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ABSTRACT

We present some general results and specific examples on the dependence of the value of the
effective multiplication constant k.g on the fuel distribution in a nuclear reactor. We approach the
problem on a rather general mathematical ground, based on a variational approach which leaves
room to add other required constraints, when needed.
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1. INTRODUCTION

It is a common idea that the infinite multiplication factor k., is ’de facto” an upper bound for the
effective multiplication constant k.g: this because for a physical reactor of finite size the neutron
leakage must be taken into account, thus reducing the ability of the system to sustain the fission
chain. Then k., should describe the inherent multiplication ability of the fuel and moderator
materials (in the core) disregarding leakage associated to geometrical and other physical
properties of the real system. This idea, originally due to Fermi, led to the well known 4 factor
and to the six factor formulae for thermal reactors [1]. Therefore, the possibility that k.g could be
greater than k., with some proper choice of geometrical and physical properties (e.g. isotopic
composition) of the system, is by itself appealing. In this contribution we give some ideas and
results on a slightly more general problem, by posing the following question: which is the most
”convenient” fuel distribution within the nuclear reactor from the point of view of multiplication?
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As the question is posed, it is however too vague and it must be better specified, to give it some
defined mathematical formulation. In practical applications one has to match various physical,
safety and manufacturing constraints, which can reduce the problem to some sort of constrained
optimization scheme, where also other considerations (e.g. costs) should be considered. To obtain
a rather general formulation - even if somehow abstract - we prefer to simply assume as fixed the
geometrical shape and size of the system, leaving its local composition as a free variable.
However, some constraints must be enforced: in particular, the total amount of fuel must be kept
fixed and some upper limit on material densities should be imposed. Other engineering
constraints could also be considered, e.g. the flux peaking ratio should be limited. In this work we
are instead mainly interested in basic theoretical features of the problem and in the investigation
of highly idealized cases in order to gain physical insight and guidance into the analysis of more
realistic cases of practical relevance.

In Sect. 2 we will examine the possibility of a variational formulation of the problem, by
considering a diffusion model. In Section 3 some numerical examples in one group diffusion
theory while in Sect. 4 we will consider some specific examples in the two-group diffusion
model. In both cases we will consider, for simplicity, a one dimensional system.

2. Variational formulation of the problem

A first question to be answered is how k.g can be mathematically upper bounded and, in is the
case, how this bound can be detrmined. We will try to answer this question by considering a slab
reactor confined in the region ¢ € [—a, a] in one group diffusion. It is intuitive, but not obvious, if
the non-multiplicative material is absorbing, to expect that (i) the symmetric reflected
configuration is the most efficient from the point of view of multiplication and (ii) k.¢ increases
by concentrating the whole fuel N in a central region of the system, of decreasing width b
(disregarding the density limitations). Fig. 1 reports the behaviour of the multiplication constant
as a function of the width of the core for different values of the total fuel amount. The results have
been obtained by the analytical solution of the one group diffusion problem. By direct inspection,
the upper bound on kg is suggested to be given by v/, the mean number of neutrons produced per
fission.

The problem is now approached by a variational method. The advantage of a variational
formulation is twofold: it is of immediate understanding and it is easy to add, when necessary,
other constraints, by the use of the Lagrange multiplier method. It is well known [2] that, by
introducing the two functionals

“+a

Qo] = /_+a |:D(x)¢/($)2 + S (2)p(x)?| dx, R[¢] = V/_ Se(x)d(x)dz, (1)

a a
one group eigenvalue diffusion equation is equivalent to the search of a minimum of Q[¢] with the

constraint R[¢] = 1. Here D(x), 3,(x) and X ¢(x) are position dependent functions because we
leave the fuel density as an arbitrary function of x. Dirichlet boundary conditions must be
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included. It is also known that

+a
y / 5 (2) 62 (x) da
k= = —a <v, (2)

+a
Q[ /_ [D(2)¢(x)* + Xa(x)do(2)?] da

where ¢g(z) is the solution of the minimum problem. This confirms our previous guess.

