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Degree evolution in a general growing network

Umberto De Ambroggio∗and Hiu Ching Yip†

May 3, 2024

Abstract

We consider the preferential attachment model introduced by Deijfen and Lindholm [9] in which,
at every discrete time step: (i) either we add a vertex and connect it to an older vertex; or (ii) we
add an edge between two random vertices; or (iii) we delete one edge. We show that, when the
deletion probability equals 1/3, the expected degree of any given vertex grows logarithmically, thus
correcting a statement made in [14]. Moreover we show that, when the deletion probability is strictly
less than 1/3, then the function which scales the expected degree of a given vertex, identified in [14],
also guarantees almost sure convergence for the degree process of a given vertex.

1 Introduction

During the last two decades the study of large networks has attracted a tremendous interest; see for
instance [12] for a comprehensive introduction to random graph models for complex networks. It has
been empirically observed that the limiting degree distributions of many real world networks exhibit
power-law degree sequences, meaning that the proportion of vertices with degree k decays like k−τ for
some τ > 0.

One of the most studied models giving rise to networks having power-law degree distributions is the
so-called preferential attachment model, introduced by Barabási and Albert [1] and rigorously studied
by Bollobás and et al. [3]. In the basic version of this model, newly added vertices are more likely to
connect to high-degree vertices, and this behavior is shared by each newborn vertex.

However, from a modeling perspective, this is not always a reasonable assumption and many alterna-
tive models have been proposed to generalize the preferential attachment network in order to incorporate
a wider range of behaviors observed empirically in real world networks. A preferential attachment model
with deletion was studied by Cai and et al. [6] as well as Cooper and et al. [7] In these models, a random
graph is generated by vertex addition and deletion in such a way that a power-law degree distribution is
preserved, even though the overall growth of the vertices degree is slowed down when a high-degree vertex
is selected to be deleted. Another variant of the model was studied [18] and further investigated [2, 10].
In this version, newly added vertices connect to old vertices with a probability that is proportional to a
sub-linear function of their degree. It was shown that the limiting degree distribution does not have a
power-law decay, but instead it exhibits a stretched exponential tail. It was also shown that the limiting
behavior of the vertices degree is dictated by the asymptotics of the sub-linear function characterizing the
connection probabilities. Other alternative models were analyzed in [8, 13, 16, 17]. A thorough review of
all variants of the (classical) preferential attachment model is beyond the scope of this paper and readers
are referred to the books by Durrett [11] and van der Hofstad [12] for a more comprehensive survey; see
also the review paper by Mitzenmacher [15].

In this article we consider the preferential attachment model introduced by Deijfen and Lindholm [9]
and further investigated by Lindholm and Vallier [14]. In this model, at every discrete time step either
we add a vertex and connect it to a vertex already present in the graph, we add an edge between two
random vertices, or we eliminate an edge. The precise formulation of the model is given at the start of
Section 2.
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We show that, when the deletion probability equals 1/3 (critical case), then the expected degree
of a vertex grows logarithmically, thus correcting a statement made in [14] where the authors wrote
that, when the deletion probability equals 1/3, the expected degree of any given vertex is of constant
order. Moreover, we show the almost sure convergence of the properly re-scaled degree process under the
condition that the edge-deletion probability is strictly less than 1/3.

2 Model Specification and Results

Notations Given a random variable X and a distribution function F , we write X ∼ F if X has law
F . Given two sequences (xn)n, (yn)n of (non-negative) real numbers we write xn = o(yn) or xn ≪ yn if
xn/yn → 0 as n → ∞. We write xn ≍ yn if there exist constants C1, C2 such that C1xn ≤ yn ≤ C2xn

for all large enough n, and we write xn ∼ yn if xn/yn → 1. Given real numbers a and b, we set
a ∨ b := max{a, b} and a ∧ b := min{a, b}.

