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Uncertainty Quantification and Computational Cost Reduction
of a Chemical Reactor Network for a Hydrogen Combustor

Vincenzo Madonia *, Lorenzo Folcarelli T, Andrea Ferrero?, Filippo Masseni § and Dario Pastronel
Politecnico di Torino, Torino, Italy, 10129

This work presents an integrated framework to improve the predictive capability and
computational efficiency of Chemical Reactor Network models for lean premixed swirl-stabilized
hydrogen combustion, using the AHEAD burner as a reference test case. Six optimization
algorithms benchmarked over twenty seeds under a common budget of about 2000 evaluations
identify the Covariance Matrix Adaptation Evolution Strategy as the most reliable calibration
method, with a 95% success rate. Skeletal mechanism reduction via the Directed Relation
Graph with Error Propagation yields compact mechanisms with standalone speedups up to 2.06
and maximum nitrogen oxide errors below 0.71%. A Flow-Map In Situ Adaptive Tabulation
scheme delivers per-equivalence-ratio speedups up to 24.88 with mean errors below 6 - 10~ %.
Embedded in the calibration loop, the combined acceleration reduces the median wall-clock
time of a twenty-seed campaign from about 70 to less than 5 hours, without significant loss in
calibration quality. A Polynomial Chaos Expansion uncertainty analysis attributes about 87%
of the joint variance to operating mass-flow perturbations. The resulting 95% uncertainty band
brackets six of the eight experimental measurements, with the residual gap concentrated at
the leanest points, where localized hot spots and ignition-reignition events not captured by the
homogeneous network likely contribute to nitrogen oxide formation.

Nomenclature
Roman symbols
A; set of multi-indices associated with basis functions depending only on &;, [-]
ﬂiT set of multi-indices for which &; appears, alone or in interaction, [—]
cs PCE expansion coefficient, [—]
Cy specific heat at constant volume, J/(kg-K)
C1,C2 PSO cognitive and social acceleration coefficients, [—]
Ca total consumption rate of species A, kg/(m>-s)
CR DE crossover probability, [-]
CI!)OS, CIS"5 lower and upper bounds of the 95% uncertainty interval, ppmv
D dimensionality of the uncertain input vector, []
E[-] expected value operator, [-]
f Z joint probability density function of E , -]
fg : marginal probability density function of ¢;, [-]
fr cumulative ISAT retrieve fraction, [-]
F DE mutation factor, [-]
g ADAM gradient vector, [—]
h finite-difference step size, [—]
Rforcing deterministic hash of forcing parameters, [—]
hin specific enthalpy at the reactor inlet, J/kg
H Kruskal-Wallis test statistic, [—]
Hy; regression matrix entry for PCE collocation, [-]
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objective (cost) function, [-]

number of retained calibration parameters after correlation analysis, [—]
number of retained calibration parameters after screening, [—]
ellipsoid-of-accuracy matrix in scaled state space, [—]

axial length of the Z,x reactor, mm

mass within the reactor, kg

mass flow rate, kg/s

generation rate of species k due to chemical reactions, kg/s
ISAT table memory footprint, MB

model mapping from uncertain input space to output space, [—]
dimension of the ISAT state vector, [—]

number of calibration points (Eq. 5)

number of reactions in the mechanism, [—]

regression sample size per equivalence-ratio set point, [—]
external validation sample size, [-]

screening and refinement sample sizes for Block C, [-]

total number of ISAT leaves, [—]

number of equivalence-ratio set points, [—]

number of chemical species in the mechanism, [—]

number of species and reactions of a skeletal mechanism, [-]
nitrogen oxides

pressure, Pa

p-values for Spearman and Pearson correlation tests, [—]
Bonferroni-corrected p-value, [—]

PCE truncation order, [—]

number of retained PCE basis functions, [—]

total production rate of species A, kg/(m3-s)

retention threshold for variance-based screening, [—]
integrated heat release, J

skeletal-to-detailed heat-release ratio, [—]

Stone—Geisser leave-one-out predictive coefficient, [—]
initial radius of the ISAT ellipsoid of accuracy, [—]

DRGERP direct interaction coefficient between species A and B, [-]
Pearson product-moment correlation coefficient, []
coeflicient of determination on the external test set, [—]
DRGEP overall interaction coefficient of species B, [-]
classical ISAT reaction mapping, [—]

root-mean-square error on the external validation set, ppmv
ISAT scaling vector, [-]

ISAT speedup, [-]

first-order Sobol index of input &;, [-]

total-effect Sobol index of input &;, [-]

¢-averaged total-effect Sobol score for parameter k, []
aggregated (mean over ¢) total-effect Sobol score, [—]
first-order (main) Sobol index, [-]

swirl number at the mixing tube exit, [—]

laminar flame speed, m/s

time, s

temperature, K

specific internal energy of species k, J/kg

variance operator, [—]

reactor volume, m>

PSO inertia weight, [-]



wi magnitude-dependent weight in the objective function, [—]
X concatenated thermochemical state vector of the CRN, [-]
X scaled thermochemical state vector, [—]

Xi ref reference value for ISAT scaling of state component 7, [—]
Xown, XnNo, XNO, mole fractions of OH, NO, NO», [-]

Yy mass fraction of species k, [-]

170 ISAT mapped (output) state, []

?exact direct-integration mapping used as ISAT reference, [-]
Y scalar model response, ppmv

Y, » truncated PCE surrogate of order p, ppmv

Y sample mean of the model response, ppmv

Greek symbols

a ADAM learning rate, [—]

Ay family-wise significance level, [-]

a PCE multi-index, [-]

|| total order of the multi-index @, [-]

B, 52 ADAM first- and second-moment exponential decay rates, [-]
0% swirl deflection angle, rad

0a,0f relative deviations of air and fuel mass-flow rates, [—]

0 i Kronecker delta for multi-indices, [-]

0B.i species participation indicator in reaction #, [—]

5X displacement in scaled state space, [—]

Ag‘ﬁx maximum absolute Sobol drift between PCE orders p and p — 1, [-]
At time step (classical ISAT), s

ATourt temperature deviation in the OUT reactor (ISAT vs. DI), K

£ DRGEP threshold, [-]

E0th ISAT zeroth-order approximation error, [—]

Etol ISAT tolerance, [—]

gLoo leave-one-out residual for sample k, ppmv

ENOo, mean relative NO,, error, %

sﬁg’; maximum pointwise relative NO, error, %

Etign relative error on ignition delay time, %

&S, relative error on laminar flame speed, %

Eten relative error on PSR extinction residence time, %

EX peak relative error on peak species mole fractions, %

€ Gpeak relative error on peak net production rates, %

01,...,010 CRN topology calibration parameters, [—]

o) ten-dimensional CRN parameter vector, [—]

(:)0 nominal (initial) CRN parameter vector, [—]

o reference calibrated parameter vector, [-]

A CMA-ES offspring population size, [-]

HNO, PCE-predicted mean NO,., ppmv

% Matérn kernel smoothness parameter, [—]

VAL net stoichiometric coefficient of species A in reaction i, [-]

& Jj-th uncertain input variable, [-]

5 vector of uncertain input variables, [—]

05 Spearman rank correlation coefficient, [—]

o Beér—Chigier swirl-jet spreading coefficient, [-]

00 CMA-ES initial step size, [—]

oNO, PCE-predicted standard deviation of NO,, ppmv
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PCE-predicted standard deviations of NO, for Blocks O, C, G, ppmv

residence time, s

ignition delay time, s

PSR extinction residence time, S

equivalence ratio, [—]

equivalence ratios of the two upstream reservoirs, [—]
equivalence-ratio set point for PCE propagation, [—]
classical ISAT input composition vector, [-]

discrete flow map of the reactor network, [-]
multivariate orthonormal polynomial basis function, [-]
net rate of progress of reaction i, mol/(m?>-s)

peak net production rate, mol/(m?-s)

Subscripts and superscripts

air
calib
det
exp
ext
gen
in

k

{
LOO
out
peak
ref
scr, refin
sim
skel
test
tol
train
T

ES

0

(k)
(=k)

air-related quantity

calibration point

detailed parent mechanism
experimental quantity

external validation

chemical generation term

reactor inlet

species index

equivalence-ratio set-point index
leave-one-out

reactor outlet

peak value of a profile

reference value

screening and refinement stages of Block C
simulated quantity

skeletal mechanism

test (external validation) set
tolerance value

training set

total-effect Sobol index

reference (calibrated) value
nominal or tabulation point

k-th sample of the design of experiments
surrogate refitted without sample k

Acronyms and abbreviations

ADAM
BO
CFD
CMA-ES
CRECK
CRN
DE

DI

DRG
DRGEP
EARSM
EOA

ADAptive Moment estimation

Bayesian Optimization

Computational Fluid Dynamics

Covariance Matrix Adaptation Evolution Strategy

Chemical Reaction Engineering and Chemical Kinetics mechanism

Chemical Reactor Network

Differential Evolution

Direct Integration

Directed Relation Graph

Directed Relation Graph with Error Propagation
Explicit Algebraic Reynolds Stress Model
Ellipsoid Of Accuracy



FLsx Axial flame zone reactor

FLsw Swirling flame zone reactor

GP Gaussian Process

IQR Interquartile Range

IRZ Inner Recirculation Zone

ISAT In Situ Adaptive Tabulation

L-BFGS-B Limited-memory BFGS with Bound constraints
LHS Latin Hypercube Sampling

LOO Leave-One-Out

MAE Mean Absolute Error

ODE Ordinary Differential Equation

oC Operating Condition

OH-PLIF Hydroxyl Planar Laser-Induced Fluorescence
ORZ Outer Recirculation Zone

OouT Exit reactor

PCE Polynomial Chaos Expansion

PDF Probability Density Function

PIV Particle Image Velocimetry

PFR Plug Flow Reactor

PSO Particle Swarm Optimization

PSR Perfectly Stirred Reactor

PaSR Partially Stirred Reactor

RMSE Root Mean Square Error

Resi, Res, Upstream reservoirs of the CRN

TU Berlin Technische Universitit Berlin (experimental dataset reference)
UuQ Uncertainty Quantification

YAML YAML Ain’t Markup Language (Cantera input format)
Zax Axial flow zone reactor

Introduction

Decarbonization policies have promoted hydrogen as a key candidate for net-zero aviation emissions. The Paris
Agreement and the European Union’s Destination 2050 initiative have established ambitious targets for reducing
aviation emissions, with hydrogen combustion emerging as a cornerstone technology for next-generation propulsion
systems [1} 2]].

Hydrogen combustion presents unique advantages and challenges that fundamentally distinguish it from conventional
hydrocarbon fuels. Its exceptionally high specific energy content of approximately 120 MJ/kg, wide flammability range,
and absence of carbon-based emissions make it attractive for aviation applications [3, 4]. However, elevated adiabatic
flame temperatures create conditions conducive to thermal NO, formation via the Zeldovich mechanism [3]], while
hydrogen’s high flame speed poses flashback risks in premixed configurations [6, [7].

The prediction of NO, emissions in hydrogen combustion systems requires capturing the complex interplay between
fluid dynamics and detailed chemical kinetics. Scale-resolving Computational Fluid Dynamics (CFD) simulations,
while high-fidelity, face prohibitive computational costs when coupled with comprehensive chemical mechanisms
comprising hundreds of species and thousands of reactions [8]. The stiffness inherent in these systems, combined with
the need to resolve thermal, NNH, and N, O-intermediate nitrogen chemistry pathways, imposes severe limitations on
parametric studies essential for combustor design optimization. These constraints have motivated the development of
strategies that preserve essential physics while dramatically reducing computational expense [9, [10].

Chemical Reactor Networks (CRNs) have emerged as a promising framework for balancing predictive accuracy and
computational efficiency. The CRN methodology discretizes combustion chambers into networks of interconnected
ideal reactors, including perfectly stirred reactors, plug flow reactors, and partially stirred reactors, enabling direct
integration of detailed chemical kinetic mechanisms while reducing computational time by three to four orders of
magnitude compared to CFD [11H14]. Recent advances include CFD-guided reactor decomposition [11], Bayesian
calibration frameworks for alternative fuels [15]], and particle swarm optimization for parameter tuning [[10} 16, [17].



Despite these advances, critical gaps persist in the robust calibration and practical deployment of Chemical Reactor
Networks. While recent methodology successfully minimized reliance on extensive CFD simulations by approximating
reactor volumes through flow physics and calibrating mass fluxes via heuristic algorithms [[10}[18]], the broader application
of this framework requires addressing critical computational and statistical challenges. First, limited attention has
been devoted to systematically comparing various optimization algorithms to identify the most reliable parameter
tuning strategy for this specific approach. Second, computational efficiency remains hindered by the need to solve
stiff ordinary differential equations for detailed chemical kinetics at each iteration. In particular, the integration of
acceleration techniques, specifically skeletal mechanism reduction and In Situ Adaptive Tabulation (ISAT), remains
largely unexplored within coupled-reactor CRN frameworks. Finally, there remains a lack of robust design frameworks
that apply Polynomial Chaos Expansion (PCE) to systematically quantify how parametric uncertainties, ranging from
boundary conditions to geometric closure assumptions, propagate into emission predictions within these newly developed
networks.

The present work addresses these gaps through a comprehensive investigation of CRN optimization for a hydrogen
combustor, with emphasis on reducing computational cost, improving temporal efficiency, and preserving prediction
accuracy. The methodology integrates three complementary strategies. First, a comparative analysis of optimization
algorithms, including gradient-based methods, differential evolution, and hybrid techniques, identifies optimal parameter
calibration strategies. Second, computational time reduction is pursued through tabulation strategies and reduced
chemical mechanisms derived via the Directed Relation Graph with Error Propagation. Third, comprehensive uncertainty
quantification using non-intrusive Polynomial Chaos Expansion characterizes the sensitivity of NO, predictions to
parametric uncertainties [15,[19].

The remainder of this paper is organized as follows. The Methodology section (Sec. [) introduces the CRN
formulation in Sec.[[.A] the comparison of calibration algorithms in Sec. the computational acceleration based on
tabulation and skeletal mechanisms in Sec.[[.C] and the uncertainty quantification framework in Sec. [[.D] Sec. [l reports
the corresponding results. The final section summarizes the main findings.

I. Methodology

This section presents the methodological framework developed to improve the predictive capability, computational
efficiency, and robustness of Chemical Reactor Network models for emission prediction in hydrogen combustors. The
framework is organized as follows.

First, Sec. [[.A]describes the Chemical Reactor Network formulation adopted throughout the study, including the
reactor topology, governing equations, mass-flow redistribution strategy, and chemical kinetic mechanisms.

Sec. [[.B] then addresses the systematic comparison of optimization algorithms for CRN parameter calibration,
covering the definition of the objective function, the selection and configuration of the six competing algorithms, and
the benchmarking protocol used to assess their performance.

