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Summary

This thesis investigates the problem of physics-informed identification of nonlinear dy-
namical systems, proposing a unified framework that integrates partial physical knowl-
edge with data-driven models to achieve interpretable, reliable, and scalable identifica-
tion. The research focuses on the explicit combination of known physical equations
with a corrective black-box component that accounts for unmodeled dynamics. In this
context, the proposed methodology builds upon the notion of off-white models. These
correspond to grey-box representations where part of the model structure is derived
from first principles and physics, while unknown parameters must be identified from
data.

The first contribution is the formulation of a multi-step identification framework in
which the cumulative prediction error over extended horizons is minimized. Unlike
classical single-step identification approaches, which often yield models that perform
well only for short-term predictions, the proposed multi-step formulation provides con-
sistency and reliability over longer horizons, a critical aspect in control and forecasting
applications.

A second contribution is the introduction of a sparse black-box augmentation strat-
egy that complements the known physical dynamics. The black-box component, ini-
tially expressed as a sparse combination of basis functions, captures only the missing
dynamics required to model discrepancies. This formulation enables the joint estima-
tion of physical parameters and residual dynamics, preventing the bias typically in-
troduced by alternative identification procedures. Theoretical results are established,
providing explicit bounds on the parametric estimation error and conditions for maxi-
mum sparsity recovery, thus ensuring both interpretability and accuracy.

The framework is then extended to address the challenge of non-uniform observa-
tions, a frequent feature of real-world data due to missing samples, multiple experimen-
tal runs, or temporally aggregated measurements. New formulations and bounds are
derived to quantify the effect of these irregularities on parameter estimation, demon-
strating the robustness of the method across heterogeneous data collection settings.

To overcome the limitations associated with the manual selection of basis functions,
a kernel-based extension is then introduced. By embedding the model residuals in a re-
producing kernel Hilbert space, the framework enables a nonparametric, data-adaptive
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correction of the nominal physical model. This extension preserves the interpretabil-
ity of the physical parameters while removing the dependence on predefined function
dictionaries. The kernel-based formulation is further developed in the state-space set-
ting, integrating kernel approximations with state reconstruction techniques such as
unscented Kalman filtering and smoothing, resulting in enhanced predictive and simu-
lation accuracy.

The proposed methods are empirically validated through a range of representative
benchmarks and real-world-inspired case studies, including spacecraft inertia identifi-
cation, cascade tank systems, continuous stirred-tank reactors, and ecological popula-
tion dynamics, demonstrating robustness, interpretability, and improved long-horizon
predictive performance under realistic data conditions.

Altogether, this thesis contributes a general and theoretically grounded approach
to physics-informed identification, spanning sparse and kernel-based regularization,
multi-step optimization, and non-uniform data handling. The proposed framework
bridges the gap between traditional system identification and modern machine learning
paradigms, establishing new foundations for a structured and interpretable modeling
of nonlinear dynamical systems.
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Chapter 1

Introduction

1.1 Overview and motivations

Modeling real-world physical systems is a fundamental task in engineering: inferring
models from observations and studying their properties is, in essence, what science
is about [1]. From the early development of classical mechanics to contemporary ad-
vances in data-driven modeling, the effort to understand, predict, and control the evo-
lution of dynamical systems has remained at the core of scientific discovery and tech-
nological innovation. Within this broad context, system identification has emerged as
the discipline of building mathematical models of dynamical systems from measured
data, linking observed signals into structured models that can be analyzed, simulated,
controlled, and used for decision-making [1], [2].

Dynamical systems are indeed widespread across nearly all domains of engineering
and applied sciences. From aerospace [3], automotive [4], and energy systems [5], [6] to
biological networks [7], climate models [8], and financial markets [9], accurate models
are indispensable for tasks such as prediction, monitoring, diagnosis, and control. In
modern technology, the ability to capture the behavior of complex processes through re-
liable models translates directly into improved safety, efficiency, and sustainability. For
instance, in control design, a precise model is often the enabling step for implementing
advanced strategies such as model predictive control [10]; in fault detection, identifi-
cation techniques allow one to distinguish between nominal and anomalous behaviors
(see, e.g., [11]); in simulation and digital twins, identified models provide computation-
ally efficient surrogates of reality [12].

Thus, system identification plays a central role in bridging the gap between em-
pirical data and theoretical modeling, offering a systematic methodology for extracting
knowledge from observations and embedding it into mathematical structures. More-
over, its relevance has steadily increased with the growing availability of high-resolution
sensors and large datasets, which open unprecedented opportunities while simultane-
ously raising new challenges in terms of scalability, robustness, and interpretability. In
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this sense, identification is not merely a technical tool but rather a key component con-
tributing to the integration of physics-based and data-driven approaches in the study
of dynamical systems, as will be explored in this thesis.

1.1.1 The modeling spectrum

Traditionally, modeling real-world physical systems has relied on linear dynamical
models characterized by well-defined parametric structures, such as AutoRegressive
with eXogenous inputs (ARX), AutoRegressive Moving Average with eXogenous inputs
(ARMAX), or linear state-space representations [1]. These methods have been exten-
sively studied over the past decades, leading to a mature and well-established frame-
work, together with efficient numerical algorithms for parameter estimation and model
validation.

While these approaches are well understood, they often fall short in capturing the
behaviors exhibited by real-world systems [13], [14]. Indeed, the majority of the sys-
tems encountered in modern engineering applications exhibit dynamical behaviors that
may be too complex to be captured by linear relationships. As a result, the field of non-
linear system identification has experienced significant growth, and many approaches
have been studied aiming at identifying nonlinear dynamical models from collected
data. Although significant developments have been proposed [13], the problem remains
largely open and continues to pose major theoretical and practical challenges [15].

Existing approaches to nonlinear systems identification can be classified into two
main groups. On one side, methods arising from basic principles, in which the model is
directly derived from the knowledge of the physical laws governing the observed sys-
tem and of the relationships between the subsystems composing it. In particular, when
the values of the physical parameters entering into the systems (e.g., masses or inertia
of a spacecraft, or reaction coefficients of a chemical process) are themselves derived
from separate, dedicated measurements or are somehow known, one is considering a
so-called white-box model. This is, however, a rather extreme situation; more generally,
some parameters require identification from data, and one enters the broad family of
so-called grey-box models. Adopting the classification proposed by L. Ljung in [13], in
this thesis, we will refer to this particular class of models as off-white.

On the other side of the spectrum, we have the black-box models, which aim at
describing the system’s dynamics using generic linear parameterizations [16], [17] or
families of universal approximators [18]. This second class of models has gained in-
creasing popularity for their adaptability to a wide range of systems with minimal (or
no) prior information about the underlying physical processes. Notably, the majority of
published works focus on some variation of the black-box model approach (see, e.g., [18]
and references therein), while only few methodological works specifically discuss off-
white methods (see for instance [19]). However, despite the desirable properties of
black-box models, these show several limitations as, for instance, lack of interpretabil-
ity, poor consistency with physical properties, and absence of shared guidelines for
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selecting basis functions and model order.

To deal with these issues, the community has adopted and adapted solutions from
machine learning and artificial intelligence literature. On the one side, nonparamet-
ric approaches [20], [21], mainly kernel-based methods [22], [23], [24], have gained
popularity for their ability to capture a large diversity of nonlinear behaviors without
requiring complicated choices of basis functions. On the other side, techniques based
on neural networks (NN), e.g., [25], have been proposed, showing a remarkable imple-
mentation ease and capability of recovering long-term behaviors. The number of works
using different forms of NN-based system identification is steadily growing, and they
are fast becoming the go-to solution in several application fields. A growing number
of works, for instance, focus on specialized architectures for dynamical modeling, in-
cluding recurrent neural networks (RNNs), long short-term memory (LSTM) networks,
gated recurrent units (GRUs), and echo state networks (ESNs) [26], each designed to
capture temporal-dependencies, handle long-range correlations, and spatial features,
respectively, thereby enhancing the modeling of complex and dynamic systems. How-
ever, lately, these techniques have also revealed their main limitations, i.e., the need
for a large amount of high-quality training data and the difficulty of capturing some
inherent physical phenomena at the core of such data. The proposed solution to these
two drawbacks has been the same: to devise ways to “bring the physics back” into
the model. This led to the exponential growth of the family of physics-informed NNs
(PINNs) [27]. The main feature of PINNS lies in exactly incorporating physical informa-
tion through either physics-based loss functions or structural modifications, ensuring
physical consistency between inputs and outputs [27].

In parallel, the inherent opacity of these purely black-box models has encouraged
significant research into explainable AI (XAI). Contemporary efforts typically focus
on post-hoc interpretation of black-box models, utilizing techniques such as LIME or
SHAP [28]. For instance, in the context of data-driven predictive controllers, recent
studies [29] have proposed explainability frameworks allowing to design feedback loops
from data preserving prior system properties.

However, despite their promising capabilities, both PINNs and XAl methods remain
fundamentally tied to black-box and neural network structures. In contrast, alterna-
tive perspectives embedding physical principles through different modeling paradigms
may offer significant advantages in terms of computational efficiency, intrinsic inter-
pretability, transparency by design, and robustness. In this context, a central challenge
in system identification is noted by Ljung in [13]: we have to find descriptions that are
flexible enough to cover many relevant nonlinear phenomena, at the same time as they
allow inclusion of physical insight in order not to be too flexible.

These considerations underscore the need for efficient and reliable identification
frameworks that can effectively balance physics-based structure with data-driven flexi-
bility, enabling accurate and interpretable modeling even under challenging conditions
such as incomplete, noisy, or poor data.
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1.1.2 Performance criteria and optimization

Beyond model structure, another crucial aspect is the choice of the performance crite-
rion, which determines how models are evaluated and optimized. Within this context,
researchers have emphasized the importance of multi-step identification frameworks,
moving from traditional single-step prediction to more demanding simulation-based
criteria (see, e.g., [30], [31] and references therein). Traditional system identification
techniques typically adopted a single-step prediction error minimization (PEM) per-
spective. The model is applied once at each time step to predict the system’s next state
or output (one-step-ahead). Then, the model parameters are identified by minimizing
the differences between the measured outputs and the one-step-ahead predictions. For
linear-in-parameter models, this formulation yields convex optimization problems that
are well understood and can be solved efficiently with guaranteed convergence to a
global optimum. However, while such an approach can be effective for short-term pre-
dictions, it often lacks accuracy when the goal is to simulate or control the system over
extended time intervals [32], [33]. Moreover, in the case of state-space models, it re-
lies on the availability of accurate state measurements, which are often not accessible.
Unlike static regression models, a state-space formulation accounts for the evolution
of hidden states, requiring estimating both system parameters and unmeasured state
trajectories. As a consequence, when the system states are latent, the single-step for-
mulation becomes impractical.

In contrast, a multi-step identification framework requires the recursive propaga-
tion of the predicted state over a time horizon, using the candidate model at each time
step. This approach provides a more stringent and informative evaluation of model ac-
curacy, particularly for control-oriented tasks and long-term forecasting applications.
Additionally, it is naturally suited to state-space models in which the system states are
not directly measurable, as it relies on simulating the full system trajectory rather than
fitting predictions step-by-step to measured states. Clearly, the identification of such
types of models may easily destroy nice convexity properties of the associated cost
functions, thus leading to hard optimization problems [31]. This is primarily due to
the nonlinear interactions between parameters, which become increasingly complex as
predictions propagate over longer horizons.

Within this context, developing efficient and reliable optimization methods for multi-
step identification remains a key research challenge, where advanced first-order opti-
mization methods emerge as a promising solution. Such methods, which under suitable
conditions are guaranteed to converge to a solution (in general sub-optimal), leverage
gradient information to iteratively update decision variables [34] and have recently
gained popularity for their ability to tackle large-scale and complex problems [35],
[36]. Indeed, their effectiveness in solving non-convex problems remains one of the
unresolved mysteries, contributing to the success of deep learning across numerous
applications (see [37] and references therein), and makes them an appealing choice for
tackling the optimization challenges presented by complex identification tasks.
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1.1.3 Facing the real world: non-uniform observations

While the choice of performance criteria and optimization methods defines the way
we extract information from data, the quality, completeness, and structure of the data
themselves play an equally critical role. While in simulation environments data are
typically dense and uniformly sampled, this condition rarely holds in real-world sce-
narios. In practice, measurements are often affected by irregular sampling or specific
observability conditions, leading to datasets that are incomplete, fragmented or aggre-
gated. This makes real-world data a common source of uncertainty in practical applica-
tions (see, e.g., [38], [39], and references therein) rendering conventional identification
methods, which assume regularly sampled data, ineffective. This motivates the need of
identification frameworks able to handle these situations, adopting techniques capable
of treating non-uniform observations while ensuring consistency despite experimental
variability.

The term non-uniform observations refers to data scenarios that may include: (i)
missing measurements, (ii) multiple runs, i.e., repeated simulations of the system with
different initial conditions, or (iii) aggregated outputs, where only averaged or accumu-
lated system outputs over a time window are available, instead of individual readings.
For example, sensor failures or varying sampling rates can create data gaps, while mul-
tiple runs may result from different experimental setups or varying external conditions
[40]. On the other hand, aggregated outputs commonly arise in fields where continuous
sampling is impractical. In such cases, monitoring the evolution of certain quantities
can involve sampling measurements at extended intervals, providing only average val-
ues or accumulated information over these periods. In atmospheric or meteorological
modeling, for example, weather stations record average temperature, humidity, or pre-
cipitation levels over several hours or days rather than continuously [41], [42]. In eco-
logical and biological studies, averaged samples are used to study long-term ecological
changes [43] or to improve the robustness of statistical analyses and provide a better
understanding of population variability [44], [45]. In economics and finance, data such
as gross domestic product, growth rates, or quarterly earnings are typically collected
at extended intervals to provide a broader view of the economic trends and financial
health over time (see, e.g., [46]). Similarly, in chemical industries, processes like the
simulated moving bed involve the collection of samples at extended intervals due to a
time-consuming and costly analysis [47].

Within this context, the majority of the literature focuses on system identification
techniques under the assumption of missing data and multiple runs, i.e., measurements
are either sporadically absent or completely missing for certain time steps. For exam-
ple, an expectation maximization-based strategy is presented in [48] for data-driven
identification with missing output observations. In this work, model parameters and
missing observations are simultaneously and iteratively estimated using linear state-
space models. In [49], several reconstruction methods for ARX models with missing
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measurements were compared, including Kalman filtering, maximum likelihood esti-
mation, and iterative reconstruction. All these methods often rely on the exploitation
of specific model structures, such as ARX or linear state-space models, which may not
generalize well to a large variety of real systems. Furthermore, with this class of ap-
proaches, the computational cost for reconstructing missing data becomes increasingly
expensive as the amount of missing data grows.

Another class of approaches dealing with missing measurements leverages nuclear
norm subspace identification methods, as in [47], [50], [51], where a convex optimiza-
tion problem is formulated to estimate, in one step, both missing data and model pa-
rameters. Despite this class of techniques demonstrates robustness in handling in-
complete dataset, their reliance on linear state-space models may jeopardize the model
identification if the systems governing equations are highly nonlinear. Alternatively,
an expectation-maximization algorithm that employs a particle filter and a particle
smoother is employed in [52] and [53] for the identification of a nonlinear black box
model under missing observations. Analogously, solutions based on black-box neural
networks are proposed in [54] and [55] to effectively handle missing observations while
identifying a system. Nonetheless, the effectiveness of black-box methods in modeling
complex systems is limited by the lack of interpretability [13], [56]. This drawback
compromises the possibility to rely on, e.g., prior knowledge of the model structure
and physical constraints to compensate for the information lost due to missing mea-
surements. Other recent approaches to missing data recovery include statistical and
graph-based methods, such as kernel-based fault detection [57] and spatio-temporal
graph convolutional networks [58], which have shown good performance in their re-
spective domains but are not directly tailored to dynamic system identification tasks
involving physical priors.

On the other hand, to the best of our knowledge, the specific challenge of aggre-
gated outputs has not been investigated in the existing literature, leaving a notable gap
in addressing the challenges posed by this type of observation data. This is a critical
issue, as aggregation smooths short-term fluctuations, masks underlying dynamics, and
distorts high-frequency components, leading to information loss between observation
points.

1.2 Setting and contributions

The present thesis has been motivated by the fact that, although there have been sig-
nificant advances in the area of system identification, there is still a need to develop
identification algorithms that can: (i) leverage all the information available on a system,
such as partial parametric description, measurements, and available information on in-
trinsic properties of the system, while remaining flexible enough to capture unmodeled
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Figure 1.1: Dynamical system of interest.

nonlinear phenomena, (ii) deliver reliable estimates over extended time horizons, pro-
viding multi-step error minimization guarantees, and (iii) handle non-uniform obser-
vation. Clearly, such type of identification leads to challenging optimization problems,
and thus motivates an additional parallel requirement: (iv) exploit recent advances in
first-order optimization, at the core of the success of NN-based methods.

With the above objectives in mind, we take a substantial step towards using off-
white models and propose an efficient framework with a threefold goal: (i) physical
interpretability — we aim at deriving models whose parameters have a physical mean-
ing and whose values are as close as possible to the “real” ones; (ii) multi-step horizon
— the derived model should ensure more accurate long-term predictions, minimizing a
multi-step prediction cost, to improve the reliability of the identified model; (iii) flexibil-
ity to data — the framework should be adaptable to different non-uniform observation
conditions, including missing data, multiple runs, and aggregated measurements.

Within this thesis, the dynamical system of interest is assumed to be of the form
depicted in Fig. 1.1. Specifically, we consider a system described by an off-white model,
given by known nonlinear equations derived from physical principles, alongside dis-
crepancies arising from, e.g., modeling errors, uncertainties, and perturbations that can
affect parameter accuracy [59], [60]. This formulation is general enough to describe a
broad class of nonlinear, time-invariant systems commonly encountered in engineer-
ing applications. Indeed, in many practical settings, ranging from mechanical and elec-
trical systems to energy networks, environmental processes, and biological systems,
a partial model of the underlying dynamics is often available. Such models typically
arise from first-principles derivations or empirical laws and capture essential physi-
cal behaviors. However, these physical models are rarely perfect: they may neglect
frictional effects, fluid turbulence, actuator delays, structural nonlinearities, or other
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context-specific phenomena. These neglected dynamics, whether due to modeling sim-
plifications, unmodeled coupling effects, sensor limitations, or environmental pertur-
bations, can be represented compactly by the additive term A.

To effectively address these discrepancies while preserving physical interpretability
and promote adherence to the true system parameters, we propose a mixed modeling
approach that combines the known off-white equations with a sparse black-box com-
ponent designed to compensate for unmodeled dynamics, initially defined as a combi-
nation of basis functions. In this framework, the model is recursively propagated over
the entire prediction horizon, and the cumulative multi-step prediction error is min-
imized. Furthermore, the multi-step cost function is enriched with dedicated penalty
terms that enforce relevant physical properties, such as passivity, monotonicity, or sta-
bility [61]. The resulting optimization problem is formulated in a general and flexible
manner, enabling the framework to handle non-uniform data such as missing values,
multiple experimental runs, and aggregated measurements, thus ensuring broad appli-
cability to practical identification scenarios.

By coupling partial physical knowledge with data-driven models flexibility, the pro-
posed formulation provably enhances both accuracy and reliability, improving output
estimation and yielding more consistent estimates of the physical parameters. To this
end, we focus on finding the sparsest coefficient vector selecting the basis functions to
obtain a compensation term that only deals with the unmodeled dynamics when nec-
essary and it is easily “interpretable”. Indeed, non-sparse coefficient vectors might also
capture part of the physical model’s dynamics, resulting in predictions aligned with the
measurements but with inaccurate physical parameter estimates.

It is important to distinguish the specific perspective adopted in this thesis from clas-
sical grey-box modeling approaches. In [13] grey-box models are defined as those where
the model set is “shrunk as much as possible using physical insights”. While this reduc-
tion in model complexity is beneficial, it introduces a bias error if the physical structure
does not perfectly match reality. In standard grey-box identification, indeed, the model
structure is typically assumed to be fully known and correct, with the identification
task limited to estimating unknown physical parameters. In contrast, the framework
proposed here explicitly acknowledges that the physical model is often an approxima-
tion; thus, it addresses not just parametric uncertainty, but also structural model-plant
mismatch via an additive corrective term. Furthermore, unlike many hybrid or physics-
guided machine learning approaches (e.g., PINNs) that often embed physical constraints
into opaque black-box structures, this work prioritizes interpretability.

Similar model augmentation strategies have been investigated in the literature. For
instance, [62] expands physics-based models via weighted regularization, while [63]
employs the SINDy algorithm to capture discrepancies between simplified models and
measurement data through sparsity-promoting techniques. However, a key assump-
tion in both approaches is that the physical parameters are known a priori. In contrast,
the focus of this thesis is on the joint identification of physical parameters and unmod-
eled dynamics, where the latter are captured through a black-box augmentation term.

8
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Along the same lines, the work in [59] proposes to integrate machine learning com-
ponents into first-principles models using neural networks. While effective in certain
scenarios, this approach lacks explicit regularization mechanisms, which reduces the in-
terpretability of the estimated physical parameters and increases the risk of overfitting.
Moreover, no accompanying theoretical guarantees are provided, limiting the possi-
bility of assessing the reliability of the obtained models. In contrast, our framework
incorporates dedicated regularization to enforce sparsity and enhance interpretability,
and is complemented by a theoretical analysis that establishes estimation bounds and
sparsity recovery guarantees.

Within this context, some other identification approaches follow a two-step process:
first, they estimate the physical parameters while assuming no unmodeled dynamics
and then they introduce corrections to model the resulting discrepancy [64], [65]. This
strategy inevitably produces biased physical parameter estimates, which need to be
handled a posteriori by compensating them via the black-box component of the model.
Such term, therefore, must not only account for modeling errors, but also compensate
for the bias error induced by the parametric model identification phase. An alternative
perspective is presented in this thesis. By modeling unmodeled dynamics explicitly
from the beginning and estimating both the physical parameters and correction terms
simultaneously, the interference between the two is minimized, leading to a more ac-
curate and reliable identification process that prevents biased parameter estimates.

As introduced, as a starting point, we consider a black-box modeling approach based
on the selection of basis functions. While this strategy proves effective in capturing
nonlinear dynamics, it inherently relies on the availability of a well-chosen set of func-
tions capable of representing the unmodeled effects. This requirement poses a signif-
icant limitation, as the performance of the approach is highly sensitive to the expres-
siveness and appropriateness of the chosen basis set [66]. Within this thesis, we also
fill this gap by proposing a novel framework extension that integrates kernel methods
with available physics-based models. Kernel methods [22], [66] are a class of nonpara-
metric machine learning techniques, able to provide a powerful framework for over-
coming these challenges by enabling the construction of regularized models directly
from data, without the need for explicitly defining basis functions. These methods are
widely used in the context of input-output system identification (see, e.g., [23], [24]),
where the relationship between inputs and outputs is learned directly from measured
data. However, the conventional kernel approaches do not incorporate physical system
knowledge, which on the other hand can be crucial for developing interpretable and
reliable models, featuring also improved generalization capabilities.

The approach proposed in this thesis ultimately leverages kernel-based function ap-
proximation to systematically compensate for unmodeled dynamics while maintaining
the interpretability of the physical part of the model. Overall, the framework is de-
veloped progressively within the thesis: we begin with a basis-function approach to
capture unmodeled effects in a sparse and interpretable manner, and then extend it to a
kernel-based formulation that adapts directly to the data. By exploiting the representer
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theorem [67], the final framework provides a regularized, data-driven functional ap-
proximation mechanism that removes the need for manually selecting basis functions,
while ensuring both interpretability and predictive accuracy through the embedded
physical structure. Moreover, to accommodate a wider range of dynamical systems [68],
the kernel-based approach, typically suited for traditional input-output models, is for-
mulated in the general state-space setting depicted in Fig. 1.1, extending its applicability.
This construction, from interpretable sparse bases to flexible kernel methods, reflects
the central theme of the thesis: building a unifying, physically consistent, and flexible
identification framework.

1.3 Thesis outline

The thesis is organized into six chapters, followed by three appendices, each address-
ing a specific aspect of the proposed identification framework and its theoretical and
practical developments.

+ Chapter 2 presents the core identification framework proposed in the thesis. It
formalizes the mixed physics-data model structure, consisting of a known off-
white component and a sparse black-box term that compensates for unmodeled
dynamics. The chapter defines the multi-step cost function incorporating physi-
cal penalties and sparsity regularization and formulates the corresponding opti-
mization problem. The approach is illustrated through two case studies: space-
craft inertia identification and the cascade tank system benchmark. The material
in this chapter has appeared in [60], [69].

+ Chapter 3 establishes theoretical results that characterize the estimation proper-
ties of the proposed framework. It first derives an explicit bound on the parameter
estimation error, then studies conditions for maximum sparsity recovery in both
single-step and multi-step settings. These results extend existing sparsity theo-
rems to nonlinear, multi-step identification problems and analyze the optimality
of the recovered physical parameters. The chapter concludes with an academic
example illustrating the theoretical results. This chapter is based on the results
published in [69].

+ Chapter 4 extends the proposed framework to deal with real-world data scenarios
characterized by non-uniform observations. It introduces formulations capable
of handling missing observations, multiple runs, and temporally aggregated mea-
surements within the same unified setting. Theoretical bounds are derived for
the parameter estimation error under missing or aggregated data. The chapter
concludes with practical case studies, including a continuous stirred-tank reactor
system and an ecological predator-prey model, demonstrating robustness and in-
terpretability under non-uniform data conditions. This chapter is mainly based
on the content in [70].

10
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+ Chapter 5 extend the framework presented in Chapter 2 leveraging kernel-based
modeling. It integrates kernel methods with available physical models, thereby
eliminating the need for predefined basis functions while preserving interpretabil-
ity and regularization. Then, the kernel-based model is formulated in a state-
space setting, combining it with unscented Kalman filtering and smoothing for
latent state reconstruction. The proposed approach is validated on the bench-
mark dataset proposed in Chapter 2, highlighting improvements in predictive
accuracy and simulation performance. This chapter draws from [71] and related
forthcoming work.

« Chapter 6 summarizes the main contributions of the thesis and discusses their
implications for the field of system identification.

« Finally, the appendices provide additional technical material supporting the main
chapters. Appendix A details the multi-step optimization framework, including
the use of automatic differentiation and computational complexity analysis. Ap-
pendix B presents a stability analysis of multi-step gradients and discusses the
exploding gradient problem. Appendix C summarizes kernel approximation the-
ory relevant to Chapter 5.

11
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Chapter 2

The identification framework

Many real-world systems can be described by a combination of known physical models
and unknown components that capture unmodeled dynamics or uncertainties. This
chapter introduces the general modeling framework adopted in this thesis, retaining
the knowledge derived from physical principles and allowing flexible and regularized
correction terms to improve parameter and prediction accuracy.

The remainder of this chapter is organized into two subsections: the first introduces
the general methodology and the problem setup, while the second presents two case
studies to provide preliminary evidence of the framework’s efficacy.

2.1 Problem setup

Let us consider a generic class of nonlinear, discrete-time dynamical systems, denoted
by &, described by a known model, derived, e.g., from physical principles, and an un-
known term, accounting for unmodeled dynamics. The system of interest evolves ac-
cording to the following equations:

(9 . xk+1 = f(xk,uk,9)+A(Xk,uk)’

(2.1)
Yk = h(xk7 U, 0).

