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Summary

This dissertation studies volumetric representations of 3D scenes that can be
reconstructed from real sensor data and rendered from arbitrary viewpoints. It
concentrates on radiance-field-style models such as Neural Radiance Fields and 3D
Gaussian Splatting, which encode geometry and appearance as continuous fields
of density and color and are optimized end-to-end via differentiable volumetric
rendering. A preliminary chapter revisits light transport and the volume rendering
integral, and proves analytically how these classical concepts map to modern neural
formulations and fixing notation for radiance, color, density, cameras and rendering
operators.

On this foundation, the dissertation addresses four main challenges. The first
is multi-image super-resolution (MISR) with large viewpoint changes, where tradi-
tional methods based on optical flow in the image plane break down. The proposed
EpiMISR deep neural network replaces optical flow with explicit epipolar geometry,
implicitly building 3D feature fields akin to Neural Radiance Fields but without
per-scene optimization. This geometry-aware design handles arbitrary numbers of
views, gracefully falls back to single-image SR, and yields clear gains over prior
MISR approaches in settings with strong parallax.

The second challenge is reliability, in particular how to attach meaningful uncer-
tainty estimates to reconstructions obtained with Gaussian Splatting. The disserta-
tion introduces Stochastic Gaussian Splatting, which turns each Gaussian primitive
into a Bayesian random variable. Rendering becomes stochastic, and Monte-Carlo
evaluation produces both an expected image and a per-pixel predictive variance. A
new loss term encourages these variances to correlate with true errors, leading to
calibrated uncertainty maps, while preserving the speed and quality advantages of
3D Gaussian Splatting.

The third challenge is to cope with missing or extremely sparse viewpoints.
To regularize volumetric models in such regimes, the thesis explores physics-based
priors on motion via MotionCraft, a zero-shot video generator that operates in the
latent space of a pretrained image diffusion model. The method is parameter-free,
works from a single input image, and improves over existing zero-shot baselines on
complex motions. Within the broader thesis, this line of work shows how physics-
based latent warping can serve as a strong prior for imagining plausible dynamics
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and unseen viewpoints, complementing static volumetric reconstructions.
The fourth challenge is efficiency and scalability in real application, such as in

satellite remote sensing, where multi-view high-resolution image collections must
be processed under tight computational budgets. The Earth-Observation Gaussian
Splatting (EOGS) framework adapts Gaussian Splatting to satellite photogram-
metry by combining remote-sensing-specific ingredients such as radiometric correc-
tions and physically motivated shadow modeling. Experiments show that EOGS
attains reconstruction accuracy comparable to state-of-the-art NeRF-based Earth-
observation methods while requiring orders of magnitude less training time, making
volumetric radiance fields practical for high-throughput satellite pipelines.

Altogether, the dissertation shows that radiance-field-based scene representa-
tions can be adapted to address accuracy, reliability, data efficiency and scalabil-
ity in a range of settings. Through four complementary but distinct methods, it
advances our understanding of how physically grounded rendering, geometric con-
straints, Bayesian modeling and generative priors can be combined with volumetric
models. The resulting contributions improve multi-image super-resolution, pro-
vide uncertainty estimates for Gaussian Splatting, enable plausible dynamics from
sparse observations, and make radiance-field-style approaches more practical for
large-scale remote-sensing pipelines.
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Chapter 1

Imagining 3D Worlds

A central question in this thesis is how to represent and reconstruct a three-
dimensional scene. By representation we mean an internal encoding that makes a
scene computationally accessible: it specifies which quantities are defined in space
(e.g., geometry, reflectance, volumetric density, radiance) and provides the opera-
tors that allow us to query and manipulate them. Informally, a good scene repre-
sentation is one that allows us to imagine the scene from arbitrary viewpoints, this
is called the Novel View Synthesis task in the literature. A 3D scene reconstruction
pipeline then seeks to solve the inverse problem of inferring such a representation
from a finite set of sensor measurements, most commonly images, depth maps, or
point clouds. The design of the representation is driven by the intended tasks (e.g.,
rendering, editing, simulation and navigation) and by the constraints of available
hardware. The increasing demand for high-fidelity 3D models in computer graph-
ics, virtual and augmented reality, scientific visualization, and autonomous systems
makes the problem of choosing appropriate scene representations both practically
urgent and scientifically interesting.

Historically, the evolution of scene representations has been tightly coupled with
the development of input/output hardware. The roots of computer graphics are
usually traced back to the 1960s, when William Fetter and Verne L. Hudson at
Boeing coined the term computer graphics while exploring the use of computers for
cockpit design and human-figure studies [92]. In this period, images were generated
on vector displays, which traced parametric curves directly on a cathode ray tube.
These devices were naturally suited to line drawings and wireframe models, and
early scene representations followed: constructive solid geometry (CSG) and other
analytic primitives, often embedded in emerging computer-aided design (CAD)
systems, described objects as combinations of idealized volumes. A core challenge
at the time was the visibility problem: determining which parts of a geometric
model should be seen from a given viewpoint. This was studied in pioneering
works such as [128, 168] and eventually formalized and solved in the context of
interactive 3D systems by Sutherland and colleagues [150]. In this early phase, 3D
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scene representation was largely synonymous with sets of geometric primitives and
their Boolean combinations, tailored to the capabilities and limitations of vector
hardware.

The introduction of raster displays in the 1970s and 1980s radically changed
both the graphics pipeline and the prevalent scene representations. Raster devices
rendered images as arrays of pixels, which naturally encouraged polygonal approx-
imations of surfaces. Representing a scene as a collection of polygonal meshes,
equipped with per-vertex attributes and textures, became the dominant paradigm.
This shift enabled the development of key techniques such as shading [53, 120],
texture mapping [20], Z-buffering [26], and anti-aliasing [35]. In this era, a typi-
cal pipeline consisted of modeling, animation, and rendering: artists and engineers
constructed polygonal models, animated them via kinematic rigs or keyframes, and
finally rasterized and shaded them onto the screen. The underlying 3D scene repre-
sentation (i.e., polygonal meshes plus material parameters) was explicitly designed
to feed this pipeline efficiently, and to match the memory and compute character-
istics of emerging graphics hardware.

As requirements for realism grew, it became clear that local illumination models
and simple surface descriptions could not capture complex lighting phenomena such
as soft shadows, indirect illumination, and caustics. This led to the formulation
of global illumination methods in the late 1970s and 1980s. Whitted’s introduc-
tion of recursive ray tracing [170] provided a first physically motivated framework
for specular reflections and refractions and Kajiya’s rendering equation [79] unified
these ideas as a formal description of light transport in scenes with arbitrary ge-
ometry and reflectance. Within this framework, a 3D scene representation is not
only a collection of surfaces and materials, but also the domain of a light transport
operator: it must support visibility queries, surface interaction models, and inte-
gration of radiance along paths. In practice, this pushed representations towards
richer descriptions of geometry (e.g., smooth surfaces, displacement maps) and ap-
pearance (e.g., bidirectional reflectance distribution functions), while still largely
staying within a surface-based view of the world.

In parallel, an alternative family of representations emerged that treat images
themselves, rather than geometry, as the primary object. Light field cameras,
plenoptic sampling, and related work in image-based rendering represent scenes as
samples of the plenoptic function: a high-dimensional function that gives radiance
for each ray in space. Techniques such as view interpolation, plenoptic modeling,
and volume rendering can synthesize novel views directly from captured images
or discretized radiance fields, sometimes with only implicit or coarse geometric
structure. Here, the 3D scene representation shifts from explicit surfaces to higher-
dimensional functions over ray space or volumetric grids, and rendering reduces to
resampling and interpolating these functions. These ideas anticipate many of the
modern neural representations of scenes, in which learned functions approximate
radiance fields rather than explicit meshes.
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More recently, the landscape has been reshaped by new classes of sensors and
interaction devices. Virtual and augmented reality headsets, RGB-D cameras,
LiDAR-equipped mobile devices, multi-view camera rigs, and high-resolution 3D
scanners provide dense, multi-modal observations of the physical world. At the
same time, motion capture systems and inertial sensors capture the dynamics of
bodies and objects at high temporal resolution. As a consequence, the graphics
pipeline has expanded from the traditional sequence of modeling, animation, and
rendering to a richer loop that includes 3D scanning, motion capture, and image-
based rendering. Scenes are increasingly “acquired” rather than hand-modeled, and
downstream tasks (e.g., view synthesis, scene understanding, interaction planning)
depend on how effectively we can convert sensor data into usable scene representa-
tions. In this context, we must design representations that are not only expressive
and efficient for rendering, but also amenable to being inferred from noisy, incom-
plete measurements.

The current wave of artificial intelligence, and in particular deep learning, offers
tools to “learn” scene representations directly from images and other sensor data.
Instead of relying solely on analytic reconstruction pipelines, we can parametrize
scene representations with neural networks or other flexible function approxima-
tors, and fit them end-to-end to large collections of observations. This perspective
recasts 3D scene reconstruction as a learning problem in which the representation,
the rendering operator, and sometimes even the sensor model are jointly optimized.
However, it also raises new questions: which representations are most compatible
with gradient-based optimization? How can we ensure physical plausibility and
generalization? How should we balance compactness, interpretability, and render-
ing efficiency?

In this thesis, we focus on volumetric representations of scenes, in which the
entire three-dimensional space is modeled by continuous or discretized fields that
“fill the volume”. Such representations typically assign to each point in space (or
each cell in a partition) quantities such as density, color, and possibly additional
attributes, and define view-dependent appearance via the volumetric integral. This
integral formalizes how a radiation field interacts with a medium that absorbs and
emits radiation along a ray. Within this framework, both geometry and appearance
are encoded implicitly in the parameters of the underlying fields, and rendering
amounts to integrating these fields along camera rays.

From a computational standpoint, volumetric representations have been found
empirically easier to learn from images: they offer a continuous, differentiable pa-
rameterization of both geometry and appearance and integrate seamlessly with
gradient-based optimization. In contrast, traditional polygonal or mesh-based rep-
resentations are inherently discrete, with visibility, rasterization, and shading im-
plemented through piecewise operations and lookups. While recent differentiable
rendering frameworks (e.g., Mitsuba [74] and Nvdiffrast [88]) have significantly
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improved our ability to optimize mesh-based scenes, they must still face disconti-
nuities in visibility and topology changes. Volumetric scene representations avoid
many of these issues, making them particularly attractive as a backend for 3D scene
reconstruction.

The remainder of this thesis is structured as follows. Chapter 2 introduces
the mathematical notation and theoretical foundations that underpin neural scene
representations based on volumetric rendering. Its goal is to equip the reader with
a clear understanding of the symbols and physical quantities used throughout the
manuscript, and to make explicit the connection between classical light transport
theory and modern neural radiance field formulations. Building on this common
language, the subsequent chapters study volumetric scene representations under a
single perspective: as learned world models inferred from incomplete observations
and evaluated by their ability to support downstream visual tasks. The four main
contributions can be seen as addressing four complementary desiderata of such
models: quality, reliability, completeness, and efficiency. Concretely, one chapter
is dedicated to leveraging volumetric representations for super-resolution, one to
modeling their reliability and uncertainty, one to handling missing views, and one
to achieving efficient, large-scale remote-sensing deployment.

The first challenge, addressed in Chapter 3, concerns quality: how to exploit
volumetric scene representations in the inverse problem of super-resolution. In
many practical settings we may only have access to low-resolution observations of
a scene. We therefore investigate how a volumetric world model can be estimated
from multiple such observations and then used to synthesize high-resolution images
that are both geometrically consistent across views and photometrically faithful.
Casting multi-image super-resolution as the estimation of a joint 3D volumetric
representation allows us to go “beyond optical flow” formulations that operate
purely in the image plane.

The second challenge concerns reliability of learned volumetric representations:
how much can we trust the predictions they produce? As these models are increas-
ingly used in safety-critical or scientifically demanding applications, it becomes
essential to quantify their uncertainty. In Chapter 4, we focus in particular on
uncertainty modeling for Gaussian Splatting, a popular volumetric representation
that describes scenes as collections of anisotropic Gaussian primitives. We propose
probabilistic extensions that endow these primitives with uncertainty estimates,
allowing us to capture aleatoric components of the reconstruction error and to
propagate them to downstream tasks.

The third challenge, addressed in Chapter 5, concerns completeness: how to
deal with missing or severely sparse viewpoints, a regime that is common whenever
acquisition is expensive, constrained, or partially corrupted. Volumetric represen-
tations, while expressive, can overfit the observed views and behave unpredictably
in unobserved regions if not properly regularized. We therefore study how to in-
corporate physically grounded priors on motion and dynamics into the volumetric
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modeling framework, so that the representation can plausibly imagine the scene
evolution and viewpoints that were never directly observed, while remaining con-
sistent with the measurements that are available. In particular, we explore physics-
based, zero-shot generative models that synthesize temporally coherent videos and
novel views from minimal input, effectively compensating for missing data through
a learned prior over plausible motions and interactions.

The fourth challenge concerns efficiency: how to make volumetric represen-
tations and their associated rendering and learning procedures fast and scalable
enough to cope with the ever growing rate of data production and the large spatial
extent of real-world scenes. This is particularly critical in domains such as remote
sensing, where satellites continuously acquire massive amounts of imagery over
wide geographic areas. We investigate how volumetric techniques can be adapted
to large-scale photogrammetry pipelines for satellite images, striking a balance be-
tween reconstruction accuracy, rendering quality, and computational cost. These
contributions are presented in Chapter 6.

1.1 Publications
The following publications were developed during the course of this PhD and

form the basis of the chapters in this thesis:

• [136] Luca Savant Aira, Diego Valsesia, Andrea Bordone Molini, Giulia Fra-
castoro, Enrico Magli, and Andrea Mirabile. “Deep 3D World Models for
Multi-Image Super-Resolution Beyond Optical Flow”. In: IEEE Access 12
(2024).

• [135] Luca Savant Aira, Diego Valsesia, and Enrico Magli. “Modeling Uncer-
tainty for Gaussian Splatting”. In: IEEE Transactions on Neural Networks
and Learning Systems 36.6 (2025).

• [112] Antonio Montanaro, Luca Savant Aira, Emanuele Aiello, Diego Valsesia,
and Enrico Magli. “MotionCraft: Physics-Based Zero-Shot Video Genera-
tion”. In: Advances in Neural Information Processing Systems – NeurIPS 37
(2024).

• [134] Luca Savant Aira, Gabriele Facciolo, and Thibaud Ehret. “Gaussian
Splatting for Efficient Satellite Image Photogrammetry”. In: Proceedings of
the Computer Vision and Pattern Recognition Conference – CVPR (2025).
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Chapter 2

A Primer on Volume Rendering

In this chapter we introduce the mathematical notation and the theoretical foun-
dations that underpin neural scene representations based on volumetric rendering.
The objective is to provide the reader with a clear understanding of the symbols
and physical quantities used throughout the thesis, as well as to establish the link
between classical light transport and modern neural radiance field formulations. In
particular, we provide here a unified mathematical treatment that bridges classi-
cal radiative transfer, Neural Radiance Fields (NeRF), and 3D Gaussian Splatting
(3DGS). The notation and derivations are chosen to make the connections explicit
and to highlight the approximations and numerical choices that distinguish each
method. To the best of our knowledge, this unified presentation is not commonly
stated in this compact form in the literature; presenting it helps compare algorithms
and transfer insights between families of methods.

Throughout this chapter we will use this unified framework to derive the render-
ing equations used by NeRF and 3DGS, and to point out the specific assumptions
(approximations, sampling, discretization) that lead from the general radiative-
transfer integral to each practical algorithm.

2.1 Notation
We denote vectors by underlined lowercase letters, for example x ∈ R3 or µ ∈

Rn, and matrices by double-underlined uppercase letters, for example A ∈ R3,4 or
Σ ∈ Rn,n. The transpose of a matrix A is indicated with the superscript ′, for
example A′. We will also take the “transpose of a vector”, meaning that x′ ∈ R1,n

is a row vector.
With a small abuse of notation, the symbol L1 will indicate the mean absolute

error between two vectors, i.e., for x, y ∈ Rn:

L1(x, y) =
||x− y||1

n
= 1
n

n∑︂
i=1
|xi − yi|.
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When reporting experimental results in tables, we will indicate the best result
in bold and the second best with underline.

2.1.1 Images
As we deal with scene reconstruction methods, we will always works with images

and associated cameras. From the mathematical standpoint, images are defined
as functions R2 → Rc. The domain R2 represents the coordinates of points in the
image plane, while the codomain Rc represents the color of each point, where c is the
number of channels. For example, a grayscale image has c = 1, while an RGB image
has c = 3. With an abuse of notation, we will call images also the “discrete” version
of the function, theoretically obtained by integrating the continuous function over
small square areas called pixels. We will denote an image with the uppercase letter
I, so that the color of a point u ∈ R2 or a pixel u ∈ Z2 is given by I(u) ∈ Rc.

2.1.2 Camera Models
A camera model is a function R3 → R2, i.e., it maps a point from the 3D

world to a point on the 2D image plane. We will denote a camera model with the
calligraphic uppercase letter C, so that a 3D point x ∈ R3 is mapped to a 2D point
u ∈ R2 as u = C(x).

In the rest of the thesis, we will mostly work with three different camera models:
pinhole cameras, affine cameras, and pushbroom cameras.
A pinhole camera is the most common camera model in computer vision and
graphics. It is defined by its intrinsic parameters (ϕx, ϕy, ζ, δx, δy), that define the
camera internal characteristics, and its extrinsic parameters

(︂
τ ∈ R3,Ω ∈ R3,3

)︂
that

define the camera position and orientation in the 3D world. The pinhole camera
model is defined as:

C(x) = π

⎛⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎜⎜⎜⎝
ϕx ζ δx

0 ϕy δy

0 0 1

⎞⎟⎟⎟⎟⎟⎠
(︃

Ω τ

)︃⎛⎜⎝x
1

⎞⎟⎠
⎞⎟⎟⎟⎟⎟⎠ (2.1)

where π : R3 → R2 is the perspective division defined as:

π (x) = π

⎛⎜⎜⎜⎜⎜⎝
x1

x2

x3

⎞⎟⎟⎟⎟⎟⎠ = 1
x3

⎛⎜⎝x1

x2

⎞⎟⎠ . (2.2)

It is useful to define the camera center o ∈ R3 of a pinhole camera, that can be
tought as the position of the “pinhole” in the 3D world. It is defined o = −Ωτ ∈ R3.
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2.1 – Notation

An affine camera is the simplest camera model, and it is defined by a full-rank
matrix A ∈ R2,3 and a translation vector a ∈ R2, so that the affine camera model
is defined as:

A(x) = Ax+ a. (2.3)
The view direction of an affine camera is the one of a unitary vector d ∈ R3 such
that Ad = 0.
A pushbroom camera is a camera that is often used in remote sensing applica-
tions, for example in satellite imaging. Its camera model is defined as a rational
function, i.e., a function that can be written in the form of a ratio of two polyno-
mials. The two polynomials are taken to be cubic polynomials in the coordinates
of the 3D point x = (x1, x2, x3)′. This camera model is also known as the Rational
Polynomial Camera (RPC) model, and it is commonly used in satellite imaging
because it can accurately model the complex distortions that are introduced by the
satellite’s motion and the Earth’s curvature.

Inverse Camera Models

When dealing with scene reconstruction methods, inverse camera models allow
to map a pixel from the image plane to a set of points in the 3D world. Since all
camera models are not invertible functions by definition, as they map a 3D space to
a 2D space, we can only consider the full-inverse C−1 of a camera model C, that is
a multivalued function that maps a point u ∈ R2 in the image plane to its preimage
in the 3D space:

C−1(u) =
{︂
x ∈ R3 : C(x) = u

}︂
. (2.4)

Note that commonly used camera models are such that preimages form simple
one-dimensional manifolds in 3D space. For example, the preimage of a point
u ∈ R2 in a pinhole camera or in an affine camera is a straight line in 3D space, while
the preimage of a point u in a pushbroom camera is a open non-self-intersecting
curve in 3D space. This enable us to easily parameterize the preimage of a point u
using a single real parameter t ∈ R, so that:

C−1(u) =
{︂
ru(t) : t ∈ R

}︂
, (2.5)

where ru : R→ R3 is called the ray of the point u.
As shown in Fig. 2.1, the set of rays of a pinhole camera is the set of half-lines

starting from the camera center and passing through the image plane. Similarly,
for affine cameras, the set of rays is the set of lines parallel to the view direction
of the camera. Instead, the rays of a pushbroom camera are curves, even if light
propagates in straight lines in a homogeneous medium, due to the motion of the
camera during the image acquisition.
Depth and localization are two important concepts when dealing with inverse
camera models. The depth of a 3D point x is a scalar value that represents its
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distance from the camera. Different camera models use different definitions of dis-
tance. For example, in pinhole cameras, depth is defined as the Euclidean distance
from the camera center to the point in 3D space. In pushbroom cameras or affine
cameras, depth is often defined as the distance from a reference plane to the 3D
point.
The depthmap is a function R2 → R+ that maps a pixel u in the image plane to
the depth of its imagined 3D point x.

2.2 Light Transport in Participating Media
In this section we give a clear and concise mathematical derivation of the optical

phenomena described in [30] and [105], and we refer the reader to these sources for
a complete treatment of the topic. The physical process under consideration is
called Radiative Transfer and it addresses the question of how light interacts with
a medium that fills the 3D space. More precisely, the goal is to model how a
radiation field evolves as it propagates through a medium that both absorbs and
emits radiation.

To fix ideas, consider a narrow “pencil” of radiation traversing a small volume
element of the medium along a given direction. As the radiation travels, its intensity
is reduced if matter absorbs it and increased if it is emitted into the same pencil.
Over an infinitesimal segment of the path, the net variation in intensity is therefore
obtained by “counting” the losses due to absorption and the gains due to emission.
Aggregating these infinitesimal changes along the ray leads to the classical radiative
transfer formulation.

We denote the physical light intensity field with I, which increases or decreases

Pinhole camera

Image Plane

Affine camera

Image Plane

Pushbroom camera

Image Plane

Figure 2.1: Rays of different camera models. From left to right: pinhole camera,
affine camera, pushbroom camera.
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along a ray segment, parameterized by x, by interacting with particles in a particle-
filled volume. These interactions are described using the radiance field (ρ, κ), com-
posed by non-negative density field ρ (also called the absorption coefficient) and
the color field κ (also called the emission coefficient), with the following Cauchy
problem: ⎧⎪⎨⎪⎩

dI

dx
= ρ(x)I(x)− ρ(x)κ(x) ∀x ∈ [xn, xf ]

I(xf ) = If

(2.6)

where xn < xf are two points along the ray (near and far), and If is the boundary
condition that represents the intensity of light coming from points outside the
considered domain, i.e., from x > xf , for example from a background light source.

Proposition 1 Volumetric Integral
Consider the Cauchy problem defined by the differential Eq. (2.6) with the bound-
ary condition I(xf ) = If for some xf ∈ R and If ∈ R. The solution of the Cauchy
problem at any point xn < xf is given by the volumetric integral:

I(xn) = e
−
∫︁ xf

xn
ρ(y)dy

If +
∫︂ xf

xn

e
−
∫︁ x

xn
ρ(y)dy

ρ(x)κ(x)dx (2.7)

Proof of Proposition 1
We start from the differential Eq. (2.6) and we multiply both sides by the quantity
exp(

∫︁ xf
x ρ(y)dy):

⇐⇒ e
∫︁ xf

x
ρ(y)dy dI(x)

dx
= e

∫︁ xf
x

ρ(y)dy (ρ(x)I(x)− ρ(x)κ(x))

⇐⇒ e
∫︁ xf

x
ρ(y)dy dI(x)

dx
− e

∫︁ xf
x

ρ(y)dyρ(x)I(x) = −e
∫︁ xf

x
ρ(y)dyρ(x)κ(x)

⇐⇒ d

dx

(︃
e
∫︁ xf

x
ρ(y)dyI(x)

)︃
= −e

∫︁ xf
x

ρ(y)dyρ(x)κ(x)

where in the last step we used the product rule of the derivative.
Now integrate both side from xn to xf :

=⇒
∫︂ xf

xn

d

dx

(︃
e
∫︁ xf

x
ρ(y)dyI(x)

)︃
dx = −

∫︂ xf

xn

e
∫︁ xf

x
ρ(y)dyρ(x)κ(x)dx

⇐⇒
[︃
e
∫︁ xf

x
ρ(y)dyI(x)

]︃x=xf

x=xn

= −
∫︂ xf

xn

e
∫︁ xf

x
ρ(y)dyρ(x)κ(x)dx

⇐⇒ e

∫︁ xf
xf

ρ(y)dy
I(xf )− e

∫︁ xf
xn

ρ(y)dy
I(xn) = −

∫︂ xf

xn

e
∫︁ xf

x
ρ(y)dyρ(x)κ(x)dx
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By rearranging and using exponential properties, we have:

=⇒ I(xf )− e
∫︁ xf

xn
ρ(y)dy

I(xn) = −
∫︂ xf

xn

e
∫︁ xf

x
ρ(y)dyρ(x)κ(x)dx

⇐⇒ e
−
∫︁ xf

xn
ρ(y)dy

I(xf )− I(xn) = −
∫︂ xf

xn

e
−
∫︁ xf

xn
ρ(y)dy

e
∫︁ xf

x
ρ(y)dyρ(x)κ(x)dx

⇐⇒ e
−
∫︁ xf

xn
ρ(y)dy

I(xf )− I(xn) = −
∫︂ xf

xn

e
−
∫︁ x

xn
ρ(y)dy

ρ(x)κ(x)dx

Rearranging the equation and making use of the boundary condition I(xf ) = If

concludes the proof.