It is worth noticing that usual interface conditions arise naturally within this approach. In fact, let
us suppose that D(z), ¥,(x) and 3 ;(z) are finitely discontinuous at [V internal points x1, ..., Zy
and set o = —a, xny1 = a; then, splitting the integral over the NV 4 1 intervals, the variation
takes the following form:

—a

Tj+1—€

= Z lim {D(x)¢' (2)6¢' (x) + [Za(x) — AZ¢(2)] ¢(2)d(2)} d )

e—0 wjte
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=St [ (D@ @)+ 240 - NS )] ole)  da) da -+

ZTj+1—¢€

+5  lim [D@)gz)'(x)(s(ﬁ(x)}

Tj+e

We remember that d¢(x) must vanish at x = +a and that we are looking for continuous solutions,
so that also d¢(x) must be continuous; then ¢ {Q[¢] — AR[¢]} = 0, if continuity of D(z)¢'(x) is
required at * = x1,...,TnN.

The generalization to a multigroup case is not difficult, but the introduction of the adjoint flux - or
importance - is needed; this physically originates from the fact that neutrons are slowed down in
the diffusion process, a fact that mathematically translates into the non-hermiticity of the
scattering operator, even in the simplest case of non multiplicative media. The inclusion of
neutron production by fission cannot alter - and even reinforces - this fact.

We then introduce a G dimensional vector space to represent the G group fluxes

o(x) = (¢1(2), ..., dc(z))" and we build in a conventional way [3] the diffusion, removal,
scattering and fission matrices: in principle all these matrices depend on position. Diffusion * and
removal matrices are diagonal - Qij = D;o;; and élij = X4, 045 - while the fission matrix is given

by £, = XiV2¢, ;. Scattering matrix elements are given by the group to group transfer cross

“The definition of group diffusion coefficient is not so trivial [4], but this discussion is well beyond the scopes of this contribu-
tion.
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N (arb. units)

N=5

T L L I
0 a/5 2a/5 3a/5 4a/5 a

Figure 1. L.z behaviour as a function of the width b of the core with respect to the physical
dimension of the system a. /N is the total amount of fuel.

sections: éz = s, i«j- It 1s not difficult to prove that, introducing the two functionals

g = [ [6'@ D) @)+ 6w [AW) - 8] (o)) do

—a

“4)

+a

R[¢' 0] = o'(x) F(z) - ¢(x)da,

the conventional diffusion equations for the flux and for the adjoint are obtained by requiring
J (Q R) = 0 for independent variations d¢'(z) and 5¢(). As in the one group case

Dirichlet boundary conditions are to be included. The same argument presented before
concerning material composition with finite discontinuities applies also in this case. Differently
with respect to the one-group case, here the extremum condition does not necessarily implies the
extremum to be a minimum.

2.1. The Ritz method and its advantages for the solution of the problem

To solve the one or multi-group diffusion equations with variable coefficients is a complicated
task that can be solved numerically, for instance, by discretization. However a more convenient
approach is Ritz method: it amounts to recognize that the flux (and the adjoint) can be expanded
in Helmholtz eigenfuntions with proper boundary conditions:

(2n — 1)m
Zc]ncosn—a)quZd]nsm%x &)

n=1 n=1

If the series is truncated at some finite value NV, the extremum condition translates into a finite
dimensional extremum problem that can be solved by a G x 2N homogeneous system: the
approximated k.g value is obtained by requiring the corresponding determinant to vanish, after
that flux and adjoint solutions can be found by solving a G x (2N — 1) system of equations. The
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1/2b

Kett =0.9870

Figure 3. Comparison of the solution obtained by di-
. ) o rect discretization (green dots, only 1/5 of the points are
Figure 2. Functions employed to represent position de- ghown) and the one obtained by Ritz method (see text for
pendence of material composition. details). Here and in the following we represent the flux as
continuous black line, while the fuel distribution as con-

tinuous red line.

remaining multiplicative constant - which is naturally arbitrary - is fixed, for instance, by
normalization (or by the source value for a non-criticality problem). In principle there are two
methods to assess the convergence of the procedure: to check the value of k.4 or of the flux
solution when NV increases. It is intuitive that the second one is more expensive from a
computational point of view, because non only the fundamental eigenvalue is required, but also
the solution of the system for the coefficients {c; ,,d; , }. Naturally we are able to find, by this
method, kg (or flux and adjoint) only for given compositions.

