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Abstract

This dissertation investigates hardware-aware Quantum Machine Learning under
Noisy Intermediate-Scale Quantum constraints, addressing the gap between idealized
algorithm design and physical hardware limitations, including decoherence, gate
infidelity, and restricted connectivity. The central claim is that practical progress
depends on co-design between high-level models and low-level control.

First, the dissertation establishes the theoretical foundations of encoding, kernels,
and trainability, then applies them to a neutral-atom Quantum Kernel Estimation
pipeline. On the benchmark used, the proposed quantum kernel reaches a mean
accuracy of 79.8% =+ 8.8% across 30 independent dataset seeds, significantly outper-
forming the classical radial-basis-function baseline (52.8% + 10.2%) with a mean
accuracy gap of 27.0% + 13.4% (paired t-test p-value of 6.33 x 10~12), while high-
lighting the role of geometric connectivity, pulse-level gate synthesis, and hardware
clock quantization.

Second, for superconducting qubit control, the dissertation introduces Adapted
Randomized Benchmarking (ARB) as a statistically rigorous method for both esti-
mating gate-set fidelity and serving as a loss function. A compact neural network is
first pre-trained with a standard MSE loss on simulation data to produce high-fidelity
single-qubit pulse coefficients. The physical parameters of the simulated system are
then deliberately altered, emulating realistic drifts that occur after deployment, such
as changes in anharmonicity. Rather than retraining from scratch, the network is
fine-tuned on the shifted parameters using the ARB fidelity estimate as the loss func-
tion. The fine-tuning procedure restores the fidelity in a statistically rigorous manner,
demonstrating that lightweight on-device recalibration is feasible and confirming the
viability of embedded real-time pulse calibration on resource-constrained platforms
such as FPGAs.



vii

Third, in the photonic domain, a gate-based quantum circuit is shown to repro-
duce with high fidelity the dynamics of a single-photon protective-measurement
experiment. The simulation faithfully captures the Quantum-Zeno-inspired survival-
probability enhancement observed in the laboratory, with the protective configuration
reducing the percentage relative error by approximately 83% with respect to the
non-protective one despite increased circuit depth. This validates the gate-model
decomposition of the spatial translation and provides a tool for designing proto-
col variants or porting the scheme to platforms lacking native continuous-variable

operations.

Overall, the results support a unified roadmap in which platform-specific control,
model design, and measurement strategy jointly improve robustness and prepare the

ground for future large-scale QML validation.
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Chapter 1
Introduction

The transition from classical to quantum computational paradigms represents one of
the most significant shifts in the history of information theory. At the heart of this
evolution lies the promise of exploiting the exponential Hilbert space dimensionality
given by qubits to solve problems previously deemed intractable. Among the various
fields that are most likely to have a revolutionary impact, QML (Quantum Machine
Learning)stands out as a particularly fertile ground for innovation. By integrating
the inductive biases of classical learning with the unique properties of quantum
mechanics, such as superposition, entanglement, and interference, researchers aim to

redefine the boundaries of data processing and pattern recognition.

QML is particularly relevant in the current phase of computational science
because it addresses a dual pressure: on one side, the increasing complexity of
data-driven models and optimization tasks; on the other, the slowing hardware
scaling of conventional architectures. In this context, QML should not be interpreted
as an immediate replacement for classical machine learning, but as a strategic
research direction to identify which model classes may benefit from quantum-native
representations and which hardware-software co-design choices are required to
realize practical gains.

However, the current landscape of quantum computing is defined by the con-
straints of the Noisy Intermediate-Scale Quantum (NISQ) era. As discussed in
Chapter 2, while the theoretical potential for quantum advantage is well-documented,
practical hardware implementation remains vulnerable to environmental decoherence,

high gate error rates, and restricted qubit connectivity. These limitations necessi-



2 Introduction

tate a departure from purely abstract algorithmic design toward a hardware-aware
methodology. This dissertation argues that a demonstrable quantum advantage is
not merely a product of increasing qubit counts, but rather the result of a synergistic

integration between high-level algorithms and low-level hardware control.

The structure of this dissertation follows a logical progression from theoretical
foundations to platform-specific optimizations. After the comprehensive literature
review provided in Chapter 2, the dissertation enters its technical core. In Chapter 3,
we investigate the implementation of Quantum Support Vector Machines (QSVM) on
neutral atom arrays. This platform is selected because its geometric flexibility directly
targets one of the dominant QML bottlenecks, namely entangling connectivity
overhead. By exploiting pulse-level synthesis and geometric optimization, we show
how moving beyond the standard circuit abstraction can improve classification
performance even on small-scale systems.

The focus then shifts toward the control layer in Chapter 4, where we address the
critical challenge of real-time calibration for superconducting qubits. This platform
is selected because superconducting devices currently offer a mature ecosystem for
fast gate operations but remain strongly constrained by calibration overhead and
drift. Developed during a research period at Fermilab, this chapter introduces an
embedded machine learning framework designed to automate the optimization of
control pulses. By deploying neural networks directly on FPGA-based controllers,
we minimize the latency between measurement and correction, providing a scalable

solution for maintaining high-fidelity operations in complex cryogenic environments.

Furthermore, Chapter 5 explores the fundamental dynamics of quantum states
through a high-fidelity simulation of a single-photon laboratory experiment. Al-
though this study diverges from explicit machine learning applications, it provides
essential insights into state preservation and measurement paradigms. Specifically,
we study a protective-measurement regime related to the Quantum Zeno Effect and

show a finite-step survival-probability advantage that is useful in practice.

Taken together, these chapters are intentionally complementary: Chapter 3
addresses representational expressivity under connectivity constraints, Chapter 4
addresses control fidelity and deployment latency, and Chapter 5 addresses measure-
ment robustness and state preservation. This organization clarifies the methodological
choices of the dissertation and frames each contribution as a targeted step toward
practical, hardware-grounded QML.
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To ensure the dissertation remains a self-contained and rigorous reference, three
appendices are included. Appendix A provides the mathematical and logical founda-
tions necessary to follow the derivations presented in Chapter 5. Appendix B offers
a technical overview of the diverse quantum computing technologies that support the
experimental work, ensuring the reader possesses a comprehensive understanding
of the physical constraints discussed. Finally, Appendix C provides an overview of
Neuro-Symbolic Artificial Intelligence. Although this appendix represents a side
research activity conducted during the doctoral program, its inclusion is justified
by the strategic importance of integrating formal logic with statistical learning. As
QML models often struggle with interpretability and "black-box" behaviors, the
methodologies explored in this side research, such as Logic Tensor Networks, offer
a theoretical foundation for future hybrid architectures where quantum advantage

could be combined with human-readable logical constraints.

1.1 Research Questions and Contributions

To make the scope of this dissertation explicit, this section formalizes the main
research questions, the working hypotheses, and the concrete contributions developed

across the chapters.

1.1.1 Research Questions

* How can hardware-aware QML co-design reduce the gap between algorithmic
proposals and the practical constraints of NISQ devices?

* To what extent can neutral-atom geometric flexibility improve QML kernel

methods under entanglement and connectivity constraints?

* Can embedded ML-based control achieve high-fidelity gate synthesis while
reducing calibration latency in superconducting platforms?

* Can protective-measurement strategies provide a practically useful state-
preservation advantage in finite-step regimes relevant to QML workflows?
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1.1.2 Working Hypotheses

* Hardware-aware design choices at pulse, layout, and control levels can improve

practical robustness even when qubit counts remain limited.

* Neutral-atom layouts can reduce connectivity overhead and preserve quantum-

kernel expressivity more effectively than constrained fixed-topology mappings.

e Data-driven quantum control, obtained considering qubit physical proper-
ties during training and deployed on high-speed electronics, can be used to
optimize gate synthesis achieving high-fidelity quantum operations while

mitigating the control bottleneck in superconducting systems.

* In finite operating regimes, QZE-related protective strategies can improve

survival behavior and reduce error indicators.

1.1.3 Thesis Contributions

This dissertation offers four main contributions. First, it provides a unified hardware-
aware QML perspective that connects algorithm design, control engineering, and
measurement strategy under realistic NISQ constraints. Second, it introduces a
neutral-atom QKE workflow based on pulse-level gate synthesis and geometric
optimization, validated on supervised classification benchmarks, along with algo-
rithms for deriving quantum gates for neutral atoms directly from pulse-level control.
Third, it presents an embedded ML framework for superconducting quantum control,
including Adapted Randomized Benchmarking for hardware-oriented adaptation.
Finally, it delivers a high-fidelity photonic simulation study clarifying finite-step

protective behavior and its relevance for robust state preparation and readout.

These elements define the narrative thread of the dissertation: Chapter 2 pro-
vides the conceptual basis, Chapters 3 and 4 test the hypotheses on complementary
hardware axes, and Chapter 5 examines measurement robustness before the final
synthesis in Chapter 6.



Chapter 2

From Classical to Quantum Machine
Learning

2.1 Introduction

The emergence of QML as an interdisciplinary field represents a strategic response to
the escalating computational demands of modern Artificial Intelligence (AI) and the
approaching physical limitations of classical semiconductor hardware. This chapter
provides a systematic analysis of the QML landscape, serving as the theoretical
foundation for the specialized hardware investigations presented in the subsequent
parts of this dissertation. The content of this chapter has been previously published
by the author in [5].

We begin by establishing the fundamental quantum mechanical principles, such
as qubits, superposition, and entanglement, essential for the encoding of classical
data into quantum states. The chapter then examines the structural and efficiency
differences between classical algorithms and their quantum-enhanced counterparts,
covering both discriminative models (e.g., Quantum Support Vector Machines and
Quantum Neural Networks) and generative or clustering approaches (e.g., Quan-
tum K-Means and qCLUE). Furthermore, we provide a critical assessment of the
challenges inherent to the Noisy Intermediate-Scale Quantum (NISQ) era, including
data I/O constraints and the phenomenon of barren plateaus. By mapping the cur-
rent state-of-the-art, this chapter delineates the path from hybrid quantum-classical

models toward the long-term goal of fault-tolerant quantum advantage, and provides
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the necessary context for the hardware-specific optimizations for Neutral Atoms and
Superconducting qubits discussed in Chapters 3 and 4.

2.2 The Convergence of Quantum Computing and

Machine Learning

The rapid advancements in machine learning (ML) have profoundly transformed
numerous sectors, from computer vision to natural language processing. However,
this progress has come with an escalating demand for computational resources.
Modern ML models, particularly large language models (LLMs) with hundreds
of billions of parameters, are extraordinarily compute-intensive, requiring massive

investments in time and hardware that only a few organizations can sustain.

Traditional computing, which has historically driven exponential growth in
transistor density as predicted by Moore’s Law, is now confronting fundamental
physical limits. This saturation restricts further increases in computational power,
leading to bottlenecks in data processing, algorithmic development, and scientific
discovery [6]. In response to these demands, Quantum Computing (QC) has emerged
as a promising new paradigm. QC exploits the principles of quantum mechanics
to process information in ways that are fundamentally unattainable for classical
systems. QML represents the convergence of these two transformative fields, aiming
to leverage quantum principles to enhance the efficiency and capabilities of ML
algorithms [7]. This context positions QML not merely as an academic pursuit, but
as a necessary evolutionary step to sustain the progress of Al, especially for tasks

involving high-dimensional data.

2.2.1 Motivation: Addressing Classical Limitations

The core motivation behind QML is to overcome the inherent constraints of classical
hardware and algorithms, which process information sequentially and often struggle
with the scale of high-dimensional datasets. QML aims to boost efficiency by

harnessing unique quantum properties:

* Superposition and Entanglement: Unlike classical bits limited to binary

states (0 or 1), qubits can exist in multiple states simultaneously and can be
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interconnected through entanglement, regardless of physical separation. This
allows for an inherent parallelism that enables the processing of vast amounts

of data concurrently.

* Quantum Advantage: This concept refers to the potential for quantum sys-
tems to solve problems significantly faster than advanced classical supercom-
puters. We distinguish between theoretical quantum advantage, demonstrating
superpolynomial speedup for an algorithm regardless of current hardware avail-
ability, and practical quantum advantage, which requires both the algorithm
and the physical hardware to achieve a measurable gain on specific problems.

Beyond mere speed, quantum systems are inherently well-suited for identifying
patterns within high-dimensional data that overwhelm classical algorithms. They
can solve problems in fewer computational steps, sample probability distributions
naturally for generative tasks, and compress large datasets into a relatively small
number of qubits [8]. The ability of quantum algorithms to exploit constructive
and destructive interference allows for the amplification of correct solutions while
suppressing incorrect ones, addressing problems that are currently computationally

impractical for classical systems.

2.3 Foundational concepts of Quantum Computing

for Machine Learning

2.3.1 Quantum bits: superposition and entanglement

At the heart of quantum computing lies the quantum bit, or qubit, which fundamen-
tally differs from the classical bit. While a classical bit can only exist in one of
two definite states, i.e. either O or 1, a qubit leverages the principles of quantum
mechanics to exist in a superposition of both 0 and 1 simultaneously. In particular,

the state |y) of a single qubit is represented as

W) =al0)+B1), 2.1)

where o, 8 € C, s.t.|a|? + |B|*> = 1 are called amplitudes and their squared moduli

are called magnitudes. The magnitudes are real numbers representing the probability
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of measuring either of the two bases, and they sum up to 1. The previous equation
follows the bra — ket notation and |y), called ket psi, is a complex linear combination
of the two basis states, |0) and |1), that are orthogonal vectors spanning a complex
2-dimensional Hilbert space. The physical meaning of these two bases depends on
the physical realization of the qubit. For instance, in the case of photonic qubits,
they represent the horizontal and vertical polarization of the photon. Since |y) € C?

belongs to a vector space, it can be represented by means of a column vector, i.e.
1 0 (0]
0) = H 1= H — |y) = al0)+BI1) = H 22

A bra, instead, is simply given by (y| = |w)", which is the Hermitian conjugate
of |y), i.e. a row vector with conjugated entries, so that (y| = [a* [3*} ,and itis
evident that

(wly) =1, (0[1) = (1]0) =0, (2.3)

where the first equation represents the unitarity of |y) and the second one the
orthonormality of the basis vectors. Note that the representation depends on the
particular basis set that is chosen. Any two orthonormal vectors can form a basis,
and a common alternative one is the Hadamard basis, given by |+) = \/ii(|0) +(1))
and |—) = \%(\m —11)). Note that the fact that (y|y) = 1 allows us to write

W) = cos 510) +¢sin 1), 6. (0,7, ¢ [0,27) (2.4)

giving us the Bloch sphere representation in Fig. 2.1.

Note that the Bloch sphere shows |y) in R?, not in C?, and that the vectors |0)
and |1) are not orthogonal on the Bloch sphere.

In case of n qubits, each qubit is represented by
|W>i:ai‘0>i+ﬁi’1>i7 1€ [O,l’l—l], (25)

where it is evident that not only the coefficients but also the bases are distinct for

each qubit. The resulting system is given by

lw) =@ w);, (2.6)
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Fig. 2.1 Bloch sphere representation of a single qubit (Wikimedia Foundation, CC BY-SA
3.0)

where ® represents the tensor product operator. The resulting state belongs to
a complex N = 2"-dimensional space, whose bases are [0) = [0),®---®|0), =
0...00), [1) =|0)y®---®10),_, ®[1), =10...01), ..., [IN—1) =[1))® - ®
|1),, =|1...11), which gives the final equation

N—1
v) =) o)), (2.7)
j=0

where the |j) are the new bases and the w; are the resulting coefficients coming
from the tensor product. The overall state is now represented by a column vector
belonging to CV. It is clear that, starting from an n-dimensional space, we end up in a
2"-dimensional space with a state that is a linear combination of 2" basis states instead
of just one of them. This unique property, called qguantum superposition, allows a
single qubit to represent and process significantly more information than its classical
counterpart. For instance, two qubits can represent four states simultaneously, and
100 qubits can represent approximately 1e30 states concurrently, leading to an

exponential increase in information processing capacity.

When a measurement is made, the superposition collapses, and the qubit settles
into a definite classical state, given by just one of the N bases, i.e. |j), with a certain

probability |@;|%.

Entanglement is a more perplexing quantum phenomenon, where two or more
qubits become intrinsically linked after some operations on them. Their properties

become interconnected in such a way that the state of one qubit instantaneously influ-
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ences the state of the others, regardless of the physical distance separating them. The
result is that measuring a qubit affects the state of the qubits it is entangled with. This
connection allows for complex correlations between qubits, which can be harnessed
for powerful computational tasks that are intractable for classical computers [8]. An
example of a partially entangled state on 3 qubits is |y) = %(]000) +1/001) +{100)):
measuring just the first qubit, if the result is O the state of the remaining two qubits
becomes \%(|00) +101)), whereas if the result is 1 their state collapses to |00). Note
that, given an entangled state on m qubits, it is not possible to obtain it as a tensor
product between the m single-qubit states.

The probabilistic nature of quantum programs, where each possible output has an
associated probability rather than a deterministic O or 1, is a direct consequence of
these quantum mechanical principles. This characteristic fundamentally dictates how
quantum algorithms must be designed and how their results are interpreted. Also,
since it is impossible to know the exact amplitudes of a state if not theoretically, and
it is only possible to estimate the magnitudes by measuring the state multiple times,
quantum computing necessitates the use of multiple samplings to identify the most
likely answer, which can introduce overhead and affect efficiency in practical imple-
mentations. This inherent uncertainty is a core aspect of quantum mechanics that
influences every facet of quantum algorithm design, making concepts like quantum

mean estimation crucial for extracting meaningful information from quantum states

[9].

