

. (5.14)

Let us write the system (5.14) in the form

𝐴 ⋅
(
[𝑖𝑗̄𝑘], [𝑖𝑗̄𝑘̄], [𝑖𝑗𝑘̄], [𝑖𝑗𝑘]

)𝑡
= 0 .

Then, the matrix 𝐴 factorizes as the product 𝐴 = 𝑃 ⋅ 𝐴′, where 𝑃 is the invertible matrix

𝑃 ∶=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2

−1
2

1
2

1
2

0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 1 0 0 0 −1

−1
2

1
2

1
2

1
2

0 0

0 0 1 −1 −1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
and 𝐴′ is given by

𝐴′ ∶=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑗
+ 𝜇2

𝑝,𝑘
−𝜇2

𝑝,𝑖
+ 𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
0 0

0 0 𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑗
+ 𝜇2

𝑝,𝑘
−𝜇2

𝑝,𝑖
+ 𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘

𝜇2
𝑝,𝑖
+ 𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
0 0 −𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑗
+ 𝜇2

𝑝,𝑘

0 𝜇2
𝑝,𝑖
+ 𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
−𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑗
+ 𝜇2

𝑝,𝑘
0

𝜇2
𝑝,𝑗

−𝜇2
𝑝,𝑗

𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑘
−𝜇2

𝑝,𝑖
+ 𝜇2

𝑝,𝑘

𝜇2
𝑝,𝑘

−𝜇2
𝑝,𝑖
+ 𝜇2

𝑝,𝑗
𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑗
−𝜇2

𝑝,𝑘

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Notice that, since 𝜇𝑝,𝑖 ≠ 0 by assumption, the quantities

𝜇2𝑝,𝑖 − 𝜇
2
𝑝,𝑗 + 𝜇

2
𝑝,𝑘
, 𝜇2𝑝,𝑖 + 𝜇

2
𝑝,𝑗 − 𝜇

2
𝑝,𝑘

cannot vanish simultaneously. Then, by explicit computation, the row-echelon form of 𝐴′ is as
described in the following table.
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If 𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑗
+ 𝜇2

𝑝,𝑘
= 0 If 𝜇2

𝑝,𝑖
+ 𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
= 0 If 𝜇2

𝑝,𝑖
− 𝜇2

𝑝,𝑗
+ 𝜇2

𝑝,𝑘
≠ 0

and 𝜇2
𝑝,𝑖
+ 𝜇2

𝑝,𝑗
− 𝜇2

𝑝,𝑘
≠ 0

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 −1

0 1 −1 0

0 0 𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑗
−𝜇2

𝑝,𝑖
+ 𝜇2

𝑝,𝑗

0 0 0 0

0 0 0 0

0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0

0 𝜇2
𝑝,𝑖
− 𝜇2

𝑝,𝑘
−𝜇2

𝑝,𝑖
+ 𝜇2

𝑝,𝑘
0

0 0 1 −1

0 0 0 0

0 0 0 0

0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 −1

0 1 0 −1

0 0 1 −1

0 0 0 0

0 0 0 0

0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
Therefore, we obtain the following characterization:

(1) if 𝜇𝑝,𝑗 = 0 and 𝜇2𝑝,𝑘 = 𝜇
2
𝑝,𝑖
, then rank(𝐴) = 2 and the solutions to (5.14) are

[𝑖𝑗̄𝑘] = [𝑖𝑗̄𝑘̄] , [𝑖𝑗𝑘̄] = [𝑖𝑗𝑘] ;

(2) if 𝜇𝑝,𝑘 = 0 and 𝜇2𝑝,𝑗 = 𝜇
2
𝑝,𝑖
, then rank(𝐴) = 2 and the solutions to (5.14) are

[𝑖𝑗̄𝑘] = [𝑖𝑗𝑘] , [𝑖𝑗̄𝑘̄] = [𝑖𝑗𝑘̄] ;

(3) in all the other cases, rank(𝐴) = 3 and the solutions to (5.14) are

[𝑖𝑗̄𝑘] = [𝑖𝑗̄𝑘̄] = [𝑖𝑗𝑘̄] = [𝑖𝑗𝑘] .

Based on this characterization, we proceed as follows.

(a) If 𝑗 ∈ 𝐼+𝑝 , then 𝜇
2
𝑝,𝑗
> 0, and we are either in case (2) or (3). Hence, [𝑖𝑗̄𝑘] = [𝑖𝑗𝑘], that is (5.8).

(b) If 𝑗, 𝑘 ∈ 𝐼0𝑝, then 𝜇𝑝,𝑗 = 𝜇𝑝,𝑘 = 0, so we are in case (3). Moreover, since 𝑗 = 𝑗̄ and 𝑘 = 𝑘̄, we
obtain [𝑖𝑗𝑘] = [𝑖𝑗𝑘], that is (5.9).

(c) Let 1 ⩽ 𝑞 ⩽ 𝓁0 be such that [𝑉𝑝, 𝑉𝑞] = 0 and set 𝑗 ∶= 𝜙𝑞(𝑖), 𝑘 ∶= 𝑞. Then 𝜇𝑝,𝑘 = 0, and we
are again in case (2) or (3). Hence, [𝑖𝑗̄𝑘] = [𝑖𝑗𝑘]. By (5.5), this gives (5.10).

This concludes the proof. □

5.2 Diagonalizing the Ricci tensor

Let 𝜑 = (𝔪1,…,𝔪𝓁) ∈ F𝖦 be a decomposition of 𝔪 and g ∈M𝖦 be 𝜑-diagonal. Its Ricci tensor
Ric(g) generally has off-diagonal terms. More precisely, for any 𝑋 ∈ 𝔪𝑖 and 𝑌 ∈ 𝔪𝑗 , with 𝑖 ≠ 𝑗,
the following hold true:

∙ if𝔪𝑖 ≄ 𝔪𝑗 , then Ric(g)(𝑋, 𝑌) = 0 by Schur’s lemma;
∙ if𝔪𝑖 ≃ 𝔪𝑗 , then

Ric(g)(𝑋, 𝑌) =
∑

1⩽𝑟,𝑘⩽𝓁

𝑥𝑖𝑥𝑗 − 2𝑥
2
𝑟 + 2𝑥𝑟𝑥𝑘

4𝑥𝑟𝑥𝑘

∑
𝑒𝛼∈𝔪𝑟
𝑒𝛽∈𝔪𝑘

𝑄([𝑒𝛼, 𝑒𝛽], 𝑋)𝑄([𝑒𝛼, 𝑒𝛽], 𝑌) , (5.15)
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22 of 52 KRISHNAN et al.

where {𝑒𝛼} is any 𝑄-orthonormal, 𝜑-adapted basis for𝔪 (see, e.g., [34, section 3]).

For this reason, we recall the following definition introduced in [34]. A basis B adapted to 𝜑 is
said to be stably Ricci-diagonal if anyB-diagonal, invariant metric hasB-diagonal Ricci tensor. In
fact, it can be seen that this is actually a property of the decomposition 𝜑, so we may equivalently
define it as follows.

Definition 5.5. A decomposition 𝜑 ∈ F𝖦 is said to be stably Ricci-diagonal if any 𝜑-diagonal,
invariant metric g ∈M𝖦 has 𝜑-diagonal Ricci tensor.

The role of such decompositions in the study of the Ricci flow is given by the following
observation.

Proposition 5.6. Let g(𝑡) be a homogeneous Ricci flow solution, 𝑡 ∈ 𝐼, on a compact manifold𝑀
and assume that𝑀 admits a stably Ricci-diagonal decomposition 𝜑 for its isotropy representation.
If there exists 𝑡∗ ∈ 𝐼 such that g(𝑡∗) is 𝜑-diagonal, then g(𝑡) is 𝜑-diagonal for any 𝑡 ∈ 𝐼.

Proof. Let 𝜑 be stably Ricci-diagonal and consider the subset

𝐷 ∶= {𝑡 ∈ 𝐼 ∶ g(𝑡) is 𝜑-diagonal} .

Then, 𝐷 is nonempty and closed. We show below that 𝐷 is also open, which leads to 𝐷 = 𝐼.
Fix 𝑡1 ∈ 𝐷 and consider the following system of ODEs:

𝑥̇𝑖(𝑡) = −2ric𝑖
(
𝑥1(𝑡), …, 𝑥𝓁(𝑡)

)
, 1 ⩽ 𝑖 ⩽ 𝓁 (5.16)

where the functions ric𝑖 are defined in (2.12). By the existence theorem for ODEs, there exists
a solution

(
𝑥1(𝑡), …, 𝑥𝓁(𝑡)

)
to (5.16) defined for 𝑡 ∈ (𝑡1 − 𝜖, 𝑡1 + 𝜖), for some 𝜖 > 0, such that(

𝑥1(𝑡1), …, 𝑥𝓁(𝑡1)
)
is the tuple of eigenvalues of g(𝑡1). Since g(𝑡1) is positive definite, up to choosing

a smaller 𝜖, it follows that

ℎ(𝑡) ∶= 𝑥1(𝑡) 𝑄|𝔪1⊗𝔪1 + … + 𝑥𝓁(𝑡) 𝑄|𝔪𝓁⊗𝔪𝓁

is a 𝖦-invariant Riemannian metric on𝑀 and (𝑡1 − 𝜖, 𝑡1 + 𝜖) ⊂ 𝐼. Since 𝜑 is stably Ricci-diagonal,
it follows that ℎ(𝑡) is a Ricci flow solution. Therefore, by uniqueness of solutions to the Ricci
flow on compactmanifolds,ℎ(𝑡) = g(𝑡) for every 𝑡 ∈ (𝑡1 − 𝜖, 𝑡1 + 𝜖). In particular, (𝑡1 − 𝜖, 𝑡1 + 𝜖) ⊂
𝐷. □

Stably Ricci-diagonal bases for Lie algebras were introduced and named in [46], where they
were used to study the Ricci flow on nilmanifolds. Later, in [38], the authors introduced the notion
of nice bases for nilpotent Lie algebras in terms of a condition on the structure constants and they
proved that a basis is nice if and only if is stably Ricci diagonal. Later, these two notions were
extended and generalized to compact semisimple Lie algebras and compact homogeneous spaces
in [34], where the following theorem was proved.
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 23 of 52

Theorem 5.7 [34, Theorem A]. A 𝑄-orthonormal, 𝜑-adapted basis B = {𝑒𝛼} for𝔪 is stably Ricci-
diagonal if and only if the following property holds: if𝔪𝑖 ≃ 𝔪𝑗 and 𝑖 ≠ 𝑗, then∑
𝑒𝛼∈𝔪𝑘
𝑒𝛽∈𝔪𝑟

𝑄([𝑒𝛼, 𝑒𝛽], 𝑣) 𝑄([𝑒𝛼, 𝑒𝛽], 𝑤) = 0 for any 1 ⩽ 𝑘, 𝑟 ⩽ 𝓁, 𝑣 ∈ B ∩𝔪𝑖 , 𝑤 ∈ B ∩𝔪𝑗 . (5.17)

In the special case where the homogeneous space is a compact Lie group 𝖦, the condition (5.17)
is equivalent to the following statement: the bracket of any two basis elements is a multiple of
another basis element. In this setting, this is equivalent to the nice basis condition defined by
Lauret andWill, see [34, Remark 3]. Hence, following [34], a basisB, adapted to a decomposition
𝜑 ∈ F𝖦, satisfying (5.17) is called a nice basis for 𝔪. Notice that we can also restate (5.17) in a
basis-free manner as follows: if𝔪𝑖,𝔪𝑗 ∈ 𝜑 are equivalent and distinct, then

Tr
(
ad(𝑋)◦ad(𝑌)|𝔪𝑘) = 0 for any 1 ⩽ 𝑘 ⩽ 𝓁, 𝑋 ∈ 𝔪𝑖 , 𝑌 ∈ 𝔪𝑗 .

Finally, for the sake of shortness, we introduce the following nomenclature.

Definition 5.8. Anelement𝜑 ∈ F𝖦 is said to be anNR-decomposition of𝔪 if it is both normalizer-
adapted and stably Ricci-diagonal.

We are ready to prove Proposition C.

Proof of Proposition C. By hypotheses and Proposition 5.6 the metric g(𝑡) is diagonal, that is, we
can write

g(𝑡) = 𝑥1(𝑡) 𝑄|𝔪1⊗𝔪1 + … + 𝑥𝓁(𝑡) 𝑄|𝔪𝓁⊗𝔪𝓁

for some NR-decomposition, where 𝑥𝑖 ∶ (−∞, 0) → (0, +∞) are smooth functions. Since
𝑁𝖦(𝖧)∕𝖧 has rank 1, and its Lie algebra is identified with 𝔪0 (see Subsection 2.2), either
𝔪0 = 𝔪1 ≃ ℝ, or 𝔪0 = 𝔪1 +𝔪2 +𝔪3 ≃ 𝔰𝔬(3). If 𝔪0 = 𝔪1 ≃ ℝ, then the collapsing torus is
necessarily unique, and its Lie algebra coincides with all of𝔪0.
Assume now that𝔪0 = 𝔪1 +𝔪2 +𝔪3 ≃ 𝔰𝔬(3) and consider the continuous function

𝜆(𝑡) ∶= min{𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)} .

Notice that 𝜆(𝑡)|𝑡| → 0 as 𝑡 → −∞. Indeed, using Theorem 3.1, we see that for any sequence of times
𝑡(𝑛) → −∞, there exist a subsequence {𝑡(𝑛𝑘)} ⊂ {𝑡(𝑛)} such that

𝜆(𝑡(𝑛𝑘))|𝑡(𝑛𝑘)| → 0
as 𝑘 → +∞. Consider also the set of all times where the minimum value 𝜆(𝑡) is achieved by more
than one eigenvalues, that is

X ∶=
{
𝑡 ∈ (−∞,−1] ∶ there exist 1 ⩽ 𝑖 < 𝑗 ⩽ 3 such that 𝜆(𝑡) = 𝑥𝑖(𝑡) = 𝑥𝑗(𝑡)

}
.

We claim that there exists 𝑇 > 1 such that X ⊂ [−𝑇,−1], that is, there exists an eigenvalue which
is strictly less than the other two for all times 𝑡 < −𝑇.
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24 of 52 KRISHNAN et al.

In fact, assume by contradiction that there is a sequence of times {𝑡(𝑛)} ⊂ X such that 𝑡(𝑛) →
−∞. Then, up to passing to a subsequence, there exist 1 ⩽ 𝑖 < 𝑗 ⩽ 3 such that

𝜆(𝑡(𝑛)) = 𝑥𝑖(𝑡
(𝑛)) = 𝑥𝑗(𝑡

(𝑛)) for any 𝑛 ∈ ℕ ,

which in turn implies that

lim
𝑛→+∞

𝑥𝑖(𝑡
(𝑛))|𝑡(𝑛)| = lim

𝑛→+∞

𝑥𝑗(𝑡
(𝑛))|𝑡(𝑛)| = 0 .