In the following, to represent the spatial dependence of the material composition, we will use a set
of functions of the generic form

K('r07 n, b)
2n ’
T — 2o
1
() -
with K identified by space normalization of f over [—a, a]. These functions, smooth for low

values of n, are good approximations of a gate function centered at x = x of half-width b for
n 2 10, see Fig. 2.

f<x7330,77,,b) - (6)

For simple fuel distributions we expect both the direct discretization of the diffusion equation and
the solution obtained through Ritz method to work well. This is shown in Fig. 3, obtained
dispersing purely fissioning fuel (that is . ; = Y5 ; = 0) in a homogeneous background
characterized by . , = 0.408, X, , = 0.102. X¢(z) = X - f(x,0,15,5/9a). Arbitrary spatial
units are out troughout the paper. Obviously, the value of k.g is determined by the values of > ¢
and a. It is worth emphasizing that to reach the required accuracy (Akeg/keg = 107°) we must
use discretization 230 points, while only 14 trigonometric functions are needed using the Ritz
method.
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However if we play the same game with a more complex fuel distribution, for instance one with 7
evenly distributed fuel pins (see Fig. 4) differences between the methods become manifest. In
both cases we obtain a value k.g = 1.021, but the price to be paid is to use 490 points for the
direct discretization, while only 37 cosines are sufficient to represent the flux. It is worth noticing
that not only the computational burden is clearly higher in the first case - a fact that with modern
computer could also be ignored - but also the precision in the flux determination near the sudden
variations in fuel composition is better represented by the Ritz method.

In fact, the flux is in fact continuous and this is automatically taken into account by using the Ritz
method. On the contrary the direct discretization instead suffers from small instabilities deriving
both from the finite difference representation of the second derivative and from the need to
evaluate eigenvalues and solution of a much larger linear system. We clearly show this effect in
Fig. 5: in this zoom all discretization points can be shown and the numerical instabilities near the
fuel borders are evident.

A final observation about the Ritz method can be useful: contrarily to what could be imagined the
relative error on kg is not always (almost) monotonically decreasing with the order of the
approximation N. We show two typical behaviors in Figs. 6 and 7, referring to a regularly and not
regularly distributed arrays of fuel pins, respectively. This phenomenon typically happens for
regularly spaced fuel pins and it is related to the lattice spacing: only when the relative error
begins to decrease almost monotonically for smaller values of the cosine period, that is, when it is
much lower than the lattice pitch, one can be confident in the goodness of the result. In the
example shown in Fig. 6 the four plateaux clearly visible correspond to ratios of the cosine
periods to the lattice pitch of the order of 1, 1/3, 1/5 and 1/7, respectively.

3. Some one group results

First of all we can confirm hypothesis (i) above, namely that k.g increases when fuel is more
concentrated toward the center of the system; this is shown in Fig. 8, obtained with fuel pins of
width 1, assuming . ;, = 0.5, X; ;, = 0.01 and Xy = 0.735 with spacing between pins 1.5, 1, 0.5
and 0. We use a rather high value of Y., , to emphasize the effect of the reduction of the flux in the

lab.un] o lab.un]

Figure 4. The solution obtained by direct discretization Figure 5. Enlargement of Figure 4, around the sixth
(green dots, only 1/4 of the points are shown) and the one pin. The solution obtained by direct discretization (blue
obtained by Ritz’s method (see text for details) for a more dots, all points are shown) and the one obtained by Ritz’s
complex fuel distribution. method (see text for details).
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Figure 6. Ak.g/keg for a regularly spaced lattice of Figure 7. Ak.g/keg for a not regularly spaced lattice
seven fuel pins.