Here, x;, € R" is the system state, u, € R" the external input, and y, € R" the
observed output at time k. The system is characterized by a vector of unknown param-
eters 0 € R", which, together with the unknown initial state x,, must be estimated.
Functions f : R"*XR"™XxR" — R"™ and h : R"*xR"™xR"® — R"y encode the portion
of the model explicitly informed by physics, and describe the nominal state transition
and output equations, respectively. In this context, the functional form of f and 4 is
known a priori, as it directly derives from first principles and available knowledge of
the system. These functions are assumed to be nonlinear, time-invariant, and contin-
uously differentiable. In contrast, the function A : R"x x R"™ — R"~ is completely
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unknown and captures unmodeled dynamics, such as structural uncertainties, approxi-
mation errors, or neglected phenomena that cannot be captured by the known physical
laws.

The identification goal is to determine an estimation model .#, depending on the
estimated vector of parameters 6, that approximates the behavior of the true system &.
Importantly, this model should also be capable of compensating for the effects of un-
modeled dynamics, i.e., the term A, whenever it is non-negligible. To determine ./,
we rely on available sequences of T'measured inputs and outputs, denoted respectively
as Uy.p_; = {dy,...,d07_;} and ¥o.7_; = {Jo, .-, Jr_1}. In particular, &, = u; + vy,
Vi = Vi +wy, with v, € R™ and w,, € R"= being the process and measurement noises,
respectively. Note that, while i, is the known input, the actual input received by the
system is u;.

In the following, we introduce the general structure of the estimation model used
to approximate the system dynamics, together with the associated cost function €7,
which quantifies the cumulative prediction error over a finite time horizon 7. This
cost function will serve as the objective to be minimized in the corresponding opti-
mization problem. To guide the identification toward models that are not only accurate
but also physically meaningful and interpretable, additional terms are incorporated into
6r. These include regularization terms that promote desired structural properties, such
as sparsity in the black-box component used to approximate the unmodeled dynamics
A, as well as penalty terms that encode known physical constraints, such as passiv-
ity, stability, or conservation laws. This formulation enables the integration of domain
knowledge directly into the learning process, leading to more robust and physically
consistent models.

2.1.1 Multi-step estimation model

To illustrate the modeling approach, we first consider a baseline scenario in which the
unknown dynamics are absent, i.e., A(x,u) = 0, for all x € R"x, u € R"«. This setting
will be generalized in the following discussion. In this case, the system is fully described
by the known functions f and A, and a natural choice for the estimation model is given
by, R

Mo X = K, uy,0),

' et (2.2)
yk = h(xk7 uka 9)7

where X, € R"x and J;, € R"» denote the estimated state and output at time k, obtained
using the identified parameters € R" and initial condition %, € R"x.

Clearly, selecting this model when A(x, u) is not negligible would result in inaccu-
rate predictions and potentially biased parameter estimates, as the estimation model
would fail to capture the unmodelled dynamics. In particular, neglecting the term A
during identification forces the parameter estimates to compensate for the missing dy-
namics, introducing bias in an attempt to reduce the prediction error. To address such a
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case, within this framework, we define the estimation model .# as the combination of
the known physical dynamics in (2.1) and a black-box correction term 6, with the aim
of approximating the unmodeled dynamics A. This leads to the following model:

.ﬂ . ')%k-l-] :f()%k,uk,é)‘l‘é()%k,uk,a)),
FT e o ” (23)
Vi = h(Xy, uy, 0).

Here, the term 6 is parameterized by additional parameters w, to be identified jointly
with 8. The parameters @ may correspond, for instance, to the weights of a neural
network [25], the coefficients of a linear regression model (e.g., ARX), or the parameters
of a kernel-based regressor. Indeed, although in the initial setup we adopt a basis-
function representation for 6, the proposed framework is general and can seamlessly
accommodate more expressive classes of function approximators, such as kernel-based
models (this extension will be treated in Chapter 5 ). Formally, let ¢ € R" be a vector
of basis functions @(X;, u;) = [(pl(fck, up), ..., @u(Xg, uk)]T, with ¢; : R x R"™ - R.
The i-th element of 6 is defined as

n

m X n,
(1) ®
5=, Qu‘%’( 2 Wi ikt 2 W o ik + sz>= (2.4)

with 1 € [l,nx]. In this case, @ = {Q, W, B} consists of: (i) the basis functions
weights Q = [Q,;] € R™",; (ii) the input/state coefficients W = wh . whd e

ROt M rivh WO = [Wij.’)] € R"™*+™"™;: and (iii) the bias terms B = [B,;] € R™".
Notice that, when available, domain knowledge and prior system understanding can
guide the choice of the initial set of basis functions @. In other cases, their choice can
be carried out considering the many options in the literature (see, e.g., [72] for a dis-
cussion on basis functions and indications for their choice). Moreover, we note that
elements of 6, Q, W, and B can be selectively fixed or set to zero, allowing for arbitrary
flexibility in the design of 6.

The aim of the black-box term 6 is to augment the incomplete physical dynamics f
by approximating A. Hence, 6 must have only a complementary role, so that the bet-
ter the available physical knowledge describes the physics of the system, the smaller
6 will be. Moreover, besides minimizing the effect of the black-box part, we also aim
to explain the model discrepancies with the simplest possible model. For this reason,
a regularization term is introduced in the cost function, to ensure that the black-box
component remains minimal when physical knowledge adequately describes the sys-
tem, thus helping to maintain the interpretability and simplicity of the model.

In view of the formulation in (2.4), a suitable regularization is imposed on the ma-
trix Q in order to promote sparsity in the black-box correction term 6. Moreover, to
extrapolate physical properties in the estimated model ./, as done, e.g., in many PINN-
based approaches [27], we embed explicit physical penalty terms into the cost function.
Thus, defining the prediction error sequence e(. = {ek}z;ol with e, = J; —y, € R,
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k € [0, T — 1], the multi-step cost function €} is given by

T-1

RETIEDY (3,49, xoier) + 7I1QIl, + Ap(iy. 0) + va (i, 9)). (2.5)
k=0

Here, the local loss function £}, accounting for the prediction error e, at time k, is
assumed to be twice continuously differentiable, while the second term, i.e., ||Q|; =
2221 1T ||, being Q] the i-th row of Q, is chosen to promote sparsity and ensure a sim-
pler and interpretable representation of the unmodeled dynamics'. The weight y € R
controls the regularization. Finally, the remaining terms p, g define additional physics-
based cost. In particular, 4,v € R are the penalty weights, and p,q : R"* X R" — R
are twice continuously differentiable functions promoting p(x,,0) < 0, g(x;,6) = 0,
Vk e [0, T —1].

Based on the above formulation, we now define the resulting identification problem.

Problem 2.1 (Multi-step identification problem)

Given sequences Wj.7_; and y,.7_, functions f and A in (2.1), and basis functions
@, estimate the optimal values for the physical parameters 6, initial state x,, and
black-box weights @ over the horizon T, such that the estimated model ./Z (2.3) is
the best physically-consistent approximation of & (2.1). Thus, given the multi-step
cost G in (2.5), solve

Chl x(’;, ®*) = arg min G (2.6)
0,x9,0

The formulation introduced above exhibits two distinctive features: a multi-step
structure and an inherent physics-based nature.

On the one hand, the multi-step structure of Problem 2.1 has two immediate con-
sequences. First, the evaluation of the cost function €;(-) requires simulating the can-
didate model (2.3) forward in time, implying that the loss at each time step depends
on the decision variables both directly and indirectly through the propagated state es-
timates. Second, the computation of the gradient of €(-) with respect to (6, x, ®) is
nontrivial, since the multi-step formulation introduces a recursive dependence of each
state on all previous predictions, leading to high-order chains of Jacobian terms that
must be handled efficiently to obtain accurate sensitivity information.

Appendix A provides a complete development of the proposed solution to these is-
sues. In particular, Appendix A.2 derives a structured gradient recursion, motivated by
automatic differentiation and Linear Parameter-Varying sensitivity propagation, that

'Being the #,-norm non-differentiable, gradient computation for optimization via first-order methods
can possibly be enabled through, e.g., softplus smoothing [73] of the £|-norm.
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enables the efficient computation of the multi-step gradients using first-order informa-
tion. Subsequently, Appendix A.3 analyzes the computational complexity of the pro-
posed recursion, demonstrating that the resulting first-order scheme remains tractable
for realistically sized identification problems. Overall, Appendix A makes the iden-
tification problem (2.1) fully operational by transforming the conceptual formulation
introduced here into a scalable algorithmic procedure.

Within this framework, the optimization problem (2.6) is therefore solved by means
of first-order methods. Such algorithms, which under suitable conditions are guaran-
teed to converge to a (possibly local) solution, have recently gained popularity for their
ability to handle large-scale and nonconvex problems efficiently. The proposed first-
order approach, discussed in Appendix A, provides the computational backbone of the
framework introduced in this chapter.

On the other hand, the proposed identification framework is inherently physics-
based for two main reasons. First, the nominal dynamics f and A are directly derived
from first-principles models or other established physical relationships, ensuring that
the identified model retains physical interpretability. Second, physical information is
explicitly embedded in the optimization through the penalty terms p and g appearing
in the cost function (2.5). These terms enforce relevant physical properties, such as
parameter bounds, stability, or conservation laws, thus constraining the optimization
to remain consistent with known physics.

We now delve deeper into the role and construction of the functions p and g in (2.5),
illustrating how domain-specific knowledge and physical principles can be embedded
into the model through tailored penalty terms.

2.1.2 Physics-based penalty functions

To incorporate additional physical properties to the identified model .#, besides ex-
plicitly using the physical laws, we can follow the same philosophy adopted in many
PINNs based approaches [27], i.e., to integrate physical constraints directly into the cost
function, enabling a “physics-guided learning” that also leverages domain knowledge to
inform the optimization process. In this way, the optimization is “steered” towards
physically-consistent and meaningful solutions, thereby enhancing the robustness and
reliability of the optimization outcome.

Specifically, this is achieved by inducing physical constraints through additional
penalty terms introduced directly into the cost function €, in order to keep the opti-
mization problem unconstrained, as in (2.5). Thus, a range of physics-based constraints
can be induced in the optimization problem by customizing the functions p and ¢. In
the following, two simple examples are presented.
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Convex constraints set in the parameters space

The first class of constraints we consider is rather natural, and consists of capturing
physical limits on the model parameters 6. That is, we assume there exists known
upper bound o4 = [9;‘1’], and lower bound 6° = [051’], i € [1,ny], with H?b < o0,
Hfb > —oo , such that

0e0={0"<0,<0" i=[1ny}. (2.7)

In such a case, an exponential barrier function can be used to define the physics-based
penalty term as follows:

N . H_guby 9 1b_py,2
PG, 0) = 1€7C=0DNE + (1013, (2.8)

where the positive scalar @ € R represents a sharpness parameter, encouraging esti-
mated parameter variables to remain within known intervals. Here, a special case is
the parameter non-negativity constraint, where 6, , > 0 for all k, and (2.8) becomes

p(Xy,0) = [|e=*%% ||§ Alternatively, whenever 0 is a convex set, the identification algo-
rithm can be modified by incorporating a projection step immediately after the param-
eters update, following the gradient computation.

Physical limits

In most cases, specific bounds for parameter values may not be known. However, phys-
ical limits of the state variable can be used to ensure that the model is physically con-
sistent. Thus, similar bounding constraints are defined to enforce limits on the state
variable being predicted. For instance, the constraint

xeX ={xP <z <x i=[l,n]}, (2.9)
can be expressed with the following penalty term
o _ . ub Ih_
PRy, 0) = (|3 4 || 3,

encouraging the predicted state variables to stay within defined physical limits, or spe-
cific intervals where the trajectories are known to be stable.

Beyond promoting physical interpretability, these penalties also play an important
role in the optimization. When the cost is evaluated over long horizons, the gradi-
ents associated with €(-) may become poorly conditioned, a phenomenon analogous
to exploding gradients observed in recurrent architectures. Appendix B analyzes this
effect in detail, showing how constraining the predicted trajectories to remain within
physically meaningful regions, for example, through barrier-like penalties on state and
parameter ranges, helps regularize the multi-step gradient propagation and prevents
instability in the optimization dynamics. This establishes a direct connection between
the physically motivated constraints introduced in this section and the robustness of
the optimization procedure described in Appendix A.

18



2.2 — Case studies

2.2 Case studies

To illustrate the practical effectiveness of the proposed modeling and identification
framework, we now consider two representative case studies involving spacecraft and
tank systems dynamics. In both case studies below, the parameters and the black-box
weights are identified by solving Problem (2.1) using the first-order optimization strat-
egy derived in Appendix A.

2.2.1 Spacecraft inertia identification

First, we present a study on the identification of the inertia tensor for a spacecraft,
demonstrating the practical application of the combined physics-based and black-box
framework introduced in this chapter.

Specifically, in this example, we consider a satellite whose rotational dynamics can
be modeled in continuous time, exploiting the standard Euler equations, i.e.,

S:tx=J7" (u—xxJex) + w. (2.10)

Here, x = [@, @, ] is the satellite angular velocity expressed in the body frame, u

y
represents the sum of external input, and Jo = [J¢;;] € R¥3 is the inertia matrix to
be identified. The term w represents noise.

According to Problem 2.1, the aim is to estimate the inertia matrix J- and initial
condition x from T-step measured, input sequence W,.r_; and the corresponding T
collected observations y,.r_y, leading to a model ./ of the form (2.3), such that ./ is
the best approximation of &, given its underlying physical priors. Clearly, the setup in
(2.3) can be recast from (2.10) having y = x, and letting 6 denotes the elements of the

inertial tensor. Hence, f can be immediately obtained by discretization of (2.10).

Inertia matrix physical properties

For the system under analysis, three physical constraints on the elements of the inertia
matrix are accounted for, i.e., symmetry, positive definiteness, and the triangle inequal-
ity [74].

Symmetry. Symmetry can be enforced in two distinct ways. A first approach con-
sists in imposing symmetry by design, by identifying the lower-triangular matrix and
explicitly symmetrizing it in the model. Specifically, in this case, the identified inertia
matrix is parametrized as

6, b, 0,

jo=| 0, 6, b

6, 0. 0,
An alternative strategy, which will be briefly explored in this example, leverages recent
advances in neural network theory related to benign overfitting [75], [76]. Although
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overparametrization is not the main focus of this thesis, it provides a useful identifica-
tion perspective for enforcing symmetry by introducing a redundant parameterization
of the inertia matrix. Hence, in this case, the symmetry of the overparametrized inertia
matrix, that is
0, 0, 0,
Jo=| 0, 65 b, |,
07 05 b

is imposed through the following set of equality constraints

g, 0)=0,-6,=0,
¢ (3%;,0) = 05— 0, =0,
43(%;,0) = 0 — 03 = 0.

Remark 2.1 (On overparameterization). As discussed in work [60] and related works [75],
[76], [77], redundant parameterizations can be exploited to encode structural symmetries
(such as those of the inertia matrix) while maintaining physical consistency. In this view,
overparameterization can be interpreted as a regularization mechanism that improves opti-
mization landscape smoothness and convergence, without compromising the interpretabil-
ity and reliability of the physical parameters. Interestingly, a similar effect may also
emerge implicitly in the proposed multi-step identification framework. Indeed, the recur-
sive propagation of the model over extended horizons introduces additional dependencies
between the optimization variables across time, effectively enlarging the search space and
providing multiple “views” of the same parameters through their multi-step predictions.
This implicit form of overparameterization may play a beneficial role in shaping the loss
landscape, improving parameter identifiability and convergence behavior. This conjecture
is currently under investigation.

Positive semi-definiteness. The positive semi-definiteness of the inertia matrix
is enforced by imposing the matrix to be diagonal dominant with real non-negative
diagonal entries. Hence, the following additional inequality constraints are defined

p1Gy,0) = e ol + [ i3l = e <0,
(X, 0) = |fc,21| + |fc,23| - |fc722| <0, (2.11)
P3Gy, 0) = [ Jeail + sl — 1Jeasl <0.

Such non-differentiable constraints are effectively handled by projecting the parameters
into the feasible parameter set defined by the inequalities whenever a violation occurs.

Triangle inequality. In addition to symmetry and positive semi-definiteness, we
rely on the physical property of an inertia tensor defined by the triangle inequality.
Indeed, as detailed in [74], if a symmetric, positive semi-definite real matrix does not
satisfy the triangle inequality, it doesn’t represent a physically possible distribution of
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mass. Hence, triangle inequality constraints are imposed on the diagonal entries of
the inertia matrix to prevent nonphysical predictions. These constraints are defined as

follows . . .
P4(%1,0) =Jc1 —Jeop = Jc33 <0,

ps(Xy, 0) = jc,zz - fc,n - fc733 <0,
Py 0) = Je 33— Jeoqy = Jem <0.

Numerical results

Having established the physical modeling framework and the corresponding constraint
formulation, we now assess the effectiveness of the proposed approach through a ded-
icated simulation scenario. Specifically, we consider a 3U CubeSat with a mass of 4 kg,
a (true) tensor of inertia

0.04027  0.00312 0.000145
Jc=10.00312 0.04028 0.000971 |,
0.000145 0.000971 0.00801

and initial condition x, = [0, —=0.0011,0]". In this example, we rely on a strategy sim-
ilar to the one proposed in [78] to generate a random input signal that persistently
excites the system and simulates a tumbling motion useful for the identification of the
inertia matrix. Hence, we consider u ~ #'(107,¢6,) with 6, = 10_7%. The noise
is assumed to be a Gaussian white noise w ~ ' (0,0,,) with standard deviation
6 = [5-107%,5.107* 3-107] " radss %

The following analysis involves the identification of the optimal values for the satel-
lite inertia matrix using the proposed approach and a first-order gradient descent algo-
rithm with an adaptive learning rate.

First, we consider the scenario where the physical model fully describes the true
system dynamics, that is 6 contains all the elements of the inertia matrix, and a model
of the form (2.2). We generate a sequence of T = 500 data, integrating (2.10) with a
sampling time T = 0.1s over a 50s simulation. Hence, we consider the forward Euler
discretization of the same model as the physical model for the identification, i.e.,

-1
Xk+1 = xk+TsJC (M—kaJka) .

Here, we first investigate how different formulations of the symmetry penalty for
the inertia matrix influence parameter identification. Following the approach outlined
above, we first minimize the number of parameters to be estimated by defining @ as the
elements of the lower-triangular part of J-, thereby enforcing symmetry directly in the

The noise values are compatible with the case study selected (i.e., around 10% of the state values).

21



The identification framework

~ ~ Ndef Aop 9
g g 0 0
=) 0.05 - — 0.05
<= BN § L
0 50 100 150 200 250 0 50 100 150 200 250
Iterations [-] Iterations [-]

5 0.04

&

2 0.02

'_m' \ —

<r%° 0

0 50 100 150 200 250
Iterations -]

Figure 2.1: Comparison between estimated parameters ; obtained relying on the com-
plete physical model when symmetry is forced by definition (purple) and when over-
parametrization is exploited (blue).
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Figure 2.2: Evolution of the cost functions for the two approaches.

structure of the estimated inertia matrix. Then, we exploit the concept of “benign over-
fitting” increasing the number of parameters to identify (i.e., § contains all the elements
of J) and forcing symmetry by additional equality constraints (2.11).

Fig. 2.1 shows the evolution of the estimated parameters with respect to the al-
gorithm iterations for N = 100 different initial conditions of 0, randomly selected
asfy, = 6 + #(0,0).

It can be observed that, although both approaches provide a good mean estimation
of the parameters, overparametrization leads to faster convergence and more accurate
estimates. This reflects that the majority of the trajectories reach the vicinity of the true
parameter value in a shorter time and with a lower estimation error. This behavior is
confirmed by the evolution of the loss functions over 250 iterations, drawn in Fig. 2.2.

In the second scenario, we consider the same sequence of T = 500 data. However,
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we model the satellite as a rigid, symmetric body, which simplifies the model by im-
plicitly assuming the inertia matrix to be diagonal. This modeling assumption results
in the following set of equations, discretized using the forward Euler method:

3 M, Jczz—Jca
Oy jp1 = Oy o + T 7 @, 1@ )
ci1 cll
M, Jcii—Jcss
® =w,; +T — W, © (2.12)
y.k+1 — Yy k s\J J x,k"z.k | > .
c2 c2
M, Jen-—Jci
Wz k+1 = Pz k + Ts J - J Ox Dy i | -
C33 C33

This choice for ./ oversimplifies the model, considering only the dynamical terms
that result from the diagonal entries of the inertia matrix and neglecting the dynam-
ics arising from the off-diagonal terms. In this configuration, indeed, the unmodeled
dynamics explicitly capture the coupling effects between the rotational axes that are
omitted when assuming a diagonal inertia matrix. In this case, we compare the perfor-
mance achievable with the purely physics-based estimation model, i.e., (2.12), and with
the proposed modeling approach, where a black-box term of the form (2.4) is introduced
to compensate for the unaccounted off-diagonal terms in the simplified model. In the
latter case, (2.12) represents the term f in (2.3), while the selected vector of basis func-
tions consists of sigmoid, softplus, hyperbolic tangent, and trigonometric functions.
The regularization term in (2.5) is tuned with y = 0.1, while A = v = 1.

Fig. 2.3 shows the trajectories of the estimated parameters with respect to the al-
gorithm iterations, calculated over N = 100 simulation for different parameter initial
conditions. It is worth noting that, when the identification relies on a simplified and
incomplete physical model, the parameters (8”) converge to incorrect values, compen-
sating for the dynamic effects that are not considered. On the other hand, the black-box
compensation is able to recover these effects, enabling physical parameters to converge
to better estimates in a neighborhood of the true values with a higher convergence rate
(679, Additionally, analyzing the parameters values for the initial iterations, it is pos-
sible to notice that the influence of the black-box terms appears to immediately steer
the parameter values towards a more favorable region of the parameters space. This,
in turn, allows reaching lower values of the cost function and better local minima, as
shown in Fig. 2.4. In particular, it can be noticed that the mean value of the loss func-
tions over all the trajectories is reduced by one order of magnitude when the black-box
is exploited to compensate for missing terms in the physical model. However, it is im-
portant to remark that having access to the complete physical model results in faster
convergence of all the parameters towards the true values (~250 iterations compared
to ~600) with comparable mean squared errors, especially when involving overparam-
eterization. This is shown in Table 2.1, where the average of the mean square error over
N = 100 simulations is shown for all the proposed approaches.
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Figure 2.3: Comparison between estimated parameters ; obtained relying on the given
physics only and exploiting a black-box compensation.
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Figure 2.4: Evolution of the cost functions for the two approaches.

Table 2.1: Average MSE over 100 simulations.

avg

Approach €MSE
1.66 - 10~

Full model
Full model + OP || 1.10- 107
Simple model 6.00 - 1073
Simple model + BB || 3.70 - 107

2.2.2 Cascade tank system identification benchmark

In this second case study, we evaluate the framework on the cascade tank system (CTS)
benchmark, described in [79]. The CTS controls fluid levels using two connected tanks
with free outlets and a pump. An input signal controls a water pump that transfers
water from a reservoir to the upper tank. Then, the water flows through a small opening
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Figure 2.5: Validation data (simulation).

to the lower tank and back into the reservoir. Water overflow occurs when one tank is
full. If the upper tank overflows, some water flows into the lower tank, while the rest
leaves the system. The system follows a discrete-time, nonlinear model

Xy g1 = X g+ Tk /X i+ kguy + 01 ),

Xp 1 = Xp i+ Ti(kp /X1 ) = K3y /X0 i + U 4,

with output i = x, ;+wy, inputu, € R, states x; ;,x, , € R,andnoise v} 4, 0, wy €
R. The unknown physical parameters k = [k, k», k53, k4] and initial state values (equals
for both training and validation) must be estimated from training data (T = 1024,
T, = 4s). Notice that some dynamics remain unmodeled since the model in (2.13) ex-
cludes overflow effects. Thus, the physical model is augmented with a black-box term
comprising standard and most-used basis functions [72], such as sigmoid, softplus, hy-
perbolic, trigonometric, and polynomial functions. Then, a regularized cost function
Gr ensures a minimal black box if the physical model (2.13) adequately describes the

system. In this example, &), = %||ek||% and y = 0.1. Parameters are initialized as

ko = [0.05,0.05,0.05,0.05], &9 = [¥o, ¥ol'. After the optimization, black-box parame-
ters are set to 0 if |Q;;] < 1074,

Fig. 2.5 compares measured and simulated outputs, showing how the black-box aug-
mented model (cyan) effectively compensates for unmodeled dynamics, outperform-
ing the physical-only model (red). This is confirmed by the Root Mean Square Error
(RMSE), which improves from 0.603V (training) and 0.670V (validation) to 0.135V and
0.260V, respectively. Thus, to allow a fair comparison between different methods, as
indicated in [79], accuracy is compared using the RMSE on the validation dataset, with

(2.13)
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Table 2.2: Comparison of identification methods (RMSE on validation).

Method RMSE Method RMSE
Svensson et al. [16] 0.45 PWARX [17] 0.35

Volt.FB [23] 0.39 SED-MPK [24] 0.48

INN [25] 0.41  PNLSS-I [80] 0.45

NLSS2 [80] 0.34 NOMAD [381] 0.37

Proposed 0.26

predictions obtained through simulation. Table 2.2 compares our method with state-of-
the-art identification approaches, achieving the lowest RMSE®. In particular, the pro-
posed framework outperformed black-box kernel-based methods [23], [24] and black-
box methods based on nonlinear state equations [80], as well as approaches based on
NNs [25], linear-in-parameters models [16], [17], and methods based on derivative-free
optimization techniques [81], demonstrating the effectiveness of the combination be-
tween off-white and black models. To further assess the identification accuracy, we re-
port the optimal fitness percentage (fity, = 1001 —||¥o.7-1 — ¥o-7—112/1F0-7—1 — ¥ll2).
with y = % Z;OI 7,): for the physics-only model, fitg, is 72.23% (training) and 68.16%
(validation), while incorporating 6 improves the accuracy to fitq, = 93.78% (training)
and 87.64% (validation). Identified parameters, whose true values are not reported in

[79], are k=[0.076,0.027,0.042, 0.039], and %,=[3.52,5.19]" V.

Discussion and concluding remarks

The framework introduced in this chapter establishes the foundations of this thesis. By
combining known physical dynamics with a sparse data-driven term, it enables inter-
pretable and flexible modeling of nonlinear systems while retaining consistency with
prior knowledge. The multi-step formulation adopted throughout the identification
process ensures long-horizon reliability and naturally integrates physical penalties and
regularization terms within a unified optimization setting.

An intriguing aspect emerging from the present formulation, first discussed in Sec-
tion 2.2.1, is that the multi-step propagation may itself act as an implicit form of over-
parameterization. Indeed, by repeatedly embedding the model within the cost function
over extended horizons, the optimization problem effectively enlarges the representa-
tion space, providing multiple temporal realizations of the same parameters. This mech-
anism can smooth the loss landscape and improve convergence behavior, similarly to
explicit overparameterization strategies recently studied in learning theory [75], [76],

*To ensure metrics consistency, comparison methods provided at https://github.com/
MaartenSchoukens/nonlinear benchmarks are used.
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[77]. Although this conjecture remains under investigation, it offers an interesting in-
terpretation of the favorable convergence properties observed in practice.

From a computational viewpoint, the complete optimization methodology underly-
ing the proposed framework is detailed in Appendix A, which reformulates the multi-
step cost into a tractable first-order scheme through recursive gradient propagation and
an analysis of its computational complexity. Complementarily, Appendix B examines
the conditioning of the multi-step gradients and shows how the physically motivated
penalty terms introduced in Section 2.1.2 enhance numerical stability during optimiza-
tion. Together, these appendices provide the algorithmic and theoretical underpinnings
that make the framework introduced in this chapter both practical and computationally
efficient.