By claim (iii) in Theorem 3.1, it follows that spanℝ{𝑉𝑖, 𝑉𝑗} is an abelian Lie subalgebra of 𝔪0,
which contradicts the hypothesis𝔪0 ≃ 𝔰𝔬(3).
As a consequence, up to a permutation of the indices {1, 2, 3}, it follows that 1|𝑡|𝑥1(𝑡) → 0 for

𝑡 → −∞. By applying claim (iii) in Theorem 3.1 as above, since the rank of 𝔪0 is 1, it follows
that 1|𝑡|𝑥2(𝑡) and 1|𝑡|𝑥3(𝑡) are bounded away from zero as 𝑡 → −∞. Hence, the collapsing torus is
unique, and its Lie algebra coincides with𝔪1. □

Remark 5.9. The proof above shows that, under the assumptions of Proposition C, the collapsing
torus 𝖳 of g(𝑡) is not only unique, but is also rigid. Indeed, by the proof of Proposition C, the
Lie algebra of 𝖳 is the 1-dimensional trivial submodule𝔪1. Since g(𝑡) is diagonal with respect to
an NR-decomposition 𝜑 such that𝔪1 ∈ 𝜑, condition (ii) of Definition 3.3 follows. Moreover, the
proof also shows that 1|𝑡|𝑥1(𝑡) → 0 as 𝑡 → −∞, and that 1|𝑡|𝑥𝑖(𝑡) are uniformly bounded away from
0 as 𝑡 → −∞, for 2 ⩽ 𝑖 ⩽ 𝓁. Hence, conditions (i) and (iii) of Definition 3.3 follow.

6 EXISTENCE OF TORAL SYMMETRIES

This section is devoted to the proof of Theorem B and consists of two subsections. In Subsec-
tion 6.1, we introduce the so-called submersion tensor, which describes quantitatively how far the
action of a subgroup of the gauge group is from being isometric. In Subsection 6.2, we study sub-
mersion tensors associated to collapsing tori of homogeneous ancient solutions. In particular, we
prove a monotonicity formula, which is the key ingredient in proving Theorem B.

6.1 The submersion tensor and a formula for the Ricci eigenvalues

We begin this subsection by introducing the following tensor that is of central importance for
proving Theorem B. We recall that (𝑁𝖦(𝖧)∕𝖧)0 is identified with a compact subgroup of 𝖦 (see
Subsection 2.2).

Definition 6.1. Let 𝖫 ⊂ (𝑁𝖦(𝖧)∕𝖧)0 be a connected Lie subgroup, with Lie(𝖫) = 𝔩 ⊂ 𝔪0, and
g ∈M𝖦. We define the submersion tensor associated to the pair (𝖫, g) as the g-symmetric part of
the adjoint action of 𝔩 on𝔪, that is, the multilinear form 𝑆 = 𝑆(𝖫, g) ∶ 𝔩 ⊗𝔪⊗𝔪 → ℝ defined
by

2 𝑆(𝑉, 𝑋, 𝑌) ∶= g([𝑉, 𝑋], 𝑌) + g([𝑉, 𝑌], 𝑋) . (6.1)
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Notice that the nomenclature is due to the fact that 𝑆(𝖫, g) = 0 if and only if the Lie subgroup
𝖫 acts g-isometrically on the right (see Remark 2.1). The latter is equivalent to the existence of
a 𝖦-homogeneous metric ǧ on 𝖦∕𝖧𝖫 for which the natural projection (𝖦∕𝖧, g) → (𝖦∕𝖧𝖫, ǧ) is a
Riemannian submersion with totally geodesic fibers.
Assume now that 𝜑 = (𝔪1,…,𝔪𝓁) is an NR-decomposition, let 1 ⩽ 𝑠 ⩽ 𝓁0 be such that, up to

reordering, the subspace

𝔱 ∶= 𝔪1 +⋯ +𝔪𝑠 (6.2)

is an abelian subalgebra of𝔪0 and denote by𝖳 the corresponding connected Lie subgroup. Let also
g ∈M𝖦 be 𝜑-diagonal as in (2.11). Fix𝑄-unitary generators𝑉𝑝 in each trivial submodule𝔪𝑝 ∈ 𝜑,
with 1 ⩽ 𝑝 ⩽ 𝑠, as discussed in Section 5.1.Wewill nowdescribe the corresponding bilinear forms

𝑆𝑝 ∶= 𝑆(𝖳, g)(𝑉𝑝, ⋅, ⋅) , (6.3)

which will play a crucial role in proving our main theorem.
Pick a𝑄-orthonormal,𝜑-adapted basisB for𝔪. It isworth noting that if 𝑖 ∈ 𝐼𝑝, 𝑒1 ∈ 𝔪𝑖 ∩B and

𝑒2 ∈ B, then 𝑆𝑝(𝑒1, 𝑒2) ≠ 0 only if 𝑒2 ∈ 𝔪𝜙𝑝(𝑖). Here, the index set 𝐼𝑝 and the map 𝜙𝑝 are defined
in Subsection 5.1, after the proof of Lemma 5.2. Therefore, for any 𝑖 ∈ 𝐼𝑝, we define

𝜃𝑝,𝑖 ∶=
1

[𝑝𝑖𝜙𝑝(𝑖)]

∑
𝑒𝛼∈𝔪𝑖
𝑒𝛼̄∈𝔪𝜙𝑝(𝑖)

𝑆𝑝(𝑒𝛼, 𝑒𝛼̄)
2

g(𝑒𝛼, 𝑒𝛼)g(𝑒𝛼̄, 𝑒𝛼̄)
(6.4)

so that

(|𝑆𝑝|g)2 =∑
𝑖∈𝐼𝑝

[𝑝𝑖𝜙𝑝(𝑖)] 𝜃𝑝,𝑖 . (6.5)

Moreover, a direct computation shows that, if g is of the form (2.11), then

𝜃𝑝,𝑖 =
1
4

(
𝑥𝜙𝑝(𝑖)

𝑥𝑖
+

𝑥𝑖
𝑥𝜙𝑝(𝑖)

)
−
1
2
. (6.6)

Observe that the quantity |𝑆𝑝|g is scale invariant.
We conclude this subsection by proving a preparatory formula.
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Proposition 6.2. Let g ∈M𝖦 be of the form (2.11) with respect to anNR-decomposition𝜑 and ric𝑖(g)
its Ricci eigenvalues. For any 1 ⩽ 𝑝 ⩽ 𝑠, with 𝑠 as in (6.2), and for any 𝑖 ∈ 𝐼𝑝, the following holds:

ric𝜙𝑝(𝑖)(g) − ric𝑖(g) =

= 𝜇2𝑝,𝑖

𝑥𝜙𝑝(𝑖) − 𝑥𝑖

𝑥𝑝𝑥𝑖𝑥𝜙𝑝(𝑖)

(
𝑥𝜙𝑝(𝑖) + 𝑥𝑖 −

𝑏𝑖

2𝜇2
𝑝,𝑖

𝑥𝑝

)
+
1
2

∑
1⩽𝑞⩽𝑠
𝑞≠𝑝

𝜇2𝑞,𝑖

(
𝑥𝑞

𝑥𝑖𝑥𝜙𝑞(𝑖)
−

𝑥𝑞

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑞(𝜙𝑝(𝑖))

)

+
1
2

∑
1⩽𝑞⩽𝑠
𝑞≠𝑝

𝜇2
𝑞,𝑖

𝑥𝑞

(
𝑥𝜙𝑞(𝑖)

𝑥𝑖
−
𝑥𝜙𝑞(𝜙𝑝(𝑖))

𝑥𝜙𝑝(𝑖)
+

𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑞(𝜙𝑝(𝑖))
−

𝑥𝑖
𝑥𝜙𝑞(𝑖)

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝑗
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(𝑥𝜙𝑝(𝑖)
𝑥𝑗𝑥𝑘

−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑘)

𝑥𝜙𝑝(𝑖)𝑥𝑗
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝑗𝑥𝜙𝑝(𝑘)
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑝(𝑗)
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑝(𝑗)𝑥𝑘
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)
.

(6.7)

Proof. An explicit computation shows that

ric𝜙𝑝(𝑖)(g) − ric𝑖(g) =

(2.12)
=

𝑏𝜙𝑝(𝑖)

2𝑥𝜙𝑝(𝑖)
−
𝑏𝑖
2𝑥𝑖

−
1

2𝑑𝜙𝑝(𝑖)

∑
1⩽𝑗,𝑘⩽𝓁

[𝜙𝑝(𝑖)𝑗𝑘]
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝑗
+
1
2𝑑𝑖

∑
1⩽𝑗,𝑘⩽𝓁

[𝑖𝑗𝑘]
𝑥𝑘
𝑥𝑖𝑥𝑗

+
1

4𝑑𝜙𝑝(𝑖)

∑
1⩽𝑗,𝑘⩽𝓁

[𝜙𝑝(𝑖)𝑗𝑘]
𝑥𝜙𝑝(𝑖)

𝑥𝑗𝑥𝑘
−
1
4𝑑𝑖

∑
1⩽𝑗,𝑘⩽𝓁

[𝑖𝑗𝑘]
𝑥𝑖
𝑥𝑗𝑥𝑘

(5.6)
= −

𝑏𝑖
2

(
1
𝑥𝑖
−

1
𝑥𝜙𝑝(𝑖)

)

−
1
2𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑞𝜙𝑝(𝑖)𝜙𝑞(𝜙𝑝(𝑖))]
𝑥𝜙𝑞(𝜙𝑝(𝑖))

𝑥𝜙𝑝(𝑖)𝑥𝑞
+
1
2𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑖𝑞𝜙𝑞(𝑖)]
𝑥𝜙𝑞(𝑖)

𝑥𝑖𝑥𝑞

+
1
4𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝜙𝑝(𝑖)𝑞𝜙𝑞(𝜙𝑝(𝑖))]
𝑥𝜙𝑝(𝑖)

𝑥𝑞𝑥𝜙𝑞(𝜙𝑝(𝑖))
−
1
4𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑖𝑞𝜙𝑞(𝑖)]
𝑥𝑖

𝑥𝑞𝑥𝜙𝑞(𝑖)

−
1
2𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝜙𝑝(𝑖)𝜙𝑞(𝜙𝑝(𝑖))𝑞]
𝑥𝑞

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑞(𝜙𝑝(𝑖))
+
1
2𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑖𝜙𝑞(𝑖)𝑞]
𝑥𝑞

𝑥𝑖𝑥𝜙𝑞(𝑖)
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+
1
4𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝜙𝑝(𝑖)𝜙𝑞(𝜙𝑝(𝑖))𝑞]
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑞(𝜙𝑝(𝑖))𝑥𝑞
−
1
4𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑖𝜙𝑞(𝑖)𝑞]
𝑥𝑖

𝑥𝜙𝑞(𝑖)𝑥𝑞

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝜙𝑝(𝑖)𝑗𝑘]
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝑗
+
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]
𝑥𝑘
𝑥𝑖𝑥𝑗

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝜙𝑝(𝑖)𝜙𝑝(𝑗)𝑘]
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑝(𝑗)
+
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]
𝑥𝑘
𝑥𝑖𝑥𝑗

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝜙𝑝(𝑖)𝑗𝜙𝑝(𝑘)]
𝑥𝜙𝑝(𝑘)

𝑥𝜙𝑝(𝑖)𝑥𝑗
+
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]
𝑥𝑘
𝑥𝑖𝑥𝑗

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝜙𝑝(𝑖)𝜙𝑝(𝑗)𝑘]
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑝(𝑗)
+
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]
𝑥𝑘
𝑥𝑖𝑥𝑗

+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝜙𝑝(𝑖)𝑗𝑘]
𝑥𝜙𝑝(𝑖)

𝑥𝑗𝑥𝑘
−
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]
𝑥𝑖
𝑥𝑗𝑥𝑘

+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝜙𝑝(𝑖)𝜙𝑝(𝑗)𝑘]
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑝(𝑗)𝑥𝑘
−
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]
𝑥𝑖
𝑥𝑗𝑥𝑘

+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝜙𝑝(𝑖)𝑗𝜙𝑝(𝑘)]
𝑥𝜙𝑝(𝑖)

𝑥𝑗𝑥𝜙𝑝(𝑘)
−
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]
𝑥𝑖
𝑥𝑗𝑥𝑘

+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝜙𝑝(𝑖)𝜙𝑝(𝑗)𝑘]
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑝(𝑗)𝑥𝑘
−
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]
𝑥𝑖
𝑥𝑗𝑥𝑘

.

Therefore, by using (5.4), (5.5), (5.8), (5.9), and (5.10), we obtain

ric𝜙𝑝(𝑖)(g) − ric𝑖(g) =

= −
𝑏𝑖
2

(
1
𝑥𝑖
−

1
𝑥𝜙𝑝(𝑖)

)

−
1
2𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑞𝑖𝜙𝑞(𝑖)]

(
𝑥𝜙𝑞(𝜙𝑝(𝑖))

𝑥𝜙𝑝(𝑖)𝑥𝑞
−

𝑥𝜙𝑝(𝑖)

𝑥𝑞𝑥𝜙𝑞(𝜙𝑝(𝑖))

)
+
1
2𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑞𝑖𝜙𝑞(𝑖)]

(
𝑥𝜙𝑞(𝑖)

𝑥𝑖𝑥𝑞
−

𝑥𝑖
𝑥𝜙𝑞(𝑖)𝑥𝑞

)

−
1
2𝑑𝑖

∑
1⩽𝑞⩽𝑠

[𝑞𝑖𝜙𝑞(𝑖)]

(
𝑥𝑞

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑞(𝜙𝑝(𝑖))
−

𝑥𝑞

𝑥𝑖𝑥𝜙𝑞(𝑖)

)
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−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝑗
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(𝑥𝜙𝑝(𝑖)
𝑥𝑗𝑥𝑘

−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑝(𝑗)
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑝(𝑗)𝑥𝑘
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑘)

𝑥𝜙𝑝(𝑖)𝑥𝑗
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝑗𝑥𝜙𝑝(𝑘)
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑝(𝑗)
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑝(𝑗)𝑥𝑘
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

= −
𝑏𝑖
2

(
1
𝑥𝑖
−

1
𝑥𝜙𝑝(𝑖)

)
+ 𝜇2𝑝,𝑖

(
𝑥𝜙𝑝(𝑖)

𝑥𝑖𝑥𝑝
−

𝑥𝑖
𝑥𝜙𝑝(𝑖)𝑥𝑝

)

+
1
2

∑
1⩽𝑞⩽𝑘
𝑞≠𝑝

𝜇2
𝑞,𝑖

𝑥𝑞

(
𝑥𝜙𝑞(𝑖)

𝑥𝑖
−
𝑥𝜙𝑞(𝜙𝑝(𝑖))

𝑥𝜙𝑝(𝑖)
+

𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑞(𝜙𝑝(𝑖))
−

𝑥𝑖
𝑥𝜙𝑞(𝑖)

)

−
1
2

∑
1⩽𝑞⩽𝑠
𝑞≠𝑝

𝜇2𝑞,𝑖

(
𝑥𝑞

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑞(𝜙𝑝(𝑖))
−

𝑥𝑞

𝑥𝑖𝑥𝜙𝑞(𝑖)

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝑗
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(𝑥𝜙𝑝(𝑖)
𝑥𝑗𝑥𝑘

−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑝(𝑗)
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

0
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑝(𝑗)𝑥𝑘
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑘)

𝑥𝜙𝑝(𝑖)𝑥𝑗
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝑗𝑥𝜙𝑝(𝑘)
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)

−
1
2𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝑘

𝑥𝜙𝑝(𝑖)𝑥𝜙𝑝(𝑗)
−
𝑥𝑘
𝑥𝑖𝑥𝑗

)
+
1
4𝑑𝑖

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝 , 𝑘∈𝐼

+
𝑝

[𝑖𝑗𝑘]

(
𝑥𝜙𝑝(𝑖)

𝑥𝜙𝑝(𝑗)𝑥𝑘
−
𝑥𝑖
𝑥𝑗𝑥𝑘

)
,

which concludes the proof. □
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We remark that formulae (6.4), (6.5), (6.6), and Proposition 6.2 are true even if we replace NR
with normalizer-adapted.