Sec. focuses on the reduction of the computational cost associated with repeated CRN evaluations. Two
complementary strategies are considered. The first is skeletal mechanism reduction, based on the Directed Relation
Graph with Error Propagation methodology, which reduces the size and stiffness of the chemical kinetic mechanism
while preserving the relevant NO, formation pathways (Sec.[.C.I)). The second is In Situ Adaptive Tabulation, which
accelerates the time integration of the reactor network by reusing previously computed thermochemical mappings
whenever the local interpolation error remains within a prescribed tolerance (Sec. [[.C.2).

Finally, Sec. introduces the uncertainty quantification framework used to assess the robustness of the calibrated
CRN predictions. A non-intrusive Polynomial Chaos Expansion approach is employed to propagate uncertainties
associated with operating conditions, calibration parameters, and geometric or closure assumptions. The resulting
surrogate models are then used to estimate statistical moments, uncertainty bands, and variance-based sensitivity indices
for the predicted NO, emissions.

A. Chemical Reactor Network

The chemical reactor network employed in this work is built following the methodology described in Ref. [10] and
Ref. [[18] and is constructed to replicate the NO, behavior observed experimentally on the AHEAD lean premixed
swirl-stabilized hydrogen burner [20-22]. The open-source software package Cantera [23]] is used to implement
the reactor network and perform the thermochemical calculations. The three-dimensional combustor flow field is
approximated by a reduced network of constant-volume ideal-gas reactors. The simulations are performed under the
simplifying assumptions of adiabatic reactor walls, chemically inert wall surfaces, and constant reactor volumes during



each integration interval. Under these assumptions, the evolution of each reactor is governed by the mass balance, the
species transport equations, and the energy balance, written as:

dd_’:lzzmin_zmout M
in

dYy . :
m? = Z min(Yk,in - Yk) + Mg, gen 2)
in
dar \%
mey— - = Z Titin (hin - Z U Yk,in) - % Z Hlout — Z Tk gen Uk 3
in k out k

where m is the mass within the reactor, ri1j, and ri1oy represent mass flow rates through inlets and outlets, respectively.
Y} is the mass fraction of species k, 71y gen 18 the generation rate of species k due to chemical reactions, ¢, is the specific
heat at constant volume, 7 is the temperature, p is the pressure, V is the reactor volume, #;, is the specific enthalpy at
the inlet, and uy is the specific internal energy of species k.

The spatial discretization adopted to define the CRN zones is shown in Fig.[I] where the main flow regions identified
from the experimental velocity field are mapped onto the corresponding reactor domains.
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Fig. 1 Combustion chamber discretization employed in the CRN model. Top: experimental axial velocity field
obtained from Particle Image Velocimetry (PIV) measurements, illustrating the characteristic flow structures of
the swirl-stabilized combustor [20]. Bottom: corresponding CRN decomposition. The two upstream reservoirs
model the mixing tube and the six downstream reactor zones discretize the combustion chamber.

The two reservoirs, Res; and Res,, represent the two inlet streams entering the premixing section, each characterized
by an individual equivalence ratio (¢, ¢2) and air mass-flow rate (74,1, Mair,2) derived from the global operating
conditions through two splitting parameters: #; and 8,. Downstream, the combustion chamber is discretized into the
following zones:

1) Axial flow zone (Zax): cylindrical region immediately downstream of the mixing tube exit, coinciding with the

most probable flame-front location. Its volume is computed from the mixing tube cross-sectional area and an
axial length of L x = 51 mm established from OH-PLIF imaging [18}21].

2) Swirling flame zone (FLgw): annular region surrounding Z4x in which intense combustion occurs under
significant tangential velocity. Its volume depends on the deflection angle y = arctan(S,,), where S, is the swirl
number at the mixing tube exit, computed from the operating conditions following the simplified formulation of
Beér and Chigier [24]].



3) Inner recirculation zone (IRZ): central vortex region characterized by reverse flow that transports combustion
products upstream, providing thermal feedback essential for flame stabilization. Its volume is obtained as the
residual of the total combustion chamber volume after subtraction of all other zones.

4) Outer recirculation zone (ORZ): peripheral recirculation region adjacent to the chamber walls. Its volume is
estimated by approximating the recirculation region as a solid of revolution with a triangular generating profile
whose dimensions depend on vy and the chamber geometry [18].

5) Axial flame zone (F L sx): downstream region bounded by the chamber wall and the IRZ, in which the flow is
predominantly axial. Its volume is expressed as a fraction g of the total combustion chamber volume V¢ and
is treated as a calibration parameter.

6) Exit zone (OUT): downstream reactor that collects the outflow from both the IRZ and the F L ox zone before
discharging to the exhaust. The extent of this region is set by the parameter 8¢, defined with respect to the total
combustion chamber volume V.

Figure 2] shows the adopted CRN topology and the mass-flow connections between the reservoirs and the reactor
zones. The inter-reactor mass flow distribution is obtained by solving a system of mass balance equations at each node,
closed by a control equation that enforces the equivalence ratio in the swirling flame zone F Lgw to match the global
equivalence ratio ¢ of the operating condition [18]]. This constraint, expressed in terms of elemental mass fractions of
hydrogen and oxygen [25]], yields a nonlinear equation in the mass flow rate r4 from Z4x to F Lsw, which is solved
via a hybrid grid-search and bisection algorithm. During the transient time integration, both the reactor volumes and
the mass flow distribution are dynamically recomputed at regular intervals to account for the evolution of species
compositions within each reactor, following the procedure detailed in Ref. [18].
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Fig.2 Chemical Reactor Network topology adopted for the AHEAD combustor. The diagram reports the two
inlet reservoirs, the reactor zones used to represent the combustion chamber, and the mass-flow paths employed
in the network balance equations.
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The network topology is fully defined by the ten-dimensional parameter vector:
0= [61. 62, 03, 04, 05, 06, 67, O3, 6o, O] 4)

The first two parameters control the upstream splitting: 6; = ¢1/¢, sets the relative stoichiometry between the two inlet
streams, and 62 = 7ityir, 1 /Filair, 2 determines their mass flow partitioning. The parameter 03 prescribes the fraction of the
Res, outflow directed to the ORZ. Parameters 64 through g govern the internal mass flow redistribution among the
combustion chamber reactors: 64 controls the F Lgw outflow split between ORZ and FLsx. 05, 86, and 87 define a
hierarchical redistribution of the IRZ outflow among its exit pathways (to Zax, F Lsw, and F L sx, respectively). s
quantifies the fraction of F'L 4x outflow that recirculates to the IRZ. Finally, 69 and 6} specify the volume fractions
of FLax and OUT relative to the total chamber volume. The definition of the parameters is summarized in Table @
This parameterization ensures that all splitting fractions remain strictly positive and bounded within the interval (0, 1),
while employing the minimum number of independent parameters necessary to fully specify the network topology. A
comprehensive derivation of the mass flow algebra and the volume allocation strategy based on swirl number estimation
is provided in Ref. [18].

The chemical kinetics are resolved using the Naik mechanism [26]] comprising 21 species and 105 reactions, and the
more comprehensive CRECK mechanism with 31 species and 203 reactions [27529]. Both mechanisms include the
species and reaction pathways necessary to capture the principal NO, formation routes: the thermal mechanism, the
N,O-intermediate pathway, and the NNH route.



B. Comparison of Optimization Algorithms

The calibration of the CRN parameter vector © constitutes an inverse problem in which ten model coefficients must
be determined such that predicted NO, emissions reproduce experimental observations within acceptable tolerances. In
prior work by the present authors [10} [18]], this calibration was performed exclusively via Particle Swarm Optimization.
However, despite recent efforts based on Bayesian calibration of CRN models for pollutant emission prediction [[15],
systematic comparisons of optimization algorithms for this specific class of problems remain limited. The present
section addresses this gap through a systematic benchmarking of six optimization algorithms spanning four distinct
paradigmatic families: population-based metaheuristics, surrogate-assisted methods, gradient-based approaches, and
hybrid global-local strategies. The primary objective is therefore to assess, for the AHEAD lean premixed burner and
its corresponding CRN representation, which algorithmic paradigm provides the most favorable trade-off between
solution quality and computational budget. The CRN is implemented within a standalone Python module that serves as
the common computational kernel invoked by all six optimizers, ensuring that every algorithm operates on the same
physical model.

1. Objective Function

A unified objective function is employed across all six optimizers. The CRN is calibrated against experimental
NO, measurements obtained by Reichel et al. for the AHEAD combustor at the reference inlet operating condition
(r1qir = 130 kg/h, T, = 623 K) [22][30]. Four equivalence ratios spanning the full experimental range are selected as
calibration points: ¢ = 0.40, 0.60, 0.87, and 0.96. These values encompass both the low-emission lean regime and the
high-emission near-stoichiometric regime, providing comprehensive coverage of the NO, formation behavior.

The core metric is a weighted root-mean-square relative error:

pd & NOX sim,i — Nox exp,i .
J(0) = w~( S _— (5)
¢ ; ' Nox,exp,i
where n¢y = 4 is the number of calibration points and the magnitude-dependent weights are defined as:
NO -85 i
Wi = Meal = (6)
0.85
Z Nox,exp, Jj
j=1

The exponent 0.85 gives greater weight to operating conditions characterized by higher absolute NO, levels, while
avoiding an excessive contribution from low-emission lean cases, where small absolute prediction errors can produce
large relative deviations [18]].

A candidate parameter vector is declared infeasible, and the objective function returns a large penalty value whenever
the resulting CRN simulation produces non-physical outcomes. These include failure of any of the four calibration
simulations to converge, or failure of the equivalence ratio control described in Ref. [18]], which occurs when the
available mass flow is insufficient to enforce ¢y, = ¢. This infeasibility handling is uniform across all six algorithms.

2. Optimization Algorithms
Six algorithms were selected to provide representative coverage of the main optimization paradigms. Each method
follows a different strategy for navigating the search space, enabling assessment of which approach is best suited to the
CRN calibration landscape. To ensure a fair comparison, all algorithms operate under a common evaluation budget of
approximately 2000 objective function evaluations per run. The algorithm-specific settings governing how this budget is
distributed are summarized in Table[l
¢ Particle Swarm Optimization (PSO): PSO [16] provides the natural reference for this study, as it was employed in
the original CRN calibration [[18]]. A swarm of 10 particles explores the parameter space, each updating its velocity
based on its personal best position and the global best discovered by the swarm. Following the parameter-selection
guidelines and convergence analysis of Trelea [31]], an adaptive inertia weight decreasing linearly from 0.9 to 0.4
over 200 iterations is used to promote global exploration during the early stages and local exploitation toward
the end of the search. Cognitive and social acceleration coefficients are set to ¢; = ¢ = 1.5, in accordance
with standard PSO stability considerations [32]. The particle velocity is clamped to 20% of the bound range per
dimension, and boundary violations are handled via reflection.



* Differential Evolution (DE): DE [33] generates trial solutions by adding weighted differences of randomly selected
population members to a base vector. The bestlbin strategy is adopted, in which the current best individual
serves as the base vector. The mutation factor F is sampled uniformly in the range [0.5, 1.0], and binomial
crossover with probability CR = 0.7 determines which components are inherited from the mutant [34]]. The initial
population consists of 50 individuals, corresponding to five times the problem dimensionality, and is generated via
Latin Hypercube Sampling. The nominal parameter vector is explicitly included as one of the initial candidates,
so that the search starts from a population containing the same reference CRN configuration used across the
benchmarking campaign.

» Covariance Matrix Adaptation Evolution Strategy (CMA-ES): CMA-ES [35,136] adapts the full covariance matrix
of a multivariate normal sampling distribution, effectively learning both the magnitude and orientation of the
search ellipsoid from the ranking of candidate solutions. This adaptation renders the algorithm invariant to rigid
transformations of the search space, a property that is particularly advantageous for problems with non-separable
parameter interactions [37]]. The offspring population size is set to 4 = 11, and the initial step size is set to
oo = 0.5 in normalized coordinates, corresponding to an effective initial standard deviation of one quarter of the
bound width per dimension. Bound constraints are handled through a sigmoid transformation, and infeasible
evaluations are assigned a large finite penalty (10®) rather than infinity to avoid corrupting the covariance matrix
update.

* Bayesian Optimization (BO): BO [38l 39] constructs a Gaussian Process (GP) surrogate model of the objective
function landscape and selects each successive evaluation point by maximizing an acquisition function that
balances exploitation of regions with low predicted cost against exploration of regions with high predictive
uncertainty. A Matérn kernel with smoothness parameter v = 5/2 is employed, while the gp_hedge acquisition
portfolio strategy dynamically selects among expected improvement, lower confidence bound, and probability of
improvement according to their past performance [40]. The initial GP training set comprises 50 points generated
via Latin Hypercube Sampling, after which the remaining budget of 1950 evaluations is guided by the surrogate
model. BO is fundamentally distinct from the population-based methods in that it constructs a global statistical
model of the objective.

* ADAptive Moment estimation (ADAM): ADAM [41]] is a first-order gradient-based optimization method that
maintains adaptive per-parameter learning rates through exponential moving averages of the first and second
moments of the gradient. Since the CRN does not provide analytical gradients, the gradients are estimated by
central finite differences with a step size equal to 1073 times the bound range in each dimension. The initial
learning rate is set to @ = 0.02, with a decay factor of 0.001, while the moment parameters are 81 = 0.9 and
B2 = 0.999. Gradient norm clipping at ||g|| < 10 is applied to limit the effect of noisy finite-difference estimates
in regions where the objective becomes discontinuous due to simulation failures. A multi-start strategy with
8 random restarts of 12 iterations each is employed to partially compensate for the inherently local nature of
the method. Each iteration requires approximately 2 - 10 + 1 = 21 CRN evaluations, corresponding to two
finite-difference perturbations per parameter plus one evaluation of the updated candidate, yielding a total budget
consistent with the other algorithms.

 Hybrid Differential Evolution plus Limited-memory Broyden—Fletcher—Goldfarb—Shanno with Bound constraints
(Hybrid DE + L-BFGS-B): This two-phase approach combines a global exploration stage with local gradient-based
refinement [42]. In Phase 1, a short Differential Evolution run with a budget of 1000 evaluations, a population
of 50 individuals, and the bestIbin strategy is used to identify promising regions of the parameter space. In
Phase 2, the top three unique solutions from Phase 1 serve as starting points for multi-start L.-BFGS-B [43]], a
limited-memory quasi-Newton method that approximates the inverse Hessian from gradient information. Each
local refinement is assigned a budget of 300 evaluations. This architecture is motivated by the complementary
strengths of the two components: population-based methods excel at global exploration but converge slowly near
optima, whereas quasi-Newton methods provide rapid local convergence but require initialization within the
correct basin of attraction.

3. Benchmarking Design

The stochastic nature of the optimization algorithms considered in this study necessitates a benchmarking protocol
that accounts for the variability induced by random initialization and algorithmic stochasticity. To this end, a design of
experiments comprising twenty independent random seeds was constructed. Each seed defines a distinct random number
generator state that governs all stochastic operations within a given algorithm, including initial population generation,
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Table 1 Principal algorithm settings. All algorithms share the same parameter bounds (Table , objective
function, and an approximate evaluation budget of 2000 CRN calls per run.