The next chapter builds upon this framework by establishing theoretical guarantees
on parameter estimation accuracy and sparsity recovery, providing a rigorous founda-
tion for the proposed formulation.
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Chapter 3

Parameter theoretical guarantees and
sparse modeling

Having introduced in the previous chapter a general framework for multi-step identifi-
cation that integrates physics-based modeling with black-box correction terms, we now
turn our attention to the theoretical aspects of this approach. In particular, this chapter
focuses on two key aspects: (i) the derivation of bounds on the parameter estimation
error, and (ii) the characterization of conditions under which sparse modeling of the
unmodeled dynamics can be achieved. The first part of the chapter establishes guar-
antees on the accuracy of the identified physical parameters as a function of the noise
level and the approximation quality of the black-box term. The second part investi-
gates the recovery of sparse representations for the correction term, extending existing
results from linear, single-step settings to the more general nonlinear, multi-step case
considered here. Together, these contributions provide a rigorous foundation for the
proposed identification strategy and justify the use of sparse black-box models in con-
junction with physically interpretable dynamics, as demonstrated in the third part of
the chapter. The final part illustrates the validity of the theoretical results through an
academic example.

Before entering into the technical developments of this chapter, we introduce be-
low the notation that will be consistently used throughout its sections. Given a vector
v € R", |[v]|, denotes its #,-norm. The sequence v;.; = {Uk}z=1 represents the col-
lection {vy, ..., v}, and [|v.7f|, = ||[U-1r, ey U;]THp its stacked Z,-norm. The sup-
port of a vector v is defined as supp(v) = {i : v; # 0}, and its complement as
supp(v) = {i : v; = 0}. Given a sequence v;.r and a function f(v,), we write
fvi.p) = [f(vy), ... ,f(UT)]T to indicate the vector composed of the function eval-
uations over the sequence elements. For a matrix A € R™", || A|| denotes its spectral
norm, and A" its Moore-Penrose pseudo-inverse. Finally, given a,b € N with a < b,
the interval [a, b] denotes the integer set {a,a+ 1, ..., b}.
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3.1 Parametric error bound

We propose here key theoretical properties regarding the upper bound on the para-
metric identification error, i.e., the maximum distance between the solution 8* of the
optimization problem (2.6) and the true parameters vector . In the following, we will
highlight the relevant dependencies of €7, observing that

C0, xy, 0; €y.7_1) = CH0, X0, 0;0g.7_1, Yo.7-1) = C{0, X0, 03 1)

with n = {vy.r_1,wy.7_1}. Moreover, we assume for simplicity that x is known and
we focus on 6, noting that the general case extends straightforwardly. Clearly, due to
nonlinearity and nonconvexity of the considered problem, we note that most results in
this chapter are local, holding when the optimization is initialized sufficiently close to
the optimal solution.

First, given that the solution of (2.6) may not be unique, we recall the concept of
system identifiability [82], which determines the convergence behavior.

Definition 3.1 (System identifiability). A system & with parameters @ and initial state X,
is locally identifiable if € has a strict local minimum at § = 0, %y = X. If the minimum
is global, the system is globally identifiable.

Thus, we recall that a sufficient condition for local identifiability is that the Hessian
matrix with respect to 0 and X, is positive definite for all@ € ©, x € 2, where ® and &
are suitable neighborhoods of 0, X, [82].

To derive the parametric error bound, we rely on the following assumptions.

Assumption 3.1 (Basic assumptions). The following assumptions hold:

i) Local identifiability: The system is locally identifiable according to Definition 3.1.
Hence, the Hessian at 6 is positive definite for all noise realizations, i.e.,

. 0°G(6; 1)
H = Tb:@* > O, Vn

ii) Convergence to : When the noise is null and A = 0, minimizing G recovers true

parameters 0* = 6.

Assumption 3.1.i) is rather standard in system identification, see, e.g., [82], [83],
while Assumption 3.1.ii) holds when the optimization is initialized within the region of
attraction of 0. Indeed, if A = 0, i.e., no unmodeled dyanmics exist, the noise is null,
i.e.,, n = 0, and the identifiability assumption holds, then we have %T(é ;0) = 0, making
0* = 6 a local minimum.

Next, to proceed with the analysis, we formalize the boundedness of key quantities
in the following lemma
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Lemma 3.1 (Bounded function)

Let Assumption 3.1 hold. Assume n € //with ./ closed and bounded, and define
IR )

Gn) = onoo |0=9*'

Then H~'G(1) is bounded for all § € 4. Specifically, there exists constants M,,, M y <

o0, such that

—1 -1
max [LH ' GOl ll, < M, max [ILH™' GOl < M,

with [H _1G]u and [H _IG]y corresponding to the columns related to v,.r_; and
w.r_;, respectively.

Proof. From Assumption 3.1.i), the Hessian H is positive definite Vi € /. Thus, it
is invertible and its inverse is bounded. Moreover, @y is twice continuously differ-
entiable since it is a sum of twice differentiable functions with continuous deriva-
tives Z;. Hence, from Lipschitz continuity it follows that G(n) is bounded. The
lemma follows considering that ./"is closed and bounded. [

Thus, with the following theorem, we formalize an upper bound on the parametric
identification error, highlighting its dependence on the noise and the black-box approx-
imation quality.

Theorem 3.1 (Parametric error bound)

Define A = &O:T = {ZO, ,ZT}, with Zk = A(xy, uy) — 6(Xy, uy; ®). Let Assump-
tion 3.1 hold. Then, the parametric identification error is bounded as

Jo* =l < M, sl + M, el + Mol s

where M is a finite constant.

\.

Proof. Consider system (2.1) with A = § = 0 and true parameters § € R". Since

@Gy is a function of the noise sequences 7, its minimizer 8 is also a function of n,
ie., 0* = 0* (). Therefore,

0* — 6 =0*(n) — 6*(0). (3.2)
From the Mean Value Theorem, a # exists such that

00* (i) _ 96* (i) 00* (i)
0" = 0% (0 = =5 T = =g+~ wery (9)
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where 60;577) and oga;(j’) are the matrices splitting the contributions from process
and measurement noise. Since 8* minimizes G, it satisfies W =0.
Hence, it follows from implicit differentiation that
d 06;(n. 9) 0*@r(n,0%)  0°Er(n,0%) 90 20*
— lops = + =G+ Hm——=0.
dn 06 onoé 0%0 on on

Being the Hessian H invertible by assumption, then

060™

=—H'G®y.
on

Thus, recalling the definitions of M, and M y in Lemma 3.1, it follows from (3.2)
and (4.8) that )
lo* = o], <M, [lvo.r|, + M, [lwo.1]], (3-4)

Now, consider A # 0. We observe that € is also a function of A so that 6* =
6*(n,A). Thus, we have

0* —6=0%(n,A) —6*(0,A) + 6*(0,A) — 6*(0,0). (3.5)
Applying the implicit function theorem [84] to P = w | g—g~ it follows that

6*(0, A) is continuously differentiable with respect to A. Thus, by Lipschitz conti-
nuity, there exists a constant M, < oo such that

16%(0,4) - 6*(0,0)]|, < M, ||l (3.6)
Now, combining (3.4) for A # 0 with (3.6), we have

16* (1, 8) — 6*(0, M), + 16* (0, A) — 6*(0,0)]|,
<M, [|eo.q]|, + M, [lwo.q]|, + MallAll,.

Finally, recalling the triangle inequality, (3.7) yields (3.1). ]

Some interesting properties follow directly from Theorem 3.1. First, since the para-
metric identification error is inversely proportional to H~!, a direct consequence of
Lemma 3.1 and Theorem 3.1 is that a well-defined identification problem, character-
ized by a “large” invertible Hessian matrix H (see Definition 3.1), guarantees a “small”
parametric identification error, thereby ensuring an accurate representation of the true
system dynamics through the estimated parameters. Second, from Theorem 3.1 we can
observe that as the black model 6(-) more effectively compensates the effect of A(-), that
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is, as A « — 0, Vk, the parametric error becomes more tightly bounded. This implies
that an efficient compensation by 6(-) leads to a reduction in the upper bounds of the
parametric error, thus enhancing the accuracy of the physical parameters estimation.
This aspect will be further examined in the subsequent discussion in Section 3.3. More-
over, while typically the unmodeled term A(x;,u;) is not known, some information
about it may be available, e.g., an upper bound on its norm. Furthermore, it is reason-
able to assume that the noises are bounded with known bounds. Thus, assuming that
the following bounds are available, i.e.,

IAll, <A

| ) i (3.8)
nes = |lvoral, <o wor, <@}

we state the following corollary.

Corollary 3.1 (Bounded residuals)

Let Assumption 3.1 hold. Let n € 4 and Al » S A (3.8). Then, the parametric
identification error is bounded as

lo* = 8], < M0+ My + MyA.

Proof. The proof follows from easy argument directly considering Theorem (3.1)
and bounds in (3.8). O]

This section has established explicit bounds on the parametric identification error
for the proposed multi-step, physics-informed framework, emphasizing its dependence
on noise levels and, critically, on the approximation quality of the black-box component.
These bounds provide formal guarantees on the reliability of the estimated physical pa-
rameters in the presence of unmodeled dynamics, thus motivating the sparse modeling
analysis presented in the next section.

3.2 Maximum sparsity recovery

The parametric error bounds derived in the previous section have shown how the ac-
curacy of the estimated physical parameters depends critically on the quality of the
black-box approximation. This naturally motivates a closer examination of how such
a component should be structured to maximize its effectiveness without compromis-
ing interpretability. In this light, this section focuses on the conditions under which
the black-box term can be recovered in its sparsest possible form. The motivation be-
hind pursuing a sparse representation of the unmodeled dynamics is threefold: first, to
obtain a compact and parsimonious model that facilitates interpretability and physical
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insight; second, to reduce model complexity and improve generalization by avoiding
overfitting to noise or spurious patterns in the data; third, to ensure that the black-
box component complements the available physical model without dominating it, by
capturing only the residual dynamics that the physical description fails to explain.

To this end, we aim to characterize the structure of the sparsest black-box term that
is capable of accurately compensating for the discrepancy between the physical model
and the observed data. We begin our analysis by considering a simplified setting in-
volving single-step prediction and a linear-in-parameters formulation of the black-box
component, which allows for a tractable and insightful analysis. Then, the results are
progressively extended to the more general and practically relevant multi-step predic-
tion framework, where the model can be nonlinear in its parameters.

3.2.1 Single-step, linear-in-parameters setting

We consider a dynamical system described by the state-equation representation (2.1),
with true parameters € R", a linear-in-parameters function f, full state observations,
and, without loss of generality, n, = n, = 1. The system & takes the form
S 1 Xpyp1 = S(xp,ug, 0) + Ay, uy) = fT(xk, u )0 + A(xy, uy),
P = X + 1,
with é(x, uy) @ R™*XR"™ — R" avector of known (possibly nonlinear) physical terms
defined as §(x;, uy) = [&(xy, uy), ... ,§n9(xk, uk)]T. A dictionary of basis @(x;,u;) =

(3.9)

[ (s up)s ooy (X, uk)]T and a set of noise-corrupted data & = {d.7, ¥.r}, col-
lected from (3.9), are available.

First, with the following lemma we formalize the measurement model underlying
the relationship between input and output data.

Lemma 3.2 (Measurement model)

Consider a system (2.1) and a set of noise-corrupted data & = {\.7, ¥o.r}. The re-
lationship between the measured input &7, and the measured output 7, ; is described
by the following measurement model:

Fra1 = h(f(xp, iy, 0) + A(xy, iiy) + dy. (3.10)

where d, is an additive disturbance term accounting for both process noise v, and
measurement noise w;.

. v

Proof. Given (3.9), a sequence of collected inputs d. - applied to &, and correspond-
ing observations, V., iy = uy + Uy, ¥, = y; + Wy, we have

Vw1 = h(f (xka Uy, 9) + AQxy, ug)) + Wiy
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Let h (xg, uy, 0) = h(f (x;, uy, 0)+A(xy, up)). Substituting uy, = i, — v;, we obtain

it = b (xp, fy = 0y, 0) + Wiy
Thus, applying the mean value theorem, there exists a it € [ii;, — vy, ii; ] such that

h (xp, iy — vy, 0) — h (x;, 0, 0) = ohta)

v
auk k?

ki)
- 0uk
noise, we can write the direct relationship between measured input and measured
output as in (3.10), concluding the proof. ]

so that, defining d, Uy + Wy, that accounts for measurement and process

Hence, according to Lemma 3.2, the measurement model for system (3.9) is given
by
Frpr = ET(xp, i) O + A(xy, i) + d.
Thus, we consider the following assumption on the disturbance term d.

Assumption 3.2 (Unknown but bounded noise). The noise sequenced = [d,y, ..., dy_]1"
is unknown but bounded, i.e., ||d||, < u.

We move then to the problem addressed in this section: finding a sparse linear com-
bination of the basis functions in the dictionary that, combined with the prior physical
model, is consistent with the measured data. First, we define the matrices = € R0
and ® € RT"™ as follows:

[ 51(5607 ﬁO) éne(jz07 l:io)
| S Gropiir) o &, Rpopslip_y)

q) = ’ . ' )
| o1 (Xp_ysbip_y) oo @p(Xp_y, lp_y)

where X, = j,, having initially considered full state measurements. Then, we state the
definitions of feasible parameter set and maximally sparse coefficients.

Definition 3.2 (Feasible parameter set). Consider a dataset 2 = {\.7,V.r} satisfying
Assumption 3.2, a sequence of states (predicted or measured) X,.1_,, and the noise bound
u. Lety =1[3,..., ﬁT]T. We define the Feasible Parameter Set (FPS) as

FPS = {0, 0 : |5 — f(Xo:7—_1, Gg7_1,0) — Poll, < p} . (3.12)

Moreover, for a given 6, € R", the vector wy € R™ is said to be feasible for 0, if (0, w;) €
FPS.

35



Parameter theoretical guarantees and sparse modeling

Definition 3.3 (Maximally sparse coefficients). Given @ = {9.1, Vo.7} satisfying As-
sumption 3.2, Xy.7_1, and the noise bound y, a feasible coefficient vector is said maximally
sparse if it is a solution of

@ =argmin ||w||,
O, (3.13)
st Iy = f(Xo:7—1, 0 7—1,0) — Pl < p

where || - || is the £y quasi-norm.

We thus finally state the simplified sparsity problem.

Problem 3.1 (Simplified sparsity problem)

Consider a single-step, estimation model defined by the following state equation
7] m
Mz Ry = Y0 (F ) + ) 0i0,(Ry ),
i=1 i=1

expressed compactly as %, = F(%,, i, 6, ). The goal is to estimate (9, @) from
the data set 9, such that:

i) @ is sparse;

ii) (é, @) is consistent with the data, i.e., the single-step prediction error satis-
fies ||§ — F(Xy.7_1,49.7—1,0,d)|l» < pu, with u is the noise bound from
Assumption 3.2.

Note that no assumptions are made on the structural form of the black-box term A
in (3.9). We only suppose that the chosen dictionary of basis function ¢ is sufficiently
rich to allow an approximation of A compatible with the given noise level. Moreover,
note that we do not explicitly require a statistical characterization of the noise. Instead,
we only assume that an upper bound on its norm is given.

We now move on how Problem 3.1 can be addressed. Solving the sparse identifi-
cation problem via (3.13) is intractable due to the nonconvexity of the £, quasi-norm,
which makes it NP-hard. Instead, we consider the following convex relaxation

0, o) =argmin [|o]], (3.14)
@
st = FRo:r—1, 8.1, 0, @)l < .

This #,-regularized problem encourages sparsity in @, addressing condition (i) in Prob-
lem 3.1. However, it does not necessarily yield a maximally sparse solution in the sense
of Definition 3.3, i.e., the sparsest set of basis functions that still ensures consistency
with the data. In the following, we analyze the conditions under which a sparse solu-
tion of (3.14) is also maximally sparse.
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3.2.2 Theoretical sparsity analysis

In [85], [86], the authors established conditions under which a coefficient vector, repre-
senting the solution to a general sparsity problem, is maximally sparse. While their
focus is on sparsifying all decision variables, in this thesis we extend these results
considering a setting where only the black-box coefficients @ (a subset of the decision
variables (6, w)), require sparsification. Additionally, we generalize these results from
single-step, linear systems to multi-step, nonlinear cases (see Subsection 3.2.3). First, in
the following, we introduce some key concepts.

Definition 3.4 (Preliminary notations). For each integer n € R and matrix Q € R"1""2
we denote

o loxI?
62(Q) = inf 2 Ixlom =4 D, (Ta)

< 27
lIxllo<n lIxIl5 €7 (%)
where .7, (x) indexes the n largest inner products |qul~|, with q; the i-th column of Q.

Definition 3.5 (Prediction errors). Given observation y € R! and matrices P € RT"0
and Q € RT™ such that y = PO + Quw, the prediction error is defined as

eRQ(y, 0, w)=y— PO - Qow.

Moreover, given O;Q(y, w) = arg mingepm |lepo(y, 0, w)ll,, the optimal compensation er-
ror is defined as
e;Q(y7 CO) = eP,Q(ya 91*';,Q(y’ Cl)), w)

For given y, P, Q, the prediction error is the discrepancy between measurements
and predictions when employing black-box augmentation. The corresponding optimal
compensation error, e; Q(y, w), represents the remaining prediction error after substi-

tuting the optimal estimate 9; oV @), explicitly depending on @, into the model. Given
Definition 3.5, the following Lemma holds.

Lemma 3.3 (Optimal compensation error)

Let Y(P)=(r— PPT). Considering Definition 3.5, it holds that
07,0y, @) = P'(y — Qw).

Moreover, e;Q(y, w) = Y(P)(y — Q).

Proof: Solving mingecrm llepo(y,0,m)ll; = [[(y — Qw) — PO||,, yields the least
squares solution, i.e.,

0} o, @) = (PTP)"' PT(y - Qw) = PY(y - Qu).
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Thus, e}“,’Q(y7 ) simplifies to

eP,Q(ya 9;,Q(y’ a))aa)) =y- PPT(y - QCO) - QC()
= (Iy— PPy — (I;— PP")Qw,

concluding the proof. [

Thus, to proceed with the analysis of the sparsity recovery conditions, we introduce
the following additional assumption, which ensures problem feasibility.

Assumption 3.3 (Problem feasibility). The following assumptions hold:
i) FPS # @, i.e., the Feasible Parameters Set is not empty.
ii) For giveny, P, Q, a feasible w exists for Q;Q(y, ) according to Definition 3.2.

Building on the setup defined up to this point, the following theorems provide condi-
tions under which the solution of (3.14) shares the same support as @, ensuring maximal
sparsity. First, using results from [85, Theorem 1, Corollary 1], we formally establish
when two vectors have equivalent supports.

Theorem 3.2 (Equivalent support conditions)

Given 9 = {ii.1, Vo.7}, and =, ® (3.11), let Assumptions 3.1, 3.2, 3.3 hold. Let ® €
R™ be the solution of (3.14), with M = ||®@||, the cardinality of its support, and Y, =
Y(E). Consider any other representation @’ and the noise-corrupted observation
vector y = [J;, ..., )7T]T from (3.9). If the conditions
leZ o, @)ll> < llef o (7. D,
llo'llo < M,

hold, then,

lleZ o Dl xy,1) + llez o F: Dy, 200

o %M(YO)

”w, - Cb”oo <

Moreover, if
llef @, Dl ey, 1) + lleZ 6T Dl 201) < 030, XIN(D),

with 7(@) = min;egupp(e) [@; ], thenforalli € [1, m], @ and @’ have the same support
and sign, i.e., supp(®) = supp(w’) and sign(d;) = sign(w,).
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Proof. The optimization problem (3.14) is a feasibility problem in 0. Therefore, we
equally reformulate it by selecting w for which a 6 exists that satisfies the constraint,
i.e.,

& =argmin|o]],.

st.we {a) :30s.t. || —E0 — Do||, < ,u}.

Moreover, since at least one 0 € R" satisfies the constraint, we further refine the
problem by seeking the @ for which a suitable # € R"¢ minimizes the error, i.e.,

@ =argmin ||| (3.15a)
w
st.w € {® : min ||y —E0 — DPw||, < u}. (3.15b)
feR"0

The optimal § minimizing || y—E6—-®w||, is given the least squares optimal solution,
ie. 0*(w) = E'(j — ®w), that once substituted in (3.15b) gives

gw) = |5 — BE'(j — Dw) — Dol
= |5 - EE'j + EET @0 — ®o,
= |(I7 - BENy — Iy — EEN®w||,
= Yo7 — @)l = lleZ (7, @),

recalling Yy = (Ir — E EE") (see Lemma 3.3). Thus, (3.15) simplifies to

@ =argmin |||
w
1Yo(¥ — Pa)ll, < p

By applying [85, Theorem 1, Corollary 1], with Y,y = Y,®d + e’:: o (7, @), the result
follows. ’ O

Theorem 3.2 provides verifiable conditions to determine whether two candidate so-
lutions share the same sparsity pattern, i.e., identical support and the same sign pattern.
Moreover, beyond this specific setting, the conditions of Theorem 3.2 retain a broader
applicability, as highlighted in the following remark.

Remark 3.1 (Generality of the sparsity conditions). While Theorem 3.2 specifically ap-
plies results from [85] to (3.14), its conditions can be verified on any estimate & € R™
satisfying Yoy = Y @ + eE oV, @).
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To proceed, let us define the vector w” as the solution of

o’ iargmai)n lloll; (3.16a)
St @, > sign(@)n@), Vi € supp(@) (3.16b)

|w;| < n(®), Vi € supp(®) (3.16¢)

1Yoy — YoPall, < p, (3.16d)

where 7(w) = min;gq, () |@;|. Building on the results from [86, Theorem 1], with the
following theorem we define conditions ensuring that a vector is maximally sparse.

Theorem 3.3 (maximum sparsity recovery)

Given 9 = {dy.7,Vo.7}, and E, @ (3.11), let Assumptions 3.1, 3.2, 3.3 hold. Let
@ and w" be the solutions of (3.13) and (3.16), respectively. Let & be the parameter
vector obtained from (3.14), M = ||®||, the cardinality of its support, and Y, = Y(E).
Define the noise-corrupted observation vector from (3.9) as y = [y, ..., yT]T, and
let k, = ||@]|g — ||@l|- Define the set

*

o, lleZ o (F: @)l xy.1) + lleZ o (T @)l xy 200)
A=9it o] > .

3 (Yo)

Assume that the constraint (3.16d) is active, i.e., || Y7 — Yo®@w"||, = p. Then,
k, < k, = ||&|lg — card(A). (3.17)
Moreover, if

||e§7q,(?, @)y, + ||e§7¢(37, @)l vy 2m)

3 (Yo)

<n(@), (3.18)

then @ is maximally sparse and supp(®) = supp(®).

. 7

Proof. The optimization problem (3.13) with respect to @ can be written as
@ =arg min ||
g min [loll,
st 1Yoy = Yo@oll, < p.

By definition, @ is the sparsest vector satisfying the constraint || Y,y — Y Pw||, < p.
Thus, consider @”, solution of (3.16) [86]. Since constraint (3.16d) is active, we have

lleZ o (F: Dz < llez o, @)l = p.
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3.2 — Maximum sparsity recovery

Moreover, ||@]|y < [|@"]ly, since @ is maximally sparse. Applying Theorem 3.2,

e, @) vy 1) + 1€*F, @) (v, 2

o2, (Yo)

& — @ll <

holds, implying that, for all i € [1, m],

& — ! < le* (3, @)l 1y + lle™ G, @)l (v, 2m)
P T :

o3 (Yo)

Hence, if
. le* @, @) vy 1) + 1€™ @, @)l ey, 20
|6()l- | > 5 Y )
o3m(Yo)

then @ # 0 and, consequently

lle* (7, @)y, 1y + lle* (@, @)l (x, 20
A= (i |of] > S 02y ¢ supp(@).
o2, (Y)

If follows that ||®@||, > card(4), which yields (3.17). Now, the constraints (3.16b)
and (3.16¢) imply that supp(®) = {i : || > n(®)}. Moreover, if condition (3.18)
holds, then

{i ¢ |0¥] > n(@)} € 4 C supp(@).

It follows that supp(@) C supp(®). Since @ is the sparsest vector satisfying || Y7 —
Y Pwl|, < p relation supp(®) = supp(®) follows, concluding the proof. [

3.2.3 Multi-step, nonlinear-in-parameters extension

We now consider the more general case where the system evolves according to (2.1)
with true parameters 0, n, = n, = 1, and no assumptions on the forms of f and h. A
dictionary of basis function ¢ € R"™ and a noise-corrupted dataset @ = {d,.7, ¥o.7}
are available. The measurement model, as detailed by Lemma 3.2, is given by

Vw1 = h(f (xy, by, 0) + A(xy, i) + dy.

First, the following problem is stated, while the nonlinearity of the considered setting
is highlighted in the subsequent remark.
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Problem 3.2 (Multi-step sparsity problem)

Consider a multi-step estimation model defined as

m
M Sy = Gl 0) + ) 0,0,y ), (3.19)
i=1
expressed compactly as %, = F (%, iy, 6, w) with output §, = h(%,). The goal is
to estimate (0, @) such that:

i) @ is sparse;
ii) (9, ®) is consistent with the dataset, i.e., |7 — $ll, < p, with = [§y, ..., 71"

Remark 3.2 (Multi-step nonlinearity). In the multi-step setting (T > 1), iterating the
system over time introduces strong nonlinearity in the parameters, even if F is linear in 0
and w. Specifically, the k-th output prediction follows $, = h(F*(%y, iy, ... ,ii,_y, 0, ®)),
where F* represents the k-th iteration of (3.19).

To solve Problem 3.2, we consider the optimization problem (3.13), using the pre-
dicted sequence X.r_; instead of state measurements, which are not available in this
setting. As in the single-step case, we solve the following convex relaxation

©,®) = argmin|lof|, st [Iy—73l, < p (3.20)

In the following, we extend Theorems 3.2 and 3.3 to the multi-step case, under Assump-
tions 3.2 and 3.3. From a conceptual point of view, this is nontrivial, as the parameters
appear inside highly nonlinear functions.