2.3.2 Quantum gates and circuits

Just as classical computers rely on logic gates (such as AND, OR, and NOT) to ma-
nipulate bits, quantum computers utilize quantum gates to manipulate qubits. These
quantum gates are unitary operations that transform the quantum states of qubits [7].
Unlike classical gates that operate on binary inputs, quantum gates operate on the
principles of linear algebra and matrices, allowing them to process and transform
superpositions of states [10]. Physically, a gate is obtained differently depending on
the particular technology of the qubit. For instance, in the case of superconducting
qubits, gates are obtained by means of electromagnetic waves of varying parameters
acting on qubits, whereas photonic quantum computers utilize beam splitters, phase
shifters, etc. to perform operations on qubits. It is interesting to note that, inde-
pendently of the technology, all gates can be represented mathematically as unitary
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operators U, i.e. such that
Ulu =uu' =1, (2.8)

and, representing U with complex matrices, the T operator is again the Hermitian
conjugate operator, i.e. UT = UT=U".1fUisa single-qubit gate, then U € C>2,
whereas if U acts on m qubits then U € C?"?". After acting on a state |y) with a gate
U, we obtain a new state |y’) = U |y). Detailing the various gates would be out of
scope ([11] is the standard reference about this subject), but it suffices to say that the
most important single-qubit gates in QML are rotation gates, in particular Rx (6x ),
R, (6y) and Rz(6z), that respectively perform a rotation about the X axis by an angle
Ox, the Y axis by an angle Oy, and the Z axis by an angle 6z on the Bloch sphere. On
the other hand, the most important 2-qubit gates are the Controlled-NOT gate CX,
that allows for entanglement, and the SWAP gate, that swaps the state of two qubits.

Quantum algorithms are constructed by arranging sequences of these quantum
gates into quantum circuits. These circuits are designed to perform specific computa-
tional tasks by evolving the initial quantum state through a series of transformations.
A key characteristic that distinguishes quantum circuits from most classical circuits
is their inherent reversibility [10]. This means that the input state of a quantum
operation can, in principle, be recovered from its output, implying that quantum
computations do not lose information. This reversibility is a direct consequence of
the unitary nature of quantum mechanics, since the inverse operation of any gate U
is given by U, and UTU |w) = I|y) = |w). Regarding single-qubit rotation gates in
particular, in general they can be represented as a generic rotation Ui (6) around an
arbitrary axis. If the rotation angles are not fixed, but are parameterized and subject
to optimization, the circuit is called a Variational Quantum Circuit (VQC), with a set
of P parameters 0 = {6y, ...,0p_;} where P is the number of parameterized rotation
gates.

2.3.3 Principles of Quantum Data Encoding and Processing

A pivotal step in the application of QML, particularly for tasks involving classical
data, is the process of encoding that classical information into a quantum computer’s
state. Note that the initial state is always |0...0). Encoding is essential to make the
data accessible for subsequent quantum information processing routines [7]. Various
schemes exist for this purpose, each with its own advantages and limitations. For
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instance, amplitude encoding represents data points as the amplitudes of quantum
states, allowing for the compression of large datasets into a relatively small number of
qubits. In particular, considering a single data point x € RN. Then, given n = log, N
qubits, the point can be encoded as |y(x)) = Y ' x;|i), after normalizing x [12].
The specific choice of encoding scheme is not trivial, as it can significantly impact
the runtime and overall efficiency of the quantum circuit and expressivity of the

QML model [13].

Once the classical data is encoded into quantum states, quantum information
processing routines are applied. The processing stage is designed depending on the
desired task, and a large branch of research in QML is dedicated to finding a way to
design it in an optimal way, since it is the quantum equivalent of a classical algorithm.
Prior to measurement, the whole circuit, comprising the encoding stage, parameter-
ized by x (the input), and the processing stage, parameterized by 6 (the optimized
parameters), can be formulated as a single unitary operation U (x, 6). The final stage
involves reading out the result of the quantum computation, which is achieved by
measuring the quantum system. This measurement process causes the quantum
superposition to collapse into a classical outcome, providing the final answer. The
processes of getting classical data into the quantum computer (the "input problem")
and extracting the quantum results out as classical information (the "output problem")
present significant practical hurdles. Many quantum algorithms rely on Quantum
Random Access Memory (QRAM) for fast data loading, which theoretically allows
for logarithmic time complexity in data access [14]. Yet, QRAM faces substantial
challenges in terms of experimental implementation and demonstrating a genuine
computational advantage when compared to highly parallel classical architectures.
Furthermore, if the data loading or result extraction steps scale polynomially or
exponentially with the size of the dataset, they can effectively negate any theoretical
exponential speedup offered by the quantum computation itself. This means that
the potential quantum advantage in the core computational task might be lost due
to these "ancillary"” classical steps, highlighting that achieving practical quantum
advantage is not solely about the quantum algorithm’s efficiency but also about
the entire workflow, including the efficiency of classical-quantum interfaces. This
remains a significant practical limitation that researchers must actively address for

QML to become truly useful in real-world applications.
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2.4 QML paradigms and algorithms: a comparative

analysis

2.4.1 Overview of quantum-enhanced Machine Learning

QML algorithms are designed to harness the power of quantum computing to solve
complex problems with potentially superior efficiency and effectiveness compared

to their classical counterparts.

In the current landscape, most QML implementations adopt hybrid quantum-
classical strategies. In these models, a classical computer can use the result of the
quantum circuit as an input to perform the easier calculations, leaving the more
critical ones to the QC (like in the case of QSVMs), or it can be responsible for
optimizing the parameters of a quantum circuit (VQCs), ensuring that the quantum
processing segments are kept sufficiently short to mitigate the detrimental effects of
noise inherent in current quantum hardware [15]. This hybrid approach is a prag-
matic solution that allows researchers to leverage the nascent strengths of quantum
computing while relying on the maturity and stability of classical machine learning
techniques, thereby combining the power of both paradigms.

2.4.2 Quantum discriminative learning

Discriminative learning in machine learning focuses on creating models that can
distinguish between different classes or predict continuous values based on input

data. Quantum approaches aim to enhance these capabilities.

Quantum Support Vector Machines (QSVMs)

Support Vector Machines (SVMs) are a cornerstone of classical machine learning,
providing robust classification by identifying an optimal separating hyperplane in
a high-dimensional feature space. However, as the number of training instances or
dimensions grows, the quadratic complexity of classical optimization often becomes
a computational bottleneck [16]. Quantum Support Vector Machines (QSVMs)
address this limitation by leveraging quantum algorithms to compute the kernel

function, which represents the similarity between data points. In the Quantum Kernel
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Estimation (QKE) paradigm, a unitary operation U (x,x/) is designed such that the
overlap between quantum states encodes the kernel matrix entries K; ;. This matrix
is then processed by a classical solver to complete the optimization task, effectively

combining quantum expressivity with classical stability.

The potential of this approach is evidenced by the research presented in Chapter
3, where it is demonstrated that even a 3-qubit system can outperform classical
counterparts on synthetic datasets, achieving a mean accuracy of 79.8% + 8.8%
against the classical RBF baseline of 52.8% =+ 10.2% over 30 independent dataset
seeds. A paired z-test on the per-seed accuracy difference (Y = +27.0%, oy = 13.4%)
yields p = 6.33 x 10~'2 [17]. This finding is particularly relevant as it suggests that
a quantum advantage in expressivity may be reachable before the era of large-scale
fault-tolerant hardware. Nevertheless, the practical deployment of QKE remains
hindered by the constraints of NISQ devices. Noise and decoherence often lead to
kernel concentration, a phenomenon where the entries of the kernel matrix become
exponentially close to a single value, rendering the classifier ineffective. Furthermore,
the high execution times and limited qubit connectivity necessitate rigorous feature
reduction and hardware-specific optimizations. Addressing these challenges through
tailored pulse-level control and geometric optimization, especially on neutral atom
arrays, is a primary focus of the following chapters.

Quantum neural networks (QNNs)

Classical Neural Networks are highly non-linear models that have demonstrated
exceptional capabilities in complex pattern recognition, regression, classification,
and generative tasks. They form the backbone of modern artificial intelligence,

achieving state-of-the-art performance across various domains.

Quantum Neural Networks, instead, employ VQCs consisting of parameterized
gates to emulate the structure and function of classical neural networks [18], and
those parameters are subject to optimization, performed evaluating a cost function at
each run of the circuit with the current parameters. The value of the cost function
is usually obtained as the mean value of a quantum operator chosen in a way that
encodes the cost for that particular task, and it is estimated running the same circuit
multiple times and measuring the qubits to obtain a statistically accurate estimation.
A fundamental distinction arises from the inherent linearity of quantum mechanics:

operators that act on quantum states are always linear. This intrinsic linearity
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presents a significant challenge for QNNs attempting to replicate the crucial non-
linear activation functions that are central to the expressivity and learning capabilities
of classical NNs. To circumvent this, most QNN designs integrate them through the
use of quantum kernels or quantum feature encoding. A common scheme for a VQC
is shown in Fig. 2.2. The processing stage, parameterized by 0, is called the ansatz.

Classical Deep Neural Network Variational Quantum Circuit

Le Input
arnable Parameners Encoding

Vation

Connection g Acti

Fig. 2.2 On the left, a classical NN. On the right, its quantum equivalent. The x; are here
named y;, and the gates connecting two adjacent qubits are the CX gates ([1], CC BY-NC-SA
4.0).

Hybrid Quantum-Classical Architectures

Hybrid Quantum-Classical Convolutional Neural Networks (HQCNNs) represent a
promising integration where classical layers perform feature extraction and a VQC
executes the final classification. While classical CNNss still outperform hybrid models
on standard benchmarks like MNIST, HQCNNs demonstrate superior generaliza-
tion on synthetic quantum datasets, suggesting an inherent advantage in capturing
quantum-like patterns [18]. Recent studies indicate that QNN can be significantly
more resource-efficient than their classical counterparts; for instance, they have been
shown to require approximately 7.5% fewer FLOPs and 42.3% fewer parameters
when scaling to complex problem spaces [18]. This suggests that quantum layers
provide a more compact and expressive representation of high-dimensional data,

even when simulated on classical hardware.

However, the practical deployment of these models remains constrained by train-
ing instabilities. The estimation of gradients in deep quantum circuits is frequently
hampered by the "barren plateau”" phenomenon, where gradients vanish exponen-
tially, rendering optimization ineffective [15]. Moreover, while hybrid models show

a degree of robustness to noise in NISQ environments, the cumulative effect of
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hardware errors and the overhead of data encoding continue to be significant barriers.
Despite these challenges, the ability of QNNSs to naturally manipulate entangled
states positions them as a scalable alternative for modeling complex distributions

that remain computationally intractable for purely classical architectures.

2.4.3 Quantum Unsupervised Learning

Beyond supervised paradigms, quantum computing offers significant advantages
in unsupervised learning, particularly for clustering tasks where discovering latent
structures in high-dimensional data is computationally intensive. Traditional algo-
rithms, such as K-Means, are often constrained by a per-iteration complexity of
O(knd), making them less efficient as the dimensionality d increases [19]. In con-
trast, Quantum K-Means leverages quantum superposition and swap tests to estimate
distances between data points and centroids, effectively reducing the complexity to
O(knlog(d)) quantum operations [20, 21]. This polynomial speedup relative to the
feature space dimension highlights the potential of quantum-enhanced clustering
for processing large-scale datasets that are otherwise bottlenecked by the "curse of
dimensionality" in classical frameworks.

2.4.4 Comparative critical synthesis of the literature

To move beyond descriptive summaries, Table 2.1 contrasts representative QML

directions along two criteria: claimed advantage and main empirical weakness.

Table 2.1 Comparative critical synthesis of representative QML directions in recent literature.

Direction Claimed advantage Main weakness

QSVM /QKE Rich feature maps; poten- | Low-dimensional or synthetic
tial kernel advantage [16, | datasets; limited device validation
17]

QNN /VQC Compact, expressive hy- | Barren plateaus and unstable opti-
brid models [18, 15] mization; ansatz-dependent repro-

ducibility
Quantum cluster- | Asymptotic scaling gains | Benefits reduced by data-loading
ing [20, 21] and readout overheads
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The comparative evidence indicates a recurring pattern: current QML literature
provides convincing proof-of-feasibility, but evidence remains uneven for robust,
reproducible, and scalable superiority over strong classical baselines. This is partic-
ularly visible when studies are compared under consistent metrics (mean =+ standard

deviation), repeated runs, and matched resource budgets.

2.5 Real-World Applications of QML

The transformative potential of QML spans a wide array of industrial and scientific
domains, primarily driven by its ability to navigate high-dimensional data spaces and
optimize complex objectives more efficiently than classical frameworks. In the finan-
cial sector, QML is considered a primary candidate for early adoption, particularly in
portfolio optimization, fraud detection, and risk analysis. The inherent complexity of
multivariate financial environments aligns well with quantum-enhanced optimization
strategies, where specialized tools like PennyLane and Qiskit are already facilitating
the development of dedicated modules [22-24].

Similarly, in healthcare and materials science, quantum neural networks offer
significant advantages for molecular property prediction and drug discovery, as
quantum systems are naturally suited to simulate intricate molecular behaviors
[25, 26]. However, a critical gap persists in this field: much of the current literature
relies on idealized simulations, often overlooking the hardware-specific challenges of
noise characterization and error mitigation that are essential for large-scale empirical
validation [27]. Beyond these core areas, the reach of QML extends to climate
modeling, image recognition, and natural language processing, underscoring its role
as a versatile tool for future data-driven decision-making across diverse scientific
challenges [28, 15].

2.6 Current Challenges and Practical Limitations

Despite the theoretical advantages of QML, its practical implementation is currently
hindered by the constraints of the Noisy Intermediate-Scale Quantum (NISQ) era
[29]. In these devices, qubits are highly susceptible to environmental noise and deco-

herence, which drastically limit the coherence time and, consequently, the maximum
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circuit depth that can be executed before the computational signal is overwhelmed
by errors [30]. Achieving high-fidelity quantum gates remains a primary bottleneck;
while classical machine learning and control theory can be employed to optimize
these operations, as detailed in Chapter 4, the physical constraints of the specific
hardware technology, such as the sparse connectivity of superconducting transmons,
often necessitate a significant overhead of SWAP gates, further aggravating the noise

accumulation.

These hardware limitations directly translate into algorithmic challenges, particu-
larly regarding scalability and data encoding. The process of mapping classical data
into quantum states (e.g., via amplitude encoding) often requires deep subroutines
that are prohibitively expensive for NISQ hardware. Although quantum autoencoders
[31] offer a potential pathway for data compression, the overall computational cost of
evaluating quantum circuits during training remains high. This constraint frequently
limits empirical studies to downsampled or synthetic datasets, highlighting a signifi-
cant gap between current experimental capabilities and the demands of real-world,
large-scale applications. Consequently, the transition toward Fault-Tolerant Quan-
tum Computing (FTQC) and the development of more efficient, platform-specific
architectures, such as the neutral atom arrays discussed in Chapter 3, are essential
to overcome these bottlenecks and realize a demonstrable quantum advantage in

machine learning tasks.

2.6.1 Algorithmic hurdles: barren plateaus and trainability is-

sues

One of the most critical barriers to effectively training quantum models is the barren
plateau phenomenon [32]. This issue arises when the gradient variance of VQCs
dramatically vanishes, or exponentially decreases, as the number of qubits or the
depth of the circuit layers increases. When gradients become infinitesimally small
across the vast parameter landscape, the model receives little to no effective training
signal, rendering gradient-based optimization methods ineffective and preventing
the model from learning. Even in scenarios where barren plateaus are less severe,
VQC:s can still suffer from poor local minima and flat regions in the loss landscape,

which further hinder the learning process. This is not an insurmountable problem
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but an active area of research with diverse, targeted solutions, demonstrating that the

community is directly addressing this algorithmic bottleneck.

The existence of numerous, categorized mitigation strategies indicates that the
field is actively moving beyond simply identifying problems to developing sophisti-
cated solutions. This reflects a maturing research area where algorithmic innovation
is recognized as being just as critical as hardware advancements for making current-

generation quantum computers useful for machine learning.

2.7 Research Gap

Based on the literature synthesis, this dissertation does not aim to close all open QML
issues; it focuses on four specific gaps that are directly addressed in the following

chapters.

* Methodologically aligned comparison for QKE. A recurring limitation is
the lack of controlled, repeatable comparisons between quantum-kernel meth-
ods and strong classical baselines under consistent metrics and experimental
protocols. This dissertation addresses this gap through a unified evaluation
setup for the QSVM study.

» Explicit link between algorithmic gains, hardware constraints, and gate-
level realizability. Reported QML improvements are often detached from
concrete platform constraints (native connectivity, circuit depth limits, control
overhead), and the literature frequently assumes gate availability without
detailing how missing gate primitives are obtained when software libraries
do not provide direct implementations; this is an obstacle when applying
these methods to technologies that are less explored in the literature, such
as neutral atoms, that do not immediately provide gate primitives unlike the
superconducting platforms, that are the usual choice for QML experiments.
This gap is addressed in this dissertation by evaluating QML performance with
hardware-aware criteria and by making the gate-construction pathway explicit

for neutral-atom settings.