Algorithm Setting Value Algorithm Setting Value
Particles 10 GP kernel Matérn (v=5/2)
PSO Inertia w 0.9 — 0.4 (linear) BO A?qulsltlf)n gp_hedge
Ci,C) 1.5 Initial points (LHS) 50
Max iterations 200 Total calls 2000
Strategy best1bin Learning rate a 0.02 (decay 1073)
DE F,CR . [0.5,1.0],0.7 ADAM B, B2 0.9, 0.999
Population 50 FD step h 1073 range
Max generations 39 Restarts - iters 812
Population A 11 Phase 1 (DE budget) 1000 evals
. Phase 1 lati
CMA-ES 09 . 0.5 Hybrid ase 1 population 50
Bound handling  BoundTransform Phase 2 (L-BFGS-B) 3 starts
Max generations 182 Phase 2 budget/start 300 evals

the stochastic coefficients of the velocity update in PSO, mutation sampling in DE, and the random exploration phase in
BO. For every seed, all six algorithms are executed under identical conditions: the same parameter bounds (Table [2)),
the same initial nominal point C:)o, and the same objective function implementation. This common-seed benchmarking
protocol ensures that all algorithms are compared under reproducible and consistent conditions, so that observed
performance differences can be attributed to the optimization strategy rather than to differences in problem formulation
or initial conditions. The parameter bounds, reported in Table [2] restrict the search space to avoid non-physical CRN
configurations.

Table 2 Parameter bounds for the CRN optimization. All splitting fractions (63 — 60g) are bounded to maintain
strictly positive mass flow rates throughout the reactor network.

Parameter Physical meaning Lower Upper
0 o1/ 0.2 5.0
0 Tair,1 [ Mair 2 0.2 5.0
93 I’f’lz,ORz/l’f’lz 0.05 0.60
04 FLsw — ORZ split 0.05 0.60
0s IRZ — Zx fraction 0.05 0.95
O¢ IRZ — FLgw fraction 0.05 0.95
(i IRZ — FL 4x fraction 0.05 0.95
O3 FLax — IRZ recirculation  0.05 0.95
09 Virax/Vece 0.05 0.15
610 VOUT/VCC 0.20 0.45

Therefore, a total of 120 simulations were conducted, consisting of twenty runs for each of the six algorithms.
Each run produces a convergence trajectory recording the best objective function value as a function of the cumulative
number of CRN evaluations and the elapsed wall-clock time. The resulting dataset of 120 final scores is then analyzed
using non-parametric statistical tests to assess whether the observed performance differences among algorithms are
statistically significant, as detailed in the results section.
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C. Computational Cost Reduction

This section describes two complementary strategies for reducing the computational cost of CRN evaluations while
preserving the accuracy of NO, predictions. First, skeletal mechanism reduction via the Directed Relation Graph
with Error Propagation (DRGEP) method systematically eliminates species and reactions with negligible influence on
the target quantities, yielding smaller chemical systems with reduced stiffness and faster integration (Sec. [.C.T)) [44].
Second, In Situ Adaptive Tabulation (ISAT) exploits the redundancy inherent in repeated thermochemical queries during
reactor network calculations, replacing expensive direct integrations with rapid table lookups whenever a query falls
within the accuracy region of a previously computed state (Sec.[[.C.2)) [45]. These strategies exhibit complementary
characteristics: the reduced mechanism provides a baseline speedup applicable throughout all subsequent computations,
and ISAT further accelerates repeated queries in similar thermochemical regions.

1. Skeletal Mechanism Reduction

Detailed hydrogen—air combustion mechanisms extended with comprehensive nitrogen chemistry typically involve
tens of species and hundreds of reactions, introducing significant stiffness that limits integration time steps. The Naik
mechanism [26]] comprises 21 species and 105 reactions, while the more comprehensive CRECK mechanism [27H29]
encompasses 31 species and 203 reactions. Skeletal mechanism reduction techniques aim to systematically eliminate
species and reactions with minimal impact on the target quantities, here NO, emissions and temperature profiles, thereby
reducing the computational cost per CRN evaluation without appreciable loss in prediction accuracy.

The reduction is performed using the Directed Relation Graph with Error Propagation (DRGEP) method introduced
by Pepiot-Desjardins and Pitsch [44]. DRGEP extends the earlier Directed Relation Graph (DRG) approach of Lu and
Law [46] by accounting for the propagation of errors along multi-step coupling paths between species. Given a set of
sampled thermochemical states, the method first computes, at each state, a direct interaction coefficient r 4 g for every
species pair (A, B). This coefficient measures the contribution of species B to the production or consumption of species
A, normalized by the total production or consumption of A:

1y
Z|VA,1' wi|6p.i
=1

max (P4, Ca) 7

rAB =

where v4 ; is the net stoichiometric coefficient of species A in reaction i, w; is the net rate of progress of reaction i, 6 ;
is a species participation indicator equal to unity if species B participates in reaction i and zero otherwise, P4 is the
total production rate of species A, and Cy is its total consumption rate. The element-wise maximum of r4p over all
sampled states yields a conservative estimate of the direct coupling strength between every species pair.

To quantify the overall importance of a species B relative to a set of user-specified target species, DRGEP employs a
graph-theoretic approach. The species interaction network is interpreted as a weighted directed graph, and the overall
interaction coefficient Rp is defined as the maximum-product path from any target species to B. This computation is
efficiently performed using Dijkstra’s shortest-path algorithm [47]] in a transformed weight space (w = —Inr), following
the DRGEP formulation of Pepiot-Desjardins and Pitsch [44]]. Species whose overall interaction coefficient Rp falls
below a prescribed threshold € are deemed removable. A sweep over multiple threshold values generates a family of
skeletal mechanisms of varying sizes, from which the optimal trade-off between compactness and accuracy is identified.

These mechanisms are then written to Cantera-compatible YAML files. Each file contains only the retained species
and reactions.

The thermochemical states used to evaluate the DRGEP interaction coefficients must adequately represent the
conditions encountered during CRN operation. The sampling dataset is generated from two complementary simulation
types at atmospheric pressure:

» Constant-pressure autoignition: batch reactor trajectories spanning ¢ € [0.2, 2.0] and 7' € [300, 2700] K, for a

total of 475 simulations.

o Perfectly stirred reactor: steady-state solutions at the same ¢ and T grid, with five residence times (r = 1077,

1074, 1073, 1072, 107! s) spanning the range relevant to the six CRN zones, yielding 2375 simulations.

The equivalence-ratio interval is intentionally extended beyond the nominal CRN operating envelope (¢ = 0.30-1.0)
up to ¢ = 2.0, while the temperature interval reaches 2700 K. This ensures that transient states encountered during
CRN time integration, including locally rich zones and high-temperature recirculation products, are represented in the
sampling dataset.
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The target species for the DRGEP graph search are Hp, H,O, N,O, NO, NO;, O,, and OH. These species include
the primary fuel and oxidizer, the main NO, species, the N,O-intermediate pathway, and the OH radical whose
concentration governs flame structure and thermal NO, formation kinetics. In addition, N, NNH, NH, and HNO are
designated as protected species and are therefore never removed, regardless of their Rp value. This choice preserves the
NNH and HNO pathways, which contribute to NO, formation under lean conditions [48]].

Each candidate skeletal mechanism is subjected to a comprehensive evaluation procedure. The mechanism is
compared against its detailed parent across seven complementary metrics, summarized in Table 3] This protocol
ensures that the retained skeletal mechanisms accurately reproduce both the global combustion behavior and the detailed
nitrogen chemistry pathways essential for accurate NO, prediction.

Table 3 Maetrics used to evaluate the candidate skeletal mechanisms.

Metric

Ignition delay time

Laminar flame speed

Equilibrium NO, concentration

PSR extinction residence time

Peak species mole fractions (NO, NO,, OH)
Net production rates (NO, NO,, OH)

Heat release ratio

~N O bW N~

As a final verification step, each skeletal mechanism is inserted into the full CRN model described in Sec. [LA]
Simulations are performed over the range ¢ = 0.30-1.00 at the reference inlet operating condition (1,3, = 130 kg/h,
T,ir = 623 K). For this comparison, the calibrated parameter vector ® obtained with the detailed parent mechanism is
kept fixed, and no additional CRN recalibration is performed for the skeletal mechanism. The resulting NO, predictions,
species mole fractions, net production rates, and heat release rates are then compared against those obtained with
the detailed mechanism. This comparison verifies that the accuracy observed in canonical reactor configurations is
preserved in the interconnected multi-zone CRN environment.

The entire reduction and evaluation pipeline is mechanism-agnostic: it is applied to both the Naik and CRECK
detailed mechanisms, producing separate families of validated skeletal mechanisms for each parent mechanism.

2. Flow-Map In Situ Adaptive Tabulation

The CRN simulations described in Sec.|[[.A]require the repeated solution of a coupled system of stiff ODEs (Eqs. [TH3)
until convergence is achieved for each equivalence ratio. In the optimization campaign described in Sec. each
calibration evaluation involves four such simulations, one for each calibration point, and the full benchmarking protocol
therefore requires thousands of CRN evaluations. The resulting computational cost, dominated by the direct integration
(DI) of the chemical kinetics, motivates the introduction of an acceleration strategy based on In Situ Adaptive Tabulation
(ISAT).

ISAT, originally proposed by Pope [45] for turbulent combustion calculations, constructs an adaptive look-up table
of previously computed thermochemical mappings during the course of a simulation. When a new query composition
falls within the accuracy region of an existing table entry, the result is approximated from the stored mapping, bypassing
the expensive ODE integration. Queries that fall outside the accuracy regions of the existing entries are advanced by
direct integration, and the resulting mappings are added to the table for future reuse. The method has been successfully
applied to PDF calculations of turbulent flames [45]], operator-split reacting flow simulations [49}50]], and networks of
perfectly stirred reactors [S1]. Algorithmic improvements, particularly regarding ellipsoid-of-accuracy management and
binary-tree search strategies, were developed by Lu and Pope [52].

In the classical ISAT formulation, the tabulated quantity is the reaction mapping R (q;o, At), which advances a
single composition vector 50 by a time step Az under pure chemical kinetics. The present implementation differs in a
fundamental respect: the tabulated mapping is the discrete flow map of the entire reactor network,

X (1 + Aty) = Do, (X (1)), 8)

where X is the concatenated thermochemical state of all six CRN reactors and Aty 1S a user-controlled macro-step.
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This network-level tabulation preserves the bidirectional coupling among reactors, which would otherwise be lost if
each reactor were tabulated independently.
The state vector X is defined as the ordered concatenation

PES FARN ST AL AL A PRI SCUNPPRIY AL SRR Al ©)

where the superscript denotes the reactor index (ordered as Zsx, ORZ, FLsw, FLx, IRZ, OUT) and N; is the number
of chemical species. The total dimension of Xisn=6 (1 4+ Ny), yielding n = 132 for the Naik mechanism (N = 21)
and n = 192 for the CRECK mechanism (Ny = 31). Pressure is not included in the state vector X because the AHEAD
combustor is modeled at atmospheric pressure, and during ISAT retrieval the tabulated temperature and composition are
restored at the prescribed operating pressure.

In addition to the thermochemical state, the network evolution over a macro-step depends on the inter-reactor mass
flow rates and the reactor volumes, both of which are recomputed at each macro-step boundary by the dynamic update
procedure described in Sec. These forcing parameters, together with the macro-step size Aty,y, are separated from
the thermochemical state and used to index distinct sub-tables. Specifically, the master ISAT table is organized as a
dictionary of sub-tables keyed by the pair (Atkey, hforcing), where Aty.y is the macro-step rounded to three significant
digits and Aforcing 1S a deterministic hash of the mass flow rates and reactor volumes rounded to four significant digits.
This factorization enables each ISAT binary tree to operate in the pure thermochemical state space of dimension #,
rather than in an augmented space that would include the forcing parameters and the time step as additional input
dimensions. The coarse rounding of the hash arguments prevents the creation of spurious sub-tables caused by small
floating-point variations in quantities that evolve slowly between consecutive macro-steps.

The components of the state vector X span vastly different magnitudes: temperatures are O(103) K, major species
mass fractions (N, O,, H,O) are O(10~ 1), and trace species (NO, NO,, radicals) are 0(10_4) or smaller. All distance

computations and error assessments are performed in a scaled state space X =50 X, where Sis a componentwise
scaling vector with entries s; = 1/X; ref. The reference values are Tier = 2000 K for temperature, Yo = 0.1 for major
species, and Y,ef = 10~ for minor species, so that all scaled components are O(1). This scaling is critical for the
accuracy of the ellipsoid-of-accuracy criterion and for meaningful error control in the retrieval step [45.152].

The ISAT table is organized as a binary tree [45], in which each leaf stores a tabulation record consisting of the
tabulation point Xo (input state), the mapped state Yo = CIJA, (Xo) (output state obtained by DI), and the ellipsoid of
accuracy (EOA), represented by a matrix L such that the EOA is the set

(6X : |1L6X |1, < 1) (10)

where 6X = 50 ()? - }?o) is the displacement in scaled space. The internal nodes of the tree store perpendicular-
bisector hyperplanes in scaled space, enabling O(log N) traversal to the closest leaf for a given query [45]. When a
query composition X, is received, the algorithm proceeds as follows:

* Retrieve: if )?q lies within the EOA of the closest leaf (IIZ 6)?‘1 [l < 1), the output is approximated by the stored
mapped state via a zeroth-order approximation:

Y, ~ Y. (11)

After retrieval, mass fraction positivity and normalization (}}; Yx = 1) are explicitly enforced.
* Grow: if the query falls outside the EOA, a direct integration is performed to obtain the reference mapping Yexact-
The local approximation error associated with the zeroth-order estimate is computed as

(12)

E0th = HEQ (YO - Yexact) )

If £0t < €101, the EOA of the existing leaf is enlarged to include the query point via a rank-one update of L, which

extends the ellipsoid along the direction of 6)?q while preserving its shape in the orthogonal directions, following
Lu and Pope [52].
* Add: if gg, > €10], @ new leaf is inserted into the binary tree with the DI result as its tabulation record. The initial
EOA is a hypersphere of radius rg in scaled space, set equal to &.
The use of zeroth-order retrieval is motivated by the structure of the present CRN flow-map tabulation problem. In
contrast to classical single-reactor ISAT applications, the tabulated state corresponds to the concatenated thermochemical
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state of the full six-reactor network. The mapping over one macro-step depends on strongly coupled inter-reactor
mass flows and dynamically updated reactor volumes. A first-order approximation would therefore require an accurate
evaluation of the full Jacobian of the coupled network mapping. Using the zeroth-order approximation as the baseline
ISAT retrieval strategy avoids the evaluation, storage, and application of a mapping-gradient matrix during retrieval,
thereby simplifying the implementation and reducing the computational overhead. As shown in Sec. the
associated approximation error remains small for the operating conditions considered. These considerations motivate
the adoption of zeroth-order retrieval in the present implementation.