Theorem 3.4 (local equivalent support conditions)

Given @ = {d.1, ¥o.7}, let Assumptions 3.1, 3.2, 3.3.i) hold. Let @ € R™ be a local
solution of (3.20) with M = ||@||,. Consider any other representation @’ in a local
neighborhood of @. Define the Jacobian matrices

Oh(F (Rg.p_y,dy.7_1, 0, ®))
Jw

L Oh(F(Ro.7_1,Yg:7_1,0, @)

= eRTm,
0 00

T, -
eRYM 7 =

Let the residual j, = j — A(F(Ry.7_;, Uy.7_1, 0, ®) — F,0 — F,&, Y, = Y(F,), and
assumption 3.3.ii) hold for y,, 7, 7, If the following conditions hold, i.e.,

e}, - GesaDlla < llef, ; Gy Nl llg < M,

||€}07jw(yf7 ey, 1)+ ||e:¢0’jw()~’f, Dy, 2m) < 6§M(Y5)n(d)),

where n(w) = MiN;egnn(0) |w;|, then @ and w’ have the same support supp(®) =
supp(w") and the same sign sign(®;) = sign(w;) for all i.
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3.2 — Maximum sparsity recovery

Proof. The proof follows by linearizing h(F(-)) around 6, ®) (3.20), ie.,
h(F () = h(F(Rg.7_1,bg.7—1, 0, ®) + Fo(0 = 0) + 7, (0 — ),

applying the proof to Theorem 3.2, thus considering Remark 3.1 and the fact that
Y5 =Y, I, + €5 5 (Fp, @) O

Next, we define the conditions under which (8, @) (3.20) is locally maximally sparse
within the linearized neighborhood of the solution. Let @, be the maximally sparse
vector in the local approximation around (0, @), i.e.,

@, = argmin |||

¢ & o N0 (3.21)
st 15— £40 — Foolly < 4
Given n(w) = min;¢g,,n(0) |@;1, then we compute W, as
Y = min || 3.22

¢ 2arg min [lo]] (3.222)
s.t. sign(®,)w; > n(®), Vi € supp(®d) (3.22b)
lw;| < n(@), Vi € supp(®) (3.22¢)
1Yy, — Yo 0@l < p. (3.22d)

Theorem 3.5 (maximum sparsity local recovery)

Given @ = {d.7,¥(.7}, let Assumptions 3.1, 3.2, 3.3.i) hold. Let &, and w} be
the solutions of (3.21) and (3.22), respectively. Let @ be the solution of (3.20), with
M = ||®||y. Define the Jacobian matrices %) € RTm, 7 e RT™ and the residual
vector j, as in Theorem 3.4. Let Y, = Y(%), and let assumption 3.3.ii) hold for
Ve, S, S Define k, = ||@||y — ||@z||o. Consider the set

~ * -
e, 7. Ge:oPller,n + ey, 7 Ge ol 2m)

3n(Xe)

- Y 1%
A=1i: o f,il >
Assume that the constraint (3.22d) is active, i.e., || Y5 — Y,®®"||, = u. Then, k, <
K, = ||&||g — card(4). Furthermore, if

3 (X0)

A

< n(w),

then @ is locally maximally sparse, i.e., k, = 0,and supp(®) = supp(@,).
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Proof. The proof follows from Theorem 3.4, following the same procedure adopted
in the proof of Theorem 3.3.

Remark 3.3 (Relation with the original problem). Although the optimization problems
in this section are presented in a constrained form, as in (3.14) and (3.20), they can always
be reformulated in the unconstrained form (2.6) within the proposed framework. As dis-
cussed in [85], this can be obtained by solving the corresponding Lagrangian problem with
appropriate multipliers.

The conditions established in Theorems 3.3, 3.5 provide a precise characterization
of when an estimate attains maximal sparsity, i.e., when no other feasible solution ex-
ists with strictly fewer nonzero entries. From a practical viewpoint, these results are
valuable because they allow one to certify maximal sparsity without exhaustive search
over all possible supports, which would be combinatorially prohibitive, and without
requiring prior knowledge of the exact £,-norm minimization solution of (3.13). The
generality highlighted in Remark 3.1 is also significant: the conditions are not tied to
a specific optimization program, but rather apply to any vector satisfying the govern-
ing equations with a residual term. This means that maximal sparsity can be assessed
for estimates obtained through a variety of algorithms, provided the model structure is
consistent. Summarizing, this theoretical framework offers both a rigorous and a prac-
tical tool for determining whether a given estimate is as sparse as possible under the
problem constraints.

These maximal sparsity conditions form a key ingredient for the following analysis,
where they are combined with the results of Section 3.1 to prove that the identified
physical parameters 6 can achieve superior accuracy compared to standard estimates
without sparsity guarantees.

3.3 Optimality of the physical parameters

In this section, we show that, under black-box augmentation and maximum sparsity
conditions, the identified physical parameters 8 are provably more accurate, in the worst-
case sense, than standard estimates lacking black-box models with sparsity guarantees.
Specifically, given a sufficiently rich basis function dictionary ¢, the unknown term
A(x,u;) in (2.1) with true physical parameters § can be parameterized as

A(xy,uy) = Z @;@;(Xy, up), (3.23)

i=1

where @ is the maximally sparse coefficient vector solving (3.13). This defines the true
system parameters as (6, @). Thus, we define the parameter sets on € and .
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Definition 3.6 (Parameters sets). Given dataset @ = {Oy.7,Vo.7} satisfying Assump-
tion 3.2, a state sequence X(._,, and the noise bound p, recalling (3.12), we have

FPS = {0, : |5 — F(xq.7_y, g 71,0, 0y < u}.
A subset of FPS, the Supported Feasible Parameter Set (SFPS), is
SFPS = FPS N {0, w : supp(w) = supp(c?))},
with @ the maximally sparse coefficients vector.

The bound u plays a key role in defining the sets. Thus, we remark that it can be
refined through iterative approaches to balance complexity, accuracy, and fit to data.
Given a generic estimate 0 of the true parameter vector 0, we now consider the para-
metric error defined as e9(0) =16 -9 - Since 0 is unknown in practice, the so-called
worst-case parametric error, i.e., a tight upper bound on e,(d) over the set of feasible
parameters, provides a measure of the maximum possible deviation of § from 6. In a
“standard” scenario, i.e., without sparsity guarantees or black-box compensation, the
FPS defined in (3.12) is the smallest set that contains (8, ®). Hence, the worst-case
parametric error is given by

ey "5(0) = sup 116 - 0], (3.24)
0€FPS
However, when black-box compensation is applied and & satisfies the maximum spar-
sity conditions, SFPS replaces FPS as the minimal guaranteed set, yielding

ey PS@) = sup (10 -0, (3.25)
0eSFPS

Note that applying (3.25) to an estimate that does not satisfy maximum sparsity con-
ditions is meaningless, as its inclusion in SFPS is not guaranteed. In such cases, FPS
remains the smallest valid set. Thus, based on these definitions, the following theo-
rem establishes that finding the “correct sparsity” of the black model leads to a more
accurate physical estimate, i.e., an estimate with a lower worst-case parametric error,
compared to “standard” estimates without sparsity guarantees or obtained without a
black model augmentation.

Theorem 3.6 (maximum sparsity optimality)

Let Assumptions 3.1, 3.2, 3.3.i) hold. Consider A as in (3.23), and let (8, ®) be a solu-
tion of (3.20) in the region of attraction of (@, @), for which conditions of Theorem
3.5 hold. Consider any other solution (8, @), for which conditions of Theorem 3.5
do not hold. Then,

&S0 < €5 (D).
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Proof. By Theorem 3.5, supp(®) = supp(&®), making @ maximally sparse and en-
suring (0, @) € SFPS.

On the other hand, being @ without sparsity guarantees, it is not ensured that
(0, @) € SFPS. Thus, (8, ®) € FPS.

R SFPS / h
From Definition 3.6 we have SFPS C FPS. It follows that e, >(0) = supycgrps [|60—

0| » < SUPpepps 160 — ol b= egPS(é), showing that “correct sparsity” yields a better

worst-case estimate. ]

Remark 3.4 (On the benefits of 6). The result of Theorem 3.6 is closely linked to Theorem
3.1. As evident from (3.1), the better the black-box model compensates for unknown dy-
namics, the smaller A, thereby tightening the parametric error bound. In particular, note
also that, if ® = @, then A=0.

3.4 Academic example

Within this section, we validate our theoretical results identifying the nonlinear vehicle
lateral dynamics model presented in [87]. The dynamics is defined by

Wirr = 0 Wy, Wiy, Wichi, Skc1Brer ]’ + Ay +dy,
Ay = —9.6250 By + 10.69_ 1 p_; — 1152, _ 157 _,,

where §, (steering angle) and p, (inverse longitudinal velocity) are the measured in-
puts generated as in [87], and ¥, is the yaw rate output. The noise term d, accounts
for both process and measurement disturbances. The physical parameters are § =
[2,-1.087,-1.070,3.715]", and A, is the unmodeled dynamic. We recast the known
part of the system as a state-space model, i.e.,

[ 011 1 + 025 ) + O3 X5 5 + 044 ;X6 ]
X1,k
Uy k
Xk+1 = X ’ = f(xk7 U, 3)7
3.k
U i
B X5k i
Vi = X1 = h(xp),

with X, = [¥, Wi_1, 5% 5e 1> Pro Pr_i]'» up = [5,,5;]. To capture the unmodeled
dynamics, we augment f| with 6(x;, u;, @) = coT(p(xk7 u), where

_ 2 2 2 2 2 T
PO, w) =L X3 15 X4 0 X5 405 X6,k X5 j0s X oo X5 g0 X4 kX o0 X1,kX6,k5 X2,6%6, k> X2,4%6 1] -

This choice is driven by, e.g., the polynomial composition of the known model f. Thus,
the “true“ black-box parameter is given by @ = [0, ..., 0, —=9.625,10.69, 11.52]".
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Figure 3.1: (a) Parametric error with respect to Al - (b) Approximated FPS and SFPS.

Using T = 2000 input-output samples, we identify 8 and a sparse & by minimizing
the regularized cost function € (2.5) with &) = lTlleng and y = 0.001.

First, we performed 7500 simulations — 5000 with the black-box model and 2500
without — under varying noise (with fixed upper bound) and input conditions. Fig. 3.1a
shows the parametric errors versus ||&||oo, along with the estimated bound M, and
confidence ellipses. The black-box model consistently reduces the error, confirming its
effectiveness, while all data points respect the computed bound, validating Theorem 3.1.

Then, Fig. 3.1b shows the approximated FPS and SFPS as convex hulls in the space
of the two principal components of 6 (pca,;(6)). Notably, most parameters identified
with 6 lie close to the ones in the SFPS, which contains only those for which conditions
of Theorem 3.5 hold, yielding supp(®) = supp(®) (see Definition 3.6). This highlights
the crucial role of the corrective term 6: by compensating for unmodeled dynamics,
it effectively mitigates the bias in the estimation of the physical parameters, resulting
in more accurate and consistent estimates. This observation aligns with the results of
Theorem 3.1 and Remark 3.4 , which formally establish that the inclusion of 6 leads
to a systematic reduction of the parametric error bound, thereby enhancing both the
accuracy and interpretability of the identified model. In contrast, estimates without 6
are clearly biased. A statistic on the worst-case error analysis over all the simulations
(mean + 1o0) further confirms this. In particular, egFPS(é) is 1.19 + 0.19 for & € SFPS
(3.25), compared to egPS = 1.79 + 0.28 for 8 € FPS (3.24), validating Theorem 3.6.

Then, we conducted 5000 simulations for each noise upper bounds ||7"||,, under
varying noise and input conditions. Fig. 3.2 shows the parametric error distribution,
with box plots illustrating median, interquartile ranges (IQRs), and whiskers extending
to 1.5%IQR. The results confirm the linear dependence between error and noise bound,
as stated in Theorem 3.1.
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Figure 3.2: Parametric error with respect to ||7"||,

Discussion and concluding remarks

This chapter has provided the theoretical foundations of the proposed identification
framework, establishing formal guarantees on parameter estimation and sparsity re-
covery. The derived results rigorously quantify the estimation error induced by model
uncertainties and approximations, thereby linking identification accuracy to both the
data quality and the fidelity of the nominal physical model.

A central message emerging from the presented analysis is the importance of ex-
plicitly accounting for modeling uncertainties in system identification. In many prac-
tical applications, the available models are inherently simplified representations of the
true physical system, often neglecting coupling effects, nonlinearities, or unmodeled
disturbances. Neglecting such discrepancies during identification typically forces the
estimated parameters to absorb unmodeled effects, resulting in biased and physically
inconsistent estimates. Conversely, by formally incorporating unmodeled dynamics
into the identification model via 6, the proposed framework provides a principled way
to quantify and mitigate these biases, yielding parameter estimates that remain reliable
and interpretable even when the underlying physical model is not completely exact.

In this context, it is worth noting that while the proposed regularization scheme
promotes sparsity to preserve interpretability, a less stringent regularization of the cor-
rection term might be necessary in scenarios where the physical priors are significantly
biased or inaccurate. However, as the quality of the prior degrades, the identification
of the physical parameters may inevitably be affected. Nonetheless, even in such cases,
the correction term remains a valid and effective instrument to mitigate the impact of
errors in the priors, preventing them from completely compromising the model’s pre-
dictive capability. A detailed sensitivity analysis characterizing this trade-off between
prior quality, regularization strength, and identification accuracy will be the subject of
future works.

From a broader identification perspective, this theoretical treatment reaffirms that
the value of an identification method lies not only in its predictive accuracy but also
in the credibility and physical soundness of the inferred parameters. This is particu-
larly relevant when simplified models are used for control, fault diagnosis, or digital
twin applications, where interpretability and robustness are crucial. The theoretical
tools developed in this chapter thus represent a cornerstone of the overall framework,
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supporting both its methodological rigor and its practical reliability.

The next chapter builds on these results by extending the proposed identification
approach to real-world scenarios characterized by non-uniform observations, demon-
strating its robustness and adaptability to incomplete or aggregated data.
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Chapter 4

Identification from non-uniform
observations

This chapter tackles the issue of identifying system parameters from non-uniform mea-
surements. Numerous practical scenarios require estimation from irregularly sampled
data, such as when sensors fail, measurements are missing, or only partial runs of the
system are available with unknown initial conditions. In these cases, classical identifi-
cation methods may become unreliable, as they assume regularly spaced data and fully
observed trajectories. Here, we extend the framework introduced in Chapter 2 to seam-
lessly incorporate these non-standard observation settings, while preserving both the
interpretability of the physical parameters and the predictive reliability of the identified
model.

The chapter is organized around three representative scenarios. Section 4.1 ad-
dresses the case of missing observations, where measurements are available only at ir-
regular time steps. Section 4.2 considers the situation of multiple experimental runs,
each with potentially unknown or different initial conditions. Section 4.3 introduces
the more challenging case of aggregated observations, where measurements are not in-
dividual samples but averages collected over a time window, as often occurs in process
engineering or biological applications . In each case, we show how the multi-step identi-
fication problem defined in Chapter 2 can be reformulated by adapting the cost function
or the model, while maintaining the same unifying structure. Section 4.4 presents case
studies that illustrate the effectiveness of the proposed extensions.

4.1 Missing observations

We start presenting the scenario of missing observations, which arises when only a lim-
ited set of output measurements are collected at non-uniform time steps in a given
multi-step setting. Practically, this applies to, e.g., sensor failure, data loss, data clean-
ing, or limited sampling capabilities.
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To formally define this setup, as in Chapter 2, we consider a multi-step input/output
sequence of length T:

Uy = {dg, ... dp_y}, Oy = uy + 0y,
Yo:r—1 = Vo, > Vro1 by Yk = v+ wy

(4.1)

Moreover, we define the set of available time steps kp, ie., a set of N < T ordered
integers defined as

kn = (ki ....ky), k; €[0,T = 1], ¥j € [1, N1, (4.2)

where a time index k; € Ky is included if at least one output component is available at
time k;. Accordingly, the sequence of available measurements is defined as follows

Vienl = ks -0 iy 1 (4.3)

In this case, the prediction error term appearing in the cost function €y in (2.5), which
defines the objective of the multi-step identification problem 2.1, must be evaluated
only at those time instants where output measurements are available. Accordingly, for
each available measurement index k; € k, the corresponding loss term is defined as

L, = W5, = 9 17 (44)

so that missing or unobserved outputs do not contribute to the overall cost. Moreover,
we note that the special case of partial measurements, i.e., when only a subset of the
output components is available at a given time, can be seamlessly incorporated into
the term (4.4). Specifically, this can be done by redefining the loss as 3,{] = (ykj -
f/kj)Tij(f/kj - f/kj), where ij = diag(pyq, .-- » pnyny) is a diagonal matrix such that, for
i € [1,n)], p; = 1 if the i-th output component is available at time k;, and p; = 0
otherwise.

Despite the simplicity of accounting for missing measurements in the optimization
problem, it is crucial to assess their effect on the estimation error in the identified param-
eters, relying on Assumption 3.1.i) on the local identifiability, recalled in the following.

Assumption 4.1 (Local identifiability). The system is locally identifiable according to,
e.g., [82]. In other words, the Hessian of the loss function evaluated in 8 is always positive
definite, i.e.,
O* G (0; -
o= 2%

> 0.
026 0=0*

In the following theorem, we demonstrate that there exists an upper bound on the
discrepancy between the parameters identified with N available measurements and
those obtained with a complete set of T data. This bound grows proportionally to
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4.1 — Missing observations

the square root of the percentage of missing measurements and inversely proportional

to ﬁ
Theorem 4.1 (Error bound with missing measurements)

Let 67 represents the vector of identified parameters obtained by solving problem
(2.6) using a complete set of T'observations. Similarly, let 0% denotes the parameters
identified using (4.4), i.e., when only 0 < N < T observations are available, due to
o T-N o .
missing data. Define py;, = —— as the percentage of missing observations and
let Assumption 4.1 hold. Then, the error between the identified parameters under

missing measurements and those from the complete dataset satisfies
1
”9; - 9;]”2 < 657 V Pmisss (4-5)
T

for some constant o € R.

Proof. Let us consider a cost function of the form

€O, =7"¢r, (4.6)

where y € RT is a generic vector of real coefficient and ¢ € R” is a vector
containing the squared ,-norm of the prediction error for each element , ie.,
Sri = 19k — JA’k”%- Now, since € depends on y, we notice that also a minimizer
of this cost is a function of y. Hence, denoting with 6* = [0;(, ,0,’:9 ] the solu-
tion obtained by minimizing a cost function of the type (4.6), we have also that

6* = 6™ (y). Then, given y; # y,, we define the associated cost functions according
to (4.6), i.e.,

©10,7) =7, ¢r (4.72)
©0,7) =71, ir (4.7b)

Therefore, considering the solutions of (4.7a) and (4.7b), and applying the mean
value theorem, for each parameter 91.* (-) there exists a vector 7 = (1 — a)y; +ay,,
with a € [0,1], such that

ST
01 (r)) — 01 (r) = EGY) (v — 1), (4.8)
*
with §(y) = %y(y) € RT. Then, to compute %}f') € R"T we rely on the implicit

differentiation technique. First, we consider that the minimizer 0* is a solution of

@ = 0. It follows that

d 960", y) _

4.
4 o0 0, (4.9)
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Identification from non-uniform observations

where % denotes the Jacobian with respect to y, given by

d 06H0%,y) _0°BHO*,y)  0*BHO*,y)d6* ()
I 90 o0 o2 oy
0™ ()

oy
with H the Hessian matrix of the cost function with respect to 6, and G reflecting
the influence of missing data on the system’s behavior. Therefore, considering (4.9),

(4.10), and knowing that the Hessian H is invertible according to Assumption 4.1,
we obtain

(4.10)

=G(y)+ H(y)

00*(y) _
dy B
This implies that, for the i-th parameter 01."( , the vector 5(37(i))T in (4.8) corresponds

to the i-th row of the matrix —H_IG(;“/(i)) € R"T, Thus, according to (4.8), we
have

—H'GW®).

0*(y)) — 0*(12) = ET(r, — 1),
with 8 = [¢G1), ..., £¢")] € RT", that yields
16* (1) — 0* ()l = I1ET(ry = 1)l
<1ZT LGy = r)ll,-

Let us now consider the case of missing measurements and a set of available time-
steps kK (4.2). Specifically, let us define the coefficient vectors in (4.7a) and (4.7b)
as

(4.11)

=rr= [l l]T (4.12a)
n=rrE |y :
. 0 ifié&xky,
n=rn= il rw = { % otherwise. (4.12b)

Then, for the coefficient vector yr, the associated cost function € (0, yr) of the form

(4.6) is equivalent to a cost function of the form (2.5) with no missing observations®.
Indeed, we have

5 a2

cO.m=r=|p-7l|

Iyr—1 — J’T—1||2

T-1 T-1
L.~ 2_1 - a2
= 2 5= 93 = = X 15 = 34ll5 (4.13)

‘extra penalty terms that do not differ when missing measurements are involved are omitted for
simplicity.
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4.2 — Multiple runs

Analogously, for the coefficient vector yn“ defined in (4.12b), the associated cost
function €(0, y ) of the form (4.6) is equivalent to one given by (4.4), i.e.,

N
1 - -
GO 7n) = rér= 1.2, 15, = 3 I3, (4.14)
&

where k; is the j-th element of k. Hence, according to (4.13) and (4.14), it fol-
lows that (4.11) holds for the solutions 0; and HE minimizing (2.5) with com-
plete measurements and with the prediction error term defined as in (4.4), respec-
tively. Moreover, defining o as the maximum singular value of the matrix =i,

=T . ~T
or = [[E |l = 6,4x(E"), we obtain

10*(rp) — 6 (rplly = 1107 = Oxlly < oellyr — rivlla (4.15)

Then, observing that

WCGrr—rvMll, = V \/ miss’ (4.16)
and combining (4.15) with (4.16), we yield (4.5), concluding the proof. [

“Notice that when N = 0, i.e., p.;c = 1, the system becomes non-identifiable, as €, -) = 0 for
all @, thereby violating Assumption 4.1.

Theorem 4.1 establishes a link between the percentage of missing observations,
Pmiss» the multi-step horizon 7, and the error in the identified parameters. This bound
indicates that the worst-case parametric error increases with the square root of the
missing data fraction, highlighting the sensitivity of parameter estimation to the gaps
in the data. On the other hand, the factor %T highlights that being the missing data

percentage fixed, the datasets collected over shorter horizons (i.e., lower T) are inher-
ently more sensitive to missing data, thus leading to a relatively larger error. At the
same time, larger datasets effectively help to mitigate the negative impact of missing
entries. The proportionality constant o, depends on the maximum singular value of a
matrix whose columns describe how the optimal parameters vary with respect to data
weighting. This suggests that systems with certain structural properties (i.e., small o)
are more robust to incomplete datasets.

4.2 Multiple runs

We now consider the case of multiple runs, where identification relies on data from
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different system trajectories. This is the case, for example, of repeated experiments un-
der varying initial conditions, different inputs, environmental disturbances, or sensor
placements. Additionally, multiple runs are also exploited to identify a more robust
model, capable of capturing a wider range of system behaviors and generalizing well
to unseen scenarios. Alternatively, multiple runs can be defined from a single trajec-
tory by dividing it into smaller segments (see, e.g., the multiple shooting method in
[68]) to obtain specific optimization properties, such as smoothing the cost function
and improving numerical stability. In this setup, we consider M different runs of the
system & (2.1), starting from M different initial conditions. For each i-th experiment,
with i = [1, M], the following noise-corrupted sequences of input-output data, each of
length1 T,, are available, i.e.,

g,y = oy ),

~ (i) e )] ~()
Y[();Tr_l] - {y() AR ’yT 1}

(4.17)

Hence, the prediction-error component of the cost function € in (2.5) can be reformu-
lated to explicitly account for the presence of multiple experimental runs. In particular,
the cost can be expressed as

M T,—-1

O] (l) =) _ A(z)
r = MTrZI,;‘(,)Sf C 2] =150 (4.18)
1

where & 18) represents the squared prediction error at time step k of the i-th run. In the
case of multiple runs, the number of decision variables in the optimization problem (2.6)
clearly increases. Indeed, since each run starts from a different initial condition x(()i ), i €
[1, M], the optimization problem (2.6) must be minimized with respect to all initial
conditions x(()l), e xE)M). Moreover, it is worth noting that missing measurements and

multiple runs can occur simultaneously, as remarked in the following.

Remark 4.1 (Multiple runs with missing measurements). Consider M independent runs,
each of nominal length T,.. For the i-th run, let the set of available measurement instants

be
k0 = (K0, kW) k€ 10,7, - 10, V) € (1, N1,

where N < T, denotes the number of available measurements®. The corresponding avail-
able output samples are then collected as

S0 _ {~(i) ~(l) .
o = DT

'For simplicity, we assume that each trajectory has the same length T,. However, this non-restrictive
assumption can be easily relaxed to accommodate sequences of different lengths.

*Without loss of generality, we use the same N and T, for each run.
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4.3 — Aggregated observations

Algorithm 1 Identification with multiple runs and missing measurements

1: Inputs: Non-uniform dataset with missing data (4.3), and multiple runs (4.17).

Time indices with available outputs K‘(l]\? (4.2) for each run. Initial guesses for 6,
@

w, and X -
2. while not converged do
3 for eachruni =1to M do .
4: Simulate model over 7, using current (0, o, xP ).
5: Compute error e, at times k € K(IN).
6: end for
7: Compute total cost function over all runs (4.18).
8 Update 0, w, xg) using the first-order optimization algorithm in Appendix A.
9: end while

10: Output: Estimated parameters 0*, »*, and xg)*.

Accordingly, when multiple runs are available but measurements are missing at some time
steps, the prediction-error component of the cost function G can be defined by combin-
ing (4.4) and (4.18), yielding

M N

1 (0 0 ) A0) 2

G = 2V 2V = 15" =312
"7 MT, 22 w0 Lo =0 Il

i=1 j=1

This formulation ensures that only the time instants corresponding to available measure-
ments contribute to the overall loss, while maintaining consistency across multiple experi-
mental runs.

To enhance the clarity of the proposed method, Algorithm 1 summarizes the key
steps of the identification procedure in the presence of missing data and multiple runs.

4.3 Aggregated observations

The case of aggregated observations arises when, over a given time window, only col-
lective information from multiple individual measurements is available. This situation
typically occurs when the objective is to monitor long-term trends or cumulative varia-
tions of certain quantities, rather than capturing high-frequency or instantaneous data,
often due to practical or experimental constraints.

In this context, it is useful to distinguish between two forms of aggregation. The first
is running averaging, where each observation represents the average of a sequence of
preceding measurements, including the current one. The second is periodic averaging,
where each aggregated observation corresponds to the mean of a fixed set of measure-
ments collected over a specified time window, typically without overlap between con-
secutive windows. While the proposed framework can accommodate running averages
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Figure 4.1: Extended system configuration accounting for aggregated observations.

as a particular case, the primary focus in the following will be on periodic averaging.
While missing measurements and multiple runs can be handled with minor adjust-
ments to the cost function (2.5), aggregated measurements require differently refining
the initial formulation. Specifically, let us consider T observations and M (possibly
consequent) time windows of length 7, = T/M for system (2.1). Then, the sequence of
available measurements can be defined as
V=15 0 =y w,

17

0 . T,-1 0 . (4.19)
YT, =a Z v, Viel[l,M],
k=0
with W, the measurement noise related to the i-th cumulative observation, and the pa-
rameter @ defined according to the type of data, i.e., « = 1 for cumulative measurements
and a = TL when considering averaged measurements.

This non-standard representation of the observations compresses multiple individ-
ual measurements into a single data point, concealing short-term dynamics and making
it difficult to directly apply standard identification techniques. To address this chal-
lenge, we propose an extended system model that reinterprets the problem as one in-
volving both missing measurements and multiple runs, as detailed next.

First, we define the following extended system,

CSD_ . Xp+1 = f(xk,uk; 9) + A(xk7 uk), (4203)
Cr+1 :Ck+h<xk,uk;9> y (420b)
Vi = acy, (4.20c)

where ¢, € R": denotes the cumulative state, which integrates or accumulates the
output signals A(x;, u;; ) over time. The corresponding output of the extended system
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4.3 — Aggregated observations

is denoted by y, € R"=. The resulting system configuration is schematically illustrated
in Figure 4.1.

The following theorem shows that the case of aggregated measurements can be
seamlessly addressed within the same framework developed for missing measurements
and multiple runs, by appropriately formulating the identification problem on the ex-
tended system & in (4.20).