* Statistically rigorous validation of data-driven quantum control. Machine-

learning-based approaches to quantum gate synthesis are gaining traction, yet
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the reported fidelity figures seldom come with rigorous statistical backing
such as confidence intervals or systematic error propagation. This dissertation
proposes a complete data-driven pipeline for high-fidelity single-qubit gate
synthesis on superconducting hardware, validated through an Adapted Ran-
domized Benchmarking protocol that provides 95% confidence intervals on
per-gate fidelity via binomial error propagation and Student’s 7-test.

* Measurement-stability evidence for state preservation. The literature still
offers limited hardware-proximate evidence on how protective-measurement
strategies can preserve quantum states during repeated readout interactions.
This gap is here addressed by providing a photonic simulation benchmark
that compares protective and non-protective regimes to quantify finite-step
state-survival benefits relevant to robust NISQ workflows.

In this way, the contribution is framed around the gaps effectively covered by this
work: reproducible QKE-oriented comparison, hardware-grounded interpretation
of results, a clear gate-construction pathway when neutral-atom software stacks
lack direct gate implementations, statistically rigorous validation of data-driven
gate control on superconducting hardware, and measurement-stability evidence for

protective state-preservation mechanisms.

2.8 Summary

This chapter established the theoretical and methodological baseline of the disserta-
tion by defining the core QML paradigms, practical constraints, and research gaps
that matter in the NISQ regime. Its contribution to the overall thesis is to provide the
criteria used later to evaluate whether a hardware-aware strategy is only conceptually

appealing or also operationally viable.

The next chapter (Chapter 3) operationalizes this foundation on neutral-atom
hardware through a full QKE implementation, while Chapter 4 addresses the com-
plementary challenge of statistically validated, data-driven gate control on super-
conducting devices. In this way, the dissertation transitions from framework-level
analysis to platform-specific validation.



Chapter 3

Quantum Kernel Estimation With
Neutral Atoms For Supervised
Classification

3.1 Introduction

As detailed in the previous chapter, QML is an emerging paradigm that seeks to
exploit the fundamental principles of quantum mechanics to achieve computational
advantages over classical learning algorithms. In recent years, significant theoretical
progress has been made in defining the boundaries of this convergence [33-35].
However, at the current stage of technological development, the low number of
available qubits restricts experimental benchmarks to problems of limited scale,
often making direct comparisons with classical counterparts less than definitive. As
noted by Schuld and Killoran [36], research in this era should not focus exclusively
on immediate "speedups" but rather on identifying the structural nuances, similarities,
and unique capabilities of quantum models. Building these foundations is essential

for the future evolution of the field.

3.1.1 Quantum Kernel Estimation and Hilbert Space Mapping

Among the various machine learning architectures, the Support Vector Machine
(SVM) stands out as a primary candidate for quantum enhancement. The most
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computationally demanding phase of the SVM is the calculation of a kernel function,
which corresponds to a feature map of data into a high-dimensional feature space.
When this space is sufficiently complex, the mapping becomes classically intractable.
Quantum systems are naturally suited for this task due to the exponential growth
of their state space with the number of qubits; specifically, the tensor product of N
2-dimensional complex Hilbert spaces .7 = C? results in a 2" -dimensional complex
Hilbert space:

A = (C)N 3.1)

The advantage of Quantum Kernel Estimation (QKE) lies in the ability of the
quantum processor to directly compute the inner products that constitute the kernel
matrix. This allows the classical optimizer to operate on the high-dimensional

mapping without ever needing to explicitly represent the statevectors classically.

3.1.2 The Necessity of Entanglement and the Connectivity Bar-

rier

The efficacy of a quantum feature map is intrinsically linked to the presence of
2-local entangling operations. If a quantum circuit’s evolution could be decomposed
solely into a tensor product of 1-local (single-qubit) operations, the system could
be efficiently simulated on a classical computer. In such a scenario, the global

statevector |¥) would remain separable:

1
W) =X)lgi) (3.2)
i=N

To ensure classical intractability at higher qubit counts, entangling gates (such as the
CX gate) are mandatory. These gates generate states that cannot be expressed as a
tensor product of single-qubit states. For instance, considering a Bell state |®):

1
|¢+>=§(IO>®|0>+|1>®|1>) (3.3)
it can be demonstrated that:

Aa,B,y,6 €C:|@Y) = (a|0)+B 1))@ (7|0) +511)) (3.4)
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(b) Rigetti’s Aspen-4 device graph

N
A A A

(c) IBM’s Tokyo device graph

(d) IBM’s Rochester device graph (e) Google’s Sycamore device graph

Fig. 3.1 Layout of various superconducting quantum processors (source: [2])

While methodologies for implementing these maps exist for superconducting ar-
chitectures [37], they are constrained by fixed physical layouts (see Fig. 3.1 [2]).
As the number of features increases, the requirement for long-range entanglement
necessitates a high density of SWAP gates. This overhead significantly increases

circuit depth, thereby exacerbating the system’s susceptibility to decoherence.

3.1.3 Neutral Atom Computing: A Flexible Paradigm

Neutral atom quantum computers, typically utilizing Rubidium atoms, offer a com-
pelling alternative to superconducting devices. In these platforms, qubits are not
fixed but can be arranged arbitrarily using optical tweezers, subject to specific phys-
ical constraints [38]. This geometric freedom allows for more direct connections
between qubits, effectively reducing circuit depth and mitigating decoherence.

While previous literature has explored QKE on neutral atoms, for instance in the
context of graph-structured data [39], such efforts have largely relied on an analogue
approach where the multi-qubit Hamiltonian is obtained via optimization. In this
chapter, we propose a different, universal paradigm: the direct implementation of
gate-model circuits (specifically those inspired by [37]) on neutral atom hardware.
Taking platforms like Pasqal [38] or QuEra [40] as references, we investigate the

deployment of QKE for general-purpose datasets.
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3.1.4 Chapter Contributions and Organization

This chapter details the transition from low-level pulse control to high-level algorith-

mic execution. The primary contributions include:

* Gate Synthesis from Pulses: We generalize the methods found in [41] to
derive a universal set of 1-qubit and 2-qubit gates starting from fundamental
laser pulses, creating a layer of abstraction for parameterized gate design.

* Geometric Optimization: We discuss the exploitation of neutral atom ar-
rangement for feature mapping, using a 3-qubit configuration as a benchmark

due to the computational limits of current simulators based on QuTiP.

* Empirical QKE Implementation: We present the formalisms for SVM
and QKE, followed by experimental results demonstrating high accuracy on

datasets with low linear separation.

The content of this chapter has been previously published by the author in [17].

3.2 Methodology

3.2.1 Quantum gate design in neutral atom quantum computers

In this subsection, since there are currently no functions that implement gates on
Pasqal quantum computers, a general method for deriving 1-qubit and 2-qubit
gates from pulses is shown, and the algorithms corresponding to the primitives for
obtaining each gate are illustrated. The algorithms shown in this section will be used
in this chapter for converting a gate circuit into a sequence of pulses, as in Fig. 3.2.
When calling a function, if the name of the parameter is not clear from context it is

indicated with the notation parameter <— parameterValue.

Single-qubit gates

It is first shown how to obtain single-qubit gates and then it is derived how to obtain

the CZ and the CX gates, allowing to achieve a universal gate-based toolset.
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Fig. 3.2 The process of converting a gate circuit into a sequence of pulses for a neutral atom
device is achieved using the algorithms presented in this chapter, used for the specific case
of Quantum Kernel Estimation.

An arbitrary single-qubit unitary rotation can be expressed as a Z-X-Z rotation by

means of Euler angles. This makes it possible to represent the rotation as

and the reason for using a Z-X-Z rotation will be evident later, following the approach
presented in [41].

Since )
e s 0
R.(9) = [ l.(»] (3.6)
0 €2
and
0 .0
cos> —isin=
R:(0) = [ } % 92], 3.7
lSlnj COSi

then U is equal to

'3 cos @ iei®7" gin @

_ 2 2
Ur,0.0)= | o2 5, M2 (3.8)

—ie"7 sin§ €7 cos

Up to global phase, i.e. up to a multiplication by a scalar ¢* A € R that doesn’t

make any actual difference on the representation of a quantum state, these equalities
hold:

I R )

R(6)=U(0,6,0). (3.10)



26 Quantum Kernel Estimation With Neutral Atoms For Supervised Classification

The Hadamard gate, represented by its matrix
H— 1|1 1
V2| -]

).

Similarly, the Z gate and the X gate, respectively represented by their Pauli matrices

o[t
Z_O_17
oo

X—107

can both be obtained from U, using Eq. 3.9 and 3.10, as

can be obtained from U as
H=U (E i
272’

ST

oz =R, (m)=U (;Qg) ;

ox =R.(n) =U(0,7,0).

Focusing on Pasqal neutral atom quantum computers, where Rubidium atoms are
used, in [41] it is shown that there are generally two different channels, the Rydberg
channel and the Raman channel. The Raman channel, also referred to as the digital
channel, allows for the discrete manipulation of single qubits, allowing to realize
single-qubit gates. There are two possible states, the ground state |g) and the
hyperfine state |4), respectively corresponding to |0) and |1). A pulse can drive the
transition between these two levels of a qubit by means of the drive Hamiltonian

HP (1) = %(Q(t)cos((p), —Q(t)sin(9),—8(7)) - (ox, oy, 07) (3.11)

or, more compactly,

HP(1) = -Q(t) - o, (3.12)
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where Q(r) is the Rabi frequency, i.e. the amplitude of the signal measured in
rad us~', ¢ is the phase of the pulse and 8(t) = w(t) — %;E”‘, being o(t) is
the frequency of the signal and E,, E), the two energy levels of the qubit. In this
chapter only resonant pulses (6 = 0) of duration 7 and phase ¢ will be considered,
so that Q(r) = (Q(t)cos(¢), —Q()sin(¢),0), generating a rotation along the axis
i(¢) = (cos¢,—sin@,0) of the Bloch sphere, by an angle equal to

T
e:/o Q(1)dt, (3.13)

which corresponds to the following unitary

R;,(0) = cos (g) | —isin (g) (i-0), (3.14)

and this corresponds to

Riy (8) = R.(~0)Ry(0)R.(9). (3.15)

The difference between Eq. 3.15 and Eq. 3.5 lies in the fact that the leftmost
operation in the former is R,(—¢), whereas in the latter it is R,(y). This is irrelevant
if this rotation is performed right before measurement, whereas, if other rotations
are performed later, a phase shift equal to Y+ ¢ has to be added to the channel, so
that the next rotation Ry, (6>) will consider the phase shift, i.e.

Ray, (62) =R:(—92— Y= 9)R(62)R (92 + 7+ 9),

which, after the first rotation, corresponds to

[R:(—¢2 —7— 0)R:(62)R(92)][R:(V)R:(O)R-(9)],

and this process can be reiterated.

As for the amplitude of the pulse €(¢), the Blackman window function is chosen
so that the spectral leakage is minimized. This function, with maximum amplitude A

[rad/us] and in discrete time, is defined as

2 4
Qt)=A <0.42—0.500s <%t) +0.08cos (%)) , (3.16)
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where t = nAt, T = NAt and At is the time step. As Ar — 0, the area under Q(t),
which in turn is the rotation angle 0, can be calculated as

T
6 — / Q(1)dt = 0.42AT,
0

which means that, to get an angle 8 out of a pulse with maximum amplitude A, T

must be equal to
0

T=——.
0.42A
The maximum amplitude A is the maximum output of the driving channel and it

(3.17)

depends both on the chosen device and channel; in this chapter, the Chadog?2 device
was used, with A = 62.83 rad us~!'. A plot of T depending on 6 is shown in Fig.
3.3, with this value of A.

0.05 1 !

0.00 @&

0 [rad]

Fig. 3.3 A plot showing the duration 7" of a pulse corresponding to a single-qubit rotation
U(7,0,¢) depending on 8 on the Chadoq2 device (A = 62.83 rad us™").

The other gates can be obtained subsequently, as shown in the various algorithms
in this chapter.
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Algorithm 1 Uzx,

Parameters: 7, 0, ¢, max, sequence, channel, qubit

channel.target <— qubit

Y < v (mod 27)

0 < 6 (mod 27)

¢ < ¢ (mod 27)

if 6 # 0 then
blackman <— Blackman(max_amplitude <— max, area < 0)
pulse < Pulse(waveform < blackman, detuning < 0, phase < ¢,

post_phase_shift « (y+¢) (mod 27))

9: sequence.add(pulse, channel)

10: else

11: sequence.phase_shift(shift <— y+ ¢, channel, qubit)

12: end if

13: return sequence

A A T ol S

Algorithm 2 Ry

1: Parameters: 0, max, sequence, channel, qubit
2: return Uzxz(0, 6,0, max, sequence, channel, qubit)

Algorithm 3 Rz

1: Parameters: ¢, sequence, channel, qubit
2: sequence.phase_shift(shift <— ¢, channel, qubit)
3: return sequence

Algorithm 4 X

1: Parameters: max, sequence, channel, qubit
2: return Ry (7, max, sequence,channel, qubit)

Algorithm 5 H

1: Parameters: sequence, channel, qubit

2: return Uzxz(5, %, 5, max, sequence, channel, qubit)
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Two-qubit gates

In neutral atom devices, what allows entanglement and, in turn, two-qubit gates, is
the Rydberg blockade, which is not possible considering only the |g) and |h) states;
hence, the Raman channel cannot be used for this purpose. Using the Rydberg
channel, instead, a transition between the ground state |g) and the Rydberg state |r)
can be driven, in addition to the hyperfine state |4), obtaining a 3-level system. In

this configuration, the global Hamiltonian becomes

1

A1) =Y, (HP(:)+Z§3;@,-), (3.18)

n
R6
J<i™tij

where to the drive Hamiltonian of each qubit is added a term that accounts for
the van der Waals forces between each pair of atoms. For the device Chadoq2,
Cdi~! =5008 GHz um®.
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Fig. 3.4 A plot showing the log;q of the value of Q,,,, with respect to the atom distance R
for making the Rydberg blockade possible.

Furthermore, R;; is the distance between the i-th and the j-th atoms, and 7; is the
projector |r) (r|; acting on the i-th atom. When a pulse with § = 0 and maximum
amplitude Q. is driven through the Rydberg channel, the entanglement between
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two atoms at distance R can happen only if

1

C 6

R<<Rb=(m6 ) , (3.19)
max

being R, the Rydberg blockade radius, which corresponds to a constraint on €,
given R. The w — 27 — m sequence proposed in [41] can be used for obtaining a
CZ gate with global phase —1, where the considered states are still |g) = |0) and
|h) = |1), while |r) is used only for implementing the CZ. However, since the CX
gate is needed too, the sequence must be modified. By observing that X = HZH,
i.e. Z ~ X with respect to the Hadamard basis {|+),|—)}, it is sufficient to add a
pulse corresponding to the H gate on the target qubit right before and after the 27
pulse, using the Raman channel. On the Rydberg channel, the constraint on the
maximum £ depending on R is only applied for the 27 pulse. In Fig. 3.4, a plot of
the logarithm base 10 of €,,,, depending on R for obtaining the Rydberg blockade is
shown. A detailed explanation of the Blockade effect can be found in the literature
(see [42], [43], [44]).

Algorithm 6 CX
1: Parameters: sequence, rydbergChannel, ramanChannel, max, maxRyd, con-
trolQubit, targetQubit

_wave < Blackman(max_amplitude <— max, area < )

27w_wave <— Blackman(max_amplitude <— maxRyd, area <— 27)
7_pulse < Pulse(waveform <« m_wave, detuning <— 0, phase < 0)
27_pulse < Pulse(waveform < 27_wave, detuning <— 0, phase < 0)
rydbergChannel.target <— controlQubit

sequence.add(7w_pulse, rydbergChannel)

ramanChannel.target < targetQubit

D A AN s R

sequence <— H(sequence, rydbergChannel, targetQubit)

_
e

rydbergChannel.target <— controlQubit

[y
—

: sequence.add(27_pulse, rydbergChannel)

_
»

sequence <— H(sequence, rydbergChannel, targetQubit)

J—
W

: rydbergChannel.target <— controlQubit

_.
=

sequence.add(7_pulse, rydbergChannel)

—_
W

: return sequence
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3.2.2 Arrangement of neutral atoms

If the chosen device allows to position the atoms in three-dimensional space and
not just on a plane, a lattice could be ideally created where the innermost atoms are
arranged as in Fig. 3.5.

Fig. 3.5 A possible pattern of arranging the neighbors of each atom, if a fixed distance d is
wanted. In 3D space, only 6 neighbors are possible with this constraint.

