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Abstract—This paper presents the results of the implemen-
tation of a quaternion-based Unscented Kalman Filter (UKF)
and a Complementary Filter (CF), for attitude estimation, along
with the Angle of Attack and Sideslip Estimator technology
(ASSE), in order to provide an Air Data Synthetic Sensor
for aerodynamic angles estimation. The attitude estimation is
crucial for the computation of the full rotation matrix from
the Inertial Reference Frame to the Body Reference Frame,
needed by the ASSE algorithm. The estimation at issue exploits
an Inertial Measurement Unit (IMU) equipped with a three-
axis accelerometer, a gyroscope, a magnetometer and a Global
Positioning System (GPS) receiver. Firstly, the filter algorithm
is implemented in MATLAB and Simulink environment and its
performance is assessed by using the measurements of a Flight
Test Instrumentation (FTI) unit, a technological demonstrator
built in Polytechnic University of Turin which encompasses
the IMU. The verification is carried out with a series of tests
employing a motion table at the National Metrology Institute of
Italy (INRiM). Finally, the implementation of the filter with the
ASSE technology is successfully demonstrated through a set of
flight simulation data.

Index Terms—Synthetic Sensors, Nonlinear Kalman filter,
Complementary filter, Air Data, Quaternion, Flight Test Instru-
mention

I. INTRODUCTION

Avionic systems are becoming significantly more complex
in recent years, due to the increased demand for autonomous
platforms, such as Unmanned Aircraft Vehicles (UAVs). This
has led on to increasingly more stringent requirements on
the accuracy and reliability of onboard avionic systems, par-
ticularly those related to navigation [10]. At the same time,
advancements in the field of synthetic sensors have allowed
to achieve increasingly reliable and accurate algorithms to
indirectly measure quantities of interest. In particular, the use
of synthetic sensors for air data estimation plays a key role in
the improvement of flight safety, since it provides redundancy
as well as additional failure detection capabilities, without the
drawback of having additional hardware on board.

In this framework, the implementation of an Unscented
Kalman Filter (UKF) with a Complementary Filter (CF) and
the Angle of Attack and Sideslip Estimator technology (ASSE)
is proposed, in order to develop a Synthetic Sensor (SS) for
the aerodynamic angle estimation.

Air Data synthetic sensors allow to replace physical sensors,
with benefits in terms of weight, maintainability, reliability,

power consumption and emissions. A synthetic aerodynamic
angles estimator called ASSE has been developed and patented
at Polytechnic University of Turin, and it is thoroughly pre-
sented in [1]. As reported by Lerro et al., ASSE is a model-free
scheme, developed to compute aerodynamic angles, that does
not need an aircraft model or a flight test database. This aspect
makes the scheme independent from the aircraft configuration
and the flight regime, that instead strongly affect model-based
and data-driven synthetic sensors. A key aspect of the ASSE
algorithm is that it requires a precise attitude estimation, so
as to compute and consider the appropriate change in external
wind and the acceleration in the Body Reference Frame. This
is the reason why the integration of this technology along with
UKF and CF is taken into account.

The UKF was proposed for the first time in [2] by Julier and
Uhlman, as a new extension of the Kalman Filter for nonlinear
systems, demonstrating its ability, through a set of discretely
sampled points used to parametrise mean and covariance, to
perform equally to the KF in linear systems and better than the
Extended Kalman Filter (EKF) in nonlinear systems, without
the linearisation steps required. Indeed, for highly nonlinear
systems, the state distribution, approximated by a Gaussian
Random Variable (GRV) is propagated analytically through the
first order linearization of the system. This can introduce very
large errors in the true posterior mean and covariance of the
transformed GRY, that may lead to sub-optimal performance
and divergence of the filter.

Thanks to the Unscented Transformation, explained in the
following section, the UKF could achieve greater attitude
estimation performance than the EKF, as demonstrated in
several previous studies [3]- [6]. In detail, [3] and [5] proved
the success of the UKF for spacecraft attitude estimation,
while [4] discussed the great capability of the UKF to deal
with large and small attitude errors of an inertial navigation
system. In [6], the authors reported a UKF design for the
attitude estimation of a strapdown inertial navigation system.
In [8], the authors present an integration of the UKF with a
CE.

This paper is structured as follows. Section II describes
the ASSE scheme, for aerodynamic angles estimation, and
the UKF and CF algorithm, for the attitude estimation. A
description of the FTI setup is also provided in this section.