6.2 Vanishing of the submersion tensor for ancient solutions

Let g(𝜏) be a solution to the 𝖦-homogeneous, backward Ricci flow on 𝑀 that is defined for any
positive time 𝜏 > 0. We also make the following assumptions.

(D) The starting metric g(1) can be diagonalized by an NR-decomposition 𝜑 = (𝔪1,…,𝔪𝓁).
Therefore, by Proposition 5.6, g(𝜏) is diagonal with respect to 𝜑 for any 𝜏 > 0, that is,

g(𝜏) = 𝑥1(𝜏) 𝑄|𝔪1⊗𝔪1 + … + 𝑥𝓁(𝜏) 𝑄|𝔪𝓁⊗𝔪𝓁
(6.8)

for some smooth functions 𝑥𝑖 ∶ (0, +∞) → (0, +∞).

(R) The collapsing torus 𝖳 of g(𝜏) is rigid. Therefore, up to reordering, there exists 1 ⩽ 𝑠 ⩽ 𝓁0 such
that

lim
𝜏→+∞

𝑥𝑝(𝜏)

𝜏
= 0 for any 1 ⩽ 𝑝 ⩽ 𝑠 ,

lim inf
𝜏→+∞

𝑥𝑖(𝜏)

𝜏
> 0 for any 𝑠 < 𝑖 ⩽ 𝓁 .

(6.9)

Following (6.3), we can associate to g(𝜏) the 1-parameter families of bilinear forms 𝑆𝑝(𝜏) for any
1 ⩽ 𝑝 ⩽ 𝑠 and for any 𝜏 > 0. For convenience, in the proofs below, we refer to the indices 1 ⩽ 𝑝 ⩽ 𝑠
as toral and to the indices 𝑠 < 𝑖 ⩽ 𝓁 as nontoral. However, despite this terminology, we emphasize
that we are not assuming that 𝔱 is maximal in𝔪0.
As a consequence of Theorem 3.1, the submersion tensors along the directions tangent to the

collapsing torus of g(𝜏) vanish asymptotically, that is, the following is true.

Proposition 6.3. Let g(𝜏) be as in (4.8), satisfying (D) and (R). Let 𝑆𝑝(𝜏) be the 1-parameter families
of bilinear forms defined as in (6.3). Then,

lim
𝜏→+∞

|𝑆𝑝(𝜏)|g(𝜏) = 0 for any 1 ⩽ 𝑝 ⩽ 𝑠. (6.10)

Proof. From (3.3) and (6.9), it follows that

lim
𝜏→+∞

𝑥𝜙𝑝(𝑖)(𝜏)

𝑥𝑖(𝜏)
= 1 for any 1 ⩽ 𝑝 ⩽ 𝑠, for any 𝑖 ∈ 𝐼𝑝. (6.11)

Therefore, (6.10) follows by (6.5), (6.6), and (6.11). □

In the following, we will prove that these tensors actually vanish identically, that is, 𝑆𝑝(𝜏) ≡ 0
for any 1 ⩽ 𝑝 ⩽ 𝑠, from which Theorem B follows. For any 1 ⩽ 𝑞 ⩽ 𝑠 and for any 𝑗 ∈ 𝐼𝑞, let 𝜃𝑞,𝑗(𝜏)
be the functions defined in (6.4). By (6.5), it follows that (6.10) is equivalent to

lim
𝜏→+∞

𝜃𝑞,𝑗(𝜏) = 0 for any 1 ⩽ 𝑞 ⩽ 𝑠 and for any 𝑗 ∈ 𝐼𝑞 . (6.12)

Moreover, from (6.6) and the Ricci flow equation, we obtain the following.
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Lemma 6.4. For any 1 ⩽ 𝑞 ⩽ 𝑠 and for any 𝑗 ∈ 𝐼𝑞 , we have

d
d𝜏
𝜃𝑞,𝑗(𝜏) =

1
2

(
𝑥𝜙𝑞(𝑗)(𝜏)

𝑥𝑗(𝜏)
−

𝑥𝑗(𝜏)

𝑥𝜙𝑞(𝑗)(𝜏)

)(
ric𝜙𝑞(𝑗)(g(𝜏)) − ric𝑗(g(𝜏))

)
for any 𝜏 > 0 . (6.13)

Fix a toral index 1 ⩽ 𝑝 ⩽ 𝑠. For any 𝜏 > 0, let 𝜄 = 𝜄(𝑝, 𝜏) ∈ 𝐼𝑝 be the index that satisfies the
following property:

𝜃𝑝,𝜄(𝑝,𝜏)(𝜏) = max
{
𝜃𝑝,𝑗(𝜏) ∶ 𝑗 ∈ 𝐼𝑝

}
. (6.14)

To prove Theorem B, we need to estimate the derivative

d
d𝜏
𝜃𝑝,𝜄(𝑝,𝜏∗)(𝜏)

||||𝜏=𝜏∗ (6.15)

for any 𝜏∗ > 0 large enough. To achieve this, we need some preparatory work. For the sake of
notation, we set

𝑏𝖦∕𝖧 ∶= Tr𝑄(−𝔤) =
∑
1⩽𝑗⩽𝓁

𝑑𝑗𝑏𝑗 , (6.16)

𝛼𝑞 ∶= max
{
max{|𝜇𝑞,𝑗| ∶ 𝑗 ∈ 𝐼𝑞}, (min{|𝜇𝑞,𝑗| ∶ 𝑗 ∈ 𝐼𝑞})−1} for any 1 ⩽ 𝑞 ⩽ 𝑠 , (6.17)

𝜀𝑞,𝑗(𝜏) ∶=
||||𝑥𝜙𝑞(𝑗)(𝜏)𝑥𝑗(𝜏)

− 1
|||| for any 1 ⩽ 𝑞 ⩽ 𝑠, for any 𝑗 ∈ 𝐼𝑞 , (6.18)

𝑥(𝜏) ∶= min{𝑥𝑗(𝜏) ∶ 𝑠 < 𝑗 ⩽ 𝓁} . (6.19)

Here, the coefficients 𝑑𝑗 and 𝑏𝑗 were defined in Subsection 2.2, while the coefficients 𝜇𝑞,𝑗 were
defined in Subsection 5.1. We also remark that, by assumption (R), the quantity scal(g(𝜏))𝑥(𝜏) is
bounded away from zero (see Subsection 6.2).
By (6.9) and (6.11), up to scaling, we can assume that the following inequalities hold for any

𝜏 ⩾ 1:

1 −
1
10
<
𝑥𝜙𝑞(𝑗)(𝜏)

𝑥𝑗(𝜏)
,
𝑥𝑗(𝜏)

𝑥𝜙𝑞(𝑗)(𝜏)
< 1 +

1
10

for any 1 ⩽ 𝑞 ⩽ 𝑠 and for any 𝑗 ∈ 𝐼𝑞 , (6.20)

𝑥𝑞(𝜏) <
3𝛼𝑞

𝑏𝖦∕𝖧
𝑥(𝜏) for any 1 ⩽ 𝑞 ⩽ 𝑠 . (6.21)

We start now by proving the following two lemmas.

Lemma 6.5. Fix three nontoral indices 𝑠 < 𝑗, 𝑘, 𝑟 ⩽ 𝓁 and let 𝑗̃ ∈ {𝑗, 𝜙𝑝(𝑗)}, 𝑘̃ ∈ {𝑘, 𝜙𝑝(𝑘)}, 𝑟 ∈
{𝑟, 𝜙𝑝(𝑟)}. Then, it follows that

|||| 𝑥𝑗̃(𝜏)

𝑥𝑘̃(𝜏)𝑥𝑟(𝜏)
−

𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

|||| ⩽ 6 𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

(
𝜀𝑝,𝑗(𝜏) + 𝜀𝑝,𝑘(𝜏) + 𝜀𝑝,𝑟(𝜏)

)
for any 𝜏 ⩾ 1 . (6.22)
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Proof. Notice that, for any 𝜏 ⩾ 1,

𝑥𝑗(𝜏)
(
1 − 𝜀𝑝,𝑗(𝜏)

)
⩽ 𝑥𝑗̃(𝜏) ⩽ 𝑥𝑗(𝜏)

(
1 + 𝜀𝑝,𝑗(𝜏)

)
and so

𝑥𝑗̃(𝜏)

𝑥𝑘̃(𝜏)𝑥𝑟(𝜏)
⩽

𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

1 + 𝜀𝑝,𝑗(𝜏)(
1 − 𝜀𝑝,𝑘(𝜏)

)(
1 − 𝜀𝑝,𝑟(𝜏)

) .
By (6.20), it follows that

0 ⩽ 𝜀𝑝,𝑗(𝜏) ⩽
1
10

for any 𝑗 ∈ 𝐼𝑝

and so we have

1 + 𝜀𝑝,𝑗(𝜏)

(1 − 𝜀𝑝,𝑘(𝜏))(1 − 𝜀𝑝,𝑟(𝜏))
⩽
(
1 + 𝜀𝑝,𝑗(𝜏)

)(
1 + 2𝜀𝑝,𝑟(𝜏)

)(
1 + 2𝜀𝑝,𝑘(𝜏)

)
⩽
(
1 + 3𝜀𝑝,𝑗(𝜏) + 3𝜀𝑝,𝑘(𝜏)

)(
1 + 2𝜀𝑝,𝑟(𝜏)

)
⩽ 1 + 6

(
𝜀𝑝,𝑗(𝜏) + 𝜀𝑝,𝑘(𝜏) + 𝜀𝑝,𝑟(𝜏)

)
and then (6.22) follows. □

Lemma 6.6. For any nontoral indices 𝑠 < 𝑗, 𝑘, 𝑟 ⩽ 𝓁, the following inequality holds:

[𝑗𝑘𝑟]
𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)
⩽
2𝑏𝖦∕𝖧

𝑥(𝜏)
for any 𝜏 ⩾ 1 . (6.23)

Proof. As we mentioned in Subsection 2.1, it follows by hypothesis that scal(g(𝜏)) > 0 for any
𝜏 > 0. Moreover, by [56, Lemma 1.5] and the fact that 𝔱 is an abelian subalgebra of𝔪0, we have

𝑑𝑞𝑏𝑞 =
∑

𝑠<𝑗,𝑘⩽𝓁

[𝑞𝑗𝑘] for any 1 ⩽ 𝑞 ⩽ 𝑠 . (6.24)

Therefore, by (2.13) and (6.24), we have

scal(g(𝜏)) =
1
2

∑
1⩽𝑗⩽𝓁

𝑑𝑗𝑏𝑗

𝑥𝑗(𝜏)
−
1
4

∑
1⩽𝑗,𝑘,𝑟⩽𝓁

[𝑗𝑘𝑟]
𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

=
1
2

∑
1⩽𝑞⩽𝑠

𝑑𝑞𝑏𝑞

𝑥𝑞(𝜏)
−
1
2

∑
1⩽𝑞⩽𝑠
𝑠<𝑗,𝑘⩽𝓁

[𝑞𝑗𝑘]
𝑥𝑘(𝜏)

𝑥𝑞(𝜏)𝑥𝑗(𝜏)
−
1
4

∑
1⩽𝑞⩽𝑠
𝑠<𝑗,𝑘⩽𝓁

[𝑞𝑗𝑘]
𝑥𝑞(𝜏)

𝑥𝑗(𝜏)𝑥𝑘(𝜏)

+
1
2

∑
𝑠<𝑗⩽𝓁

𝑑𝑗𝑏𝑗

𝑥𝑗(𝜏)
−
1
4

∑
𝑠<𝑗,𝑘,𝑟⩽𝓁

[𝑗𝑘𝑟]
𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

=
1
2

∑
1⩽𝑞⩽𝑠
𝑠<𝑗,𝑘⩽𝓁

[𝑞𝑗𝑘]

(
1

𝑥𝑞(𝜏)
−

𝑥𝑘(𝜏)

𝑥𝑞(𝜏)𝑥𝑗(𝜏)

)
−
1
4

∑
1⩽𝑞⩽𝑠
𝑠<𝑗,𝑘⩽𝓁

[𝑞𝑗𝑘]
𝑥𝑞(𝜏)

𝑥𝑗(𝜏)𝑥𝑘(𝜏)
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+
1
2

∑
𝑠<𝑗⩽𝓁

𝑑𝑗𝑏𝑗

𝑥𝑗(𝜏)
−
1
4

∑
𝑠<𝑗,𝑘,𝑟⩽𝓁

[𝑗𝑘𝑟]
𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

= −
1
2

∑
1⩽𝑞⩽𝑠
𝑗∈𝐼𝑞

[𝑞𝑗𝜙𝑞(𝑗)]
(𝑥𝜙𝑞(𝑗)(𝜏) − 𝑥𝑗(𝜏))

2

𝑥𝑞(𝜏)𝑥𝑗(𝜏)𝑥𝜙𝑞(𝑗)(𝜏)
−
1
4

∑
1⩽𝑞⩽𝑠
𝑗∈𝐼+𝑞

[𝑞𝑗𝜙𝑞(𝑗)]
𝑥𝑞(𝜏)

𝑥𝑗(𝜏)𝑥𝜙𝑞(𝑗)(𝜏)

+
1
2

∑
𝑠<𝑗⩽𝓁

𝑑𝑗𝑏𝑗

𝑥𝑗(𝜏)
−
1
4

∑
𝑠<𝑗,𝑘,𝑟⩽𝓁

[𝑗𝑘𝑟]
𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

⩽
1
2

∑
𝑠<𝑗⩽𝓁

𝑑𝑗𝑏𝑗

𝑥𝑗(𝜏)
−
1
4

∑
𝑠<𝑗,𝑘,𝑟⩽𝓁

[𝑗𝑘𝑟]
𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)
,

which in turn implies that

∑
𝑠<𝑗,𝑘,𝑟⩽𝓁

[𝑗𝑘𝑟]
𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)
< 2

∑
𝑠<𝑗⩽𝓁

𝑑𝑗𝑏𝑗

𝑥𝑗(𝜏)
⩽
2𝑏𝖦∕𝖧

𝑥(𝜏)
,

where 𝑏𝖦∕𝖧 and 𝑥(𝜏) were defined in (6.16) and (6.19), respectively. Therefore, (6.23) follows. □

To estimate the terms in (6.15) without toral indices, we prove the following intermediate result.