In particular, assuming that a fixed distance d between atoms is wanted, it is clear
that, considering a cube of length 2d and an atom placed at its center, all of the atoms
that are at the center of each of the 6 faces of the cube will be at distance d from it.
This pattern can be repeated in space, hence creating a lattice of atoms where, inside
of it, each atom is at distance d from its 6 neighbors. If it is not important that the
distance be constant, it can be seen that, building a lattice following the pattern in
Fig. 3.6, the central atom (white) will have a minimum distance of d and a maximum
distance of dv/3 from its neighbors, with the advantage that now it has 26 neighbors
instead of just 6, which allows for direct entanglement between the central qubit
and all the other qubits in that neighborhood without using swap gates, which is a

noticeable reduction considering the fact that, with superconducting devices, a qubit
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can generally be put in direct entanglement with at most 2 other qubits. Naturally, the
minimum distance requirement of the device and the maximum distance according
to the Rydberg blockade radius must be respected. In this chapter, however, a device
that only allows planar arrangement is considered, because as of today there is no
possibility to simulate a device with spatial arrangement, but the same arguments
hold for either scenarios.

Fig. 3.6 Another possible pattern of arranging the neighbors of each atom. A cube of length
2d is considered, and the top face, the bottom face and the face resulting from a central cut
are expanded on the right to show the atom arrangements. The central atom (in white) is at
a minimum distance d and at a maximum distance d+/3 from all its neighbors. With this
pattern, it is possible to have a total of 26 neighbors for each atom.

3.2.3 Support Vector Machines

In supervised binary classification, the objective is to determine whether a given
sample belongs to one class or the other. SVM is a machine learning technique
that consists in finding a separating hyperplane between the samples of the two
distributions.

Formally, each sample with f features can be seen as a vector x € 2~ C R/, paired
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with a label y € % = {41, —1}. The training set is therefore the set of all points |
M ={om,i= (xmisymi) € Q=L XY }icim);
used in the training phase, whereas the test set is
S={ws; € Qticyy

used in the testing phase.

The training step consists in solving the following optimization problem,
min (4lw||? +L§"((w.5))) (3.20)

where Lginge((w, b)) is the average of the hinge loss I""¢((w,b), (x,y)) over all the

samples (xp7,ypr) of the training set, and the hinge loss is defined as

1"8¢ ((w,b), (x,y)) = max (0,1 — y((w,x) + b)) (3.21)

so that the resulting parameters define the linearly separating hyperplane (see
[45] for an in-depth derivation). After this step, a classifier f can be derived such
that f : R/ — % U {0}, where the value 0 can be associated with the label +1.
However, since data is frequently non-linearly separable, a nonlinear function is
applied to data in order to account for nonlinearities, which results in an increased
number of dimensions. This is allowed by means of a mapping ® : 2~ — %,
where .% is a Hilbert space called the feature space. Since the mapping can be
computationally hard to calculate for each sample if .# has a high dimension, the
kernel trick is used. Defining the kernel as a function K : 2" x 2~ — R, where

K(xa,xp) = (P(xa), P(x5)), (3.22)

it is often the case that, given two points, their kernel, i.e. the scalar product of
their feature maps, is much easier to calculate than their respective feature maps

separately. Due to the representer theorem (see [45]), there exists an o such that the

'l ={1,...,n}
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optimal solution of the problem can be written as
M
w' =Y o ®(xy,) (3.23)
i=1

and, introducing Kj; € R™"™ as the training kernel matrix defined as

(Ku)i,j = K(xm,i,xm,5) (3.24)
it can be derived that
(w,y(xumi)) = (Kua); (3.25)
and
w])* = a"Kue, (3.26)

so that the optimization problem is now expressed as
1 m
min ( Ao" Ky +— Y max (0,1 — yi(Kya)i +b) | . (3.27)
o,b mi=

At this point, to classify an instance xg belonging to the test set, it is sufficient to
calculate the quantity

Vs = sign (Z yM’iO!,'K(XS,XMJ) + b) . (3.28)
i=1

It is therefore natural to calculate the test kernel matrix Kg € RS, defined as

(Ks)ij = K(xs,,xm.), (3.29)

to speed up the evaluation of the accuracy on the test set.

3.2.4 Quantum Kernel Estimation

When the kernel is hard to compute classically, a quantum computer can be used

instead, leaving the training part to the classical computer once the kernel is cal-
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culated. In particular, a unitary Ug(x) can be realized such that, starting from the
state [0) = |0...0), it performs the feature mapping of x directly on the quantum
computer, obtaining Ug(x) |0). Following the method presented in [37], given a state
v, the density matrices |y) (y/| are considered instead of their statevector |y), so
that inner products of two different states do not depend on the global phase of their
representation. This is why the kernel is calculated as K(x1,x2) = [ (®(x2)|®(x1)) |*.

This is equivalent to
K(x1,%2) = [ (0] Ug,(x2)Uas(x1) [0) |, (3.30)

which is the square of the probability of measuring all O in the Pauli-Z base after per-
forming Ug, (x2)Us(x1) |0). In other words, the kernel matrix (Kpr); j = K (xp1,i,%m. )
can be estimated by performing many times each U;, (xm,j)Us(xpm,i) |0) and calcu-
lating the square of the counts of 0 measurements. In the same way, Kg can be
estimated. Naturally, the higher the number of runs for each (i, j) couple, the higher
the accuracy of the estimation.

In summary, the optimization problem is finally expressed by substituing in Eq. 3.27
the Ky, that is estimated.

As shown in the previously cited paper, considering the training step and be-
ing |M| the cardinality of the training set, a total number of executions equal to
O(872|M|*) allows to obtain a training kernel matrix Kj, that differs in operator
norm from the true Ky, by at most ||Ky; — Ky ||> < 8.

Finally, the training and the testing steps of the SVM are performed on a classical

computer by using the kernel matrices calculated in the previous step.

3.2.5 Experimental setup

The experiment is performed simulating the Pasqal Chadoq2 device. According to
[46], only planar arrangement of atoms is possible, with a maximum of 100 atoms,
a minimum distance of 4um between each pair and a maximum distance from the
origin equal to 50um. Both the local Rydberg channel and the local Raman channel

share the specifications listed in Table 3.1.

Since only resonant pulses will be used, i.e. with § = 0, the constraint about the
maximum |J| does not interfere with the experiment. It is however worth to notice

that every time a channel changes the target qubit there is a loss of at least 0.22 us.
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Table 3.1 Chadoq?2 local channels specifications

Quantity Value
Maximum 62.83 rad ps—!
Maximum |J| 125.7 rad ps™!
Minimum time between retargets 220 ns
Clock period (Tcik) 4 ns

Additionally, the Chadog2 channels enforce a clock period t: every pulse
duration must be an integer multiple of 7 k. If the ideal duration T obtained from
Eq. (3.17) is not a multiple of 7., it is rounded up to the nearest valid value
T’ = [T /tx| Tk > T. Crucially, this quantization does not alter the rotation angle
0. Given the desired area 0 and the new duration 7", the Blackman waveform is
regenerated with a reduced peak amplitude A’ < A such that the integral fOT/ Q(t)dt
remains exactly equal to 0. In other words, stretching the pulse in time is compen-
sated by lowering its peak, preserving the area and therefore the rotation angle. Since
the peak is only decreased, the hardware constraint Q(¢) < A is never violated.

A register of N = 3 qubits is prepared as in Fig. 3.7, with a minimum distance of
4um and a maximum distance of 4.47 um between atoms.

4 é
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Fig. 3.7 Arrangement of the atoms in this experiment with the Chadoq2 device. The distance
|go — q1] is 4 um, while the distance |go — ¢2| and |q) — ¢2| is 4.47 um

The dataset is generated using Qiskit’s function ad_hoc_data inside the package
giskit_machine_learning.datasets, varying the seed, with a training set size

equal to 20, a test set size equal to 10, 3 features and a gap equal to A = 0.1.
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Since there are two possible classes, the function actually generates a dataset with
m = |M| = 40 training samples and s = |S| = 20 test samples, where half samples

are of one class and half samples are of the other one.

More formally, the dataset is prepared by choosing a unitary V € SU(2%) and f =
Z17Z,73, so that the ground truth labels of each sample are assigned in such a way that,
given a randomly generated sample x € (0,27]>, its label is 1 if (®(x)|VT fV|®(x)) >
A, while if (®(x)|VTfV|®(x)) < —A the label —1 is assigned (the unitary ®(x) is
the same used in the QKE circuit for performing the feature mapping). To give and
idea of the complexity of the separation of the classes, in Fig. 3.8 the ground truth
regions are shown for the frontier of the (0,27]® volume, where red corresponds to
label —1, blue to +1 and white to the separation gap.

Fig. 3.8 The ground truth regions are shown for the frontier of the (0,27]* volume. The blue
regions are the points x such that (®(x)|V' fV|®(x)) > A, whereas the red regions are such
that (®(x)|V ' fV|®(x)) < —A. The separation gap is in white. The function ad_hoc_data
was modified to return a 100 x 100 x 100 uniform grid instead of a 20 x 20 x 20 one when
n = 3, to obtain a clearer visualization. A seed equal to 10000 was used. Inside the volume,
the regions of each section change with continuity.

To perform the feature mapping on the neutral atom device, the circuit generated
by the instruction ZZFeatureMap inside the package qiskit.circuit.library,
with N = 3 features is taken as a reference. In Fig. 3.9 the feature map circuit with 1

repetition is shown.
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Fig. 3.9 The gate circuit that implements the feature map Uy (x) with 1 repetition. The actual
circuit uses a Uy (x) with 2 repetitions, followed by a U, (; (x).

This circuit is parameterized on each possible x.

The actual Ug(x) is obtained with 2 repetitions of the feature map circuit. Fur-
thermore, the circuit needed for performing the QKE is obtained by concatenating
Uj(x) to Ug(x).

By using the methods explained in Section II, a sequence is built for each x; with
Pulser, where each pulse corresponds to a gate. For the estimation of the training
kernel matrix, a total of m? sequences that represent the evolutions &y (i, j) are

obtained, where
V(i € [m],j € [m]), & |0) : (i, ]) = Ug(xar,i)Us(xm1,5) |0) -

For the estimation of the test kernel matrix, instead, a total of sm sequences

representing Eg(i, j) are obtained, where
V(i € [s],j € [m]), &s|0) : (i, j) — Ug(xs.:)Us(xa1,5) |0) -

As an example, the sequence corresponding to &y/(1,1) is shown in Fig. 3.10.

The training kernel matrix entries (Kjs); j are estimated by sampling 1000 times
from the Z measurement distribution out of each sequence &y (i, j) and taking the
square of the frequency of the 0 outcome. Similarly, the testing kernel matrix entries
(Ks)i,j are estimated by sampling 1000 times from the Z measurements distribution
out of each sequence (i, j) and taking the square of the frequency of the O outcome.
Ky € [0,1]™™ and Ky € [0, 1]>™ are then used by a classical computer for training
and testing the SVM algorithm on the dataset, using the Scikit-Learn SVC function

with default parameters and the precomputed kernel matrices. The performance is
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Fig. 3.10 The resulting sequence of pulses corresponding to the QKE circuit (Uy (xU(; (x)).
The channel at the top is the local Raman channel, whereas the channel at the bottom is the
local Rydberg channel. The highlighted numbers indicate the target qubit of each pulse, that
changes at each transition.

compared with the one obtained with a radial basis function kernel as a classical

counterpart.

3.3 Results

The Hadamard, Phase (R;) and CX gates are obtained with pulses using the methods
shown previously. Given Eq. 3.17 with A = Q,ux = 62.83 rad s~ and 6 € (0,2x],
then, growing linearly with the desired 6, it holds T € (0,0.238] ws, which is the
interval of the possible duration of a pulse for single-qubit gates. For the Rydberg
27 pulse, since a conservative blockade radius equal to 10 um is considered, the
corresponding maximum Rabi frequency is Quer = 5.42 rad ps~"! (only for the 27
pulse), corresponding to a duration 7>, = 2.76 us. It was seen that reducing the
considered blockade radius made the CZ pulse more imprecise. The average QKE

sequence on each pair of samples lasts approximately 751s.

After running each sequence &y (i, j) and Es(i, j), the matrices K), and K are
estimated as shown in the previous sections. A heatmap of the estimated matrix
K1, obtained on a dataset generated with the pseudorandom seed equal to 10000, is
shown in Fig. 3.11 to illustrate the values that are obtained. The closer two samples i
and j are in the feature space, the closer the corresponding Ky (i, j) is to 1. Naturally,
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(KM)i,i = 1 since

En(i,)]0) = Ug (xa1.)Us (x1,1) |0) = [0),

and | (0|0) |2 = 1. After training, all of the training samples become support vectors.
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20
25 0.4
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35 0.2
0 10 20 30

0.0

Fig. 3.11 A heatmap of the estimated training kernel matrix, where at row i and column j the
color corresponding to the value Ky (i, j) is found. The diagonal elements are all equal to 1.
A seed equal to 10000 was used

To account for statistical fluctuations depending on different seeds and on sam-

pling noise, the actual experiments are described in the following subsections.

3.3.1 Experiment 1: Multi-seed statistical comparison

A single dataset instance is insufficient for drawing robust conclusions about the
relative performance of the quantum and classical classifiers, since accuracy may
depend on the specific train/test split. To address this, the full QKE pipeline was

repeated across 30 independent dataset instances, generated by varying the pseudo-
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random seed from 10000 to 10029. For each seed, a fresh training set (m = 40, i.e.
20 samples per class) and test set (s = 20, i.e. 10 samples per class) are generated
using ad_hoc_data with N = 3 features and gap A = 0.1. All other experimen-
tal parameters are kept identical: Nghois = 1000 per kernel entry, Chadoq2 device

simulation, r = 2 feature-map repetitions.

For each of the 30 runs, both a QSVM (with the precomputed quantum kernel)
and a classical SVC with radial basis function (RBF) kernel are then trained and
evaluated on the same data split. This paired design ensures that differences in
accuracy are attributable to the kernel type rather than to data variability. All
accuracy values in the following tables are reported as tt + o, where U is the sample

mean and ¢ the sample standard deviation.
The results across 30 runs are summarized in Table 3.2.

Table 3.2 Multi-seed experiment: QSVM vs. classical RBF SVC over 30 dataset seeds

Metric Value
Number of seeds 30

QSVM accuracy 0.7983 £0.0876
RBF accuracy 0.5283+0.1023
Y (QSVM — RBF) | +0.2700+£0.1336
Paired ¢-statistic 11.065
p-value (two-sided) 6.33 x 10712

A two-sided paired Student 7-test on the per-seed accuracy differences y; =
accQsvm,i — accrpr,; yields 1 = 11.065 with p = 6.33 x 1012, rejecting the null
hypothesis Hy: iy = 0 with overwhelming statistical significance (well below the
conventional & = 0.01 threshold). The mean accuracy advantage of +27.00 percent-
age points, with a standard deviation of 13.36 percentage points, is both statistically
significant and practically relevant: across all 30 seeds, the quantum kernel never

underperforms the classical one.

It is worth noting that, because the test set contains s = 20 samples, individual
accuracy values are discrete multiples of 1/20 = 0.05. This discretization does not
affect the validity of the 7-test, since the sample means over 30 runs are continuous
estimators of the true expected accuracy, and the Central Limit Theorem ensures

approximate normality of the mean at this sample size.
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3.3.2 Experiment 2: Sampling noise sensitivity

The kernel entries are estimated via finite measurement shots (Ngpots = 1000), which
introduces sampling noise into the kernel matrices. To quantify the impact of this
noise on classification accuracy, we fixed the dataset seed to 10000 and performed

K = 30 independent samplings for each entry of the kernel matrix.

Concretely, for each pair (i, j), the QuTiP-based emulation of the sequence
E(i,J) is performed once, yielding the exact final state. From this state, K = 30
independent measurement rounds of Ngpos = 1000 shots each are drawn. The k-th

measurement round (k = 1,...,K) provides the entry (i, j) of the k-th kernel matrix.
This procedure is applied to both the training and test sequences, yielding K training
kernel matrices KzE/} ), .- ,KZ&K) and K test kernel matrices K. (1), e ,KéK) . For each

pair (K]g‘) , Kék)), a QSVM is trained and evaluated, producing K accuracy values.
This design isolates the sampling noise from other sources of variability (dataset

generation, gate synthesis).
The results are summarized in Table 3.3.

Table 3.3 Sampling noise analysis: K = 30 repeated kernel samplings on seed = 10000

Metric Value
Dataset seed 10000
Samplings per entry (K) 30

Shots per sampling (Nshots) 1000
QSVM accuracy 0.7617 +0.0409

The QSVM accuracy fluctuates due to the stochastic nature of finite-shot sam-
pling, yielding a standard deviation of o ~ 0.041. This is a relatively small variabil-
ity: the coefficient of variation is ~ 5.4%, confirming that Ngos = 1000 provides a

sufficiently stable kernel estimate for this problem size.

Importantly, even under sampling noise, the QSVM accuracy remains concen-
trated around its mean, with all K = 30 values falling within a narrow band. This
confirms that the finite-shot kernel estimation is reliable enough for classification at

this problem scale.
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3.3.3 Experimental details

All experiments were executed using the Pulser library [41] for pulse-level sequence
construction, QuTiP [47] for full-state emulation, and Scikit-Learn for the SVM
training and evaluation. The dataset was generated using Qiskit’s ad_hoc_data
function from the qiskit_machine_learning package. Table 3.4 summarizes the

key experimental parameters common to both experiments.