The details of the tests conducted, along with the results
obtained, are discussed in Section III. Finally, Section IV
draws the conclusions for the present work.

II. METHOD
A. ASSE algorithm

The final system of the ASSE algorithm is derived from
an initial rearrangement of flight mechanic equations. In
particular, starting from the inertial acceleration, projected on
the Body Reference Frame (BRF), it is possible to write the
following equation:

ap = Cppa; =9+ Qpvp + Crpw (D

where: ap is the inertial acceleration measured on board,
expressed in BRF; vp is aircraft velocity in BRF; Qp is the
skew-symmetric matrix obtained from the angular velocity in
BRF (wp = [p, q,7]7) as:

0 —-r g
QB = r 0 —p (2)
-¢ p 0

Moreover, Crop is the full rotation matrix from the Inertial
Reference Frame (IRF) to the BRF, given by:

Crap =
CyC,y CoSy S,
S¢SQC¢, — Cwsd, S@Sesl/, + C¢C¢ S4p09 3)
CWSQCw + SWSQI, C¢SQS¢ - S¢C1p C@Cg

where v, 6 and ¢ are the three Euler angles, hereby referred
to as yaw, pitch and roll, respectively. Here and throughout
the paper, the following conventions are adopted for ease of
notation: C¢ = cos§ and S¢ = sin¢, where £ is a generic
angle. Finally, w is the time derivative of the wind velocity,
expressed in IRF.

From (1), it is possible to write the acceleration ¥vp as:

vp =ap — Qpvp — Cr2pw “4)
Remembering that:
UE@B
Voo

where V,, is the true airspeed (TAS) of the aircraft, and
substituting vp with its expression in (4), the following
equation is obtained:

Voo =

+w (5)

VaeVoo = 505 = vh(ay — Crapw) (6)

where all terms refer to the same time instant.

Considering the hypothesis that the relative velocity vector
vp in (5), and so the aerodynamic angles, at a certain time
instant ¢ can be modelled using information from the past,
starting from vp at a generic time instant 7, with t > 7, vp ¢
can be expressed as

t
VB, = UB,r +/ vp(T)dT @)

Recalling (4), equation (7) can be written as
t
VB, = UB,r +/ (ap — Qpvp — Crpw )dT'  (8)
and

t t t
UB,T:UB,t_/ aBdT+/ QB’l)BdT—‘r/ CropwdTl

Replacing vp » with (9), equation (5) can be written at time
T as

t
VOC,TVOO,T = l:'UB,t _/ apdl+

t t T
/QB’UBdT-f—/ C[szdT] (aB—C’IQBw)T

— Voo,rvoo,r+

t t T
|:/ ap dT — / C]2deT:| (G,B — CIQB'lb)T =
T T . T
|:'UB,t +/ Qpvp dT] (ap — Crapw), (10)
where all terms which depend on vp, and hence aerodynamic
angles, are collected on the right-hand side.
Furthermore, recalling matrix properties and considering
the assumption that the integrand function is constant in

the generic time interval [r,t] (“zero-order approximation”
hypothesis, detailed in [9]), equation (10) can be written as

VOC,TVOO,T+

t t
|:/ G,Bdef CIQBTinT]

= Voo,T'zjv;/B,t (I — QB,tAt) (G,B — C[QBlb)T (11)

T
(ap — Crapw),

where
(12)

and, denoting the angle of attack and the angle of side-slip with
« and f respectively, the unit vector of the relative velocity
in BRF ¢}, 5 , is written as:

iwpe = (CsCa)ip + Spip + (CsSa)ks

where % B j B and k B denote the unit vectors of the BRF axes.

Equation (11) is the basic expression of the zero-order
ASSE scheme, referred to the generic time 7 where the
aerodynamic angles «(t) and (3(t) are the only unknowns.
All other terms are measured.

Hence, the aerodynamic angles estimation proposed in
the ASSE algorithm is based on direct measurement of the
true airspeed, V.o, its time derivative, VOO, the inertial body
acceleration, ap, angular rates and the wind field.