An intuitive explanation of Eq. (2.7) can now be given. The quantity I(xn)
is the intensity of light at a point xn along a fixed ray, which we can think of as
the point where the ray intersects the camera sensor. The expression in Eq. (2.7)
decomposes this intensity into two contributions. The first term, e−

∫︁ xf
xn

ρ(y)dy
If ,

represents the light that originates outside of the considered domain with intensity
If (for example, a very distant source such as the sun) and then travels through
the medium towards the camera. As it propagates from xf to xn, it is attenuated
according to the cumulative density

∫︁ xf
xn
ρ(y)dy encountered along the ray.

The second term,
∫︂ xf

xn

e
−
∫︁ x

xn
ρ(y)dy

ρ(x)κ(x) dx, accounts for the light that is emit-
ted by the medium itself. Each point x between xn and xf contributes an amount
of light proportional to the local emission ρ(x)κ(x), which is then attenuated as it
travels from x to the camera, with a factor e−

∫︁ x

xn
ρ(y)dy. The integral therefore sums

up all such emitted contributions along the ray segment between xn and xf .
We remark that Eq. (2.7) contains two nested integrals: an outer integral that

sums up the contributions from each point x along the ray, and an inner integral
that computes the cumulative density from xn to x for the attenuation factor.
This is computationally challenging and motivates the following manipulations to
simplify its numerical evaluation. The underlying radiative-transfer formulation is
classical [30, 105], while the connection with Gaussian-based rendering follows ideas
related to [184]. The partitioned formulation below and its use as a common lens
to describe both NeRF [109] and 3DGS [82] are presented here as a unifying novel
exposition.

Proposition 2 Partitioning the volumetric integral
Let’s consider a partition of the interval [xn, xf ] into K subintervals:

[xn, xf ] = [t0, t1] ∪ [t1, t2] ∪ · · · ∪ [tK−1, tK ]

where xn = t0 ≤ t1 ≤ · · · ≤ tK−1 ≤ tK = xf . Supposing the color field κ can be
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approximated as constant in each subinterval, i.e., κ(x)|x∈[tk−1,tk] ≈ κk, then the
volumetric integral in Eq. (2.7) can be approximated as:

I(xn) =
K∑︂

k=1

⎛⎝k−1∏︂
j=1

e−Tj

⎞⎠(︂1− e−Tk

)︂
κk + If

K∏︂
k=1

e−Tk (2.8)

where
Tk :=

∫︂ tk

tk−1
ρ(s)ds

is the transmittance of the medium in the k-th subinterval.

Proof of Proposition 2
Let’s consider the volumetric integral in Eq. (2.7):

I(xn) = e
−
∫︁ xf

xn
ρ(t)dt

If +
∫︂ xf

xn

e
−
∫︁ x

xn
ρ(t)dt

ρ(x)κ(x)dx

Exploiting the linearity of the integrals and paying special attention to the “last
bit” of the inner integral domain, we split all the integrals using the partition:

I(xn) = e
−
∑︁K

k=1

∫︁ tk
tk−1

ρ(s)ds
If +

K∑︂
k=1

[︄∫︂ tk

tk−1
e

−
∑︁k−1

j=1

∫︁ tj
tj−1

ρ(s)ds−
∫︁ t

tk−1
ρ(s)ds

κ(t)ρ(t)dt
]︄

Now we apply the properties of the exponential function:

I(xn) =
K∑︂

k=1

⎡⎣∫︂ tk

tk−1

⎛⎝k−1∏︂
j=1

e
−
∫︁ tj

tj−1
ρ(s)ds

⎞⎠ e−
∫︁ t

tk−1
ρ(s)ds

κ(t)ρ(t)dt
⎤⎦+ If

K∏︂
k=1

e
−
∫︁ tk

tk−1
ρ(s)ds

We make use of the “constant-color” approximation, that assumes that the color
is almost constant in a given interval, i.e., κ(t)|t∈[tk−1,tk] ≈ κk. Then we extract
all the terms that do not depend on t from the integral:

I(xn) =
K∑︂

k=1

⎡⎣κk

⎛⎝k−1∏︂
j=1

e
−
∫︁ tj

tj−1
ρ(s)ds

⎞⎠∫︂ tk

tk−1
e

−
∫︁ t

tk−1
ρ(s)ds

ρ(t)dt
⎤⎦+ If

K∏︂
k=1

e
−
∫︁ tk

tk−1
ρ(s)ds

Now, recalling the long-gone calculus classes, we can notice that:

− d

dt

(︄
e

−
∫︁ t

tk−1
ρ(s)ds

)︄
= e

−
∫︁ t

tk−1
ρ(s)ds

ρ(t),
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so that, thanks to the fundamental theorem of calculus[2], it holds that:
∫︂ tk

tk−1
e

−
∫︁ t

tk−1
ρ(s)ds

ρ(t)dt = −
∫︂ tk

tk−1

d

dt

(︄
e

−
∫︁ t

tk−1
ρ(s)ds

)︄
dt

= −
[︄
e

−
∫︁ tk

tk−1
ρ(s)ds

− e
−
∫︁ tk−1

tk−1
ρ(s)ds

]︄

= 1− e−
∫︁ tk

tk−1
ρ(s)ds

.

Hence, plugging this result back into the previous equation, we get:

I(xn) =
K∑︂

k=1

⎡⎣κk

⎛⎝k−1∏︂
j=1

e
−
∫︁ tj

tj−1
ρ(s)ds

⎞⎠(︄1− e−
∫︁ tk

tk−1
ρ(s)ds

)︄⎤⎦+ If

K∏︂
k=1

e
−
∫︁ tk

tk−1
ρ(s)ds

Making use of the symbol Tk =
∫︁ tk

tk−1
ρ(s)ds we conclude the proof.

Remarkably, Eq. (2.8) is analytically exact, except for the per-interval constant
color approximation. We deem this approximation reasonable, as we are free to
choose the partition granularity (that can be even non-constant and adaptive).
Moreover Eq. (2.8) requires only a numerical scheme for the 1D integrals Tk. This
is a great simplification with respect to the original volumetric integral in Eq. (2.7),
that requires a double integral computation.

We also remark that the volumetric integral in Eq. (2.8) has been derived for
“one ray only”, meaning that the variables xn, xf , ρ, κ are defined along a single
ray. To extend this formulation to all the pixels of a camera, we can use the ray
parameterization introduced in Section 2.1.2. For example, in an affine camera C,
given a pixel u ∈ R2, we can denote its ray as ru : R → R3. Let’s also consider
the unitary direction du parallel to the ray. Then, we can rewrite the volumetric
integral in Eq. (2.8) as:

I(u) =
K∑︂

k=1

⎛⎝k−1∏︂
j=1

e−Tj(u)

⎞⎠(︂1− e−Tk(u)
)︂
κk(du) + If

K∏︂
k=1

e−Tk(u) (2.9)

where
Tk(u) =

∫︂ tk

tk−1
ρ
(︂
ru(s)

)︂
ds

is the transmittance of the medium along the ray of pixel u in the k-th subinterval
and, similarly,

κk(du) ≈ κ
(︂
ru(t), du

)︂
∀t ∈ [tk−1, tk]

is the color of the medium along the ray of pixel u in the k-th subinterval and
in the direction du, approximated as a constant over the whole subinterval. We
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remark that we extended the color field κ to depend also on the view direction
du, to model view-dependent effects such as specular reflections. Although du is
introduced explicitly only at this stage, in the single-ray derivation we implicitly
considered a fixed view direction associated with that ray, and thus we wrote κ as
a 1D function along the ray. Indeed, for a given pixel u the ray ru has a constant
direction. When we extend the formulation from one ray to all pixels, however,
different pixels correspond to different rays (hence different du), so it becomes
important to make this dependence explicit. In this sense the rendering equation is
separable across pixels: each I(u) is obtained by evaluating the same 1D volumetric
integral independently along its own ray ru with its associated direction du.

2.3 Neural Radiance Fields
3D reconstruction from posed images is a long-standing problem in visual com-

puting. Given a set of images of a static scene acquired from different viewpoints,
together with their known camera models, the goal is to recover a 3D representation
that faithfully captures the scene’s geometry and appearance. Classical approaches
typically rely on explicit geometric primitives, such as point clouds or meshes,
and reconstruct surfaces via multi-view stereo or structure-from-motion pipelines.
These methods, however, often struggle with complex materials, view-dependent
effects, and incomplete or noisy observations. In parallel, the task of Novel View
Synthesis (NVS) aims at rendering photorealistic images of the scene from pre-
viously unseen viewpoints. While 3D reconstruction and NVS are traditionally
treated as separate problems, they are tightly coupled: a good 3D representation
should enable accurate rendering from arbitrary views, and a method designed for
NVS implicitly induces a 3D structure consistent with the observed images.

“NeRF: Representing Scenes as Neural Radiance Fields for View Synthesis” [109]
has arguably been the main driver of recent advances in both 3D reconstruction
and NVS. The Neural Radiance Fields (NeRF) framework casts scene reconstruc-
tion as a statistical learning problem grounded in the volumetric rendering integral
introduced in Proposition 1. NeRFs model a continuous volumetric representation
of the scene, namely the two components of the radiance field (ρ, κ), and learn it
directly from a set of posed images, by optimizing the parameters of a neural net-
work so that the rendered views match the input photographs. Concretely, given N
posed input views (which may be photos, video frames, satellite acquisitions, and
so on), NeRF seeks a radiance field that explains all observations simultaneously.
We remark that the input views should be posed, meaning that the camera models
(for example, the intrinsic and extrinsic parameters for a pinhole camera) should be
known in advance for each image, at least up to a certain accuracy. This radiance
field can be queried from arbitrary viewpoints at test time, thereby unifying 3D
reconstruction and NVS in a single differentiable rendering framework.
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Formally, a scene is represented as a radiance field defined over 3D space and
view directions. Since the input images are posed, the camera models are known,
hence, we can associate to each pixel ui its parametrized ray rui

(t). Moreover,
the corresponding pixel color I(ui) = yi ∈ Rc is also known, as this is merely the
color of the selected pixel in the input images. We consider the set of all available
pixel-color pairs D = {(ui, yi)}i and we will use it as the training data for the NeRF
statistical learning problem.

The learnable parameters of the NeRF model are the weights of two Multi-Layer
Perceptrons (MLPs), briefly reviewed in Refresher 1, that represent the volumetric
fields ρ̂ ≈ ρ : R3 → R+ and κ̂ ≈ κ : R3 × S2 → Rc. Along each ray ru(t), the
observed pixel color is modeled via the volumetric integral in Eq. (2.9), with two
important assumptions.

• First, the integrals Tk(u) are approximated via Monte Carlo sampling, usually
by drawing a single sample τk in each subinterval [tk−1, tk].

Tk(u) ≈ ρ̂
(︂
ru(τk)

)︂
(tk − tk−1) with τk ∼ Uniform(tk−1, tk)

• Second, the per-interval constant color κk(du) is approximated by querying κ̂
at each sampled point along the ray.

κk(du) ≈ κ̂
(︂
ru(τk), du

)︂
with τk ∼ Uniform(tk−1, tk)

Hence, NeRFs can be mathematically seen as a numerical scheme to compute the
volumetric integral in Eq. (2.9).

We remark that ρ̂ : R3 → R+ is the (non-negative) volume density field network
and κ̂ : R3 × S2 → Rc is the color field network. The dependence of κ̂ on the view
direction du allows NeRFs to model view-dependent appearance phenomena, such
as specular highlights and non-Lambertian reflections, within the same volumetric
formulation.

On the whole, this yields a fully differentiable rendering process that maps the
learnable parameters of the MLPs to the predicted pixel colors Î(u) along each ray
ru, where Î denotes the volumetric integral approximation using the MLPs ρ̂ and
κ̂:

Î(u) =
K∑︂

k=1

⎛⎝k−1∏︂
j=1

e−∆j ρ̂(ru(τj))
⎞⎠(︃1− e−∆kρ̂(ru(τk))

)︃
κ̂
(︂
ru(τk), du

)︂
+If

K∏︂
k=1

e−∆kρ̂(ru(τk))

(2.10)
where ∆k := tk − tk−1 and τk ∼ Uniform(tk−1, tk) for all k = 1, . . . , K.

Learning a NeRF thus amounts to fitting the parameters of these MLPs so that
the rendered colors match the observed pixel colors in the training set, minimizing
the following reconstruction loss:

Lrec =
∑︂

i

L
(︂
Î(ui), yi

)︂
(2.11)
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where L is a per-pixel regression loss, typically the L1 or L2 distance between pre-
dicted and ground truth colors. Because the rendering process is fully differentiable
with respect to the parameters of the MLPs ρ̂ and κ̂, gradients can be backpropa-
gated through the volumetric integral approximation and used to update the MLP
weights via stochastic gradient descent.

Once trained, the NeRF can synthesize novel views by evaluating Eq. (2.10)
for each pixel u on the new desired image plane. This yields highly detailed and
photorealistic novel views that are consistent with the observed training images
and with the inferred continuous 3D radiance structure.

To effectively represent high-frequency details in the scene, the input coordinates
are typically mapped through positional encoding functions before being fed to the
MLPs, enabling the networks to approximate complex radiance fields with relatively
modest depth and width.

Refresher 1 Multilayer Perceptrons (MLPs)
Multi-Layer Perceptrons (MLPs) are a class of feedforward artificial neural net-
works that consist of multiple layers of neurons, where each layer is fully connected
to the next one. MLPs are capable of learning complex functions by composing
simple linear transformations with non-linear activation functions. Mathemati-
cally, an MLP with L layers can be represented as a composition of functions:

f(x) = f (L) ◦ f (L−1) ◦ · · · ◦ f (1)(x)

where each layer f (l) is defined as:

f (l)(z) = g(l)
(︂
W (l)z + b(l)

)︂
Here, W (l) is the weight matrix, b(l) is the bias vector, and g(l) is a non-linear
activation function, such as ReLU, sigmoid, or tanh. The input x is transformed
through each layer, allowing the MLP to learn complex mappings from input to
output.

Building on the original NeRF formulation [109], a first practical limitation that
emerged is its strong dependence on accurate camera poses. In many realistic ac-
quisition settings (e.g., handheld videos or casual photo collections), off-the-shelf
structure-from-motion can be noisy or fail, and NeRF’s reconstruction quality de-
grades significantly under pose errors. A line of research (BARF [98], NeRF - - [167],
NoPe-NeRF [16], SCnERF [76]) directly addresses this issue by jointly optimizing
the camera parameters and the radiance field.

A second major limitation of the original NeRF is the assumption of a static
scene captured under consistent illumination and exposure. This assumption is of-
ten violated in in-the-wild settings, where images come from heterogeneous sources,
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time periods, and imaging conditions, and may contain transient objects. Exten-
sions such as NeRF-W [104], RAWNeRF [108], and Ha-NeRF [33] address these
effects by modeling appearance variation, exposure changes, and other nuisance
factors.

A related but distinct limitation is that the original NeRF formulation is re-
stricted to static scenes. When the scene contains non-rigid motion or articulated
objects, one must extend the representation to account for time or deformation.
Representative examples include D-NeRF [124] and Nerfies [118].

From a rendering perspective, another inherent weakness of vanilla NeRF is
aliasing: pixels are treated as infinitesimal ray samples, disregarding their finite
footprint in the image plane. This leads to artifacts when zooming or rendering
at resolutions different from those seen in training. Scale-aware variants (such as
Mip-NeRF [10], Mip-NeRF360 [9], Zip-NeRF [11], ExactNeRF [72]) address this
by integrating radiance over frustums instead of points, thus incorporating built-
in anti-aliasing and enabling robust reconstruction of unbounded scenes. Other
works, such as RegNeRF [116], mitigates aliasing artifacts in sparse and unbounded
settings by introducing regularization priors on geometry and appearance.

Another line of work tackles a more structural limitation of standard NeRFs,
namely the fact that they represent geometry implicitly via a volumetric density
field, which makes it difficult to extract precise surfaces and to enforce geometric
regularity. To obtain more faithful and controllable geometry, several methods
replace the density field with a signed distance function (SDF) and derive a volume
rendering formulation that is consistent with this implicit surface representation.
Examples include NeuS [162], VolSDF [177], UNISURF [117], MonoSDF [179].

Finally, a practical challenge lies in the computational cost of per-scene NeRF
optimization, which can require hours of training for a single scene in the origi-
nal formulation. This has motivated a line of work (Plenoxels [44], DVGO [148],
Instant-NGP [113]) on accelerating both representation and optimization. In this
line of work, a central developement is the 3D Gaussian Splatting framework [82],
which we describe in the next section.

2.4 3D Gaussian Splatting
The 3D Gaussian Splatting (3DGS) framework [82] is a recent approach intro-

duced to directly address the computational inefficiencies of NeRF-like models, in
terms of both training time and rendering speed. The similarities between 3DGS
and NeRF are many: both methods address the problem of reconstructing a 3D
scene from a set of posed images, they rely on the volumetric rendering integral
introduced in Proposition 1, hence they can be viewed as numberical schemes to
compute Eq. (2.9). However, the two methods differ significantly in how they rep-
resent the radiance field (ρ, κ): 3DGS represents it explicitly using a set of 3D
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Gaussian-shaped profiles, as opposed to the implicit MLP representation of NeRF.
Before describing why it leads to significant computational advantages, we bor-

row notation from [24] and present a unified derivation of 3DGS that highlights
its connections with the volumetric integral in Proposition 1. In particular, we
describe mathematically how 3DGS numerically solves the volumetric integral in
Eq. (2.9), that we rewrite here for clarity:

I(u) =
K∑︂

k=1

⎛⎝k−1∏︂
j=1

e−Tj(u)

⎞⎠(︂1− e−Tk(u)
)︂
κk(du) + If

K∏︂
k=1

e−Tk(u)

where Tk(u) =
∫︁ tk

tk−1
ρ
(︂
ru(s)

)︂
ds and κk(du) is a per-interval color that may depend

on the view direction du.
While NeRF approximates the integrals Tk(u) using Monte Carlo sampling,

3DGS uses a different approach, based on the approximation of the radiant field
using Gaussian primitives. A Gaussian primitive is a tuple γk =

(︂
µ

k
,Σ

k
, αk, fk

)︂
representing a single Gaussian-shaped volume element in the scene, where µ

k
∈ R3

is the primitive center (mean), Σ
k
∈ R3,3 its 3D shape and orientation (covariance),

αk ∈ [0,1] its opacity, and f
k
∈ Rd its feature vector, that can be decoded into

color, usually via spherical harmonics, as we will discuss later.
We remark that the choice of using k to index both the Gaussian primitives

and the partition intervals is not casual. In fact, in 3DGS the partition is “defined”
by the Gaussian primitives themselves, meaning that each interval [tk−1, tk] is such
that the corresponding integral Tk(u) captures the one and only contribution of the
k-th Gaussian primitive along the ray of pixel u. In other words, 3DGS associates
each partition interval to a Gaussian primitive, whose position and shape can be
optimized, so that an adaptive partitioning scheme of the ray is obtained. Note
that this is an approximation, as the contribution of a single Gaussian primitive
should be non-zero in all the intervals along the ray. In other words, 3DGS assumes
that primitive supports overlapping is negligible. However, this approximation is
reasonable as the contribution decays exponentially with the distance from the
primitive center.

Mathematically, 3DGS assumes that:

ρ (r(t)) |t∈[tk−1,tk] ≈ αkG(r(t);µ
k
,Σ

k
)

where
G(x;µ,Σ) := exp

(︃
−1

2(x− µ)′Σ−1(x− µ)
)︃
.

Thanks to the marginalization property of the Gaussian distribution, we get
Tk(u) ≈ αkGC

k (u), with:

GC
k (u) := G

(︃
u; C(µ

k
), JC

(︂
µ

k

)︂
Σ

k

(︂
JC
(︂
µ

k

)︂)︂′
)︃

(2.12)

19



A Primer on Volume Rendering

where C : R3 → R2 is the camera model and JC
(︂
µ

k

)︂
∈ R2,3 is the Jacobian of the

camera model at point µ
k
.

Moreover, 3DGS assumes that the contribution of each Gaussian is so small that
the exponential terms in Eq. (2.9) can be approximated using a first-order Taylor
expansion, leading to the following rendering equation:

Î(u) =
K∑︂

k=1

⎛⎝k−1∏︂
j=1

1− αjGC
j (u)

⎞⎠αkGC
k (u)f̃

k
+ If

K∏︂
k=1

1− αkGC
k (u) (2.13)

where the color field κ has been replaced by the color contribution f̃
k

of the k-th
Gaussian primitive. This color contribution is typically defined as a view-dependent
function of the feature vector f

k
of the Gaussian primitive, i.e.,

f̃
k

=
L∑︂

l=0

l∑︂
m=0

cklmYlm(du), (2.14)

where Ylm are the spherical harmonics basis functions (following standard prac-
tices [44, 113]), L is the maximum degree of the spherical harmonics expansion,
and cklm are typically just the components of the feature vector f

k
of the Gaussian

primitive γk reshaped appropriately.
The intuitive description of the operations in Eq. (2.13) is the following. To

render a view, 3DGS “splats” each 3D Gaussian kernel onto the camera image
plane, defined by the camera model C. This process is called the splatting operation
and it associates a Gaussian primitive γk to the 2D Gaussian kernel GC

k : R2 → R.
During the splatting operation, each Gaussian is projected according to the first-
order approximation of the camera model C computed at µ

k
, JC

(︂
µ

k

)︂
. In this way,

the mean vector and covariance matrix of the 2D Gaussian kernel are:

µC
k

= C(µ
k
) ΣC

k
= JC

(︂
µ

k

)︂
Σ
(︂
JC
(︂
µ

k

)︂)︂′
. (2.15)

Once all the primitives are splatted, they are sorted front-to-back with respect
to the camera reference. This is needed because the outer sum in the original
Eq. (2.9) was done on a sorted partition of the ray. Then, they are aggregated
using the traditional alpha compositing, described in more detail in Refresher 2,
accounting also for the Gaussian kernel decay, obtaining Eq. (2.13).

Similar to NeRF, now that we have an image formation model via Eq. (2.13),
3DGS learns its parameters (i.e., the set of Gaussian primitives {γk}K

k=1) by min-
imizing a reconstruction loss between the rendered images and the ground truth
input images. Thanks to the efficient splatting operation, the entire estimated im-
age Î is available during 3DGS training phase, along with the real observed image
I. We want to stress how much more computationally efficient this formulation
with respect to the NeRF one, where only random batches of pixels are rendered
at each training step. This efficiency gain is mainly due to the fact that 3DGS can
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leverage highly optimized GPU rasterization pipelines for the splatting operation
while NeRF needs to render each pixel independently via ray marching. From a
learning perspective, 3DGS can exploit the spatial correlations between neighboring
pixels in the loss function, while NeRF typically treats each pixel independently.
Hence the reconstruction loss used in 3DGS has an extra term with respect to the
NeRF one (Eq. (2.11)), leading to the following formulation:

LGS(Î , I) = 4
5L

1(Î , I) + 1
5
(︂
1− SSIM(Î , I)

)︂
(2.16)

where L1 is the mean absolute error between the rendered and ground truth images,
and SSIM(Î , I) ∈ [−1,1] is the Structural Similarity Index Measure (SSIM) between
the rendered and ground truth images, which captures perceptual differences more
effectively than pixel-wise losses alone [166].