The reference CRN solver described in Sec. [[.A]advances the reactor network with an adaptive time-integration
procedure, in which the time-step size is selected internally by the integrator. In the ISAT-accelerated variant, this
solution strategy is replaced by a two-phase methodology.

In the first phase, referred to as warm-up, a prescribed number of time steps, typically 200, is advanced using the
standard integration procedure. This allows the ignition transient to develop, the integrator to resolve the stiff chemical
time scales, and the dynamic update of reactor volumes and mass flow rates to be executed several times. No ISAT
queries are issued during this phase, since the rapidly evolving transient states would populate the table with entries
unlikely to be revisited.

In the second phase, referred to as macro-stepping, the simulation advances through user-controlled increments
Aty,p. These increments are selected from a time-dependent schedule consistent with the maximum time-step constraints
adopted in the DI-based simulations. Small macro-steps (At ~ 1076 s) are used during the post-ignition transient and
are progressively increased up to Aty ~ 0.5 s as the network approaches steady state. At each macro-step boundary, the
dynamic update block, including the swirl number, reactor volumes, and mass-flow redistribution, is executed. The
resulting forcing parameters are then frozen over the duration of the macro-step. The current network state is extracted
and used to query the ISAT table. If the retrieval is successful, the tabulated output state is written directly into the six
reactor states. If the retrieval is unsuccessful, direct integration is performed, and the resulting input-output pair is
passed to the table for a grow or add operation.

The CRN topology, flow-system algebra, dynamic update logic, and equivalence-ratio control constraint remain
identical to those of the reference solver described in Sec. The only modification concerns the time-advancement
procedure: the underlying physical model is unchanged, while the ISAT wrapper introduces an approximation controlled
by &l

D. Uncertainty Quantification of NOx Predictions

This section describes the framework employed to characterize the propagation of parametric uncertainty through
the calibrated CRN of Sec.[[.Al The objective is twofold: to quantify the statistical moments and the uncertainty band
of the network NO, response around the reference vector é*, and to attribute the resulting variance to the individual
sources of uncertainty acting on the model. Both objectives are addressed within a non-intrusive Polynomial Chaos
Expansion (PCE) framework [53H55]], organized as a block decomposition of heterogeneous uncertainty sources and
complemented by a dedicated evaluation protocol.

Let E = (&1,...,€p) € RP denote the vector of D uncertain input variables, assumed mutually independent, with
joint probability density function

D
f2@& =] ren,
j=1
where f¢; is the marginal density of the j-th input. The scalar model response is denoted by
Y = M),

where M is the model mapping from the uncertain input space to the output space. Assuming that the response has
finite second moment, i.e. E[Y?] < oo, the generalized Wiener-Askey polynomial chaos framework [55] states that ¥
can be represented, in the mean-square sense, as an expansion over a basis of multivariate orthonormal polynomials,

vo= Y ea¥a®,  (¥a %) =6a (13)
aeNP
where @ = (a1, ...,ap) is a multi-index, ¢; are the expansion coefficients, and ¥ (£) are multivariate polynomials

orthonormal with respect to the joint density f’ i The latter are obtained by tensor-product construction from the
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corresponding univariate orthonormal polynomial families, selected through the Wiener—Askey correspondence
(probabilist Hermite for Gaussian inputs, Legendre for uniform inputs). In practical applications, the infinite series of
Eq. (13) is truncated to a finite total order p,, so that only terms satisfying |@| = Zfz 1 @j < p, are retained. This yields
the approximation

Yp, = Z ca¥Ya(f),

|@|<po

P:(D+p").
p()

whose number of retained basis functions is

Two useful properties follow directly from the truncated expansion ¥, - Owing to the orthonormality of the
polynomial basis, the first two statistical moments of the surrogate are obtained in closed form: the mean is given by the
coeflicient associated with the constant basis term,

E[Yp,] = ¢
where 0 = (0,...,0) denotes the null multi-index, while the variance is obtained by summing the squared coefficients
of all non-constant terms, _
Var[Y, | = Z cé.
a+0
A second important property is that the variance-based Sobol sensitivity indices [S6] can also be evaluated directly from
the PCE coefficients, following the formulation introduced for polynomial chaos surrogates in [S7]. In particular, the
first-order Sobol index S; measures the fraction of the output variance associated with the isolated effect of the i-th input

variable &;, whereas the total-effect index SiT accounts for both its direct contribution and all interaction terms involving
&;. These quantities are written as

1 1
S; = ——— ) 2, ST = ———— cZ, (14)
Var[Y,, ] Z ¢ Var[Y), | Z @

aeA; acAr

where A; denotes the set of multi-indices @ associated with basis functions depending only on &;, and ?liT the set
of all multi-indices for which &; appears, either alone or in interaction with other inputs [58]. Once the coefficients
{c5} have been identified, both the statistical moments and the Sobol indices are therefore obtained at no additional
model-evaluation cost, avoiding the direct Monte Carlo integration that would otherwise be required to estimate them
from repeated sampling.

Three classes of parametric uncertainty are propagated through the calibrated CRN: the operating conditions
imposed at the rig inlets, the topology calibration parameters described in Sec. and the volume-allocation and
closure assumptions of the network. The framework is organized as a block decomposition: each uncertainty class is
first propagated through a dedicated PCE of moderate dimension. The joint effect is then evaluated in a final block that
collects the relevant parameters from the individual blocks.

* Block O (D = 3) propagates the inlet boundary conditions of the AHEAD test rig of Reichel et al. [22]: Ty is
modeled as a Gaussian variable with mean 623 K and standard deviation 6.23 K, corresponding to an assumed 1%
uncertainty on the overall temperature measurement chain, including sensor accuracy, acquisition, and installation
effects. The relative deviations on the air and fuel mass-flow rates are represented as independent zero-mean
Gaussian variables with standard deviation 0.015. Since the exact type and accuracy class of the mass-flow meters
are not specified, this value is adopted as a conservative estimate of the corresponding measurement uncertainty.

* Block C (D = 8) propagates the local sensitivity of the network response to small perturbations of ©" on the eight
calibration parameters that govern the inter-reactor mass-flow distribution, 8, through 3. Each parameter in this
class is modeled as a uniform variable over a narrow interval centered on its reference value ©;, with absolute
half-width 0.025. As a preliminary diagnostic, the ensemble of acceptable calibration solutions is post-processed
by evaluating both Spearman’s rank correlation coefficient [59] and Pearson’s product-moment correlation
coefficient [60] for all parameter pairs. In the presence of strong correlations, a reduced parameterization is
adopted in which one representative parameter is retained in the uncertain set while the others are fixed at their
reference values. This step reduces the initial eight-parameter set to K; < 8 inputs for the subsequent stage. A
Rosenblatt transform would provide a more rigorous, although more intrusive, alternative. The local PCE is
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then constructed under the independence assumption. To further reduce the effective dimensionality, a screening
procedure is applied to identify the subset of influential calibration parameters, leading to a reduced set of K» < K
variables that are retained for propagation in the final combined block.

* Block G (D = 4) propagates the residual uncertainty associated with the volume-allocation and closure
methodology adopted in the CRN model. The two volume fractions 89 = Vg, /Vce and 610 = Vour/Vece,
which by construction control the partitioning of the chamber volume among the downstream reactors, are
modeled as uniform variables with absolute half-width 0.025 centered on ©F and ©7,, in accordance with the

local-perturbation treatment adopted in Block C. The axial length of the Zsx reactor defined in Sec. [.A]is
assigned a relative half-width of 20% to account for the residual uncertainty between the OH-PLIF estimate and
the cold-flow CFD reconstruction used to define its nominal value. Similarly, the Beér—Chigier swirl-jet spreading
coefficient o is modeled as a uniform variable ranging from 0.60 to 1.00 [24]. Variations in both Z5x length and
o directly affect the reconstructed reactor volumes through the geometric relations of the CRN, following the
volume-estimation procedure described in [[18]].

* Block T (D = 3+K>+4) finally combines the operating, the influential calibration (K, < 8), and the volume/closure
inputs into a single experimental design and is the source of the global predictive band on NO,.

All blocks are propagated at the eight equivalence-ratio set points ¢ that span the experimental sweep of [30]. The

configuration of the four blocks is summarized in Table [}

Table 4 Configuration of the PCE blocks: dimensionality D, total order p,, basis cardinality P, regression
sample size per equivalence-ratio set point N, and external-validation sample N .

Block D Po P N Next
O (operating) 3 3 20 100 -
C (calibration, screening) K <8 2 <45 200 -
C (calibration, refinement) K, <K; 3 <165 500 150
G (volume/closure) 4 3 35 150 -
T (joint) 34K+4 2 <136 500 150

For each uncertainty block and for each equivalence-ratio set point ¢y.r, an experimental design of size N is generated
by sampling the input vector & through the Sobol low-discrepancy sequence [61]. Each sampled realization £¥) is then
propagated through the CRN model to obtain the corresponding scalar response

Yy = M(gm)’

so that the regression dataset is given by the pairs { (.f,? )y (k)y }kN:] . For the moderate input dimensions considered in
the present work, Sobol sampling was preferred to Latin Hypercube Sampling [62]], since it provides a more uniform
coverage of the parameter space and improves the conditioning of the regression problem, while remaining compatible
with the mixture of Gaussian and uniform marginals used across the different blocks.

The coefficients of the truncated PCE are identified by point-collocation regression,

> . =1 >112 Z
T Lo AR 1

where Hy; is the value of the j-th multivariate polynomial basis function ¥, evaluated at the k-th sample g (k) The
initial experimental design is chosen with N > 3P to preserve an overdetermined regression system after infeasible
samples are discarded. This conservative oversampling strategy accounts for the fact that some CRN evaluations may
fall in infeasible regions of the parameter space and follows the general practice of using overdetermined regression
designs to limit overfitting in PCE construction [63]].

The regression problem of Eq. (I3)) is solved independently at each ¢rr. Once the surrogate has been identified,
a Monte Carlo sampling step is performed directly on the PCE by drawing 2 - 10* additional realizations of 5 . The
empirical 2.5% and 97.5% quartiles of the resulting surrogate response are finally used to define the reported 95%
uncertainty band.

For the calibration block, a two-stage adaptive workflow is implemented, in line with variance-based screening
strategies commonly adopted in high-dimensional PCE in [57,163]. In the screening stage, an order-two PCE is fitted on
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the active set after the correlation diagnostic with Ny, = 200 Sobol points per ¢rf (regression ratio Ny /P > 4.4). The
total-effect indices Sl((ﬁref) are aggregated across the eight set points into a ¢-averaged score

Ny
— 1
S = N Z max(0, St (¢%)) (16)
¢ =1

The smallest subset whose cumulative score covers a fraction g = 0.95 of the total is retained. In the refinement stage,
an order-three PCE is then fitted on the K, retained dimensions with Ny, = 500 fresh Sobol points, thereby ensuring a
regression ratio Niefin /P > 3 over the entire range of admissible K.
Each surrogate is finally assessed through four complementary metrics:
* Leave-one-out predictive coefficient. Leave-one-out cross-validation [[64}65] provides the Stone—Geisser coefficient,
commonly used in PCE validation [63]],

N (,L00)2
0 =1 - Ak)—z’ (17)
S (Y0 =)

where EII:OO =y® _y ;,;k)({? (k)) is the residual obtained by refitting the surrogate without sample k.
* Train—test predictive check. An 80/20 train—test partition complements the leave-one-out analysis by exposing
overfitting patterns that may not be apparent from the per-fold structure of the LOO estimate.
* Order-convergence of the Sobol decomposition. A PCE of order p, — 1 is refitted on the same sample and the
maximum absolute Sobol drift,
A?ﬁx = mlax|SlT(p(,) - S,T(Po - 1)|,

is computed in order to verify that not only the surrogate response, but also the variance apportionment, has
stabilized at the selected polynomial order.

* External predictive assessment. An independent Sobol design of Ny points (Table d)), generated with a different
seed, is propagated through the CRN and used to compare the surrogate predictions against previously unseen
model evaluations.

II. Results
This section presents the results of the proposed CRN enhancement framework. First, Sec. [[I.A] reports the
systematic comparison of six optimization algorithms for CRN parameter calibration, identifies the most effective
algorithmic strategy, and defines the reference parameter vector used in the subsequent analyses. Then, Sec. |[lI.B
establishes the baseline performance of the calibrated CRN model and subsequently evaluates the computational
cost reduction strategies, namely skeletal mechanism reduction and In Situ Adaptive Tabulation, by quantifying their
accuracy-efficiency trade-offs with respect to this reference configuration.

A. Comparison of Optimization Algorithms

The benchmarking campaign described in Sec. [.B.3|totals 120 independent optimization runs, each operating under
the same parameter bounds (Table [J), objective function (Eq.[5), and approximate evaluation budget of 2000 CRN calls.
The runs were executed in parallel, with each optimizer assigned to a single CPU core, on a computing node equipped
with Intel(R) Xeon(R) Gold 5318Y CPUs operating at 2.10 GHz. The Naik chemical kinetic mechanism was adopted
throughout for all optimizers. The resulting dataset is analyzed below in terms of solution quality, convergence behavior,
statistical significance, and parameter-space structure.

Table [5] summarizes the primary performance metrics. Overall, the results reveal a clear three-tier structure.
CMA-ES provides the most consistent performance, achieving the lowest median score (J = 0.0424) and the tightest
interquartile range ([0.040, 0.044]). This indicates high solution quality and reliability: 19 out of 20 seeds reach
J < 0.05, corresponding to a 95% success rate, the highest among all algorithms. PSO attains the best individual score
of the entire campaign (J = 0.0360, seed 17), but its median value (J = 0.0447) is slightly higher than that of CMA-ES
and its interquartile range is substantially wider ([0.041, 0.195]). This larger spread highlights a stronger sensitivity to
the initial conditions: only 60% of the seeds reach the J < 0.05 threshold. DE lies between these two behaviors: its
median score is slightly higher (J = 0.0485), but the dispersion remains remarkably narrow ([0.047, 0.055]), and its
success rate of 65% is comparable to that of PSO.
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The remaining three algorithms form a distinctly lower-performance tier. The Hybrid DE+L-BFGS-B strategy
reaches a median value of J = 0.065, with only one seed achieving J < 0.05. Bayesian Optimization stagnates at a
median score of J = 0.205, and none of its 20 seeds falls below the J < 0.05 threshold. ADAM provides the poorest
overall performance: its median score exceeds J = 0.64, five out of twenty seeds fail to identify any feasible CRN
configuration across all eight restarts, and no seed approaches the J < 0.05 threshold.

Table 5 Performance summary across 20 seeds per algorithm. “Success’ denotes the fraction of seeds reaching
J < 0.05. “Feasibility” is the fraction of CRN evaluations producing a physically admissible solution.