Proposition 6.7. Fix three nontoral indices 𝑠 < 𝑗, 𝑘, 𝑟 ⩽ 𝓁 and let 𝑗̃ ∈ {𝑗, 𝜙𝑝(𝑗)}, 𝑘̃ ∈ {𝑘, 𝜙𝑝(𝑘)},
𝑟 ∈ {𝑟, 𝜙𝑝(𝑟)}. Then, there exists a constant 𝑐(𝑚) > 0, that depends only on the dimension 𝑚, such
that

[𝑗𝑘𝑟]
|||| 𝑥𝑗̃(𝜏)

𝑥𝑘̃(𝜏)𝑥𝑟(𝜏)
−

𝑥𝑗(𝜏)

𝑥𝑘(𝜏)𝑥𝑟(𝜏)

|||| ⩽ 12 𝑏𝖦∕𝖧 𝛼𝑝 𝑐(𝑚) |𝑆𝑝(𝜏)|g(𝜏)𝑥(𝜏)
for any 𝜏 ⩾ 1 . (6.25)

Proof. Let us observe that, from (6.6) and (6.18), it follows that for any toral index 1 ⩽ 𝑞 ⩽ 𝑠 and
for any 𝑗 ∈ 𝐼𝑞

𝜃𝑞,𝑗(𝜏) =
1
4

𝑥𝑗(𝜏)

𝑥𝜙𝑞(𝑗)(𝜏)
𝜀𝑞,𝑗(𝜏)

2 . (6.26)

By (5.4), (6.5), (6.18), (6.20), and (6.26), there exists 𝑐(𝑚) > 1 such that

1

𝛼𝑝𝑐(𝑚)

∑
𝑗∈𝐼𝑝

𝜀𝑝,𝑗(𝜏) ⩽ |𝑆𝑝(𝜏)|g(𝜏) ⩽ 𝛼𝑝𝑐(𝑚)∑
𝑗∈𝐼𝑝

𝜀𝑝,𝑗(𝜏) for any 𝜏 ⩾ 1 . (6.27)

Therefore, (6.25) follows from (6.22), (6.23), and (6.27). □

To estimate the terms in (6.15) in which toral indices different from 𝑝 appear, we prove the
following intermediate result.

Lemma 6.8. Given any 𝜏∗ ⩾ 1, the following inequalities hold for any 1 ⩽ 𝑞 ⩽ 𝑠 and for 𝜄 = 𝜄(𝑝, 𝜏∗):
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(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜄(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

)(
𝑥𝜙𝑞(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

)
⩾ 0 , (6.28)(

𝑥𝜙𝑝(𝜄)(𝜏
∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜄(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

)(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏
∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝜙𝑞(𝜄)(𝜏
∗)

)
⩾ 0 , (6.29)(

𝑥𝜙𝑝(𝜄)(𝜏
∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜄(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

)(
1

𝑥𝜄(𝜏
∗)𝑥𝜙𝑞(𝜄)(𝜏

∗)
−

1

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏

∗)

)
⩾ 0 . (6.30)

Proof. If 𝑥𝜙𝑝(𝜄)(𝜏
∗) = 𝑥𝜄(𝜏

∗), the statement is trivially true. Assume 𝑥𝜙𝑝(𝜄)(𝜏
∗) > 𝑥𝜄(𝜏

∗) and notice
that (6.14) implies that

𝑥𝜙𝑝(𝜄)(𝜏
∗)

𝑥𝑖(𝜏
∗)

⩾ max
1⩽𝑞⩽𝑠
1⩽𝑗⩽𝓁

{𝑥𝜙𝑞(𝑗)(𝑡∗)
𝑥𝑗(𝜏

∗)
,
𝑥𝑗(𝜏

∗)

𝑥𝜙𝑞(𝑗)(𝜏
∗)

}
. (6.31)

Indeed, observe that

𝜃𝑝,𝜄(𝜏
∗) = 𝑓

(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

)
, where 𝑓(𝑦) ∶= 1

4

(
𝑦 + 1

𝑦
− 2
)
,

so (6.31) follows from the fact that 𝑓 is a nondecreasing function of 𝑦 ∈ ℝ for 𝑦 ⩾ 1.
Fix 1 ⩽ 𝑞 ⩽ 𝑠. Then, by (5.5) and (6.31), we get

0 ⩽
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜙𝑝(𝜙𝑞(𝜄))(𝜏

∗)

𝑥𝜙𝑞(𝜄)(𝜏
∗)

=
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜙𝑞(𝜄)(𝜏
∗)

(
𝑥𝜙𝑞(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

)
,

0 ⩽
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜙𝑝(𝜙𝑞(𝜄))(𝜏

∗)

𝑥𝜙𝑞(𝜄)(𝜏
∗)

=
𝑥𝜙𝑝(𝜙𝑞(𝜄))(𝜏

∗)

𝑥𝜄(𝜏
∗)

(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏
∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝜙𝑞(𝜄)(𝜏
∗)

)
,

0 ⩽
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜙𝑞(𝜄)(𝜏

∗)

𝑥𝜙𝑝(𝜙𝑞(𝜄))(𝜏
∗)
= 𝑥𝜙𝑝(𝜄)(𝜏

∗)𝑥𝜙𝑞(𝜄)(𝜏
∗)

(
1

𝑥𝜄(𝜏
∗)𝑥𝜙𝑞(𝜄)(𝜏

∗)
−

1

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏

∗)

)
.

Therefore, (6.28), (6.29) and (6.30) are proved. If 𝑥𝜙𝑝(𝜄)(𝜏
∗) < 𝑥𝜄(𝜏

∗), the proof goes the same
way. □

We are ready to prove the main estimate that allows us to obtain Theorem B, that is, the
following monotonicity formula.

Theorem 6.9. Let g(𝜏) be as in (4.8), satisfying (D) and (R). Let also 𝑆𝑝(𝜏) be the 1-parameter
families of bilinear forms defined as in (6.3) and 𝜃𝑞,𝑗(𝜏) the functions defined in (6.4). Then, there
exist a constant 𝛿(𝑚, 𝑝) > 0, that depends only on Lie algebraic data, and a time 𝑇𝑝 > 0 such that

d
d𝜏
𝜃𝑝,𝜄(𝑝,𝜏∗)(𝜏)

||||𝜏=𝜏∗ ⩾ 𝛿(𝑚, 𝑝)
(|𝑆𝑝(𝜏∗)|g(𝜏∗))2

𝑥𝑝(𝜏
∗)

for any 𝜏∗ ⩾ 𝑇𝑝 . (6.32)
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Proof. By (6.7) and (6.13), it follows that

d
d𝜏
𝜃𝑝,𝜄(𝑝,𝜏∗)(𝜏)

||||𝜏=𝜏∗ =
=
1
2

(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜄(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

){
𝜇2𝑝,𝜄

𝑥𝜙𝑝(𝜄)(𝜏
∗) − 𝑥𝜄(𝜏

∗)

𝑥𝑝(𝜏
∗)𝑥𝜄(𝜏

∗)𝑥𝜙𝑝(𝜄)(𝜏
∗)

(
𝑥𝜙𝑝(𝜄)(𝜏

∗) + 𝑥𝜄(𝜏
∗) −

𝑏𝜄
2𝜇2𝑝,𝜄

𝑥𝑝(𝜏
∗)

)

+
1
2

∑
1⩽𝑞⩽𝑠
𝑞≠𝑝

𝜇2𝑞,𝜄𝑥𝑞(𝜏
∗)

(
1

𝑥𝜄(𝜏
∗)𝑥𝜙𝑞(𝜄)(𝜏

∗)
−

1

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏

∗)

)

+
1
2

∑
1⩽𝑞⩽𝑠
𝑞≠𝑝

𝜇2𝑞,𝜄

𝑥𝑞(𝜏
∗)

(
𝑥𝜙𝑞(𝜄)(𝜏

∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

+
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜙𝑞(𝜙𝑝(𝜄))(𝜏
∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝜙𝑞(𝜄)(𝜏
∗)

)

−
1
2𝑑𝜄

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝜄𝑗𝑘]

(
𝑥𝑘(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝑗(𝜏

∗)
−

𝑥𝑘(𝜏
∗)

𝑥𝜄(𝜏
∗)𝑥𝑗(𝜏

∗)

)

+
1
4𝑑𝜄

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝜄𝑗𝑘]

(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)

)

−
1
2𝑑𝜄

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝜄𝑗𝑘]

(
𝑥𝜙𝑝(𝑘)(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝑗(𝜏

∗)
−

𝑥𝑘(𝜏
∗)

𝑥𝜄(𝜏
∗)𝑥𝑗(𝜏

∗)

)

+
1
4𝑑𝜄

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝜄𝑗𝑘]

(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝑗(𝜏
∗)𝑥𝜙𝑝(𝑘)(𝜏

∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)

)

−
1
2𝑑𝜄

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝

[𝜄𝑗𝑘]

(
𝑥𝑘(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝜙𝑝(𝑗)(𝜏

∗)
−

𝑥𝑘(𝜏
∗)

𝑥𝜄(𝜏
∗)𝑥𝑗(𝜏

∗)

)

+
1
4𝑑𝜄

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝

[𝜄𝑗𝑘]

(
𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜙𝑝(𝑗)(𝜏
∗)𝑥𝑘(𝜏

∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)

)}
.

Then, by applying (6.28), (6.29), and (6.30), we get

d
d𝜏
𝜃𝑝,𝜄(𝑝,𝜏∗)(𝜏)

||||𝜏=𝜏∗ ⩾
⩾
1
2
𝜇2𝑝,𝜄

(
𝑥𝜙𝑝(𝜄)(𝜏

∗) − 𝑥𝜄(𝜏
∗)
)2(
𝑥𝜙𝑝(𝜄)(𝜏

∗) + 𝑥𝜄(𝜏
∗)
)

𝑥𝜄(𝜏
∗)2𝑥𝜙𝑝(𝜄)(𝜏

∗)2𝑥𝑝(𝜏
∗)

(
𝑥𝜙𝑝(𝜄)(𝜏

∗) + 𝑥𝜄(𝜏
∗) −

𝑏𝜄
2𝜇2𝑝,𝜄

𝑥𝑝(𝜏
∗)

)
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−
1
4𝑑𝜄

||||𝑥𝜙𝑝(𝜄)(𝜏
∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜄(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

||||
{ ∑

𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝜄𝑗𝑘]
|||| 𝑥𝑘(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝑗(𝜏

∗)
−

𝑥𝑘(𝜏
∗)

𝑥𝜄(𝜏
∗)𝑥𝑗(𝜏

∗)

||||
+

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

0
𝑝

[𝜄𝑗𝑘]
|||| 𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)

||||
+

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝜄𝑗𝑘]
|||| 𝑥𝜙𝑝(𝑘)(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝑗(𝜏

∗)
−

𝑥𝑘(𝜏
∗)

𝑥𝜄(𝜏
∗)𝑥𝑗(𝜏

∗)

||||
+

∑
𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼0𝑝, 𝑘∈𝐼

+
𝑝

[𝜄𝑗𝑘]
|||| 𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝑗(𝜏
∗)𝑥𝜙𝑝(𝑘)(𝜏

∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)

||||
+
∑

𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝

[𝜄𝑗𝑘]
|||| 𝑥𝑘(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)𝑥𝜙𝑝(𝑗)(𝜏

∗)
−

𝑥𝑘(𝜏
∗)

𝑥𝜄(𝜏
∗)𝑥𝑗(𝜏

∗)

||||
+
∑

𝑠<𝑗,𝑘⩽𝓁
𝑗∈𝐼+𝑝

[𝜄𝑗𝑘]
|||| 𝑥𝜙𝑝(𝜄)(𝜏

∗)

𝑥𝜙𝑝(𝑗)(𝜏
∗)𝑥𝑘(𝜏

∗)
−

𝑥𝜄(𝜏
∗)

𝑥𝑗(𝜏
∗)𝑥𝑘(𝜏

∗)

||||
}
.

By (6.6), (6.17), and (6.25), we get

d
d𝜏
𝜃𝑝,𝜄(𝑝,𝜏∗)(𝜏)

||||𝜏=𝜏∗ ⩾ 2
𝛼𝑝

𝜃𝑝,𝜄(𝜏
∗)

𝑥𝑝(𝜏
∗)

(
𝑥𝜙𝑝(𝜄)(𝜏

∗) + 𝑥𝜄(𝜏
∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

)⎛⎜⎜⎜⎝
𝑥𝜙𝑝(𝑖)(𝜏

∗) + 𝑥𝜄(𝜏
∗) −

𝑏𝑖
2𝜇2𝑝,𝜄

𝑥𝑝(𝜏
∗)

𝑥𝜄(𝜏
∗)

⎞⎟⎟⎟⎠
−
1
2𝑑𝜄

||||𝑥𝜙𝑝(𝜄)(𝜏
∗)

𝑥𝜄(𝜏
∗)

−
𝑥𝜄(𝜏

∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

||||
{
6(𝓁 − 𝑘)2 ⋅ 12 𝑏𝖦∕𝖧 𝛼𝑝 𝑐(𝑚)

|𝑆𝑝(𝜏∗)|g(𝜏∗)
𝑥(𝜏∗)

}
.

Notice that, by (6.20), we obtain

5
3
<
𝑥𝜙𝑝(𝜄)(𝜏

∗) + 𝑥𝜄(𝜏
∗)

𝑥𝜙𝑝(𝜄)(𝜏
∗)

<
20
9

(6.33)

and that, by recalling definitions (6.16), (6.17), (6.19) and by applying (6.20), (6.21), we get

𝑥𝜙𝑝(𝜄)(𝜏
∗) + 𝑥𝜄(𝜏

∗) −
𝑏𝜄
2𝜇2𝑝,𝜄

𝑥𝑝(𝜏
∗)

𝑥𝜄(𝜏
∗)

⩾
3
2
−
𝑏𝖦∕𝖧𝛼

2
𝑝

2

𝑥𝑝(𝜏
∗)

𝑥(𝜏∗)
> 0 . (6.34)
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36 of 52 KRISHNAN et al.

Therefore, by (6.18), (6.33), and (6.34), we get

d
d𝜏
𝜃𝑝,𝜄(𝑝,𝜏∗)(𝜏)

||||𝜏=𝜏∗ ⩾ 5
𝛼𝑝

𝜃𝑝,𝑖(𝜏
∗)

𝑥𝑝(𝜏
∗)

(
1 −

𝑏𝖦∕𝖧𝛼
2
𝑝

3

𝑥𝑝(𝜏
∗)

𝑥(𝜏∗)

)

−
80(𝓁 − 𝑘)2 𝑏𝖦∕𝖧 𝛼𝑝 𝑐(𝑚)

𝑑𝜄
𝜀𝑝,𝜄(𝜏

∗)
|𝑆𝑝(𝜏∗)|g(𝜏∗)
𝑥(𝜏∗)

.