Table 3.4 Experimental parameters for both experiments

Parameter Value
Device Chadog? (simulated)
Number of qubits / features (N) 3

Feature map ZZFeatureMap, r = 2 reps
Training samples per class 20 (m = 40 total)
Test samples per class 10 (s = 20 total)
Separation gap (A) 0.1

Shots per kernel entry (Nghots) 1000

Max Rabi frequency (Raman) 62.83 rad ps~!
Blockade radius 10 um
Dataset seeds (Exp. 1) 10000-10029
Fixed seed (Exp. 2) 10000
Kernel repetitions K (Exp. 2) 30

Since each of the 30 runs in Experiment 1 requires the construction and emulation
of m? + sm = 40 + 20 x 40 = 2400 pulse sequences, the total computational cost
is substantial. To make the experiments tractable, the kernel matrix computation
was parallelized across multiple CPU cores using a process-based pool with the
fork multiprocessing context. This choice was dictated by the fact that the QuTiP
ODE solver (ZVODE) is not thread-safe; process-level isolation avoids race conditions
while still exploiting multi-core hardware.

The full source code, including the parallelized kernel evaluator, the statistical
analysis pipeline, and the reproducible experiment notebooks, is publicly available
at [48].
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3.3.4 Discussion

The two experiments above provide complementary evidence. Experiment 1 (Sec-
tion 3.3.1) demonstrates that the quantum kernel advantage is not an artifact of
a particular dataset instance: over 30 independent data splits, the QSVM consis-
tently and significantly outperforms the RBF baseline (p < 10~!!). Experiment 2
(Section 3.3.2) shows that, for a fixed dataset, the finite-shot estimation of the quan-
tum kernel introduces only modest variability (¢ ~ 0.04), insufficient to erode the
accuracy gap.

Despite the very low separation (A = 0.1) on the dataset and the small number of
samples, a high accuracy is reached. The main advantage of the quantum approach is
that, for a high number of features, the classical kernel computation would become
not only less accurate, at least for this particular problem, but also unfeasible, whereas
the quantum one does not have this critical issue. Due to the impossibility of running
the sequences on real hardware, the simulation was restricted to the case of only
N = 3 features because of the computational effort required by QuTiP when the
number of qubits increases. The method presented in this chapter can be used for
any number of features, if the chosen technology allows it, especially if spatial
arrangement is permitted so that it can be fully exploited. Clearly, as the number
of qubits increases, the advantage brought by the neutral atom technology is more
evident, given the fact that much more 1-to-many connections among qubits are

needed.

It is worth noticing that the purpose of quantum feature kernels makes sense
for datasets such as the one used in this experiment, i.e. for data that needs to be
brought into a high-dimensional feature space to be actually separable. Regarding
the specific dataset used in this experiment, it is evident that it was designed to make
a high classification accuracy possible using the classification method illustrated in
this chapter and in [37], and it is just an artificial example for theoretical purposes.
However, it can still be the case that in a real scenario a high-dimensional feature
space could be needed, in which case quantum feature kernels present an exponential
computational advantage over classical kernel computation methods. Future research
should focus on the study of which real scenarios are actually of this kind, since as of
today it is not clear, making quantum feature kernels only potentially advantageous

in purely theoretical cases.
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On a final note, while it is true that neutral atom devices allow for better connec-
tivity, a pulse corresponding to a gate usually takes some microseconds, whereas
on superconducting devices a gate takes a few nanoseconds. Since the duration T
of a pulse is inversely proportional to the maximum channel output of the device,
improving the latter can drastically reduce 7. Furthermore, a sequence such as the
one used in this chapter (Fig. 3.10) takes almost 80 s to run, while, as of today,

Pasqal devices only support sequences that last up to 10 ts due to decoherence.

3.3.5 Scalability analysis: scaling with qubit count

We now derive how the quantum resources of the QKE pipeline scale with the
number of qubits (features) N. The analysis is grounded in the specific gate structure
of the ZZFeatureMap used in this chapter.

Gate count derivation from the ZZFeatureMap

One repetition of the ZZFeatureMap on N qubits consists of two layers:

1. A single-qubit layer: N parameterized R,(x;) rotations, one per qubit. This

contributes N single-qubit gates.

2. An entangling layer: for every pair (i, j) with i < j, a block CX; j—R;(xix;)—

CX; j is applied. The number of such pairs is (];) = N(I\g_l) , and each block
uses exactly 2 CX gates and 1 R, gate. Hence the entangling (CX) and single-
qubit (R;) gate counts per repetition are

N) N(N-1)

GCX(N):2(];]>:N(N—1), G,%jt(zv):(z =——5— (33D

The total single-qubit gate count per repetition (combining both layers) is therefore

N(N—-1) N(N+1
Gio(N) =N+ (2 ) _ (; ). (3.32)
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Since Ugp(x) uses r repetitions and the full QKE circuit is U; (xj)Usp(x;), the total

gate counts per kernel entry are

GEE(N,r)=2r-N(N—1) = O(rN?),
N(N+1)

GEE(N,r) =2r-
10 (N,r) r 3

=rN(N+1)=O(rN?). (3.33)

In this chapter r = 2, giving G%I?E(N, 2)=4N(N—1) and G%{E(NJ) =2N(N+1).

Neutral atoms: routing overhead

For small N, all atoms can be placed within the Rydberg blockade radius of each other,
achieving all-to-all connectivity with zero routing overhead and a total gate count of
O(N?). However, for large N this is no longer possible: each atom has a bounded
number of neighbors within the blockade radius. As discussed in Section 3.2.2, in
the 3D cubic lattice arrangement each atom has at most 26 neighbors, i.e. the degree
is deg = 26. On this regular 3D lattice of side [N!/3], the graph distance between
two atoms scales as O(N 1/ 3). Since a CX between non-adjacent atoms requires
routing via SWAP gates (each decomposing into 3 CX gates), the overhead per pair
is O(N'/3) additional CX gates. Summing over all O(N?) pairs, the total SWAP

overhead on a 3D neutral-atom lattice is
G L (N) = O(N2 -N1/3> — o(N"/3). (3.34)

In conclusion, the all-to-all claim O(N?) with no routing overhead holds strictly only
when N < deg—+1.

Comparison with fixed-connectivity devices

On a linear-chain superconducting device, a CX between non-adjacent qubits i and j
requires routing via SWAP gates. Each SWAP decomposes into 3 CX gates. For a
pair at distance d = |i — j| > 1, at least d — 1 SWAPs are needed to bring the qubits
adjacent, giving 3(d — 1) additional CX gates. On a linear chain of N qubits, the
number of pairs at distance exactly d is (N —d). The total SWAP overhead (in
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additional CX gates) per repetition is therefore

. N—1
Gowap(N) =Y. (N—d)-3(d—1) = O(N?), (3.35)
d=2

since the summand grows as O(d?) over O(N) terms. The total gate count per
repetition is dominated by this SWAP overhead and is therefore O(N?).

On a 2D /N x v/N grid topology, the Manhattan distance between qubits is
on average O(v/N). Routing a single pair therefore requires O(v/N) SWAPs, i.e.
O(v/N) additional CX gates. Summing over all (1;’ ) = O(N?) pairs, the total SWAP
overhead becomes

GRusp(N) = O(N?- VN ) = O(N*/2). (3.36)

In summary, neutral atoms retain a routing advantage over fixed-topology super-
conducting devices due to higher connectivity and, when available, 3D geometry:
O(N7/3) on a 3D lattice versus O(N°/2) on 2D grids and O(N?) on linear chains.

Note that the limited coherence times of current neutral atom devices (on the
order of 10 ts) impose a practical limit on the number of gates that can be executed
before decoherence dominates, and therefore on the maximum N for which the
QKE pipeline can be successfully implemented. This means that scaling QKE
beyond a few qubits requires either faster gate operations, longer coherence times, or

error-mitigation strategies.

3.4 Summary

In this chapter it was shown that, using neutral atom devices, it is not only possible
to work completely with the gate model, but the advantage given by the arbitrary
arrangement of atoms in space can be exploited for optimizing highly entangling
circuits, showing this advantage on the Quantum Kernel Estimation technique that
is traditionally implemented on superconducting devices. A general method for
obtaining single-qubit and multi-qubit gates was formalized, generalizing the tech-
nique proposed in [41], and it was then used for implementing the QKE algorithm

on a neutral atom device. A mean accuracy of 79.8% £ 8.8% with 3 features was
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reached across 30 independent dataset seeds, significantly outperforming a classical
RBF-kernel baseline (52.8% + 10.2%). A paired t-test on the per-seed accuracy
difference (Y = +27.0%, oy = 13.4%) yields p = 6.33 X 10~!2. Additionally, a
sampling noise analysis on a fixed dataset confirmed that the kernel estimation at
Nghots = 1000 is sufficiently stable, with a QSVM accuracy standard deviation of
only ~ 0.04. It was also shown how to geometrically exploit the possibility to
arbitrarily arrange the atoms in space when the number of qubits is high, in order to
maximally reduce the SWAP gates needed for allowing entanglement. This chapter
aims to serve as a reference for future works that either wish to use the gate model
on neutral atom quantum computers for any kind of problem or to further explore the
possibilities that this technology allows in the field of QML, and to provide an object
of discussion and further exploration on the possible utility of quantum computing
for real classification problems.

Within the dissertation narrative, this chapter converts the theoretical framework
of Chapter 2 into a concrete hardware-aware learning pipeline. The next chap-
ter accompanies this contribution by shifting the focus from connectivity-limited

expressivity to low-latency control and calibration in superconducting platforms.



Chapter 4

Machine Learning for Quantum
Control of Superconducting Qubits

4.1 Introduction

Building on the hardware-aware implementation perspective introduced in Chapter
3, this chapter analyzes the complementary challenge of real-time control in super-
conducting systems. The realization of quantum computational advantage hinges on
the ability to execute algorithms with a degree of efficiency that surpasses classical
limits [49]. Among the leading hardware candidates, superconducting transmon
qubits have emerged as a particularly robust platform, offering a viable pathway
toward fault-tolerant architectures [50-52]. However, as these systems scale, they
face a critical "control bottleneck" imposed by the cryogenic environment. Specifi-
cally, the necessity of maintaining qubits at millikelvin temperatures within dilution
refrigerators introduces severe constraints on communication latency and bandwidth
between the quantum processor and the classical control systems located at room

temperature.

This chapter investigates a novel machine learning (ML) framework designed
to overcome these limitations by deploying control logic directly proximate to the
qubits. By utilizing field-programmable logic, such as Field-Programmable Gate
Arrays (FPGAs) and embedded FPGAs (eFPGAs), we can achieve high-performance
hardware acceleration within the restricted power and space budgets of a refrigerator
[53]. While standalone FPGAs offer post-deployment flexibility, eFPGAs integrated
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into System-on-Chips (SoCs) provide a specialized path for reducing power con-
sumption and optimizing the hardware-software interface for real-time quantum

control.

4.1.1 Pulse-Level Control and the Role of Machine Learning

The control of transmon qubits is fundamentally an analog problem, where electro-
magnetic microwave pulses are tailored to drive specific unitary transformations,
represented as rotations on the Bloch sphere. While any arbitrary rotation can be
decomposed into a sequence of Z and X gates, transmon architectures allow for
"virtual" Z rotations simply by shifting the phase of subsequent pulses [54]. Conse-
quently, the primary challenge lies in the synthesis of high-fidelity R,(6) gates.

Traditional methods for pulse synthesis rely on resource-intensive simulations us-
ing tools such as Jugbox, Qiskit Pulse, or QuTiP [55-58]. While accurate, these
solutions are typically executed on external workstations, creating a communication
bottleneck that hinders scalability. Conversely, simpler alternatives like lookup tables
suffer from interpolation errors and lack the flexibility required to adapt to hardware
noise and drift.

To address these shortcomings, we propose a multi-stage ML-based approach
for single-qubit gate synthesis. Our methodology begins with "bootstrapping” a
neural network in a simulated environment, training it to infer optimal B-spline
pulse coefficients based on full statevector information. This approach builds upon
prior research [59] but extends it to address the practicalities of real-world hardware,
where the full quantum state is not directly observable and system parameters, such

as qubit anharmonicity, exhibit instability over thermal cycles.

4.1.2 Fidelity Estimation and Hardware Adaptation

A critical contribution of this chapter is the development of a feedback loop that
allows the ML model to adapt to specific hardware characteristics. Since the fidelity
of a gate is the primary metric for success, we implement an "Adapted Randomized
Benchmarking" (ARB) algorithm, based on the principles of statistical fidelity
estimation [60]. This enables the fine-tuning of gate parameters directly on the

device, accounting for noise sources that are not captured in idealized simulations.
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The techniques presented herein, while demonstrated on transmon-based systems,
are designed with portability in mind. The integration of neural network inference
with programmable logic holds potential for diverse quantum architectures, including
high-fidelity control of superconducting cavities [61, 62], trapped-ion systems [63],
and neutral-atom qubits [17]. Through the exploration of design spaces and resource
requirements, this chapter establishes a framework for efficient, hardware-proximate

quantum control in the NISQ era and beyond.

4.1.3 Prior work

A number of papers can be found in the literature proposing methods to calibrate
quantum gates. For instance, [64] and [65] use variations of Quantum Process To-
mography (QPT); however, the computational complexity of QPT makes it unusable
for a large set of gates to be optimized. In [66], instead, the system is modeled with
a Hamiltonian and the gates are numerically optimized, performing a simulation
of the system. Such a method is certainly useful as a starting point, but cannot be
implemented on its own on a real device, as the actual system is inherently more
complicated than the model and there is no proposed method to adjust to the real
qubits. Our method starts in a similar way using Jugbox for optimizing the gates
during a numerical simulation of the system, but that is only used as a warm-up;
the parameters are then fine-tuned considering physical variations that model the
differences that occur at the passage from the model to the real system. Finally, there
are also papers that apply RB to non-Clifford gates, such as [67], but they do not
provide any statistical backing to the fidelity estimates.

This chapter builds on previous work by some of the authors of [59]. Our primary
extensions here are to adapt the algorithm to use a cost function based on measure-
ments from a real quantum computer. While we use simulated data in this chapter,
we hide unobservable “truth values” (i.e., the wavefunction) from the simulation
and only use the results of projective measurements of quantum states, as with real
quantum hardware. We develop a benchmark for assessing the fidelity of our gate
synthesis algorithm and estimate the training costs in shots on a quantum computer.
The content of this chapter has been previously published by the author in [68].
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4.2 Methods

4.2.1 Data generation: creating quantum control samples with

Jugbox

Quantum control sample generation via Jugbox [55] is a cornerstone of our method-
ology, as it defines the parameters within which we validate our hypotheses. Our
objective was to produce samples comprising a single input angle in the range of
—7 to 7, paired with output pulse coefficients of a predefined size (20 in this case).
The qubit is controlled by a microwave control channel capacitively coupled to the
qubit. we use quadratic B-splines as the basis functions to decompose the envelop of
the microwave control drive with the wave frequency set to be the qubit frequency.
The first/last 10 pulse coefficients are the B-spline coefficients of the real/imaginary
part of the control. In this study, we assume the qubit anharmonicity to be 200 MHz
unless otherwise specified. We set the pulse duration time to be 125 ns and the
maximum pulse amplitude to be 20 MHz for optimal control. To implement the
control pulse with specific hardware, the control pulse has to be converted to the volt-
age level of the control line. The conversion is typically determined by calibrating
the quantum hardware [69, 70]. The calibration’s details are highly specific to the
experimental setup and are outside the scope of this chapter.

The generation of these samples was facilitated through a Jupyter Notebook
script, which in turn invoked several Julia scripts for configuration and generation
using Jugbox. Aiming for a high-fidelity threshold, we achieved a fidelity greater
than 0.9999 (referred to as “four 9s” of Fidelity), signifying an excellent quantum
state overlap. This level of precision, quantified by fidelity, highlights the data’s
precision and the system’s effectiveness in maintaining the desired state.

The Jugbox mathematical model uses a seed value that alters the output pulse
coefficients even when the input angle value remains unchanged. This creates
a challenging dataset for model building due to large variations in outputs for
neighboring input angles. To address this, we generate datasets using 100 seeds,
each containing 4,096 input angles uniformly distributed from — 7 to &, which helps
reduce erratic variation as discussed in the next section. In addition to the general
variation across different seeds, we observed that the pulse coefficients would invert

at around -3.118 when initialized randomly. We addressed this by including a fixed
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Fig. 4.1 Total Variation of Pulse Parameters Over Angle. This overlay plot compares the
original, averaged, and smoothed datasets, highlighting changes in parameter stability across
different processing stages.

positive or negative baseline initial pulse based on the sign of the rotation angle, in
addition to the random initialization in the Julia script responsible for generating
these pulses by optimal pulse control. This fixed baseline serves as an educated
guess to force the optimized pulses to carry the same sign as the baseline. Empirical
analysis determined that approximately 4,096 samples within the —7 to 7 range were
ideal. Excess samples introduced unwanted noise, while too few samples reduced
the model’s ability to generalize.

Data analysis: refining and optimizing quantum control samples

Refining and optimizing data samples is crucial for enhancing the performance and
efficiency of model development. The process began with the organization and
improvement of data generated from the 100 varied seeds, with each one producing

slightly varied outputs.