Refresher 2 Alpha Compositing
Alpha compositing is a technique used in computer graphics to combine multiple
images or layers into a single image, taking into account the transparency (alpha)
of each layer. The alpha value represents the opacity of a pixel, where an alpha
of 1 means fully opaque and an alpha of 0 means fully transparent. The basic
formula for alpha compositing two layers, A and B, is given by:

C = A · αA +B · (1− αA)

where C is the resulting color after compositing, A is the color of the top layer,
B is the color of the bottom layer, and αA is the alpha value of layer A. This
formula can be extended to composite multiple layers by iteratively applying the
compositing operation from the topmost layer to the bottommost layer.

Recent literature has extended the original 3DGS [82] in several directions. A
first line of work revisits the rendering model itself. Since the original method
assumes pinhole cameras and relies on a first-order local approximation of the pro-
jection, subsequent works consider alternative camera models (e.g., fisheye [96]) and
more accurate splatting or projection schemes [69]. A second line of work studies
more challenging input regimes. In particular, several methods target sparse-view
reconstruction [174], while others relax the assumption of known camera parameters
and jointly address pose estimation and scene reconstruction [45]. These directions
mirror, in the Gaussian-splatting setting, some of the robustness concerns that
had previously emerged in the NeRF literature. A third active direction concerns
appearance control and physically richer rendering. Recent methods investigate
editable or controllable texture, relighting, and illumination-aware Gaussian rep-
resentations [95, 49, 140, 77]. More broadly, the literature is rapidly expanding
toward dynamic scenes, semantics, editing, and generation. Further references and
taxonomies can be found in recent surveys [173, 7].
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Chapter 3

Resolution

Super-resolution is a classic pop culture trope, but it is also a challenging inverse
problem in imaging.

From the Blade Runner 1982 film, where the protagonist Deckard examines a
photo and “enhances” it to partially see a plot-revealing detail in a mirror reflection,
everybody is at least familiar with the idea of super-resolution. In practice, single-
image super-resolution (SISR) consists in recovering a high-resolution image from
a low-resolution one. However, the problem is highly ill-posed, as many high-
resolution images can correspond to the same low-resolution observation. Modern
deep learning approaches have made significant progress in this field, by exploiting
prior knowledge about natural images (i.e., the typical pattern of hairs, grass,
textures etc.) in order to “choose” the most plausible high-resolution image.

Fittingly, after super-resolving the image, Deckard navigates inside the 3D space
of the image to change the viewpoint and see the entirety of the mirror reflection,
solving the case. This opens the door to the use of 3D geometry in super-resolution.
Multi-image super-resolution (MISR) methods seek to recover a high-resolution
image from multiple low-resolution images of the same scene, by understanding the
3D geometry of the scene and the acquisition process.

In this chapter, we present EpiMISR, a novel multi-image super-resolution
method that can handle images acquired from arbitrary camera positions and
orientations by leveraging epipolar geometry and transformer-based processing of
radiance feature fields. Our method significantly improves over state-of-the-art
techniques in scenarios with large disparities among low-resolution images.

3.1 Introduction
Image super-resolution (SR) is the task of recovering a high-resolution (HR) ver-

sion of an image from degraded low-resolution (LR) observations. It is a longstand-
ing inverse problem in the imaging field and has numerous practical applications
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due to camera limitations and image acquisition conditions. Most of the literature
focuses on estimating the HR image from a single input image (SISR). While recent
deep learning approaches [94, 86, 32] have tremendously advanced the state of the
art, SISR remains highly ill-posed due to the limited high-frequency information
available in a single image. Multi-image SR methods (MISR), on the other hand,
are presented with multiple samplings of a given scene, carrying complementary
information at a sub-pixel level. MISR techniques seek to accurately fuse the mul-
tiple LR images to obtain SR images with significantly higher quality than what is
achievable by SISR methods. Only recently the deep learning literature has started
exploring the multi-image setting due to increased difficulty in creating benchmark
datasets as well as developing effective methods that can handle accurate image
registration.

MISR can be seen as a generalization of the classic Stereo-SR setting [34], in
which a pair of images is captured, often with a tightly controlled geometry to
simplify the fusion process. At the moment, the most studied MISR settings are
in the context of video [165] where successive frames provide the multiple images,
remote sensing images [111] where satellite revisits of the same scene are exploited,
and burst photography, where a set of photos is acquired in rapid succession such
in [14], [91] or [100]. All these settings present a common denominator in that
variations in the acquisition geometry among the multiple images are relatively
small, resulting in relatively small disparities in the image pixels. For example, in
burst SR, geometric variations are mostly due to natural hand shaking. This is
desirable because the SR process requires subpixel shifts in the sampling grid, and
obtaining them with minimal overall movement only simplifies the fusion process.
For this reason, works in this field resort on using forms of optical flow estimation
between LR images to accurately register them. Optical flow estimates a translation
vector for each pixel of an image in order to warp it to a target image. Such a
transformation between flat camera planes may struggle in presence of complex 3D
transformations.

It is thus clear that the aforementioned small-parallax settings that have been
currently studied are restrictive and do not allow to account for many interesting
scenarios for super-resolution where the LR images come from cameras with wildly
different positions and orientations. As examples, one can think of sets of security
cameras which image a scene from significantly different vantage points, or sets of
images of a scene collected in the wild with no control over the acquisition process.

In this chapter, we present EpiMISR, a new method designed for the general
MISR setting, where a set of LR images are acquired by cameras with arbitrary
positions and orientations, and our task is to super-resolve one (or more) of them.
We move away from the optical flow based models, in favour of an explicit use of
epipolar geometry with techniques inspired by recent works in the NeRF literature
[109]. However, contrary to the NeRF literature, we are not concerned with novel
view synthesis, but rather follow the standard SR approach of restoring one of
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the observed LR images. Our proposed method, called EpiMISR, leverages strong
spatial priors necessary for the SR task and transfomer-based processing of radi-
ance feature fields to achieve effective fusion of images with large discrepancies in
acquisition geometries. We show that EpiMISR substantially improves over the
state-of-the-art SR techniques developed for the more restrictive scenarios.

3.2 Related Work

3.2.1 Single-Image Super-Resolution
Single-image super-resolution (SISR) is a long-standing problem in the field of

computer vision, aiming at recovering a high-resolution (HR) image IHR given its
degraded version ILR. In its simplest form, the forward model of the problem is:

ILR = (D ∗ IHR) ↓s (3.1)

where ↓s denotes decimation by a factor s and ∗ denotes a convolution with degra-
dation kernel D.

Note that this problem is ill-posed as the degradation process is non-injective.
To overcome this challenge, two main families of approaches have been proposed:
regularization methods and data-driven methods. Regularizers such as total vari-
ation impose handcrafted a-priori knowledge to establish a criterion in order to
choose a plausible SR image, as done by [4, 93]. Data-driven approaches, instead,
extract this knowledge directly from data. Modern deep learning approaches to
SISR [66, 68, 67] descend from the pioneer works of [38] and [97]. A recent state-of-
the-art neural network design is SwinIR [94] which leverages a windows-attention-
based architecture. It is also worth mentioning that some works [71] tackle the blind
SISR problem, i.e., when the degradation process is not known and hence should
be estimated. Finally, a branch of the literature is concerned with lightweight
architectures, such as the one by [86].

3.2.2 Multi-Image Super-Resolution
The ill-posedness of SISR is intuitively reduced if extra images of the same scene

are available. This MISR approach can be further specialized in the multiframe-SR
if these extra images comes from adjacent frames of a video, burst-SR if they comes
from a photo-burst, stereo-SR if the single extra image is the stereo companion of
the target one.

Multiframe-SR and burst-SR assume small geometric disparity as there are small
camera movements between successive acquisitions. Exploiting this fact, the first
step in algorithms for these settings is typically to register the images to each other
using optical flow models [5]. Recent works in the context of the burst-SR challenge
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by [15], such as [14], [91], and [100] follow this approach, relying on neural networks
modules estimating optical flow. However, optical flow models geometric relations
as locally translational on the camera plane, and, as such, is limited in its expressive
power. This is fine when the geometric disparity is small, but a general setting may
benefit for a more accurate account of the 3D geometry.

Similarly, lightfield SR [182] employs a familiar grid-like arrangement of multiple
cameras with minimal disparities. Consequently, it facilitates simpler image fusion
techniques and does not impose as stringent robustness requirements as a setting
with large disparities. For instance, our scenario necessitates addressing potential
occlusions and non-Lambertian surfaces. Unlike light field SR, which can comfort-
ably rely on Lambertian approximations due to its small disparities, this approach
does not exhibit clear generalizability to the large-disparity setting explored in our
study.

The stereo-SR setting, instead, assumes only the presence of two cameras (i.e.,
just one extra image) and the acquisition setting is typically controlled so that
camera poses only differ by an horizontal shift. Recently, [183, 152, 34] devel-
oped methods for stereo-SR that utilizes an attention mechanism to perform image
alignment implicitly. Finally, a branch of the literature is concerned with SISR or
stereo-SR of omnidirectional images [29, 28].

To the best of our knowledge, EpiMISR is the first method that tackles the
problem of generic multi-image super-resolution, i.e., there are no assumptions
about the number of images or the relative poses of the cameras. Hence, we move
away from 2D image alignment processes and leverage a full deep 3D world model.

3.2.3 NeRF and Image Fusion
As described in Section 2.3, NeRF architectures are neural world models, as they

encode information from posed images in the weights of a neural network in a 3D-
geometrically consistent way. In their original formulation by [109], a multilayer
perceptron encodes the 5D radiance field of a given scene. An alternative 3D
scene representation, based on Gaussian-shaped primitives, is proposed in [82], and
explained in Section 2.4. Further NeRF evolutions, such as [178, 163] aim to avoid
per-scene training, learning general priors by introducing a feature extractor and
exploiting constraints from epipolar geometry in an explicit way. Some works move
away from the physically-grounded volumetric rendering integral by replacing it
with transformers acting on a feature space, and address the novel view synthesis
task using both per-scene training [159, 146] or using an inductive approach [147].
[58] uses a similar architecture to perform 3D human joints localization and [164] to
perform point cloud reconstruction. Also other works, such as [70], are concerned
with multi-image fusion leveraging transformers in their pipelines. However, they
differ from EpiMISR in that they do not deal with a super-resolution problem and
are often limited by processing images in pairs and then aggregating the results
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with non-parametric processes. Recently, NeRF-like models have also been used to
address inverse problems in imaging, of which super-resolution is an example. [119]
and [108] address the case where the input views are noisy, discovering outstanding
denoising performance. [161], [57], instead, tackle the problem of superresolving
the NeRF 3D geometry model, hence being capable of generating novel-views at a
higher resolution. EpiMISR differs significantly from them in that we are concerned
with super-resolution of existing views only and we do not optimize on a per-scene
basis, but rather leverage a training set to train an image fusion model that can
be then used for an arbitrary scene with an arbitrary number of views with an
arbitrary geometry.

3.3 Proposed Method
We address the setting in which a number of images of a given scene are acquired

from arbitrary vantage points, possibly with large geometric disparity. These im-
ages have low resolution and we seek to super-resolve one of them by suitably com-
bining the complementary information carried by the other images. Our proposed
method, called EpiMISR, is a MISR neural network which explicitly accounts for
the epipolar geometry by exploiting camera poses and processing 3D feature fields
in a NeRF-like manner. Given V +1 LR views of a static scene, and the correspond-
ing intrinsic and extrinsic camera parameters, our task is to obtain a HR version of
one of them, which we will call the target view, by also leveraging information from
the V extra views. In the parlance of NeRF models, this is referred to as not-novel
view synthesis.

EpiMISR is not optimized on a per-scene basis, but rather uses a training set to
learn the function needed to perform image fusion with an arbitrary geometry for
the SR task in a supervised way. As shown in the high-level overview in Fig. 3.1,
EpiMISR consists of three main modules, named SISR-FE, CAP and MIFF, which
create SR features, sample them along epipolar lines and fuse them, and will be
detailed in the following sections. Notice that EpiMISR also computes a super-
resolved image from only the target view, called ISISR. We found that a balanced
loss function optimizing the fidelity of both the SISR and MISR outputs with
respect to the HR ground truth, such as

L1
(︂
IMISR, IHR

)︂
+ L1

(︂
ISISR, IHR

)︂
(3.2)

provided more stable performance over a variable range of available views and
ensured that the degenerate case of a single view (V = 0) recovers the performance
of the SISR backbone.
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Figure 3.1: EpiMISR Architecture. From the LR target view and the extra views
super-resolved features are obtained by any single-image SR network (SISR-FE),
sampled along epipolar lines associated to pixels in the target view (CAP) and
fused (MIFF) to produce a residual correction to single-image SR.

3.3.1 SISR-FE Module
The single-image super-resolution feature extractor (SISR-FE) module is shared

across views and its purpose is to capture strong spatial priors (local correlation and,
possibly, non-local self-similarity) to extract features supported on a super-resolved
image grid. Each pixel in this super-resolved grid is geometrically positioned on the
camera plane associated to each particular view, but its feature vector captures the
information of a neighborhood. The increased resolution with respect to the original
allows finer processing by the other modules. Being part of a modular approach,
SISR-FE can leverage any state-of-the-art SISR architecture by truncating the final
projection to RGB space. More formally, let ILR

v be the v-th view as input of the
module, its output will be a set of C feature maps at s times the resolution:

SISR-FE : ILR
v ∈ RH,W,3 → Fv ∈ RsH,sW,C (3.3)

where v = 0 denotes the target view. We also remark that a SISR image prediction
ISISR is obtained from F0 via projection of features to RGB values, and it is used
as a basis for the multi-image residual correction estimated by the other modules.

3.3.2 CAP Module
In order to handle potentially large geometric disparities in camera poses, epipo-

lar geometry is employed instead of the optical flow modules commonly used in the
burst SR literature. A deterministic, non-learnable module called Cast-and-Project
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(CAP) is used to implement epipolar geometry with an approximate pinhole cam-
era model. Given a pixel on the SR target view grid, there exists an associated
straight line, called the epipolar line, for each of the extra views, such that the
line will intersect with the object imaged by the target pixel. The CAP module is
shared across the extra views, and receives as input the camera model (as defined
in Section 2.1.2) of the target view C0, the camera model of the v-th view Cv and
the super-resolved feature map of the v-th view Fv to compute the epipolar features
Ev.

CAPC0→Cv : Fv ∈ RsH,sW,C → Ev ∈ RP,sH,sW,C (3.4)

The epipolar features tensor Ev denotes the epipolar lines for view v sampled at P
locations, for each pixel and feature in the target view.

The purpose of this module is to build the tensor Ev so that the following
MIFF module can efficiently scan the epipolar line in search of features in the extra
views that match the feature in the target view at each target pixel position, thus
effectively exploiting inter-view information. For each pixel in the target view, CAP
casts a ray (as defined in Section 2.1.2) in the 3D space passing through the center
of the target camera and the selected pixel (using C−1

0 ). Along this ray, P points
are sampled. For each sampled point, the module computes the projection point
onto the image plane of the extra view (using Cv). As the obtained coordinates
can be non-integer, the module bicubically resamples the super-resolved feature
maps Fv at the correct coordinates. This also highlights the importance of having
features Fv on a super-resolved grid to properly account for fine details. The module
also generates a boolean mask to flag invalid projected points that are outside the
feature map or behind the extra camera. We also note that CAP samples points
hyperbolically along the ray, so that the points are equally spaced when projected
on the image planes.

3.3.3 MIFF Module
The MIFF (Multi-Image Feature Fusion) module receives as input the epipolar

feature tensors E1, . . . , EV returned by the CAP module, containing features from
the extra views, warped and aligned to the target view. Its task is to aggregate
them to return a residual correction to the SISR image of the target view that
accounts for the information of the other views.

MIFF : (F0, {E1, . . . , EV })→ ∆ISR ∈ RsH,sW,3 (3.5)

The final super-resolved version of the target view is then obtained by:

IMISR = ISISR + ∆ISR. (3.6)
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Similarly to [159], we drop the classical physics-based volume integral formula-
tion, replacing it with two transformers that aggregate the information from the
extra views directly in a feature space. The two transformers work in a cascade
fashion, with the first transformer aggregating the views (view transformer) and the
second transformer aggregating the points along the ray (ray transformer). Using
the notation from [160], each transformer is formed by an encoder and a decoder
module. We refer the reader to Fig. 3.1 for a detailed block diagram of the following
explanation.

The encoder for the view transformer considers the sequence of V epipolar
feature tensors Ev as input and derives joint features by means of a stack of several
multihead self-attention layers, feed-forward layers and LayerNorm layers [3]. This
operation is crucial as it allows for the fusion of independently computed features
Ev from each view. By leveraging self-attention layers we enable the network to
derive more intricate and integrated joint features. Also notice that this operation
is equivariant to the ordering of the views and does not depend on the specific
number of views V available. The output of the view transformer encoder is a
sequence of length V of joint features. This is provided as input to the decoder
together with the super-resolved features F0 of the target view. The decoder uses
multiple cross-attention layers to correlate the features of the target view with those
extracted from the other views. Its output summarizes the content of the views
in a feature field, equivalent to the radiance field in the physics-based approach of
NeRF.

Next, the ray transformer replaces the physics-backed volumetric integral to
integrate the feature field over the ray. Again an encoder-decoder structure is used.
The encoder performs self-attention over the sequence of P ray points to mix the
ray features. Then the decoder uses cross-attention between the super-resolved
features F0 of the target view and the output of the encoder to estimate the RGB
residual image correction ∆ISR that is added to the SISR image.

Notice that performing the aggregation along the ray and then along the views
is not optimal. However, performing both aggregations together in a single step is
too computationally demanding, hence we perform first the aggregation along the
views and then along the ray.
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Figure 3.2: DTU scene 3 with 4× scale factor. From left to right: LR nearest neigh-
bours interpolation (19.31 dB), NeRF-SR (19.75 dB), BSRT (23.60 dB), EpiMISR
(24.43 dB), HR ground truth.

3.4 Experimental Results

3.4.1 Experimental Setting
In this chapter, we address the MISR task with a supervised learning paradigm.

In order to properly characterize the proposed method from an experimental stand-
point, we need a setting with multiple images having relatively large disparity com-
pared to the more conventionally studied burst SR setting. Consequently, we use
the DTU dataset ([75]), which is already known in the NeRF literature, for this
new SR setting. In particular, we utilize the rectified DTU dataset (in particular,
its third light setting, as it is the most uniform), comprising 124 different scenes,
with 49 posed views per scene, each view having 1600 × 1200 pixels. For reasons
of computational efficiency, we first bicubically downsample the original images by
a factor of 4 obtaining the 400 × 300 HR images from which degraded LR images
are derived. We split the dataset into train, validation and test. Validation set is
formed by only scene 47 while the test set is formed by scenes 3, 10, 13, 18, 30, 63,
77, 99, 103. All the other 114 scenes form the train split. From each scene, multiple
input sets are extracted by selecting as the target view a random image among the
49 and then choosing the nearest V images as extra views, with respect to camera
centers. The number of extra views during training is V = 7 and, unless otherwise
stated,the same number is also used for testing. The angle between the target view
and the other views ranges between 11 and 33 degrees, averaging around 15 degrees,
which is in line with our large disparity setting.

In our experiments, the SISR-FE module is based on the SwinIR architecture
([94]) in order to be comparable with recent methods in the burst SR literature.
We also present some ablations with simpler designs for SISR-FE in Section 3.4.5.
The number of points sampled by the CAP module along the ray during training
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is P = 256, and, unless otherwise stated, the same number is used during testing.
Finally, regarding the MIFF module, we set the number of encoder and decoder
layers to 4 for both transformers.

The training pipeline of EpiMISR for the following experiments consists of two
steps. First, we pretrain the SISR-FE module and its RGB projection as a SISR
neural network on the DIV2K dataset from [1], and finetune it on the DTU dataset.
Then the whole EpiMISR architecture is trained end-to-end for the MISR task using
the loss in Eq. (3.2).

We employ the Adam optimizer for the end-to-end optimization of EpiMISR.
The SISR-FE module is frozen to the pretrained weights for the first 350 iterations
to train the sole MIFF module and stabilize the training, followed by an additional
150 iterations to finetune the whole network. The learning rate is linearly warmed
up for the first 60 epochs starting with 10−6 up to 10−4. A multi-step scheduler
halves it at epochs 150,250. For the final 150 epochs, the learning rate is set to
10−5 and further halved at epochs 80,120. We train on four A100 GPUs for about
7 days.

We compare the proposed technique to a number of state-of-the-art approaches
for multi-image super-resolution in the literature. However, we remark that our
setting with relatively large parallax and free camera positions is new and different
from existing settings in the super-resolution literature. The closest match is the
burst SR literature, which however only considers small disparities and does not
use camera poses. We consider BSRT ([100]) as the state-of-the-art for the burst
SR literature, and DBSR ([14]) as additional baseline. The NeRF literature has
recently published the NeRF-SR method by [161]. We consider this method as an
interesting additional point of reference which follows the NeRF methodologies and
explicitly uses camera poses. However, NeRF-SR follows a different settings as it
is concerned with novel view synthesis at a higher resolution rather than not-novel
view enhancement and it does not follow the supervised learning paradigm. A recent
preprint by [57] proposes Super-NeRF, but it has not been tested due to the lack
of publicly available code. Besides, its setting is also different because, similarly
to NeRF-SR, it does not follow the supervised learning paradigm, it focuses on
novel view synthesis and, moreover, it optimizes for perception metrics and not for
distortion. All methods in our comparisons have been retrained using the authors’
code and following the same pretraining procedure of EpiMISR. The number of
epochs for their training has been chosen to maximize their performance on a
validation set. A minor modification has been made to the burst methods to use
RGB images instead of RAW mosaiced images.
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3.4.2 Main Experiment
Table 3.1 reports our main results on the DTU dataset for a 4× SR factor.

To quantitatively assess the super-resolved image against the ground truth, we use
PSNR as distortion metric and SSIM and LPIPS as perceptual metrics. We remark
that all methods, except NeRF-SR, optimize for distortion rather than perception,
see [19] for distortion vs. perception tradeoff. Metrics are computed after cropping
16 pixels on each side to avoid border effects. It can be noticed that some multi-
image methods with weak geometric priors struggle to improve over the SISR result
of SwinIR, indicating that naive multi-view fusion is not sufficient in this setting.
As a sanity check, we tested but not reported in the table the SISR performance
of EpiMISR after all the finetuning procedures, and saw that it is just marginally
above the reference SwinIR results (26.96 dB), confirming that improvements ac-
tually come from the use of multiple images. Instead, the state-of-the-art from
the burst SR literature (Burstormer) is not able to handle the high disparities
present in the DTU dataset, highlighting the difference between the burst SR task
and the generic multi-image SR task. We found that a previous burst SR method
(BSRT) performs better than Burstormer but still shows a significantly lower PSNR
of about 0.8 dB compared to EpiMISR, highlighting the importance of explicitly
modeling the problem geometry at the core of our model rather than relying on op-
tical flow. NeRF-SR does not show competitive performance, which is expected for
several reasons: i) it targets the novel view synthesis setting; ii) it is optimized on
a per-scene basis, thus not being able to learn powerful image priors from training
data; iii) it is a much smaller model. We also compare EpiMISR with the 3DGS [82]
method, which, in this task, does not show competitive performance as it shares the
same drawbacks of NeRF-SR. Figure 3.2 shows a qualitative comparison between
the proposed method and the other baselines. It can be noticed that EpiMISR
provides more accurate details and recovers sharper structures than the competing
methods, although a mild residual blurring is still visible with respect to the HR
ground truth in some regions. Additional qualitative examples and failure cases are
reported later in Figs. 3.6 and 3.7.

No. Params PSNR ↑ SSIM ↑ LPIPS ↓
EpiMISR 23.30M 28.60 0.87 0.11
BSRT [100] 20.56M 27.84 0.85 0.13

Burstormer [39] 3.27M 26.76 0.84 0.16
DBSR [14] 12.91M 26.36 0.80 0.20

NeRF-SR [161] 1.19M 23.17 0.64 0.32
SwinIR [94] 14.70M 26.87 0.82 0.17

3DGS [82] ≈ 1.88M 22.73 0.73 0.30

Table 3.1: Supervised quantitative comparison on the DTU dataset.
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3.4.3 Zero-Shot Experiments
In this section we report our results on the 1023 scenes from the Google Scanned

Objects dataset [163] (512×512 pixels) and on the 8 scenes from LLFF dataset [107]
(≈ 2100×1600) pixels), for a 4× SR factor. Table 3.2 reports the evaluation results
of EpiMISR, BSRT and SwinIR methods on the Google Scanned Objects dataset
and on the LLFF dataset. All the methods are trained only on DTU dataset as
previously described and are not finetuned on the GSO dataset nor on the LLFF
dataset, hence these results shows that EpiMISR out-performs baselines even in
the difficult zero-shot setting (i.e., on an unseen data distribution).