By applying (5.4), (6.5), (6.17), (6.14), and (6.27), we get

d
d𝜏
𝜃𝑝,𝜄(𝑝,𝜏∗)(𝜏)

||||𝜏=𝜏∗ ⩾ 5

𝑑𝜄𝑚𝛼
3
𝑝

⎛⎜⎜⎜⎝1 −
𝑏𝖦∕𝖧𝛼

2
𝑝

(
1 + 48(𝓁 − 𝑘)2 𝑚𝛼3𝑝 𝑐(𝑚)

2
)

3

𝑥𝑝(𝜏
∗)

𝑥(𝜏∗)

⎞⎟⎟⎟⎠
(|𝑆𝑝(𝜏∗)|g(𝜏∗))2

𝑥𝑝(𝜏
∗)

.

(6.35)
By (6.9) and (6.19), we can chose now a time 𝑇𝑝 > 0 such that

1 −
𝑏𝖦∕𝖧𝛼

2
𝑝

(
1 + 48(𝓁 − 𝑘)2 𝑚𝛼3𝑝 𝑐(𝑚)

2
)

3

𝑥𝑝(𝜏
∗)

𝑥(𝜏∗)
⩾
1
5

for any 𝜏 ⩾ 𝑇𝑝

and so, if we set

𝛿(𝑚, 𝑝) ∶=
1

𝑚2𝛼3𝑝
,

(6.32) immediately follows from (6.35). □

We are now ready to complete the proof of Theorem B.

Proof of Theorem B. Let g(𝑡) be a collapsed ancient solution to the homogeneous Ricci flow on
a compact manifold. By abuse of notation, we set 𝜏 = −𝑡 and denote by g(𝜏) the corresponding
backward solution. Assume that g(1), and hence g(𝜏) for any 𝜏 > 0, is diagonal with respect to
an NR-decomposition 𝜑. Assume the collapsing torus 𝖳 of g(𝜏) is unique. Then we observe that,
since the solution is 𝜑-diagonal, 𝖳 is rigid (see Remark 5.9). Therefore, both the assumptions (D)
and (R) are satisfied.
Now, fix a toral index 1 ⩽ 𝑝 ⩽ 𝑠 and recall that, by (6.5) and (6.10),(|𝑆𝑝(𝜏)|g(𝜏))2 = ∑

𝑗∈𝐼𝑝

[𝑝𝑗𝜙𝑝(𝑗)] 𝜃𝑝,𝑗(𝜏) → 0 as 𝜏 → +∞ . (6.36)

If there exists 𝜏∗ ⩾ 1 such that |𝑆𝑝(𝜏∗)|g(𝜏∗) = 0, then |𝑆𝑝(𝜏)|g(𝜏) = 0 for any 𝜏 > 0 since isometries
are preserved under the Ricci flow. Assume then by contradiction that |𝑆𝑝(𝜏)|g(𝜏) > 0 for any 𝜏 >
0. Then, by (6.14) and (6.32), it follows that the largest summand 𝜃𝑝,𝜄(𝑝,𝜏)(𝜏) is strictly increasing
as 𝜏 → +∞, which contradicts (6.36). □

7 EXAMPLES

In this section, by adapting the techniques of [49], we obtain a general existence result for diag-
onal, collapsed ancient solutions. Moreover, we sharpen the nice basis condition from [34] to
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 37 of 52

provide an algebraic criterion for NR-decompositions. Consequently, we obtain a large class of
compact homogeneous spaces where Theorems B and D can be applied.

7.1 Existence of diagonal ancient solutions

Assume that𝑀𝑚 = 𝖦∕𝖧 admits an NR-decomposition 𝜑 = (𝔪1,…,𝔪𝓁) for its isotropy represen-
tation. Let also 𝖳 ⊂ 𝑁𝖦(𝖧)∕𝖧 be an 𝑠-dimensional connected, abelian Lie subgroup and assume
that its Lie algebra 𝔱 ∶= Lie(𝖳) ⊂ 𝔪0 is given by 𝔱 = 𝔪1 + … +𝔪𝑠. Consider the (locally) homo-
geneous torus bundle 𝖳 → 𝑀 → 𝐵 = 𝑀∕𝖳 and the corresponding 𝑄-orthogonal splitting at the
Lie algebra level (4.2). Then, the decomposition 𝜑 for theAd(𝖧)-action on𝔪 uniquely induces an
Ad(𝖧𝖳)-invariant, irreducible decomposition 𝜑̌ = (𝔟1, …, 𝔟𝑟) for 𝔟 by gathering together the mod-
ules in 𝜑 that are interchanged by the Ad(𝖳)-action. It can be directly checked that 𝜑̌ is also an
NR-decomposition. Then, the argument used in [49] allows us to prove the following.

Theorem 7.1 (cf. [49]). Let𝑀 = 𝖦∕𝖧 be a compact homogeneous space and 𝖳 ⊂ 𝑁𝖦(𝖧)∕𝖧 a torus.
Assume that𝑀 admits anNR-decomposition𝜑 for its isotropy representation and let 𝜑̌ be the induced
decomposition for 𝐵 = 𝑀∕𝖳. If 𝐵 admits a 𝜑̌-diagonal homogeneous Einstein metric, then𝑀 admits
a 𝜑-diagonal, collapsed ancient solution g(𝑡) to the homogeneous Ricci flow, with rigid collapsing
torus 𝖳.

Proof. Consider the space of submersion metrics on 𝑀 that are 𝜑-diagonal and possibly not
positive-definite on the toral fibers, that is,

N ∶=
{
g = 𝑦1 𝑄|𝔪1⊗𝔪1 + … + 𝑦𝑠 𝑄|𝔪𝑠⊗𝔪𝑠 + 𝑥1 𝑄|𝔟1⊗𝔟1 + … + 𝑥𝑟 𝑄|𝔟𝑟⊗𝔟𝑟 ∶ 𝑦𝑖 ∈ ℝ , 𝑥𝑗 > 0} .

By [49, Proposition 3.1], the Ricci curvature can be extended analytically to the spaceN. Moreover,
since 𝜑 is an NR-decomposition, the Ricci curvature is diagonal, so we obtain an analytic function
Ric ∶ N → ℝ𝑠+𝑟. Now let

ǧ = 𝑥̌1 𝑄|𝔟1⊗𝔟1 + … + 𝑥̌𝑟 𝑄|𝔟𝑟⊗𝔟𝑟
be a 𝖦-invariant, unit volume, 𝜑̌-diagonal Einstein metric on 𝐵 = 𝖦∕𝖧𝖳 and consider the
Euclidean scalar product on ℝ𝑠+𝑟 defined by

⟨⟨(𝑦1, …, 𝑦𝑠, 𝑥1, …, 𝑥𝑟)𝑡, (𝑦′1, …, 𝑦′𝑠, 𝑥′1, …, 𝑥′𝑟)𝑡⟩⟩(ǧ) ∶= 𝑠∑
𝑞=1

1

dim(𝔟)
𝑦𝑞𝑦

′
𝑞 +

𝑟∑
𝑘=1

dim(𝔟𝑘)

dim(𝔟)

𝑥𝑘𝑥
′
𝑘

𝑥̌2
𝑘

. (7.1)

We define then the ǧ-projected Ricci curvature to be the tensor

𝑅(ǧ) ∶ N → ℝ𝑠+𝑟 , 𝑅(ǧ)(g) ∶= Ric(g) −
⟨⟨Ric(g), g⟩⟩(ǧ)⟨⟨g , g⟩⟩(ǧ) g (7.2)

obtained by projecting the Ricci curvature to the unit sphere

Σ(ǧ) ∶= {g ∈ N ∶ ⟨⟨g , g⟩⟩(ǧ) = 1} .
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38 of 52 KRISHNAN et al.

Therefore, by applying the Center Manifold Theorem [51, p. 116] as in the proof of [49, Theorem
4.3], it is possible to find an ancient solution to the ǧ-projected Ricci flow

𝜕𝑡ℎ(𝑡) = −2𝑅
(ǧ)(ℎ(𝑡))

that lives in Σ(ǧ) ∩ (ℝ>0)𝑠+𝑟 and converges to 0 ⊕ ǧ as 𝑡 → −∞. Notice that the ǧ-projected Ricci
flow is equivalent to the Ricci flow, and thus it yields a 𝜑-diagonal Ricci flow solution g(𝑡) on𝑀.
Arguing as in the proof of [49, Theorem 4.3], g(𝑡) is ancient as well. Moreover, the corresponding
curvature-normalized solution ḡ(𝑡) converges, up to scaling, to ǧ in the Gromov–Hausdorff topol-
ogy as 𝑡 → −∞, and so g(𝑡) is collapsed. Finally, by construction, 𝖳 is the collapsing torus of g(𝑡)
and is rigid. □

We point out that the presence of an NR-decomposition allowed us to drop the requirement of
maximality of the torus 𝖳 that was needed in the proof of [49, Theorem A]. As a by-product, this
provides a method to construct solutions that shrink a nonmaximal torus. Up until now, the only
examples of this type have been products with flat tori. Finally, we remark that the proof of the
above theorem goes through even if we replace NR with stably Ricci-diagonal.

7.2 Examples of NR-decompositions

We introduce the following definition in light of (5.17) and of Definition 5.8.

Definition 7.2. A 𝑄-orthonormal basisB for𝔪 is said to be strongly nice if there exists a decom-
position 𝜑 = (𝔪1,…,𝔪𝓁) ∈ F𝖦 with respect to which B is 𝜑-adapted and the following property
holds true: if𝔪𝑖 ≃ 𝔪𝑗 and 𝑖 ≠ 𝑗, then

𝑄([𝑒1, 𝑒2], 𝑣) 𝑄([𝑒1, 𝑒2], 𝑤) = 0 for any 𝑒1, 𝑒2 ∈ B, 𝑣 ∈ B ∩𝔪𝑖 , 𝑤 ∈ B ∩𝔪𝑗 . (7.3)

Clearly, every strongly nice basis is also nice. Moreover, if𝑀 = 𝖦 is a Lie group, that is, 𝖧 = {𝑒},
then a 𝑄-orthonormal basis B for the Lie algebra 𝔤 is strongly nice if and only if it is nice (see
Subsection 5.2). The significance of Definition 7.2 is illustrated by the following observation.

Proposition 7.3. Let 𝜑 ∈ F𝖦 be a decomposition and assume that there exists a strongly nice basis
B that is 𝜑-adapted. Then, 𝜑 is an NR-decomposition.

Proof. Let 𝜑 = (𝔪1,…,𝔪𝓁) and B as in the hypotheses. Notice that, by Theorem 5.7, the decom-
position 𝜑 is necessarily stably Ricci-diagonal. We must prove it is also normalizer-adapted
(see Definition 5.1). Fix 1 ⩽ 𝑝 ⩽ 𝓁0, 1 ⩽ 𝑖 ⩽ 𝓁 and assume that [𝔪𝑝,𝔪𝑖] ≠ {0}. Since the action
of ad(𝑉𝑝) is by intertwining maps, the image [𝔪𝑝,𝔪𝑖] is an irreducible Ad(𝖧)-module equiv-
alent to 𝔪𝑖 . Moreover, since [𝔪𝑝,𝔪𝑖] ≠ {0}, there exist 𝑒1 ∈ B ∩𝔪𝑖 and 𝑒2 ∈ B ∩𝔪𝑗 such
that 𝑄([𝑉𝑝, 𝑒1], 𝑒2) ≠ 0, for some 𝔪𝑗 ≃ 𝔪𝑖 . By (7.3), for any other 𝔪𝑗′ ≃ 𝔪𝑖 , it follows that
𝑄([𝑉𝑝, 𝑒1], 𝑤) = 0 for any 𝑤 ∈ B ∩𝔪𝑗′ , and so we get [𝔪𝑝,𝔪𝑖] = 𝔪𝑗 . □

As far as we know, all examples of stably Ricci-diagonal decompositions admit a strongly nice
basis. In particular, all known stably Ricci-diagonal decompositions are NR-decompositions. In
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the remainder of this section, we give examples of strongly nice bases by using well-known facts
from the theory of root spaces. We refer to Appendix A for more details and notations.

Example 7.4. Consider𝑀 = 𝖲𝖮(𝑛) and define 𝐸𝑖𝑗 to be the 𝑛×𝑛matrix with 1 in the (𝑖, 𝑗)-entry,
−1 in the (𝑗, 𝑖)-entry, and 0 in all other entries. The collection Bst = {𝐸𝑖𝑗}1⩽𝑖<𝑗⩽𝑛 is called the
standard basis for 𝔰𝔬(𝑛). By explicit computations, one can check that Bst is nice, hence also
strongly nice.

Example 7.5. Consider the homogenous space𝑀 = 𝖦∕𝖧, with 𝖦 = 𝖲𝖮(𝑛) and

𝖧 = 𝖲𝖮(𝑝1) × … × 𝖲𝖮(𝑝𝑘) ⊂ 𝖦 in block embedding , with 𝑞 ∶= 𝑛 −
𝑘∑
𝑖=1

𝑝𝑖 ⩾ 1 .

Then, 𝔪0 ≃ 𝔰𝔬(𝑞) and 𝔪 admits a decomposition 𝜑 whose irreducible modules are subspaces
of 𝔰𝔬(𝑛) defined by the off-diagonal blocks. Since Bst = {𝐸𝑖𝑗}1⩽𝑖<𝑗⩽𝑛 is a nice basis for 𝔤 which
respects both the splitting 𝔤 = 𝔥 +𝔪 and the decomposition𝜑, it follows thatBst ∩ 𝔪 is a strongly
nice basis for𝔪.

Example 7.6. Consider the homogenous space𝑀 = 𝖦∕𝖧, with 𝖦 = 𝖲𝗉(𝑛) and

𝖧 = 𝖲𝗉(𝑝1) × … × 𝖲𝗉(𝑝𝑘) ⊂ 𝖦 in block embedding , with 𝑛 −
𝑘∑
𝑖=1

𝑝𝑖 = 1 .

Then,𝔪0 ≃ 𝔰𝔭(1) and𝔪 admits a decomposition 𝜑 whose irreducible modules are subspaces of
𝔰𝔭(𝑛) defined by the off-diagonal blocks. Since𝖧 is regular in𝖦, one can consider the real Cartan–
Weyl basisB for𝔪 (see Appendix A). One can check that eachmodule of 𝜑 is eitherAd(𝖧)-trivial,
or a sum of real root spaces of 𝔤, so B is 𝜑-adapted. Moreover, the 𝑄-orthogonal complement of
𝔪0 inside𝔪 does not contain any pair of equivalent Ad(𝖧)-modules. Therefore, using (A.2), one
can check that B is strongly nice.

Notice that any collapsed ancient solution on 𝖲𝗉(𝑛)∕Π𝑖𝖲𝗉(𝑝𝑖) is gauge-equivalent to a diagonal
solution. More generally, the following is true.