The uniformity of the data was improved by averaging the outcomes from all
seeds, resulting in a single set of 4,096 samples. This averaging process is performed
across the 100 seeds for each of the 4,096 input angles. Our objective is to mitigate
the noise associated with any particular seed. For each input angle, the averaging

can be expressed as:

St 82+ 83+ 8i100

A;
100

4.1)
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Fig. 4.2 Comparative subplots of output B-spline coefficients 2 to 7 out of 20 coefficients
for X gates, demonstrating parallel trends. The six coefficients shown have similar values
(y-axis) for a given X gate rotation angle (x-axis), and hence they can be replaced by the
average value for data smoothing as explained in the main text.

where A; is the averaged value for the i-th input angle, and s;; represents the value
from the j-th seed for the i-th input angle. This process is repeated for all 4,096
input angles.

This step was critical to eliminate outliers and anomalies inherent in any individ-
ual seed. The data was then smoothed by using a sort of convolution that works by
averaging groups of 50 close samples and using this average for the middle sample.
This method helps the values change gradually instead of suddenly, leading to much
less variation in the data, as shown in Fig. 4.1. We further simplified our data for X
gates by reducing the number of coefficients from 10 to 5. We observed that several
coefficients exhibited minimal variation across different input angles, allowing us
to replace them with their average values without significant loss of information.
Figure 4.2 illustrates this pattern for X gates. Once the data was smoothed in this
manner, it was divided into training, testing, and validation sets for use in subsequent

stages. The script detailing these processes is available for reference.

Through these modifications, the dataset was condensed while maintaining

four nines of fidelity. Despite a negligible decline in overall fidelity of the dataset
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Fig. 4.3 Trace Fidelity comparison between a single seed and after dataset optimizations
over varying input angles.

(< 0.00002), the fidelity for some individual angle measurements actually improved,

particularly in previously worst-case scenarios, as evidenced by Fig. 4.3.

4.2.2 Model training: optimizing for efficiency and fidelity

For our model architecture, we opted for a multi-layer perceptron neural network
due to the relatively straightforward nature of pulse coefficient prediction and its
capability to efficiently translate to hardware. Our Keras-based neural network
model’s training process involves progressive stages. We begin with pre-training
using ‘ground truth’ values from quantum simulations, helping the model recognize
similarities in pulse coefficients. Subsequently, we refine the model by focusing
on quantum state output fidelity, using infidelity (1 - fidelity) as the loss function.
This stage incorporates quantum simulation directly into training but is slower due
to the non-analytical nature of the infidelity loss function. These steps are detailed in
Section 4.2.2.

We then make training quantization-aware (Section 4.2.3), translate the model for
field programmable logic (Section 4.2.4), and fine-tune based on measurement-only

information (Section 4.3.1).
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Fig. 4.4 Tllustration of the smallest Keras model configuration with 33 parameters achieving
four nines of fidelity.

Our focus is on creating a compact, efficient Keras model maintaining four nines
of fidelity. This involves optimizing architecture, activation functions, learning rate,
and loss function. The model is trained and evaluated using separate training and
validation sets.

Pre-training involved 10,000 epochs with a 0.0001 learning rate, using MSE as
the primary loss function. For fine-tuning, we employed an infidelity-based loss func-
tion, introducing controlled perturbations to the model’s weights and recalculating
infidelity. This process, detailed in Section 4.2.2, significantly improved performance
but is considerably slower than MSE training.

Through these optimizations, we reduced model complexity from over 2000
to just 33 adjustable parameters. Fig. 4.4 illustrates the final model. This neural
network model has a single input with a single hidden layer of size 4 and an output
layer of size 5 which is reduced from the 20 pulse coefficients as explained earlier in
Section 4.2.1.

Simulation-based training algorithm

The algorithm is built on a set of functions that are available in our software pack-
age [71]. See Algorithm 7.
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* Function infidelity_loss_parallelized(x, y_preds, y_orig):

— Description: Calls an external quantum simulation to compute infidelities
in parallel.

— Input: x - input data, y_preds - predicted values, y_orig - original values.

— Output: infidelities_y_preds - infidelities of y_preds, infidelities_y_orig
- infidelities of y_orig.

* Function infid_grad(x, model, epsilon):

— Description: Applies a small epsilon perturbation to each weight/bias of
the model and computes the gradients. The gradients are obtained by
calculating the infidelities using infidelity_loss_parallelized, computing
the difference before and after the perturbation, and dividing that by the

perturbation epsilon.

— Input: x - input data, model - trained model, epsilon - small perturbation

value.

— Output: gradients - computed gradients, infidelity_original - original
infidelity.

* Function train_step(x_batch, y_batch):

— Description: Computes gradients and loss for the batch using infid_grad,
updates model trainable variables using optimizer, updates loss metric to

track loss.

— Input: x_batch - batch of input data, y_batch - batch of output data.

4.2.3 Quantization aware training

Quantization-aware training (QAT) is critical in optimizing ML models for ef-
ficient deployment on hardware accelerators. This is particularly true for field-
programmable logic, which is increasingly used in edge computing due to its recon-
figurability, energy efficiency, and ability to perform parallel computations. However,
constrained resources, such as limited memory and computational elements, necessi-

tate deploying carefully tailored models. Thus, the primary motivation behind QAT
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Algorithm 7 Simulation-based training

: Load the best pre-trained model based on an MSE loss over pulse coefficients.
: Initialize the optimizer and loss metric.
: Set up ModelCheckpoint callback with the specified coefficients.
: for epoch in training epochs do

Reset loss metric.

for batch in training set do

Perform train_step with x_batch and y_batch.

end for

Update model checkpoint.
end for

N A A S ey

_
=4

is to reduce the precision of the weights and activations in neural networks from
floating-point to fixed-point representations, thereby decreasing the model size and
computational complexity. By training neural networks to be aware of quantiza-
tion effects, it is possible to significantly mitigate the degradation in performance

typically associated with more traditional techniques like post-training quantization.

In our work, we have adopted QKeras [72], an extension of the popular Keras
library that mimics the behavior of fixed-point arithmetic as part of the training
process. QKeras provides quantized versions of standard Keras layers (e.g., QDense,
QConv2D) where the designer can specify the bit width for weights, biases, and
activations directly in the layer definitions. During training, QKeras simulates the
quantization process: the forward pass computes the layer outputs using quantized
weights and activations, simulating the effects of fixed-point quantization. However,
for the backward pass and weight updates, floating-point precision is typically used
to maintain training stability and performance. Among the QKeras customizable

parameters, we experimented with:

* bits to select the total fixed-point bit width (W) allocated for a layer. Our
experiments indicate that diminishing this value to as low as 16 bits preserves
our model fidelity.

* integer to select the number of bits (/) allocated to the integer portion of the
fixed-point representation. Maintaining a minimum of 5 bits for the integer
part and 11 bits (W —I) for the decimal part did not significantly diminish our
model fidelity.
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* alpha facilitates the simulation of Leaky ReLLU functions. A Leaky ReLU
introduces a nonzero gradient al pha for negative inputs. Introducing this slight
slope for negative values helps keep neurons “alive” by ensuring they can still
learn during the backpropagation process even when their inputs are negative.

In our initial experiments, we adopted a value of 1.

* gnoise_factor determines the extent to which quantization noise is added to
the weights and activations during the forward and backward passes of model
training. The network learns to cope with the noise, leading to potentially
better generalization and accuracy in the quantized model. As the value of
noise increases, more quantization noise is added, simulating a higher degree

of quantization effect. In our current study, we set this parameter to 1.

Finally, it is worth noting that we did not retrain the model from scratch in
QKeras. Instead, we transferred the weights from the previously trained Keras
model to the quantized QKeras model and then additionally ran quantization-aware
training. This method ensured the model’s fidelity while transitioning to a quantized

representation.

4.2.4 Hardware translation: from quantized model to FPGA
deployment

We adopted hls4ml, a Python open-source framework [73, 74], to co-design and
translate our ML models into a hardware implementation while studying model
accuracy, resource utilization, and inference latency. The h1s4ml workflow begins
with a floating-point model from a conventional ML framework, such as TensorFlow
or PyTorch, or a quantized model from QKeras. Then, it translates the model into
a C++ specification for the high-level synthesis (HLS) flow. HLS generates a
hardware description at the register-transfer level for a more traditional synthesis
and implementation flow targeting programmable logic as deployment hardware.
Designers can leverage hls4ml to make quick design explorations by configuring
the hardware implementation parallelism [75] and, thanks to the integration with
QKeras, by also evaluating the impact of low-bit precision on model performance

before finalizing the hardware implementation.
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We iteratively translated the QKeras model into an HLS/C++ specification and
hardware implementation to evaluate the resource utilization and model fidelity. In
particular, we tuned the reuse factor parameter in h1s4ml, which impacts paral-
lelism, resource utilization, and performance. In our experience, a reuse factor of
20 has shown a good compromise in resource utilization. Moreover, we adjusted
the accumulators’ bit accuracy for each layer in fixed-point arithmetic. It is worth
noting that QKeras does not provide the fine-tuning necessary for optimal hardware
implementation. We observed a minimum bit width of around 22 to avoid perfor-
mance degradation. At this point, h1s4ml automatically translates the ML model
into an HLS/C++ specification that can be simulated for fidelity assessment. This
verification step is crucial for confirming that the translation has been successful and

that the model specification is ready for the hardware implementation.

We leveraged graphical tools provided by the hls4ml framework to ensure
translation correctness. For example, we use identity-line plots to compare the layer
outputs. In such a plot, the diagonal line (the line of identity) represents perfect
agreement between QKeras and HLS/C++ implementations. Points sitting precisely
on the diagonal indicate that for every input of the layers, both implementations
produce the same outputs. The goal is for all points to lie as close to the diagonal
as possible, indicating that the two-layer implementations produce nearly identical
results. Deviations from the diagonal suggest discrepancies between the outputs of

the two systems and should be carefully analyzed.

We ran HLS and implementation targeting FlexLogix eFPGA, a reconfigurable
fabric that offers efficient and flexible hardware acceleration solutions [76]. The
results of our implementation showed a resource utilization of 693 LUTs, 709 FFs,
and 2 DSPs, with a latency of 420ns. The resource utilization is minimal even for

the smallest configuration of FlexLogix eFPGAs.

4.2.5 Adapted Randomized Benchmarking (ARB)

The standard approach for estimating quantum gate fidelity in the literature is Ran-
domized Benchmarking (RB), which applies to Clifford gates. Here we provide an
adapted algorithm for non-Clifford gates, updating the ideas behind RB, and provide

a method for computing confidence intervals for the fidelity.
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Assuming that only R,(0) gates are to be tested, let & be the set of angles that we
want to test and |¢| its cardinality. For each angle 6;, the corresponding imperfect

gate is R, (6;). Before starting the algorithm, there are two required steps:

* Preliminary step 1: Choose a set of sequence lengths M = {m,...,mys}. Each
sequence length defines the number of gates that are consecutively applied
to the initial state, where the last gate will be the inverse of the sum of
the previous gates. The denser M is the better the estimation will be. We
empirically observed 2 to 100 is a reasonable range.

* Preliminary step 2: Choose K random sequences. Each k™ sequence will be
m gates long, depending on the current sequence length m. The first m — 1
gates are uniformly sampled (possibly with repetition) from the set to be tested.
For each new sequence, a new sampling is performed, resulting in (typically)
unique sequences. We empirically observed a K on the order of hundreds to
be performant.

With the preliminaries complete the Adapted Randomized Benchmarking algo-
rithm for non-Clifford gates is Algorithm 8. Although a formal relation between
gate fidelity and the metric estimated by ARB is not established, we will show
numerically that the estimation successfully characterizes the error in rotation angles

and can be used as the cost function to train a neural network to correct the error.

Testing ARB with direct unitaries

As an initial demonstration, consider a set of perturbed gates without an underlying
physical simulation. Here, the interval [—, 7] is divided in 1,000 angles and each
angle 6; is perturbed by adding noise term drawn from a Gaussian distribution,
0, =6,+.+ (0,0). We perform ARB by doing a sequence of rotations using these
perturbed angles, but we modify the procedure and set the final rotation as the
inverse formed from the sum of the exact angles instead the noisy angles. While
ARB shouldn’t use exact gates, here it is necessary because if we use the sum of
the perturbed angles for the inverse, we would obtain exactly the initial state. An
alternative would have been to use the sum of the same angles and add another

Gaussian noise perturbation.



4.2 Methods 63

Algorithm 8 Adapted Randomized Benchmarking for non-Clifford gates

1

10:
11:

12:

13:

for m € M do
forkel...Kdo
Uniformly sample a random sequence of numbers s; = 51,52, ... Sm—1,,
where s5;, € {1,...,|¥4|}. Each s;, corresponds to a gate Iéx(esik).
Prepare the initial state |0).
Apply the sequence of gates Rx(eslk) . .Rx(esmk R (— Z?’:_ll 65, )-
Perform N repetitions and measurements in the Pauli-Z basis. The
probability of outcome 0 is estimated as

#zeros
N b

ﬁk,m =
with standard error from the Binomial distribution,

~ 1—»5
SEﬁk _ pk,m( pk,m)
m N

end for
Calculate the average of py,, avg; ,,, over the K sequences. Its standard error

will be
VESEp,
SEavg,,, = T

The current estimated fidelity with m gates is therefore .%,, = avg 5m> With
standard error err,, = SEanﬁ,m.
end for
After calculating the quantities for each m, fit .%,, = A + Bf™. Here, A, B, f are
the coefficients to be found, m is the independent variable and .%,, the dependent
variable. The err,,’s are used as uncertainties to obtain the resulting uncertainties
onA,B and f. The bounds shouldbe 0 <A< 1,0<B<1,0<f<1.
We now have an estimate f for the single-gate fidelity from the fit, along with
a covariance matrix (for example, this is provided automatically when using
scipy.optimize.curve_fit for the three parameters, £ € R*3). The third
diagonal entry (if f was used as third parameter for the fitting) will contain SEJ%.

Finally, perform a 2-tailed Student’s t-test, where the number of degrees of
freedom is equal to |M| —3 (3 is the number of parameters), and setting @ = 0.05
to obtain a 95% confidence interval for f, corresponding to

[f—ta\/Z(S,3),f+ta\/2(3,3)}
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Fig. 4.5 The first three experiments with artificially perturbed gates (K=500).
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Fig. 4.6 The last three experiments with artificially perturbed gates (K=1,000).

We perform six experiments, varying K and o. In all of them we set N = 1,000
and M = range(2, 150, 10). The first three have K = 500, and ¢ equal to 0.05 rad,
then 0.1 rad, and then finally 0.5 rad. The results are shown in Fig. 4.5. The last
three have K = 1,000, and the same o values. These results are shown in Fig. 4.6.

Using ARB for testing a pre-trained neural network on different physical condi-

tions

We initially trained a neural network using a quantum simulation of a qubit with
0 guard levels instead of 1 guard level. The network was trained using the Mean-
Squared Error (MSE) between the pulse coefficients generated by Jugbox for the
angles in the training set and the corresponding pulse coefficients inferred by the NN
as a loss function. We used ARB to measure the fidelity using a simulation with zero
guard levels and identical anharmonicity, finding a fidelity that remained at the level

of four nines.

The actual physical system has an infinite number of guard levels, and the

occupancy probability falls as the level increases. Additionally, temperature cycles
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Fig. 4.7 Fidelity estimated with ARB when the anharmonicity is unchanged.

such as heating up the system and then cooling it down again impact some physical
parameters, such as the qubit anharmonicity. Therefore, we expect the performance
of the NN to decrease over time, because it was trained on pulses that Jugbox

generated utilizing different physical parameters.

We examined this network using ARB to measure the fidelity of the pulses
generated by the pre-trained neural network, first setting the anharmonicity to 200
MHz, then multiplying it by 10. In both cases, we added one guard level to the
simulation. The primary purpose of this change is to simulate a mis-modeling of the
physics parameters that describe the device. This allows for some estimation of the
impact of imperfect device simulation on NN training, for example, in the case of
using simulation to bootstrap a model for fine-tuning on hardware. It also provides
a proxy for understanding the impact of drifts in the device noise characteristics,

which is an important issue for keeping a NN model well-tuned.

As shown in Fig. 4.7, introducing one guard level causes the fidelity decrease
by two orders of magnitude. In Fig. 4.8, however, it is evident that multiplying the
anharmonicity by 10 has the effect of compensating for this by moving the guard

level further from the two essential levels.
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Fig. 4.8 Fidelity estimated with ARB when the anharmonicity is x10 the one used during
training.

4.3 Results

4.3.1 Using ARB for fine-tuning

Our strategy for adapting ARB to a realistic scenario is to take the pre-trained
network (as described in Section 4.2.2) and to fine-tune it to a different configuration,
using ARB instead of the MSE with “ideal” pulse coefficients for the NN loss.

In particular, a simulated scenario with G=1 guarded levels is considered, with a
new anharmonicity equal to 2 GHz, which is 10 times the one that the network was
trained on. Notice that this higher anharmonicity compensates for the new guarded
level, as it provides a higher frequency separation of the two essential levels |0), |1)
from the guarded level |2).