Algorithm BestJ Median J IQR Success  Feasibility
CMA-ES  0.0387  0.0424  [0.040, 0.044] 95% 76.6%
PSO 0.0360  0.0447 [0.041, 0.195] 60% 69.0%
DE 0.0440  0.0485 [0.047, 0.055] 65% 49.6%
Hybrid 0.0488  0.0651 [0.061, 0.076] 5% 38.5%
BO 0.0584  0.2047 [0.137, 0.269] 0% 85.8%
ADAM 0.0721  0.6473 [0.555, 1.000] 0% 75.8%

The convergence dynamics differ markedly across algorithms and provide insight into the mechanisms by which
each strategy navigates the search space. Figure[3]displays the median best-so-far score as a function of cumulative CRN
evaluations, with interquartile-range shading, for all six algorithms. Figured]presents the same data against wall-clock
time.

CMA-ES exhibits the fastest initial descent and the narrowest uncertainty band throughout the optimization. Its
median trajectory crosses the J = 0.05 threshold within approximately 1150 evaluations and continues improving
steadily thereafter, reflecting the ability of the covariance-matrix adaptation to learn the local curvature of the objective
landscape. PSO converges more slowly, its median does not cross J = 0.05 until approximately 1500 evaluations.
Nevertheless, its median trajectory ultimately approaches performance levels close to those of CMA-ES. At the same
time, it maintains a wide interquartile band until the end of the computational budget, as also observed in Table [5]
indicating a pronounced sensitivity to the initial seed and a less consistent convergence behavior across runs. DE
reaches the J = 0.05 level after approximately 1850 evaluations, but its dispersion remains extremely tight throughout
the optimization, suggesting a highly repeatable search behavior despite the slower convergence rate. The Hybrid
strategy behaves regularly during the initial DE stage of 1000 evaluations. In contrast, during the subsequent L-BFGS-B
refinement, some runs occasionally drift into infeasible regions, leading to the premature termination of several seeds.
As aresult, the method does not systematically reach the 2000-evaluation budget, and its interquartile range does not
fall below the J = 0.05 threshold by the end of the evaluation budget.

BO and ADAM converge to qualitatively different regimes. The BO median decreases monotonically but slowly,
plateauing near J ~ 0.2 well before the evaluation budget is exhausted. This stagnation reflects the difficulty of
constructing a faithful Gaussian Process surrogate in a ten-dimensional space with a substantial infeasible fraction that
introduces discontinuities into the objective landscape, degrading the GP model quality. ADAM, instead, terminates
markedly earlier than the other algorithms, with the median run ending after approximately 300 evaluations. As in
the local L-BFGS-B stage of the Hybrid strategy, several seeds encounter infeasible regions. In this case, these points
invalidate the finite-difference gradient estimates, so that the effective number of productive evaluations is considerably
smaller than the nominal budget.

The wall-clock convergence reported in Figure[d]is consistent with the per-evaluation behavior of Figure[3] The total
wall-clock cost of PSO, CMA-ES, and DE lies within the same order of magnitude. The residual differences among
them are consistent with the fraction of evaluations spent in feasible regions reported in Table[5] DE is the fastest of the
three but also exhibits the lowest feasibility (49.6%), since a substantial share of its evaluations is cheaply discarded
through the infeasible-region branch. PSO occupies an intermediate position, with a feasibility rate of 69.0% and a
corresponding wall-clock cost between those of DE and CMA-ES. CMA-ES is slightly more expensive in terms of total
wall-clock time, but this is consistent with its higher feasibility rate (76.6%). BO, by contrast, incurs a substantially
larger wall-clock time because each iteration requires an update of the Gaussian Process surrogate, whose cost grows
with the accumulated dataset and dominates the per-call budget. As discussed above, both Hybrid and ADAM often
terminate before exhausting the full evaluation budget due to infeasible-region encounters. This effect is particularly
pronounced for ADAM, whose median run stops after approximately 300 evaluations, resulting in the lowest wall-clock
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Fig.3 Convergence comparison: median best-so-far score versus cumulative CRN evaluations (solid lines), with
interquartile range (shaded bands). Horizontal dashed lines indicate reference score thresholds.

time among the algorithms.

A non-parametric Kruskal-Wallis test [66] was applied to the 120 final scores to assess whether the six algorithms
exhibit statistically distinguishable performance. The test returns H = 82.86 with an associated p-value of 2.12 - 1071°,
where H measures the separation among the rank distributions of the algorithms and the p-value quantifies the probability
of observing such a separation under the null hypothesis of equal performance. This very small probability therefore
leads to rejection of the null hypothesis. Since the Kruskal-Wallis test only indicates the presence of significant
differences among groups, post-hoc Mann—Whitney/Wilcoxon rank-sum comparisons [67] were then performed for all
15 algorithm pairs. A Bonferroni correction [68] was applied to control the family-wise significance level at ag, = 0.05,
leading to an adjusted significance threshold of @, /15 = 0.0033. The pairwise comparisons confirm a clear, although
not strictly linear, hierarchy. CMA-ES, PSO, and DE form the leading group: PSO is not significantly different from
either CMA-ES or DE, whereas CMA-ES significantly outperforms DE (pcorr = 1.46 - 10~%), where Pcorr denotes the
multiplicity-adjusted p-value. The Hybrid strategy occupies an intermediate position, significantly outperforming BO
and ADAM but remaining inferior to CMA-ES and DE, while BO is significantly better than ADAM. Overall, the
statistical evidence identifies CMA-ES, PSO, and DE as the most competitive methods, places Hybrid below this top
tier but above BO and ADAM, and indicates ADAM as the weakest optimizer in the present benchmark.

ADAM is included mainly as a diagnostic benchmark for the CRN calibration landscape. The results indicate that
this objective is poorly suited to gradient-based optimization: five of the twenty seeds produce no feasible evaluation,
and the best finite score (J = 0.072) remains above the level routinely reached by CMA-ES, PSO, and DE. The main
reason is that finite-difference gradients become unreliable near infeasible regions, where the penalty discontinuity
dominates the local sensitivity of NO, to ©. Combined with the presence of multiple attraction basins, this makes
short first-order restarts ineffective. Overall, the landscape appears non-convex, locally rough, and interrupted by broad
infeasible plateaus, so gradient information is of limited practical value.

The Hybrid method was intended to combine the global exploration of DE with the local efficiency of L-BFGS-B,
but its performance remains clearly below standalone DE, with a median score of J = 0.065 versus J = 0.049, and only
one seed reaching J < 0.05. This underperformance is mainly due to the reduced DE budget, limited to about 1000
evaluations, which leaves the global search in only moderately good regions (J ~ 0.08-0.10). The subsequent local
refinement then inherits the same limitations already observed for gradient-based methods near infeasibility boundaries
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Fig. 4 Convergence comparison: median best-so-far score (solid lines) versus wall-clock time, with interquartile
range (shaded bands).

and, in several cases, converges only to nearby local minima.

Figure 5| displays the distribution of the best-found parameter vectors across all 20 seeds, restricted to the three
top-performing algorithms (PSO, CMA-ES, and DE) to ensure meaningful comparison.

Several parameters are tightly constrained across all three algorithms and all seeds. The inlet mass-flow ratio
02 = Mair 1 /Titair 2 converges consistently to 6, ~ 0.20, indicating that nearly all of the air is routed through the second
reservoir (Res;) regardless of the optimization algorithm. The volume fractions 69 (Vrr,,/Vcce) and 810 (Vour/Vee)
similarly cluster near their lower bounds (69 =~ 0.05, 619 ~ 0.20), demonstrating that the best CRN configurations assign
the minimum permitted volume to F'L 4x and OUT, leaving the maximum residual volume to the inner recirculation zone.
The IRZ-to-F Lsw recirculation fraction 8¢ converges to high values (8¢ = 0.93) for all three algorithms, reflecting the
physical dominance of the recirculation feedback from IRZ to the swirling flame zone.

In contrast, the ORZ fraction (63), the F' Lgw-to-ORZ split (64), the IRZ-to-Z ox fraction (65), and the IRZ-to-F L sx
fraction (87) exhibit substantial variability both within and across algorithms. This dispersion suggests that multiple
distinct configurations produce comparably low objective values, reflecting compensating effects among the internal
mass-flow redistribution pathways.

The best solutions from each algorithm are compared in Table[6] which reports the achieved NO, concentrations at
the four calibration points.

The preceding analysis identifies CMA-ES as the most suitable algorithm for CRN parameter calibration. It achieves
the lowest median score, the tightest interquartile range, and the highest success rate (95%). Although PSO attains
the best individual calibration score, its substantially wider dispersion and lower success rate make it less reliable for
routine use. The parameter vector @' obtained from the best CMA-ES run (seed 4, J = 0.0387) is therefore retained as
the reference calibration for all subsequent analyses (Table [7).

21



01 (¢1/92) 0y (112 /1ivs) 65 (ORZ fraction) 0, (FLSW — ORZ)
‘ ‘ ‘ ‘ T I 0.6F —— ‘ T o6 o ‘ T
| I | i . = &
] 1 3t 1 04} T loal P i .
Y —— ] 02t I PP l i E

<O £ ® <O £ <0 £ <0 £ ¥
< < B K\ A g ‘@?. A & @?.
05 (IRZ — ZAX) 05 (IRZ — FLSW) 0; (IRZ — FLAX) 05 (FLAX — IRZ)

08f —( T —( 1 osl ; Es fr 08f T s 10,6 ]
0.6 ] 0.6 — 1 1 T l
7 - W} J J _ 04 e T
o2p |
&,@% K3

0.4

0.6F q
J 04+
021 1 04f 1 02l
= 1 4 L l
&

1 .
<° S &0 & &P v
o o o o
09 (VeLax/Veo) 010 Vour/Vee)
T T — Jodsf ] ]
0.14f ]
0.40f
0.2} ]
035}
0.10} ]
030}
0.08f T 1
025}
0.06f s ] il -
| — o jepepEEEE — ==
<O gfv 0@ <O gfv o@
K Rl N Sl

Fig. 5 Distribution of best-found parameter vectors across 20 seeds for the three top-performing algorithms
(PSO, CMA-ES, DE).

B. Computational Cost Reduction

1. Validated CRN Baseline

Using the parameter vector © identified in Sec. the CRN is evaluated with both the Naik (21 species,
105 reactions) and CRECK (31 species, 203 reactions) mechanisms. For the CRECK mechanism, the corresponding
optimal parameter vector was determined through a local CMA-ES optimization in the neighborhood of the Naik-based
solution, in accordance with the approach adopted in [18].

The calibration was performed at the reference inlet operating condition (72,5, = 130 kg/h, T, = 623 K). Therefore,
the network must be assessed at withheld equivalence ratios under the same inlet conditions, as well as under entirely
different inlet configurations that were not included in the calibration. A detailed analysis of the CRN predictive
capability is provided in [[18]. The present discussion focuses on establishing the quantitative error baseline and the
computational cost that motivate the acceleration strategies of the next subsection.

Figure [6] compares the predicted NO, emissions (ppmv, dry, at 15% O,) against the experimental data of
Reichel et al. [22,30] at four operating conditions. At the reference condition (Fig. [6a), both mechanisms reproduce
the characteristic exponential increase of NO, with equivalence ratio. The Naik mechanism achieves relative errors
between 0.2% and 24% at the four calibration points, with the largest deviation observed at the leanest calibration
point (¢ = 0.40), where the very low absolute NO, emissions amplify the corresponding relative error. The CRECK
mechanism exhibits larger errors at low equivalence ratios (up to 62% at ¢ = 0.40) but matches the calibration points at
higher equivalence ratio within 4%. At the four validation equivalence ratios for this inlet configuration (¢ = 0.30, 0.50,
0.70, 0.80), the Naik mechanism maintains good agreement. The point at ¢ = 0.80 deviates from the trend exhibited by
the remaining data, possibly due to measurement anomalies or localized combustion instabilities during acquisition.
This interpretation is consistent with a companion multi-fidelity analysis of the same AHEAD dataset [69], which shows
that this operating point is systematically underpredicted not only by the present CRN, but also by the corresponding 2D
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Table 6 Experimental NO, targets and best-run predictions for each optimization algorithm at the four
calibration points. NO, values are reported in ppmv on a dry basis, corrected to 15% O,.

J  $=040 ¢=0.60 $=0.87 ¢=0.96

Exp. targets - 5.28 26.13  212.07 305.54
PSO 0.0360  4.11 26.24  218.05 300.28
CMA-ES 0.0387  4.01 26.08  218.25  299.87
DE 0.0440  3.85 2626 22040 301.28
Hybrid 0.0488 3.85 26.78  218.81 29431
BO 0.0584  3.64 2447 21136 289.21
ADAM 0.0721 2.98 2296  223.09 305.68

Table 7 Reference parameter vector & adopted for subsequent analyses using the Naik mechanism, correspond-
ing to the best CMA-ES run (seed 4, J = 0.0387).

Parameter Optimized value ‘ Parameter Optimized value

0, 0.223 O 0.931
) 0.201 67 0.555
03 0.286 O 0.362
04 0.467 ) 0.051
0s 0.056 610 0.202

RANS and 3D RANS-EARSM simulations. Across the different formulations, the predicted values remain in the range
127-146 ppmv, compared with the measured value of 182.33 ppmv. This indicates that the discrepancy is unlikely to be
specific to the present CRN topology or calibration strategy. Excluding this point, the absolute errors remain below
approximately 6 ppmv for the Naik mechanism and below approximately 10 ppmv for the CRECK mechanism.

Both mechanisms underpredict NO, at the leanest equivalence ratios. The same trend is reported in the companion
CFD analysis of the AHEAD combustor [[69]], where both the 2D RANS and the 3D RANS-EARSM simulations
underestimate the two leanest measured points at the reference inlet condition. This indicates that the low-¢ discrepancy
is not only a consequence of the lumped, homogeneous CRN description, but reflects a broader difficulty in representing
the very lean, low-emission regime with steady, time-averaged models. A plausible explanation is the presence of
localized temperature and composition inhomogeneities in the real combustor, which may persist under partially
premixed lean hydrogen operation [70] and are smoothed by averaged modeling approaches. Table [§] reports the
complete per-point comparison under the reference inlet conditions.

Table 8 NO, predictions [ppmv] versus experiment at the reference condition (#2,;; = 130 kg/h, T,; = 623 K).
Relative errors are reported in parentheses.

¢ Exp. Naik CRECK
040 528  401(242%)  2.00(62.1%)

£ 060 2613 26.08(0.2%)  21.47(17.8%)
S 087 21207 21824(29%)  220.04(3.8%)
096 30554  299.86(1.9%)  301.10(1.5%)
0.30 3.92 1.37 (65.0%) 0.61 (84.4%)
z 050 10.12 10.16 (0.5%) 6.52 (35.6%)
>

070  69.40  63.08(9.1%)  59.77 (13.9%)
0.80 18233  140.68(22.9%) 141.04(22.7%)

To assess whether the calibrated CRN generalizes beyond the reference inlet conditions, the network is evaluated,
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without re-calibration, at three additional operating inlet configurations from the experimental dataset [30]:

* ritgir = 255 kg/h, Tyir = 313 K (Fig. [6d);

* ritgir = 180 kg/h, Tyir = 453 K (Fig. [6c);

b l’i’lair =116 kg/h, Tair =693 K (Flg @

Under these operating conditions, the model still underpredicts NO, emissions at the lowest equivalence ratios
(¢ = 0.30 and ¢ = 0.40), although the absolute errors remain limited, below 3 ppmv for Naik and below 6 ppmv for
CRECK. No experimental data are available in these cases at equivalence ratios closer to stoichiometric conditions.