of seven fuel pins.

gap between fuel pins. In Fig. 9 we show the effect of increasing the scattering cross section in
the background and correspondingly reducing the background absorption (3. ;, = 0.2,

Ys,» = 0.31 and X = 0.735) to preserve the mean free path. Quite obviously, kg strongly
depends on the ratio X /3 .
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Figure 8. The effect on kg for a regularly spaced lattice of seven fuel pins, when fuel is progressively concentrated
toward the center of the system. X, 5 = 0.5, X5 = 0.0l and Xy = 0.735

ket =1.38012 ket =1.47231

ket =1.58855 ket =1.73682

Figure 9. The same as in Figure 8, but with 3., = 0.2, X , = 0.31.
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4. An example: multiplication in a one dimensional reflected reactor in two-group diffusion
theory

We present here a study of the criticality problem for a thermal, symmetrically reflected slab
constituted by an inner fissile region and an outer reflector. We intend to show how the
multiplication factor can be strongly affected by the presence of a reflector characterize by highly
efficient slowing down properties. This effect can be highlighted only if the slowing-down
process is included in the model and thus does not appear if one-group theory is used, while it is
evident in two-group theory.

The cross sections used in the following are generated with Serpent-2 Monte Carlo code [5],
which is also used as a reference in order to verify the physical consistency of the results obtained
with the finite difference two-group diffusion calculation.

This simple reactor physics problem is suitable to show how it is possible to realize systems
characterized by an effective multiplication factor kg that is higher than the infinite
multiplication factor k., of the available fuel. This goal can be reached by a suitable combination
of spatial heterogeneity and material properties. For example, we consider an inner region with
thickness of 80 cm, made of 4% enriched uranium, surrounded on both sides by a heavy water
reflector 60 cm thick. Both the direct Monte Carlo calculation and a two-group diffusion
calculation using the constants generated by Monte Carlo yield a k.g that is higher than the k., of
the fissile material. Of course, this value of the multiplication factor is lower than the
multiplication factor of a an infinite lattice of uranium and heavy water with the same dimensions.
For the finite difference calculation, 25442 equally spaced meshes in the core and 38420 equally
spaced meshes in the reflector are used.

On the other hand, if one takes the same masses of 2>>U,?33U and D,O and mixes them in order to
get a homogeneous system with the same dimensions as the original one (200 cm), the kg of
such system is lower than the k., associated to an infinite system realized with the same mixture.

Table 1. Comparison of multiplication factors for the systems considered, computed via Monte
Carlo and two-group theory. The Monte Carlo results are given in the form: mean value + relative
standard deviation.

Fuel Reflected slab Infinite lattice Homogeneous system
koo keff keff,lat koo mix keff,mix
0.83698 1.03964 1.11389 0.853234  0.833310
Monte Carlo + + + + +
5.8-107° 7.0-107° 6.8-107° 7.0-107° 7.4-107°
Two-group 0.87231 1.05280 1.19115 0.84839  0.82986