GSO LLFF
PSNR ↑ SSIM ↑ LPIPS ↓ PSNR ↑ SSIM ↑ LPIPS ↓

EpiMISR 31.50 0.96 0.04 23.07 0.74 0.20
BSRT [100] 30.09 0.95 0.05 22.85 0.72 0.24
SwinIR [94] 29.29 0.95 0.07 22.27 0.69 0.29

Table 3.2: Zero-shot quantitative comparison on the GSO and LLFF datasets.

3.4.4 Wider Baseline Experiment
In this section we present an experiment where views are taken very far apart

and asymmetrically with respect to the target view in order to challenge the method
and the state-of-the-art BSRT. Table 3.3 reports the PSNR obtained by BSRT
and EpiMISR when compared to the SISR PSNR. It can be noticed that in this
challenging setting, BSRT degrades to the SISR performance, while EpiMISR still
provides an improvement. However, the gain of the proposed approach over SISR
is also limited in this regime. This is expected because, with a very wide baseline,
the overlap between views is reduced and the corresponding image regions become
harder to match reliably along the epipolar lines, due to the effect of occlusions,
non-Lambertian surfaces and local appearance changes. This more challenging
geometry is created by taking the V − 1 extra views that are at median distance
(out of all the views available in the dataset) with respect to the distance to the
target view camera center.

No. Params PSNR ↑ SSIM ↑ LPIPS ↓
EpiMISR 23.30M 27.00 0.82 0.15
BSRT [100] 20.56M 26.82 0.83 0.16
SwinIR [94] 14.70M 26.87 0.82 0.17

Table 3.3: Quantitative comparison on the DTU dataset with challenging geometry.
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3.4.5 SISR-FE Ablation
The EpiMISR modular design allows to decouple the fusion of multiple images

using the 3D geometry from the super-resolved feature extraction, which can lever-
age advances in SISR methods or be tuned for the desired complexity. In this
section, we present some MISR results using different SISR-FE modules in order to
study its impact on overall performance. Results are shown in Table 3.4. Unsur-
prisingly, the SwinIR architecture used in the main experiment provides the best
performance but it is also a relatively large model. However, it is interesting to no-
tice that the RLFN architecture by [86] from the NTIRE 2022 challenge on Efficient
Super-Resolution is able to still improve over BSRT with a fraction of the param-
eters. We also notice that bicubic upsampling followed by 1 × 1 RGB-to-features
convolution is not sufficient to provide reasonable performance, highlighting the
need for operations that capture a local context larger than 1 pixel. In fact, when
bicubic upsampling is followed by 3×3 convolution the subsequent MIFF module is
able to successfully exploit the local context as the overall performance increases by
1.17dB while the SISR performance stays almost the same. We also notice that the
PSNR difference between the single-image and multi-image results is stable around
1.6 dB, proving that the MIFF module is relatively robust to the single-image
processing.

SISR-FE Module No. Params PSNR (SISR) ↑ SSIM ↑ LPIPS ↓
SwinIR 14.85M 28.60 (26.96) 0.87 0.11

RLFN [86] 0.86M 28.05 (26.38) 0.86 0.12
Bicubic + conv3×3 7.94k 25.73 (24.13) 0.79 0.23
Bicubic + conv1×1 1.80k 24.56 (24.04) 0.76 0.27

Table 3.4: Quantitative comparison of different SISR-FE modules in terms of MISR
and SISR performance on the DTU dataset.

3.4.6 Hyperparameter Ablations
In this section, we study the impact of two important parameters of the proposed

method, namely V , the number of extra views, and P the number of points along
the ray.

It can be expected that increasing the number of views V allows to integrate
extra information and increase the quality of the SR image. However, diminishing
returns are expected, especially for extra views with very large disparity. Fig-
ure 3.3a reports the PSNR of the SR image for different number of views used by
the super-resolution process. Images are added by expanding the neighborhood of
available views around the target, so they are progressively farther or more angled
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Figure 3.3: PSNR with respect to V and P .

with respect to the target. We notice that only a marginal improvement is obtained
increasing from 8 to 16 views. Regarding views, we also remark that EpiMISR can
process an arbitrary number of input views with an arbitrary ordering, as its oper-
ations are invariant in that dimension.

The number of ray points P determines the density of the feature field that
takes the place of the radiance field in our model. This parameter is strictly tied to
the resolution of the images and the scene characteristics, and its sampling should
be fine enough to capture the fine details of the scene. Figure 3.3b shows that
a too small value of P has a significant impact on SR quality, while performance
saturates beyond the chosen value of P = 256.

3.4.7 Analysis of Ray Attention
In this section, we present an interpretation of the attention map generated by

the ray transformer within the MIFF module as a depth map.
Figure 3.4c illustrates a typical input image set. The first image is the target

view, while the subsequent V = 7 images are the extra views. Let us fix the pixel
to be superresolved in the target image. The CAP modules casts a ray through
this pixel and projects it onto the other views. This process yields samples along
the epipolar lines, which are collected to form a “strip” of dimensions P × (V + 1),
depicted in Fig. 3.4a (depiction is in RGB space instead of feature vectors). There
are P columns because the CAP module samples P points along the epipolar lines,
and there are V + 1 rows because there are V + 1 epipolar lines. It is worth noting
that the first row comprises repeated instances of the same pixel, as the epipolar
line collapses to a single point in the target view.

Thanks to the property of epipolar geometry, there is a region along the strip,
which we will call “strip alignment region”, where all the views are imaging the same
3D point, hence the sampled feature map should report similar information. The
attention weights generated by the ray transformer are also visualized in Fig. 3.4a
and we can see they reach their maximum in the alignment region, meaning that the
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(a) Strip aligned against Ray Transformer attention.

(b) Depth map. (c) Input image set with epipolar lines.

Figure 3.4: An example of depth map generation.

MIFF module has identified the correspondences across all extra images. Moreover,
the position of the maximum attention weight provides an estimate of the depth of
the object imaged by the selected pixel in the target view. A noisy depth map for
all pixels can be extracted in this unsupervised way and is visualized in Fig. 3.4b.

3.4.8 Sensitivity Analysis to Camera Parameter Estimation
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Figure 3.5: EpiMISR PSNR gain
(dB) over BSRT for different noise
regimes on camera poses for a single
test image.

In this section we present two exper-
iments that show EpiMISR performance
when camera parameters are not available
(first experiment) or noisy (second experi-
ment).

Camera parameters in the DTU dataset
are highly accurate, as they have been ob-
tained from a calibration procedure. The
availability of calibrated poses is not guar-
anteed in practical application. Hence, in
this experiment we use the state-of-the-art
HLOC algorithm [133] to infer poses from
the LR images alone. We then input these
inferred poses to EpiMISR and obtain the
predicted HR images. Comapring with the
ground truth HR images, we report a PSNR
of 28.10 dB, which is degraded from the result with accurate poses but still superior
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to BSRT which does not need that information, confirming that, while improve-
ments in 3D geometry modeling lead to improved performance, poses retrieved
from a practical algorithm are sufficient to obtain state-of-the-art super-resolution
performance.

As a second experiment, a sensitivity analysis to perturbations of the extrinsic
camera parameters is shown in Fig. 3.5. It shows the PSNR achieved when the 6-D
DTU pose is perturbed to simulate uncertainty. A diagonal zero-mean Gaussian
with parameter σtranslation is used to perturb the translational components. A simple
symmetric distribution over SO(3) with parameter σrotation is used to perturb the
rotational component. As Fig. 3.5 shows, the performance of EpiMISR degrades in
higher noise poses regime, but it is still superior to BSRT in a lower noise regime
and, overall, it exhibits a stable trend.

Finally, we remark that camera parameter estimation from LR images per-
formed disjointly from the SR process is clearly suboptimal. Future work may
significantly improve the results by designing joint methods that correct an initial
pose estimation while performing super-resolution, similarly to what is done by
NeRF methods for in-the-wild images ([104]).

3.4.9 Failure Cases and More Qualitative Results
To complement the quantitative discussion in Tables 3.1 and 3.3, we report here

additional qualitative results and failure cases.
The fraction of the DTU dataset test split where BSRT outperforms EpiMISR is

only about 2%. Figure 3.6 shows an example of such rare cases while Fig. 3.7 reports
some DTU scenes results where the proposed method outperforms the baselines.

Figure 3.6: A qualitative example of a failure case (DTU dataset, scan 63). This
is an example where BSRT outperforms EpiMISR. From left to right: LR nearest
neighbours interpolation, NeRF-SR, BSRT, EpiMISR, HR ground truth.
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Figure 3.7: Qualitative results of some DTU test scenes with 4× scale factor. From
left to right: LR nearest neighbours interpolation, NeRF-SR, BSRT, EpiMISR, HR
ground truth.
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3.5 Conclusions & Future Works
In this chapter we introduced EpiMISR, a new formulation of multi-image super-

resolution for image sets with arbitrary camera placements and potentially large dis-
parities. By replacing image-plane optical flow with explicit epipolar geometry, the
method can aggregate information along rays consistent with the calibrated cam-
eras and outperform existing flow-based approaches in challenging wide-baseline
settings. More broadly, EpiMISR shows that geometry-aware 3D reasoning can
provide a stronger prior for super-resolution than purely 2D correspondence mod-
els.

At the same time, the current formulation still depends on reasonably accu-
rate pre-estimated camera parameters and on the assumption of static scenes. As
pose noise increases, reconstruction quality degrades, and the present CAP module
is tailored to pinhole cameras, limiting its applicability to more complex imaging
models such as fish-eye or wide-angle. A natural direction for future work is there-
fore to couple super-resolution and camera refinement more tightly, so that pose
errors can be corrected during reconstruction rather than treated as fixed upstream
noise.
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Chapter 4

Reliability

In the previous chapter, we treated volumetric scene representations as powerful
tools for super-resolving images: once a world model has been reconstructed, the
information from different low resolution images can be fused together, and we
can render high-resolution views that were never directly observed. Implicit in
this story is a silent assumption: that the reconstructed model is correct enough
wherever we choose to use it. In practice, however, no reconstruction is perfect.
Cameras are noisy, calibration is imperfect, parts of the scene are poorly seen or not
seen at all, and learning-based models can extrapolate in surprising ways. A system
that only outputs a single, best-guess image offers no clue as to where it might be
hallucinating structure or misrepresenting appearance. For applications that rely
on these models (e.g., robotics, autonomous driving, scientific measurement, or
safety-critical visualization) this is not just a matter of aesthetics: it is a matter
of risk. Knowing how wrong we might be can be as important as knowing what we
think is there.

Uncertainty is a familiar concept in other domains. Weather forecasts report not
only tomorrow’s temperature but also the probability of rain; navigation systems
consider confidence in road positions when planning routes; experimental sciences
accompany every measurement with an error bar. By contrast, many modern 3D
reconstruction and novel view synthesis pipelines still act as if uncertainty did not
exist: they compress all the complexity of the inverse problem into a single deter-
ministic output. Neural radiance fields have started to challenge this view by in-
corporating Bayesian formulations and outputting per-pixel uncertainty estimates,
but these advances have so far remained largely confined to slow, network-based
representations. At the same time, Gaussian Splatting has emerged as an attrac-
tive alternative: it offers a volumetric, radiance-field-like description of a scene in
terms of simple Gaussian primitives, and it enables real-time rendering with high
visual fidelity. Yet in its original form, Gaussian Splatting is entirely deterministic:
every pixel is a fixed function of a fixed set of Gaussians, with no attached notion
of confidence.
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In this chapter, we ask how to endow Gaussian Splatting with the ability to
say “I am not sure” - and to do so without sacrificing its efficiency. Rather than
changing the rendering pipeline itself, we reinterpret the underlying primitives as
stochastic objects: their positions, opacities, and colors are no longer single val-
ues, but random variables with distributions that can be learned from data. By
sampling these distributions, we obtain multiple plausible realizations of the same
scene, whose variability translates into uncertainty maps over the synthesized im-
ages. Crucially, we do not treat uncertainty as an afterthought: we explicitly train
the model so that high predicted uncertainty correlates with large actual errors,
allowing downstream systems to trust or discount different regions of a rendered
view. The result is a stochastic extension of Gaussian Splatting that preserves per-
formance while providing meaningful, spatially resolved confidence estimates. This
bridges the gap between fast volumetric rendering and risk-aware decision-making,
and addresses the second challenge outlined in the introduction: making learned
3D world models not only accurate, but also reliable.

4.1 Introduction
Novel-view synthesis, the task of generating images of a scene from viewpoints

not observed during data collection, is a fundamental problem in computer vi-
sion with numerous applications, including virtual reality, augmented reality, and
robotics. Traditionally, this task has been addressed using methods such as Struc-
ture from Motion [132] which rely on geometric reconstruction techniques. However,
recent advances in deep learning, particularly with the introduction of Neural Radi-
ance Fields (NeRF), have revolutionized the field by enabling high-fidelity synthesis
of novel views directly from the underlying scene representation.

NeRF [109] has recently enjoyed great success by representing a scene as a con-
tinuous volumetric function that maps 3D spatial coordinates and view directions
to radiance values. By learning this function from a set of posed images, NeRF can
generate photorealistic images from novel viewpoints, as explained in Section 2.3.
However, while NeRF achieves impressive results, its computational complexity and
memory requirements limit its practicality for real-time applications. This is the
focus of the emerging 3D Gaussian Splatting (3DGS) technique [82] which offers a
more computationally efficient alternative to NeRF while maintaining high-quality
novel-view synthesis. 3DGS learns to approximate the radiance field by using a
set of Gaussian primitives, enabling real-time rendering with competitive visual
fidelity, as detailed in Section 2.4.

At the same time, research in novel view synthesis has started addressing the
problem of estimating the epistemic or aleatoric uncertainty in order to understand
the reliability of the generated views. Indeed, any practical downstream task that
involves taking actions in the real world (such as robotics and autonomous systems)
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must consider not only the newly synthesized views but also their corresponding
uncertainties, in order to potentially discard too uncertain yet promising actions.
As an example, a robot moving in the real world could use a 3DGS representation
of the environment around itself, and plans movement according to some goal.
It is very important that this goal takes into account also the uncertainty of the
representation of the environment, as in application riskier moves (moving too
close to a too-much uncertain obstacle) should be penalized. This scenario was
first addressed in the seminal work of Shen et al. [139], where they proposed a deep
architecture, based on NeRF, called S-NeRF to also estimate meaningful (aleatoric)
uncertainty maps for each generated view.

At the moment, 3DGS lacks a mechanism for estimating uncertainty in the syn-
thesized views. In this chapter, we seek to address this limitation by proposing
a novel framework for uncertainty estimation in 3DGS. We extend the traditional
deterministic 3DGS framework to incorporate stochasticity, allowing us to predict
uncertainty alongside synthesized views. Our approach leverages Variational In-
ference (VI) to learn the parameters of the 3DGS radiance field in a Bayesian
framework, enabling us to accurately estimate uncertainty without sacrificing com-
putational efficiency. As done in S-NeRF and the subsequent work CF-NeRF, our
method SGS primarily focuses on aleatoric uncertainty, not epistemic uncertainty.
Aleatoric uncertainty refers to the irreducible uncertainty inherent in the data due
to stochastic processes, such as noise in image acquisition or variability in camera
pose estimation, while epistemic uncertainty refers to the model’s lack of knowl-
edge, e.g., due to limited training data or incomplete view coverage. This is an
important limitation: in novel-view synthesis, the available training views are in-
evitably only a subsample of the scene’s light-field information, and the missing
information is often the main source of uncertainty in downstream use.

We can summarize our novel contributions as follows:

• we introduce a novel framework for uncertainty estimation in 3DGS, called
Stochastic Gaussian Splatting (SGS), enabling real-time synthesis of high-
quality images with accurate uncertainty predictions;

• we propose a VI-based approach to learn the parameters of the 3DGS radi-
ance field, allowing us to incorporate uncertainty prediction seamlessly into
the rendering pipeline. Moreover, we innovate this learning process by aug-
menting Empirical Bayes with a loss function dependent on the area under
the sparsification curve;

• we demonstrate the effectiveness of our approach through experiments on
three different datasets (LLFF, Blender and Mip-NeRF360), showing sig-
nificant improvements in both rendering quality and uncertainty estimation
metrics compared to state-of-the-art methods.
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4.2 Background

4.2.1 Gaussian Splatting
In this chapter, our focus is on 3DGS [82], which achieves state-of-the-art visual

quality while maintaining competitive training times and, importantly, enabling
high-quality real-time novel-view synthesis (≥ 30fps at 1080p resolution). As sum-
marized in Section 2.4 and Section 2.3, 3DGS replaces the deep neural network in
NeRF with an explicit set of Gaussian primitives and exploits the splatting oper-
ation instead of ray marching. This explicit formulation is also what makes it a
natural starting point for the stochastic extension proposed in this chapter.

4.2.2 Structure from Motion Uncertainty Estimation
Uncertainty estimation is a long standing problem in the context of machine

learning and computer vision, for example semantic segmentation and depth re-
gression tasks, and it is addressed in many works[80, 81, 99]. Some broader works
such as [47, 78] provides an excellent starting point for uncertainty estimation,
Bayesian learning and variational inference applied to deep learning.

An emerging research direction for the Structure from Motion field is the quan-
tification of the uncertainty of the synthesized novel-views or of the 3D radiance
field itself. This task was first addressed by [139], where it is cast as a Bayesian
learning problem and solved with the Variational Inference (VI) framework [78],
applied to NeRF. Subsequently, the same authors proposed an evolution of their
method [137], which differs from the previous work by dropping the independence
assumptions between the color and density fields, hence recovering a more complex
stochastic dependency graph using the Conditional Normalizing Flows framework
[176]. Following these works, [169] drops all independence assumptions by using a
generative Flow-GAN model [55]. Another approach is addressed in [52] where the
Laplace Approximation framework [78] is used. Finally, two similar works, [138]
and [149], focus on developing methods that actively estimate high uncertainty in
spatial areas that are not covered by the input views, using VI and Ensemble Learn-
ing frameworks, respectively. It is worth noting that all these methods rely on the
use of NeRF, while, to the best of our knowledge, there was no prior work, to the
best of our knowledge, addressing uncertainty estimation in the 3DGS framework.
Filling this void in literature is interesting, as 3DGS is both more computational
efficient than NeRF and more easily interpretable. Moreover, it is not possible to
apply the same techniques used in some previous works on NeRF to 3DGS, as they
exploit the presence of a deep neural network, for example [48] or [104].
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Figure 4.1: Bayesian Network Graphical Model of SGS. Learnable variables are
depicted in blue, while stochastic variables are circled. Gray dashed rectangles are
used for the plate notation, i.e., variables repetitions.

4.3 Method
In this section, we present the proposed method, called Stochastic Gaussian

Splatting (SGS), to enable uncertainty quantification in the Gaussian Splatting
framework. Figure 4.1 provides an overview of the probabilistic dependencies in
SGS.

4.3.1 Stochastic Gaussian Splatting
The main difference between NeRF and 3DGS lies in the fact that in the original

NeRF formulation [109], the color and density fields are regressed with a multilayer
perceptron neural network. Instead, in 3DGS [82], the radiant field is approximated
with a discrete set of Gaussian primitives. See Section 2.4 for an in-depth explaina-
tion. Let u be a pixel in the image plane, ru(t) the associated ray, and let du be
the view direction of that ray. The predicted pixel color Î(u) is obtained combining
Eqs. (2.12) to (2.14), that we report here for clarity, assuming the background color
If = 0: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Î(u) = ∑︁K
k=1 f̃k

αkGC
k (u)

(︂∏︁k−1
j=1 1− αjGC

j (u)
)︂

GC
k (u) = exp

(︃
−1

2(u− C(µ
k
))′
(︂
JC

k
Σ

k
JC

k

′)︂−1
(u− C(µ

k
))
)︃

f̃
k

= ∑︁L
l=0

∑︁l
m=0 cklmYlm(du)

(4.1)
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where:

• K is the number of primitives used to approximate the radiance field;

• f̃
k

is the color of the k-th Gaussian primitive along view direction du;

• αk is the opacity of the k-th Gaussian primitive;

• C is the camera projection function;

• GC
k (u) is the splatting coefficient of the k-th Gaussian primitive for pixel u;

• µ
k

is the k-th primitive center (mean);

• Σ
k
∈ R3,3 is the k-th primitive 3D shape and orientation (covariance matrix);

• JC
k is the Jacobian of the camera projection function C evaluated at µ

k
;

• cklm are the spherical harmonics coefficients of the k-th Gaussian primitive
associated to the spherical harmonics basis functions Ylm;

• l,m are degree and order of the used spherical harmonics Ylm.

In 3DGS, the learnable parameters for each Gaussian primitive are µ
k
,Σ

k
, cklm,

and αk.
Aligning with previous works in the field, the proposed SGS method predicts an

uncertainty value for each pixel in the novel-synthesized view. It is natural to define
this uncertainty as the standard deviation of the predicted pixel color, requiring
the predicted colors to be random variables. Hence, we need to inject stochasticity
into the otherwise deterministic process of Eq. (4.1). We propose to use a Monte
Carlo method (sampling the model S ⪈ 1 times) to approximate the variance of
pixel colors, so that the expression (4.1) should be evaluated multiple times, each
time by sampling some random variables.

Following the Variational Inference framework, we directly expand upon 3DGS
by imposing a prior distribution on each of the following parameters:

• µ
k
∼ N

(︂
µ∗

k
,Φ∗

k

)︂
• ln αk

1−αk
∼ N (α∗

k,Ψ∗
k)

• cklm ∼ N (c∗
klm,Ξ∗

klm)

so that the original 3DGS parameters are no longer learned but are sampled
from the above distributions, whose parameters are the new learning variables. In
order to keep the model simple, we decided not to model the uncertainty of the ro-
tation and scaling of the Gaussian primitives (hence their covariance matrices), but
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to model their positions, colors and opacities. This choice avoids introducing addi-
tional matrix-valued random variables and keeps both sampling and optimization
significantly simpler. However, it is also a limitation: uncertainty in the covari-
ance matrices would capture ambiguity in the spatial extent and anisotropy of each
primitive, so neglecting it may lead SGS to underestimate uncertainty near object
boundaries, in elongated structures, or whenever reconstruction errors are better
explained by geometric support than by primitive position, color, or opacity alone.

Thanks to the reparameterization trick [85], gradients can flow from the loss in
Eq. (2.16), which is a function of the samples, to the new distribution parameters
µ∗

k
, Φ∗

k
, α∗

k, Ψ∗
k, c∗

klm and Ξ∗
klm, enabling learning with standard backpropagation

techniques.

4.3.2 Learning with Variational Inference
The variational framework introduced in [78] and used in [139] and [137] is

required for optimization, since direct optimization of just the loss would otherwise
incur in underestimation of the pixel variance as the model could reduce to a
deterministic one.