The model that we investigate here produces a graph process (Gt)t∈N such that, for each t ∈ N, both
Vt := |V (Gt)| (the number of vertices in Gt) and Et := |E(Gt)| (the number of edges in Gt) are random.
Given u ∈ V (Gt), we denote by ds(u, t) the degree (at time t) of vertex u born at time s ∈ {1, . . . , t}.
The process starts with G1 consisting of an isolated vertex with a self-loop attached to it and, for ∈ N,
the graph Gt+1 is constructed from Gt using the following procedure:

1. With probability p1 > 0 a new vertex u is added to the graph with an edge attached to it; this edge
is connected to an older vertex v ∈ Gt selected with probability ds(v, t)/2Et.

2. With probability p2, an edge is added between a vertex u chosen with probability ds(u, t)/2Et and
another vertex v selected with probability 1/Vt.

3. With probability p3 := 1 − p1 − p2 an edge e chosen with probability 1/Et is deleted.

If Et = 0, two things can occur at time t + 1: either a new vertex with a self-loop is introduced, or an
edge connecting two distinct vertices selected uniformly at random is added to the graph. The former
event happens with probability p1, the latter with probability 1 − p1. By convention, an edge is always
added at time t + 1 if Et = 0, whence Et+1 = 1 with probability 1.

Deijfen and Lindholm [9] showed that the degree sequence undergoes a phase transition as p3 passes
1/3. Specifically, they showed that if the deletion probability is strictly larger than 1/3, then the degree
distribution of the network looses the power-law behaviour and decays exponentially instead. As shown
by Lindholm and Vallier [14], this value of p3 is also critical for the behaviour of the limiting expected
degree of a given vertex. In particular, in [14] the authors show that, if p3 < 1/3, setting

Gs(t) := (t/s)
1−3p3

2(1−2p3) for t ≥ s ≥ 1, (1)

then E[ds(u, t)] ≍ Gs(t) as t → ∞ (independently of p2), whereas when p3 > 1/3 then limt→∞ E[ds(u, t)] =
γ, where γ = 0 if p2 = 0, otherwise γ is a finite positive constant which depends on p1, p2 and p3. The
main results here correct a statement that was made in [14], in which the authors wrote that when
p3 = 1/3, the expected degree of a given vertex is of constant order.

Proposition 2.1. Let p3 = 1/3, p2 > 0. Then, as t → ∞,

E[ds(u, t)] ∼
t−1∑
k=s

p2
kp1

t−1∏
r=k+1

(
1 − p2

2
3r

2p1

)
≍ log(t/s), (2)

where the constants in the ≍ notation depend on p1 and p2.

We remark that the asymptotic ≍ follows from the observation that
∏t−1

r=k+1

[
1 − p2( 2

3r
2p1)−1

]
≍ 1

(with constants depending on p1 and p2) and
∑t−1

k=s 1/k ∼ log(t/s). Our second result shows that, when
p3 < 1/3 we have convergence of the degree process of a given vertice.
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Proposition 2.2. Let p3 ∈ [0, 1/3) and let Gs(t) be as in equation (1). Then, independently of the value
of p2, ds(u, t)/Gs(t) converges almost surely (as t → ∞) to a non-negative random variable with finite
mean.

Remark 1. We remark that the previous asymptotics stated in Propositions 2.1 and 2.2 are valid whenever
s ≪ t, which is arguably the more relevant range for s.

We note that Proposition 2.2 does not exclude the case of a degenerate limit; proving that the limiting
random variable is (strictly) positive with probability one is not a trivial task. However, a simulation
study shows that indeed the functions displayed in equations (1) and (2) describe the asymptotic behavior
of a vertex degree in both regimes where p3 = 1/3 and p3 < 1/3. The simulation study is provided in
Appendix 1 of the online supplementary materials.

3 Proofs

To prove Propositions 2.1 and 2.2 we make use of a few preliminary results, Lemmas 3.1 and 3.2 as well as
Theorem 3.1. We start by recalling some classical concentration inequalities for the binomial distribution,
as well as Robbins-Sigmund Theorem. For the proof of Lemma 3.1 below, we refer the readers to [4, 12].

Lemma 3.1. Let X be distributed by Bin(n, p). Then, for every t ≥ 0, we have

P(X ≥ E(X) + t) ≤ e−t2/2(E(X)+t/3) and P(X ≤ E(X) − t) ≤ e−t2/2E(X).