Theorem 4.2 (Systems equivalence)

Let us consider M aggregated (cumulative or averaged) observations defined by
(4.19) for the system (2.1), collected from M (possibly consecutive) time windows

of length T,. Let x ) be the initial condition of the i-th time window. Then, let
us consider M multlple runs of length 7, + 1 of the system (4.20), having initial
conditions [x( dl 0T ]T For each run, let us consider missing measurements, as

detailed in Sectlon 4.1, with a vector of available time steps k; = {T,.}. The resulting
sequence of available M observations for the extended system in (4.20), i.e., }7%'3 1
with i € [1, M], corresponds to the aggregated observations defined by (4.19) for
system (2.1). That is

yﬁj =Y, Vie[l,M]. (4.21)

. 7

Proof. First, we consider the extended system (4.20) for a generic run® i of length
T, + 1 with missing measurements defined by x; = T,. From (4.3) we have

Vie = {0k} =7 (4.22)

Moreover, from (4.20b)-(4.20c), we obtain

yr, = acy, = acy_y +ah(xp_y,ur _1;0). (4.23)
Iterating (4.20b) backward, we obtain

er—1 =cp o+ h(Xp o, up _5:6)

=cp 3+ h(xp _3,up _3;0) + h(xp o, up _5;0) (4.24)

.= o + hixg, ug; 0) + -+ + h(xg 5, ur 53 0).
Now, from (4.23) and (4.24) it follows that

yr, = ah(xg, ug; 0) + - + ah(xq _y,ur _130),

“The superscript (i) is omitted for clarity.
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having ¢y = 0,_by definition. Moreover, from (2.1) we have y; = h(x;, u;; 6),
which implies that
T,—1
yr,=ayo+ - t+ayr_ =« Z V- (4.25)
k=0

Finally, considering (4.19) and (4.22), we have that (4.25) implies (4.21), which con-
cludes the proof. [

From Theorem 4.2 it follows that cumulative and aggregated measurements can be
managed by accounting for both missing measurements and multiple runs for the sys-
tem in (4.20). Specifically, for each run, only one measurement is available, representing
the accumulation of the outputs within the run. Let us define the extended estimation
model as _ R

Mo X = Ky, u0) + 6(%y, uy; ),

Crat = C + h(%: 0), (4.26)

Y = acy.
According to Theorem 4.2 and Remark 4.1, and considering M multiple runs and x; =
{T,}, the cost function €} can thus be redefined as

M 1 M
_ 1 o _ 1 )
%T_J\_JZZ"?’% —MZ%’ (4.27)
i=1 j=1 i=1
with g}? = ||YT‘:'> - ﬁgjng and ¢’ = 0, foralli € [1, M].

Theorem 4.2 suggests a method that streamlines both analysis and implementation
by treating aggregated measurements in the same way as missing data and multiple
runs, as discussed in Remark 4.1. Indeed, once the data are represented within this
framework, previously established algorithms can be applied directly for identification,
avoiding the need for non-standard formulations to handle data aggregation in the cost
function. A practical implementation of the proposed framework for aggregated obser-
vations is provided in Algorithm 2.

Next, we analyze how the use of aggregated observations affects the estimation
accuracy of the identified parameters. Similar to the case of missing data, the following
theorem establishes the existence of an upper bound on the discrepancy between the
parameters identified from aggregated data, collected over windows of length 7, <
T, and those obtained from complete observations. This bound grows proportionally
to \/Tr, quantifying the degradation in estimation accuracy introduced by temporal
aggregation.
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Algorithm 2 Identification with aggregated observations

1: Input: Aggregated outputs Yq(j) (4.19) for M time windows of length T,, input se-
quences for each window, scaling factor a. Initial guesses for 6, @, and xg ).
2: while not converged do
3 for each window i = 1 to M do
4: Simulate extended model (4.26) over horizon T,.
5 Use jA)Tr as predicted cumulative output.
) _ 56 _ 20
. =Y —r-

r r

Compute error e
end for
Compute total cost (4.27).
9: Update 6, w, and xg ) using the first-order optimization algorithm in Appendix A.
10: end while
11: Output: Estimated parameters 0*, o*, and x

[ IS BN

(i)*
o

Theorem 4.3 (Error bound with aggregated observations)

Let 67 be the vector of identified parameters obtained as the solution to the opti-
mization problem (2.6) when a complete set of T observations is available. Similarly,
let 9;5 represent the vector of identified parameters obtained when the observations
are aégregated over a window of length T,. Let Assumption 4.1 hold. Then, the
error between the identified parameters under aggregated observations and those
obtained from the complete dataset satisfies

167 — 9%”2 < Lypr,, (4.28)
for some constant Ly € R, where fr is bounded and depends on /T, as follows

VT, = 1< pp <AT +1. (4.29)

Proof. For simplicity and without loss of generality, let us consider the case of
n, = 1. The extension to the general case is straightforward. In the following,
Ax
Bygn L
In particular, for p = 2, || A||, corresponds to the spectral norm of A, i.e., the largest
singular value of the matrix. Given the prediction error ¢, = y; — J;, let us con-
sider the vector € = [eo, e eT_l] " € R”. Moreover, consider the following cost
function

given a matrix A € R"™", its induced # , norm is defined as [|A||, = s

G T, 0) = pllTell3,
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with p € R a generic constant, and I' € R an aggregation matrix of coefficients.
Given that € depends on I', any minimizer of the cost function € will also be a
function of I'. Therefore, 6%, i.e., the solution obtained by minimizing %, can be

explicitly expressed as
0* = 0*(). (4.30)
Thus, considering the cost function € (I', ) when T uniform measurements are

available, we have
1w 1
=7 ZO leelly = ZIITrell; = €T3, 0), (431)
k=

with I} = I, the identity matrix of size T. Similarly, considering M aggregated
measurements with windows length T, as defined in (4.19), and applying (4.25),
we can rewrite (4.27) as

M
1 -
%T=]T42 azy(w 2 of
i=1
2
2 M
_@ NONS A(l) (4.32)
=2 Z(
i=1 2
2
a
= — || i ¢ ,0
MH T.& 5 ( T.> ),
= T
with y:) = yg) FT [gl, ,gT] , and
[OT 17.0] ]T ifj< M
g = (-DT, T-JT, =M (4.33)
Or otherwise.

Thus, being €(I', #) twice continuously differentiable and the system identifi-
able according to Assumption 4.1, by applying the implicit function theorem [84] to
the gradient function V€I, 0(I')) = @ it follows that 6(I') is continuously
differentiable, and consequently also Lipschitz continuous, with respect to I". Now,
let us consider 07’5 and Q;r, i.e., the minimizers of (2.5) with complete, standard ob-

servations and (4.27), respectively. According to (4.30)—(4.32), we have 07"5 = 0™ ()
and 0}‘ = 9*(FT,)- Therefore, from Lipschitz continuity it follows that

167 - 0;,”2 < Lyl =17, I, (4.34)

for some Lipschitz constant Ly. Then, defining f;- as the maximum singular value
of the matrix I — I, we have

07 = T7 2 = Gpax(Lr = I7) = fr;,
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which, combined with (4.34), yields (4.28). Thus, applying triangle inequality, the
following relation holds, i.e.,
Pr, = Ty = I Il < 1Tl + 1l = I, Il
= 1Tl + T, Il (4.35)
= O-max(FT) + Gmax(FTr)'

Similarly, applying the reverse triangle inequality

Pr, = \Tr=Tr llo 2 [lIX7ll2 = X7, [l

(4.36)
= |6max(FT) - Gmax(rTr)l'

Here, it is easy to verify that ¢,,,,(I7) = 0,,.I7r) = 1. Moreover, the following
relation holds for all 7,, i.e.,

OmaxT) = VT, (4.37)
In particular, we have that c,,,,,(I7) = 4 Mmax(FT,FTT ), where
) gl glg ... ger
FTrFT = [g17 7gT = : .
r T T T
gT ngl oo ngT

Here, according to (4.33), it is easy to verify that 8= 0,Vi > M, Vj, and

glg = Il =T, ifi=j,
1) 0 otherwise.

Defining as 0,, , € R™" the n X m matrix of all zeros, it follows that

LT = Iy Orir—m
'L o 0
T-mMm Or—mT-M

is a diagonal matrix, where 4y = - = Ay, = T,, Ay = =+ = A = 0, and
Omax(L) = /T, proving the statement (4.37). Thus, from (4.35)-(4.37), we have

1= VT < pr <AT,+1,

which leads to (4.29) having T, > 1, concluding the proof. Notice that f ~ \/Tr
for large T,.

U

63



Identification from non-uniform observations

Theorem (4.3) establishes an upper bound on the parametric error when using ag-
gregated observations, showing that the error scales with the square root of 7,, i.e.,
the length of the aggregation window. This implies that larger aggregation windows
(or fewer measurements), can lead to greater deviations in the identified parameters.
Similar to the case with missing measurements, this behavior emphasizes the effect
of non-uniform observation on the parameter estimation accuracy: while aggregating
data may be more practical in some scenarios, the resulting effect can mask short-term
dynamics, leading to less accurate identification.

4.4 Case studies

In this section, we present case studies to demonstrate and support the efficacy of the
proposed framework in handling missing and aggregated observations, respectively.
We remark that in all the examples the optimization is carried out using the first-order
optimization algorithm described in Appendix A.

4.4.1 Numerical analysis of the upper bound on missing data

To support the result of Theorem 4.1, we demonstrate how missing observations quan-
titatively affect the parameter identification accuracy by comparing the identification
of a second-order linear system with and without missing measurements. The system,
presented in [40], is described by the following transfer function

01z +6,)

z) = ,
= a6y

and in the canonical companion state-space form as

-0, -0 1
X1 = l 13 O4l X + lol u,

=101 6 x,

with 6, = 0.1037, 8, = —0.08657, 6; = —1.78, 8, = 0.9. First, we excite the sys-
tem’s step response with a perturbation defined by .#7(0,0.01), measured over a hori-
zon T = 104. Then, we use this signal within the proposed approach to identify the
system parameters, accounting for different percentages of missing measurements, i.e.,
from p ;. = 0.05 to p;c = 0.95. To achieve this goal, we minimize a cost function
of the form (4.4) using a first-order optimization method. The predicted states and out-
puts are propagated along the horizon 7T, while the gradient is computed via automatic
differentiation, relying on the approach described in Appendix A.

Figure 4.2 shows the relationship between the percentage of missing observations
(Pmiss) and the 75 norm of the difference between parameters identified with p; [T
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Figure 4.2: Box-plot illustrating the distribution of parameter estimation errors for vary-
ing percentages of missing data (p;s)-

missing data and in the complete-data case (i.e., p,,;ic = 0), respectively. Each box
represents the interquartile range (IQR) of errors, with the median shown as the hor-
izontal line, while the whiskers extend the range of errors to values within 1.5 X IQR
(= 30) beyond the quartiles. Blue dots represent errors that fall outside this range. The
black line represents the upper bound trajectory from Theorem 4.1. Results are col-
lected from 50 simulations for each percentage of missing data, with each simulation
featuring different noise values and initial parameter conditions. We can notice that the
error bound scales with the proportion of missing data. Moreover, when overlapping
the upper bound derived in Theorem 4.1 for 6, = 4.2 to the numerical data, we can
observe that this bound well retrace the data behavior, and it appears more conserva-
tive at lower values of p, ;.. Furthermore, we can observe that the shorter boxes reflect
estimation errors tightly clustered around the mean, with few outliers approaching the
upper bound. This suggests that, for lower percentages of missing data, the identi-
fied parameters are more accurate and stable, exhibiting limited variability even in the
presence of some data gaps. Conversely, as p,,;.; increases, the spread of estimation er-
rors around the mean widens, as indicated by the larger boxes. This behavior denotes
greater uncertainty and variability in the parameter estimates and it also suggests that
a higher amount of missing data makes the identification process less reliable, resulting
in a tighter and less conservative upper bound.

To complete the analysis, Figure 4.3 shows the root mean square error (RMSE) be-
tween predictions and observations for varying percentages of missing data. In this
case, the plot reveals, as expected, an increasing RMSE trend with higher p_ ;. values,
thus underscoring the growing discrepancy between predictions and observations as
the proportion of missing data rises.
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Figure 4.3: Box-plot illustrating the RMSE for varying percentages of missing data (log-
arithmic scale).
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4.4.2 CSTR identification with missing measurements

To explore the practical use of the proposed identification method for handling the
case of missing data, we consider the continuous stirred-tank reactor (CSTR) described
n [88]. Specifically, we aim to identify the dynamical models for the CSTR relying
on a real dataset with different rates of missing observation extracted from the DalSy
benchmarks collection [89].

System description

The continuous stirred-tank reactor, depicted in Figure 4.4, is governed by an exother-
mic process with irreversible reaction, where the product concentration is controlled by
regulating the coolant flow. This system has been widely investigated and it is recog-
nized as a highly challenging benchmark for nonlinear process modeling, optimization,
and control (see, e.g., [88], [90], [91] and references therein). From a system identifi-
cation perspective, its inherent nonlinear dynamics and sensitivity to operating condi-
tions make it an ideal test-bench for validating identification strategies. This process
has been studied in the literature also in the case of missing data conditions. Some
works, such as [52], [92], [93], focus on the same system but rely on different datasets,
while others, such as [50], [54], [55], specifically investigate the same dataset used in
this paper.
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Figure 4.4: Schematic illustration of a CSTR system.

As described in [88], the CSTR system is governed by the following discretized dy-
namical first-principle equations

Ck-l—l :Ck+At

q __E
?/(Co — Ci) — koCpe RT"] :

(~AH)Yk,  _-E
Tocke i (4.38)

Tk-l-l :Tk +At|:2 (TO_Tk) -
v p

pccpc hA
y—= 1—e % ) (T,y—T, ]

where the product concentration C; and the reactor temperature 7}, are the state vari-
ables, whereas the coolant flow rate g, is the input. Moreover, in this system, the

outputs coincide with the states, i.e., y, = [Ck, Tk]T. The goal is to identify the fol-
(—AHky o T
pC, ’
parameter values used in the simulations and their physical description are reported
in Table 4.1. The input-output dataset for this process is illustrated in Figure 4.5. It
includes 7500 samples, 5000 allocated for the identification task (black line) and the
remaining 2500 (red line) reserved for validation.
In the following simulations, we numerically verify Assumption 4.1 by approximat-
ing the Hessian using both the Gauss—Newton method (see, e.g., [94]), i.e., H(0) ~ J'J

lowing vector of parameters 6 = [ko, as in [91] and [52]. The nominal
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Table 4.1: Nominal CSTR parameter values.

Name Description Value Unit
Cy product concentration X [mol/1]
T reactor temperature Xy K]
q, coolant flow rate u [1/min]
q process flow rate 100 [I/min]
Gy feed concentration 1 [mol/l]
T, feed temperature 350 K]
T, inlet coolant temp 350 (K]
V CSTR volume 100 (1]
hA heat transfer term 7-10°  [cal/min/K]
ko reaction rate constant 7.2 - 101 [min™!]
% activation energy term 1 - 10% K]
AH heat of reaction —2-10°  [cal/mol]
Py P liquid densities 1-10° g/l
C,, C,. specific heats 1 [cal/g/K]
At sampling time 0.1 [min]
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Figure 4.5: Identification (black) and validation (red) input-output measurements re-
lated to the CSTR system.

where J is the Jacobian of the residual vector with respect to the parameters and finite-
difference perturbations of the gradient. In both cases, the approximate Hessians are
positive definite. The Hessian exhibits a condition number ~ 10, primarily due to
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the large variation in the scale of the estimated parameters, which ranged from 10° to
over 10'3. While such disparities in parameter magnitudes can lead to ill-conditioned
Hessians, the optimization process is stable and convergent over al the simulations,
confirming the practical validity of Assumption 4.1.

Identification results

Identification is achieved by minimizing a cost function of the form (4.4) over the iden-
tification data, generating different versions of the original dataset with missing mea-
surement rates ranging from p_;.. = 0% to pic = 75%. For each rate of missing
data, the results are collected over 200 simulations, each one employing different ini-
tial values for the parameters to be identified. Specifically, the estimated parameters
are initialized randomly, with each initial value él}O selected within a ball around the
nominal parameter value 6; and a radius of 30% of 6,. That is, 9,-70 is chosen such that
éuo € [0, —0.36;, 0, + 0.30,]. The states initial conditions to be estimated are initialized
at Xo g = Zo.

The black-box compensation term 6(-) is introduced into the dynamical model to
handle the process nonlinearities and to guarantee adaptation to unmodeled variations
in system parameters. Indeed, the CSTR system is typically subject to changes in the
environmental and operational conditions, and it may experience fluctuations that the
basic physics-based model (4.38) alone cannot capture accurately [88], [92]. In this
example, ¢ is defined as a linear combination of sigmoid, softplus, hyperbolic tangent,
trigonometric, and polynomial functions. Then, a regularization term is introduced
in the cost function (4.4) to promote a sparse black-box component. This is done by
minimizing an approximation of the £;-norm of the black-box weights w (see Chapter
2 for further details). The results presented next are computed on the validation dataset.

Figure 4.6 depicts the effect of missing observations on the model fitness scores,
which are computed for the i-th output as

- A(z) ~(i) 2
k=0( kT %k )
T 1 A(t)_ T- 1~(t)
k=0 k

@) _
fity) = 100[1 -

The box plot highlights the distribution of the model fitness across 200 simulations for
each output and for each level of data loss. Each box shows the IQR, with the median as
a horizontal line and whiskers extending to 1.5xIQR. Asterisks represent fitness scores
that fall outside this range. The global fitness (yellow boxes) represents the average

between the two outputs’ fitness, i.e., ﬁt%) (green boxes) for the first output and ﬁtg)
(red boxes) for the second one. Hence, we have fity, = (ﬁt%) + ﬁtg))/Z.

These results demonstrate the robustness of the proposed approach in the case of
missing data. Indeed, as the percentage of missing data increases, the average fitness
scores remain consistently high, with a gradual decrease only at higher levels of data
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Figure 4.6: Box-plot illustrating the distribution of the fitness scores for varying per-
centages of missing data. The bottom plot presents a zoom on the fitness scores for the
second output specifically.

loss. Moreover, the narrow IQR across simulations for lower values of p, ;. indicates
low variability in the identified models. As p,; increases, the IQR becomes wider,
reflecting the expected growth in variability due to reduced information availability.
Within this context, we remark that robustness does not imply invariance to missing
data but rather refers to the ability of the framework to maintain high average perfor-
mance and reconstruct meaningful system behavior despite increasing p, ;.. This be-
havior is indeed consistent with the theoretical error bounds, which grow with 4/p, i
as the number of available measurements decreases, errors in parameter estimation
naturally increase (see Theorem 4.1), leading to greater variability in prediction quality.
Notably, the second output retains better fitness overall, as highlighted in the zoomed
section, suggesting a higher resilience of this output to missing observations.

These outcomes are also reflected in Table 4.2, which presents the global fitness
scores, compared to the results obtained in [50] (Nuc-SId) and [52] (PF-NSId) for the
same amount of missing data. In this case, the results confirm the ability of the ap-
proach in maintaining high global fitness scores across varying levels of missing data,
outperforming benchmark results obtained with linear (Nuc-SId) and black-box based
(PF-SId) identification methods.

Then, the true and predicted trajectories of the CSTR system under four different
percentages of missing observations p, ., are compared in Figure 4.7, where we have

70



4.4 — Case studies

Table 4.2: Global fitness scores.

Pmiss fitg (mean +16) Nuc-SId PF-NSId
0 94.3 +4.84 84.7 89.0
10 93.7 +5.47 86.2 88.0
20 91.9+7.49 85.3 87.0
25 91.8 +7.61 / /
30 91.4 +8.62 85.4 /
40 91.8 +8.40 85.2 /
50 92.1 +8.28 83.7 /
75 91.2+9.70 / /
015 l1e7a% m50% | 126% E0% —true] [0
= m I Y .
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Figure 4.7: Comparison of true and predicted trajectories for the CSTR system under
varying percentages of missing data (indicated in the legend), represented with +1 stan-
dard deviation bands around the mean trajectories. The plots on the right provide a
zoomed-in view of the interval [700, 750] minutes to highlight detailed behavior.

also reported the +1 standard deviation bands around the mean trajectories. The results
highlight the ability of the proposed method to approximate the system’s dynamics and
confirm its inherent robustness to substantial missing data.

Table 4.3 collects the RMSE scores for the two outputs. The reported values demon-
strate the ability of the proposed framework to maintain low the prediction errors across
varying levels of missing data for both the outputs, while the relatively small standard
deviations indicate stable performance, even under significant data loss. Then, Table 4.4
shows a comparison with [55] (ODE-RSSM), and [54] (NSM-SId) in terms of the relative
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Table 4.3: RMSE scores (mean +10).

Pumiss RMSEc-x 10 RMSE;
0 454+254 0.29+0.06
10 488+285 029+0.06
20 5.61+381 0.31+0.09
25  580+3.97 0.31+0.10
30 6.09+4.76 0.32+0.10
40  594+496 0.31+0.07
50  576+4.79 0.31+0.09
75 6.39+7.60 0.34+0.16

Table 4.4: RRSE scores.

Pmiss RRSE ODE-RSSM NSM-SId
(mean +10) (mean +10)
0 0.0787 £0.0161 0.0659 0.0220 + 0.005
10  0.0775 £ 0.0152 / /
20 0.0804 +0.0173 / /
25 0.0785 +0.0161 / /
30 0.0839 +0.0192 / /
40 0.0825 +0.0166 / /
50 0.0834 +0.0187 0.1336 0.0920 + 0.0140
75 0.0864 + 0.0249 0.2595 /
root squared error (RRSE), calculated as in [54],
n, A(l) ~(l') 2
RRSE = - > Ziso K
n, = Z (A(t) _ Z & ~§(z)

Here, an RRSE of 1 indicates performance equivalent to predicting the mean. For consis-
tency with [55], and [54], the outputs and predictions were normalized in this phase by
subtracting their mean and dividing by their standard deviation before calculation. In
this case, the results reported in Table 4.4 highlight how the proposed approach is able
to provide RRSE values comparable with the ones obtained with the black-box-based
benchmark. In particular, better performance are obtained under moderate levels of
missing data. Moreover, compared to black-box methods, the proposed approach offers
improved interpretability of the identified parameters.

Last, the parameters identified for varying percentages of missing data are reported
in Table 4.5. Here, the results reflect the level of accuracy and consistency of the param-
eter estimation achievable under different levels of data loss, demonstrating the ability
of the framework to accurately recover interpretable system parameters, maintaining
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Table 4.5: Identified parameters (mean +10).

Pmiss 01 x 10710 9, x10°° 9, x107°
0 7.64+0.40 —1.44+0.13 7.00 +0.57
10 7.64+037 —145+0.12 6.93 +0.50
20  7.64+040 —1.44+0.13 6.97+0.55
25  7.64+043 —1.44+0.12 6.88+0.55
30 7.60+043 —1.42+0.14 6.99+0.51
40 7584040 —143+0.13 7.01 +£0.52
50 7.59+046 —142+0.13 6.91+0.55
75 754+042 —141+0.14 6.92+0.49
Nominal 7.20 —1.44 7.00

relative reliability across different data loss scenarios. However, it is also important to
highlight how the identified parameter may differ from the nominal one, as in the case
of 0. In the considered case study, this discrepancy may be caused by the variations due
to environmental and operational conditions, as it commonly happens in real systems.

Summarizing, the application of the proposed approach to the CSTR system in the
presence of missing measurements demonstrates its robustness in handling real-world
scenarios with substantial missing data. Despite the inherent challenges, the combina-
tion of the physics-based model and the black-box component effectively compensates
for missing data, accurately identifying the system parameters. Moreover, the obtained
results align with those reported in the literature, and a comparison with methods ap-
plied to the same benchmark showcases competitive performance particularly under
moderate data loss, highlighting the framework’s reliability in practical process mod-
eling and its adaptability to real-world conditions.

4.4.3 Identification with averaged observations

In this section, we focus on validating the efficacy of the proposed framework in the case
of aggregated observations. In particular, we aim to identify a generic Lotka-Volterra
model, which has been largely used to describe the dynamics of a variety of real-world
systems.

System description and motivations

The Lotka-Volterra model consists of a set of nonlinear equations commonly used to
describe the dynamics of systems involving different interacting species. Specifically,
this model describes how the population of the different species varies over time. This
model is well-known for describing the dynamics of biological systems, as the inter-
action between predator and prey populations [44]. However, its application extends
also beyond the ecological domain, as for instance in the economic context, where it
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is used to represent the wealth of individual investors or the market capitalization of
companies [95].

In both ecological and economical framework, the use of averaged measurements is
a common practice. For example, significant biological species fluctuations may occur
over the year, and sampling on a specific date or during a short period might yield
a distorted view of the population’s typical behavior [44]. On the other hand, high-
frequency data might be unavailable in the economic context, and only averaged values
over extended periods can be observed [46]. These averages reflect general trends while
concealing short-term variations. Consequently, using aggregated or averaged data
within the proposed framework enables the identification of models that fit the available
data well, while still capturing detailed dynamics and adapting to the limited resolution
of the observations.

Dynamical model

The discretized Lotka-Volterra model with n, = 2 states x) = [x , x27k]T and param-
eters 6 = [0;,6,,065,0,]" is given by

Xp g1 = X+ 01X — Orx X+ A(Xp),
Xp g1 = X — O3 ) + 04X X0 1 + Do), (4.39)

yk = xka

where x, is the population density of prey, x, is the population density of the predator,
0, and 0, are the prey’s parameters, describing the maximum per capita growth rate
and the effect of predators on the prey growth rate, respectively, 6; and 6, are the
predator’s parameters, describing the per capita death rate and the effect of prey on
the predator’s growth rate, respectively. All parameters are positive and real. On the
other hand, A, and A, represent unmodeled dynamics that capture external factors
affecting the populations beyond the basic predator-prey interaction. In the considered
case study we have 8 = [0.13,0.02,0.12,0.02], while A; and A, are quadratic terms
that may represent, e.g., the intraspecific competition within each population, implying
that the growth of each population is influenced not only by the interaction between
predator and prey but also by the density-dependent effects within each population. In
particular, we considered
Ay(x) = ul07*] . Ag(x) = =5 - 1073

where y > 0 is a tuning parameter to control the size of the unmodeled terms. In
this case study, 4 = 10 is selected to introduce a meaningful but interpretable model
mismatch, preserving the structure of the physical model while sufficiently challenging
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Figure 4.8: Populations evolution for different values of .

the black-box compensator’. Clearly, the unmodeled dynamics, being unknown, can-
not be incorporated into the physical model. Instead, it must be compensated by the
black-box approximator 6. Notice that, although the unmodeled dynamics seem rela-
tively small, the impact on the population dynamics is relevant. This is highlighted in
Figure 4.8, where the evolution of predator and prey populations is represented over
a period of 20 years for different values of u. In this case, it is evident the importance
of efficiently compensating for unmodeled dynamics in order to accurately capture the
system’s behavior.

As in the previous case study, we conduct a numerical verification of Assumption
4.1 using the Gauss—-Newton approximation and the finite-difference methods. The
resulting Hessians are positive definite, with condition numbers around 10%, indicating
good numerical conditioning.

Identification results

In the proposed example, we simulate the evolution of the predator and prey popula-
tions based on the Lotka-Volterra model (4.39) over 75 years (900 months) with initial
condition xo = [2,3]". The data are generated for both populations at monthly intervals,
capturing the interaction dynamics described by the model. The first 600 months are
used as identification data, while the subsequent 300 months are used for validation. In
the considered scenario, the measures averaged over time windows of 7, = 12 months

*Larger values of u were found to excessively distort the system dynamics, compromising inter-
pretability and realism at the base of the proposed case study.
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Figure 4.9: Monthly prey (black lines) and predator (red lines) populations evolutions
with yearly average measurements (green circles). Dashed lines represent the unmod-
eled dynamics. On the right, the phase plot of the system with uniform measurements
(blue lines) and average measurements is shown.

are exploited, leading to M = 50 identification measurements for each population. Fig-
ure 4.9 illustrates the monthly population evolution and the yearly average evolution
of the prey and predator populations over the entire 50-year identification period. This
figure highlights how data averaging captures the overall trend while masking finer de-
tails and short-term interactions, which can pose challenges for accurately identifying
the system’s underlying dynamics.