The VI framework stems from an approximation of Bayes’ Theorem. Let γk be
a Gaussian primitive of a Gaussian Splatting Radiance Field Γ = {γk}K

k=1, and let
D = {(ui, yi)}i be the pixels dataset as explained in Section 2.4, where ui is the
i-th pixel and yi is the associated observed color. Then the Bayes’ Theorem reads
as:

P (Γ|D) = P (D|Γ)P (Γ)
P (D) . (4.2)

Since this is generally intractable, the VI framework prescribes to approximate the
true posterior P (Γ|D) by introducing a parametric distribution qθ over all 3DGS
radiance fields Γ and to learn these parameters θ in order to minimize the Kullback-
Leibler (KL) divergence between the approximate posterior and the true one:

min
θ

KL(qθ(Γ) || P (Γ|D)) (4.3)

Now, this problem is further manipulated to get a tractable expression. Let us
start with the following manipulation, where only properties of the logarithm and
linearity on the expectation are used:

KL(qθ(Γ) || P (Γ|D)) =

= Eqθ

[︄
log qθ(Γ)

P (Γ|D)

]︄
= Eqθ

[︄
log qθ(Γ)P (D)

P (D|Γ)P (Γ)

]︄

= −Eqθ
[logP (D|Γ)] + Eqθ

[︄
log qθ(Γ)

P (Γ)

]︄
+ Eqθ

[logP (D)]

= −Eqθ
[logP (D|Γ)] + KL(qθ(Γ) || P (Γ)) + logP (D)

(4.4)
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Assuming independence, the first term in the last expression is equivalent to:

Eqθ
[logP (D|Γ)] = (4.5)

= Eqθ

[︄
log

∏︂
i

P ((ui, yi) |Γ)
]︄

(4.6)

=
∑︂

i

Eqθ
[logP ((ui, yi) |Γ)] (4.7)

=
∑︂

i

Eqθ
[logP (yi|ui,Γ)P (ui|Γ)] (4.8)

=
∑︂

i

Eqθ
[logP (yi|ui,Γ)P (ui)] (4.9)

=
∑︂

i

Eqθ
[logP (yi|ui,Γ)] + Eqθ

[logP (ui)] (4.10)

=
∑︂

i

Eqθ
[logP (yi|ui,Γ)] + logP (ui) (4.11)

Plugging (4.5) into (4.4), we get:

KL(qθ(Γ) || P (Γ|D)) =
= −

∑︂
i

Eqθ
[logP (yi|ui,Γ)]+

−
∑︂

i

logP (ui)+

+ KL(qθ(Γ) || P (Γ)) + logP (D)

(4.12)

As the optimization variable is the parameters θ, all the terms that do not depend
on θ in the latter equation can be discarded. Finally, we have the optimization
problem:

min
θ
−
∑︂

i

Eqθ
[logP (yi|ui,Γ)] + KL(qθ(Γ) || P (Γ)) (4.13)

The first term in the loss function of problem (4.13) is the expected negative log-
likelihood. This term forces θ to maximize the expected log-likelihood by matching
the observations in the dataset D. So, in spirit, it replaces the standard loss (2.16).
It is estimated with the Monte Carlo method (with S samples) and, for simplic-
ity, by defining the conditional probability distribution P (yi|ui,Γ) to be a normal
distribution that is pixel-wise independent, i.e.:

logP (yi|ui,Γ) ∝
(︂
yi − Î(ui)

)︂2
(4.14)

Note that this requirement is not too strict as the independence is required in
the conditional probability distribution and not for the unconditional probability
distribution.
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The second term in Eq. (4.13), instead, limits θ from moving too far away from
the prior distribution of the 3DGS radiance field Γ. For it to be efficiently tractable,
we suppose independence among the K Gaussian primitives γk, for both the prior
and the approximate posterior distributions, i.e.:

qθ(Γ) =
K∏︂

k=1
qθk

(γk) (4.15)

P (Γ) =
K∏︂

k=1
P (γk) (4.16)

This independence assumption between Gaussian primitives is more general
with respect to previous work. For instance, Shen et al. [139] prescribed inde-
pendence between the values of the density fields for every pair of points in the
radiance field, even if they are very close to each other. Meanwhile, in the pro-
posed method, the independence is prescribed at the Gaussian primitive level and
not at the infinitesimal 3D point level.

Thanks to the assumptions in Eqs. (4.15) and (4.16), the second term in Eq.
(4.13) can be expanded to become:

KL(qθ(Γ) || P (Γ)) =
K∑︂

k=1
KL(qθk

(γk) || P (γk)) (4.17)

If we suppose that the prior distributions are themselves multivariate normal,
each KL term in the right-hand side of Eq. (4.17) has the following general closed
form expression:

KL(Nµ0,Σ
0
|| Nµ1,Σ

1
) =− 3

2 + 1
2 Tr

(︂
Σ−1

1 Σ0

)︂
+ 1

2(µ1 − µ0)
T Σ−1

1 (µ1 − µ0)

+ 1
2 ln

(︄
det Σ1
det Σ0

)︄
Hence, we define the total KL contribution to the training loss LKL as the

sum over all Gaussians and over all the learnable parameters of the KL divergence
between the prior (daggered variables) and the posterior (starred variables) of that
parameter:

LKL =
K∑︂

k=1

[︃
KL(Nµ†

k
,Φ†

k

|| Nµ∗
k

,Φ∗
k
)

+KL(Nα†
k

,Ψ†
k
|| Nα∗

k
,Ψ∗

k
)

+KL(Nc†
klm

,Ξ†
klm
|| Nc∗

klm
,Ξ∗

klm
)
]︃

(4.18)
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4.3.3 Learning with AUSE
In order to assess the accuracy of uncertainty estimation, a quantitative ap-

proach involves examining its correlation with the true error map using the Spar-
sification Curve [56]. First, the predicted values are sorted based on decreasing
predicted uncertainty and then progressively removed, starting from those with
high predicted uncertainty. By keeping track of a quality metric applied to the re-
maining values, the Sparsification Curve is generated. The area under this curve is
called Area Under Sparsification Curve (AUSC). The Area Under the Sparsification
Error (AUSE) metric is defined as the difference between the AUSC of the method
and the AUSC of the oracle, i.e., the curve obtained by sorting the predicted values
according to the true error.

The AUSE can be formally described as in the following. We consider a statisti-
cal model that predicts a value ŷi along a predicted uncertainty σ̂i. Let ei = E(ŷi, yi)
be the error committed by the model, where yi is the ground truth and E(·, ·) is an
error function. Consider a collection of predictions of the model, with the associated
ground truth {ŷi, σ̂i, yi}N

i=1. Also consider two permutations of {1, . . . , N}, namely
P and Q, such that σ̂P (i) ≤ σ̂P (j) and eQ(i) ≤ eQ(j), ∀j ≥ i respectively. These two
permutations sort the aforementioned collection according to the predicted uncer-
tainty and the error, respectively. Given a permutation R, the Sparsification Curve
is:

SR(n) = 1
n

n∑︂
i=1

eR(i) ∀n ∈ {1, . . . , N}

The Area Under the Sparsification Curve (AUSC) is:

AUSC(R) =
N∑︂

n=1
SR(n)

Finally, the AUSE is defined as the difference of AUSC(P ) and AUSC(Q):

AUSE =
N∑︂

n=1

(︄
1
n

n∑︂
i=1

eP (i) − eQ(i)

)︄

If the uncertainty prediction was random, the percolation process would also
be random, resulting in a sparsification flat curve and a high AUSE. Otherwise,
if the uncertainty prediction was positively correlated with the prediction error,
improvements in the tracked quality metric would be observed. As the 3DGS
technique has significantly lower memory requirements compared to the NeRF used
in previous works, it is capable of sampling the whole view multiple times in a single
forward pass. This enables us to directly compute the AUSE metric applied to all
the pixels in a view, taking the standard deviation of the samples of each pixel as
the uncertainty map.
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As we will show in the experiments section, using only the standard VI frame-
work is suboptimal. Indeed, 3DGS inherently has low memory requirements and
high rendering efficiency, leading to underutilized GPU memory and computational
resources, even when using a standard VI framework. Hence, in this work, we pro-
pose to augment the VI loss of Eq. (4.3) with the AUSE metric. Introducing the
AUSE loss enhances the framework by providing an additional optimization signal
that fully leverages these available resources. Although it introduces computational
overhead, this overhead is limited to operations performed on top of the S Monte
Carlo renderings already required by SGS, namely the computation of per-pixel
sample statistics and the sparsification-ranking procedure. Therefore, the AUSE
term does not change the dominant linear dependence on S of the method, but
adds an extra per-iteration cost that is moderate in practice and buys a substantial
improvement in uncertainty quality, as shown in Table 4.3.

4.3.4 End-to-End SGS Training
We now have all the necessary ingredients to define the overall loss used to

train the proposed SGS method. In particular, the overall loss is the following
combination:

LSGS = LGS + λKLLKL + λAUSELAUSE (4.19)
where LGS is defined in (2.16), LKL is the Kullback-Leibler divergence with the
prior from Eq. (4.18), and LAUSE is the loss induced by the AUSE RMSE metric.
The 3DGS and AUSE losses augment the conventional KL loss in order to more
explicitly enforce the training tradeoff between distortion, perceptual quality and
uncertainty estimation.

Finally, one more aspect in which SGS training differs from previous works is the
approach to learning the distribution of the priors. In previous works, stochasticity
was introduced in the weights of neural networks, which are typically randomly
initialized [114]. However, in 3DGS, the parameters have a more direct physical
meaning in the 3D space. For example, minimizing the KL-divergence in 3DGS
would tend to fix the center of a Gaussian primitive fixed in a randomly initialized
position in 3D space. Instead, we tackle this convergence issue, by taking inspi-
ration from Empirical Bayes. We thus first learn an informative prior with some
iterations of classic 3DGS, which serves as an initialization before switching to the
SGS formulation.
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Figure 4.2: Two qualitative examples of our method SGS with CF-NeRF [137].
The last column is a visualization of the predicted uncertainty map.

4.4 Experimental Results

4.4.1 Experimental Setting
This work addresses the task of synthesizing novel views and associated uncer-

tainty maps from multiple posed views of a static scene. These views consist of
RGB photos captured from various camera positions and orientations. The spatial
positions of the cameras are referred to as extrinsic parameters, while the intrinsic
parameters include the camera’s focal length and central point. Similar to prior
research, we assume that both extrinsic and intrinsic camera parameters are known
for all input views. The objective is to perform standard novel view synthesis using
the provided views while also generating an uncertainty map for each synthesized
view. Consequently, for every pixel in the novel view, both its color and uncertainty
are predicted. It is crucial that the predicted uncertainty correlates with the true
error.

We remark that this is the first method addressing uncertainty estimation for
the 3DGS setting, while current literature focuses on NeRF models. This makes
direct comparisons challenging, as both absolute image quality as well as metrics
for measuring the effectiveness of uncertainty estimation need to be reported. In
particular, we remark that the AUSE metric benchmarks uncertainty estimation
against the oracle method, so it is relatively insensitive to the absolute image quality
generated by each method.

We compare our proposed method with the current literature on NeRF: the
state-of-the-art CF-NeRF [137], the pioneering work of S-NeRF [139], and also
with NeRF-W [104], Deep-Ensembles (D.E.) [89] and MC-Dropout [48], as done in
previous works. We remark that some methods [139, 137] use extra information in
the form of depth maps while we do not, resulting in a setting that is slightly unfair
towards SGS. Nevertheless, we report improvements over such methods. We stress
that the D.E. method is defined simply as training from scratch 5 vanilla NeRF
networks [109], testing them and averaging the results. This method may reach
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high levels of uncertainty prediction accuracy at the cost of being 5 time slower of
the “backbone” method.

Moreover, we report also the results of the vanilla 3DGS algorithm, even if it
does not enable any uncertainty prediction.

As common practice, the experiments are conducted on the LLFF dataset from
the original NeRF paper [109]. Moreover, while works in previous related literature
[139, 137] report results only for the LLFF dataset, we also report results on the
Blender and Mip-NeRF360 datasets in order to validate the robustness and gener-
alization of SGS and to ease the comparison of SGS with other methods. In fact
these datasets are a de-facto standard benchmark for general-purpose novel view
synthesis methods. Note that the Mip-NeRF360 dataset is much more challenging
than the other two datasets, and all the methods based on the original NeRF are
not able to correctly represent the scenes therein. This highlights also the added
benefit of using 3DGS as the backbone for SGS, as the vanilla 3DGS can correctly
reproduce the Mip-NeRF360 dataset.

All the experiments are performed at a fraction of the original resolution, so
that all synthesized images and uncertainty maps are composed by approximately
400× 400 pixels.

The hyperparameters in the final loss function are: λKL = 10−3 and λAUSE = 5.
We use the default 3DGS hyperparameters for each dataset, except for fixing the
highest spherical harmonics degree to 1.

At iteration 16000, the current learned 3DGS is fixed and taken as the prior, and
the Bayesian regime is introduced. All the prior covariance matrices are initialized
as identity matrices of correct dimensions scaled by 10−2. The learning rate for all
the posterior learnable parameters is set to 10−4. Then we continue the training
until iteration 30000. During both training and testing, Monte Carlo sampling from
the posterior is performed for S = 8 times.

4.4.2 Main Results
Table 4.1 reports our results on the LLFF, Blender and Mip-NeRF360 datasets,

evaluating the quality of the rendered images, as well as the reliability of the as-
sociated uncertainty maps. The rendered images are quantitatively evaluated with
three metrics: PSNR as a distortion metric and LPIPS and SSIM as perceptual
metrics. It can be noticed that our method improves by a large margin all these
metrics, hence our method has a much lower test prediction bias with respect to
previous work. The uncertainty maps are quantitatively evaluated with two met-
rics: AUSE RMSE and AUSE MAE. Both metrics are obtained as the area under
the sparsification curve, but considering as the error metric the Root Mean Square
Error and the Mean Absolute Error, respectively. As shown in Table 4.1, our
method improves the AUSE RMSE metric, while keeping an AUSE MAE metric
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Rendering Metrics Uncertainty Metrics (AUSE)
PSNR ↑ SSIM ↑ LPIPS ↓ RMSE ↓ MAE ↓

LL
FF

3DGS [82] 26.85 0.880 0.055 N.A. N.A.
SGS 24.20 0.842 0.121 0.0147 0.0092

D.E. [89] 22.32 0.788 0.236 0.0254 0.0122
Drop. [48] 21.90 0.758 0.248 0.0316 0.0162

NeRF-W [104] 20.19 0.706 0.291 0.0268 0.0113
S-NeRF* [139] 20.27 0.738 0.229 0.0248 0.0101

CF-NeRF* [137] 21.96 0.790 0.201 0.0177 0.0078

Bl
en

de
r

3DGS [82] 34.50 0.986 0.011 N.A. N.A.
SGS 31.13 0.965 0.021 0.0069 0.0027

D.E. [89] 23.72 0.909 0.070 0.0029 0.0007
Drop. [48] 23.59 0.882 0.153 0.0564 0.0250

NeRF-W [104] 25.90 0.912 0.092 0.0345 0.0122
S-NeRF* [139] N.A. N.A. N.A. N.A. N.A.

CF-NeRF* [137] 23.26 0.860 0.160 0.0085 0.0031

M
ip

-N
eR

F3
60

3DGS [82] 30.66 0.923 0.033 N.A. N.A.
SGS 26.30 0.873 0.091 0.0139 0.0084

D.E. [89] 20.72 0.487 0.533 0.0379 0.0231
Drop. [48] 19.21 0.402 0.628 0.0536 0.0338

NeRF-W [104] 19.40 0.457 0.503 0.0649 0.0421
S-NeRF* [139] N.A. N.A. N.A. N.A. N.A.

CF-NeRF* [137] 19.51 0.422 0.633 0.0292 0.0171

Table 4.1: Quantitative results on the LLFF, Blender and Mip-NeRF360 datasets.
* denotes extra depth information. The N.A. entries in the 3DGS rows are due to
the method being deterministic. Instead, the N.A. entries in the S-NeRF rows are
due to non-availability of public code implementation.

comparable with the state of the art, which however also exploits depth informa-
tion. Figure 4.2 shows a qualitative result for a novel view generated by SGS and
CF-NeRF together with the predicted uncertainty maps. We can notice that SGS is
capable of producing a sharp view as well as prediction uncertainty which correlates
well with the true rendering error.
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4.4.3 Components Ablation
SGS imposes a prior distribution on the position, color, and opacity of the Gaus-

sian primitives. Table 4.2 compares the full proposed SGS method with versions of
it where only one attribute at a time is modeled as a stochastic variable, showing
that the best uncertainty maps are obtained when all the parameters considered
are stochastic.

PSNR ↑ SSIM ↑ LPIPS ↓ AUSE RMSE ↓
SGS 28.61 0.949 0.034 0.0090

Position 27.93 0.950 0.043 0.0105
Color 28.94 0.947 0.040 0.0121

Opacity 29.05 0.954 0.043 0.0112

Table 4.2: Components ablation on kitchen scene of the Mip-NeRF360 dataset.

4.4.4 AUSE Loss Ablation

PSNR ↑ SSIM ↑ LPIPS ↓ AUSE RMSE ↓
SGS 24.20 0.842 0.121 0.0147

λAUSE = 0 26.65 0.869 0.082 0.0291

Table 4.3: AUSE Loss Term ablation of LLFF dataset.

Table 4.3 compares our SGS method with an ablated version, where the pro-
posed AUSE loss term LAUSE in equation (4.19) is removed in order to verify its
effectiveness. As reported in the table, the removal of this loss term improves the
photometric reconstruction (measured by the three quality metrics: PSNR, SSIM,
and LPIPS), while deteriorating the model’s ability to predict accurate uncertainty
maps. Hence, this ablation study proves that one of our key contribution, that is to
incorporate the AUSE loss term, improves the quality of the predicted uncertainty
maps. Moreover, the hyperparameter λAUSE provides a natural way to control the
impact of this loss term, so that an application-specific trade-off between recon-
struction quality and accurate uncertainty prediction can be found for downstream
tasks.
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4.4.5 Effect of Sample Size on AUSE Performance
In this section, we evaluate the quality of uncertainty estimation in SGS as

a function of the number of Monte Carlo samples, S, utilized in the variational
inference process. We selected the kitchen scene from the Mip-NeRF360 dataset
as our test case. For each value of S in {2, 4, 8, 16, 32}, we ran the model and
computed the AUSE metric across eight trials, averaging the results for each value
of S. The average AUSE values are plotted in Fig. 4.3. The results reveal an al-
most linear decrease in AUSE as S doubles, indicating that increasing the number
of Monte Carlo samples improves the quality of uncertainty estimation. However,
this improvement comes with a tradeoff: higher values of S lead to more accu-
rate uncertainty estimates but also result in longer runtimes due to the increased
computational load required for additional sampling. Therefore, SGS allows for a
balance between achieving better uncertainty estimation and managing computa-
tional efficiency, depending on the choice of S.

21 22 23 24 25

8.8

9

9.2

9.4

·10−3

S

A
U

SE
R

M
SE

Figure 4.3: SGS trend between the number of samples S used in the Monte Carlo es-
timation and the resulting AUSE, in the kitchen scene of the Mip-NeRF360 dataset.

4.4.6 Runtime Complexity
We analyzed the runtime performance of our SGS method to compare it with

baselines. From a theoretical perspective, the proposed method is S times slower
than conventional 3DGS, where S is the number of Monte Carlo samples used in
the variational inference process. The AUSE loss adds a further overhead during
training, but this is secondary with respect to the cost of the repeated renderings:
once the S samples have been produced, AUSE only requires computing the empir-
ical uncertainty and sorting pixels according to uncertainty and error. Therefore,
the dominant runtime factor remains the Monte Carlo sampling parameter S. Note
that S is a dynamic parameter, i.e., it can be changed even after the training phase
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is completed, depending on the application needs. In the limit case S = 1, one
recovers the classic 3DGS, losing the ability to estimate uncertainty.

We experimentally compared the runtime of the proposed SGS method with
CF-NeRF. In order to have a comparison as fair as possible, we run the original
evaluation code for both methods on the test split of the hotdog scene of Blender
dataset (N = 200 views to be rendered) but all the disk accesses are disabled,
GPU-CPU transfers are reduced as much as possible, and the same Nvidia Quadro
P6000 GPU is used. Moreover, we compare both methods at an equal value of
the parameter S = 8. We report the results measures as seconds per view per
sample ( sec

NM
). SGS achieves ≈ 0.002 sec

NM
, while CF-NeRF is substantially slower at

approximately 4.7 sec
NM

.

4.5 Conclusions & Future Works
In this chapter we presented Stochastic Gaussian Splatting (SGS), a Bayesian

extension of 3D Gaussian Splatting for uncertainty-aware novel view synthesis. By
treating the Gaussian parameters stochastically and rendering through Monte Carlo
sampling, SGS predicts not only expected pixel intensities but also per-pixel pre-
dictive variances. This makes it possible to obtain uncertainty maps that correlate
with rendering errors while preserving the speed and reconstruction quality that
make 3DGS attractive.

Nevertheless, SGS inherits some of the main limitations of vanilla 3DGS. Like
the underlying representation, it is designed for static scenes and requires scene-
specific retraining, which reduces practicality when the environment changes over
time. Moreover, the current formulation models only aleatoric uncertainty, while
epistemic uncertainty remains largely unaddressed. This is a particularly impor-
tant limitation in novel-view synthesis, since the training views only subsample the
scene light field, and the uncertainty in poorly observed or entirely unseen regions is
precisely epistemic in nature. In its present form, SGS can only express uncertainty
where Gaussian primitives have already been placed, and cannot provide meaning-
ful predictions for views lying outside the reconstructed scene extent. However,
epistemic uncertainty can be reduced by obtaining training views that effectively
enlarge the scene extent.

An interesting direction for future work is how to use the uncertainty map pre-
dicted by SGS to aid and inform the reconstruction process. Even if the uncertainty
is represented as a variance on the image plane, making it non-trivial to directly
map this back to the 3D space for adjusting the Gaussian parameters, it can poten-
tially be used as a more principled densification criterion for vanilla 3DGS. Using
uncertainty information, future research could focus on optimizing adaptive density
control methods (densification/pruning strategies) in 3DGS to improve reconstruc-
tion quality and computational efficiency.
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Chapter 5

Missing Data

So far, our discussion has largely focused on static scenes: given a fixed envi-
ronment and a collection of images, we build a volumetric representation and use it
to synthesize new views. The physical world, however, is rarely still. People walk
through streets, clouds drift across the sky, fluids flow and splash, cameras move
along complex trajectories. In many practical settings what we ultimately care
about are videos: coherent sequences of frames that obey the laws of physics over
time. At the same time, our observations are almost always incomplete. We only
see a handful of viewpoints, perhaps at a few time instants, and yet we would like
to imagine how the scene might have evolved in between, or under different con-
ditions. This brings us to a complementary challenge: how to hallucinate missing
views and times in a way that respects both data and physics.

One tempting answer is to let large video diffusion models do all the work.
By training on massive text-video datasets, these models can generate strikingly
realistic clips from short prompts. However, this approach comes with important
limitations for our purposes. First, such models are extremely expensive to train
and to deploy, making them ill-suited as general-purpose tools inside 3D reconstruc-
tion pipelines. Second, control is coarse: describing a precise motion trajectory or
a specific physical process in natural language is, at best, awkward. Finally, the
underlying dynamics are learned implicitly from data, which makes it difficult to
guarantee physical plausibility or to impose domain-specific constraints. If our goal
is to fill in missing viewpoints or time steps according to known physical laws - say,
rigid-body motion, fluid dynamics, or flocking behaviour - then relying solely on
black-box temporal priors seems wasteful.

In this chapter, we explore a different route with MotionCraft, a physics-based,
zero-shot framework for video generation built on top of pre-trained image diffusion
models. Rather than training a dedicated video model, we assume that we have
access to a powerful still-image generator - capable of producing high-quality frames
consistent with a text prompt - and we ask how to animate its outputs. The key
idea is to let physics drive the motion while the diffusion model fills in the visual
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details. Concretely, we use a physical simulator (for fluids, rigid bodies, or multi-
agent systems) to generate a sequence of optical flow fields describing how scene
elements should move across the image plane. Instead of applying these flows
directly to pixels, we warp the internal noise latents of the diffusion model and let
the denoising process reconstruct each new frame. This coupling has two important
consequences: the prescribed motion is faithfully followed, and the model is free to
invent new content where needed - revealing previously occluded surfaces, extending
objects that move into view, or updating reflections and illumination consistently
over time.

From the perspective of this thesis, MotionCraft addresses the third challenge
highlighted in the introduction: handling missing views and dynamics in a princi-
pled way. By separating “what the world looks like” (handled by the image diffusion
model) from “how it moves” (handled by explicit physics), we obtain a controllable
and interpretable video generator that can extrapolate beyond the observed data
while remaining grounded in physical laws. Even if it is now explored in this chap-
ter, MotionCraft could be used to supply missing views to a 3D reconstruction
pipeline.

5.1 Background
Denoising Diffusion models [142, 144, 61] represents a generative modeling ap-

proach that leverage a noise diffusion process to model a data distribution starting
from random noise. These models are based on a predefined Markovian forward
noising chain that progressively adds Gaussian noise to the data x0 in an iterative
procedure of T steps. The reverse diffusion process traverses back the Markov Chain
and can be written as:

pθ(x0:T ) = p(xT )
∏︂T

t=1 pθ(xt−1 | xt) pθ(xt−1 | xt) = N (xt−1 | νθ(xt, t), σ2
t I) .