Proposition 7.7. Let g(𝑡) be a collapsed, ancient solution to the homogeneous Ricci flow on 𝑀 =
𝖦∕𝖧. Assume that𝔪0 ≃ 𝔰𝔬(3) and the 𝑄-orthogonal complement of𝔪0 inside𝔪 does not contain
any pair of equivalentAd(𝖧)-modules. Then, there exists 𝑓 ∈ 𝑁𝖦(𝖧)∕𝖧 such that the solution 𝑓∗g(𝑡)
is diagonal.

Proof. Notice that, by Schur’s lemma, 𝔪0 is always g(𝑡)-orthogonal to its 𝑄-orthogonal
complement𝔪⟂

0
inside𝔪 for any 𝑡 ⩽ 0, that is, the metric g(𝑡) splits as

g(𝑡) = g0(𝑡) + g⟂0 (𝑡) for any 𝑡 ⩽ 0 ,

with

g0(𝑡) ∶= g(𝑡)|𝔪0⊗𝔪0 ∈ 𝑆2+(𝔪∗0) and g⟂0 (𝑡) ∶= g(𝑡)|𝔪⟂
0
⊗𝔪⟂

0
∈ 𝑆2+((𝔪

⟂
0 )
∗)Ad(𝖧) .
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40 of 52 KRISHNAN et al.

Then, the identity component of the gauge group 𝑁𝖦(𝖧)∕𝖧 is isomorphic to 𝖲𝖮(3) or 𝖲𝗉(1) and,
by Remark 2.1, it acts transitively on the space of 𝑄-orthonormal bases for𝔪0. Thus, up to isom-
etry, we may assume that g0(−1) is diagonal with respect to the standard basis Bst of𝔪0, that is
{𝐸12, 𝐸23, 𝐸13} for 𝔰𝔬(3), or {𝚒, 𝚓, 𝚔} for 𝔰𝔭(1).
Suppose (𝑁𝖦(𝖧)∕𝖧)0 ≃ 𝖲𝗉(1). The imaginary unit quaternions 𝚒, 𝚓, 𝚔 ∈ 𝖲𝗉(1) give rise, via the

conjugation action, to diffeomorphisms Ψ𝚒,Ψ𝚓, Ψ𝚔 ∶ 𝑀 → 𝑀, with derivatives 𝜓𝚒, 𝜓𝚓, 𝜓𝚔 ∶ 𝔪 →
𝔪, whose restrictions to𝔪0 switch the signs two at a time, that is,

𝜓𝚒(𝚒) = +𝚒 , 𝜓𝚒(𝚓) = −𝚓 , 𝜓𝚒(𝚔) = −𝚔 ,

𝜓𝚓(𝚒) = −𝚒 , 𝜓𝚓(𝚓) = +𝚓 , 𝜓𝚓(𝚔) = −𝚔 ,

𝜓𝚔(𝚒) = −𝚒 , 𝜓𝚔(𝚓) = −𝚓 , 𝜓𝚔(𝚔) = +𝚔 .

Assume 𝔪⟂
0
does not contain any pair of equivalent Ad(𝖧)-modules. By Remark 2.1, the linear

maps 𝜓𝚒, 𝜓𝚓, 𝜓𝚔 preserve the Ad(𝖧)-invariant submodules of 𝔪⟂0 . As a consequence, the diffeo-
morphismsΨ𝚒,Ψ𝚓, Ψ𝚔will in fact be isometries if g0(𝑡) is diagonal in the basisBst. Since isometries
are preserved under the flow, Ψ𝚒,Ψ𝚓, Ψ𝚔 are isometries for g(𝑡) at any 𝑡 < 0. Finally, a metric for
which these maps are isometries must be diagonal in the basis Bst. This shows that g(𝑡) remains
diagonal along the flow.
If (𝑁𝖦(𝖧)∕𝖧)0 ≃ 𝖲𝖮(3), the same argument goes through with the discrete isometries coming

from the elements diag(1, −1, −1), diag(−1, 1, −1), diag(−1,−1, 1) ∈ 𝖲𝖮(3). □

We remark that, by Proposition C, the collapsing torus of any solution as in Proposition 7.7 (in
this case, a circle) is unique, hence rigid (see Remark 5.9).
Next, we describe a general criterion that guarantees the existence of strongly nice bases when

the gauge group 𝑁𝖦(𝖧)∕𝖧 has rank 1. This can be seen as a direct generalization of Example 7.6.
We refer the reader to Appendix A for the necessary notation and terminology.

Proposition 7.8. Let𝖦 be a compact, connected Lie group and let𝖧 be a regular subgroup such that
𝑁𝖦(𝖧)∕𝖧 has rank 1. Let + = +

𝔥
∪+𝔪 be the decomposition of positive roots according to the

splitting 𝔤 = 𝔥 ⊕𝔪 and assume that for every pair 𝛼, 𝛽 ∈ +𝔪, at most one of 𝛼 + 𝛽, 𝛼 − 𝛽, 𝛽 − 𝛼
lies in+𝔪. Suppose further that there exists𝜑 = (𝔪1,… ,𝔪𝓁) ∈ F𝖦 such that each nontrivial𝔪𝑖 ∈ 𝜑
is a sum of real root spaces of 𝔤. Then, the real Cartan–Weyl basis of𝔪 is strongly nice.

Proof. We can assume𝔪0 ≃ 𝔰𝔬(3), and the case𝔪0 ≃ ℝ can be treated similarly. By assumption,
there is a unique 𝛼0 ∈ +𝔪 such that𝔪0 = spanℝ{𝐻𝛼0} + 𝔯𝛼0 . Then, the real Cartan–Weyl basis of
𝔪 is

B = {𝐻𝛼0} ∪ {𝑋𝛼, 𝑌𝛼 ∶ 𝛼 ∈ +𝔪} . (7.4)

By hypothesis, there exists a decomposition 𝜑 = (𝔪1,… ,𝔪𝓁) such that each nontrivial𝔪𝑖 ∈ 𝜑 is
a sum of real root spaces of 𝔤. Then, one can assume that

𝔪1 = spanℝ{𝐻𝛼0} , 𝔪2 = spanℝ{𝑋𝛼0} , 𝔪3 = spanℝ{𝑌𝛼0}

and therefore B is 𝜑-adapted. Fix 2 ⩽ 𝑖 ⩽ 𝑗 ⩽ 𝓁 and take two vectors 𝑒1 ∈ B ∩𝔪𝑖 , 𝑒2 ∈ B ∩𝔪𝑗 .
By (7.4), there exist 𝛼, 𝛽 ∈ +𝔪 such that 𝑒1 ∈ 𝔯𝛼 and 𝑒2 ∈ 𝔯𝛽 . By assumption, at most one of 𝛼 +
𝛽, 𝛼 − 𝛽, 𝛽 − 𝛼 lies in+𝔪 and so, by (A.2) and (A.3), either [𝑒1, 𝑒2] ∈ 𝔥 or there exists 𝑒3 ∈ B ∩𝔪𝑘
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 41 of 52

such that [𝑒1, 𝑒2]𝔪 = 𝑒3, for some 1 ⩽ 𝑘 ⩽ 𝓁. In particular, for any 1 ⩽ 𝑟, 𝑠 ⩽ 𝓁 with𝔪𝑟 ≃ 𝔪𝑠 and
𝑟 ≠ 𝑠, we get

𝑄([𝑒1, 𝑒2], 𝑣) 𝑄([𝑒1, 𝑒2], 𝑤) = 0 for any 𝑣 ∈ B ∩𝔪𝑟, 𝑤 ∈ B ∩𝔪𝑠 .

Finally, by the properties of the root spaces, it follows that [𝐻𝛼0 , 𝑒1] = ±𝛼(𝐻𝛼0)𝑒1, where 𝑒1 is
the unique vector contained in (B ∩ 𝔯𝛼) ⧵ {𝑒1}. Therefore, we obtain that for any 1 ⩽ 𝑟, 𝑠 ⩽ 𝓁 with
𝔪𝑟 ≃ 𝔪𝑠 and 𝑟 ≠ 𝑠, the following condition holds:

𝑄([𝐻𝛼0 , 𝑒1], 𝑣) 𝑄([𝐻𝛼0 , 𝑒1], 𝑤) = 0 for any 𝑣 ∈ B ∩𝔪𝑟, 𝑤 ∈ B ∩𝔪𝑠 .

This concludes the proof. □

Corollary 7.9. Let 𝖦 = 𝖴(𝑛), 𝖦 = 𝖲𝖴(𝑛 + 1) or 𝖦 = 𝖲𝖮(2𝑛) and let 𝖧 be a regular subgroup such
that𝑁𝖦(𝖧)∕𝖧 has rank 1. If there exists 𝜑 = (𝔪1,… ,𝔪𝓁) ∈ F𝖦 such that each nontrivial𝔪𝑖 ∈ 𝜑 is
a sum of real root spaces of 𝔤, then the real Cartan–Weyl basis of𝔪 is strongly nice.

Proof. In both cases, by Remark A.1, if 𝛼, 𝛽 ∈ +, then at most one of 𝛼 + 𝛽, 𝛼 − 𝛽, 𝛽 − 𝛼 lies in
+. Therefore, the result follows from Proposition 7.8. □

We now list some examples that can be derived from Proposition 7.8 and Corollary 7.9, using
the notation introduced in Remark A.1.

Example 7.10. Let us consider the Aloff–Wallach spaces, that is 𝑊7
(𝑝,𝑞)

= 𝖦∕𝖧(𝑝,𝑞) =

𝖲𝖴(3)∕𝑆1
(𝑝,𝑞)

, with 𝑝, 𝑞 ∈ ℤ coprime, where 𝑆1
(𝑝,𝑞)

is the circle

𝑆1
(𝑝,𝑞)

=
{
diag
(
𝑒𝚒𝑝𝑢, 𝑒𝚒𝑞𝑢, 𝑒−𝚒(𝑝+𝑞)𝑢

)
∶ 𝑢 ∈ ℝ

}
.

By explicit computations, one can check that the isotropy representation of𝑊7
(𝑝,𝑞)

is multiplicity-
free for any choice of (𝑝, 𝑞) ∉

{
(0, 1), (1, 1)

}
.

∙ If (𝑝, 𝑞) = (1, 1), then

𝔥(1,1) = spanℝ{𝐻𝜃1−𝜃3 + 𝐻𝜃2−𝜃3} , 𝔪0 = spanℝ{𝐻𝜃1−𝜃2} + 𝔯𝜃1−𝜃2 ≃ 𝔰𝔬(3)

and𝔪⟂
0
splits into two equivalent, irreducible Ad(𝖧(1,1))-modules, that is

𝔪⟂0 = 𝔪4 +𝔪5 , with 𝔪4 = 𝔯𝜃1−𝜃3 , 𝔪5 = 𝔯𝜃2−𝜃3 .

∙ If (𝑝, 𝑞) = (0, 1), then

𝔥(0,1) = spanℝ{𝐻𝜃2−𝜃3} , 𝔪0 = spanℝ{𝐻𝜃1−𝜃2 + 𝐻𝜃1−𝜃3} ≃ ℝ

and𝔪⟂
0
splits into three irreducible Ad(𝖧(0,1))-modules, that is

𝔪⟂0 = 𝔪2 +𝔪3 +𝔪4 , with 𝔪2 = 𝔯𝜃1−𝜃2 , 𝔪3 = 𝔯𝜃1−𝜃3 , 𝔪4 = 𝔯𝜃2−𝜃3 .

In this case,𝔪2 ≃ 𝔪3 as Ad(𝖧(0,1))-modules.
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42 of 52 KRISHNAN et al.

Therefore, by means of Corollary 7.9, the real Cartan–Weyl basis for the isotropy representation
of𝑊7

(𝑝,𝑞)
is always strongly nice.

Example 7.11. Consider𝑀 = 𝖦∕𝖧, where 𝖦 = 𝖴(𝑛) and 𝖧 is the connected subgroup of 𝖦 with
Lie algebra

𝔥 = spanℝ{𝐻𝜃𝑖−𝜃𝑖+1 ∶ 3 ⩽ 𝑖 ⩽ 𝑛 − 1} + spanℝ{𝐻𝜃1+𝜃2 , 𝐻𝜃3+𝜃4} +
∑

3⩽𝑖<𝑗⩽𝑛

𝔯𝜃𝑖−𝜃𝑗 ≃ 𝔲(1) ⊕ 𝔲(𝑛 − 2) .

In this case, the trivial submodule is

𝔪0 = spanℝ{𝐻𝜃1−𝜃2} + 𝔯𝜃1−𝜃2 ≃ 𝔰𝔲(2)

and𝔪⟂
0
splits into two Ad(𝖧)-equivalent submodules

𝔪4 =
∑
𝑘⩾3

𝔯𝜃1±𝜃𝑘 , 𝔪5 =
∑
𝑘⩾3

𝔯𝜃2±𝜃𝑘 .

By Corollary 7.9, the real Cartan–Weyl basis for the isotropy representation of 𝖴(𝑛)∕𝖧 is
strongly nice.

Example 7.12. Consider𝑀 = 𝖦∕𝖧, where𝖦 = 𝖲𝖮(2𝑛) and𝖧 is the connected subgroup of𝖦with
Lie algebra

𝔥 = spanℝ{𝐻𝜃1−𝜃2 , 𝐻𝜃3 , … ,𝐻𝜃𝑛 } + 𝔯𝜃1−𝜃2 +
∑

3⩽𝑖<𝑗⩽𝑛

𝔯𝜃𝑖±𝜃𝑗 ≃ 𝔰𝔬(3) ⊕ 𝔰𝔬(2𝑛 − 4) .

In this case

𝔪0 = spanℝ{𝐻𝜃1+𝜃2} + 𝔯𝜃1+𝜃2 ≃ 𝔰𝔬(3) , 𝔪⟂0 =
∑
𝑘⩾3

𝔯𝜃1±𝜃𝑘 +
∑
𝑘⩾3

𝔯𝜃2±𝜃𝑘 .

Therefore, since 𝔪⟂
0
is irreducible, by Corollary 7.9, the real Cartan–Weyl basis for the isotropy

representation of 𝖲𝖮(2𝑛)∕𝖧 is strongly nice.

Example 7.13. Consider𝑀 = 𝖦∕𝖧, where 𝖦 = 𝖲𝖮(2𝑛 + 1) and 𝖧 is the connected subgroup of 𝖦
with Lie algebra

𝔥 = spanℝ{𝐻𝜃1−𝜃2 , 𝐻𝜃3 , … ,𝐻𝜃𝑛 } + 𝔯𝜃1−𝜃2 +
∑
𝑘⩾3

𝔯𝜃𝑘 +
∑

3⩽𝑖<𝑗⩽𝑛

𝔯𝜃𝑖±𝜃𝑗 ≃ 𝔰𝔬(3) ⊕ 𝔰𝔬(2𝑛 − 3) .

In this case

𝔪0 = spanℝ{𝐻𝜃1+𝜃2} + 𝔯𝜃1+𝜃2 ≃ 𝔰𝔬(3) , 𝔪⟂0 = 𝔯𝜃1 + 𝔯𝜃2 +
∑
𝑘⩾3

𝔯𝜃1±𝜃𝑘 +
∑
𝑘⩾3

𝔯𝜃2±𝜃𝑘 .