Remark 2. It follows from Lemma 3.1 that, if X is distributed by Bin(n, p) and t ≥ 0, then

P(|X − E(X)| ≥ t) ≤ 2 exp
{
−t2/2(E(X) + t/3)

}
.

The next result guarantees the almost sure convergence for sequences of non-negative random variables
which behave almost like supermartingales. For the proof of Theorem 3.1, we refer the readers to [4].

Theorem 3.1 (Robbins-Sigmund Theorem). Let (Vn)n≥1, (βn)n≥1, (γn)n≥1 and (δn)n≥1 be sequences
of random variables taking values in [0,∞) and adapted to some filtration (Fn)n≥1. If E(Vn+1|Fn) ≤
Vn(1 + βn) + γn − δn for all n ≥ 1 then, on the event where both

∑
n≥1 βn and

∑
n≥1 γn are finite, the

sequence (Vn)n≥1 converges almost surely to a finite random variable and moreover
∑

n≥1 δn < ∞ almost
surely.

The next result provides a concentration inequality for Et (the number of edges present in the graph
at time t). We remark that a result of this type was derived in Section 2.2 of [14]; however, our argument
is self-contained as we do not make use of classical results about one-dimensional random walks. We refer
the readers to Appendix 2 of the online supplementary materials for the proof of Lemma 3.2.

Lemma 3.2. Let p3 ∈ (0, 1/2), and let λ = λt be such that C ≤ λ = o(t) as t → ∞, for some finite
constant C > 1. Then there exists a t0 ∈ N such that, for all t ≥ t0, we have

P(|Et − t(1 − 2p3)| > λ) ≤ 3e−
λ2(1−1/C)2

8t . (3)

Remark 3. Note that in the statement of the lemma p3 (the edge deletion probability) is at most 1/2.
This is enough for us because we consider the regimes where p3 = 1/3 or p3 < 1/3.

3.1 Proof of Proposition 2.1

Recall that here p3 = 1/3 and p2 > 0. Define Ft := σ({Gs : 1 ≤ s ≤ t}), (t ∈ N). Recalling the
algorithmic construction of the model provided in Section 2 it is not difficult to see that

E [ds(u, t + 1)|Ft] = ds(u, t)

[
1 +

1 − 3p3 − p2/(Vt − 1)

2Et

]
+

p2
Vt − 1

= ds(u, t)

[
1 − p2

2Et(Vt − 1)

]
+

p2
Vt − 1

. (4)
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Let at > 0 be such that at = o(t), let C > 1 and let λt ≥ C be such that λt = o(t). Define the events
Dt := {|Vt − tp1| ≤ at} and Ht := {Et ≤ t/3 + λt}. (Note that t/3 = t(1 − 2p3) since p3 = 1/3.) Then,
using the fact that ds(u, t + 1) ≤ t, we obtain

E [ds(u, t + 1)|Ft] ≤ E [ds(u, t + 1)|Ft]1Dt∩Ht
+ t1(Dt∩Ht)c . (5)

Observe that on the event Dt ∩Ht we have p2

Vt−1 ≤ p2

tp1−at−1 and, for sufficiently large t,

1 − p2
2Et(Vt − 1)

≤ 1 − p2
2[(t/3 + λt)(tp1 + at)]

≤ 1 − p2
2
3 t

2p1 + ht

,

where ht := 4t(at/3 ∨ 2λtp1). Therefore, we arrive at

E [ds(u, t + 1)|Ft]1Dt∩Ht ≤ ds(u, t)

(
1 − p2

2
3 t

2p1 + ht

)
+

p2
tp1 − at − 1

. (6)

Using the inequality, 1/(1 + y) ≥ 1 − y, which is valid for all y > −1, we obtain

p2
2
3 t

2p1 + ht

≥ p2
2
3 t

2p1

(
1 − ht

2
3 t

2p1

)
=

p2
2
3 t

2p1
− p2ht

4
9 t

4p21
.

Thus, using again the inequality ds(u, t) ≤ t, we see that (6) is at most

ds(u, t)

(
1 − p2

2
3 t

2p1

)
+

p2
tp1 − at − 1

+
p2ht
4
9 t

3p21
.