(5.1)

The training phase optimizes the parameters of the reverse process pθ maximising
an evidence lower bound (ELBO) over the target data. The work of [143] shows
that is possible to construct a non-Markovian process defining a faster sampler
(DDIM) that is compatible with the pretrained model. So starting from pθ(x0:T ),
it is possible to sample xt−1 using:

xt−1 =
√︂

1− βt−1

(︄
xt −

√
βtϵ̂t√

1− βt

)︄
+
√︂
βt−1 − σt(η)2 · ϵ̂t + σt(η)εt (5.2)

where βt determines how much noise is added at each step t, σt(η) = η
√︂

βt−1
βt

√︂
βt

1−βt−1

and η ∈ (0,1) is a parameter controlling the forward process. When η = 0, the sam-
pling becomes deterministic, when η = 1, the process result in Denoising Diffusion
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Probabilistic Models (DDPM) sampling. ϵ̂t is the estimated noise present in xt,
typically estimated with a UNet architecture [130]: ϵt(·). Finally, εt is an indepen-
dent normal stochastic variable. In this work we employ a Latent Diffusion Model
[129] that perform the diffusion process over a compressed latent space, reducing
the computational burden of training in pixel space, while keeping high perceptual
quality. Before the diffusion process, a VQ-VAE [158] is trained; the input image
is then encoded by the VQ-VAE Encoder that reduces the spatial dimension. The
generated features are decoded back to the image space when generating images
by means of th VQ-VAE Decoder. The UNet architecture is tipically composed
by convolutional layers followed by spatial self-attention layers and cross-attention
conditioning layers. Recent works [83, 59, 22] propose to reprogram this mechanism
to enhance consistency between frames by letting the currently generated frame to
attend to the first frame by swapping the original attention keys (K) and values (V)
with the keys and values of the first frame, leading to the Cross-Frame Attention
(CFA) mechanism:

Cross-Frame-Attn(Q,K,V) = Softmax
(︄
Qf ·K1
√
dk

)︄
V 1 (5.3)

where V 1 and K1 represent the keys and values of the first frame, while Qf repre-
sents the queries of the current frame, and dk is the channel dimension of the keys.
In this work we will use the notation ϵt(z,P ; {a, b, c, . . . }), where z is a latent, P is
the prompt, and {a, b, c, . . . } is a list of latents to attend to, as MCFA enables to
attends to a list of latents and not only to a single one.

Classifier-Free Guidance (CFG) [62] is a widely used technique to guide the
conditional generation process using a linear combination of conditional and un-
conditional estimated scores:

ϵ̂ = ϵt(z,P∅, {. . . }) + λ [ϵt(z,P , {. . . })− ϵt(z,P∅, {. . . })] (5.4)

where λ is the guidance scale, P∅ represents the null condition and P is the target
text prompt. Intuitively, the unconditional term preserves the natural image prior
of the model, while the difference term pushes the sample towards better agreement
with the text condition. Larger values of λ typically increase prompt adherence,
although overly large values may also amplify artifacts or reduce diversity.

5.2 Introduction
As human beings, we have always exploited our creativity to generate art, in

different forms such as visual art, music or poetry. In vision, we are often inspired
by the natural world since our visual system continuously acquire images perceived
as a video sequence. Indeed, videos or movies are one of the best visual stimuli
since they contain images, motion and audio.
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Recent generative models for still images based on diffusion models [142, 143,
129] achieved remarkable results with quality almost indistinguishable from real
images. It is therefore clear that the next big goal is video generation. However,
it seems that including the dimension of time remains challenging. Some works
such as Sora [23] achieve astonishing temporal consistency and photorealism at the
expense of enormous computational and data requirements. Moreover, we argue
that fine-grained control over the motion dynamics is impossible with a simple text
prompt. If one wants to synthesize a video according to some precise physical
dynamics, they would not be able to do it with current models. Interestingly, ex-
plicitly controlling the motion dynamics also allows to decouple temporal evolution
from content generation. Indeed, explicitly injecting the physics of the real world
as motion dynamics allows to develop more parsimonious models, that do not need
to brute-force learn them from data.

For this reason, in this chapter, we investigate the possibility to create a zero-
shot video generation model that only requires a pretrained still image generator
and knowledge of physical laws regarding motion. Indeed, since videos are temporal
sequences of images correlated by physical laws, we only need to devise a way
to include physical laws in the diffusion prior to animate a starting image. We
thus advocate for physics simulators as appropriate sources of motion, output as a
sequence of optical flows, while also being completely user-controllable, plausible,
and explainable.

We propose MotionCraft, a physics-based zero-shot video generator that uses
optical flow extracted from a physical simulation to warp the noise latent space
of a pretrained image diffusion model to generate videos with complex dynamics
without the need to train anything. While using a projection of motion onto the
camera plane as a pixelwise displacement field (optical flow) may seem limiting due
to the fact that, if applied in the pixel space, it would not be able to synthesise
novel coherent content but only displace pixels, the trick lies in its application in
the noise latent domain. Backed by evidence that motion vectors correlate between
pixel and noise space, warping of the latter by means that MotionCraft allows to
simultaneously apply the desired motion and exploit the powerful image prior of the
generative model. This is capable of adapting the scene to the prescribed motion
without significant artefacts, generate novel content and shows impressive global
consistency (reflections, illumination, etc., consistent with the desired evolution).

We present quantitative and qualitative experimental results where we show
that MotionCraft is capable of synthesising realistic videos with finely controlled
temporal evolution governed by fluid-dynamics equations, rigid body physics, and
multi-agent interaction models, while zero-shot state-of-art techniques cannot.

We remark that synthetic video generation is a powerful technology that can be
misused to create fake videos, hence it is important to limit and safely deploy these
models. From a safety perspective, we emphasize that MotionCraft does not add
any new restrictions nor does it relax any existing ones with respect to our base
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Figure 5.1: Rigid motion simulation: Earth. MotionCraft uses a fluid dynamics
simulation to warp noise latents and synthetize video frames. T2V0 [83] is unable
to simulate the evolution of the rotating Earth and simply moves the object towards
the right of the frame.

text-to-image model. Moreover MotionCraft, using existing text-to-image diffusion
models, does not need extra training or adjustments. This means we avoid the large
environmental costs associated with training new models. One possible broader
impact of MotionCraft is its usage by scientists across various fields to visualize
their simulations, thereby offering AI-based visualization of physical processes to a
wider scientific audience.

5.3 Related work
Diffusion Based Video Generation Video Generation [13] is a longstanding
problem in computer vision aiming to learn the distribution of and synthesise realis-
tic videos. Recently, text-based Denoising Diffusion Probabilistic Models (DDPM)
[142, 145] have been studied to tackle this challenge delivering impressive results.
These approaches include Sora [23], Video Diffusion models [64], Imagen-video [63]
and Align your Latents [18]. They require sophisticated spatio-temporal denoising
architectures at the expense of huge computational requirements and large amounts
of paired text-video data for training. To reduce the data requirements, different
approaches investigate few-shot and unsupervised learning techniques. Make-a-
Video [141] proposes an unsupervised training with only videos, coupled with a
retrieval strategy to sample using text. On the other hand, Ni et al. [115] train a
diffusion-based optical flow generator that outputs a flow conditioned on a reference
image and a textual prompt, that reduces the computational burden of generat-
ing videos by training the diffusion process on small flow fields. Differently from
them, MotionCraft is zero-shot and does not require any training of additional
components.
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To the best of our knowledge, Text-to-video-Zero [83] and Generative Render-
ing [25] are the only zero-shot video generators. However, Generative Rendering
(concurrent work, with no code available) has significant extra requirements be-
yond Stable Diffusion (SD) as image generator, in the form of a depth-conditioned
ControlNet [181], and a 3D mesh manually animated, leveraging UV maps to ren-
der the scene. Moreover, Generative Rendering cannot render fluids, since they are
difficult to represent as 3D meshes.

In this chapter, we compare MotionCraft to Text-to-video-Zero (T2V0), as zero-
shot video generator baseline. T2V0 applies a constant shift (with a fixed direc-
tion) to the initial latent noise of SD, sampling each frame sequentially by means
of DDPM. As shown in Section 5.4, since the motion in the noise latent space
directly translates into the motion of the pixel space, the generated videos result
in a overall shift in the same fixed direction. The largest part of the motion is
caused by the stochastic fluctuations of the DDPM sampling strategy leading to
unnatural motion and inconsistency of the objects in the different frames. On the
contrary, in this work, we avoid the use of a constant warping operation derived
from physics simulation flows in the latent space in order to incorporate complex
motion dynamics.

Diffusion Based Video and Image Editing Recently, different methods ex-
ploit the prior of text-to-image diffusion models for video editing. In particular,
Tune-A-Video [172] finetunes a text-to-image diffusion model to edit a video. They
start from the inverted frames in the latent space and use the text prompt as an
editing tool. Pix2Video [27] employs a self-attention injection mechanism to edit
videos using a pretrained image diffusion model.

Other methods use the optical flow to edit reference images or videos. Motion
Guidance [50] leverages a user defined optical flow that allow zero-shot image edit-
ing. It works by guiding the diffusion sampling process with the gradient from a
pretrained optical flow network via a guidance loss. LatentWarp [8] and TokenFlow
[51], use an optical flow estimated from a reference video to warp the latent space
of the diffusion model to achieve consistent editing. These methods leverage both
diffusion models priors and other components such as ControlNet for structural
control, and trained flow estimators such as RAFT [154]. Alternatively, we pro-
pose MotionCraft, a zero-shot video generation method, using only vanilla SD. This
means that MotionCraft does not require a reference video but it can animate an
image, generated by the SD model or obtained by inverting a real one. Moreover,
the physics simulations allow to generate different videos from the same starting
image.
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5.4 Optical Flow is Preserved in Latent Space
MotionCraft stems from a key observation: the optical flow estimated between

two frames in the pixel space is correlated with the flow estimated between the
corresponding noise latent representations of SD. We conjecture that this is related
to the specific design of the SD variational auto-encoder and denoiser architectures.
In fact, by largely using convolution operations, they enforce a locality prior which
preserves spatial information to some extent.

In order to empirically investigate this phenomenon, we conducted a quantita-
tive experiment using the MSU Video Frame Interpolation Benchmark dataset [54],
considering only real videos. For each pair of consecutive video frames, the follow-
ing steps have been taken. We first estimate the optical flow in the RGB space
by using a well-established method, based on the Gunnar Farneback’s algorithm,
provided by OpenCV [73]. Then, we compute the noise latent representations of
the two frames, first encoding the image in the variational autoencoder (VAE) of
SD at timestep τ = 0, followed by DDIM inversion [143] up to timestep τ = 400
(same value for all experiments in this work, empirically determined). Finally, a
correlation coefficient based on cosine similarity is computed between the optical
flows estimated in the RGB and noise latent spaces. The resulting correlations are
then averaged across all pairs of consecutive frames in the dataset, obtaining an
average value of 0.727, which indicates a strong correlation between the optical field
in the RGB and noise latent domains. An example of this experiment is presented
in Fig. 5.2, showcasing the two estimated flows in the image and latent space and
their correlation.

Figure 5.2: A qualitative example of the image and latent flows correlation. This
figure shows, from left to right, (a) the first RGB frame, (b) the second RGB frame
superimposed with the estimated flow in the RGB domain, (c) the first latent
frame, (d) the second latent frame superimposed with the estimated flow in the
latent domain and (e) the correlation map of the two non-zero flows.
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Figure 5.3: MotionCraft overview. A video is generated from a starting image using
a pretrained still image generative model by warping noise latents according to an
optical flow description of the motion to be synthesised.

Algorithm 1: Pseudocode of MotionCraft
Input : I0,W , η,P ,P∅
Output: I0, . . . , IN−1

1 for f = 1 to N − 1 do
2 zf−1

0 = Enc(If−1) ; // Encode the frame
3 for t = 0 to τ − 1 do // Inversion loop
4 ϵ̂← ϵt(zf−1

t ,P ; {zf−1
t }) ; // Self-Attention, No MCFA

5 zf−1
t+1 ← DDIMInversiont→t+1(zf−1

t , ϵ̂, 0) ; // η = 0 ⇐⇒ DDIM
6 end
7 ζf

τ =Wf−1→f (zf−1
τ ) ; // Warp the latent

8 for t = τ − 1 to 0 do // Generation loop
9 ϵ̂P ← ϵt(ζf

t+1,P ; {z0
t , z

f−1
t }) ; // MCFA with I0 and If−1

10 ϵ̂∅ ← ϵt(ζf
t+1,P∅; {z0

t , z
f−1
t }) ; // MCFA with I0 and If−1

11 ϵ̂← ϵ̂∅ + λ(ϵ̂P − ϵ̂∅) ; // Classifier-free guidance
12 ζf

t ← DDIMt+1→t(ζf
t+1, ϵ̂, η

f ) ; // Perform Spatial-η
13 end
14 If ← Dec(ζf

0 ) ; // Decode the latent
15 end
16 return I0, . . . , IN−1
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5.5 Method
Based on the analysis presented in the previous section, we propose a novel

zero-shot video generation method, named MotionCraft, where an image (real or
generated), serving as a starting frame I0, is animated according to a physical
simulation, by means of a (possibly time-varying) optical-flow generator W in the
noise latent space. The outcome is a video made of N frames I0, . . . , IN−1 that
follows the motion prescribed by the physical simulation and evolves the content
of the first frame coherently. Inspired by the previous observation, this animation
is obtained by warping the noisy latent representation of an image in the latent
diffusion space. Regarding the physics simulation for the optical flow generation, we
use different libraries to simulate different physics, as explained in the experimental
section, such as fluid dynamics, rigid motion and multi-agent systems. It is also
possible, albeit not shown in this work, to use animation software to generate the
required optical flows.

We remark that the meaning of “zero-shot” is twofold: we do not train or
finetune any component of the text-to-image diffusion model, nor do we use a
reference video or optical flow estimator as a starting point. In the following, we
use Stable Diffusion as the pretrained text-to-image model.

Figure 5.3 illustrates an overview of MotionCraft highlighting the autoregressive
generation of the video. At each iteration f ≥ 1, the frame If is generated using
only the information contained in the first frame I0 and the previous frame If−1.
Given this Markovian structure, MotionCraft is characterized by O (1) space com-
plexity and O (N) time complexity with respect to the total number N of frames
to be generated. More in detail, first, the two RGB frames I0, If−1 are encoded
into the latent space and they are independently inverted with the reversed DDIM
sampling scheme up to a fixed diffusion timestep τ , obtaining z0

τ , and zf−1
τ , respec-

tively. Then, the optical flow warping operator Wf−1→f prescribed by the physical
simulation is applied to zf−1

τ , obtaining ζf
τ . Finally, the next RGB frame If is gen-

erated by performing τ steps of reverse diffusion using the DDIM sampling scheme
with a novel cross-frame attention mechanism and a novel spatial noise map ηf

weighting technique, explained below. Furthermore, we exploit the classifier-free
guidance (CFG) technique for generation proposed in [62]. In practice, at each
reverse diffusion step we evaluate the UNet twice on the same latent: once with the
text condition P and once with the null condition P∅, and then combine the two
predictions with guidance scale λ > 1, as reported in Section 5.1. In our setting,
CFG is used only during frame generation (lines 9–12 of Algorithm 1) and not
during inversion, since we empirically found the latter to be less stable.

Algorithm 1 reports the pseudocode of MotionCraft. Lines 2 − 6 include the
DDIM inversion up to timestep τ . Starting current frame If−1 that was previously
generated, in line 2 we embed it with the VAE encoder, obtaining zf−1

0 . Then
we apply DDIM inversion on zf−1

0 for τ timesteps (line 3 − 6). This involves the
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UNet with the standard self-attention (note the repetition of the noisy latent zf−1
t )

and the positive prompt P . As briefly reported in [110], we have also experienced
that DDIM inversion is not compatible with CFG; hence, during the inversion, we
do not use the negative prompt P∅. The resulting estimated noise is used in line
5 for applying the DDIM inversion step (note that the η = 0, so pure DDIM is
performed). Upon completion of the DDIM inversion process, we obtain zf−1

τ , the
noisy latent corresponding to the frame If−1.

In line 7, the optical flow warping operator Wf−1→f is applied to the noisy
latent of the current frame zf−1

τ to obtain a new noisy latent ζf
τ that will generate

the successive frame. Finally, in lines 8 − 14, the frame is generated. During
this generation phase we use CFG to increase the quality of the generated images;
therefore, for each denoising step we compute both the conditional prediction ϵ̂P
and the unconditional one ϵ̂∅, and combine them through the guidance scale λ, as
shown in lines 9–11 of Algorithm 1. This lets us preserve the motion and structure
induced by the warped latent while strengthening consistency with the prompt.
To create new content while preserving the original image, we propose two direct
generalization of two known techniques: the multiple cross-frame attention (MCFA)
mechanism and a spatial noise map weighting (Spatial-η).

The MCFA technique generalizes the Cross Frame Attention (CFA) [83], as
it enables the to-be-generated frame to attend to an arbitrary number of frames.
We choose to attend to the first frame and the previous frame (as shown in lines
9− 10 of Algorithm 1 and Fig. 5.3) to ensure long-range and short-range temporal
consistency, respectively. MCFA intervenes in all the self-attention blocks of the
SD UNet, by replacing the keys and values, that are originally computed from
projections of the generating frame features, with the ones computed from the
attended frames.

We also propose Spatial-η (line 12), that is a novel technique that enables to
choose, on a pixel-by-pixel basis, whether to use DDIM or DDPM as a sampling
scheme. This enables the usage of DDPM in regions of the images where novel
content should be created (for example, when a new part of an object is entering
the scene), while using DDIM in the other regions to ensure consistency and de-
terminism where the already-present content is just moving. Note that this spatial
map ηf can be obtained in multiple ways from the physical simulation. For exam-
ple, ηf can be set to 1 in regions of the image where the flow is not well-defined
(pointing outside of the image boundaries) or in regions where the optical flow field
has discontinuities.
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5.6 Experimental Results

5.6.1 Experimental Setting
In this section, we show examples of video generation based on different physics

simulations: rigid body motion, fluid dynamics and multi-agent systems. Given
an optical flow, we apply it on the SD latent space using MotionCraft. We used
the following hyperparameters throughout the work if not explicitely said other-
wise. We set τ = 400, the number of inference steps (both for DDIM inversion
and for inverse diffusion) is set to 200 and the used latent space diffusion model
is runwayml/stable-diffusion-v1-5 (license CreativeML Open RAIL-M). The
choice of the inversion timestep τ reflects a trade-off. If τ is too small, the latent
remains too close to the encoded image and the subsequent warping does not pro-
vide enough flexibility to synthesize newly revealed content. If τ is too large, the
inversion moves the sample too far into the noisy regime, making it harder to pre-
serve fine appearance details and temporal consistency during reconstruction. We
found τ = 400 to be a good compromise across all experiments, providing enough
noise for content completion while still preserving the structure of the previous
frame. Similarly, we use 200 inversion and denoising steps as a practical balance
between quality and runtime. All our experiments are done on a single NVIDIA
A6000 (48GB); video generation runs in minutes (1-5min) on a single GPU. We
compare MotionCraft to Text2Video-Zero (T2V0) [83] that, to the best of our
knowledge, is the only diffusion-based zero-shot method for video generation.

We show qualitative results in Figs. 5.1, 5.4 to 5.6 and 5.8, which we separately
describe in the following sections. Table 5.1 reports two metrics to evaluate the
quality of the generated videos. As done in previous works, we use the Frame
Consistency metric, defined as the average cosine similarity of the CLIP embeddings
of consecutive frames. However, this metric presents some limitations, as CLIP
focuses on high-level semantic features and not on low-level details, resulting in high
correlations even if the content changes but its semantics do not (as an example,
the T2V0 simulation shown in Fig. 5.6 has a Frame Consistency of 0.97 even if
the dragons are not the same dragons in each frame). To overcome some of these
limitations, we propose a novel metric, named Motion Consistency, that measures
how similar two frames are while accounting for the motion between them. We
start from the observation that, if an object moves through the scene, its textures
should remain almost the same, and, if we know its flow, we can bring back that
object to overlap with its starting position. Then we can apply a similarity distance
between the initial image and the next frame brought back by the reversed flow.
Given two consecutive frames, we use a high-quality flow estimator (RAFT [154])
to estimate the optical flow between them and apply it on the second frame to
reverse the motion. Then we compute the SSIM metric [166] on the first frame and
the registered one.
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Frame Consistency ↑ Motion Consistency ↑
Physics Name T2V0 MotionCraft T2V0 MotionCraft

Rigid Body Earth 0.9812 0.9696 0.7213 0.6783
City 0.9588 0.9875 0.2852 0.9219

Fluids Statue 0.9463 0.9566 0.7817 0.8252
Dragons 0.9664 0.9991 0.6846 0.9637

Agents Birds 0.9765 0.9968 0.8973 0.9385
Average 0.9658 0.9819 0.6740 0.8655

Table 5.1: Quantitative results comparing MotionCraft to T2V0 [83] on different
physics-based video generation tasks. We report the Frame Consistency and the
proposed Motion Consistency metrics (higher is better).
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Figure 5.4: Rigid motion simulation: city.

5.6.2 Rigid Body
Figure 5.4 shows a pivotal example where MotionCraft can be directly compared

to the state-of-the-art T2V0, as in this case we use an optical flow equivalent to a
their proposed shift along the vertical axis. This example shows a video generated
starting from a satellite view of a city, and, by simulating the rectilinear motion of
the satellite, new portions of the city appear from the top of the image. While T2V0
struggles with keeping temporal consistency, even with large structural elements
(e.g., the river), MotionCraft is able to coherently scroll down the already present
part of the city, while also generating new plausible content in the top part of the
frames.

A similar case study is the Earth rotation in Fig. 5.1. Here, the optical flow is
obtained by simulating a rotating sphere that was fitted to the first frame while
keeping track of the starting and ending position of each point. As the Earth
rotates, a slice disappears from one side and a new one needs to be generated on
the opposite side. Thanks to the powerful natural image prior of SD, MotionCraft
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Figure 5.5: Fluid simulation: Statue.

is able to autonomously generate other continents in the correct position, even if
the text prompt contains no reference about them (see Section 5.7 for all the text
prompts used in this chapter). On the contrary, T2V0 is not able to rotate the
Earth consistently while creating new content, as visible in the same Fig. 5.1.

5.6.3 Fluids
In this set of experiments, we use the Φ-flow library [65] to simulate fluid dynam-

ics based on the shape and position specified in the first frame I0. The simulation
can be configured in several ways depending on the numerical solver employed,
Eulerian (grid-based) or Lagrangian (particle-based). We can also introduce rigid
obstacles into the scene or define initial velocity and force fields. From each sim-
ulation, we extract the resulting velocity field and use it as a proxy for optical
flow.

We found the Eulerian simulations to be more stable and easier to configure.
Figures 5.5 and 5.6 illustrate two examples of fluid-dynamics-based motion gen-
erated with MotionCraft. The system exhibits compelling emergent behavior not
explicitly encoded in the optical flow. For example, in Fig. 5.6, the global scene
illumination appears to respond to the fire dynamics, while in Fig. 5.5 the fluid
shows realistic bouncing and splashing interactions with the ground.

To also demonstrate the capabilities of Lagrangian simulations, Fig. 5.7 presents
an example of liquid being poured from a jug into a glass, modeled with interacting
particles and two rigid obstacles. The same figure compares this result with optical
flow applied directly in image space, without the use of a diffusion model. As
shown, applying optical flow in image space introduces noticeable artifacts - such
as distortions in the glass and unnaturally smoothed liquid surfaces caused by pixel
stretching. In contrast, applying the same flow within MotionCraft’s noisy latent
space yields a more realistic video, avoiding these deformations.
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Figure 5.6: Fluid simulation Dragons.

Figure 5.7: Lagrangian fluid simulation: drink. From top row to bottom row:
particle positions at different time-steps; optical flow derived from the particle
simulation; video generated with MotionCraft; video generated by applying the
optical flow directly to the pixel-space.

5.6.4 Multi-Agent Systems
Multi-agent systems are another interesting family of simulated dynamics. A

simple agents model is the Boids model [127], consisting of a set of point-like agents
(named boids) that move according to three steering behaviour rules: separation,
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Figure 5.8: Multi-agent system simulation: birds.

as boids avoid collisions with nearby agents by steering away from them, alignment,
as boids align their direction with that of nearby agents, and cohesion, as boids
move towards the average position of nearby agents to stay together as a group.
To simulate this system we used the agentpy [42] library, in which the number of
agents, the simulation time-steps and different physical parameters related to the
steering rules can be chosen.