To simplify the notation, the measurable quantities of (11)
are grouped and denoted as:

T
v = VOOZWB,t

13)

nr = VOO,TVOO,T+

t t T
|:/ aBdT—/ C[QdeT] (aB—CIQB’Lb)T (14)



whilst the right-hand side is denoted as:

m, = oc,‘r';:jv;/B,t (I — QB’tAt) (aB — C[QBw)T

= hyip+ 1,35 +m-kg (15)

Therefore, writing (11) in a more compact form and expand-
ing back in time starting from ¢ to the n-th generic 7; with
i =[0,1,...,n], where 79 = t, a system of n + 1 nonlinear
equations is obtained:

ny = mt'zjv;,Bi = htcﬁCa + ltS,B + TTLtCﬁSa
Nr = mﬁi%B,t = hﬁCﬁCa + l"’lsﬁ + mﬁCﬁSOé

=m,, il 5, = hr,CsCa + 17, S5 + myr, C5Sa

(16)
Equation (16) is the generic form of the zero-order ASSE
scheme, based on n + 1 equations.

Ny

n

To the previous equations, an additional one is considered
which corresponds to the constraint that 2y 5 ; is a unit vector,
therefore:

ypatwn =1 (17
Adding this condition and writing (16) in a more compact

matrix form by using the notations n,, = [n¢,nr,..., "0y, ]
T .

and M,, = [m{,mZ, ... .mI ], the nonlinear system of

equations based on the zero-order ASSE scheme is obtained:

(18)

_ aT 0
1= twBttWB,t
n, = MnZWB,t

B. UKF and CF algorithms

The UKF addresses the problem of the reduction in perfor-
mance that can be seen when applying a first-order lineariza-
tion to a non-linear system. Such performance decrease usually
depends on how well the non-linear system is approximated
by the linear one. The UKF solves this issue by using a
deterministic sampling approach instead of linearizing.

As in the EKEF, the state distribution is approximated by a
GRY, but it is now represented using a minimal set of carefully
chosen sample points, which completely capture the true mean
and covariance of the GRV and, when propagated through
the true nonlinear system, capture the posterior mean and
covariance accurately to the third order of the Taylor series ex-
pansion for any nonlinearity. Additionally, the computational
complexity of the UKF maintains the same order as that of
the EKF.

The Unscented Transformation (UT), on which the UKF is
based, is a method for calculating the statistics of a random
variable which undergoes a nonlinear transformation. Consider
the propagation of a random variable x, with dimension L,
through a nonlinear function y = g(x) and assume that x
has mean & and covariance P,. To calculate the statistics of

y we form a matrix x of 2L + 1 sigma vectors Yy;, with
corresponding weights W;:

I
8

X0

Xi

2+ (VL NP

Xi:i—( (L+)\)PZ>_, i=L+1,....2L

_ A (19)
Woo =775

A

=" 1+ (1-a?

W, L+A+( a? + )
1

Wi =Wei = ——v, :1,72L

) ) 2(L+)\) ?

where A = o? (L + k) — L is a scaling parameter, composed
by « and k; the former determines the spread of the sigma
points around & and assumes small positive values, whereas
the latter is a secondary scaling parameter, usually set to 0. The
parameter [3, instead, takes into account the prior knowledge
of the distribution of & and, for Gaussian distributions assumes
the optimal value of 2 [7]. The term ( (L+ /\)Pw). is the
i-th row of the matrix square root. '

These sigma points are propagated through the nonlinear
function:

Vi=9Xi)

and the mean and covariance for y are approximated using the
weighted sample mean and covariance of the posterior sigma
points:

i=0,1,...,2L (20)

Y= Wm,zyz
- 2n
Pyr Y Wi (Vi—9) (Vi—9)"
=0

The UKF implemented in this work uses the pitch and
roll angles, computed from gravity force decomposition, as
the measurements for the filter. The four components of the
quaternion are constrained, since, by definition, the magnitude
of a quaternion must be one. This constraint is implemented in
the filter as an additional measurement equation, treated as a
perfect measurement and integrated into the filter computation.

The system model equations are:

1 = f (g, up) + wi 22)

Y = h(xk) + Ny

where x represents the state vector, consisting of the quater-
nion components, u is the state input, the angular rate, y is
the measurement vector, made of four components: the first
three are the gravity vector components, while the fourth is
equal to 1, as per the quaternion condition. wy ~ N(0, Q)
and ny ~ N(0, Ry) are respectively the process noise and
the measurement noise, both assumed to be zero-mean and
Gaussian.