4.3.2 Code structure

The NN model was trained in Python using TensorFlow. We further use Python
to do the fine-tuning and the inference. At each training epoch, we consider a
set of angles from —7m to 7 and infer a list of 20 pulse coefficients for each of
these angles. The 20 coefficients are the B-spline coefficients of the control pulse
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described in section 4.2.1. Then, for each angle, its corresponding list of coefficients
is used to make the system evolve according to the corresponding pulse and a unitary
corresponding to that pulse is obtained. Doing this for all the angles, a set of unitaries
is obtained corresponding to the gates that the network inferred for all the angles. At
this point, ARB is run to measure the fidelity of these gates to the theoretical ones,
and the weights of the network are updated accordingly via gradient descent.

A technical complication arises from the fact that Jugbox is implemented in
Julia, so we transfer data between applications using pipes, which are a type of

Inter-Process Communication (IPC), exchanging data in JSON format.

Another technical consideration is that the unitaries obtained with Jugbox result
from a numerical integration of differential equations, and due to limited precision
may not be unitary. Therefore, as an additional step we renormalize them using their

2-norm.

Optimization algorithm for training

Our ultimate goal is to deploy this network on an embedded device, so we invested
substantial effort in minimizing the footprint of the NN. The “small” version of the
network has 8 dense layers (fully connected layers with ReLu activation function),
resulting in 760 parameters (weights and offsets). Because our loss is calculated via
IPC program calls, TensorFlowautograd cannot be used, and gradients must be
computed by hand. Exact gradient computation would require calculation of the loss
varying each parameter. By doing this for all the parameters we would estimate the
gradient. However, this results in the calculation of 760 2 losses for each epoch,
where each loss calculation involves a number of simulations equal to the number of
angles used in training, which can be in the order of thousands. While accurate this

procedure is unacceptably slow.

Another method, proven to statistically converge to the same solution, is Simu-
latenous Perturbation Stochastic Approximation (SPSA) [77] (Fig. 4.9). Here, all
network parameters are perturbed at once, adding the same € to all of them but with

random sign. Specifically, considering a function f (é ) of which we want to estimate
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Exact gradient

SPSA

/

Fig. 4.9 An illustration showing how SPSA works compared with standard gradient descent
(figure inspired by [3]).

the gradient, we perform

af
a_ — — —
of €
aen
where A € {+1,—1}" and, in this case, A=A being its element-wise reciprocal.

The advantage of SPSA is that it only requires 2 evaluations per epoch, one with the
perturbed parameters and one with the unvaried ones, independent of the network

size.

During training, there are actually two hyperparameters that determine the “ag-
gressiveness’” of gradient descent. One is the € by which the gradient is estimated,
and the other is the learning rate o, where §k+l = ék —aV f (ék)

Training set construction

There are multiple ways to construct the training dataset. Network generalization is
generally enhanced by a larger number of angles used for training. We empirically
observed 500 angles to be a good starting point. Our first experiment used a training
set with 500 uniformly sampled angles, with a similar construction for the validation
dataset with 100 angles. Note that the sampling procedure generates spacing that
is generally non-uniform. As a form of regularization, then, the training set was

resampled at each epoch.
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Fig. 4.10 Loss function during training for the first experiment. Blue = training loss, orange
= validation loss.

Then, for a second experiment, we trained a version of the network with fixed
intervals between angles without re-sampling. The training set was further divided
into 10 batches. The validation set was again uniformly sampled. Finally, ¢ = € =

10~ were used for both experiments.

Results

The results of the first experiment are shown in Fig. 4.10. We found re-sampling to
construct the training set at each epoch made the learning unstable for this problem.
In Fig. 4.11, we show the results of the second approach and find better results.

4.4 Discussion

From the results, we see that many epochs are needed to achieve a consistent
improvement in accuracy. It is likely that, if the training is uncontrolled, the loss will
at some point stabilize or start increasing again. For this reason, an early stopping
mechanism is necessary, and some kind of regularization could be useful to avoid
overfitting. The loss function is highly non-convex, so it is very hard to achieve
its global minimum, and a hyperparameter tuning process can help reach the best
possible local minima. A larger neural network may offer better performance, but at
the cost of exceeding resources on an embedded platform.
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Fig. 4.11 Loss function during training for the second experiment.

Another potential improvement would be to modify the architecture of the
network to include the qubit anharmonicity among the inputs, together with the
rotation angle. This may reduce the need to retrain the network each time the
anharmonicity changes, if it could reliably be trained once considering a set of
possible anharmonicities.

4.4.1 Scaling of the control overhead

We analyze how the embedded-ML control strategy scales as the number of qubits Q

on the processor increases.

Inference cost

The neural network developed in this chapter (Section 4.2.2, Fig. 4.4) has a fixed
architecture: 1 input neuron, a single hidden layer of width 4, and 5 output neurons,
totaling 33 trainable parameters. Its forward pass requires a fixed number of multiply-
accumulate (MAC) operations:

MAGCs = (1 x4+4)+ (4 x5+5) =33, 4.3)

where each term accounts for the weights and biases of one layer. Crucially, this
architecture maps one rotation angle 6 to the B-spline coefficients for one qubit; it
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does not take the qubit index or any multi-qubit coupling as input. Therefore, the

per-gate inference cost is a constant independent of Q.

When the processor contains Q qubits, each requiring its own R, inference, the

total computational work for a full inference pass is
Cinf(Q) = O x 33 MACs = O(Q). (4.4)

On the deployed eFPGA (Section 4.2.4), each inference completes in 420 ns. Due to
the compactness of the model, the total work for Q qubits is O(Q) MACs; however,
the execution time depends on the deployment topology, which this chapter does not
prescribe. If a dedicated eFPGA instance (or core) is provisioned per qubit, all Q
inferences run in parallel and the latency remains 420 ns regardless of Q, i.e. O(1).
If a single shared eFPGA serves all qubits sequentially, the latency becomes 4200 ns,
i.e. O(Q); even in this worst case it stays well below the microsecond timescale of a
single physical gate for processors with Q ~ 103. The minimal resource utilization
suggests that replication is feasible, but the actual multi-qubit control architecture is

beyond the scope of this chapter.

ARB retraining cost

The Adapted Randomized Benchmarking procedure (Algorithm 8) estimates fidelity
by executing |M| sequence lengths x K random sequences X Ngpots repetitions per
qubit. The shot budget per qubit is therefore

SARB = |M‘ ’K'Nshots> (4-5)

which is a constant that depends only on the desired estimation precision, not on Q,
obtaining a computational cost of O(1) with respect to the number of qubits. Over E

training epochs and Q qubits, each qubit requires a total of E - SArp shots, giving

Cretrain(Q) = Q E- SARB = O(Q) (46)

if all qubits are served sequentially, otherwise it is still O(1).

This linear scaling holds as long as each qubit is calibrated independently, i.e.,
when the single-qubit gate error on qubit i does not depend on the pulse applied

to qubit j # i. On current superconducting processors, this assumption is valid for



72 Machine Learning for Quantum Control of Superconducting Qubits

well-isolated transmons but may break down at high qubit densities due to microwave
crosstalk or two-level coupling. In such cases, a joint n-qubit characterization would

be needed, and the cost would depend on the crosstalk graph structure.

The shot budget Sarg = |M| - K - Nqhots 1S a constant with respect to Q, but its
absolute magnitude determines the statistical precision of the fidelity estimate f. To
relate the parameters to a target precision, let € be the desired radius of the 95%
confidence interval on f (e.g., € = 10~* means we can resolve fidelity differences of
0.0001 = 0.01%). It can be proven that the number of shots Ssgp scales as O <€—12) ,

coming from the Cramér-Rao bound for Bernoulli sampling.

4.5 Summary

In conclusion, Adapted Randomized Benchmarking is a good strategy for optimizing
neural networks to work with varying physical conditions, making it possible to
potentially achieve a high fidelity arbitrary rotation gate on hardware platforms.
Because this chapter is based on a simulation of a quantum device, we cannot
guarantee the observed results will translate to hardware. However, we provide a

complete workflow for real quantum hardware.

While we have not demonstrated the technique on a real hardware platform, by
utilizing varying simulation configurations without utilizing the underlying knowl-
edge of those configurations for tuning, our results suggest these techniques will
translate to hardware. However, these techniques are not likely to be shot-efficient for
superconducting transmons if noise drifts on a platform are significant, as re-training
the NN will be time-consuming relative to the strategy of calibrating fixed angle
gates and composing arbitrary rotations by utilizing virtual Z’s. This technique
will be more useful for platforms that do not have the benefit of a “free” and very

high-fidelity rotation gate.

In the broader dissertation flow, this chapter complements Chapter 3: there the
main bottleneck is entangling-connectivity overhead, whereas here the bottleneck
is low-latency control under cryogenic constraints. The next chapter (Chapter
5) completes this progression by focusing on measurement robustness and state-
preservation dynamics, providing the final technical component before the overall
synthesis in the Conclusions.



Chapter 5

Simulating quantum dynamics of
single-photon experiments

5.1 Introduction

While the preceding chapters of this dissertation have primarily focused on the
development and optimization of QML algorithms, ranging from the theoretical
landscape in Chapter 2 to the hardware-specific implementations on neutral atoms
and superconducting qubits in Chapters 3 and 4, the broader utility of quantum
platforms extends significantly into the realm of quantum dynamics simulation. In-
deed, the ability to simulate complex quantum systems is often cited as the inaugural
motivation for the field, providing a foundational benchmark for assessing quantum
advantage. Although the present study deviates from the explicit application of ma-
chine learning, it addresses a critical prerequisite for any robust QML framework: the
precise characterization of measurement paradigms and the preservation of quantum

states under experimental conditions.

In this chapter, we investigate the practicalities of quantum theoretical advantages
by performing a high-fidelity simulation of a single-photon laboratory experiment
[78]. This research is particularly relevant as it explores the boundaries of wave-
function interaction, a core component of the state preparation and readout phases in
any NISQ algorithm. The study focuses on the distinction between projective and
protective measurements. While traditional projective measurements result in the

immediate collapse of the wavefunction, the protective approach utilizes a sequence
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of weak interactions, modeled here through a pair of birefringent crystals, coupled
with a specific protective mechanism. This mechanism involves repeated projections
onto the initial polarization state, in a regime often associated with the Quantum
Zeno Effect (QZE). The simulation shows that this strategy can increase the survival
probability of photons over a finite range of steps, making it a practically useful

protective mechanism for state preservation.

By implementing this experiment via a gate-based quantum circuit model on
classical hardware, we aim to achieve a dual objective that complements the hardware-
centric analyses of Chapters 3 and 4. First, we provide a rigorous comparison
between numerical results and theoretical expectations, validating the robustness of
the circuit-model approach for photonic systems. Second, this simulation serves as a
benchmark to assess the computational efficiency of classical systems in emulating
quantum dynamics as system complexity increases. Ultimately, this chapter offers a
detailed perspective on how a noise-free quantum device would behave under these
experimental conditions, bridging the gap between abstract quantum theory and
physical laboratory implementation while providing insights into state preservation
and protective-measurement-based stabilization that are essential for future high-
fidelity QML architectures. In this sense, the simulation should be interpreted as
evidence-generating for future quantum-advantage studies, not as a direct proof of
quantum advantage. The content of this chapter has been previously published by
the author in [79].

5.2 Experimental setup

Figure 5.1 shows the experimental setup. Heralded single photons are produced by
type I parametric down-conversion in a LilO3 nonlinear crystal a, producing idler and
signal photons. The pump beam is obtained by second-harmonic generation (SHG)
of a Ti:Sapphire mode-locked laser output. The idler photons are fiber-coupled and
detected by means of a silicon single-photon avalanche diode (SPAD I), sending
a trigger pulse to the signal-photon detection system. The signal photons are fiber
coupled and the photon beam is collimated as a Gaussian beam that passes through
a half-wave plate (HWP) b, a collimating lens ¢, a polarizing beam splitter (PBS)
d, and a HWP e, before entering a sequence of repeating units comprising of a pair
of birefringent crystals, i and j (see the appendix for their details) and a polarizer f.
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Fig. 5.1 HWP b is used to adjust the laser beam power. A PBS is placed before HWP b
(not shown) to achieve this. The operators for HWP e, g and h are Wy 3, W35 /5 and Wy 4,
respectively (see the appendix). For the protective case the polarizer f in each step is used
and for the non — protective case, it is removed. The purpose of HWP £ is just to swap the
reflected and transmitted component of the photon wave function.

The photons then pass through two more HWP, g and A, thereafter passing through a
PBS k before being detected by a SPAD array detector. The horizontally polarized
component is transmitted while the vertical one is reflected by both PBS d and k. The
polarizer f axis is oriented at 45° with the x—axis. In the next section, we deduce
the state of a photon before being detected.

5.3 Theoretical results

Let the wave function of the photon before HWP e, be |i) = |H) |y) |7), where |H) is
the linear polarization state of the photon, |§) implies that the photon is propagating
in the y—direction and |y) represents the Gaussian mode of the photon beam, given
by

¥) = [ _dxl) aly) 51
where
1 2 /4052
Hiv) = v = (znaz)f/ze_x o (5.2)

We first describe the (weak) interaction of the photon with the birefringent

crystals. This is modeled using the von Neumann indirect measurement protocol
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[80—82]. Assuming that the photon with wave function |H) |y) interacted with the
crystal i (see the appendix for details) from time 7 to 7, its wave function after it exits
the crystal will be U(z,19) |H) |y), where U (t,1y) = ol Hilr)ar
that the interaction Hamiltonian H; commutes with itself during the interaction, i.e.,
[H;(t),H;(t")] = 0. H; for our case can be taken as [83] H; = YA ® p, y being the
coupling constant, A = |H) (H| and p = —h’% being the momentum operator. As H;

with the condition

does not depend on time, therefore U = e~ i8A®P where g = ¥(t —1p) is the coupling
strength. The wave function of the photon after it exits the birefringent crystal will
be

UH) @ |y) = e #8IMHIEP | HY @ |y

2
[1‘“?‘*” (H|@ p+ 5 6” |H) <Hr®ﬁ2—--} H)® |y)
! R 2
= {|H>—58|H>®p+ﬁg |H)® p —] |w)
|H) @ e 5 |y)
=|H)®|y¥),_, (5.3)

In the last step, e~ 78P acts as a translation operator [84] on the wave function
|w). Tts effect is to transform the y(x) amplitudes into y(x — g), so that

Wiy = | _dxwix—g)

Crystal j is used only for phase compensation, as the o—ray and e—ray in crystal
i follow different paths. The vertical polarization state |V') would pass through the
birefringent crystals unchanged. When the polarizer f is used in each step, we call
it protective case and if it is not used in each step, we call it non — protective case.
If the fast axis of HWPs e, g and h are inclined at &, 37/8 and 7 /4, respectively,
the wave function of the exiting photon (after PSB k) for the protective case can be
obtained as

Yo o 1/2 [i B kg{( ;1) sin2a + (Z:D cosZa}] H)[5)  (5.4)
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where n is the number of steps and (}) = 0 if k < 0 or k > n. The survival
probability of the exiting photon (detected by the SPAD array) will be

2
P(n)= % /w L_O ‘l’(x—kg){ (”; 1) sin20 + (Z: D 0052(1}] dx (5.5)

For non — protective case, the wave function of the exiting photon will be

sin2a |y), +cos2a |y)

) sin2a|y),_,—cos2a|y)
- V2

V2

— ~ —L ~
—|H) [5) + V) |-5)

(5.6)

where / is the linear distance traveled by the photon beam, depending on where
the origin is chosen along the input beam. For example, if the origin is chosen where
the maximum of the beam’s cross-sectional intensity distribution hits the coated
surface of PBS d (i.e., the interface of the two right-angle prisms which are cemented
together), and if the x—axis is taken along the line parallel to the incident beam, then
¢ would be the distance between the origin and the point where the x—axis intersects
the coated surface of PBS k. The probabilities of detecting a photon transmitted and
reflected by PBS k will, respectively, be

Pp(n) = %/_Z [sin2ay(x) + cos 2aw(x—ng)}2dx (5.7)

Pp(n) = %/Z [sin2oy(x) — cosZaly(x+ng)]2dx (5.8)

The plot of survival probabilities vs. n is shown in figure 5.2. Py.(n) + Pg(n) = 1
as the photon should be found in one of the ports.

Simulating the experiment

Let most of the power of the laser beam be confined in a radius of 1.5 mm. We
consider |y) to be confined in a finite region —d < x < d, where d = 3 mm. This is
a valid assumption as a Gaussian distribution is mostly confined in 60 and we take
o = 0.4 for the simulation. If we represent the total wave function of the photon
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Fig. 5.2 The standard deviation of the Gaussian distribution is ¢ = 0.4 and the coupling

strength is taken as g = 106 um. These plots are for @ = 7/8, the value which we take for

the simulation. It can be shown that lim P(n) = 0 and lim P} (n) = lim Pg(n) = 1/2. The
n—r0 n—ro0 n—yo0

protective mechanism works only for a limited number of steps, as for some n, P(n) would

definitely become less than Py.(n).

using seven qubits (one for the photon polarization state and n = 6 for |y)), then the

differential step size Ax = anfl =95.24 um is less than g = 106 um, which is the

shift introduced in single step. Seven qubits are therefore sufficient to represent the

photon wave function. |y) can be written as
N-1

V) =) ajli) (5.9)
Jj=0

where we consider the discretized version of the normal distribution on N = 2"
equidistant points a; and |0), [1), ..., |j), ..., [N —1) are the computational basis
states of the n qubits. We next discuss how to simulate the effect of the birefringent

crystals and the polarizer.