An example is shown in Fig. 5.8, generating the temporal evolution of a flock of
birds. As SD is not able to generate images with a controllable number of agents
in specified positions, we start from an image where there is a single agent (a bird
in the example). Then, we extract the corresponding latent vector patch with
the attention map [40] related to the CLIP token containing the word "bird", and
clone it to the simulated positions of the other agents. At this point, we evolve
the frames according to the optical flow derived from the simulation velocity field.
While MotionCraft produces a realistic flock motion, T2V0 motion is not consistent
and the number of birds changes in each frame.

5.6.5 Ablations
In this section, we ablate the contribution of the most important components

and hyperparameters on the Earth, city and dragons scenes.
First, we start from investigating the impact of the cross-attention mechanism

by comparing four different variants: i) each frame attends to itself (no MCFA); ii)
each frame attends to the previous frame; iii) each frame attends to the first frame;
iv) each frame attends to both the previous frame and the first frame (proposed
MCFA). Visual results are shown in Fig. 5.9. As can be seen, the MCFA mechanism
is necessary to generate plausible frames; moreover, attending only to the first frame
reduces the overall motion, (e.g., always showing Africa as in the first frame),
while only attending to the previous frame reduces color consistency. Overall, we
demonstrate that the proposed MCFA, attending to both the first and the previous
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frame, represents the optimal solution to keep global consistency with the initial
image and local consistency with the preceding frame.

Secondly, we ablate the Spatial-η weighting technique by comparing two vari-
ants: without Spatial-η, i.e., setting η = 0 everywhere resulting in no DDPM
sampling, and with Spatial-η. Visual results are shown in Fig. 5.10. As shown,
being able to sample with DDPM in some parts of the image is crucial in order to
generate novel plausible content. Indeed, DDPM adds, during each reverse diffusion
step, random white noise to the latent. We suppose that this allows to better sam-
ple from the real distribution, avoiding artefacts other components of the method,
such as the warping operator or the MCFA, would otherwise introduce.

Finally, we ablated the partial inversion process, i.e., lines 2-6 in Algorithm 1.
Without the DDIM inversion, textures and details generated by SD cannot be
brought into the next frame, resulting in corrupted videos. Visual results can be
found in Fig. 5.11
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Figure 5.9: Cross-Frame attention ablation. We show the extremal frames gener-
ated under different cross-frame attention configurations (from top to bottom): no
cross frame attention, attend only to the initial frame, attend only to the previous
frame, attend to the initial and preceding frame (as the proposed MCFA mecha-
nism).
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Figure 5.10: Spatial-η ablation. We show the extremal frames generated without
(first row) and with (second row) the proposed Spatial-η conditioning mechanism.
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Figure 5.11: Inversion mechanism ablation. We show the extremal frames generated
without (first row) and with (second row) the proposed inversion mechanism.

5.6.6 Additional Qualitative Results
Figure 5.12 shows some additional results of MotionCraft. The first row shows

a tree growing. This video was obtained using a simple constant outward-facing
radial optical flow applied only on the foliage. Note that while the tree grows, its
shadow evolution is coherent. As the input flow is zero in this part of the image,
the shadow consistency is recovered only by Stable Diffusion. The last row show a
video obtained by applying MotionCraft to SDXL. This shows the generalizability
of MotionCraft to different diffusion models, with also different resolutions. Hence,
MotionCraft is able to produce high-resolution videos with a high level of detail.
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Figure 5.12: Additional video frames from MotionCraft. The last row is obtained
by applying MotionCraft to SDXL [122]
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5.7 Text Prompts
In this section we state the text prompts used in the generated videos for both

MotionCraft and T2V0. Note that while MotionCraft is able to start from a real or
generated image (with almost zero error for the real image reconstruction), T2V0
needs a hyper-parameters tuning due to a high guidance scale (not supporting direct
inversion of real images).

Name Text Prompt

Earth “a close up of a picture of the earth from space.”

City “a satellite image of a city”

Dragons “Two dragons fighting while breathing fires to each other. The flames
are blazing and majestic light. Theatrical, character concept art by ruan
jia, thomas kinkade, and trending on Artstation.”

Statue “transparent man made by water and smoke, in style of Yoji Shinkawa
and Hyung-tae Kim, trending on ArtStation, dark fantasy, great compo-
sition, concept art, highly human made of water and foam, in the style
of Pierre Koenig, red pigment, pastel paint, pink color scheme”

Drink “wine falling on a empty glass”

Birds “a small flock bird flying in the sky at the sunset”

For the text prompts of Dragons and Statue we leveraged MagicPrompt (for
which we credit Gustavo Santana), a tool for rewriting simple text prompts to
create more appealing starting images with Stable Diffusion.

For each example, the negative prompt P∅ is equal to “poorly drawn, cartoon,
2d, disfigured, bad art, deformed, poorly drawn, extra limbs, close up, b&w, weird
colors, blurry”
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5.8 Conclusions & Future Work
In this chapter we presented MotionCraft, a zero-shot framework for video gen-

eration that combines a pretrained text-to-image diffusion model with optical flows
derived from physics simulations. By warping the latent noise space according to
simulated motion and reconstructing each frame through a modified denoising pro-
cess, MotionCraft can generate realistic and temporally coherent videos without
any additional training. This shows that it is possible to decouple appearance and
motion, relying on the image prior of Stable Diffusion for content generation while
using physically derived flows to impose controllable dynamics.

The method, however, also inherits limitations from the underlying image gen-
erator. In particular, the use of Stable Diffusion introduces imperfections such as
inexact DDIM inversion, and in practice we observed a global color shift that tends
to accumulate in later frames. The proposed MCFA strategy mitigates this effect
only partially; a stronger solution could involve attending to a larger history of
previously generated frames, at the cost of increased memory usage and run time.

A second limitation is that the method depends on optical flows obtained from
physics simulators, which restricts it to motions that can be prescribed or simulated
reliably. While this is effective for fluids, rigid bodies, or multi-agent systems, it
is less suitable for complex motions such as human dancing or other difficult-to-
model dynamics. Future work could address this by learning a generative model of
optical flow conditioned on the initial frame and a prompt, while still constraining
it with a physics simulator. An even more ambitious direction would be to close the
loop between simulator and generator, allowing the generated frames to feed back
into the physical process. More generally, extending this idea to explicit dynamic
volumetric representations, such as latent 4D radiance fields or dynamic Gaussian
models, could turn MotionCraft from a 2D video generator into a component of
richer 3D world models capable of hallucinating missing views and time steps in a
physically grounded way.
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Chapter 6

Remote Sensing

The final challenge we consider takes us from laboratory-scale scenes to the scale
of the Earth. Modern satellites continuously image our planet, producing an ever-
growing archive of high-resolution optical data. These images are more than just
pictures: they are raw material for digital surface models, land-cover maps, and
change detection products that inform climate science, urban planning, disaster
response, and many other societal applications. Turning stacks of satellite images
into accurate 3D reconstructions is the domain of remote-sensing photogrammetry.
Classical pipelines, based on stereo matching and multi-view geometry, have been
refined over decades and can deliver high-quality digital elevation models, but they
typically process each stereo pair in isolation, and they struggle to fully exploit
large, multi-date image collections. Recent NeRF-based approaches bring the ben-
efits of volumetric scene representations to Earth observation, achieving impressive
reconstruction quality and shadow handling. However, they do so at a steep com-
putational cost: training can take many hours or days per area of interest, which
is difficult to reconcile with the scale and update frequency of modern satellite
archives.

In a sense, we face an efficiency bottleneck similar to the one that motivated
Gaussian Splatting in the context of novel view synthesis for everyday scenes. We
would like to represent satellite scenes volumetrically, with accurate geometry and
appearance, but we must also respect practical constraints: limited compute on
operational systems, large numbers of scenes to process, and the need to re-run
pipelines as new imagery arrives. Simply porting generic Gaussian Splatting to
satellite data is not enough, though. The imaging geometry is more complex than
a pinhole camera; shadows are cast by tall structures under varying sun angles;
and the available views are sparse and irregular in time. Any method that aims to
be both fast and accurate must therefore adapt to the specifics of remote sensing
while preserving the efficiency that makes Gaussian Splatting attractive in the first
place.
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This chapter introduces EOGS (Earth-Observation Gaussian Splatting), a spe-
cialization of Gaussian Splatting tailored to satellite photogrammetry. The central
idea is to retain the lightweight, explicit Gaussian primitive representation, but to
embed it into a pipeline that respects the peculiarities of satellite imagery. We
approximate the pushbroom sensor geometry with efficient affine camera models,
incorporate physically motivated shadow rendering using the known sun direction,
and regularize the Gaussian primitives so that the representation remains sparse,
view-consistent, and predominantly opaque. These design choices allow EOGS to
recover digital surface models and appearance at a level of detail comparable to
NeRF-based Earth observation methods, while reducing optimization time from
days to minutes per scene. In doing so, this chapter addresses the fourth and final
challenge outlined in the introduction: making volumetric scene representations and
their learning procedures efficient and scalable enough to keep up with real-world
data streams at planetary scale.

6.1 Introduction
Photogrammetry from remote sensing images aims to recover the 3D geometry

(e.g., a Digital Surface Model, DSM) and appearance (e.g., an albedo map) of
the Earth’s surface from satellite observations. In this chapter, we focus on digital
surface modeling from multi-date images acquired from arbitrary satellite positions.

Historically, binocular stereovision and tri-stereo methods have been used for
this purpose. However, these methods rely on image acquisitions being nearly
simultaneous and with specific relative positions, which is often impractical, with
limited acquisition opportunities, and/or costly.

More recently, multi-view methods developed for novel-view synthesis (NVS)
have been applied to this task because they naturally handle diverse camera posi-
tions. In particular, NeRF-based approaches such as EO-NeRF [102] achieve state-
of-the-art performance for digital surface modeling, notably thanks to improved
shadow handling, but they remain computationally expensive. In recent years, 3D
Gaussian Splatting (3DGS) [82] has emerged as a faster alternative to NeRF while
maintaining comparable reconstruction accuracy.

In this work, we introduce EOGS, the Earth-observation Gaussian Splatting, the
first method for digital elevation modeling based on 3DGS. EOGS achieves accuracy
comparable to previous state-of-the-art approaches while being approximately 300×
faster. Keys to the success of EOGS are the following contributions, all of which
are compatible with the original 3DGS framework’s efficiency:

• Approximating locally the pushbroom satellite sensors as affine cameras.

• Introducing a shadow-mapping-based pipeline for rendering the shadows in a
physically accurate manner.

80



6.1 – Introduction

EOGS altitude EO-NeRF altitude

Pansharpened image Ground-truth altitude

Figure 6.1: Using a limited number of satellite images of a given scene, the proposed
EOGS method estimates the appearance and geometry of the scene. It achieves
the same level of detail as EO-NeRF [102], such as the group of fans or the thin
structures on top of the tall building on the left. However, EOGS requires only a
few minutes of optimization, compared to the day-long training time required by
EO-NeRF [102].

• Adding a new regularization term that promotes sparsity in the Gaussians
opacities in order to reduce the training time.

• Adding a new regularization term that promotes view consistency by ensuring
the rendered scene geometry remains consistent under small camera pertur-
bations.

• Adding a new regularization term that promotes completely opaque objects
by forcing them to cast non-translucent shadows.
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6.2 Related Work

6.2.1 Stereovision for Earth Observation
Stereovision is at the heart of many tools for 3D estimation from series of satellite

images. Examples of such pipelines are Ames stereo pipeline [12], MicMac [131],
CARS [106], S2P [43], or CATENA [87].

Traditionally, these multi-view stereo methods are applied to well-chosen (either
manually or automatically) image pairs. Since they process each pair independently
(for example in the dense stereo matching step), a crucial step is the fusion of all
the generated pairwise 3D models into a single one.

The recent trend has been to replace classic dense matching methods, such as
semi-global matching (SGM) [60] or more global matching (MGM) [41], with deep
learning based methods such as PSM [31], HSM [175] or GA-Net [180]. A review of
these methods and a comparative study for satellite images is performed in [101].

6.2.2 NeRF for Earth Observation
As explained in Section 2.3, [109] have shown that it is possible to learn a

volumetric model of a scene, called neural radiance fields (NeRF), using differen-
tiable inverse rendering. Given a sparse set of views of the scene, NeRF learns in
a self-supervised manner by maximizing the photoconsistency across the predicted
renderings corresponding to the available viewpoints. After convergence, the vol-
umetric model can then be used to render realistic novel views of the scene. In
practice, this volumetric model is represented by an MLP that predicts, for each
position x of the space, the local density of the scene ρ(x) as well as its appear-
ance (i.e., color) κ(x). The rendering is performed using an approximation of the
volumetric integral Eq. (2.10) from optical physics estimated using ray casting.

NeRF-based methods were then extended to the remote sensing case, and in
particular to perform multi-view and multi-date satellite photogrammetry, namely
S-NeRF [37], Sat-NeRF [103], and EO-NeRF [102]. S-NeRF [37] exploits the solar
direction, information typically available in the metadata of each observation or
that can be easily retrieved knowing the location of the scene as well as the ac-
quisition hour and date, to predict the direct sun light reaching each point in the
scene. This is done by adding the solar direction as an input to the MLP and pre-
dicting the amount of sun light reaching a point as a new output. In this way, the
shadows cast by buildings can be learned by the MLP and generated accordingly
during the novel-view rendering step. Sat-NeRF [103] extends S-NeRF by mod-
eling the transient parts of the scenes (e.g., cars, construction sites, or foliage) as
done in NeRF-in-the-wild [104] and improves the camera representation of S-NeRF,
from pinhole to RPC [153, 6]. EO-NeRF [102] improves the handling of shadows
of S-NeRF and Sat-NeRF by defining physically plausible shadows directly from
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the geometry. These shadows are then rendered by additional raycasting from the
surface in the direction of the sun. More recent work focuses on modeling difficult
seasonal effects [46], extending the proposed volumetric models to surface mod-
els [125], using the raw pre-pansharpened data provided directly by the satellite
operators [121], and accelerating the training step by taking advantage of faster
NeRF versions [17].

6.3 Method
The proposed Earth-observation Gaussian splatting (EOGS) method specializes

and adapts 3DGS, explained in detail in Section 2.4, for the satellite photogramme-
try task. Given N non-orthorectified satellite images and their corresponding RPC
camera model coefficients, a set of Gaussian primitives Γ = {γk}K

k=1 is optimized
to recover both the 3D geometry and appearance of the scene.

The general learning problem is to find the set of K Gaussian primitives that
best approximates the N satellite images, with the rendering process of Eq. (2.13).
This can be formulated as:

arg min
(γk)J1,KK

N∑︂
i=1
LGS(ÎAi , IAi), (6.1)

The predicted pixel color is obtained combining Eqs. (2.12) to (2.14), that we
report here for clarity, assuming the background color If = 0:⎧⎪⎨⎪⎩
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where A is the camera model associated with the image containing pixel u, du is
its view direction, JA

k
is the Jacobian of A computed at µ

k
, and f̃

k
represents the

color of the k-th Gaussian primitive.
In the following sections we highlight the differences between EOGS and previ-

ous 3DGS and NeRF-based approaches.

6.3.1 Projections and Coordinate Systems
We define the coordinate system in which the Gaussian primitive centers and

shapes are expressed as world-space coordinates. This coordinate system is a uni-
formly rescaled and recentered version of the Universal Transverse Mercator (UTM)
coordinate system [156], such that the center of the scenes coincides with the ori-
gin, the scene is contained in a unit cube, and it is east-north-up aligned similarly
to EO-NeRF [102]. At the other end of the transformation pipeline lies the 2D
NDC-space, where the Gaussian primitives are splatted.
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2D NDC Space RowColumn LongLatAlt UTM World SpaceRPC F(x) cx+ b

≈ A : R3 → R2 affine transformation

Figure 6.2: Summary of the transformation from world-space to NDC-space and
its affine approximation. The affine approximation is computationally efficient,
compatible with the Gaussian splatting formulation, and well-suited for satellite
images. The coordinate systems in the right red box represent 3D world coordi-
nates (camera-independent), while the left blue box shows 2D coordinates (camera-
dependent).

The correct mapping between these two spaces is a composition of transfor-
mations: world-space to UTM to longitude-latitude-altitude. Using the RPC co-
efficients (that model the satellite position and 3D attitude) associated with each
observation, the latter coordinate system is mapped onto the image row-column
coordinates. Finally, the coordinates are normalized to range in [−1,1] to get to
NDC-space. As shown in Fig. 6.2, we instead compute a per-scene affine approxi-
mation of the whole transformation, introducing a negligible mean error of ≈ 0.012
pixels while being more computationally efficient than previous works and compat-
ible with a Gaussian Splatting formulation. Specifically, for an affine camera model
A : x ∈ R3 → Ax + a ∈ R2, the Eq. (2.15) simplifies to µA

k
= Aµ

k
+ a ∈ R2 and

ΣA
k

= AΣA′ ∈ R2,2. This simplification eliminates the need for the local first-order
approximation used in the original 3DGS method, as we moved the approximation
to the camera models.

6.3.2 Shadow Mapping
As in EO-NeRF, we want to explicitly model the shadow phenomena in the

images, as the solar direction is available for each image in the scene. Unlike
previous literature, our method uses a custom variant of shadow mapping to cast
geometrically consistent shadows. Introduced in [171], Shadow Mapping is a well-
known technique in the field of 3D graphics for adding shadows to a computer
graphic rendering. It is particularly suited for EOGS, as it requires just the ability
to render the scene from different points of view, as opposed to the shadow casting
technique used in EO-NeRF that requires ray marching (which is not defined in
Gaussian splatting).

Before introducing our variant of Shadow Mapping, we define the elevation
render, localization function, and the homologous point function.

Given a camera model/projection A, the elevation render is defined as the 3DGS
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rendering Eq. (2.13) using the real elevations instead of colors

EA(u) =
K∑︂

k=1

⎛⎝k−1∏︂
j=1

1− αjGC
j (u)

⎞⎠αkGC
k (u)E(µ

k
) + Ef

K∏︂
k=1

1− αkGC
k (u) (6.2)

where Ef << 0 is a fixed constant representing a very low elevation, E : R3 → R is
an affine operation mapping 3D points expressed in the “native” world coordinates
to the corresponding real altitude, expressed in meters. We remark that this is
not the depth nor the inverse depth, typically found in the MVS literature. Using
the real altitude is advantageous here for two practical reasons. First, altitude is
expressed in a global physical reference frame shared by all satellite views and by
the sun camera, so elevations can be compared directly across cameras without
depending on the viewing direction. Second, the target product in remote sensing
is a DSM in metric geodetic coordinates, making altitude a more natural quantity
than view-dependent depth.

Given a camera model/projection A, the localization function that maps a pixel
of the camera and a given absolute altitude to its associated point in the native 3D
world is defined as:

locA :
(︂
R2 × R

)︂
→ R3, (u, h)→ x

s.t. A(x) = u and E(x) = h.
(6.3)

Given two cameras A and B, the homologous point function maps a pixel of the
first camera to the corresponding pixel of the second camera, taking into consider-
ation the 3D geometry:

homA,B : R2 → R2, u→ ũ

s.t. ũ = B
(︂
locA

(︂
u,EA(u)

)︂)︂
.

(6.4)

In our shadow mapping approach (depicted in Fig. 6.3), we assume that the
sun is the only directional light source present in the scene. This assumption is
appropriate for the daytime optical satellite imagery considered in this chapter.
Non-directional illumination is partially absorbed by the per-camera ambient light
term ψA, while scenes dominated by artificial light sources (e.g., nighttime city
imagery) fall outside the scope of the proposed model. Moreover, since it is far
from the scene, it can be approximated as a directional light. Following the classic
shadow mapping approach, we construct a camera S, called sun camera, placed
at and aligned with the light source. As the camera model corresponding to a
directional light is the affine camera, we can handle uniformly the sun cameras and
the satellite cameras.

Then, we consider a second camera, A, from which we want to synthesize a novel
view and apply shadows according to the sun direction. Given a point u in the A
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NDC-space, and its corresponding altitude EA(u), we first localize it, obtaining a
3D point in world-space. We then project this point according to S, obtaining the
homologous point of u in S. We then resample the elevation rendering of S at this
projected point and compare it with EA(u). Mathematically, this corresponds to

∆hA,S(u) = ES
(︂
homA,S(u)

)︂
− EA(u). (6.5)

If these two elevations, EA(u) and ES(ũ) are the same, it means that both the
camera and the sun camera are imaging the same 3D point, hence this point is in
light. If the two elevations are not the same, then the sun camera is not able to
“see” the 3D point, hence it is in shadows. To represent this shading, the color
of points in the shadows is multiplied by a darkening coefficient computed from
∆hA,S(u) as

sA,S(u) = min
{︂
exp

{︂
−ρ∆hA,S(u)

}︂
,1
}︂
. (6.6)

We argue that this formulation is physically plausible as this would be the correct
equation for a homogeneous medium of density ρ, as shown in [105].

Following [102], we also model a per-camera ambient light ψA so that in-shadow
objects do not appear completely black. The shading to be applied to a given pixel
u is given by the following lighting coefficient

lA,S(u) = sA,S(u) + (1− sA,S(u))ψA. (6.7)

Finally, EOGS image formation equation is:

IA,S(u) = lA,S(u)
K∑︂

k=1

⎛⎝k−1∏︂
j=1

1− αjGC
j (u)

⎞⎠αkGC
k (u)ϕA(f

k
) (6.8)

where ϕA(·) is a camera-specific affine color correction applied to the intrinsic prim-
itive colors f

k
. We remark that, differently from 3DGS, we drop the view-direction

dependencies of the primitive colors and introduce a camera-dependent color cor-
rection.

It is useful to define the albedo rendering, where we do not use the shadows or
the camera-specific color correction:

IA(u) =
K∑︂

k=1

⎛⎝k−1∏︂
j=1

1− αjGC
j (u)

⎞⎠αkGC
k (u)f

k
(6.9)

While the image formation model defined in Eq. (6.8) is equivalent to EO-NeRF,
the shadow definition is quite different. In EO-NeRF case, shadows are defined as
the sun visibility for all points on the surface. Because of possible occlusions, two
points of the scene can correspond to the same point seen from the sun direction.
Therefore, it is not possible to define the sun visibility as an “image" that could be
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Figure 6.3: Shadow mapping illustration. The point u in the satellite image (affine
camera A) corresponds to the 3D point x = locA(u) on the vertical wall. Projecting
x to the sun camera (affine camera S), ũ = Sx is obtained. Then y = locS(ũ) is
obtained localizing ũ. The point x and its pixel u are in shadow because the
elevation of y is greater than the elevation of x. Indeed, all and only the points
where the satellite elevation and the resampled sun elevation do not match should be
shaded. On the bottom of the illustration are shown examples of the sun elevation,
the resampled sun elevation, and the satellite elevation renderings, with shadows
highlighted in red.

estimated using a Gaussian splatting-like process. Trying to compute an irregularly
sampled “image" corresponding to these points would break the locality assump-
tion used in Gaussian splatting during the rasterization step and thus reduce the
computational efficiency. On the contrary, the proposed shadow mapping verifies
all the assumptions made by Gaussian splatting.
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6.3.3 Regularizers
It is well-known that deep neural networks are implicitly regularized [126, 123,

151, 157], meaning that despite being used in the overparametrized regime, they
show generalization capabilities.

On the other hand, we found out that primitives in 3DGS-based methods are
almost independently optimized one from the other. This is probably due to the
fact that the primitives in 3DGS are initialized as small spheres, spread out in the
entire scene. This results in 3DGS being less regularized than NeRF-based methods
and “lacking” constraints during the optimization phase.

Hence we are free to add additional regularization constraints to the general
optimization problem Eq. (6.1) that induce smoother and more regular solutions.
In particular, we introduce constraints that promote our solution to be sparse (i.e.,
we encourage solutions that require fewer Gaussian primitives), view consistent,
and mostly composed of completely opaque objects.

As common ML pipelines are specialized for unconstrained optimization prob-
lems, we argue to use a Lagrangian relaxation approach and re-formulate each
constraint as a new loss term, each with its own experimentally-found Lagrangian
multiplier.
Promoting Sparsity. Training time is directly proportional to the number of
Gaussian primitives considered during the optimization process. As we want to
recover the geometry of the scene as fast as possible, we want as few Gaussian
primitives as possible, hence a sparse solution.