Since the state vector coincides with the attitude quaternion,
the state update equation is given by:

At

qr+1 = (14- Q) qi (23)

2
where [ is the 4 x 4 identity matrix, At is the simulation time
step, g is the quaternion at time k£ and €2, computed from the
angular rate components, is given by:

0O —p —q —r
0 r —q

_|P
Q= ¢ —r 0 p (24)
r q —p O
Hence, the state equation is:
At
flx) = (I + 2Q> x (25)
The measurement vector is given by:
Pm
z = em (26)
1

where ¢,,, is the measured roll angle and 6,, is the measured
pitch angle. They are obtained from the measured gravity
vector as follows:

Pm = tan™! Iy
9=
9 tan—1 —Y9x COS ©m 27
m = tan” = ————

9=

From Euler angles and quaternion definitions:

—1 2(q091+4293)
sD R g—gita]
0 p = ¢sin”" 2(qogz — q192) (28)

o)t
From accelerometers and GPS measurements, it is possible
to determine the gravity vector. Indicating the acceleration
measured by the accelerometer as ap, the NED velocity and
its derivative measured by the GPS as, respectively, vy gp and
UNED, the indirectly measured gravity vector is computed as:

g=ap+vp+wXuvp 29)

In (29), w is the angular rate and vp and ©p are, respectively,
the body velocity and its derivative:

vp = RyvNED

: : T (30)
vp = Rﬁ {'UNED — [(Rﬁ) w} X 'UNED}

where R% is the rotation matrix from NED reference frame
to BRE. The perfect measurement of the quaternion vector
components is simply expressed by:

1= g +¢ +a¢+as 31)

Therefore, by combining (28) and (31), the measurement
equation, h (z), is given by:

—1 2(z1z2+T374)

1 m%—m%—x%—!—zi

sin” 2(1‘1.2?3 — .13133‘4)
3 4 23 + 2% + 2%

tan

h(z) = (32)

The noise matrices () and Ry are not constant and are
computed as:

Qr = L QLY (33)
Ry = MygMayy. Rog M, M, (34)
where:
—q1 —q2 —gs3
1la -4 ¢
L=~ 35
T g % —Q1 35)
—q2 @1 q0
M,y =
O 9= _ 9y
9;+92 92+g2
—9:Cy 9:925, (95492)9:Co =929y 92 S
92Cp2+g2  (92+92)(92C2+g:) (92+92)(92C2+g2)
(36)
Mmyz:
0 r —q 0 —w w
37
(Iz3xs —[axs —r 0

P w 0 —u
q —-p 0 —v wu 0
and the constant matrices @ and Ry depend on the variances
of the measured quantities (where 03 indicates the variance of
the generic quantity 7):

2 2

Q = diag([o}, 0707]) (38)
R,o =
dfp ( 2 2 2 2 2 2 2 2 2 2 2 2) (39)
1ag [Uaz70'ay70-az’0-'[1,7Ui)’o-u'wo-uvo-vao'w7o'p70-qo'r]

The heading angle is obtained from a CF, which uses the
heading signal derived from the magnetometer (1,,) and the
GPS-derived heading (¥)gps) given by:

(%
Yaps = tan~! <E>

UN

(40)

This fusion permits to achieve a long-term accurate, reliable
and less noisy heading information. In particular, the CF is
implemented with the equation:

2(wos + wi o + s
s2 +2(wos + w3 "

Y= s%aps  (41)

52 + 2Cwos + w§

where ( is the damping ratio of the filter and wy is the natural
frequency.



C. FTI setup

The scheme presented above has been implemented on a
technological demonstrator, assembled in Polytechnic Univer-
sity of Turin, consisting of an FTI unit which encompasses a
number of sensors to provide direct measurements to ASSE
and the attitude estimator. In particular, as shown in Fig. 1 and
Fig. 2, the unit includes:

« MEMS IMU: STIM318 by Sensonor;

o FOG gyroscope: DSP-1760 by KVH Industries;

o Magnetometer: HMR3300 by Honeywell;

o GPS receiver: GNSS OEM receiver C1 by bynav;

o Air data system: Pitot-Static System PSS-8 by Simtec

AG.

Fig. 2: FTI unit, disassembled.

III. RESULTS

The results presented in this section pertain two separate
performance assessments that were carried out regarding the

integration between the attitude estimation algorithm and
the aerodynamic angle estimator ASSE. Firstly, the attitude
estimation algorithm was tested independently from ASSE by
means of a series of tests performed using the FTI unit with
a single-axis motion table at the National Metrology Institute
of Italy (INRiM); these tests were aimed at assessing the es-
timation accuracy around two axes (pitch and roll). Secondly,
the integration between the attitude estimation algorithm and
ASSE has been verified by means of flight simulation data.