Summarizing, so far we have shown that

E [ds(u, t + 1)|Ft] ≤ ds(u, t)

(
1 − p2

2
3 t

2p1

)
+

p2
tp1 − at − 1

+
p2ht
4
9 t

3p21
+ t1(Dt∩Ht)c .

Taking expectations on both sides of the above inequality we obtain

E [ds(u, t + 1)] ≤ E [ds(u, t)]

(
1 − p2

2
3 t

2p1

)
+

p2
tp1 − 1 − at

+
p2ht
4
9 t

3p21
+ tP ((Dt ∩Ht)

c) .

Iterating we see that the expected value of ds(u, t) is at most

t−1∏
k=s

(
1 − p2

2
3k

2p1

)
+

t−1∑
k=s

p2
kp1 − 1 − ak

t−1∏
r=k+1

(
1 − p2

2
3r

2p1

)
+

t−1∑
k=s

p2hk
4
9k

3p21
+

t−1∑
k=s

kP ((Dk ∩Hk)c) .

Using Lemma 3.1 we see that P(Dc
k) ≤ 2e−c1

a2
k
k for some finite constant c1 > 0. Also, from Lemma 3.2

we see that, if k ≥ t0, then P(Hc
k) ≤ 3e−c2

λ2
k
k for some finite constant c2 > 0. Therefore, for all t > t0 ∨ s

we see that

t−1∑
k=s

kP ((Dk ∩Hk)c) ≤ C

t−1∑
k=t0

ke−(c1
a2
k
k ∧c2

λ2
k
k )

for some finite positive constant C. Take ak :=
√
k log(kα) and λk :=

√
k log(kβ), where α, β > 0 are

constants chosen in such a way that c1α ∧ c2β > 2 and note that both ak, λk ≪ k. Then, recalling the
definition of hk given prior to (5), we see that

t−1∑
k=s

p2hk
4
9k

3p21
=

t−1∑
k=s

O

(
ak ∨ λk

k2

)
=

t−1∑
k=s

O

(
log1/2(k)

k3/2

)
and

t−1∑
k=t0

ke−(c1
a2
k
k ∧c2

λ2
k
k ) =

t−1∑
k=t0

1

kC
,
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where C := (c1α ∧ c2β) − 1 > 1. Noticing that

p2
kp1 − 1 − ak

=
p2
kp1

(
1 − ak + 1

kp1

)−1

=
p2
kp1

(1 + O(ak/k)) ,

we obtain

t−1∑
k=s

p2
kp1 − 1 − ak

t−1∏
r=k+1

(
1 − p2

2
3r

2p1

)
= O(1)+

t−1∑
k=s

p2
kp1

t−1∏
r=k+1

(
1 − p2

2
3r

2p1

)
+

t−1∑
k=s

O

(
log(k)

k3/2

)
+O(1).

Therefore, since limt→∞
∏t−1

r=s

(
1 − p2

2
3 r

2p1

)
∈ (0,∞), we conclude that

lim sup
t→∞

E[ds(u, t)]∑t−1
k=s

p2

kp1

∏t−1
r=k+1

(
1 − p2

2
3 r

2p1

) ≤ 1.

Very similar calculations yield

lim inf
t→∞

E[ds(u, t)]∑t−1
k=s

p2

kp1

∏t−1
r=k+1

(
1 − p2

2
3 r

2p1

) ≥ 1,

whence the desired result follows.

3.2 Proof of Proposition 2.2

Let at > 0 and λt be as in the previous section. Recall that Dt := {|Vt − tp1| ≤ at}, and define
Ht := {Et ≥ t(1− 2p3)− λt}. Proceeding in the exact same way as we did in the previous section we see
that E [ds(u, t + 1)|Ft] is bounded from above by

1Dt∩Ht
E [ds(u, t + 1)|Ft] + t1Dc

t
+ t1Hc

t
. (7)

The first term from the left in (7) is at most

1Ht

{
ds(u, t)

[
1 +

1 − 3p3 − p2/(tp1 − 1 + a)

2Et

]
+

p2
tp1 − 1 − a

}
. (8)

Recall that p3 < 1/3. Let t0 = min{t ≥ 1 : p3 + p2/3(tp1 − 1 + a) ≤ 1/3}. Then for t ≥ t0 we have that
1 − 3p3 − p2/(tp1 − 1 + a) ≥ 0 and hence, recalling the definition of Ht, we see that the expression in (8)
is bounded from above by

ds(u, t)

[
1 +

1 − 3p3 − p2/(tp1 − 1 + a)

2t(1 − 2p3) − 2λ

]
+

p2
tp1 − 1 − a

.