First, we exploit the results of Theorem 4.2 to identify the system by employing an
extended model of the form

Xigp1 = X+ 01X ) — 2% 1 xp 1 + 61(Xp),
Xo g1 = Xp o — 0389 o + 04X 1 X o + 65(Xp),
Ck+1 = C T Xi,
A 1,
Vi = Fck’

r

to estimate the underlying parameters of the predator-prey system from averaged ob-
servations. Then, the identification task is performed by minimizing a cost function of
the form (4.27) considering M multiple runs and x; = {7, }.
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Table 4.6: Effect of the averaging window size T, on identification performance.

T, My/M,; RMSE, RMSE, [16—8ll, (X~ %ol
12 50/25 0.2737 0.3436  0.0023 0.2721
15  40/20 0.2183 0.2846  0.0029 0.2047
20  30/15 04742 0.5486 0.0123 0.5718
24 25/13 0.8443 0.8502 0.0217 0.9885
40 15/8 1.4328 1.4242  0.0442 1.1534
50 12/6 1.3346 1.3539  0.0589 0.9157

The estimated parameters are initialized randomly as 8, = 6 + .#(0.02, 6,), with
o9 = 0.05. Analogously, the initial conditions of the states are initialized at Xy o = .
Also in this case, the black-box term & is defined as a linear combination of selected
basis functions, i.e., sigmoid, softplus, hyperbolic tangent, and trigonometric functions.
Additionally, the cost function €} incorporates physical penalties and regularization
terms to enforce specific properties. Specifically, the positivity of 8 is ensured using
an exponential barrier function, while the sparsity of the black-box component § is
promoted through an #|-norm approximation applied to the black-box weights w [69].

Figure 4.10 and Figure 4.11 showcase the predictions from the identified model com-
pared with the averaged observations and the population behavior for identification and
validation data, respectively. The results highlight how the proposed approach is able
to successfully reconstructs the predator and prey dynamics based on the available av-
eraged data and demonstrate the accuracy of the identified model even when facing
aggregated measurements.

The accuracy of the method is also reflected in to adherence of the identified pa-
rameters and the state initial condition, ie., § = [0.1318, 0.0204, 0.1214, 0.0198]"
and X, = [2.0842, 2.7412]T, with the ground truth values used in the simulation, i.e.,
6 =[0.13,0.02,0.12,0.02] and x, = [2, 3]".

Next, we extend the preliminary analysis by considering different sizes of averaging
windows. Hence, in addition to the 7, = 12-month window (yielding M = 50 averaged
data points), we fixed the total amount of data (T = 900) and the starting value of
the estimated parameters and initial condition. Then, we analyze the identification
outcomes using larger windows 7,, which imply a lower number of available average
measurements. Table 4.6 summarizes the results for each simulated case, including the
prediction accuracy measured in terms of the root mean square error?, and parametric
error for both 0, for each window size.

From the reported results, we can observe that, being T = MT, fixed, an increase

“The RMSE has been computed considering the entire set of observations and predictions over the
horizon.
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Figure 4.10: Comparison between the true evolution of the populations (black lines) and
the one predicted (purple lines) using the model identified from averaged measurements
on the identification data. Green markers represent the averaged measurements, while
purple markers represent the reconstructed averages. Purple dashed lines indicate the
unmodeled dynamics predicted by the black-box term 6(-), compared with the true one,
A(-) (black dashed line).

in T, results in fewer available measurements (M), which generally leads to less accu-
rate estimates of the parameters and initial conditions, as indicated by increasing error
values. Furthermore, a larger T, not only decreases the data available for identification
but also enhances the smoothing effect on short-term dynamics, due to averaging over
more values. Consequently, this implies a reduced accuracy, as reflected in the observed
trends. Last, it is worth noting that the similar error values observed for 7, = 12 and
T, = 15 suggest a range where the performance remains relatively stable, indicating
the presence of an “optimal” averaging window size, beyond which performance begins
to degrade.

78



4.4 — Case studies

12

‘—x — o avg meas. ¢ predicted avg

a

S}

2

B

g I I I I I

= 600 650 700 750 800 850 900
0-2 T T T T
o i ~ A()--4()

N TN TN TNl TN et S TN,

0 L L
600 650 700 750 800 850 900

8,
]
2
—
g
<
g 4 1 1 1 1 1
5 600 650 700 750 800 850 900
0-~ . ey -~ P [ — M = _|
‘\,’, X -5 \\c,/ \\_’,v NL_.; N P
0.5 z -
-600 650 700 750 800 850 900

time [months]

Figure 4.11: True population evolution (black lines) with the averaged measurements
(green markers) and predicted population evolution (purple lines) with the recon-
structed averages (purple markers) using the model identified from averaged measure-
ments on the validation data. Black and purple dashed lines represent A(-) and 6(-),
respectively.

Discussion and concluding remarks

This chapter has extended the proposed identification framework to the case of non-
uniform observations, encompassing scenarios with missing measurements, multiple
experimental runs, and temporally aggregated data. Overall, this chapter highlights
that handling modeling and observational uncertainties is not a secondary feature but
a structural requirement for trustworthy system identification. The developed formu-
lations generalize the identification problem to settings that more faithfully reflect real-
world experimental and industrial conditions, where data availability and sampling
regularity cannot be guaranteed. Theoretical bounds on the estimation error under
missing or aggregated observations have been established, and practical case studies
demonstrated that the proposed approach preserves consistency and interpretability
even when confronted with incomplete or heterogeneous datasets.
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The importance of these results lies in their contribution to bridging the persis-
tent gap between idealized identification assumptions and practical data-collection pro-
cesses. By formally accounting for non-uniform measurement structures, the frame-
work mitigates the risks of biased parameter estimation that typically arise when sim-
plified models are identified from imperfect data. This provides a principled way to
extract reliable physical parameters even in non-ideal conditions, a fundamental capa-
bility in modern applications strengthening the use of the identified models in simula-
tion and control.

The following chapter introduces a kernel-based extension of the framework, which
removes the need for predefined basis functions and further enhances modeling flexi-
bility while preserving the interpretability of the physical parameters.
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Chapter 5

A kernel-based approach to
physics-informed identification

This chapter advances the identification framework developed earlier in the thesis by
integrating kernel methods with physics-based models. Building on the framework
introduced in Chapter 2, where the model of interest was formalized as the nominal
physical model plus a sparse selection from a dictionary of basis functions, we now
replace ad-hoc basis expansions with a principled, data-based correction learned in a
reproducing kernel Hilbert space (RKHS). This preserves interpretability of the phys-
ical parameters while systematically compensating for unmodeled dynamics without
requiring the definition of a specific dictionary of basis functions.

We begin in Section 5.1 with a static input-output setting and cast the joint estima-
tion of physical parameters and the unknown correction as a regularized optimization
problem. An extension of the representer theorem shows that the optimal correction
is a finite kernel expansion centered at the observed data, enabling seamless fusion of
prior physics with nonparametric flexibility. Section 5.2 extends this construction to
state-space models, where not all states are measured. Then, Section 5.3 illustrates the
method on two case studies.

Throughout the chapter, we connect to the design principles set in Chapter 2, namely,
exploiting partial physics and retaining parameter interpretability, now enhanced by
kernel-based approximation in place of pre-defined bases. Readers seeking notation
and foundational background on positive-definite kernels, RKHSs, and the reproduc-
ing property that underpins the theorems in this Chapter will find a concise recap in
Appendix C.

5.1 Kernel-based model integration
Let us start the analysis by considering a nonlinear map of the form

y=f(x,0)+ A(x) + e, (5.1)
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where x € X, y € R are the input and output, respectively, and e € R is an error
term which represents measurement noise. Here, f : & X ® — R, parametrized in
0 € ® C R, is a known function derived, e.g., from physical principles, whereas
A : & — R is an unknown term representing, e.g., modeling errors, uncertainties, or
dynamic perturbations. Let a set of T input-output data & = {(x;, (), ..., Cxp, yp)}
be given, collected from a realization of (5.1) with true parameters § € ©. The goal
is to find an estimate 8* of #, and a black-box approximation 6(x) : 2 — R of A(x).
Such estimate and approximation can be found by solving the following optimization
problem:

T
0*,5%) = i —$,(0,5)|* + 7118112 5.2
(0*,6%) argeerggé%;[yt $:(0,8)]" +rllsll3, (5.2)

where y, = f(x;,0)+6(x,) is the prediction of y, at time 7, and the notation y, = ,(0, 6)
is used to stress its dependencies to 6 and 6.

Before proceeding, we provide two remarks to highlight the differences with the
formulation in Chapter 2 and to clarify the role of the regularization weight y in the
kernel-based framework.

Remark 5.1 (Comparison with Chapter 2). It is worth noting that the cost function
adopted in this chapter closely follows the structure introduced in Chapter 2, sharing the
same objective of achieving a regularized and physically consistent identification. The key
difference lies in the representation of the correction term. In Chapter 2, sparsity is enforced
on a finite set of pre-selected basis functions, while here the kernel formulation leverages
the representer theorem to construct the correction term directly from the available data.
This change eliminates the need for manual basis selection and naturally embeds regular-
ization through the kernel-induced norm. Despite this structural difference, the rationale is
the same: to limit the contribution of the black-box component, ensuring that the physical
model remains dominant and interpretable, while the nonparametric correction captures
only the truly unmodeled dynamics.

Remark 5.2 (On the role of y). The role of y in (5.2) slightly differs from the role it
classicaly assumes in standard kernel regularization problems (see, e.g, the one in (C.2)).
While in standard kernel regularization problems y balances data fit and regularization,
in (5.2) it also controls the relative importance assigned to 6 and to the physical model
f. Specifically, y determines the trade-off between enforcing the structure provided by the
physical model and allowing deviations captured by 6. A smaller y increases the influence
of 6, allowing more flexibility in capturing deviations from the physical model, whereas a
larger y enforces stronger adherence to the model structure. This balance, inherent to any
regularization-based method (see, e.g., [96]), requires a proper tuning of y. For instance,
it can be effectively handled through specifically designed selection procedures, such as
k-fold cross-validation or validation-based tuning, as adopted in this chapter.

The optimization problem in (5.2) aims to estimate the vector of physical parameters
associated with the known component of the model f while simultaneously identifying
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5.1 — Kernel-based model integration

a function 6 that captures the unmodeled term A. This approach integrates available
prior knowledge, allows the identification of interpretable parameters, and systemat-
ically compensates for unmodeled effects, ensuring a more comprehensive and struc-
tured representation of the system. Assuming that the unknown term A belongs to the
RKHS % associated with the chosen kernel indicates that the solution 6* will admit
a kernel representation. Moreover, it also implies that A can be effectively approxi-
mated using a finite number of kernel evaluations parametrized by the observed data
points (see Definition C.2). This assumption is common in nonparametric regression
[97] and provides a well-posed framework for learning unmodeled dynamics while en-
suring regularization and generalization properties. Moreover, although restricting A
to a reproducing space, the RKHSs are flexible enough to approximate a broad class of
nonlinear functions [98], making this assumption reasonable in many practical systems
identification scenarios.

The primary goal of the identification process is to accurately estimate the physical
parameters 0 entering the physical model f. The kernel-based representation of A cap-
tures and compensates for unmodeled dynamics while preserving the underlying phys-
ical structure. This approach ensures that the learned correction term complements the
physics-based model rather than overshadowing it. The following key result extends
the representer theorem to the system identification framework under consideration.

Theorem 5.1 (Kernel-based model integration)

Suppose that a nonempty set 2, a positive definite real-valued kernel k on & X
a dataset D = {(xy,¥1), ..., (xp,yp} € L XR, and a function f : T X0 - R,
parametrized in # € ® C R" are given. Let us introduce the following functions

T0) = [f(x,0), ..., f(xp, O], (5.3a)
w(0) = K+ yIp)~ (Y —T(9)), (5.3b)

where K is the kernel matrix associated to x and 9, having K;; = x(x;, x;), and I,

denotes the identity matrix of size 7. Then, Problem (5.2) admits a solution (6*, §*)
of the form

T
2
0* = arg min Z{ ( v, — f(x,,0) K,Ta)(e)> +y00) Kao(0),  (5.4a)

T
§*(x) = ) @FK(x, X)), 0F = w;(0%). (5.4b)
j=1

with K,T the ¢t-th row of K, and w i(0) the j-th element of w(6).
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Proof. Given (5.2) and y, = f(x,,0) + 6(x,), define

T
J©0,8)= ) |y = £(x;.0) = 5(x)]* + 7116l 3
t=1

such that (5.2) can be written as
9 5 =a g IIl'Il J 9 5 .
( ’ ) g 66@,166% ( ’ )

Considering that mingeg se J(0,6) = mingeg mingeg J(0,6), we have that a
minimizer to (5.2) must satisfy

* ) = 1 * .
67() = (argmin J (9, 8))lp=px, (5.5a)
6* = arg min p(0), (5.5b)
0€0

with p(0) = mingcg J (0, 6). Here, the inner minimization problem is solved with
respect to 6 and it now represents a standard kernel regression problem (C.2). In-
deed, considering y, = y, — f(x,, 0), we have

T
5*(-,0) = i 7, — 8(x))” + 16112, 5.6
-.0) arggg;;; [ = 8Cen]” + 71115, (56)
By the representer theorem [67], the optimal solution to (5.6) is
T
5*(x,0) = ) w,(O)k(x, x)). (5.7)
j=1

Considering (5.7) and solving (5.6) as in [99] yields the weight vector w(0) as w =
K+ 7/IT)_1Y, being ¥ = [j,, ... ,)7T]T. Thus, (5.3b) is obtained given (5.3a) and
substituting 3, = y, — f(x,,6) in Y. Moreover, considering the function p(f) in
(5.5b), we have p(6) = mingcg J(0,8) = J(0,5*(-,0)), which, substituting (5.7),
simplifies to

PO =Y (3 = f(x,,0) = K] 0(8))* + yo(6) 'K (0), (5.8)

noting that
18115, = (XL 0,00k (x, x;), X1 0,00k (x, X)) 5
= X1 3T 00)0,0)(k(x, x), K(x, X)),
= XL X, 0i(0)@;(0)(x;, X))
= w(0) ' Kw(d),

from linearity of the inner product and the reproducing property in Definition C.2.b.
Thus, we obtain (5.4) by substituting the solution to (5.5b), with p(@) given by (5.8),
into (5.7), which concludes the proof. O]
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Theorem 5.1 establishes that the optimal solution to the estimation problem (5.2)
can be formulated using kernel-based functions. In particular, the unmodeled compo-
nent A is approximated by 6, defined as a linear combination of kernel evaluations
parametrized by the observed data points, thus leading to the following predictive
model, representing the optimal solution to Problem (5.2):

P=f(x,07)+ 65 (x) = f(x,07) + X oFk(x, X)),

Moreover, Theorem 5.1 is particularly relevant as it allows for seamless integration of
prior physical knowledge with the adaptability of kernel methods, avoiding the use of
heuristically chosen basis functions.

Remark 5.3 (On hyperparameter tuning). Clearly, kernel methods still involve hyper-
parameters (e.g., the kernel bandwidth ¢ in Gaussian and Laplacian kernels), which are
typically tuned heuristically or via validation. This issue, however, is not unique to kernels:
dictionary-based methods also require hyperparameter choices, such as the regulariza-
tion weights that promote sparsity, as well as parameters embedded in the basis functions
themselves, concluding that some level of hyperparameter tuning is unavoidable in both
approaches. Nevertheless, kernel-based models generally rely on a smaller number of hy-
perparameters, which simplifies the identification procedure compared to dictionary-based
alternatives.

5.1.1 Affine-in-parameters models

A relevant special case arises when the function f(x, #) is affine in 6. In this setting,
the map (5.1) becomes

y=fo()+ f(x)T0+ Ax) +e, (5.9)
where fo : &' > R, f : & — R", 6 € ® € R". Thus, the optimization problem
(5.4a) simplifies significantly, leading to a convex optimization problem with a closed-
form solution, as formalized in the following theorem.

Theorem 5.2 (Closed-form solution of ( ))

Consider the same setup of Theorem 5.1. Define F(x) = [f(x{), ..., f (xT)]T e RTm
and Yy = [y; — fo(xy), ..., ypr— fo(xT)]T e R”. Assume F(x) is full column rank. If
the system model in (5.1) is affine in 0, as in (5.9), then the solution of (5.4a) is given
by

0* = (F(x)"¥F(x) ™ F(x)T®Y,, (5.10)

with
¥ = (K + 1)), (5.11)

where K is the kernel matrix associated to x and 9, and y is the weight controlling
the regularization of 6(-) (5.4b).
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Proof. Considering (5.4a) applied to (5.9), we obtain

T
* _ : — — To—K ’
0 _arg%él;(yt Jo&x) = f(x) 0 =K, a)(9)> (5.12)
+ y(0) "Kw(6).

Consider the centered output y,— f(,(x;). Rewriting the summation and substituting
(5.3) and (5.11), we obtain

0* = argmin||Y, — F(x)0 — KW(Y, — F(x)0)||2
R 0 2 (5.13)

+y(Yy — F(x)0)TYTK¥(Y, — F(x)0)
where, we used the fact that (5.3a) corresponds to I'(§) = F(x)0, and, according to
(5.3b) and (5.11), @(0) = (K + yI;)~'(Yy — F(x)0)= WY, — F(x)0). To simplify

this expression further, consider

¥, =I;-KY, (5.14a)
¥, = yPTKWY. (5.14b)
Substituting these definitions into (5.13), we write
0* = arg min||¥, (Y, — F(x)0)||2
20 2 (5.15)
+(Yy — F(x)0) "W, (Y, — F(x)0).

Problem (5.15) can be recognized as a standard weighted least-squares problem,
since the objective is quadratic in Y, — F(x)0, and can be written compactly as

(Yo— F(08) " (¥T¥, +¥,) (Yo — F()0).
Therefore, the optimal solution has the closed form
0% =[F()T(¥T¥, + ¥ F)| ™ FOoT(PTY) + W)Y, (5.16)

To further simplify this expression, recall from the definition of ¥ in (5.11) that
(K + yIp)¥ = I. Rearranging, this implies

Now, using this relation in (5.14a), we obtain

¥, =1, - K¥ = y¥.
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Substituting into ‘PI‘P 1+, yields

PIY, + ¥, =y PTY + yPTKY
= y‘I’T(yIT + K)¥,

factoring out y¥" and W. Hence, being (K + yI;)¥ = I from (5.11), and ¥ sym-
metric, we conclude
PIY, 4+, =Y. (5.17)

Substituting (5.17) into (5.16) directly yields (5.10), with the scalar factor y canceling
out as it appears both inside the inverse and outside. This concludes the proof. [

Remark 5.4 (On matrix invertibility and system identifiability). It is worth noting that'¥
is always positive definite, being defined as the inverse of the matrix (K+yly). Indeed, K is
guaranteed to be symmetric and at least positive semidefinite by Definition C.1, and yl; >
0 for any y > 0. Consequently, the only requirement for the invertibility of F(x)" W F(x)
is that F(x) has full column rank, as assumed in Theorem 5.2. The full column rank
condition requires that T > ny (i.e., at least as many data points as parameters) and that
the regressor vectors f(x,) are linearly independent. This is equivalent to requiring that the
input signal is persistently exciting. If F(x) is not full column rank, the solution to (5.4a)
is not unique, reflecting an identifiability issue due to insufficient excitation in the input
signal. In this case, one can select the minimum-norm solution, obtained by replacing the
inverse with the Moore—Penrose pseudoinverse, i.e.,

0* = (F(x)"¥F(x))" F(x)T?Y,.

This result is particularly significant as it shows that, when the model is affine in
0, the optimization problem (5.4a) becomes convex, ensuring a unique and efficiently
computable solution. Indeed, the computation of the closed-form solution in (5.10)
requires only standard matrix inversions. On the other hand, in the non-affine case,
computing the solution to (5.4a) requires iteratively computing the gradient and evalu-
ating the kernel, thus leading to higher computational cost.

Importantly, the structure in (5.9) is quite general, as it does not impose linear-
ity with respect to the input x, but only in the parameters. Notably, many nonlinear
(with respect to their inputs) systems can still be expressed in this form, making the
framework and Theorem 5.2 broadly applicable. On the other hand, when affinity in
the parameters does not hold, we can still tackle problem (5.4a) by means of nonlinear
programming methods, such as gradient-based techniques, Gauss-Newton-type algo-
rithms, or similar iterative approaches, acknowledging however that due to the poten-
tial non-convexity of the problem, the obtained solution may be local.
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5.2 Application to state-space systems

In the previous section, we considered a static input-output identification setting, where
the goal was to estimate physical parameters @ exploiting physical priors f(-) and ap-
proximating an unknown function A(x) based on measured data pairs (x,, y,). How-
ever, many physical systems are better described by state-space models, which explic-
itly capture system dynamics over time [66]. Furthermore, this formulation unifies
various prediction models, including nonlinear output error, ARMAX, and ARX models
[68], which makes it particularly valuable for system identification. Additionally, many
controller and observer design approaches are based on a state-space representation.
Unlike static regression models, a state-space formulation accounts for the evolution
of hidden states, requiring estimating both system parameters and unmeasured state
trajectories.
We thus consider a discrete-time system of the form

X4 = f O up, 0) + AQx,, up) + vy, (5.18)

where x, € R" denotes the state at time #, u, € R" is the external, measured input,
and v, € R" represents the process noise. The functions f and A are now vector-
valued, each comprising n components, i.e., f(x,, 4, 0,) and A,(x,,u,),i = 1,...,n. If
all state variables are directly measurable, each parameter vector §; and function A; can
be estimated using Theorem 5.1 directly. In this case, the state x; serves both as the input
- along with the measured input 4, — and as the measured output (y, = x,), allowing for
a direct application of Theorem 5.1. However, this approach becomes infeasible when
certain state components are not directly measurable. In such cases, the system (5.18)
is extended to incorporate also the output equation, i.e.,

Xi+1 = f(xt7 Uy, é) + A(xt7 ut) + Uy,

_ (5.19)
Y = g(x,, Uy, 0) + wy,

where w, represents the measurement noise, and the state x, is not directly accessible.

One common approach to this challenge is multi-step identification, where unmea-
sured states are recursively estimated through repeated model evaluation (see, e.g.,
Chapter 2 and [30], [31]). While this strategy naturally estimates latent states by iterat-
ing the estimation model, it often makes the optimization challenging due to its strong
nonlinear parameter dependencies. Moreover, extending the kernel-based framework
to multi-step settings introduces further complexity, as the recursive dependence of 6
within f, and consequently 6, prevents a straightforward application of Theorem 5.1.
To circumvent these issues, in this section, we adopt an alternative strategy inspired by
[100], [101], in which prior state estimates, derived from available data, are used within
prediction-based state-space optimization problems. To this end, we combine an un-
scented Kalman filter (UKF) [102] with an unscented Rauch-Tung-Striebel smoother
(URTSS) [103], [104] to reconstruct the hidden state trajectories, enabling kernel-based
model integration in a state-space setting.
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5.2.1 Nonlinear state reconstruction

We consider the system described by (5.19), where the state variable x, € & evolves
according to known functions f : T XR" X0 - Z,and g : T XR"" X0 - R,
and an unknown term A : & X R"™ — Z, related to unmodeled dynamics. The goal of
nonlinear state smoothing is to estimate a state trajectory xy.r_; = {xg, ..., X7_; } from
a given dataset of measurements 9 = {(ugy, ¥o), --- , (Ur_1, y7r_1)} U {yr} and a nominal
nonlinear model [103].
First, let us consider the known components of (5.19), which define the nominal
model, i.e.,
Xep1 = f (X u4,6p) + vy,

(5.20)
¥y, = g(x;, uy, 90) + wy,

where 6, represents an initial parameter estimate used for the state smoothing. This
can correspond, for example, to an initial guess or to the central point in the parameter
space ©, which will be refined during the identification process. Moreover, without
loss of generality, we assume that an initial estimate of the initial condition, denoted
as X, is available. This estimate can be seamlessly incorporated into the identification
problem alongside 0 if needed (see, e.g., [69]).

To perform the nonlinear state reconstruction, we propose a nonlinear state smooth-
ing based on a two-step strategy. First, we apply a forward filtering, based on an un-
scented Kalman filter, for state estimation. Then, we employ a backward smoothing for
refining the state estimates. However, we note that any state reconstruction approach
can be employed in this last step.

Therefore, we begin by imposing standard conditions ensuring that the state can
be estimated and the physical parameters can be identified from the available measure-
ments.

Assumption 5.1 (Observability and identifiability). The system state x is observable
along the trajectory induced by the applied input, and the physical parameters 6 are iden-
tifiable [82] (see, e.g., Assumption 4.1) provided that the input is persistently exciting over
the observation window.

Next, we detail the proposed two-step approach as applied to the considered state-
space framework.

1. Forward filtering

The UKF aims to approximate the posterior state distribution using a set of sigma
points, which are propagated through the nominal nonlinear system dynamics. Here,
we assume that the process and measurement noise, v, and w;,, can be characterized
as zero-mean Gaussian with covariances P, and P, respectively, i.e., v, ~ 4(0, P,),
w; ~ N (0, P,). The state estimate uncertainty, represented by P,, is initialized as F,
and updated recursively. Therefore, given the state estimate X,_; and the covariance
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matrix P,_;, we define a matrix of 2n + 1 sigma vectors X,_; = [X ff’l, e X t(ir{)], with
the corresponding weights w?", wy, as
0) N
Xt—l = X1
X =%, +a(VP_), i=1,...n, (5.21)

Xt(l_)l =%X_1—al\P_)_,, i=n+1,...2n,

with (4/P,_;); the i-th column of the P,_; matrix square root, and a providing an overall
scaling, determined by user-defined parameters regulating the spread of sigma points
around the mean and incorporating prior knowledge of the state distribution. Then, for

i =0,...,2n, each sigma point propagates through the system dynamics as X t((t)_ | =

f(X t(l—)l ,U;_1,0p), so that the preliminary predicted states and covariance are given by

s— _ \"2n m v (D)

X = Qizo Wi Xy (5.22)
R P B @ _ o\T '

P= Wi <Xt|z—1 —X ) <Xz|r—1 —% ) + B,

with P, the process noise covariance. Now, we transform the sigma points through the

measurement function YIE?_ | = &( Xt(|iz)—1

measurements and associated covariance as

) and, consequently, we compute the predicted

A _ \'2n m~ (D)
Ve= QicoWi Yoy

P _ 22}’1 wC(Y(l) -5 )(Y(l) -5 )T+ P (523)
Vi T =0 ""i N 11 Vi tjt—1 Vi w>
with PW the measurement noise covariance. Then, computing P, , = 1.2:0 w; (X t(|it)—1 -
)Act_)(Yt(llt)_1 — )" and defining the matrix ¥ as & = P, P, I, the filter predictions %,, P,
are given by
=% +F(y-J
t t ( t 1)7 (5‘24)

— p— T
l)l - l)t—l - ‘%PJ’t% :

All common variants of the UKF for discrete-time systems adhere to the same prediction-
correction structure, though they may differ in specific formulations and weight defi-
nitions. In some cases, for instance, the state is augmented to incorporate process and
measurement noise. The reader is referred to, e.g., [102], [105], [106] for additional
details on the UKF and its implementation.