Therefore, since𝔪⟂
0
is irreducible, by Proposition 7.8, the real Cartan–Weyl basis for the isotropy

representation of 𝖲𝖮(2𝑛 + 1)∕𝖧 is strongly nice.

We remark that, by Proposition C, in the cases listed in Example 7.5 with 𝑞 = 3, Example 7.10,
Example 7.11, Example 7.12, and Example 7.13, the collapsing torus of any diagonal ancient
solution is unique, hence rigid (see Remark 5.9).
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TORAL SYMMETRIES OF COLLAPSED ANCIENT SOLUTIONS TO THE HOMOGENEOUS RICCI FLOW 43 of 52

Upuntil now, the only examples of compact homogeneous spaces𝖦∕𝖧, with rank
(
𝑁𝖦(𝖧)∕𝖧

)
>

1, admitting an NR-decomposition are those listed in Example 7.4 and in Example 7.5 with 𝑞 > 3.
Using the theory from Appendix A, we present below a method to construct examples whose
gauge group has a higher rank. In the following, given a pair of groups 𝖧 ⊂ 𝖦, we denote by Δ𝖧
the diagonal

Δ𝖧 ∶=
{
(ℎ, ℎ) ∶ ℎ ∈ 𝖧

}
⊂ 𝖦×𝖦 .

Proposition 7.14. Let 𝖦 be a compact, connected, semisimple Lie group and 𝖧 ⊂ 𝖦 a reg-
ular subgroup. Assume also that the isotropy representation 𝔪 of 𝖦∕𝖧 satisfies the following
assumptions:

(i) its real Cartan–Weyl basis is strongly nice;
(ii) 𝔪 does not contain any Ad(𝖧)-module that is equivalent to an Ad(𝖧)-module in its Lie algebra

𝔥.

Then, the homogeneous space 𝖦×𝖦∕Δ𝖧 admits a strongly nice basis for its isotropy representation.

Proof. Denote by + = +
𝔥
∪+𝔪 the set of positive roots of 𝖦∕𝖧 according to the splitting 𝔤 =

𝔥 ⊕𝔪, by B𝔥 the real Cartan–Weyl basis for the Lie algebra 𝔥, by B𝔪 the real Cartan–Weyl basis
for𝔪 and let 𝜑 = (𝔪1,… ,𝔪𝓁) be a decomposition with respect to which B is 𝜑-adapted. Then,
𝔤 ⊕ 𝔤 splits as

𝔤 ⊕ 𝔤 = Δ𝔥 + Δ̃𝔥 +
𝓁∑
𝑖=1

𝔪(1)
𝑖
+

𝓁∑
𝑗=1

𝔪(2)
𝑗
, (7.5)

with

Δ𝔥 ∶= Lie(Δ𝖧) = {(𝐻,𝐻) ∶ 𝐻 ∈ 𝔥} , Δ̃𝔥 ∶= (Δ𝔥)⟂ ∩ (𝔥 ⊕ 𝔥) = {(𝐻,−𝐻) ∶ 𝐻 ∈ 𝔥} ,

𝔪(1)
𝑖
∶= {(𝑋, 0) ∶ 𝑋 ∈ 𝔪𝑖} , 𝔪(2)

𝑗
∶= {(0, 𝑋) ∶ 𝑋 ∈ 𝔪𝑗} .

Notice that the Ad(Δ𝖧)-modules𝔪(1)
𝑖
and𝔪(2)

𝑗
are irreducible, while theAd(Δ𝖧)-action on Δ̃𝔥 is

equivalent to the Ad(𝖧)-action on 𝔥. Let us consider now the following sets of vectors:

BΔ̃𝔥 ∶= {(𝐻,−𝐻) ∶ 𝐻 ∈ B𝔥} , B
(1)
𝔪 ∶= {(𝑋, 0) ∶ 𝑋 ∈ B𝔪} , B

(2)
𝔪 ∶= {(0, 𝑋) ∶ 𝑋 ∈ B𝔪} .

By hypothesis, there is no Ad(Δ𝖧)-module in Δ̃𝔥 that is equivalent to some 𝔪(1)
𝑖

or 𝔪(2)
𝑗
. Then,

one can check that B ∶= BΔ̃𝔥 ∪B
(1)
𝔪 ∪B

(2)
𝔪 is a strongly nice basis for the isotropy representation

of 𝖦×𝖦∕Δ𝖧. □

Notice that, generally, Δ𝖧 is not regular in 𝖦 × 𝖦. In fact, under the hypotheses of Proposi-
tion 7.14, by (7.5) we obtain

rank
(
𝑁𝖦×𝖦(Δ𝖧)

)
= rank(𝖦×𝖦) − rank([𝖧, 𝖧]) ,

where [𝖧, 𝖧] denotes the commutator of 𝖧. Moreover, again by (7.5), notice that

rank
(
𝑁𝖦×𝖦(Δ𝖧)∕Δ𝖧

)
= 2rank(𝑁𝖦(𝖧)∕𝖧) + dim(𝑍(𝖧)) ,
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where 𝑍(𝖧) denotes the center of 𝖧.
Therefore, this allows us to construct compact homogeneous spaces whose gauge group has

rank at least 2 andwhose isotropy representation admits a strongly nice basis, for example, 𝖲𝗉(𝑛 +
1)×𝖲𝗉(𝑛 + 1)∕Δ𝖲𝗉(𝑛).

APPENDIX A: REGULAR SUBALGEBRAS AND REAL CARTAN–WEYL BASES OF
COMPACT LIE GROUPS
In this appendix, we collect some basic facts about root spaces and regular subgroups of compact
Lie groups, that get used in Section 7.
Let 𝖦 be a compact, connected, semisimple Lie group with Lie algebra 𝔤 = Lie(𝖦) and 𝖳 a

maximal torus of𝖦with Lie algebra 𝔱 = Lie(𝖳) ⊂ 𝔤. In this case, we choose as backgroundAd(𝖦)-
invariant metric 𝑄 on 𝔤 the negative Cartan–Killing form of 𝖦. Let ⊂ 𝔱∗ be a root system for 𝔤
and denote by

𝔤𝛼 ∶= {𝐸 ∈ 𝔤 ⊗ℝ ℂ ∶ [𝐻, 𝐸] = 𝚒𝛼(𝐻)𝐸 for any𝐻 ∈ 𝔱}

the complex 1-dimensional𝛼-root space, for any𝛼 ∈ . Fix now a choice of positive roots+ ⊂ 

and consider the corresponding real root spaces decomposition for 𝔤, that is

𝔤 = 𝔱 +
∑
𝛼∈+

𝔯𝛼 , with 𝔯𝛼 ∶= (𝔤𝛼 + 𝔤−𝛼) ∩ 𝔤 . (A.1)

For any 𝜗 ∈ 𝔱∗, we denote by𝐻𝜗 ∈ 𝔱 the 𝑄-dual vector of 𝜗.
Following [31, sections III.4–III.6] (see also [1, section 4.3]), for any 𝛼 ∈ + there exists a 𝑄-

orthonormal basis {𝑋𝛼, 𝑌𝛼} for 𝔯𝛼 that satisfies the following properties:

[𝑋𝛼, 𝑋𝛽] = 𝜂𝛼,𝛽𝑋𝛼+𝛽 − sgn(𝛼 − 𝛽)𝜂𝛼,−𝛽𝑋|𝛼−𝛽| ,
[𝑋𝛼, 𝑌𝛽] = 𝜂𝛼,𝛽𝑌𝛼+𝛽 + sgn(𝛼 − 𝛽)𝜂𝛼,−𝛽𝑌|𝛼−𝛽| ,
[𝑌𝛼, 𝑌𝛽] = −𝜂𝛼,𝛽𝑋𝛼+𝛽 − sgn(𝛼 − 𝛽)𝜂𝛼,−𝛽𝑋|𝛼−𝛽| ,

(A.2)

where

sgn(𝛼 − 𝛽) ∶=

⎧⎪⎨⎪⎩
+1 if 𝛼 − 𝛽 ∈ +

−1 if 𝛽 − 𝛼 ∈ +

0 otherwise

and |𝛼 − 𝛽| ∶= sgn(𝛼 − 𝛽)(𝛼 − 𝛽). Here, the coefficients 𝑛𝛼,𝛽 ∈ ℝ satisfy
𝑛𝛼,𝛽 = 0 if 𝛼 + 𝛽 ∉  ,

𝑛𝛼,𝛽 = −𝑛𝛽,𝛼 , 𝑛−𝛼,−𝛽 = −𝑛𝛼,𝛽 ,

𝑛𝛼,𝛽 = 𝑛𝛽,−(𝛼+𝛽) = 𝑛−(𝛼+𝛽),𝛼 .

(A.3)

We call it a real Cartan–Weyl basis for 𝔤.
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Remark A.1. We point out that canonical choices exist for positive roots of compact, simple Lie
groups of classical type. In the description of positive roots below, we follow the notation of [19]:

𝔤 +

𝔰𝔲(𝑛 + 1) {𝜃𝑖 − 𝜃𝑗 ∶ 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑛 + 1}

𝔰𝔬(2𝑛 + 1) {𝜃𝑖 ± 𝜃𝑗 ∶ 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑛} ∪ {𝜃𝑘 ∶ 1 ⩽ 𝑘 ⩽ 𝑛}

𝔰𝔭(𝑛) {𝜃𝑖 ± 𝜃𝑗 ∶ 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑛} ∪ {2𝜃𝑘 ∶ 1 ⩽ 𝑘 ⩽ 𝑛}

𝔰𝔬(2𝑛) {𝜃𝑖 ± 𝜃𝑗 ∶ 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑛}

We refer to [19, section V.6] for the details.

Let 𝖧 be a compact and connected subgroup of 𝖦. We recall that 𝖧 is said to be regular if its
normalizer 𝑁𝖦(𝖧) contains a maximal torus 𝖳 of 𝖦. By [45, p. 150], it follows that 𝖧 is regular if
and only if its Lie algebra 𝔥 = Lie(𝖧) splits as

𝔥 = 𝔱′ +
∑
𝛼∈+

𝔥

𝔯𝛼 . (A.4)

Here, 𝔱′ is a torus contained in the maximal torus 𝔱, 𝔯𝛼 denotes the real 𝛼-root space defined
in (A.1), and +

𝔥
⊂ + is a closed subset of positive roots, meaning that for any 𝛼, 𝛽 ∈ +

𝔥
, the

condition 𝛼 ± 𝛽 ∈ + implies 𝛼 ± 𝛽 ∈ +
𝔥
. We denote by +𝔪 ∶= + ⧵+

𝔥
the complement of

this subset of positive roots.
As a consequence of (A.4), when 𝖧 ⊂ 𝖦 is regular, a real Cartan–Weyl basis for 𝔤 as in (A.2)

restricts to a basis for the isotropy representation 𝔪 of the homogeneous space 𝖦∕𝖧, which we
refer to as a real Cartan–Weyl basis for 𝔪. This will be used in the construction of examples in
Section 7. Notice, however, that in general a real Cartan–Weyl basis is not adapted to any Ad(𝖧)-
invariant, irreducible decomposition𝜑 of𝔪. This occurs, for instance, for the homogeneous space
𝑀 = 𝖲𝖮(𝑛 + 2)∕𝖲𝖮(𝑛), with 𝑛 ⩾ 2 and 𝖲𝖮(𝑛) ⊂ 𝖲𝖮(𝑛 + 2) given by the block embedding.

APPENDIX B: PROOF OF THEOREM 3.1
This appendix consists of the proof of Theorem 3.1, from which Theorem A follows. We use
the same notation as Section 3. In the interest of simplifying the notation, we omit to dif-
ferentiate between the original sequence 𝜉 = {𝜏(𝑛)} and its subsequences, and to specify the
subsequence extractions.
First, notice that claim (i) follows from the compactness of F𝖦. Claim (ii) can be deduced from

the fact that g(𝑡) is collapsed. Indeed, by (2.3), there exists a constant 𝑐 > 0 such that

1|𝑡|g(𝑡) ⩽ 𝑐 ⋅ scal
(
vol(g(𝑡))−

2
𝑚 g(𝑡)

)
⋅ vol(g(𝑡))−

2
𝑚 g(𝑡) .

Moreover, since g(𝑡) is collapsed, we have

scal
(
vol(g(𝑡))−

2
𝑚 g(𝑡)

)
→ 0

as 𝑡 → −∞ (see Subsection 2.1). Because vol(g(𝑡))−
2
𝑚 g(𝑡) has unit volume, it then follows that

the volume of 1|𝑡|g(𝑡) tends to 0 as 𝑡 → −∞. Therefore, for any sequence of times 𝑡(𝑛) → −∞, the
smallest eigenvalue of 1|𝑡(𝑛)|g(𝑡(𝑛)) goes to zero.
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46 of 52 KRISHNAN et al.

From now on, we will always assume that the decompositions 𝜑(𝑛) are ordered in such a way
that

𝑥(𝑛)
1
⩽ 𝑥(𝑛)

2
⩽ … ⩽ 𝑥(𝑛)𝓁 .

We denote by 𝑏(𝑛)
𝑖

and 𝑏(∞)
𝑖

the coefficients defined in (2.10) with respect to 𝜑(𝑛) and 𝜑(∞),
respectively. For the sake of shortness, we set [𝑖𝑗𝑘](𝑛) ∶= [𝑖𝑗𝑘]𝜑(𝑛) , [𝑖𝑗𝑘](∞) ∶= [𝑖𝑗𝑘]𝜑(∞) and

ḡ (𝑛) ∶=
1

𝜏(𝑛)
g(−𝜏(𝑛)) , 𝑥̄(𝑛)

𝑖
∶=
𝑥(𝑛)
𝑖

𝜏(𝑛)
for any 1 ⩽ 𝑖 ⩽ 𝓁 .

To prove claims (iii) and (iv), we partition the index set {1, …, 𝑠𝜉} into equivalence classes
according to the relative asymptotic growth of the corresponding eigenvalues:

{1, …, 𝑠𝜉} = 𝐽1 ⊔ … ⊔ 𝐽𝑢 .

More precisely, the index sets 𝐽𝑖 , for 1 ⩽ 𝑖 ⩽ 𝑢, are defined recursively as follows: for every 𝑝 ∈
{1, …, 𝑠𝜉},

𝑝 ∈ 𝐽𝑖+1 if and only if, for every 𝑞 ∈ {1, …, 𝑠𝜉} ⧵ (𝐽1 ⊔ … ⊔ 𝐽𝑖), we have lim
𝑛→+∞

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞

∈ [0, +∞).

From the definition of the sets 𝐽𝑖 , it can be deduced that the following characterization holds:

∙ if 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑢 and 𝑝 ∈ 𝐽𝑖 , 𝑞 ∈ 𝐽𝑗 , then lim𝑛→+∞
𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞
= 0;

∙ if 1 ⩽ 𝑖 ⩽ 𝑢 and 𝑝, 𝑞 ∈ 𝐽𝑖 , then lim𝑛→+∞
𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞
= 𝑧𝑝,𝑞 ∈ (0, +∞).