Thus, setting Lt :=
∏t

h=s

(
1 + 1−3p3−p2/(hp1−1+a)

2h(1−2p3)−2λ

)
we see that, for t ≥ t0 (where t0 is taken so large

that also the condition 1 − (a + 1)/tp1 ≥ 1/2 is satisfied) we obtain

E

[
ds(u, t + 1)

Lt
|Ft

]
≤ ds(u, t)

Lt−1
+ γt, where γt :=

2p2
tp1Lt

+
t

Lt
1Dc

t
+

t

Lt
1Hc

t
.

In order to apply Theorem 3.1 to the sequence (ds(u, t)/Lt−1)t≥t0 we need to show that, almost surely,∑
t≥t0

2p2
tp1Lt

+
∑
t≥t0

t

Lt
1Dc

t
+
∑
t≥t0

t

Lt
1Hc

t
< ∞. (9)

But this is easily done. Indeed, it follows from Lemmas 3.1 and 3.2 that

E

∑
t≥t0

t

Lt
1Dc

t
+
∑
t≥t0

t

Lt
1Hc

t

 ≤
∑
t≥t0

t

Lt
2e

− a2

2tp1+ 2
3
a + 3

∑
t≥t0

t

Lt
e−

λ2
t (1−1/C)2

8t . (10)

The next lemma provides upper and lower bounds to Lt. Its proof can be found in Appendix 2 of the
online supplementary materials.
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Lemma 3.3. There exists f : N × N 7→ R+ with f(s, t) → 0 as s, t → ∞ such that (1 − f(s, t))Gs(t) ≤
Lt ≤ (1 + f(s, t))Gs(t).

Since at = o(t) we see that the term on the right hand side of (10) is at most

C∗s
1−p3

2(1−2p3)

∑
t≥t0

t
1−p3

2(1−2p3) e−
a2
t

3tp1 +
∑
t≥t0

t
1−p3

2(1−2p3) e−
λ2
t (1−1/C)2

8t

 (11)

for all large enough t, where C∗ = C∗
s is a constant which depends on s. Taking a =

√
t log(tα) and

λ =
√
t log(tβ) for appropriately chosen α, β > 0 we see that the two series in (11) converge. Therefore,

almost surely, ∑
t≥t0

t

Lt
1Dc

t
+
∑
t≥t0

t

Lt
1Hc

t
< ∞.

By Lemma 3.3, the series
∑

t≥t0
2p2

tp1Lt
converges since Lt ≍ (t/s)η for some η > 0 (and so tLt ≍ t1+ηs−η).

We conclude that (9) holds true. An application of Theorem 3.1 together with Lemma 3.3 concludes the
proof of the proposition.

Concluding remarks This paper discusses the asymptotic behavior of the (expected) vertex degree in
the preferential attachment model proposed by Deijfen and Lindholm in [9]. In particular, we focus on
the regime where the edge deletion probability is p3 ≤ 1/3 and correct a statement that was previously
made in [14]. We believe that the type of computations used in this work can be used to study other
preferential attachment models incorporating similar attachment rules. In particular, the results of this
paper may also be interesting for future studies on preferential attachment with edge deletion in various
application settings. Indeed, there are many scenarios where preferential attachment with edge deletion
is suitable, for example, the spread of messages on a social network. A general discussion on the applica-
tions of preferential attachment models on real graphs can be found in [12]. It would also be of interest
to make studies on the relation between edge deletion probability and degree dynamics, such as [5], more
rigorous. Another option of interest is to measure the relation between edge deletion probability and
network topological properties, which is similar to the study by [19].

Acknowledgments. Both authors thank Professor Mauro Gasparini for motivating them to finish the
project, as well as the referees for their scrupulous reading and useful suggestions.
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