At the end of the forward filtering step, we obtain the filtered state sequence X;.; =
{X{,..., %7} with the associated covariance matrices P;.; = { Py, ..., Pr}. These es-
timates serve as the input for the subsequent smoothing process, which is described
next.
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2. Backward smoothing

The backward smoothing phase is based on the unscented Rauch-Tung-Striebel smoother
[103], [104] and it aims to obtain the final state estimates. First, given the estimates X,,
P, (5.24), for all t € [1,T] we define the new sigma points X(i), i =0,...,2n, using
(5.21), and we propagate them as X O = f (Xt(i), u,, 0y). Then, we compute the pre-

t+1]t
dicted mean, covariance and cross-covariance as

s— _ \'2n m 5 ()
X4l = Ziji=0 Wi Xt+1|t’
- _ \Xn crv (@) - @) - \T
P = 2izo wi(Xt+1|t - xt+1x)(Xt+1|t - xt+l) + P, (5.25)

2 (RN @ o— T
Cip1 = izo wf(Xk - xt)(Xt+l|t — X))

Once the smoother gain matrix is defined as S, = C, (P, _H)_l, the smoothed states
and covariances can be computed iterating backwards from¢t =7 — 1 to ¢t =0 as

&S 2o S _ -
X=X+ St(xH_1 xz+1)>

' * He (5.26)
Pr=P- St(Pt+1 - Pt+1)St )

with %3, = Xy and Py = Pp, so that we obtain the smoothed state sequence X.,._, =
{%Xy;---%7_,} and covariances Py.,._, = { Py, ..., P;_,}. Note that the URTSS easily
integrates with the UKF as all the necessary data are stored during the filtering step,

allowing for efficient utilization in the smoothing process.

5.2.2 State-space reformulation

Once the sequence of unmeasured states has been reconstructed through state smooth-
ing, i.e., )%S:T_l, the problem effectively reduces to the one in (5.2), to which Theorem 5.1
is directly applicable. This can be done, for instance, by defining z, = [X]_ |, u,_;,u4,]
as the new input variable, and computing the predictions at time ¢, i.e., y,(0, 6) in (5.2),
using the following prediction model

Vi =¢(24,0) +6(zy), (5.27)

with &(z;) = g( f&_uy,0),uy, 0). In this formulation, é captures the discrepan-
cies arising from unknown or unmodeled components in f (5.19), which influence the
system evolution and are subsequently mapped to the output space by g.

Remark 5.5 (Estimation without future data). When employing the identified model for
simulation, where both the learned kernel component and the identified parameters are
used, future data is not always available to apply the smoother. In this case, the natural
solution is to rely solely on the filtering step to provide state estimates up to timet. Beyond
this point, the nominal model is used in open-loop to propagate the unmeasured states,
which are then fed into the kernel-extended model to generate output predictions.
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Algorithm 3 Kernel-based physics-informed identification

1: Input: Dataset & = {(ug, yy), ..., (ur_1, yr_1)} V {yr} f. & 0y, X9, Py, P,, P, a,
w", w, K, y.
fort=1toTdo
Compute %;, P, using (5.21)-(5.24).
end for
Let X7. = X7.
fort=T -1to0do
From X,, P,, define X, using (5.21).
Compute X,‘_’gllt = (X" u,,0,).i=0,... 2n
Compute X} using (5.25), (5.26).
end for
: Define new input z, = [%]_ |, u,_y,u].
: Define a new prediction model with input z,, as in (5.27).
: Apply Theorem 5.1, and solve (5.4a) with any preferred optimization method, or
with Theorem 5.2, if linear in 6.
. Output: Estimated parameters * and function §*.

—_ = =
W R O

—
S

We note that, although alternative models exist, the selected formulation fully lever-
ages the available physical priors by incorporating both f and g. The proposed method-
ology enables the estimation of physical parameters 6 and the approximation of the un-
known component A via a kernel-based approach, effectively integrating prior knowl-
edge with data. This principled combination enhances both interpretability and accu-
racy. Additionally, the nonlinear state smoother preserves the well-behaved properties
of single-step identification while implicitly capturing multi-step dependencies. This
leads to improved accuracy in both single- and multi-step settings, without requiring
explicit multi-step optimization.

The overall procedure for implementing the proposed identification approach in a
state-space setting is sketched in Algorithm 3.

5.3 Case studies

In this section, we illustrate the effectiveness of the proposed identification method on
two case studies. Specifically, we consider an academic example and the cascade tank
system (CTS) benchmark [79], also employed in Chapter 2.

5.3.1 Academic example

We consider a regression problem where the goal is to estimate the parameters 6 of a
linear-in-parameter model, using the kernel-based approach and comparing it to the
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solution obtained when no kernel integration is employed, solved with ordinary least-
squares methods, the discrepancy modeling approach, and the solution to the standard
kernel ridge regression problem (i.e., without embedding prior physical knowledge).

First, we generate a total of T = 1000 samples with input values x € [-2,2] and
outputs following a polynomial and sinusoidal relationship. The dataset is split into
three parts: (i) 500 samples from the interval x € [—1,1], employed for training, (ii)
250 samples from x € [1,2], which are used as a validation set for hyperparameter
selection, and (iii) 250 samples from x € [—2, —1], reserved as test set for performance
evaluation. Relying on (5.9), we have

fO(x) = Oa f(x)T = [1,X, u, xzau2]7
A(x) = 0.7 sin(5x) + 0.5 cos(3x) + 0.4x> + 0.3x> (5.28)
— 0.2 sin(7x) cos(2x),

where u = sin(2zx) + 0.5 cos(37x) and e follows a Gaussian distribution with stan-
dard deviation 0.1. In the selected case study, we select § = [2,3,4,1.5,—0.8]. To
improve the estimation accuracy in the presence of unknown nonlinearities A(x), we
employ a Laplacian kernel function, where the kernel matrix K is computed as K;; =

exp (— -

To select the optimal hyperparameters ¢ and y, we rely on a validation-based pro-
cedure. Specifically, the training dataset is used to estimate the parameters for different
combinations of ¢ (kernel bandwidth) and y (regularization weight), while the valida-
tion dataset is employed to evaluate the root mean square error (RMSE) of the resulting
models. The hyperparameters are tuned over a grid of 50 X 50 logarithmically spaced
values for o € [10_1 ,101], andy € [10_3,101], respectively, yielding a total of 2500
candidate pairs. Among all tested combinations, the pair (¢*,y*) = (0.54,0.11) is
selected as it minimizes the RMSE on the validation dataset. The outcome of this pro-
cedure is illustrated in Fig. 1, which reports both the validation RMSE (RMSE, ;) and the
parametric error (||@ — 6]|,) for each tested configuration of & and y. Notice that hyper-
parameters minimizing the RMSE do not necessarily coincide with those minimizing
the parametric error. Indeed, being the true parameter vector § unknown in practice, it
cannot be directly exploited. As shown in Fig. 5.1, the RMSE-based selection neverthe-
less provides a reliable criterion, yielding parameter estimates that remain close to the
minimum parametric error.

To better illustrate the impact of y on the proposed identification process, we analyze
its effect on the validation model performance for fixed ¢ = ¢*. Figure 5.2 depicts the
RMSE on validation data as a function of y, highlighting the trade-off between model
flexibility and physical consistency. As expected, too small values of y lead to higher
RMSE due to kernel overfitting to deviations and neglecting the physical priors. On
the other hand, larger values result in biased parameter estimates as they enforce strict
adherence to the physical model at the expense of not capturing relevant unmodeled

|x;—x;]
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Figure 5.1: Validation RMSE as a function of the kernel bandwidth ¢ and the regular-
ization weight y (log scale), with the optimal hyperparameters (¢*,y*) (magenta dot)
selected at the minimum RMSE region.
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Figure 5.2: RMSE on validation data as a function of y (log scale).
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terms. Clearly, achieving the correct trade-off between physical priors and the kernel-
based representation of unmodeled terms is crucial for accurate identification.

Once the hyperparameters are selected, the kernel-based estimator follows the for-
mulation derived in Theorem 5.1 and Theorem 5.2, where the correction is introduced
through a kernel, and the operator W projects the observations into a feature space that
captures unmodeled nonlinear effects.

The obtained results are reported in Table 5.1, where the solution obtained with
the proposed approach is compared with the true system (to provide easily comparable
information on the noise level), the least-squares solution (LS), the discrepancy model-
ing approach (DM) described in the introduction (see, e.g., [63]), and a straightforward
kernel ridge regression (KRR) without the parametric part (i.e., prior knowledge on f,
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Table 5.1: Identification performance with different methods.

0, 6, 6; 0, 05 |RMSE,
True 2 3 4 15 -0.8] 0.097
LS 2.55 3.03 4.32 0.80 —1.05| 0.961
DM 2.52 3.03 4.32 0.81 —1.04| 0.929
KRR - - - - - 1.206
Proposed |2.18 2.85 4.16 1.20 —0.83| 0.343

f is not exploited)’.

The estimated parameter vector #* obtained using (5.10) with (¢*,y*) is signifi-
cantly closer to the true 8 compared to the ordinary least-squares estimate 8%, which
does not account for unknown nonlinearities. Additionally, we calculated the RMSE on
the test set (RMSE,,,) to assess the accuracy of the predictions. The proposed kernel-
based model achieves an RMSE of 0.343, whereas the model obtained using 6L, which
neglects the unmodeled effects, results in a significantly higher RMSE of 0.961.

The estimate % also corresponds to the solution given by the discrepancy mod-
eling approach. In this two-step procedure, the physical parameters are first estimated
without accounting for A, and the resulting discrepancy is then modeled separately -
here, using a Laplacian kernel-based correction. While this approach reduces the RMSE
to 0.929, it falls short of the performance achieved by the proposed method, which si-
multaneously estimates both the physical parameters and the unmodeled dynamics.
Moreover, it yields more biased parameter estimates. Notably, the performance of the
standard KRR model confirms the importance of physics integration. In fact, despite its
flexibility, KRR does not estimate physical parameters and yields a substantially higher
test RMSE, indicating overfitting to training data and limited generalization capability
when used alone.

Hence, figure 5.3 illustrates a comparison between the estimated function and the
measured data for the test and training datasets, confirming that the proposed kernel-
based model accurately captures the nonlinear relationship underlying the dataset. These
results illustrate the benefits of using a kernel-based integration approach. By incor-
porating the unmodeled effects into the estimation process, the kernel-based approach
better represents the system dynamics, leading to significantly lower RMSE values and
improved parameter estimates.

To further assess the robustness and statistical significance of the obtained results,
a Monte Carlo analysis is conducted over 1000 independent identification experiments.
In each run, a system following the structure in (5.28) is generated with randomly
sampled noise realizations and true parameters generated around the nominal values

"The same validation procedure was applied to tune the hyperparameters of both the KRR model and
the DM approach, yielding (6* = 0.1,7* = 1072) for DM and (¢* = 10, y* = 1072) for KRR, respectively.
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Figure 5.3: Estimated function and measured data for the test and training datasets.

Table 5.2: Statistical evaluation over 1000 Monte Carlo experiments. Mean + standard
deviation are reported.

16 =01, fit,,, (%] RMSE,,
True 0+0 96.07 + 1.45  0.099 = 0.0045
LS 0.966 +0.014 62.44 +13.83  0.953 + 0.032
DM | 0.966+0.014 64.91+ 1334 0.891 +0.104
KRR - 38.80 + 12.16  1.281 +0.241
Proposed 0.517 £ 0.056 78.74+7.67 0.541+0.138

[2,3,4,1.5,-0.8] by adding uniform perturbations up to +50% of each component’s
magnitude. The proposed kernel-based method (with Laplacian kernel) is again com-
pared with a standard LS estimator relying only on the known structure, a DM approach
obtained by first estimating the LS parameters and then identifying a Laplacian-kernel
correction, and a pure kernel ridge regression KRR model without the physical com-
ponent. For each trial, training, validation, and test sets were defined as before, and
hyperparameters for the proposed, DM, and KRR approaches were selected through
the same validation-based procedure.

Table 5.2 reports the average parameter estimation error, the fit percentage (fit =
100 (1 — |y =Dl /ly = )7||2) , with y = %Zthl ;) on the test data, and the test RMSE
with their corresponding standard deviations over the 1000 Monte Carlo runs. The
results confirm the statistical consistency and robustness of the proposed approach,
which achieves the smallest mean parameter error and the lowest test RMSE, with lim-
ited variability across trials.

5.3.2 Cascade tank system benchmark

In the second example, we test the proposed approach on the CTS benchmark [79] and
compare it with other state-of-the-art estimation methods. As described in Chapter 2,
the CTS regulates fluid levels among two connected tanks and a pump. First, water is
pumped into the upper tank, then it flows to the lower tank and back to the reservoir.
Overflow occurs when a tank is full: The excess from the upper tank partially drains
into the lower one, with the rest exiting the system. In [79] an approximate non-linear,
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continuous state-space model of the CTS is derived using the Bernoulli’s and mass con-
servation principles. Here, we rely on its discretized version, i.e.,

Xy 41 =X+ T <_k1\/x1,t + kyu; + Ul,z) )

X041 = X0 + T (kZ\/xl,t — k3y/xy + UZ,I) , (5.29)

Ve = Xp + Wy,

where 4, € R is the input signal, x; ; € R and x; ; € R are the states of the system,

¥, € R is the output, and ¢, € R?, w, € R are the additive noise sources. The sampling
time is set to T, = 4s. Moreover, the system is characterized by four unknown physical
constants, k, k,, k3, and k,, which depend on the properties of the system and need to
be estimated. Since this model ignores the water overflow effect, unmodeled dynamics
are included in the physical dynamics model (5.29). The training and validation datasets
consist of T = 1024 input-output samples. A 10% of the training data was reserved
for hyperparameter tuning, carried out as in the previous example, while the original
benchmark validation dataset was kept unchanged to ensure a fair comparison with
existing results.

The goal is to estimate the dynamics of the system using only the available training
data. For the identification, we employ the nonlinear state smoothing, described by
Algorithm 3, assuming that f and g are defined according to the discretized model (5.29)
and selecting P, = 10731,, P, = 1072, P, = 0.51,, 6, = [0.05,0.05,0.05,0.05]", and
%0 = o, ¥ol". Moreover, we set the UKF weights according to the formulation in
[102], that is a = 2.74, wg = (.33, wg =233, and w!" = w; = 0.67,fori =1,... 2n.
Then, we solve an optimization problem of the form (5.2) for y = 107!, Specifically,
once the smoothed trajectory of the unmeasured state fci():T_l is computed, we define
a predictive model of the form (5.27) and we solve Problem (5.2) applying Theorem 5.1.
Specifically, we employ the fmincon solver using a sgp method to solve Problem (5.4a).
Hence, considering (5.29) and selecting z, = [fci’t_l, Vi, U;_1], we define

é:(zl) = »e t TskZ\/)%iz_l + Ts <_kl \/ ﬁi,t—l + k4ut—l> - Tsk3\/7t'

Thus, once we obtain (0*,6*) as the solution of (5.2) according to Theorem 5.1, the
optimal estimation model becomes y,,; = &(z;, 0*) + 6% (z,), selecting the Gaussian
kernel k(x, x") = exp(—||x — x'||*/26%) with ¢ = 11.

To evaluate the effectiveness of the estimation algorithm, as suggested in [79], the
RMSE is employed as the performance metric. Table 5.3 presents the performance of
the proposed kernel-based identification method compared with the solution obtained
by solving (5.2) when no kernel is used to compensate for unmodeled dynamics in
(5.29). The results are reported for the estimation and validation datasets, consider-
ing: (i) the prediction task, i.e., given z,, we estimate y, , and (ii) the simulation task,
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Table 5.3: Performance analysis on estimation and validation data.

Pred. (RMSE) Sim. (RMSE, fit)

Train.  Val. Train. Val.
(5.29) only 0.06 0.06 | 0.37,83.14% 0.37,82.46%
(5.29) + Kernel | 0.04 0.05 | 0.17,92,11% 0.18,91.55%

Table 5.4: Methods comparison (simulation RMSE on validation data).

Method RMSE || Method RMSE
Svensson et al. [16] 0.45 || PWARX [17] 0.35
Volt.FB [23] 0.39 || SED-MPK [24] 0.48
INN [25] 0.41 | PNLSS-I [80] 0.45
NLSS2 [80] 0.34 || NOMAD [81] 0.37
Chapter 2 [69] 0.26 || Proposed (kernel) 0.178

i.e,, we recursively estimate y,,; by defining z, with y; (the previous estimate of y,).
Moreover, for the simulation results, we also report the fit values in Table 5.3. These
first results highlight the significant reduction in the RMSE achieved through kernel in-
tegration, particularly in the simulation setting. Notably, despite the optimization being
performed minimizing the prediction error, the joint use of the kernel-based approach
and the smoother substantially improves the multi-step simulation accuracy. This im-
provement is also reflected in the results reported in Table 5.4, where we compare the
simulation performance for the validation data with other state-of-the-art approaches
from the literature. Among these methods, we observe that the proposed approach also
outperforms the solution of the multi-step identification approach with basis functions
for black-box compensation, presented in Chapter 2. This improvement is likely due
to the ability of the kernel-based method to automatically select an optimal represen-
tation for the approximating term 6, whereas in Chapter 2 this term was chosen from a
limited, predefined dictionary of basis functions.

Finally, we report the identified parameters for completeness. The smoothed ini-
tial condition is fc(s) = [4.78,5.20] whereas, for k, we have: (i) with no kernel, k =

[-0.01,0.05,0.06,0.01], and (i) with kernel, k = [0.08, 0.05, 0.05, 0.06].
Discussion and concluding remarks

This chapter has introduced a kernel-based extension of the proposed identification
framework, providing a principled and flexible approach to capture unmodeled dynam-

ics while preserving the interpretability of the physical parameters. By embedding the
model residuals within a reproducing kernel Hilbert space, the framework eliminates
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the need for manually defined basis functions and, once the kernel type is selected, al-
lows the data themselves to determine the functional structure of the corrective term.
This integration between kernel-based learning and physics-informed modeling leads
to a unified formulation that naturally balances flexibility and physical consistency.

From an identification perspective, this represents an important step forward. The
kernel-based approach not only improves predictive accuracy but also strengthens the
conceptual link between physics-based models and data-driven corrections, showing
that model uncertainty can be addressed systematically through reproducing kernel
theory. Notably, the integration with state estimation techniques such as unscented
Kalman filtering enables reliable multi-step performance even though the cost function
is formally one-step. This property, which emerges from the recursive propagation of
the filtering scheme, allows the identified models to exhibit consistency and stability
over longer horizons, an aspect that is currently under further investigation to estab-
lish more rigorous theoretical guarantees. Overall, the resulting formulation yields in-
terpretable, reliable, and robust models even in complex, nonlinear scenarios, where
simplified physical descriptions would otherwise fail to capture the full system behav-
ior.

The next and final chapter discusses the broader implications of the proposed frame-
work, highlighting its contributions, limitations, and future directions toward scalable
and interpretable physics-informed system identification.
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Chapter 6

Discussion and conclusions

This thesis presented a unified framework for the physics-informed identification of
nonlinear dynamical systems, bridging model-based and data-driven paradigms through
the explicit integration of domain knowledge and sparse learning principles. The pro-
posed approach builds upon three main pillars: multi-step optimization, sparse black-
box augmentation, and kernel-based generalization, each contributing to a progres-
sively broader and more flexible identification scheme.

Summary of contributions

The first part of the thesis introduced a multi-step system identification framework de-
signed to improve physical interpretability and long-term accuracy of identified models.
By minimizing the cumulative prediction error over extended horizons, the proposed
method addresses the typical mismatch between single-step training and multi-step de-
ployment, ensuring that the identified dynamics remain accurate over time.

The second contribution proposed a sparse black-box augmentation approach that
complements a known physical model with a minimal set of corrective terms. This
strategy effectively captures unmodeled dynamics without compromising physical in-
terpretability while allowing joint estimation of physical parameters and residual dy-
namics within a single optimization problem. Rigorous results established sufficient
conditions for exact sparsity recovery and bounded parametric estimation error, thereby
providing a solid theoretical foundation for physics-informed and sparse identification.

The third contribution extended the framework to the setting of non-uniform obser-
vations, including multiple experimental runs, missing samples, and temporally aggre-
gated measurements. The developed theory quantified the influence of irregular sam-
pling on the identification performance and demonstrated that the proposed methods
maintain robustness and accuracy even under heterogeneous data collection conditions.
This extension broadens the practical applicability of the framework to real-world sce-
narios where ideal measurement setups are rarely available.
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Finally, the thesis introduced a kernel-based extension that replaces the explicit ar-
bitrarily chosen dictionaries of basis functions with a data-based representation in a
reproducing kernel Hilbert space. This formulation removes the need for manual ba-
sis functions design, proposing a systematic kernel-based correction of the physical
model while preserving interpretability. When combined with state estimation tech-
niques such as Kalman filtering and smoothing, the resulting model achieves improved
prediction accuracy and noise robustness in nonlinear state-space systems.

Discussion and outlook

The presented framework provides a systematic approach for integrating physical in-
sight and data-driven flexibility in nonlinear system identification. From a theoretical
perspective, it offers guarantees on parameter estimation and sparsity, while maintain-
ing computational tractability through the use of first-order optimization and auto-
matic differentiation, and flexibility to non-uniform data. From a practical standpoint,
it demonstrates how mixed modeling can enhance both predictive reliability and inter-
pretability, two properties that are often at odds in modern learning-based methods.

Despite these achievements, several open challenges remain. Although the pro-
posed framework ensures interpretability and scalability through sparsity- and kernel-
based regularization, the selection of such regularization parameters still relies on heuris-
tic tuning. Future work will therefore focus on developing systematic, theoretically
grounded selection criteria derived, e.g., from Lipschitz analysis, enabling an automatic
and principled trade-off between model fidelity and physical consistency. Within this
context, recent results (see, e.g., [107]) have shown that enforcing physical proper-
ties, interpreted through incremental input-output or integral quadratic constraints,
via explicit control of the kernel’s Lipschitz constant can enhance the physical consis-
tency of nonlinear models. This perspective suggests that constraining the learning
process within a Lipschitz-consistent kernel space not only guarantees well-posedness
and robustness of the identified dynamics but also improves accuracy when models are
deployed in feedback or interconnected settings. Embedding this Lipschitz-centered
principle directly into the proposed identification framework would thus enable the
construction of models that are interpretable, accurate and provably well-behaved. Fur-
thermore, ongoing developments open a promising avenue toward certified multi-step
prediction error bounds. By explicitly designing and regulating the Lipschitz constant
during the identification process, future research will aim to derive models that guar-
antee bounded long-horizon simulation errors by construction, thereby establishing
a formal bridge between kernel regularization, robust learning, and physics-informed
identification. In this perspective, Lipschitz-based identification emerges as a unifying
framework that consolidates these elements into a coherent, theoretically grounded ap-
proach to reliable nonlinear modeling.
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A second natural evolution of this research lies in extending the proposed method-
ology to interconnected and distributed dynamical systems. In such settings, the iden-
tification of both local dynamics and interconnection structures could benefit from
the developed multi-step and kernel formulations, providing a foundation for scalable,
network-aware physics-informed identification.

Furthermore, while this thesis has primarily focused on identification accuracy and
theoretical guarantees in an open-loop setting, a critical direction for future works is
the assessment of these models within closed-loop control architectures. The ultimate
validation of an identified model often lies in its utility for decision-making, partic-
ularly in safety-critical scenarios. Therefore, a natural extension of this work is to
perform a rigorous comparative analysis against state-of-the-art data-driven control
techniques, such as direct data-driven control and predictive control strategies (see,
e.g., [108], [109]). Such a comparison would aim to quantify the specific benefits of the
proposed physics-informed framework over purely data-driven approaches. Specifi-
cally, future work will investigate whether the preservation of physical priors and the
enforcement of structural constraints (as detailed in Chapter 2) translate into superior
closed-loop performance.

In conclusion, this thesis establishes a versatile and theoretically grounded founda-
tion for physics-informed identification of nonlinear systems. It demonstrates that the
synergy between physical modeling, optimization, and data-based learning principles
can yield models that are not only accurate but also interpretable and reliable. The
methodologies developed herein are thus expected to serve as building blocks for fu-
ture advances in mixed modeling, control-oriented learning, and large-scale dynamical
system analysis.
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Appendix A

Multi-step optimization

This Appendix addresses complementary aspects of the identification framework pre-
sented througout the thesis and proposes two additional contributions to the field of
system identification. First, drawing inspiration from Neural Network training, it intro-
duces a tool for solving identification problems by leveraging first-order optimization
and Automatic Differentiation (AD), which is employed to solve the optimization tasks
encountered throughout this thesis. The proposed method exploits gradients with re-
spect to the parameters to be identified and leverages Linear Parameter-Varying (LPV)
sensitivity equations to model gradient evolution. Second, it demonstrates that the
computational complexity of the proposed method is linear in both the multi-step hori-
zon length and the parameter size, ensuring scalability for large identification problems.
The analysis proposed in this Appendix will be complemented in Appendix B, where
conditions for a reliable and efficient optimization and identification process for dy-
namical systems are proposed. The content of this Appendix is based on the published
paper [110].

This Appendix is organized as follows. Section A.1 revisits the main aspects of
multi-step identification, emphasizing the implications for optimization. Section A.2
discusses the role of automatic differentiation, detailing both the gradient computation
in LPV settings and the proposed approach to efficiently propagate derivatives. Finally,
Section A.3 analyzes the computational complexity of the methods.

Within this Appendix, the symbol V denotes the gradient operator, where V L
represents the vector of partial derivatives of L(x) with respect to x. The Jacobian

. . . . 0
matrix of v, € R" with respect to w; € R"« is denoted as jk”/w e R je., %.
k

aUk
vy’

Similarly, fk”/ Y € R"" is the Jacobian matrix of v;, with respect to v,_;, i.e.,

A.1 Multi-step identification

Multi-step identification involves minimizing a multi-step cost function over a horizon
T, propagating the predictions X, over the desired horizon, and recursively applying the
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Figure A.1: Multi-step model propagation.

dynamical model .Z, evaluating the multi-step prediction error e,. A somewhat similar
approach is found in RNNs [26], which aim at accurately estimating an output sequence
by minimizing the sum-of-squares error measure over a finite horizon, involving the re-
cursion of the hidden states repeatedly through the same layer. This implies that the
network weights, as well as the architectures, are the same over the entire horizon.
Thus, recalling the typical structure of neural networks, it is possible to represent the
multi-step propagation of a model of the form (2.3) as in Fig. A.1, drawing an analogy
between RNN layers and the dynamical model propagation. Notice that this represen-
tation is very general, and can be used for any dynamical system of the form (2.3). As
in RNNs, during the identification process, we need to consider the weights, i.e., param-
eters to identify, and the structure, i.e., functional form of the model, to be the same at
each time step along the prediction horizon 7, in order to preserve physical consistency
and temporal dependencies in the learning process. This similarity motivates an inves-
tigation on the techniques commonly used for optimizing recurrent neural networks,
such as backpropagation through time [111], [112], and, more in general, automatic
differentiation, in the context of multi-step system identification.

In the next section, we focus on analyzing how the gradient may be efficiently eval-
uated in multi-step identification problems.