The values of all the parameters that were used to perform
the tests hereby presented are reported in TABLE 1.

TABLE I: Values of the parameters for both algorithms

Parameter Value Unit

a 103 [-]

B 2 [-]

K 3 [-]
crg,crg,ag 5-10"7 | (rad/s)?
o [ T | oy
02,052,005 10 (m/s?)

ogm ,ogy ,agz 5.10°° (m/s?)?
¢ 1 [-]
wo 0.4m [-]

A. INRiM tests

At INRiM, four separate tests were performed to assess the
pitch and roll angle estimation capabilities of the presented
algorithm based on UKF and CF. The tests were carried out
by mounting the FTI unit on a single-axis motion table and
commanding a series of rotations around one axis at a time.
The measurements of the FTI unit were then retrieved and
processed with the algorithm. The four tests are the following:

o Test # I: roll rotations from -10° to 10° with steps of 1°;

o Test # 2: roll rotations from -180° to 180° with steps of

20°;

e Test # 3: pitch rotations from -90° to 90° with steps of

20°;

o Test # 4: pitch rotations from -5° to 5° with steps of 1°.
All tests were performed by commanding the desired angle
for around 10 s before commanding the next one. The results
are displayed in Fig. 3a-3d. The plots display, for each
commanded rotation angle, the estimation error (computed
as the difference between the mean estimated value and the
commanded one) and the estimation variance.

It is possible to observe that for both roll and pitch angles,
the mean estimation error varies along the angle range. In
particular, the mean roll estimation error reaches its minimum
absolute value at around 0°, whilst the mean pitch estimation
error minimum is found at around 5°. Both errors remain in
the order of magnitude of 10~! ° and reach their maximum
values at the extremities of the range.

B. Integration tests

In order to evaluate the performance of both algorithms
when they are integrated, a test was performed by means of
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Fig. 3: Test results.

flight simulator data. The flight simulator is a nonlinear six-
degree-of-freedom aircraft model with nonlinear aerodynamic
and thrust models. The simulation is executed with 10 ms fixed
time steps aiming to be coherent with the output rate of the
FTI unit. The test was performed in MATLAB.

The results of the test are shown in Fig. 4-6. The flight
simulation features a commanded elevator doublet and a
commanded rudder doublet, both starting at 10 s and ending at
14 s. It can be seen in Fig. 4 and 5 that the attitude estimation
yields a better performance with respect to the one seen in
the INRIM tests: this is due to the fact that the latter were
performed with real instrumentation, whereas the test hereby
considered pertains to a flight simulation.

The ASSE algorithm, on the other hand, manages to es-
timate the aerodynamic angles with an error in the order of
magnitude of 10! ° for most of the selected time range.

IV. CONCLUSION

This work presents the integration of an attitude estimation
algorithm based on a combination of UKF and CF with a
synthetic air data sensor for the aerodynamic angles called
ASSE. Both algorithms are described in detail. Then, the
results of a series of tests aimed at verifying and assessing
their performance are presented.

The attitude estimation algorithm is tested independently
from ASSE by means of four tests, carried out using a

=
3
S 5L
]
T
> -10 1 | | L
0 50 100 150 200 250
time [s]
?
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a 2 Il I I I
0 50 100 150 200 250
time [s]
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2o *Wﬁ
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AL I Il I I ]
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time [s]

Fig. 4: Integration test - estimated Euler angles versus true
values.

single-axis motion table at INRiM. The data are collected
using an FTI unit comprising a MEMS accelerometer, a FOG
gyroscope, a GPS receiver, a magnetic compass and a Pitot-
static probe. The tests are carried out by commanding a series
of rotation angles spanning the whole range for both pitch
and roll; each angle is commanded for around 10 s before
commanding the next one.

The results show that the algorithm is able to withstand the
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Fig. 6: Integration test - Aerodynamic angles estimation.

sensor noise and provide a maximum estimation error in the

order of 10~1°, for both pitch and roll.

Then, the integration between ASSE and the attitude es-
timation algorithm is assessed by means of flight simulation
data obtained with a nonlinear aircraft model. The attitude
estimation proves to be more accurate than the one observed
during the INRiM tests, as expected. The ASSE algorithm
provides an estimation error in the order of 107!°. The
evaluated performance of both algorithms can be deemed
satisfactory for the scope of the present work, which paves
the way for future developments which include a performance
assessment of the integrated algorithms with flight data.
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