Nevertheless, the predicted trends remain physically consistent, as discussed in [[18]].
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Fig.6 NO, versus equivalence ratio at four operating conditions. In (a), filled markers denote calibration points

and open markers denote validation points. In (b)-(d), the CRN uses the same ®" calibrated at OC3 without
re-calibration.

The computational cost of this validated baseline provides the reference denominator for all speedup factors reported

in Sec.[IB2land Sec.[I.B3l

2. Skeletal Mechanism Reduction

The detailed Naik (21 species, 105 reactions) and CRECK (31 species, 203 reactions) mechanisms underlying the
validated baseline of Sec. [[T.B:T|are here reduced through the DRGEP pipeline described in Sec. [[.C.I] with the aim of
retaining the accuracy of the detailed mechanisms while lowering the per-evaluation cost.

The sampling pool used to populate the interaction matrix was generated from a structured set of reactor calculations,
consisting of 475 constant-pressure autoignition trajectories and 2375 PSR steady-state solutions computed over five
residence times. The conditions span ¢ € [0.2,2.0] and T € [300,2700] K at atmospheric pressure, thereby covering

both the nominal operating envelope of the combustor and the additional thermochemical states that may arise during
the transient time integration.
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Starting from the thermochemical database described above, the DRGEP procedure was applied by progressively
increasing the threshold &, so as to generate a controlled sequence of increasingly compact mechanisms. This threshold
sweep induces an almost species-by-species removal from the detailed parent down to mechanisms small enough to
break the thermal and N,O-intermediate pathways. The resulting reduction staircase consists of twelve candidate
skeletal CRECK mechanisms, ranging from 29 down to 16 species, and six candidate skeletal Naik mechanisms, ranging
from 20 down to 14 species. For the CRECK family, the first two species eliminated are the inert bath gases Ar and He,
whose removal has no kinetic consequence. At subsequent thresholds, the reduction successively removes HONO,, NO3,
HNO,, N,H4, NH,OH, HNOH, H,NO, HONO, N,>H,, and N,H3. The reduction reaches its most compact admissible
configuration at the 19-species, 98-reaction skeletal mechanism. Further increasing & removes H,O,, which causes an
abrupt decrease of the heat-release ratio to Qgke1/Qget = 0.45. These mechanisms were therefore discarded and not used
in the subsequent analyses.

An example of the evaluation metrics used in this selection process is reported in Fig.[7} This compares the detailed
CRECK mechanism with the selected 19-species skeletal mechanism in terms of laminar flame speed as a function of
equivalence ratio (Fig. and steady-state PSR outlet mole fractions of OH, NO, and NO, as a function of residence
time at ¢ = 0.60 (Figs. [JbH7d). The near-perfect overlap of the curves shows that the selected skeletal mechanism
accurately reproduces the parent mechanism with regard to quantities directly related to flame structure and NO,
formation.
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Fig.7 Comparison between the detailed CRECK mechanism and the selected 19-species, 98-reaction skeletal
mechanism for representative validation quantities.
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For the Naik family, the reduction limit is reached at a less aggressive threshold, as expected from the already
compact size of the parent mechanism. The 20-species mechanism removes HONO, with negligible impact on the
evaluation metrics. The 18-species skeletal mechanism further removes NH, and NH3 without degrading the target
quantities. In contrast, the next reduction step requires the removal of atomic nitrogen N, a key intermediate in the
extended Zeldovich thermal-NO pathway [S]]. This interrupts the corresponding NO-formation branch and produces a
93.7% error on the peak NO mole fraction, together with a non-physical heat-release ratio.

Overall, the threshold sweep generates 18 candidate skeletal mechanisms. Of these, 11 exhibit high accuracy across
the validation metrics reported in Table 3} nine CRECK skeletons with 19-29 species and two Naik skeletons with
18 and 20 species. The evaluation metrics of these mechanisms are summarized in Table[9] Across the accepted
subset, ignition delay times (7ign), PSR extinction residence time (7ex(), and equilibrium NO, concentrations (NOY) are
matched exactly. The laminar flame speed error (5, ) remains below 2.85% for the Naik skeletons and below 7.16% for
the CRECK skeletons, with the largest discrepancy occurring at the leanest condition (¢ = 0.3), where the absolute
flame speed is smallest. Peak species mole-fraction and production-rate errors (£x,,,, and &g, respectively) remain
below 6% in all cases, and the integrated heat release (Q) is preserved within 0.06% throughout.

Table 9 Values of the validation metrics defined in TableE]for all skeletal mechanisms retained as valid. Ny, and
N;x denote the number of species and reactions, respectively. Errors are reported as maximum relative deviations
with respect to the detailed parent. The heat-release ratio is reported as Qe /Qget across all autoignition and
PSR validation conditions.

Skeleton N Nix  €ry 8. 1o ENOY  EXper  Epen  Cratio
(%] [T] [Tl  [T]  [%]  [%] (-1

Naik_SM_20s_101r 20 101 0.00 285 0.00 000 007 041 0.9997

Naik_SM_18s_79r 18 79 0.00 285 000 0.00 279 4.08 0.9998

CRECK_SM_29s 203r 29 203 0.00 7.16 0.00 0.00 0.07 0.55 1.0000
CRECK_SM_27s_192r 27 192 0.00 7.16 0.00 0.00 0.06 1.15 0.9999
CRECK_SM_26s_180r 26 180 0.00 7.16 0.00 0.00 027 146 0.9996
CRECK_SM_25s_170r 25 170 0.00 7.16 0.00 0.00 027 1.79 0.9999
CRECK_SM 24s_156r 24 156 0.00 7.16 0.00 0.00 027 214 0.9997
CRECK_SM_23s_143r 23 143 0.00 7.16 0.00 0.00 027 249 0.9994
CRECK_SM_21s_119r 21 119 0.00 7.16 0.00 0.00 558 4.74 0.9954
CRECK_SM_20s_110r 20 110 0.00 0.03 0.00 0.00 558 4.73 0.9997
CRECK_SM_19s_98r 19 98 0.00 0.17 0.00 0.00 558 474 0.9999

The previous analysis verifies the behavior of the skeletal mechanisms in isolated canonical configurations, but
an additional check is required before using them in the calibrated CRN, where the chemistry is exposed to coupled
reactor interactions and recirculation-driven transient states. Each accepted skeleton was therefore inserted into the full
CRN with the reference parameter vector ©*, without recalibration, and evaluated over the equivalence-ratio range
¢ € [0.30, 1.00] at the reference inlet condition, rit,;; = 130 kg/h and Ty; = 623 K.

The error statistics for the skeletal mechanisms are reported in Table[I0} For the CRECK family, the full hierarchy
of nine accepted skeletons reproduces the NO, prediction of the 31-species parent with a maximum pointwise relative
error of 0.05% and a maximum absolute deviation below 0.02 ppmv across the whole range of equivalence ratio. The
19-species skeleton, located at the edge of the reduction cliff, matches the parent mechanism with the same accuracy as
the larger 29-species skeleton. For the Naik family, the 20-species skeleton reproduces the parent mechanism within
0.005% and 0.002 ppmv. The more aggressive 18-species skeleton shows a slightly larger deviation, with a maximum
relative NO, error of 0.71%. This discrepancy is concentrated at the leanest point, ¢ = 0.30, where the low absolute
NO, levels amplify the relative error. Across both mechanism families, the pointwise maxima of the species and
production-rate errors for NO, NO,, and OH evaluated at the OUT reactor remain below 7% for all retained skeletons,
while deviations in the volumetric heat-release ratio remain below 10~%. The agreement observed within the full
CRN therefore confirms that the retained mechanisms preserve both the relevant nitrogen chemistry and the overall
heat-release behavior under coupled network conditions.

The computational benefit of the reduction was quantified by timing the 40-point ¢ sweep with the detailed parent

26



and with each accepted skeleton on a single core of a machine equipped with a 13th Gen Intel(R) Core(TM) 17-13700
processor operating at 2.10 GHz. All simulations were performed using the same CRN module, initial conditions, and
simulation settings. The resulting wall-clock times and speedup factors are collected in Table [T0}

For the Naik family, the 20-species skeleton reduces the sweep runtime from 708 s to 530 s (1.34 speedup), while
the 18-species skeleton drops it further to 438 s (1.62 speedup). The modest gain reflects the already compact size of
the detailed parent mechanism. For the CRECK family, the speedup increases from ~ 1.0 at 29 species down to 2.06 at
19 species, where the sweep time drops from 1112 s (detailed) to 540 s.

Overall, the most aggressively reduced mechanisms: the 19-species, 98-reaction CRECK skeleton and the 18-species,
79-reaction Naik skeleton, provide the largest cost reduction while keeping the maximum CRN-level NO, error below
0.05% and 0.8%, respectively.

Table 10 NO, errors and computational cost of the accepted skeletal mechanisms relative to the detailed parent.
Wall-clock times refer to a 40-point ¢ sweep over [0.30,1.00]. ex@* and &no, denote the maximum and mean
pointwise relative NO, errors across the sweep.

Skeleton Ny Nix SIIII%XX &no, Runtime Speedup
[e] [Te] [s] (-]
Naik (parent) 21 105 - - 708 1.00
Naik_SM_20s_101r 20 101 0.005 0.000 530 1.34
Naik_SM_18s_79r 18 79 0.706 0.421 438 1.62
CRECK (parent) 31 203 - - 1112 1.00
CRECK_SM_29s_203r 29 203 0.003 0.000 1115 1.00
CRECK_SM_27s_192r 27 192 0.004 0.000 879 1.27
CRECK_SM_26s_180r 26 180 0.004 0.001 796 1.40
CRECK_SM_25s_170r 25 170 0.004 0.000 870 1.28
CRECK_SM_24s_156r 24 156 0.004 0.000 810 1.37
CRECK_SM_23s_143r 23 143 0.007 0.001 769 1.45
CRECK_SM_21s_119r 21 119 0.047 0.009 654 1.70
CRECK_SM_20s_110r 20 110 0.047 0.009 593 1.88
CRECK_SM_19s_98r 19 98 0.047 0.009 540 2.06

3. Flow-Map In Situ Adaptive Tabulation

The Flow-Map ISAT scheme introduced in Sec. is assessed on the same calibrated CRN configuration used
for the preceding analysis, retaining the reference inlet condition (7t = 130 kg/h, Ty = 623 K) and the reference
parameter vector ©" of Table The ISAT simulations were executed on a single CPU core of a machine equipped with
a 13th Gen Intel(R) Core(TM) i7-13700 processor operating at 2.10 GHz.

For this assessment, 100 simulations are performed over the equivalence-ratio range ¢ € [0.30, 1.00]. For each
mechanism the benchmark is repeated at five error tolerances i € {5- 1073, 1073, 5- 1074, 1074, 1073} for a
total of five ISAT cases per mechanism and one thousand individual simulations. Each case is run with a 200-step
direct-integration warm-up phase, after which the macro-stepping schedule described in Sec. takes over. A single
ISAT table is shared across the entire ¢ sweep so that the structure populated at one equivalence ratio remains available
at the next.

Figure [§] reports the direct comparison between the DI predictions and the ISAT-accelerated predictions at the
reference tolerance £, = 10~*. For both mechanisms, the dashed ISAT curves closely overlap the DI reference over the
entire ¢ range. Quantitatively, for the Naik mechanism, the mean relative NO, error is 2.0 - 10™* %, and the maximum
relative error over any individual ¢ is 3.0 - 1073 %. The absolute temperature error in the OUT reactor, evaluated
with respect to the corresponding DI-based CRN prediction, never exceeds 8 - 103 K. For the CRECK sweep, the
errors are of the same order: a mean relative error of 4.4 - 10~* %, a maximum relative error of 4.0 - 1073 %, and
|ATout| < 7.5 - 1073 K. These results show that, at this tolerance, the ISAT formulation reproduces the DI-based CRN
predictions without appreciable loss of accuracy.
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Fig. 8 NO, emission as a function of equivalence ratio at 71,;, = 130 kg/h and T,;; = 623 K, predicted by direct
integration and by the Flow-Map ISAT formulation at g, = 1074,

The very small errors obtained with zeroth-order retrieval justify its adoption for the present flow-map ISAT
implementation. This choice simplifies the algorithm substantially, since the mapping-gradient matrix does not need to
be computed, stored, or applied during table lookup. At the same time, eliminating the gradient evaluation provides
an additional computational advantage with respect to a first-order ISAT formulation, while preserving the accuracy
required for the NOy predictions considered in this work.

The analysis is then extended by comparing all the ISAT tolerances considered in this work. As expected, relaxing
&ro1 increases the mean speedup, since a larger fraction of the queried states can be recovered from the ISAT table. The
mean relative NO, error increases only slightly, or remains nearly constant as the tolerance becomes less restrictive,
although it remains very small over the whole range investigated. This behavior is illustrated in Fig.[9] which reports the
results obtained with the CRECK mechanism: the left panel shows the mean relative NO, error, while the right panel
gives the mean speedup with respect to direct integration. The complete set of results for both the Naik and CRECK
mechanisms is reported in Table [T T]

For the Naik mechanism, the mean relative NO, error remains nearly constant as the ISAT tolerance becomes less
restrictive, remaining on the order of 2.0 - 10* % for all tolerances. In contrast, over the tolerance range, the mean
speedup increases markedly, from 7.12 to 17.08, with an average ISAT simulation time of approximately 0.92 s at
the least restrictive tolerance, & = 5 - 1073. The maximum pointwise NO, error remains below 3.0 - 1073 % for all
tolerances. For the CRECK mechanism, the mean relative NO, error shows a slight increase as the tolerance is relaxed,
rising from 3.7 - 107 % at g;o; = 107> t0 5.7 - 107* % at £,,; = 5 - 1073. The corresponding mean speedup increases
from 7.00 to 24.88, with an average ISAT simulation time of approximately 1.58 s at the least restrictive tolerance,
&0l = 5 - 1073, The maximum pointwise NO, error remains below 5.9 - 1073 % throughout the sweep. The retrieve
fraction and the number of ISAT leaves follow the expected trend with &;. For both mechanisms, relaxing the tolerance
increases the cumulative retrieve fraction, from 0.35 to 0.87 for Naik and from 0.33 to 0.87 for CRECK, indicating a
progressively larger use of table lookups instead of direct integration. At the same time, the number of leaves decreases
markedly: from 60009 to 11758 for Naik and from 63800 to 12008 for CRECK. Thus, looser tolerances produce more
compact tables and higher retrieval rates, which explains the increase in speedup reported in Table[T1]

The weak dependence of the NO, error on g, may be explained by the structure of the present analysis. Only the
equivalence ratio is varied, while the inlet condition and the calibrated parameter vector ©" are kept fixed. Consequently,
after the direct-integration warm-up phase, the CRN is likely to visit recurrent and relatively regular thermochemical
regions. In this situation, relaxing the tolerance mainly increases the number of successful table retrievals within
regions that are already well represented by the populated ISAT table, rather than introducing substantially different
thermochemical mappings. This explains why the computational speedup increases while the NO, error remains nearly
unchanged.