A.2 Automatic differentiation in multi-step identifi-
cation

At the core of first-order techniques is the computation of the gradient of the cost func-
tion G evaluated at the current solution. For instance, in standard gradient descent,
once the gradients with respect to the parameter V,é; € R", and the initial condition

V., Gr € R™, ie., VoG = [‘;—ff ] vie [y, V, Gr= %] Vi € [1,n,], are
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computed, the weights are updated in the direction that minimizes the total cost, i.e.,
0 < 0—¢cyVyCr, Xo < Xo— S, Vi, br (A.1)

where ¢4 and ¢, are the learning rates, that can be designed exploiting state-of-the-
art methods [113]. In this context, automatic differentiation is a general computational
technique used to efficiently compute the gradients of functions, often applied in opti-
mization and machine learning. It relies on the concept of graph computation, where
a function is decomposed into a series of elementary operations represented as nodes,
with edges indicating data flow between them. Thus, AD systematically applies the
chain rule of calculus to propagate derivatives through this graph. By evaluating both
the function and its derivatives simultaneously, AD avoids numerical errors typically
associated with finite difference methods and is computationally more efficient than
symbolic differentiation [114]. In the context of multi-step identification of dynamical
systems, the computational graph becomes very specialized due to the recursive nature
of the problem. This recursive structure allows for efficient gradient evaluation at each
time step, effectively turning the gradient evolution into a dynamical system itself, di-
rectly connected to the estimation model (2.3), exploited to identify the system under
analysis, and making the process both general and well-suited for the identification of
any dynamical system. In this section, we exploit the explicit knowledge of the struc-
ture of the dynamical system (2.1) and the defined estimation model (2.3), and present
an efficient adaptation of the forward automatic differentiation technique to the context
of system identification.

Remark A.1 (On the gradient LPV equations). The following formulation has appeared
in the literature under various forms and names, such as adjoint sensitivity analysis and
state sensitivity equations (see, e.g., [56], [68]). In this thesis, we present a tailored version
designed for the identification of nonlinear dynamical systems. This formulation will be
exploited in Section B.1 to perform the stability analysis of the gradient, providing insights
to ensure its boundedness during the optimization process.

Clearly, various methods are available in the literature for calculating the gradient,
with varying degrees of approximation, and, at least in principle, all of these are appli-
cable to the proposed framework, varying from numerical differentiation to automatic
differentiation [114]. In this Appendix, we exploit the explicit knowledge of the func-
tion f(-) in (2.1), and propose an efficient method to compute the exact gradient. The
method is inspired by the classical backpropagation scheme, adopted, e.g., in neural
networks, and recently proposed in the context of system identification in [112], and
similarly in [115]. Differently from backpropagation-through-time [111], where the
error is back-propagated in time in an unfolded RNN only after forward-propagating
the inputs through the unfolded network, we represent the evolution of the gradient by
studying the predictions and errors of the system as they evolve forward-in-time. Thus,
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we propagate the gradient through the recursion intrinsically defined in dynamical sys-
tems updating it while propagating the predicted states. This involves the definition of
a “memory” of the effects of past errors and an “innovation” due to current errors.

The solution we propose presents several distinguishing characteristics that make
it of particular interest. First, the method produces exact gradient values and offers
an efficient computational performance. This is obtained by propagating forward in
time the impact of 8 and X on current predictions, exploiting the definition of a mem-
ory matrix, and thus avoiding the necessity of multiplying similar matrices as in the
backpropagation scheme. Second, it allows the definition of a particular time-varying,
discrete-time dynamical system describing the evolution of the gradient with respect to
parameters and initial condition. The closed-form formula for the evolution of the gra-
dient not only reduces the computational cost but also allows to study analytically its
behavior during the identification process. Specifically, we will show in Section B.1 how
it can be used to derive sufficient conditions for avoiding the phenomenon of so-called
“exploding gradient”.

A.2.1 Gradient LPV equations

The following results are presented considering a cost function of the form
T-1

G0, xg, w;€0:7-1, Xy :7-1) = Z Zi (0, %0, w5 €4, %) (A2)
k=0
where & is intended as a general, twice continuously differentiable loss function,

including possible physics-based penalties and regularization terms (see Chapter 2).
Specifically, with the following proposition, we show how to represent the evolution of
the gradient with respect to 6 as a dynamical system.

Proposition A.1 (Gradient dynamics - 6)

. . d . ..
Define the memory matrix A}, = % € R"~"  as the matrix containing the total
derivatives of the states with respect to 6. Define vectors p;, € R"x, g, € R" as

. Iy oyix\ T .
Pk = (V;rgkj]: yjkyx> s O = Vggk. (A3)

Then, the gradient evolution with respect to the parameter 6 over the multi-step
horizon T'is described by the following time-varying dynamical system

A= TNy + 77 (A.4a)
VoBy = Voot + Ao + 0 (A.4b)
fork=1,...,T, with Ay = % =0, n Vo€ =0,

108



A.2 — Automatic differentiation in multi-step identification

Proof. Consider (A.2). The gradient with respect to 6 can be computed as V,€ =
d@. d dZ
% =1 (X1, %) = ZLO —5 - 1t follows that

de
dZ;
VoG = Vgi + —, (A.5)
de
where V6, = 2’;20 dzf and V€, = 0, . Exploiting the chain rule of differentia-

tion we have the following relation

dZz, T 0%, 7T 0%, de, dy, dx
ko %2k 97k %Gk Yk AXk (A.6)
do 00 8ek ()yk axk déo

where the last term is defined as

dxk _ axk + ()xk dxk_l
do 00  ox,_, do

(A7)

. . . d . 0.
Considering the memory matrix A, = %, we can rewrite (A.7) as A, = % +

aiﬁ 1 Ny =7 4 jkx/ *A_1, which yields (A.4a). Thus, (A.6) can be rewritten as

dZ k T el /x
5 = Vo Zut Ve RIS TN = o + pp (A8)
using (A.3). Thus, (A.4b) is obtained by transposing and substituting (A.8) in (A.5),

concluding the proof. []

In (A.4a) the term jkx/ 9 reflects the direct effect of the model parameter estimation

0 on the current state prediction %, and, consequently, on &,. Conversely, the term
Aj_; encapsulates how the effect of 8 on past predictions, i.e., X, with 7 € [1,k — 1],
has affected the current state estimation X,. Thus, (A.4b) defines a formula in which

the gradient is updated at each time step k with an innovation term, i.e., A;'; Pr + 0k

exploiting the information encapsulated in Aj. Here, notice that jke Iy , ky /x, kx/ X kX/ 0

are time-varying matrices with fixed structure and shape, only depending on the values
of Xy, iy, Vi, Vi, €x» 0, X, and w at time-instant k. For instance, we have that

s 0xy _ O (f iy, lig_30) + 8 (%1, g3 @)
« 0%y 0% .

While an analogous result can be obtained considering the extended parameter vec-
tor 9 =[0",w"]T € R%™o, a slightly different dynamic is obtained in the case of the

gradient with respect to the initial condition. This is shown in the following proposi-
tion.
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Proposition A.2 (Gradient dynamics — x)

Let Ay = % € R"»"x be the matrix containing the total derivatives of the states
’ 0

with respect to x,. Consider (A.3). The gradient evolution with respect to the initial
condition along the multi-step horizon T'is obtained by means of the following time-
varying dynamical system

Ao = f;f/x/\o k=1 (A.9a)
V Cgk V Cgk 1+A0 kpk’ (A9b)
. . dxg
with AO,O = d_xO = V Cgo 0 Opo.
Proof. Let us consider
dZ,
Vi i = Vi, Chot + 7— o (A.10)

Exploiting the chain rule we have

dng _ agk—rﬁek 0yk dxk

= Kk Tk K A.11
de aek ayk axk de ( )
. dxk axk dxk_l . dxk
where the last term is defined as — = ——*=. Thus, recalling Ay, = == €
dXO ()xk_l dXO ’ dXO
R"™"x we can write
axk
Ao,k = ox AO,k—l = fk AO,k—l’
which yields (A.9a). Then, (A.11) can be rewritten as
dcgk T / /.
d_xo = V;rgkf]: yjy xA()?k = p;grAO,/W (AlZ)

using (A.3). Thus, (A.9b) is obtained by transposing and substituting (A.12) in
(A.10). O]

In this case, we note that there is no “direct” effect of X, on X, since, differently from
0, the estimated initial condition does not affect future predictions entering “directly”
into the model at each time step, but only through its propagation over time. This effect
is captured by the “memory” term A,,.

110



A.3 — Computational complexity

A.2.2 Proposed approach

Building on Propositions A.1 and A.2, Algorithm 4 summarizes the proposed multi-step
identification procedure. The estimation model (e.g., (2.3)) is propagated with initial
state %, parameters § and o, while gradients are updated along the horizon T'using the
derived dynamics. Parameters are then iteratively updated until either: i) the loss func-
tion reaches a value below the threshold €, or ii) the gradient norm becomes smaller
than the threshold ¢,.

Algorithm 4 First-order identification algorithm

1: Given a dataset {4dy.7_;,¥o.7_;}, collected from (2.1), choose 6(-), £/, and ¢,.
2. Initialize X, 9= [éT, a)T]T.

3: while € > ¢, and ||VE;|, > &, do

4 Initialize k = 0,Ag =0, , . V& =0, Ao =1, ,and V,, G = Ag op.

ny,Ng°

5 while K <T -1 do

6: Predict X, |, §; using the estimation model (2.3), with %, 9.
7: Compute ¢, = J; — J; and Z.

8: Compute p; and g, using (A.3).

9: Compute A (A.4a) and A ; (A.9a).

10: Compute V€ and V, € using (A.4b) and (A.9b).

11: k< k+1.

12: end while

13: Compute € using (A.2).

14:  Define V&= [V, V,; Gl

15: Update 8, %, using any first-order method.
16: end while

17: Return 9* = § and xg = X

A.3 Computational complexity

In the context of multi-step system identification, the computational complexity can
easily explode as the multi-step horizon and parameter size increase [15]. Therefore, it
is crucial to have a reliable algorithm whose complexity does not grow exponentially
with these values. Thus, with the following theorem, we formally state the computa-
tional complexity of the proposed gradient computation algorithm for a given multi-
step horizon and parameter size. As a measure of computational complexity, we con-
sider the maximum number of operations needed to execute a given algorithm, ex-
pressed in Big O notation.
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Theorem A.1 (Complexity analysis)

Let T'be the length of the multi-step horizon considered in the system identification
process, n, the number of states, and ny = ng + n,, the total number of parameters
in the estimation model (2.3). The computational complexity required to compute
the gradient by iterating the dynamical system (A.4) scales linearly with the length
of the multi-step horizon T and the parameter size, exhibiting a computational com-
plexity of O(T'n?ny).

Proof. The proof follows from basic notions on matrix computation complexities
[116]. Given two matrices, A € R™" and B € R™°, the required computational
complexity to perform the multiplication A B is O(mno), while the required compu-
tational complexity to perform the sum A + A is O(mn). Similarly, given C € R%9,
the required computational complexities required to perform (AB)C and A(BC)
are O(mno + moq) = O(mo(n + q)) and O(noq + mnq) = O(nq(o + m)), respectively.

One iteration of (A.4) involves, in order, the multiplication m; = ij/ *Ag_;, the
sum A, = m; +f,f/9, the multiplication m, = A;(rpk, and the sum V,6), = V6, _+
my + o, with complexities O(n2n,), O(n,ny) O(n.ny), O(2ny), respectively. Thus,
the overall complexity for one iteration of (A.4) is O(n2ny+2n,ny+2n,) = O(n’ny).
It follows that, for T iterations, the required complexity is O(Tn2ny).

Note that, while n, is typically fixed and depends on the system (2.1) under analysis,
T and ny may vary, depending on the specific requirements of the problem. For instance,
ng can easily increase, as it depends on the size of w for the selected black-box model 6.

It is important to remark that, while (A.4) and (A.9) result from the application of
forward AD in the context of multi-step system identification, a similar result can be
obtained via the application of backward AD, as discussed next.

Remark A.2 (Backward AD in system identification). Forward AD provides a more
intuitive and flexible representation of the gradient as it evolves forward in time with the
model predictions, which enables the stability analysis in Section B.1. In contrast, back-
ward AD requires processing the entire horizon before the gradient can be computed via
reverse-time adjoint calculations [114]. Although this result is not included in this paper,
we note for completeness that the computational complexity of the gradient computation
via backward AD is O(T (n* + ngn,)), and it can be derived using a reasoning similar to
the one reported in the proof of Theorem A.1. Therefore, we remark that backward AD of-
fers a valid alternative and a complementary perspective on the gradient dynamics, and is
generally more efficient for high-dimensional problems with many parameters to identify,
such as in the case of large black-box models 6.
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Concluding discussion

Appendix A introduced the computational backbone of the proposed identification frame-
work, detailing how multi-step system identification problems can be efficiently solved
through first-order optimization and automatic differentiation. By reformulating the re-
cursive gradient propagation into LPV sensitivity equations, the appendix established
a unified and scalable approach for computing exact gradients in nonlinear dynami-
cal systems. This formulation bridges system identification and neural network opti-
mization, revealing how tools traditionally used in learning theory can be adapted to
physically grounded models.

From a theoretical standpoint, the results highlight that the overall computational
complexity grows linearly with both the prediction horizon and the number of param-
eters, ensuring tractability for large-scale problems. From a methodological perspec-
tive, this analysis clarifies the interplay between multi-step propagation and gradient
dynamics, setting the stage for the subsequent stability investigation in Appendix B.
Together, these developments provide a rigorous and efficient foundation for imple-
menting first-order methods in physics-informed system identification.
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Appendix B

Stability analysis of multi-step
gradients

This appendix formally addresses the “exploding gradient” issue: via a stability analysis
of the LPV equations derived in appendix A, it proposes conditions for a reliable and
efficient optimization and identification process for dynamical systems. In the final part
of the appendix, we will show through simulation results that the proposed method is
both effective and efficient, making it a promising tool for future research and applica-
tions in nonlinear system identification and non-convex optimization. The content of
this Appendix is based on the published paper [110].

This appendix is organized as follows. Section B.1 addresses the problem of explod-
ing gradients and introduces regularization strategies. Section B.2 presents a simple
numerical example that illustrates the practical implications of complexity and gradi-
ent stability, including a population dynamics case study. Finally, Section B.3 draws
some concluding remarks and summarizes the main insights of the contents of this
appendix.

B.1 Non-exploding gradient

In the context of first-order methods, it is important to ensure the stability of the gra-
dients used for the optimization. In this section, we investigate this issue by exploiting
the dynamical formulation (A.4) to analyze the stability of the gradient, useful to en-
sure that gradients do not grow unboundedly and ensure a reliable identification. In
this context, we offer a comprehensive approach grounded in systems theory to ensure
an efficient stability characterization of the gradient dynamics. While the analysis is
carried out for 6, we remark that the same reasoning with analogous results also applies
to the gradient for the initial condition. First, the concept of non-exploding (or stable)
gradient is formally defined as follows.
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Definition B.1 (Non-exploding gradient). The multi-step gradient V ,€ is said to be
non-exploding (or stable) if and only if there exists a finite constant p such that it satisfies
sup [[Ve&illa < py. (B.1)

ke[0,T]

Definition B.1 follows from basic stability notions. For the gradient to be classi-
fied as non-exploding, it must have a finite “gain” throughout its evolution along the
multi-step horizon T, described by (A.4). Thus, it is possible to establish a more specific
condition for gradient stability by formalizing the link between multi-step gradient dy-
namics defined by the LPV system (A.4) and BIBO stability (see e.g., [117]), as stated
with the following theorem.

Theorem B.1 (gradient stability)

The multi-step gradient V@7 is non-exploding according to Definition B.1 if and
only if the associated LPV system (A.4) is BIBO stable, i.e., there exists a finite con-

stant u, such that
k=1

DA o+ 04lln < 1, (B.2)
i=j
forallk € [1,T], jwithk > j + 1.

Proof. We observe that (A.4b) can be seen as a linear, time-varying state-space
system
X1 = ApXy + By

(B.3)
Vi = Cixy + Dy

with states V&, € R", and

Ap=A=1, €R"™"™, By =(Ap +0,) €R™,

B.4
C,=C=1, eER"™ D, =D=0, €R", B4

with constant (bounded) input 4, = 1 € R, Vk € [0, T]. By analyzing the BIBO
stability properties of the LTV system defined by (B.4), we can study the exploding
gradient phenomenon and obtain conditions under which the multi-step gradient
remains bounded, i.e., condition (B.1) is satisfied. The input-output behavior of
(A.4b) is specified by the unit-pulse response

G(k,j)=C®k,j+ DB, k> j+1
with ®(k, j) the transition matrix [117, Chapter 20], defined for k > j as

o A Ay A k2
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Stability results are characterized in terms of boundedness properties of G(k, j).
From [117, Theorem 27.2] we have that the linear state equation (A.4b) is uniformly
BIBO stable if and only if there exists a finite constant y, such that the unit-pulse

response satisfies
k—1

DGk, Dl < p

i=j
for all k, j with k > j + 1. Notice that for our system defined by (B.4), we have
O(k,j) = 1,, Yk, j, G(k,j) = Bj, k = j + 1, that yields (B.2), considering the
multi-step horizon [0, T]. ]

Consequently, it follows from Theorem B.1 and (A.4a) that certain conditions on
the system’s predicted trajectory can provide sufficient guarantees for the gradient to
be bounded over the multi-step horizon T, as detailed in the following remark.

Remark B.1 (On the dynamical interpretation of Theorem B.1). The boundedness of
the multi-step gradient recursion (B.2) can be intuitively related to the evolution of the
predicted trajectory generated by the model dynamics (2.3). Specifically, within the finite
prediction horizon k € [0, T], condition (B.2) holds provided that the quantities \;, p;, and
o0, remain bounded for alli € [j,k—1] and allk € [1,T] withk > j+1. By Lipschitz con-
tinuity, the terms p; and o; are guaranteed to be bounded, since the cost function £ (), the
prediction error e;, and the output map h(-) are continuously differentiable. On the other
hand, the term A\ may become unbounded, as its evolution follows the recursion (A.4a).
This recursion can be interpreted as a linear, time-varying state-space system with

X, =vec(Ay) e R™" y = vec(jlf/e) ERM, A =1, ® jlf/x € R0

where vec(-) denotes the vectorization of a matrix, obtained by stacking its columns into a
single column vector. Its stability is therefore directly linked to the Jacobians f,f/x, which
represent the linearization of the nonlinear system under analysis around the predicted
trajectory {Xy, ..., X7}, obtained with the current values ofé and X(. This establishes a
direct connection between condition (B.2) and the stability of the predicted trajectories of
the system (see, e.g., [117, Chapter 22]). Therefore, as the boundedness of the gradient re-
cursion ultimately depends on the norm of the propagated Jacobians, a sufficient condition
for the gradient to remain bounded is that the predicted trajectory evolves within a com-
pact region of the state space where the system dynamics are smooth and the Jacobians are
uniformly bounded over the considered multi-step horizon.

Following this discussion, a practical implication is that, whenever some physical
insight is available regarding the stability of system (C.1), it is possible to incorporate
this information into the cost function (A.2) by introducing suitable penalty terms that
promote stable gradient evolution during identification. Clearly, knowing the parame-
ter values that lead to instability would be beneficial, as this enables directly imposing
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constraints on the parameter values. However, it should be remarked that, in most
cases, such values are not known to the user. In general, only the values of the states
at which the system does not show instability are known, leading to state-dependent
penalty terms, as detailed in the following remark.

Remark B.2 (Trajectory stability via state barriers). Assume that the underlying system
is known to be stable within the interval x € X&' = {xfb <x; < x?b, i=[l, nx]} . Then,
the optimization can be steered in order to remain in this safe area by expressing in (A.2)
a penalty term defined by the composition of two barrier functions, i.e.,

- Ib_
PG, 0) = Alle™ 3 4 4| T2, (B.5)
with A, & € R tunable parameters.

As a consequence, the predicted state variables are encouraged to stay within the
specific intervals where the trajectories are known to be stable, as shown in the example
proposed the following.

B.2 A population dynamics example

In this section, a numerical example is provided. In particular, the results of Theo-
rem B.1 are tested through simulation for the identification of the parameters of a pop-
ulation dynamics model.
Let us consider a population dynamics model described by the discrete-time logistic
map [118], [119], i.e,,
X1 = 0x, (1 = xp),

where x; € R represents the ratio of the existing population to the maximum possible
population at time step k, restricted to the interval [0,1], and 8 € R is the parameter
representing the growth rate. The behavior of the logistic map depends crucially on
0. In particular, while for 0 < 6 < 4 we have that x;, converges, oscillates, or exhibits
chaotic behavior in [0,1], for 8 > 4 it leaves the “safe” interval [0,1] and diverges, for
almost all initial conditions.

In this example, we aim at identifying the growth rate 6 that characterizes a given,
stable, nominal population evolution over a horizon T = 104 ie., {Xo,...,X7}. Since
the state variable represents the ratio between the current and maximum population,
it is reasonable to assume that the values of the states where the system exhibits stable
behavior are available. Thus, according to Remark B.2, it is possible to rely on a penalty
term of the form (B.5) to bind the predicted trajectories in the desired interval, i.e., [0,1],
thus ensuring stable gradients and allowing the identification of 6. In particular, we will
exploit the following exponential barrier function having 4 = 10 and @ = 100, i.e.,

p(Ry) = 10! 0D 4 10! 0050, (B.6)
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= 3.8 w/o barrier functions :
with barrier functions
361—p |
10° 10" 102 103 10%
Iterations

Figure B.1: Effect of barrier functions on mitigating exploding gradients for N = 50 dif-
ferent system initial conditions, represented with +1 standard deviation bands around
the mean trajectories.

Let us consider a case with true parameter # = 3.5, and 0 =395+ (0,10_4)
as the current estimation of the identification algorithm, aiming to identify the true
value. This is a “critical” area for the parameters, very close to the values of instability
(60 > 4), and in the region where the system exhibits chaotic behavior. Therefore, it is
likely for the gradient, when no barrier functions were used, to update the estimated
parameter in the direction of a possible local minimum near the values of 8 > 4, causing
gradient explosion. Fig. B.1 shows the evolution of the estimated parameters along with
the computed gradient for N = 50 randomly selected system initial conditions x, ~
%(0,1), when no barrier functions are used, and when the barrier function proposed
in (B.6) is adopted in the loss function (A.2). One can notice that, when no barrier
functions are used, the gradient explodes when the estimated parameter reaches the
finite-time instability zone, i.e., § > 4. On the other hand, the use of a barrier function
(B.6) helps the gradient to avoid updating the parameters to values that cause instability,
until reaching a neighborhood of the true parameter value.

B.3 Concluding discussion

The results presented in this appendix complement the analysis of Appendix A by
showing how the gradient dynamics derived from the proposed multi-step optimization
framework provide further insight into the optimization process. While Appendix A
established how the recursive formulation of the gradient can be exploited to improve
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computational efficiency and scalability, the present analysis demonstrates how such
efficiency can be combined with conditions that ensure the gradients remain bounded
along the optimization horizon. In particular, the stability characterization developed
here offers a rigorous systems-theoretic perspective that goes beyond heuristic tech-
niques such as gradient clipping, and highlights how the boundedness of the predicted
trajectories directly impacts the boundedness of the multi-step gradient.

From a practical viewpoint, these insights suggest that incorporating physical or
structural prior knowledge into the optimization process is an effective strategy to mit-
igate instability. By enforcing stability-aware penalty terms or barrier functions, the
identification can be steered toward trajectories where the gradient remains well con-
ditioned, thereby improving both robustness and reliability of the overall procedure.
Taken together, the contributions of Appendices A and B offer a unified view: the re-
cursive gradient formulation ensures tractability at scale, while the gradient stability
analysis guarantees that such tractability is not compromised by numerical or dynami-
cal instabilities. This combination lays the foundation for reliable and scalable identifi-
cation of nonlinear dynamical systems with first-order methods, and opens the way to
further extensions where stability considerations are embedded directly into learning
and control-oriented identification frameworks.
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Kernel approximation theory

In this Appendix, we provide a brief introduction to nonlinear function approximation
using kernels, which represents the core foundation for the main results presented in
Chapter 5. First, we introduce two key definitions related to kernels.

Definition C.1 (Positive definite kernel [67]). Let X be a nonempty set. A real-valued,
continuous, symmetric functionk : X' X & — R is a positive-definite kernel (on X) if

2 Z cicik(x;,x;) =0

i=1 j=1
holds foralln e N, x4, ... ,x, € X, ¢y, ...,c, €R.

Definition C.2 (Reproducing kernel Hilbert space [97], [120]). Let # be a Hilbert space
of real-valued functions defined on a nonempty set X, with inner product (-, ). A func-
tionk : X' XX — R isareproducing kernel of 7, and 7 is a reproducing kernel Hilbert
space (RKHS) on & if the following conditions hold:

a) Foranyx € X, k(-,x) € #Z.
b) Thereproducing property holds, i.e., foranyx € X, h € Z,(h(-), k(-, X)) g = h(x).

From the reproducing property in Definition C.2.b, we observe that the value of A
in x can be represented as an inner product in the feature space. Hence, applying this
property to the kernel «, for any x, x" € 2, we have that

K(-xa X,) = <K('7 X), K('7 x,)>%'

According to the Moore—-Aronszajn theorem [120], we know that every positive defi-
nite kernel x uniquely defines a RKHS 7 in which « serves as the reproducing kernel.
Conversely, each RKHS is associated with a unique positive definite kernel. Common
choices for the kernel function x(x, x") include the Gaussian (radial basis function) ker-
nel k(x, x") = exp(—||x — x'||>/262), the Laplacian kernel k(x, x") = exp(—||x — x'||/o),
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the polynomial kernel k(x, x") = (x'x” + ¢), and the linear kernel x(x, x") = x' Px’,
where o, ¢, d, and P > 0 are hyperparameters.

Given a kernel x, we next consider a nonlinear input-output relation given by an
unknown nonlinear function g : & —» R

y=g(x)+e, (C.1)

where x € &, y € R are the input and output, respectively, g is assumed to belong
to the native RKHS # associated with the given kernel k, and e € R is an error term
which represents measurement noise, as well as possible structural errors on g. Let
D ={(x1,¥1), .., (x7, yp)} be a sequence of given T input-output data, collected from
the system (C.1). The goal is to find an estimate § of function g, accurately representing
the observed data while ensuring that, for any new pair of data (x, y), the predicted
value g(x) remains close to y.

A standard approach to estimate g using the dataset & involves minimizing a loss
function that combines a quadratic data-fit term (i.e., the prediction error) with a reg-
ularization term. Hence, the unknown function g can be estimated by solving the fol-
lowing well-known kernel ridge regression (KRR) [99]

T
N . 2 2
= z - + , C.2
g =arg min 2 ¥, —gx) +rlgll (C.2)

where y € R is a trade-off weight that balances data-fit and regularization, and ||g|| 5 =

V (&, &) 4 is the norm in #, introduced by the inner product (-, ). Then, the repre-
senter theorem [67] guarantees the uniqueness of the solution to (C.2), expressed as a
sum of T basis functions determined by the kernel, with their contributions weighted
by coefficients obtained through the solution of a system of linear equations (see also,
e.g., [97]). In particular, given a positive-definite, real-valued kernel « : &' X X — R,
and defining the kernel matrix K € R”T with the (i, j) entry defined as K; ;= K(x;, ),
and Y = [y, ..., yT]T, the application of the representer theorem yields g in closed
form as follows

T
8(x) = ) @K(x,x)), Vx. (C.3)
j=1
Thus, considering (C.3) and solving the KRR (C.2) (see [99]), the weights vector ® =
[, ..., 7] is given by
w=K+1p7'Y,

with I denoting the T X T identity matrix.

The result of this theorem is relevant as it demonstrates that a broad class of learn-
ing problems admits solutions that can be expressed as expansions of the training data.
Building on this fundamental result, the Chapter 5 explores how the representer the-
orem extends to the problem of embedding parameterized physical models with data-
driven kernels to account for unmodeled dynamics and to estimate interpretable pa-
rameters.
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