This result can be explained quite easily with the two-group diffusion model: when the fuel is
homogeneously distributed in the slab, the neutrons emitted near the vacuum boundaries are lost,
while concentrating the uranium in the inner region, far from the vacuum boundaries, the neutrons
can be scattered back by the reflector, which is also a very good moderating material, very
efficient to slow down fast neutrons to the thermal group. It is worth noticing that, for heavy
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Note
In order a fissile system to achieve the criticality condition, one can act both on material properties and on the geometry shape and size of the system, as evident when looking to the effective multiplication parameter expression for a homogeneous system in two-group diffusion. 
Specifically, equation N states that, to have keff=1, the infinite multiplication factor of a system has to be greater than 1, since, for a finite reactor, the term L2B2 is always strictly positive. This mathematical limit reflects a physical truth: in a homogeneous, finite medium, kinf is the upper bound. This is the reason why natural Uranium cannot be used to feed a reactor, since its kinf parameter is lower than unity. 
In spite of this intrinsic limit, however, the reader would certainly know that CANDU reactors are able to burn non-enriched fuel, thanks to the presence of heavy water as moderating material. This is the idea lying at the basis of heterogeneous reactors: fast neutrons are emitted by fissions in the fuel, they move in the moderator, where they are slowed down, and then, once thermalised, they are more likely to come back to the fuel to do fissions. In such a system, particles are thus transferred from fuel to moderator and then to fuel again. This spatial heterogeneity is responsible of neutron slowing down, which is fundamental in thermal reactors. 
Therefore, it is evident that, in addition to composition and size, also fuel distribution is crucial to achieve criticality: fuel could be mixed homogeneously with a moderator, or a macroscopic interface between the two materials could be realised. 
An evaluation of the keff of the two configurations proposed, presented in table N, clearly shows that it is better to separate the fuel from the moderator. The physical meaning of this result is that, separating the two materials, the particles can penetrate inside the heavy water for a sufficient length to proper thermalise. Once their energy is low enough, they can easily diffuse towards the core, due to the very large thermal diffusion length. 
This peculiarity induces to think that heavy water is not only a very good moderator, but also a great reflecting material, because it is able to slow down particles and to scatter them back to the core. At this point, it is important to remember an important distinction between moderator and reflector: the former is important just in thermal reactors, and, as explained above, it has the role to thermalise neutrons so that they are more suitable for the fission process, the latter has the purpose of reducing particle leakage, therefore it is necessary in each reactor. 
Some materials like D2O, C and Be are good moderators, but also great reflectors: one may think to exploit their properties to induce a thermal current towards the core in order that the fission process is enhanced. This cannot be achieved with water, because of its higher absorption cross section, therefore a good reflector for a thermal reactor should be a good moderator while the viceversa is not necessarily valid.


Note
Il margine fra reattore nudo e reattore riflesso vale circa 39k pcm, quindi la reattivita' inserita dal riflettore e' notevole e si puo pensare ad un sistema inizialmente sottocritico che va in potenza grazie alla presenza del riflettore, di cui si possono variare la proprieta' riflettenti grazie all'uso di boro o acqua leggera da utilizzare per diluire quella pesante.
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Table II. Two-group data adopted to perform the study.

Parameter Uranium Heavy water Mixture
X1 [-] 1 - 1

Xz [-] 0 - 0

Yo [em!]  7.7446-107% 2.82226-107° 1.1869-1072
Yo [em!]  4.1611-1071  3.4593-107°  9.1657- 1072
v [em']  6.7521-107° - 9.0174-1073
v [em']  7.856- 1071 - 1.6986 - 10!
Y19 [em!] 0 9.1851-10"3% 1.0745-10793
D, [cm] 1.6320 1.2617 1.2702
Dy [cm] 0.5676 0.7913 0.90629
Ly [cm] 14.5151 11.7021 9.90535
Ly [cm] 1.1672 116.6418 3.1225

water, the fast diffusion length is much lower than the thermal one, meaning that high energy
neutrons cannot penetrate too much in the reflector without colliding. Thanks to the very low
absorption cross sections of D,0, the particles are mainly moderated. Since in this case the
thermal diffusion length is almost twice the reflector size, the thermalized neutrons diffuse easily
back towards the fuel region. On the other hand, the fuel is featured by an opposite behaviour of
L, Ly is larger than L, hence reflected neutrons are soon absorbed by the fuel. This explains also
the spatial behaviour depicted in fig. 10, where it appears that thermal neutrons cannot penetrate
too deeply in the fuel region. This interesting and peculiar physical phenomenon that may appear
in reflected systems was already observed in the classical book by Weinberg and Wigner [6].

ks = 0.87231, kg = 1.0528

koo = 0.87231, keg = 1.0528

10° e oo \ I
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Figure 10. Two-group flux for a fissile slab surrounded Figure 11. Neutron importances for the system as in

by a heavy water reflector. fig. 10.