The consistently higher speedup of the CRECK family, at a fixed tolerance and retrieve fraction, is a direct
consequence of the larger chemical system: a retrieve that bypasses a CRECK integration saves more wall-clock
time than one that bypasses a Naik integration. On the other hand, the cost of the binary-tree traversal and the
ellipsoid-of-accuracy test is primarily influenced by the network state dimension n = 6(1 + Nj), which only increases
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Fig.9 Effect of the ISAT tolerance ¢, on NO, accuracy and computational speedup for the CRECK mechanism.
The left panel reports the mean relative NO, error, while the right panel shows the mean speedup with respect to
direct integration.

Table 11 Flow-Map ISAT performance over 100 equivalence-ratio points in the range ¢ € [0.30,1.00]. &xo,

and s‘ﬁg’i are the mean and maximum relative NO,. errors, S is the mean per-¢ speedup relative to DI, f; is the

cumulative retrieve fraction at the end of the calculation, N, is the total number of leaves populated across all
sub-tables, and My, is the final ISAT table memory footprint.

Mechanism Etol ENO, eﬁg’; K fr N¢ Map
[e] [%o] [-] (-] (-] [MB]
Naik 5-1073 2.0-10% 3.0-1073 17.08 0.87 11758 1597.4
Naik 1073 2.0-107* 3.0-1073 16.66 0.84 14678 1994.4
Naik 5-100% 1.9-107* 3.0-1073 14.62 0.76 22263 3025.7
Naik 1074 2.0-107* 3.0-1073 11.07 0.62 35689 4851.2
Naik 1073 23-107% 3.0-1073 7.2 035 60009 8157.8
CRECK 5-1073 5.7-107% 59-.1073 2488 0.87 12008 3428.3
CRECK 1073 56-107% 59-1073 2444 086 12497 3568.0
CRECK 5-100% 5.6-107% 59-1073 21.75 0.65 20200 5768.4
CRECK 107%  44-107* 4.0-1073 15.57 048 37995 10851.5
CRECK 1073 3.7-100% 45-1073  7.00 0.33 63800 18222.8

mildly between n = 132 and n = 192.

The memory footprint of the ISAT table was also monitored for each tolerance level. In all cases, the table was
shared across the full set of 100 equivalence-ratio points and was not reset between consecutive simulations. The
reported memory therefore corresponds to the final table state, when the tabulation is at its maximum size. As expected,
the memory requirement increases as £y, becomes more restrictive, following the growth in the number of populated
leaves. For the Naik mechanism, the memory footprint ranges from 1597.4 MB at ;] = 5 - 1073 to 8157.8 MB at
£l = 1073, For CRECK, the corresponding range is larger, from 3428.3 MB to 18222.8 MB, reflecting the larger
thermochemical state vector and the higher cost of storing each tabulated flow-map entry. The complete memory data
are included in Table [TT]

4. Combined Acceleration: CMA-ES Calibration with Skeletal Mechanism and Flow-Map ISAT

The previous sections showed that both skeletal mechanism reduction and Flow-Map ISAT can reduce the cost
of CRN evaluations while preserving the predicted NO, emissions with respect to the direct-integration reference.
The next step is to verify whether this accuracy—efficiency trade-off is maintained during the most computationally
demanding CRN workflow: the CMA-ES calibration of the parameter vector 0.
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This assessment is carried out using the Naik mechanism only, since the corresponding detailed, direct-integration
CMA-ES campaign is available from Sec.[[I.A]and provides the baseline against which the accelerated variants can be
compared. The 20-seed CMA-ES campaign is therefore repeated in three additional configurations, changing only the
chemical-kinetics evaluation through mechanism reduction and/or tabulation. The objective function (Eq.[5)), parameter
bounds (Table[2), CMA-ES settings (Table[I), and random seeds are kept unchanged.

The four campaigns are denoted as follows:

* Baseline: using the detailed Naik mechanism with direct integration.

 Skeletal: using the skeletal Naik mechanism with 18 species and 79 reactions with direct integration.

» ISAT: using the detailed Naik mechanism with zeroth-order Flow-Map ISAT at g, = 107%.

* ISAT + Skeletal: using the skeletal Naik mechanism with 18 species and 79 reactions with the same ISAT

configuration.

All campaigns are executed using one CPU core per seed on a computing node equipped with Intel(R) Xeon(R)
Gold 5318Y CPUs operating at 2.10 GHz. This paired design isolates the effect of the chemical-kinetics evaluation,
so that differences in calibration quality or wall-clock cost can be attributed to the reduced chemistry and tabulation
strategies rather than to changes in the optimization setup.

Figure [T0] reports the median best-so-far score as a function of the number of CRN evaluations for the four
campaigns, together with the corresponding interquartile ranges. The convergence histories are similar when measured
in evaluation count: by the end of the common budget of 2000 evaluations, the median best score is comparable for all
four configurations and remains close to J =~ 0.042. The interquartile range is also narrow in all cases and, at the end
of the optimization budget, remains entirely below the J = 0.05 threshold for each configuration. Interestingly, the
accelerated configurations reach the target threshold slightly earlier than the baseline in terms of median trajectory. The
baseline campaign crosses J = 0.05 after approximately 1150 evaluations, whereas the Skeletal and ISAT campaigns
reach the same level after approximately 1050 and 1000 evaluations, respectively. The combined ISAT + Skeletal
configuration shows the earliest crossing, at about 770 evaluations.

10° —— Baseline

—— Skeletal

—— ISAT

—— ISAT + Skeletal |

Best score []

0 250 500 750 1000 1250 1500 1750 2000
Evaluations

Fig. 10 Median best-so-far score (solid lines) as a function of the number of CRN evaluations for the four
CMA-ES calibration campaigns. Shaded bands denote interquartile ranges over 20 seeds.

The statistical analysis confirms this equivalence. A Kruskal-Wallis test on the four 20-seed score distributions
yields H = 0.028 with p = 0.999, and no pairwise Mann—Whitney comparison with Bonferroni correction detects any
significant difference (pcorr = 1.00 for all six pairs). In terms of solution quality, the three accelerated campaigns are
therefore statistically equivalent to the detailed-mechanism, direct-integration baseline.

The main difference emerges when the same convergence histories of Fig. [I0]are replotted against wall-clock time,
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as shown in Fig.[TT] In this representation, the computational advantage of the accelerated configurations becomes
evident. The baseline campaign requires a median time of 2.53 - 10° s, corresponding to 70.37 h, to complete the full
evaluation budget. The Skeletal configuration reduces this time to 1.18 - 10° s (32.85 h), which is less than half of the
baseline cost. When ISAT is introduced, the computational time decreases by approximately one order of magnitude,
reaching 2.13 - 10* s (5.90 h) for the ISAT campaign. The lowest cost is obtained by combining ISAT with the skeletal
mechanism, for which the median wall-clock time is 1.73 - 10% s, corresponding to 4.79 h.

100 —— Baseline
—— Skeletal
—— ISAT

= ISAT + Skeletal |

Best score []

._.
i

N T
Wall-clock time [s]

Fig. 11 Median best-so-far score (solid lines) as a function of wall-clock time for the four CMA-ES calibration
campaigns. Shaded bands denote interquartile ranges over 20 seeds.

The corresponding speedup distributions with respect to the baseline are reported in Fig.[I2] For each accelerated
configuration, the boxes denote the interquartile range of the speedup, while the horizontal bars indicate the corresponding
median values. Each marker represents the speedup obtained for a single seed with respect to the corresponding baseline
run with the same seed. The Skeletal configuration provides a median speedup of approximately 2.1, while ISAT
increases the median speedup to 11.6. The combined ISAT + Skeletal configuration reaches the highest acceleration,
with a median speedup of 15.1. This combined gain is lower than the product of the two individual speedups because the
two methods act partly on the same computational bottleneck. In particular, once the skeletal mechanism has reduced
the cost of each direct integration, every ISAT retrieval avoids a cheaper calculation than in the detailed-mechanism case.
At the same time, the fixed overhead associated with ISAT, including macro-stepping, table search, and accuracy checks,
becomes relatively more important. Even so, the two strategies remain complementary: adding the skeletal mechanism
on top of ISAT still increases the median seed-paired speedup by a factor of 1.30, while preserving comparable median
calibration accuracy.

The primary performance metrics are summarized in Table[I2] The success rate, defined as the fraction of seeds
reaching J < 0.05, decreases slightly from 95% for the baseline to 90% for the Skeletal campaign, and then to 85%
for the ISAT campaign. The combined ISAT + Skeletal configuration exhibits a more pronounced reduction, with a
success rate of 75%. This trend suggests that the accelerated formulations may slightly alter the local structure of the
objective function. Small changes in local minima, mild irregularities, or weak numerical perturbations can make some
optimization trajectories less favorable within the fixed evaluation budget. This effect becomes more evident when the
two acceleration strategies are combined, leading to the lower success rate observed for the ISAT + Skeletal campaign.

C. Uncertainty Quantification of NOx Predictions
The block-based PCE pipeline of Sec. was executed on the calibrated CRN at the reference inlet operating
condition, using the reference vector ®" and the Naik mechanism. The analysis was performed at the experimental
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Fig. 12 Seed-paired speedup distributions of the accelerated CMA-ES campaigns relative to the direct-
integration baseline. Boxes denote interquartile ranges, horizontal bars denote median values, and markers
represent individual seeds.

Table 12 Primary performance metrics of the four CMA-ES calibration campaigns. The speedup column
reports the median seed-paired ratio Tzaseline / Teampaign-

Campaign Median J IQRJ Success Median time [s]  Speedup
Baseline 0.0424  [0.0400,0.0443] 95% 253345 1.00 (ref.)
Skeletal 0.0421 [0.0397,0.0460] 90% 118262 2.13
ISAT 0.0438  [0.0393,0.0474] 85% 21252 11.61
ISAT + Skeletal ~ 0.0417  [0.0401, 0.0495] 75% 17253 15.07

equivalence-ratio set points ¢r € {0.30,0.40,0.50, 0.60,0.70, 0.80,0.87,0.96}. The full campaign comprises 14000
direct CRN evaluations, distributed across the four uncertainty blocks and the external validation sets associated with
Blocks C and T. The simulations were parallelized over 48 CPU cores on a computing node equipped with Intel(R)
Xeon(R) Gold 5318Y CPUs operating at 2.10 GHz, and were completed in approximately 3.5 h.

Block O isolates the propagation of operating uncertainty through the calibrated network. The PCE mean reproduces
the deterministic CRN curve of Fig. [6a within 0.5 ppmv at every ¢r, while the standard deviation grows with the
equivalence ratio up to a peak of 0o = 22.9 ppmv at ¢ = 0.87, before decreasing to op = 19.4 ppmv at ¢ = 0.96
(Fig.[T4a). This non-monotonic behavior may reflect the saturation of NO, emissions at near-stoichiometric conditions,
where the response to small flow-rate perturbations becomes weaker. The Sobol decomposition attributes the variance
almost exclusively to the two flow-rate perturbations: (S7)4 is 0.537 for 6, 0.420 for 6 7, and 0.047 for Ty;;, where d,,
and ¢y denote the relative deviations of the air and fuel mass-flow rates, respectively. Their dominant contribution is
expected, since both perturbations act directly on the equivalence ratio. The T, contribution exhibits a clear U-shape,
with S7(Ty) = 0.081 at ¢ = 0.30, dropping to a minimum of 0.028 at ¢ = 0.70, and rising back to 0.084 at ¢ = 0.96.
The non-monotonic contribution of Ty; indicates that the sensitivity to inlet-temperature uncertainty depends on the local
operating point, although its overall contribution remains secondary compared with the flow-rate perturbations. Across
the full sweep, Smain and St for each input agree to within the third decimal, indicating that interaction effects among
the operating perturbations are negligible and that the network response is essentially additive. The internal validation
protocol of Sec. [[.DJis satisfied for Block O at all set points. The leave-one-out predictive coefficient remains above
Qioo = 0.994, indicating strong out-of-sample consistency, while the order-three Sobol drift stays below 3.3 - 1073,
confirming the stability of the sensitivity indices with respect to the lower-order expansion.
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Block C addresses the local sensitivity to the calibration parameters. As anticipated in Sec.[[D} a preliminary
correlation analysis was performed on the ensemble of 19 acceptable CMA-ES seeds (J < 0.05) using Spearman’s
rank coefficient and Pearson’s product-moment coefficient [59, [60]. Spearman’s coefficient, ps, measures monotonic
association between ranked variables, whereas Pearson’s coefficient, rp, measures linear correlation between the
parameter values. The associated p-values, ps and pp, test the null hypothesis of no correlation. The analysis identified a
single strongly significant pair, (6, 8g), with ps = —=0.78 (ps = 9.6-107) and rp = —0.91 (pp = 7.1-1073). Following
the mitigation strategy declared in Sec. 6 was held at its reference value 6 and the local PCE was constructed
under the independence assumption on the remaining seven calibration parameters (61, . .., #7). The maximum residual
Spearman correlation among the active set drops to ps < 0.50. Given the local nature of the present +£0.025 perturbation
window, this residual correlation was considered sufficiently moderate to retain the independence assumption.

The screening PCE on the seven-dimensional active set (order p, = 2, N = 200 Sobol samples, basis size
36) produces the parameter ranking summarized in Fig. The aggregated total-effect score is dominated by 6;
((ST)s = 0.362) and b¢ (0.336), followed by 6; (0.153), 5 (0.101), and 64 (0.038). The remaining two parameters, 63
and 67, contribute 0.031 and 0.002, respectively. Together, the first five parameters account for 96.8 % of the aggregated
(ST) ¢, exceeding the 95 % retention threshold. They are therefore propagated to the order-three refinement stage (basis
size 56, N = 500). This hierarchy is consistent with the CMA-ES calibration results discussed in Sec.[[[ZA] Excluding
09 and 61, which are treated separately in Block G, the most tightly constrained parameters in the CMA-ES optima, 6,
0>, and 6, are also those with the largest Sobol contributions in Block C. Conversely, the parameters that exhibited
greater variability among the best seeds during calibration show lower Sobol indices, indicating a weaker impact on the
propagated NO, uncertainty.
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Fig. 13 Block C calibration retention diagram. Bars: aggregated total-effect Sobol score (St )4 obtained from
the screening PCE. Cumulative fraction (right axis) crossing the 95 % threshold (dashed line) defines the retained
subset (green bars).