Inspired by the well-known LASSO regularization in linear regression [155] that
promotes a sparse solution, we consider a L1 regularization of the opacities

Lo = 1
K

K∑︂
k=1

αk. (6.10)

This regularization promotes sparsity in the primitive opacities distribution,
hence only “useful” primitives will be visible at the end of the optimization. We
pair this regularization with a simple thresholding pruning procedure that discards
any primitive with α < αmin. In this way, unused primitives are actually dis-
carded, yielding faster splatting and overall faster training (specifically, we recorded
speedups of up to 2× on the considered datasets).

We remark that many works [24, 84] have proposed replacements to the original
3DGS densification/pruning procedure. Here, instead, we aim only at lowering the
number of primitives, so we do not need a densification strategy as long as we
instantiate enough of them at the beginning of the optimization. Moreover, we
set αmin = 0.0025 as primitives with lower opacities are already discarded in the
original 3DGS implementation of the front-to-back splatting procedure.
Promoting View Consistency. Differently from the classical NVS context, in
remote sensing the available views are low-count and sparse, resulting in Eq. (6.1)
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Figure 6.4: From top-left to bottom-right, shadow maps of EO-NeRF, EOGS with-
out the Ls penalizer, EOGS with the Ls penalizer, and the corresponding satellite
image. Textures corresponding to the image content can be observed in the shadow
map of EO-NeRF and EOGS without the Ls penalizer, but not in EOGS.

being even less constrained. Paired with the fact that 3DGS does not benefit
from the implicit regularization of NeRF, we argue that an additional constraint
promoting view consistency is needed.

We propose a “local view consistency” loss based on the intuition that if the
same 3D point is visible from two cameras and the cameras are close to each other,
then the color and elevation resampled at the corresponding pixels should be the
same. Otherwise the object is occluded or outside the camera boundaries.

Mathematically, given a camera A we randomly perturb it and obtain a camera
B. Assuming that there is no view-direction dependent color effect, this constraint
reads:

∆hA,B(u) < ∆hmin ⇒

⎧⎨⎩I
A(u) = IB

(︂
homA,B(u)

)︂
EA(u) = EB

(︂
homA,B(u)

)︂
,

(6.11)

where we reused the same notation of the shadow mapping explanation.
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This constraint results in two loss terms, the color (albedo) consistency and the
altitude consistency:

Lcc =
∑︂

u

MA,B(u)
⃓⃓⃓
IA(u)− IB

(︂
homA,B(u)

)︂⃓⃓⃓
(6.12)

Lac =
∑︂

u

MA,B(u)
⃓⃓⃓
EA(u)− EB

(︂
homA,B(u)

)︂⃓⃓⃓
, (6.13)

where MA,B(·) is a binary mask that selects all pixels u such that ∆hA,B(u) < ∆hmin
and homA,B(u) is inside the image boundaries. We remark that we always choose
A from the input posed images and we set ∆hmin = 30cm. Moreover, we obtain B
by independently sampling q1, q2 ∈ R from a ±1-truncated standard distribution
and defining

B(x) = A(x) + 0.05 E(x)

⎛⎜⎝q1

q2

⎞⎟⎠ . (6.14)

In the generic NVS literature, many works [116, 36] proposed different methods
for increasing the view consistency. RegNeRF [116] is the first work that deals with
sparse camera poses by introducing a loss term that maximizes the likelihood of
rendered RGB patches from virtual cameras with a pre-trained deep normalizing-
flow model, while also adding a total variation regularization on the rendered depth.
Furthermore, [36] introduces a reprojection mechanism such that only the geometry
needs to be learned from the NeRF, as the colors are resampled from the input
images. Note that EOGS differs from [116] as we ask for consistency (RGB and
depth) between two cameras (one real and one virtual), hence we do not need any
pre-trained model for the RGB renders nor prior on the elevation renders. EOGS
also differs from [36] as we learn the colors and do not resample input images that
may contain transients or color shifts.
Promoting Opacity. Looking at the output from SatNeRF and EO-NeRF (see
Fig. 6.4), we can see that much of the texture of the scene is embedded in the
geometric shadows. Additional examples of the illumination decomposition into
generated image, albedo, and shadow maps are shown later in Figs. 6.11 and 6.12,
which help visualize the effect of the proposed lighting model. This geometry misuse
is caused by semi-transparent objects casting semi-transparent shadows. In order
to lessen this effect, we propose to add an entropy-based penalty Ls for incorrect
use of the shadows. This penalty is defined as

Ls =
∑︂

u

H
(︂
sA,S(u)

)︂
, (6.15)

where H(x) = − (x log2(x) + (1− x) log2(1− x)). Indeed the shadow map sA,S

should contain only 0 or 1 values. This is the case for ρ → +∞ in Eq. (6.6), as a
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building should not cast a semi-transparent shadow. Hence we add this entropy-
based penalizer to discourage the use of semi-transparent shadows, which in turn
encourage objects to be either completely transparent or fully opaque. Note that
choosing a large ρ during training is not an option since it would make the training
unstable as Eq. (6.6) would be close to a non-differentiable step function.

6.3.4 Implementation Details
The implementation of EOGS is based on the original 3DGS code base. Other

than the aforementioned novel contributions, the main differences lie in disabling
the per-Gaussian view-direction color dependency and initializing all the Gaus-
sians with white color and as low as possible opacity (1%). Moreover, we reduce
the number of iterations to 5000 and enable the shadow mapping and all three reg-
ularizations at iteration 1000. Furthermore, the Gaussians centers are initialized
uniformly in the 3D scene such that the initial density is 0.13 Gaussians per m3.

We use the same optimizer and scheduler of 3DGS for the primitives and use a
second Adam scheduler with 10−2 learning rate for learning the camera-dependent
parameters: the affine color-correction ϕA and the ambient color ψA.

The Lagrangian coefficients of the regularization constraints have been found
experimentally on a single scene, rounded to the nearest power of ten, and applied
to all scenes. This highlights the robustness of EOGS to the specific values of these
coefficients. The final loss is:

min
N∑︂

i=1
LGS(Îi, Ii) + 0.1Lo + 0.1Lcc + 0.01Lac + 0.01Ls, (6.16)

where Îi is now, differently from 3DGS in Eq. (6.1), a shorthand notation for IAi,Si

from Eq. (6.8), which also depends on the sun camera Si.
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mask method 004 068 214 260 Mean ↓ Time ↓

JA
X

da
ta

se
t

✗

EOGS 1.45 1.10 1.73 1.55 1.46 3 minutes
EO-NeRF [102] 1.37 1.05 1.61 1.37 1.35 15 hours
Sat-Mesh [125] 1.55 1.15 2.02 1.36 1.52 8 minutes
SAT-NGP [17] 1.63 1.27 2.18 1.79 1.72 25 minutes

✓

EOGS 0.89 1.01 1.63 1.24 1.19 3 minutes
EO-NeRF [102] 1.02 1.03 1.55 1.24 1.21 15 hours
SAT-NGP [17] 1.03 1.26 2.17 1.43 1.47 25 minutes

mask method 001 002 003 Mean ↓ Time ↓

IA
R

PA
da

ta
se

t

✗

EOGS 1.58 2.00 1.27 1.62 3 minutes
EO-NeRF [102] 1.43 1.79 1.31 1.51 15 hours
Sat-Mesh [125] N.A. N.A. N.A. N.A. 8 minutes
SAT-NGP [17] 1.54 2.11 1.69 1.78 25 minutes

✓

EOGS 1.38 1.70 1.03 1.37 3 minutes
EO-NeRF [102] 1.32 1.63 1.18 1.38 15 hours
SAT-NGP [17] 1.34 1.85 1.62 1.60 25 minutes

Table 6.1: Mean absolute error on the elevation [meters] and the corresponding
training time for various baseline methods, when considering the whole AOI (no
mask) or when ignoring foliage areas (foliage mask). Results for Sat-Mesh are
reported from the paper since the authors did not share their code.

6.4 Experiments
We evaluate EOGS in the same experimental setting as the most recent related

work in the literature, EO-NeRF.
We are using datasets provided in the 2019 IEEE GRSS Data Fusion Contest

(DFC2019) [21, 90] and 2016 IARPA Multi-View Stereo 3D Mapping Challenge
(IARPA2016). These datasets, comprising a total of 7 areas of interest (AOI),
contain cropped non-orthorectified multidate WorldView-3 observations, along with
metadata such as the 3D satellite attitude (encoded in the RPC coefficient) and
the local sun direction. We use the bundled-adjusted version of the RPC coefficient
used in EO-NeRF. Each image covers approximately 256 × 256 meters squared of
terrain with a resolution of 30 ∼ 50 cm per pixel, while each AOI is imagined by
10 ∼ 20 crops.

6.4.1 Main Experiment Results
Table 6.1 show the main experimental results of EOGS. To assess the accuracy

of EOGS we report the mean absolute error (MAE) between a lidar scan included
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Figure 6.5: From left to right: visual results on JAX_214 comparing SAT-NGP [17],
EOGS, EO-NeRF [102] and the ground truth.

in the dataset and the elevation render aligned to this nadir view. We argue that
the volume of these data will grow in the near future, so we are also interested in
the time required to recover the geometry from the input images. Hence we also
report the training time.

If the entire AOIs are considered, as reported in Table 6.1 (top), EOGS performs
slightly worse than the state of the art EO-NeRF but it is approximately 300×
faster. For reference, we also report all available results of other methods from
the literature (EO-NeRF [102], SAT-NGP [17], and Sat-Mesh [125]). We see that
EOGS is pareto-optimal with respect to elevation MAE and training time. If instead
we use available ground truth semantic maps to ignore prediction in the foliage
areas, EOGS performance is equivalent to EO-NeRF, showing higher accuracy for
structural objects, as reported in Table 6.1 (bottom). We present visual results in
Fig. 6.5 as well as in the supplementary material.
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Shadowmap ✗ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Sparsity ✗ ✗ ✓ ✗ ✗ ✗ ✓ ✓ ✓

Consistency ✗ ✗ ✗ ✓ ✗ ✓ ✗ ✓ ✓

Opacity ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✗ ✓

MAE [m] ↓ 5.03 1.86 1.83 1.69 1.79 1.57 1.76 1.64 1.54

Table 6.2: Ablation study of each proposed component of EOGS.

6.4.2 Ablation and Parameter Studies

Impact of the Different Losses. Table 6.2 reports an ablation study of the loss
terms in EOGS. Each column corresponds to a different ablation experiment, while
each row corresponds to a different component of EOGS being ablated. The first
row indicates whether the Shadow Mapping technique is enabled or not. The follow-
ing three rows indicate, respectively, the presence of the sparsity, consistency, and
opacity regularizers. We remark that the first column is equivalent to 3DGS with
affine cameras, learnable per-camera affine color correction, and different primitives
initialization. For each column, we report the grand mean elevation MAE of JAX
and IARPA scenes.

To quantitatively measure the impact of each single component, we linearly
regress the MAE from the presence of the components, obtaining a coefficient for
each component that expresses an elevation MAE gain with respect to the base case
(reported in the first column of Table 6.2). The introduction of shadow mapping
is the most impactful component, gaining 3.16 meters of accuracy. Then, the
consistency regularizer and the opacity regularizer further improve the accuracy
of EOGS by 0.20 and 0.09 meters, respectively. Lastly, the sparsity regularizer,
while being necessary for achieving efficient training, also reports an improvement
of 0.04 meters. Hence, all components independently contribute to the quality of
the geometry reconstruction.
Regularization Parameters. Figure 6.6a shows the results of a grid search on
the coefficients of Lcc and Lac in Eq. (6.16). It shows that both the altitude regular-
ization and the color regularization are necessary to achieve the best performance.
We remark that, in order to reduce overfitting to a particular scene, we choose the
same “round coefficients” for all scenes.
Impact of visibility. Figure 6.6b shows the impact of the visibility (i.e., the
number of cameras that can see a given point of the scene) on the performance.
While EOGS and EO-NeRF are comparable on average, this test shows that EOGS
performs better for regions that are visible in most images but struggles in the
regions observed in only a few images.
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MAE (m)

(a) View consistency regularization
parameter ablation study. Selected
parameter set is shown with the cyan
dot. Estimation performed on the
JAX_260 sequence.
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(b) Impact of the visibility on the per-
formance (using foliage mask).

6.5 Additional Visual Results
We present additional visual results in Figs. 6.7 to 6.10.

Figure 6.7: From left to right: visual results on IARPA_001 comparing SAT-
NGP [17], EOGS, EO-NeRF [102] and the ground truth.

95



Remote Sensing

SAT-NGP EOGS EO-NeRF Ground Truth

Figure 6.8: Visual results on IARPA_002 and IARPA_003.
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Figure 6.9: From left to right: visual results on JAX_004 and JAX_068 comparing
SAT-NGP [17], EOGS, EO-NeRF [102] and the ground truth.
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Figure 6.10: From left to right: visual results on JAX_214 and JAX_260 compar-
ing SAT-NGP [17], EOGS, EO-NeRF [102] and the ground truth.
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6.6 Albedo and Shadow Visualization
We present in Figs. 6.11 and 6.12 examples of albedos and shadows generated

by EO-NeRF and the proposed EOGS for multiple scenes.

Observed image Gen. image Gen. albedo Gen. shadow

Figure 6.11: Visual comparison of the scene albedo and shadows generated by EO-
NeRF (top) and EOGS (bottom) for JAX_068 and JAX_214. Note that the scaling
for all images is the same except for the albedo that is rescaled independently to
show the entire dynamic.
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Observed image Gen. image Gen. albedo Gen. shadow

Figure 6.12: Visual comparison of the scene albedo and shadows generated by EO-
NeRF (top) and EOGS (bottom) for IARPA_001 and IARPA_003. Note that the
scaling for all images is the same except for the albedo that is rescaled independently
to show the entire dynamic.
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6.7 Conclusions & Future Work
In this chapter we introduced EOGS, the first Gaussian-Splatting-based frame-

work for Earth observation. By adapting 3DGS to the requirements of satellite im-
agery, including shadow modeling and camera-specific corrections, EOGS achieves
digital surface model reconstruction quality comparable to the current state of the
art, EO-NeRF, while reducing optimization time by more than two orders of magni-
tude. This makes Gaussian-splatting-based volumetric representations a practical
solution for large-scale and potentially high-throughput remote-sensing pipelines.

Our analysis also highlights the current limits of the method. EOGS performs
especially well in regions with high image coverage, where it can reconstruct fine
details at a fraction of the computational cost, but it is less robust in areas with
low coverage, strong vegetation, or other challenging visibility conditions. These
cases suggest that stronger priors, better initialization schemes, and additional reg-
ularization may be necessary to improve performance in unevenly observed regions.
More generally, handling seasonal changes and heterogeneous land-cover types re-
mains an open challenge for volumetric Earth observation.

Looking ahead, an important direction is to combine EOGS with richer sources
of information and more scalable architectures. Multi-modal fusion with SAR, Li-
DAR, or multispectral imagery could provide complementary cues where optical
coverage is insufficient, while hierarchical or streaming formulations could allow
local Gaussian or radiance-field patches to be linked into larger global reconstruc-
tions. Integrating uncertainty-aware extensions would further improve the practical
value of the framework, allowing operators not only to reconstruct large scenes effi-
ciently, but also to quantify confidence in the derived products and prioritize future
acquisitions where the model is least certain.
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Chapter 7

Conclusions and Outlook

In this dissertation we have explored how deep learning and volumetric scene
representations can be used to build 3D world models that are both expressive
and practical. Starting from the classical theory of light transport and the vol-
ume rendering integral, we studied how modern radiance-field-style models can be
specialized and extended to address four concrete challenges: enhancing resolution
from limited viewpoints, quantifying reliability and uncertainty, hallucinating miss-
ing data in a principled way, and deploying these models at the scale and constraints
of satellite remote sensing. This chapter summarizes the main contributions, dis-
cusses their limitations, and outlines possible directions for future work and for the
broader field of 3D scene representation.

7.1 Summary of Contributions

Theoretical Foundations for Volumetric Representations
The thesis begins by revisiting light transport in participating media and the

volume rendering integral, and by showing how these classical concepts specialize
to neural scene representations. The derivations in Chapter 2 make explicit the
connection between radiance, density, and color in the continuous setting, and the
corresponding quantities used in Neural Radiance Fields (NeRF), 3D Gaussian
Splatting (3DGS), and related models. This provides a unified notation for rays,
cameras, and rendering operators, and clarifies how modern neural methods can be
seen as specific parameterizations of the same underlying physical integral. Beyond
serving as a reference, this perspective helps to reason about what is gained and
lost when introducing approximations (e.g., constant-color approxmation, alpha
compositing, or explicit splats) into the rendering pipeline.
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Resolution: Deep 3D World Models for MISR
Chapter 3 tackles the problem of multi-image super-resolution (MISR) in the

regime of large viewpoint changes and arbitrary camera placements. Traditional
MISR methods are often built around optical flow in the image plane, which works
well when parallax is small but breaks down in the presence of strong 3D effects.
The EpiMISR model proposed in this thesis replaces optical flow with explicit
epipolar geometry: features are sampled along rays consistent with the calibrated
cameras, and aggregated by a transformer that implicitly builds a 3D radiance-like
feature field.

This geometry-aware design allows EpiMISR to handle arbitrary numbers of
views, to gracefully fall back to single-image SR when only one observation is
available, and to outperform flow-based methods in scenarios with large disparities.
In the context of this thesis, EpiMISR illustrates how volumetric world models can
be used not only for novel view synthesis, but also as powerful priors for solving
classical inverse problems such as super-resolution.

Reliability: Uncertainty for Gaussian Splatting
Chapter 4 turns to the question of reliability: how much can we trust the predic-

tions of a learned volumetric model, and how can that trust be quantified? Focusing
on 3D Gaussian Splatting, the Stochastic Gaussian Splatting (SGS) framework ex-
tends each Gaussian primitive with a Bayesian treatment of its parameters, turning
rendering into a stochastic process. Monte Carlo sampling from the learned poste-
rior yields not only expected pixel intensities but also per-pixel predictive variances.

A dedicated loss term encourages these variances to correlate with true ren-
dering errors, yielding well-calibrated uncertainty maps while preserving the speed
and reconstruction quality that make 3DGS attractive in the first place. SGS is,
to the best of our knowledge, the first uncertainty-aware extension of Gaussian
Splatting, and shows that radiance-field-style models can provide probabilistic pre-
dictions rather than just single best guesses.

Missing Data: Physics-based Priors for Dynamics
While the preceding chapters focus on static scenes, Chapter 5 addresses the

challenge of missing viewpoints and missing time: in practical applications we rarely
observe the full spatio-temporal evolution of a scene, yet we would like to imagine
plausible dynamics that are consistent with both the data and the laws of physics.
Rather than training a large video diffusion model, the MotionCraft framework
assumes access to a powerful still-image generator and asks how to animate its
outputs.

The key idea is to decouple appearance and motion. A physics simulator (for
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fluids, rigid bodies, or multi-agent systems) produces a sequence of optical flows
in the image plane, which encode how scene elements should move. These flows
are applied not to pixels, but to the internal noise latents of an image diffusion
model, and the denoising process reconstructs each frame. This latent-space warp-
ing faithfully imposes the prescribed motion while letting the model invent new
content where needed (previously occluded regions, extended objects, consistent
reflections and lighting), resulting in realistic, controllable videos in a zero-shot
manner.

Within the narrative of the thesis, MotionCraft plays a dual role. On the one
hand, it is a practical zero-shot video generator that competes favorably with prior
text-to-video methods. On the other hand, it exemplifies how physics-based priors
on motion can regularize otherwise underconstrained problems. We speculate that
MotionCraft could help volumetric and generative models to hallucinate missing
views and time steps in a principled way.

Remote Sensing: Efficient Gaussian Splatting for Earth Ob-
servation

Chapter 6 investigates how to adapt volumetric representations to the specific
requirements of satellite remote sensing, where we must process large collections
of multi-date, multi-view images under tight computational budgets. The Earth-
Observation Gaussian Splatting (EOGS) framework specializes 3DGS to the char-
acteristics of satellite imagery, achieving digital surface models with quality compa-
rable to NeRF-based Earth observation methods ones, while reducing optimization
time from days to minutes per scene. This makes volumetric radiance fields a
realistic option for high-throughput, potentially planetary-scale satellite pipelines,
addressing the efficiency and scalability challenge highlighted in the introduction.

A Unifying Perspective
Taken together, these contributions show that radiance-field-style representa-

tions are not just a curiosity for photorealistic view synthesis, but a versatile sub-
strate for world modeling. The thesis demonstrates how geometric constraints,
probabilistic reasoning, physics-based priors, and application-specific adaptations
can be layered on top of volumetric models to address resolution, reliability, missing
data, and scalability in diverse settings. This suggests a broader view of 3D world
models as a common language between imaging, graphics, machine learning, and
applications.
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7.2 Outlook: Towards Learned World Models
Stepping back from the individual methods, the arc of this thesis points to-

wards a broader vision: learned 3D world models as a central abstraction at the
intersection of perception, simulation, and decision-making.

In this context, a 3D world model should be understood as more than a tool for
novel view synthesis. It is an internal representation that organizes what an agent
or system knows about the geometry, appearance, dynamics, and uncertainty of its
environment, and that can be queried to predict observations, infer missing infor-
mation, or evaluate hypothetical outcomes. Radiance fields and Gaussian Splat-
ting are compelling building blocks for such models because they already provide
a structured, spatially grounded, and differentiable description of the world.

On the one hand, radiance fields and Gaussian Splatting are rooted in classi-
cal physics: they describe how light interacts with matter along rays, and their
rendering equations are direct descendants of the volume rendering integral. On
the other hand, their parameters are learned from data using flexible function ap-
proximators, making them capable of representing complex real-world scenes. This
fusion of physical structure and statistical learning is, in many ways, the defining
feature of modern 3D representation research.

Looking ahead, several trends seem likely:

• From scenes to environments. Today’s models typically reconstruct one
scene at a time; tomorrow’s models will represent entire environments, with
persistent 3D memory and dynamic updates as new data arrives. In robotics
and AR/VR, such models could serve as a shared substrate for localization,
navigation, interaction, and simulation.

• From pixels to actions. As uncertainty-aware radiance fields and dynamic
generative models mature, their outputs will increasingly feed into down-
stream tasks: planning a robot’s path, assessing risk in autonomous driving,
or estimating confidence in Earth observation products. Representations that
explicitly encode uncertainty and physical constraints will be key to making
such pipelines robust.

• From reconstruction to imagination. Generative priors like MotionCraft
hint at a future where 3D world models do not merely reconstruct what was
observed, but can also imagine counterfactuals: how a scene would look un-
der different lighting, weather, or interventions; how a city might evolve over
years; how a physical system would respond to hypothetical forces. Combin-
ing realistic generative capabilities with physical plausibility and uncertainty
quantification is an ambitious but increasingly tangible goal.

• From isolated tools to shared infrastructure. As robotics, remote sens-
ing, medical imaging, and entertainment all adopt volumetric representations,
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there is an opportunity to converge on common abstractions and software
stacks. Just as convolutional networks became a ubiquitous building block
for 2D perception, radiance-field-style models and their variants may become
a standard interface between sensors, simulators, and decision systems.

These trends come with challenges: scaling models while keeping them inter-
pretable and energy-efficient; ensuring datasets are representative and do not en-
code harmful biases; designing evaluation protocols that go beyond PSNR and
SSIM to capture the usefulness of a representation in downstream tasks. Yet they
also outline an exciting trajectory.

In this context, the contributions of this thesis can be seen as small but concrete
steps towards richer world models. EpiMISR shows how explicit geometry can
unlock new regimes of super-resolution. SGS demonstrates that uncertainty can be
brought to fast, explicit volumetric representations. MotionCraft illustrates how
physics can be woven into generative priors to fill in missing dynamics. EOGS shows
that volumetric representations can be made efficient and practical in demanding
real-world applications such as satellite photogrammetry.

If 2D convolutional networks were the lingua franca of the previous decade in
computer vision, volumetric and radiance-field-based models are strong candidates
for the next. As they continue to evolve from scene representations into fuller 3D
world models, incorporating geometry, physics, uncertainty, and generative capa-
bilities, they bring us closer to the long-standing goal of endowing machines with
a useful internal model of the three-dimensional, dynamic world we inhabit.
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