In case thermal fissions dominate the multiplication process, the effect of the reflector is crucial in
order to sustain the slowing down of particles outside the core. On the other hand, if a core is
characterized by a certain amount of fast fissions, it would be less sensitive to the presence of a
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Note
Far variare L1 ed L2 a parita' di altre condizioni per verificare come cambi il k_eff del sistema;

Note
Variare lo spessore del riflettore per vedere quale sia lo spessore che rende critico il sistema con k_inf<1 e valutare l'effetto di un riflettore infinito (di cui esiste una formulazione analitica).
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strongly moderating reflector. Therefore, it is important to understand which contribution is
dominating in the multiplication process. The role of the reflector, e.g. the heavy water in the
specific case here analysed, becomes extremely relevant for systems dominated by thermal
fissions. This is even better understood considering Fig. 11 where the two-group adjoint flux is
reported. It is well known that a good reflector will generate a peak of the thermal flux in the
reflector. Here it is shown that, for highly efficient reflectors, symmetrically, a peak of the fast
importance appears also in the reflector.
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In order a fissile system to achieve the criticality condition, one can act both on material properties and
on the geometry shape and size of the system, as evident when looking to the effective multiplication
parameter expression for a homogeneous system in two-group diffusion.

Specifically, equation N states that, to have keff=1, the infinite multiplication factor of a system has to be
greater than 1, since, for a finite reactor, the term L2B2 is always strictly positive. This mathematical
limit reflects a physical truth: in a homogeneous, finite medium, kinf is the upper bound. This is the
reason why natural Uranium cannot be used to feed a reactor, since its kinf parameter is lower than
unity.

In spite of this intrinsic limit, however, the reader would certainly know that CANDU reactors are able to
burn non-enriched fuel, thanks to the presence of heavy water as moderating material. This is the idea
lying at the basis of heterogeneous reactors: fast neutrons are emitted by fissions in the fuel, they move
in the moderator, where they are slowed down, and then, once thermalised, they are more likely to
come back to the fuel to do fissions. In such a system, particles are thus transferred from fuel to
moderator and then to fuel again. This spatial heterogeneity is responsible of neutron slowing down,
which is fundamental in thermal reactors.

Therefore, it is evident that, in addition to composition and size, also fuel distribution is crucial to
achieve criticality: fuel could be mixed homogeneously with a moderator, or a macroscopic interface
between the two materials could be realised.

An evaluation of the keff of the two configurations proposed, presented in table N, clearly shows that it
is better to separate the fuel from the moderator. The physical meaning of this result is that, separating
the two materials, the particles can penetrate inside the heavy water for a sufficient length to proper
thermalise. Once their energy is low enough, they can easily diffuse towards the core, due to the very
large thermal diffusion length.

This peculiarity induces to think that heavy water is not only a very good moderator, but also a great
reflecting material, because it is able to slow down particles and to scatter them back to the core. At this
point, it is important to remember an important distinction between moderator and reflector: the former
is important just in thermal reactors, and, as explained above, it has the role to thermalise neutrons so
that they are more suitable for the fission process, the latter has the purpose of reducing particle
leakage, therefore it is necessary in each reactor.

Some materials like D20, C and Be are good moderators, but also great reflectors: one may think to
exploit their properties to induce a thermal current towards the core in order that the fission process is
enhanced. This cannot be achieved with water, because of its higher absorption cross section,
therefore a good reflector for a thermal reactor should be a good moderator while the viceversa is not
necessarily valid.
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Il margine fra reattore nudo e reattore riflesso vale circa 39k pcm, quindi la reattivita' inserita dal
riflettore e' notevole e si puo pensare ad un sistema inizialmente sottocritico che va in potenza grazie
alla presenza del riflettore, di cui si possono variare la proprieta’ riflettenti grazie all'uso di boro o acqua
leggera da utilizzare per diluire quella pesante.
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Far variare L1 ed L2 a parita’ di altre condizioni per verificare come cambi il k_eff del sistema;
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Variare lo spessore del riflettore per vedere quale sia lo spessore che rende critico il sistema con
k_inf<1 e valutare l'effetto di un riflettore infinito (di cui esiste una formulazione analitica).