The refined Block C surrogate concentrates its standard deviation in a narrow envelope around the deterministic
curve, with o growing from 0.008 ppmv at ¢ = 0.30 to 6.71 ppmv at ¢ = 0.96. Compared with Block O, the dispersion
induced by the calibration parameters is one to two orders of magnitude smaller in the lean and intermediate regimes
(Fig.[T4b). This gap decreases as the equivalence ratio approaches stoichiometric conditions, where o¢ and o differ
by less than a factor of three. Thus, within the local +£0.025 perturbation range around (:)*, the CRN response is much
less sensitive to calibration-parameter uncertainty than to operating uncertainty, although the calibration contribution
becomes increasingly relevant near ¢ ~ 1. The refined Sobol decomposition shows that the dominant calibration
parameter depends strongly on the equivalence ratio. In the lean and intermediate regimes, the variance is mainly
controlled by 6¢, which regulates the IRZ—FLgyw recirculation. This is consistent with the role of hot-product feedback
from the inner recirculation zone in sustaining the swirl flame at low and moderate ¢. At higher equivalence ratios, the
dominant contribution shifts to 6,, which sets the inlet air mass-flow partition. Its total-effect index increases from
St =047at¢ =0.70to St = 0.79 at ¢ = 0.96, while 8, remains the main secondary contributor with S ~ 0.21. This
transition indicates that, as the global equivalence ratio approaches stoichiometric conditions, the calibration sensitivity
becomes increasingly governed by the inlet partitioning and the resulting local stoichiometry in the swirl flame zone,
rather than by recirculation feedback alone. For Block C, the order-three refinement confirms good surrogate accuracy
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Fig. 14 Block-by-block PCE mean and 95 % uncertainty band on NO, over the equivalence ratio range
¢ € [0.30,0.96].

at six of the eight set points, with Qioo > 0.999. The only exceptions are the low-equivalence-ratio cases ¢ = 0.40 and
¢ = 0.50, where Qioo = 0.805 and 0.808, respectively. The external validation on 150 fresh Sobol samples shows the
same trend: RZ . > 0.999 at the other six set points, while the two low-¢ cases retain lower but acceptable values of

test =
0.856 and 0.901. Although the predictive coefficients are lower at these two points, the surrogate still reproduces the
NO, response with very small absolute errors, with an external RMSE of the order of 102 ppmv.

Block G isolates the contribution of the geometric and closure inputs. These include the OH-PLIF/CFD residual
uncertainty on the axial length L sx, modeled with a £20 % range, the Beér—Chigier swirl coefficient o [24], assumed
uniformly distributed in the interval [0.60, 1.00], and the +0.025 half-width assigned to the volume fractions 69 and
010- The block is propagated with a third-order PCE and N = 150 Sobol samples per equivalence-ratio set point. The
surrogate converges within numerical precision at all eight set points, with the predicted standard deviation o growing
monotonically from 0.017 ppmv at ¢ = 0.30 to 7.92 ppmv at ¢ = 0.96 (Fig.[T4c). The geometric dispersion is therefore
comparable in magnitude to the Block C calibration dispersion, and it remains throughout the sweep below the operating
contribution of Block O. The ¢-averaged Sobol attribution is dominated by the uncertainty on Lax ({(S1)¢ = 0.564),
followed by the volume fraction 69 (0.196), the swirl coefficient o (0.130), and 619 (0.118). The relative importance of
these inputs varies with equivalence ratio. The swirl coefficient o is dominant at ¢ = 0.40 (Sy = 0.45), where changes
in the swirl-induced redistribution of the FLgw volume affect the early NO, rise. From ¢ = 0.50 onward, L 4x becomes
the leading contributor (S7 = 0.41-0.78), reflecting the influence of the upstream Z s x residence time on NO, formation
before the flow enters the swirl flame zone. Near stoichiometric conditions, 89 and 8y become comparable to L »x,
with a combined St above 0.55 at ¢ = 0.96, indicating that the downstream volume partitioning also contributes to the
NO, saturation. The agreement between Sy, and St to within the third decimal further indicates weak interactions
among the geometric and closure inputs within the prescribed ranges.

Block T corresponds to the joint propagation step and provides the global predictive band for NO,. The original
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fifteen-dimensional input set is reduced to twelve independent variables by holding 6g fixed at its nominal value,
following the correlation analysis, and by excluding 83 and 67 after the screening stage of Block C. The final set therefore
comprises the three operating perturbations of Block O, the five retained calibration parameters of Block C, and the four
geometric/closure inputs of Block G. It is sampled with a Sobol design of N = 500 points per ¢r.¢ using an order-two
PCE with basis size 91. A fresh Sobol sample of Nex = 150 points per ¢ is used for external validation. The resulting
moments, 95 % uncertainty band, and external test metrics are summarized in Table|13|and Fig.

The external validation confirms the accuracy of the joint PCE surrogate. At the most demanding set point,
dref = 0.96, the test-set RMSE remains below 0.42 ppmv, corresponding to 0.14 % of the NO,. baseline. Moreover,
thest > 0.999 at all set points except ¢ = 0.40, where thest = 0.994 still indicates excellent predictive accuracy.

Table 13 Block T joint PCE statistics over the equivalence-ratio range. The mean, standard deviation, and 95 %
uncertainty band of NO,. are obtained by Monte Carlo sampling of the order-two surrogate. RMSE¢: and thest
are evaluated on an independent Sobol validation set with N = 150 samples per ¢.

Gref  HNO, ONO, CLy, CI}y RMSE.. Ry
[ppmv] [ppmv] [ppmv] [ppmv]  [ppmv] (-]
0.30 1.38 0.13 1.14 1.66 0.001 0.999
0.40 3.99 0.34 3.37 4.70 0.026 0.994
0.50 10.26 1.09 8.35 12.58 0.024 0.999
0.60 2643 3.55 20.30 34.29 0.056 0.999
070 64.11 9.34 48.10 83.79 0.138 0.999
0.80 142.23 19.23 107.75 182.58 0.225 0.999
0.87 219.45 24.63 173.00 269.82 0.318 0.999

096 29947 21.85 253.87 340.28 0.420 0.999

The aggregated main and total Sobol indices of Block T over the twelve independent inputs, averaged across the
eight ¢ set points, are reported in Fig. [I5]and clarify which uncertainty source drives the predictive band. The
air-mass flow and fuel-mass flow perturbations ¢, and ¢ ¢ jointly account for approximately 87 % of the joint variance
((ST)¢ = 0.49 and 0.38). The next contributions are Ty; and L ax, at about 4 % each, followed by 69, 619, and 65 in the
1-1.5 % range. The remaining calibration and closure inputs lie below 0.5 % on average. Main and total indices are
visually indistinguishable for every input, indicating a near-additive CRN response with negligible interactions among
the uncertainty sources. When the attribution is evaluated at each ¢..r and grouped by uncertainty category, the same
results expose a clear ¢-dependence. The operating block covers 98.2 % of 3}; St; at ¢ = 0.30, declines to 90.3 % at
¢ = 0.80, and reaches 78.4 % at ¢ = 0.96. The geometric and closure inputs grow from 1.7 % to 12.9 % over the same
range, with Lax as the largest single contributor and 69 and 6y becoming comparable to L 4x near stoichiometric.
The retained calibration parameters contribute below 1 % at most lean and intermediate set points and rise to 9.3 % at
¢ = 0.96, driven mainly by 8, and 6, in the near-stoichiometric regime. Overall, the calibrated CRN is robust against
small perturbations of its calibration and geometric parameters. Throughout the lean and intermediate regimes, the
residual predictive uncertainty on NO, over the AHEAD operating envelope is dominated by operating measurement
uncertainty, while calibration and geometric contributions become appreciable only at high equivalence ratios.

The cross-block comparison of the 95 % uncertainty bands in the NO,—¢ plane is shown in Fig. together
with the experimental data of Reichel et al. [22| [30]. The Block O band provides the widest envelope over the entire
equivalence-ratio range, and the joint Block T band remains almost coincident with it. In contrast, the Block C and
Block G bands are very narrow in the lean and intermediate regimes, becoming appreciable only as the equivalence
ratio approaches stoichiometric conditions. The PCE mean reproduces the deterministic CRN curve of Fig. [6a within
1.1 ppmv at every ¢r. The Block T band brackets the experimental measurements at six of the eight set points. The
point at ¢ = 0.80 lies at the upper edge of the predicted interval, with NOy ex, = 182.33 ppmv and an uncertainty band
of [107.75, 182.58] ppmv. As discussed in Sec. this point deviates from the trend of the remaining data and may
be affected by measurement anomalies or localized combustion instabilities during acquisition.

The two leanest set points are not bracketed by the uncertainty band. This behavior is consistent with the lean-limit
limitations already discussed in Sec. under very lean partially premixed hydrogen operation, localized hot spots
and ignition—reignition events may contribute to NO, formation in the real combustor, while these effects are inherently
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Fig. 15 Block T aggregated main and total Sobol indices over the twelve independent inputs, averaged over the
eight ¢ set points.
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Fig. 16 95 % NO, uncertainty bands of the four UQ blocks overlaid on the same axes. The TU Berlin reference
data of Reichel et al. [22) are shown as black crosses.
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Conclusions

This work developed an integrated framework to improve both the predictive reliability and the computational
efficiency of Chemical Reactor Network models for lean premixed hydrogen combustion. The AHEAD swirl-stabilized
burner of Reichel et al. was used as a reference configuration, and the analysis combined three main elements: a
systematic benchmark of optimization algorithms for CRN calibration, two acceleration strategies based on skeletal
mechanism reduction and Flow-Map In Situ Adaptive Tabulation, and a block-structured uncertainty quantification
study based on non-intrusive Polynomial Chaos Expansion.

The optimization benchmark showed that the calibration problem is better handled by population-based global
strategies than by surrogate-assisted or gradient-based methods. Among the six algorithms tested over twenty
independent seeds and under a common budget of approximately 2000 CRN evaluations, CMA-ES, PSO, and DE
clearly formed the best-performing group. CMA-ES provided the most consistent results, with the lowest median
objective value (J = 0.0424), the narrowest interquartile range, and a success rate of 95 %. Although PSO reached
a comparable best-case performance, its larger dispersion made it less reliable for routine calibration. In contrast,
Bayesian Optimization, ADAM, and the Hybrid DE + L-BFGS-B approach were less effective, mainly because the
objective landscape contains broad infeasible regions together with non-convex and locally irregular features. The
CMA-ES reference vector ©* was therefore retained for the subsequent analyses. With this calibration, the CRN
reproduced the experimental NO, trend at the four calibration points with relative errors between 0.2 % and 24 %, the
largest discrepancy occurring at the leanest condition, where the very low absolute NO, level makes the relative error
particularly sensitive to small deviations.

The DRGEP reduction procedure was applied to both parent mechanisms considered in this study: the Naik
mechanism, with 21 species and 105 reactions, and the CRECK mechanism, with 31 species and 203 reactions. The
threshold sweep produced eighteen candidate skeletal mechanisms, eleven of which were retained, as they preserved
the evaluation criteria based on ignition delay, laminar flame speed, equilibrium NO,, PSR extinction residence time,
peak species mole fractions, net production rates, and integrated heat release. The most compact accepted skeletons
were the 18-species, 79-reaction Naik mechanism and the 19-species, 98-reaction CRECK mechanism. When used
in the calibrated CRN without further recalibration, these mechanisms preserved the NO, predictions of the parent
mechanisms with maximum pointwise relative errors of 0.71 % and 0.05 %, respectively. The corresponding standalone
speedups over a 40-point equivalence-ratio sweep reached 1.62 for Naik and 2.06 for CRECK, with the smaller gain for
Naik reflecting the already limited size of the original mechanism.

The Flow-Map ISAT formulation introduced here proved to be a more substantial source of acceleration. Instead
of tabulating the reaction mapping of an individual reactor, the method tabulates the discrete flow map of the full
six-reactor network, thereby retaining the coupling imposed by the inter-reactor mass-flow redistribution. With sub-table
indexing based on the rounded macro-step and a deterministic hash of the forcing parameters, and using zeroth-order
retrieval in scaled state space, the ISAT predictions remained almost indistinguishable from direct integration. Across
the tolerance range investigated, the mean relative NO, error stayed below 5.7 - 107* %. At the same time, as the
imposed tolerance &, was relaxed, the mean per-¢ speedup increased from 7.12 to 17.08 for the Naik mechanism
and from 7.00 to 24.88 for CRECK. At the least restrictive tolerance, this corresponds to average simulation times of
approximately 0.92 s for Naik and 1.58 s for CRECK.

When the two acceleration strategies were inserted into the full CMA-ES calibration loop for the Naik mechanism,
the computational gains observed in isolated sweeps were largely preserved. Skeletal reduction alone gave a median
speedup of 2.13, ISAT alone a speedup of 11.61, and the combined ISAT + Skeletal configuration a speedup of 15.07. As
a result, across the 20-seed calibration benchmark, the median per-seed wall-clock time decreased from approximately
70 hours to less than 5 hours. The Kruskal-Wallis test performed on the four score distributions (H = 0.028, p = 0.999),
together with the Bonferroni-corrected pairwise Mann—Whitney comparisons, did not indicate statistically significant
differences in calibration quality between the accelerated campaigns and the detailed direct-integration baseline. The
only noticeable effect was a moderate reduction in success rate when both acceleration strategies were combined,
suggesting that the joint approximation may introduce a mild local perturbation of the objective landscape.

The uncertainty quantification analysis showed that the residual dispersion of the calibrated CRN is governed
mainly by the operating conditions. In Block O, the variance was driven almost entirely by the air- and fuel-mass-flow
perturbations, with only a minor contribution from the inlet temperature. In Block C, the strong correlation between 6,
and 03 first led to fixing 8y at its reference value. The subsequent screening phase then identified a reduced five-parameter
active set, 6, ¢, 01, 65, and 64, which accounted for 96.8 % of the aggregated total-effect score. The dominant
calibration contribution moved from 6g, related to the IRZ—FLgy recirculation, in the lean and intermediate regimes, to
6, controlling the inlet air-mass partition, close to stoichiometric conditions. In Block G, the largest contribution came
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from the axial length L sx. The resulting dispersion was comparable to that of Block C, but smaller than the operating
contribution. The joint Block T propagation, built from the twelve retained inputs, led to the same conclusion: the PCE
surrogate assigned about 87 % of the total variance to the air- and fuel-mass-flow uncertainties. The corresponding 95 %
uncertainty band enclosed six of the eight experimental NO, measurements, with the remaining discrepancy located
at the two leanest points, where the homogeneous CRN representation is expected to be less effective in capturing
localized hot spots and ignition—reignition events. The close agreement between main and total Sobol indices also
indicates that, within the prescribed uncertainty ranges, the CRN response is essentially additive.

Overall, the calibrated CRN showed limited sensitivity to local variations in the optimized calibration and geometric
parameters. For most of the AHEAD operating envelope, the residual uncertainty in NO, prediction is governed
primarily by inlet measurement uncertainty, while calibration and geometric effects become appreciable mainly near
stoichiometric conditions. Coupled with the proposed acceleration strategies, the model provides a computationally
efficient tool for hydrogen combustor emission analysis and preliminary design optimization: the fastest configuration
reduces the median wall-clock time by approximately a factor of 15 relative to the detailed-mechanism direct-integration
baseline and remains several orders of magnitude less expensive than typical CFD-based analyses.
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