For the sake of notation, we set

𝐽⩽ℎ ∶= 𝐽1 ⊔ … ⊔ 𝐽ℎ , 𝐽>ℎ ∶= {1, …,𝓁} ⧵ (𝐽1 ⊔ … ⊔ 𝐽ℎ)

and we define

𝔞(𝑛)
ℎ
∶=

∑
𝑝∈𝐽⩽ℎ

𝔪(𝑛)𝑝 , 𝔞(∞)
ℎ
∶=

∑
𝑝∈𝐽⩽ℎ

𝔪(∞)𝑝 .

For any integer 1 ⩽ ℎ ⩽ 𝑢, we consider the claim 𝑃(ℎ) defined as follows:

𝔞(∞)
ℎ

is an abelian subalgebra of𝔪0 and both (3.2) and (3.3) are true for any 𝑝 ∈ 𝐽⩽ℎ. (𝑃(ℎ))

We are going to prove 𝑃(ℎ) by induction on ℎ ∈ {1, …, 𝑢}.

Proof of claim 𝑃(1). To prove claim 𝑃(1), by (2.13), we have

scal
(
ḡ (𝑛)
)
⩽

1

4𝑥̄(𝑛)
1

⎛⎜⎜⎝2 Tr𝑄(−𝔤) −
∑

1⩽𝑖,𝑗,𝑘⩽𝓁

[𝑖𝑗𝑘](𝑛)
𝑥̄(𝑛)
1
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗
𝑥̄(𝑛)
𝑘

⎞⎟⎟⎠ .
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Therefore, since the scalar curvature of ḡ (𝑛) is uniformly bounded (see (2.3)) and 𝑥̄(𝑛)
1
→ 0 as

established before, we have

4 𝑥̄(𝑛)
1
scal
(
ḡ (𝑛)
)
→ 0

and so there exists 𝐶 > 0 such that

∑
1⩽𝑖,𝑗,𝑘⩽𝓁

[𝑖𝑗𝑘](𝑛)
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗
𝑥̄(𝑛)
𝑘

⩽
𝐶

𝑥̄(𝑛)
1

for any 𝑛 ∈ ℕ . (B.1)

As a direct consequence of (B.1):

[𝑖𝑗𝑘](∞) > 0 with 𝑖, 𝑗 ∈ 𝐽1, 𝑘 ∈ {1, …,𝓁} ⟹ 𝑘 ∈ 𝐽1 . (B.2)

Indeed, assumeby contradiction that there exist 𝑖, 𝑗 ∈ 𝐽1 and 𝑘 ∈ 𝐽>1 such that [𝑖𝑗𝑘](∞) > 0. Then,
by (B.1), up to changing the constant, we obtain

𝑥̄(𝑛)
𝑘

𝑥̄(𝑛)
𝑖

⩽ 𝐶 ,

which is not possible. Therefore, (B.2) implies that 𝔞(∞)
1

is a subalgebra of 𝔤.
Let {𝑒(𝑛)𝛼 } be a 𝜑(𝑛)-adapted, 𝑄-orthonormal basis for𝔪 and consider the quantities

sec(𝑛)
𝑖𝑗
∶=

∑
𝑒(𝑛)𝛼 ∈𝔪

(𝑛)
𝑖

∑
𝑒(𝑛)
𝛽
∈𝔪(𝑛)

𝑗

secḡ(𝑛)
(
𝑒(𝑛)𝛼 , 𝑒

(𝑛)
𝛽

)
,

where sec denotes the sectional curvature. By [47, Formulas (4.6) and (4.7)], they satisfy the
following relations for any 1 ⩽ 𝑖 < 𝑗 ⩽ 𝓁:

4 𝑥̄(𝑛)
𝑖
sec(𝑛)

𝑖𝑗
=
∑
1⩽𝑘⩽𝓁

[𝑖𝑗𝑘](𝑛)
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗

𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑘

+
∑
1⩽𝑘⩽𝓁

[𝑖𝑗𝑘](𝑛)
⎛⎜⎜⎝
𝑥̄(𝑛)
𝑗

𝑥̄(𝑛)
𝑘

− 1
⎞⎟⎟⎠
⎛⎜⎜⎝1 − 2

𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗

+ 3
𝑥̄(𝑛)
𝑘

𝑥̄(𝑛)
𝑗

⎞⎟⎟⎠ , (B.3)

4 𝑥̄(𝑛)
𝑖
sec(𝑛)

𝑖𝑖
= 4𝑑𝑖𝑐

(𝑛)
𝑖
+ [𝑖𝑖𝑖](𝑛) + 4

∑
1⩽𝑘⩽𝓁
𝑘≠𝑖

[𝑖𝑖𝑘](𝑛) − 3
∑
1⩽𝑘⩽𝓁
𝑘≠𝑖

[𝑖𝑖𝑘](𝑛)
𝑥̄(𝑛)
𝑘

𝑥̄(𝑛)
𝑖

, (B.4)

where 𝑐(𝑛)
𝑖

are the diagonal components of the Casimir operator (see [56]). The rest of the proof is
divided into three steps.
Step 1: Since the sectional curvature of ḡ (𝑛) is uniformly bounded, we have

lim
𝑛→+∞

(
4 𝑥̄(𝑛)𝑝 sec

(𝑛)
𝑝𝑖

)
= 0 for any 𝑝 ∈ 𝐽1, 𝑖 ∈ 𝐽>1 .

Noticing that

lim
𝑛→+∞

[𝑝𝑖𝑘](𝑛)
𝑥̄(𝑛)𝑝

𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)
𝑘

= 0 for any 𝑝 ∈ 𝐽1, 𝑖 ∈ 𝐽>1, 𝑘 ∈ {1, …,𝓁},
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Equation (B.3) implies that

lim
𝑛→+∞

{ ∑
1⩽𝑘⩽𝓁

[𝑝𝑖𝑘](𝑛)
⎛⎜⎜⎝
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑘

− 1
⎞⎟⎟⎠
⎛⎜⎜⎝1 − 2

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)
𝑖

+ 3
𝑥̄(𝑛)
𝑘

𝑥̄(𝑛)
𝑖

⎞⎟⎟⎠
}
= 0 for any 𝑝 ∈ 𝐽1, 𝑖 ∈ 𝐽>1 . (B.5)

Arguing by induction as in [47, p. 537], we obtain that each summand in (B.5) is infinitesimal, that
is,

lim
𝑛→+∞

[𝑝𝑖𝑘](𝑛)
⎛⎜⎜⎝
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑘

− 1
⎞⎟⎟⎠
⎛⎜⎜⎝1 − 2

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)
𝑖

+ 3
𝑥̄(𝑛)
𝑘

𝑥̄(𝑛)
𝑖

⎞⎟⎟⎠ = 0 for any 𝑝 ∈ 𝐽1 , 𝑖 ∈ 𝐽>1 , 𝑘 ∈ {1, …,𝓁} , (B.6)

and so the following claims hold:

𝑝 ∈ 𝐽1 , 𝑖 ∈ 𝐽>1 , 𝑘 ∈ {1, …,𝓁} , [𝑝𝑖𝑘](∞) = 0 ⟹ lim
𝑛→+∞

[𝑝𝑖𝑘](𝑛)
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑘

= 0 , (B.7)

𝑝 ∈ 𝐽1 , 𝑖, 𝑗 ∈ 𝐽>1 , [𝑝𝑖𝑗](∞) > 0 ⟹ lim
𝑛→+∞

𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗

= 1 . (B.8)

Step 2: Since the sectional curvature of ḡ (𝑛) is uniformly bounded, we have

lim
𝑛→+∞

(
4 𝑥̄(𝑛)𝑝 sec

(𝑛)
𝑝𝑞

)
= 0 for any 𝑝, 𝑞 ∈ 𝐽1 , 𝑝 ≠ 𝑞 .

Using (B.7), we have

lim
𝑛→+∞

[𝑝𝑞𝑖](𝑛)
⎛⎜⎜⎝
𝑥̄(𝑛)𝑞

𝑥̄(𝑛)
𝑖

− 1
⎞⎟⎟⎠
⎛⎜⎜⎝1 − 2

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞

+ 3
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)𝑞

⎞⎟⎟⎠ = 0 for any 𝑝, 𝑞 ∈ 𝐽1 , 𝑖 ∈ 𝐽>1 . (B.9)

Moreover,

lim
𝑛→+∞

[𝑝𝑞𝑖](𝑛)
𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)
𝑖

= 0 for any 𝑝, 𝑞 ∈ 𝐽1 , 𝑖 ∈ 𝐽>1 . (B.10)

Therefore, (B.3), (B.9), and (B.10) imply that

lim
𝑛→+∞

{ ∑
𝑞′∈𝐽1

[𝑝𝑞𝑞′](𝑛)
⎛⎜⎜⎝
𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)
𝑞′

+
⎛⎜⎜⎝
𝑥̄(𝑛)𝑞

𝑥̄(𝑛)
𝑞′

− 1
⎞⎟⎟⎠
⎛⎜⎜⎝1 − 2

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞
+ 3
𝑥̄(𝑛)
𝑞′

𝑥̄(𝑛)𝑞

⎞⎟⎟⎠
⎞⎟⎟⎠
}
= 0 for any 𝑝, 𝑞 ∈ 𝐽1 , 𝑝 ≠ 𝑞 .

(B.11)
Arguing by induction as in [47, p. 538], we obtain that each summand in (B.11) is infinitesimal,
that is,

lim
𝑛→+∞

[𝑝𝑞𝑞′](𝑛)
⎛⎜⎜⎝
𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)
𝑞′

+
⎛⎜⎜⎝
𝑥̄(𝑛)𝑞

𝑥̄(𝑛)
𝑞′

− 1
⎞⎟⎟⎠
⎛⎜⎜⎝1 − 2

𝑥̄(𝑛)𝑝

𝑥̄(𝑛)𝑞
+ 3
𝑥̄(𝑛)
𝑞′

𝑥̄(𝑛)𝑞

⎞⎟⎟⎠
⎞⎟⎟⎠ = 0 for any 𝑝 ∈ 𝐽1 , 𝑞, 𝑞′ ∈ 𝐽1 , 𝑞, 𝑞′ > 𝑝
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and so the following claim holds:

𝑝, 𝑞, 𝑞′ ∈ 𝐽1 , 𝑝 ⩽ 𝑞 < 𝑞′ ⟹ lim
𝑛→+∞

[𝑝𝑞𝑞′](𝑛)
𝑥̄(𝑛)
𝑞′

𝑥̄(𝑛)𝑞

= 0 . (B.12)

Step 3: Since the sectional curvature of ḡ (𝑛) is uniformly bounded, we have

lim
𝑛→+∞

(
4 𝑥̄(𝑛)𝑝 sec

(𝑛)
𝑝𝑝

)
= 0 for any 𝑝 ∈ 𝐽1 .

By (B.6) and (B.7), we have

lim
𝑛→+∞

[𝑝𝑝𝑖](𝑛)
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)𝑝

= 0 for any 𝑝 ∈ 𝐽1 , 𝑖 ∈ 𝐽>1

and so Equation (B.4) implies that

lim
𝑛→+∞

{ ∑
𝑞∈𝐽1⧵{𝑝}

[𝑝𝑝𝑞](𝑛)
⎛⎜⎜⎝3
𝑥̄(𝑛)𝑞

𝑥̄(𝑛)𝑝

− 4
⎞⎟⎟⎠
}
= 4𝑑𝑝 𝑐

(∞)
𝑝 + [𝑝𝑝𝑝](∞) .

By (B.12), the limit on the left-hand side is nonpositive, and so we obtain

𝑝, 𝑞 ∈ 𝐽1 ⟹ 𝑐(∞)𝑝 = 0 , [𝑝𝑝𝑞](∞) = 0 . (B.13)

Therefore, claim 𝑃(1) follows from (B.7), (B.8), (B.12), (B.13). □

Fix now ℎ ∈ {1, …, 𝑢 − 1} and assume that 𝑃(ℎ′) holds true for each 1 ⩽ ℎ′ ⩽ ℎ. By [7, Lemma
5.55], the scalar curvature can be estimated by

scal
(
ḡ (𝑛)
)
⩽
1
2

∑
𝑖∈𝐽>ℎ

𝑑𝑖𝑏
(𝑛)
𝑖

𝑥̄(𝑛)
𝑖

−
1
4

∑
𝑖,𝑗,𝑘∈𝐽>ℎ

[𝑖𝑗𝑘](𝑛)
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗
𝑥̄(𝑛)
𝑘

. (B.14)

By (B.14) and arguing as above, there exists 𝐶′ > 0 such that

∑
𝑖,𝑗,𝑘∈𝐽>ℎ

[𝑖𝑗𝑘](𝑛)
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗
𝑥̄(𝑛)
𝑘

⩽
𝐶′

𝑥̄(𝑛)𝑝

for any 𝑝 ∈ 𝐽ℎ+1, for any 𝑛 ∈ ℕ . (B.15)

As a consequence of (B.15) and the inductive hypothesis:

[𝑖𝑗𝑘](∞) > 0 with 𝑖, 𝑗 ∈ 𝐽⩽ℎ+1, 𝑘 ∈ {1, …,𝓁} ⟹ 𝑘 ∈ 𝐽⩽ℎ+1 . (B.16)

Indeed, we distinguish the following cases.

∙ If 𝑖, 𝑗 ∈ 𝐽⩽ℎ, then (B.16) follows by inductive hypothesis.
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∙ Assume by contradiction that there exist 𝑖 ∈ 𝐽⩽ℎ+1, 𝑗 ∈ 𝐽ℎ+1 and 𝑘 ∈ 𝐽>ℎ+1 such that [𝑖𝑗𝑘](∞) >
0. Then, by (B.15), up to changing the constant, we obtain

𝑥̄(𝑛)
𝑘

𝑥̄(𝑛)
𝑖

⩽ 𝐶′ ,

which is not possible.

Therefore, (B.16) implies that 𝔞(∞)
ℎ+1

is a subalgebra of 𝔤. Hence, to complete the proof of 𝑃(ℎ + 1),
one can use the same steps as in the proof of 𝑃(1). This concludes the proof of claims (iii) and (iv).
Finally, to prove claim (v), we assume by contradiction that 𝑥̄(𝑛)

𝑠𝜉+1
→ +∞ as 𝑛 → +∞. By (2.3),

it follows that scal
(
ḡ (𝑛)
)
⩾ 𝑐−1 > 0. Therefore, by (B.14), we have

4
𝑐
+
∑

𝑖,𝑗,𝑘>𝑠𝜉

[𝑖𝑗𝑘](𝑛)
𝑥̄(𝑛)
𝑖

𝑥̄(𝑛)
𝑗
𝑥̄(𝑛)
𝑘

⩽
2 Tr𝑄(−𝔤)

𝑥̄(𝑛)
𝑠𝜉+1

,

which is not possible since the left-hand side is positive and bounded away from zero.
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