Simulating the effect of birefringent crystals

We use the relation py(x) =.Z ' p.Z y(x) = .Z ! pd(p) where ¢ (p) is the Fourier
transform (.%) of y(x), to switch to the momentum basis where p is diagonal and

then back to the position basis. In order to simulate the effect of birefringent crystals,
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we start with 5.3 and use the inverse quantum Fourier transform UQFT instead of
the continuous .% and vice versa (see the appendix), with the property that Uggr is

unitary. We have
i,5 i U~
)@ el |y) = |H) @ 1Vl |y)

. B
1 PR 1 n _
=|H)® {l —}%gUQFTpUQFlT t5m gzUQFszUQFlT - ] 1%

-2
= |H) ® Ugrr ll—h_ngr 728 pP— } UaplT v)

— |H) ® Ugrre M Uggy [y)
= |H> ®UQFT€_;?gp |¢> (5.10)

We can apply U(SFlT on |y) to obtain |@), the wave function in the momentum

space, then apply e 8P and finally apply Uqrr to obtain the wave function again
in position space. The transformation |p) — ¢fP) | p), where f(p) = —8pand p=
0, 1,2, ..., N—1 or equivalently |p) — ¢”*?|p), where A is a real number, can be
achieved by applying controlled phase shifts [85] as shown in figure 5.3. The value
of A is not necessarily g /i but will have a specific value for the circuit of figure 5.3.
We are transitioning from translation of the wave function in theory to the one to be
done by the circuit of figure 5.3. In a sense, A acts as a calibration parameter for this

transition and the way it is determined is discussed in the result section. The gate
if(2) /

= [e 0 e"f('?f“)] , where j € {0,1,2,...,2" — 1} with n’ =n— 1, is applied to

the n™ qubit and the first #’ qubits act as control qubits. For example, if the first

five qubits are in the state |00000), then phases e/ () and /(1) are set for the basis

vectors |000000) and |000001), respectively.

The transformation |p) — ¢/(P) |p) can also be achieved by evaluating the func-
tion f(p) [11]. Assuming that the function f : {0,...,2" — 1} — {0,...,2" — 1},
where m and n are positive integers, can be computed reversibly using the ancillary
register |y), i.e., the operation |p,y) — |p,y® f(p)) can be performed reversibly,
followed by the transformation |p,y @ f(p)) — /) |p,y& f(p)) and finally the
uncomputation step ¢/ (?) |p,y @ f(p)) — €/(P)|p,y), thereby implementing the de-
sired transformation. Here, & represents the addition modulo 2 operation. For
f(p) = Ap, we can skip the first and third steps and invoke just the second step by

taking only the qubits that represent the pointer wave function, i.e., without using any



80 Simulating quantum dynamics of single-photon experiments

— 5 O—— ———— - e ———— -
0

! SR b - -

—O0———O0——O———O————¢—— — — — — - — - - - - —
i

! - SRR b - -
4

nHrHrHRrHAER----- {A}F----- For H{PsH P HRoHFs

Fig. 5.3 Quantum circuit to perform the transformation |p) — ¢'/(?) |p) where f(p) = Ap
and p € {0,1,2,...,2" — 1} where n = 6 is the number of qubits representing the Gaussian
if(2)) / . .
‘4 el.f(gm} ,where j € {0,1,2,...,2" — 1} withw' =n—1, is
applied to the n'™ qubit and the first n’ qubits act as control qubits. If j = Z?/:Bl ji2" where j; €
{0,1}, then for F}, the conditional on i qubit where i € {0,1,2,...,n’ — 1}, is set to zero or
one depending on whether Jiis O or 1, respectively. The circuit implements the transformation

that can be represented by a 2" x 2" unitary matrix U, = diag(Fo, ..., Fj, ..., F31).

state |y). The gate F; = [

ancillary qubit. We have for p € [0,2" — 1] and p = Y 01712] where p; € {0,1},

. n—1 . .
AP = Xm0 Api2 H" ¢*Pi2 which can be implemented using n single qubit
gates. The matrix representation of such a gate that acts on the j* qubit is given by
1 0
U;= 0 oA . We would call the transformation |p) — ¢/(P) |p) as phase shift.
e

The operation U T — phase shift — Ugpr implements the translation of the pointer
state |y).
Simulating the effect of polarizer

The operator for the polarizer f is the projector Py /4 = |+) (+[, which is non-unitary.

To simulate this [86], we consider Py /4 as a linear combination of unitary operators,

+ (5.11)

SIS
N~

1 1
Prja=52Ppa—D)+5=

Let |¢) be the wave function of the system on which Py /4 1s to be applied.

Consider the following circuit where the first qubit is an ancilla qubit.
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Fig. 5.4

The state of the system will evolve as

0)|¢) = UO>+ 10]19)

%\

C_>_2Uo 9)+1)X[9) ]
B ]m ) [5——] 9)

If the ancilla qubit is measured and found to be 0, then only % + )7( acts on |@).
The readings for which the ancilla measures 1 are discarded. We now describe the
steps to simulate the experiment.

im

Simulation steps

For the protective case, n steps can be simulated using the circuit shown in figure
5.5. Here, n ancilla qubits ay, a», ..., a, are used and p represents the polarization
state of the photon. |0) and |1) represent horizontal and vertical polarization states,
respectively.

Starting with the initial state | y) |0) ,®_, [0),,,., the state of the quantum computer
|a) after the n (n > 0) steps, assuming that the ancilla qubits ay, as, ..., @, were
measured and found to be 0, will be

o) o< [2 () \w>xkg] 0),10),, + terms of [1),,

k=0

Again, we consider only those readouts for which a, measures 0. For the non-

protective case, n steps can be simulated using the circuit shown in figure 5.6.
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Fig. 5.5 Quantum circuit to simulate the protective case: Qubit p represents the polarization
state of the photon and H, Z and X are the Hadamard gate and the Pauli Z and X gate,
respectively. The operators for HWP e, g and h are Wy g3 = H, W33 = HZX and Wy /4 = X,
respectively. The phase shift operation is performed by the circuit shown in figure 5.3, acting
on pointer state |y). Ugrr and U(SFIT represent the quantum Fourier transform and its inverse,

respectively.

Fig. 5.6 Quantum circuit to simulate the non-protective case
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In this case, the state of the quantum computer |a) after n steps will be as

follows.

¥) +|v)

xfng|0>p_+

A

ly) —

)
2

xfng|1>p

(5.12)

If we consider the readouts for which the qubit p measures O or 1, we obtain

P}(n) or Py(n), respectively.
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5.4 Results

We first determine the constant A that appears in the phase shift implemented using
the circuit shown in figure 5.3. We do this by initializing the qubits representing
the pointer state with amplitudes of |y), ¢ using 5.9 and comparing it with those of
|y) after transformation U(SFIT — phase shift — Ugpr. We compare the state vectors
in the two cases by varying A in the latter case to look for the maxima to coincide
in both the cases. We perform this simulation of translation of the pointer state
using noise-free statevector simulator provided in Qiskit’s Aer simulator backend.
For n =6, A €[0.913,0.926] and for n =7, A € [0.921,0.926]. For n > 7, we do
not obtain any better accuracy due to finite sampling of the output state vector [87].
Figures 5.7 and 5.8 show the results for the survival probability for the protective
and non-protective cases, respectively, versus the number of steps when executed

using statevector simulator with varying shots and the value of A taken as 0.921.
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Fig. 5.7 Plot of survival probability of photon vs. number of steps for protective case,
obtained by executing the circuit in figure 5.5 with varying shots and A taken as 0.921. Each
of the plots show the mean and standard deviation for eight runs.
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Fig. 5.8 Plot of survival probability of photon vs. number of steps for non — protective case,
obtained by executing the circuit in figure 5.6 with varying shots and A taken as 0.921. Each
of the plots show the mean and standard deviation for eight runs.



84 Simulating quantum dynamics of single-photon experiments

The data points of figures 5.7 and 5.8 are given in tables (A.1, A.2, A.3) and
(A4, A5, A.6), respectively. Tables 5.1 and 5.2 show the survival probabilities
for different shots for protective and non-protective cases, respectively. P(n) is

the theoretical value, X" denote the mean of eight runs for i shots and E' is the
X!"—P(n)

. . n .
percentage relative error (PRE) given by E' = Py < 100%. For non — protective
. /
case P(n) is replaced by P, (n).
n 1 2 3 4 5 6 7 8

P(n) 0.99563015 0.99131724 0.98706007 0.98285742 0.97870815 0.97461112 0.97056526 0.9665695

Xél(]OU 0.99475 0.99166667 0.98604167 0.98433333 0.97741667 0.97316667 0.97141667 0.96770833

EZy00% -0.08840081 0.03524831 -0.1031751 0.1501655 -0.13195771 -0.14820864 0.08772262 0.11782227

XEUOU 0.99625 0.990875 0.98578125 0.98146875 0.97746875 0.9733125 0.97121875 0.96584375

Ejoo0% 0.06225754 -0.04461176 -0.12955817 -0.14128911 -0.12663607 -0.13324541 0.06733072 -0.07508505

X&o00 0.99585 0.99175 0.987025 0.984225 0.977475 0.973625 0.9711 0.9659

Efy00% 0.02208198 0.04365463 -0.00355266 0.13914322 -0.12599747 -0.10118134 0.05509559 -0.0692655

Table 5.1 Mean and percentage relative error for varying shots for protective case. The value
of A was taken as 0.921.

n 1 2 3 4 5 6 7 8

PA (n) 0.99563015 0.9827484 0.96201852 0.93448356 0.9014789 0.86452517, 0.82521288 0.78509091
X5000 0.9955625 0.9820625 0.9621875 0.9316875 0.899125 0.858875 0.819 0.777875
E5y00% -0.0067942 -0.06979364 0.01756532 -0.2992087 -0.26111512 -0.65355743 -0.75288171 -0.91911728
X000 0.99483333 0.98229167 0.95895833 0.93541667 0.90433333 0.85925 0.81945833 0.77816667
EZy00% -0.0800309 -0.04647468 -0.31810043 0.09985307 0.3166392 -0.61018102 -0.69734048 -0.88196659
XJo0o 0.99646875 0.98278125 0.96275 0.93353125 0.8996875 0.8608125 0.8198125 0.7784375
Ejo00% 0.08422855 0.00334309 0.07603612 -0.10190721 -0.19871766 -0.42944597 -0.65442226 -0.84746952

Table 5.2 Mean and percentage relative error for varying shots for non-protective case. The
value of A was taken as 0.921.

|EZy00] < |EJogo! for all steps (n) for protective case. Moreover, the PRE is less
than 0.14 for n up to 8 for 5000 shots. For non-protective case |E}y,| < |E5yq| for
all steps except n =1, 4. These values suggest that the number of shots for protective
and non-protective cases can be reliably taken as 5000 and 4000, respectively.

Figure 5.9 (5.10) shows the same plots as in 5.7 (5.8), except that here A is varied
and the number of shots is fixed, 5000 and 4000 for the protective and non-protective
cases, respectively. From these figures, it can be concluded that A = 0.921 gives the

optimal result for both cases. We use this value of A for all subsequent simulations.
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Fig. 5.9 Plot of survival probability of photon vs. number of steps for protective case, with
varying A and the number of shots as 5000 in each case. Each of the plots show the mean
and standard deviation for eight runs.
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Fig. 5.10 Plot of survival probability of photon vs. number of steps for non-protective case,
with varying A and the number of shots as 4000 in each case. Each of the plots show the
mean and standard deviation for eight runs.

Figure 5.11 shows the simulation results, depicting the mean and standard de-
viation for eight runs executed with 5000 and 4000 shots for the protective and
non-protective cases, respectively.

5.5 Summary

It is evident from figure 5.9 that the quantum simulation performed on a classical

computer has significant deviations from theoretical results. Firstly, the different

graphs for different runs with the same number of shots can be attributed to the finite-

sampling noise due to repeated circuit evaluations, even on a noise-free machine.

Secondly, the standard deviations for individual runs are greater in the protective

case than in the non-protective case because of greater number of gates and qubits

involved as each step adds an extra ancillary qubit in protective case. From tables
5.1 and 5.2, we observe that for non-protective case, the PRE goes till 0.8475 for n
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Fig. 5.11 Plot of survival probability of photon vs. number of steps for protective and
non — protective cases, obtained by executing the circuits (using statevector simulator) in
figures 5.5 and 5.6 with 5000 and 4000 shots, respectively. Each of the plots show the mean
and standard deviation for eight runs.

up to 8 for 4000 shots. In contrast, for protective case, the PRE goes only till 0.1413
for n up to 8 for 4000 shots despite more number of gates and qubits being involved.

A plausible reason for this could be that unlike non-protective measurement,
protective case involves repeated partial measurements after each step and therefore
decreases the overall quantum error rate. The observed behavior is consistent
with a QZE-inspired protective mechanism, but it should not be interpreted as a
strict demonstration of QZE, since the protective trend is advantageous only over
a limited range of steps and not uniformly for all n. The fact that the PRE is
reduced by approximately 83% in the protective case, despite the increased circuit
depth, suggests that algorithmic protection can outweigh the noise overhead typically

associated with larger gate counts.

Scalability remark. The digital emulation cost is dominated by two factors: the
quantum Fourier transform, which requires O(m?) gates per step (where m denotes
the number of qubits used to discretize the spatial pointer), and the amplitude
encoding of the Gaussian pointer state, which in general requires O(2") gates. In
the physical experiment, by contrast, both operations are realized natively: the laser
beam itself provides the Gaussian pointer, and the birefringent crystal implements
the spatial translation, so that each step costs O(1). This gap highlights the overhead
of digital emulation and the intrinsic advantage of continuous-variable photonic

platforms for this class of protocols.
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Role of the simulation. The purpose of this work is not to replace the physical
experiment, which remains more efficient, but rather to validate the gate-model
decomposition (QFT + phase shift + QFT) against the known quantum dynamics.
Having a validated circuit decomposition enables: (i) access to the full intermediate
state vector at each step, which is inaccessible in the lab; (ii) the design and opti-
mization of protocol variants (e.g., different pointer widths, coupling strengths, or
protection strategies) without rebuilding the optical bench; and (iii) the exploration
of how the protective-measurement scheme adapts to different hardware platforms,

where the weak interaction is obtained accordingly.

Within the dissertation narrative, this chapter closes the technical sequence by
adding the measurement-and-preservation perspective to the algorithmic and control
layers developed in Chapters 3 and 4. These three perspectives are then integrated in
Chapter 6 to define a unified hardware-aware roadmap for future large-scale QML

validation.



Chapter 6
Conclusions and Future Work

This dissertation has explored the intricate relationship between quantum algorithms
and the physical architectures they inhabit. The central objective was to demon-
strate that the challenges of the NISQ era can be mitigated through hardware-aware
optimizations that bridge the gap between high-level software and low-level pulse
control. Through the investigations presented in Chapters 3, 4, and 5, we have
shown that specialized strategies tailored to specific quantum platforms can yield

performance improvements that surpass general-purpose gate-based approaches.

From a broader QML perspective, the current state of the field is promising
but still pre-deployment: available models are typically small, benchmarks are
often synthetic, and experimental pipelines remain sensitive to calibration, noise,
and data-interface overhead. In this sense, the key question is not only whether
quantum models can outperform classical baselines in isolated settings, but what
is still missing for robust real-world utility. The results of this dissertation indicate
four enabling conditions: hardware-aware model design, scalable and low-latency
control, reliable state-preparation and readout mechanisms, and clearer problem-class

characterization for which quantum resources provide a net advantage.

The results from Chapter 3 highlight the potential of neutral atom arrays as a
robust platform for kernel-based learning. By leveraging the Rydberg blockading
mechanism and geometric optimization, we demonstrated that QSVMs can achieve
high classification accuracy with minimal qubit resources. This finding underscores
the importance of "quantum expressivity", the ability of a quantum system to repre-
sent complex data distributions, which often precedes raw computational speedup.
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For future work, a primary direction involves the scaling of hardware-aware QML
models to real-world, high-dimensional datasets. While this dissertation demon-
strated success on synthetic benchmarks, the next logical step is to evaluate how
the pulse-level optimizations and geometric configurations developed in Chapter
3 for neutral atom arrays perform when applied to industrial-scale classification
tasks. In particular, the integration of specialized Rydberg-state dynamics with more
complex VQC architectures could reveal further advantages in terms of expressivity
and resource efficiency. Furthermore, it is essential to understand for what class of

datasets this method actually brings a quantum advantage.

Similarly, the work conducted at Fermilab, detailed in Chapter 4, proved that
embedded machine learning is a viable path toward high-fidelity quantum control.
The ability to optimize control pulses in real-time, without the overhead of host-to-
controller communication, represents a significant step toward the scalability of su-
perconducting quantum processors. Future research should prioritize the deployment
of these embedded machine learning models on larger-scale processors. Exploring
the transferability of pre-trained control models between different cryogenic envi-
ronments or hardware generations could significantly reduce the overhead of initial
system characterization. Furthermore, the convergence of these real-time control
strategies with the state-preservation techniques explored in Chapter 5 presents a
promising pathway; specifically, leveraging QZE-inspired protective strategies to
dynamically stabilize entangled states during the long execution times required by

deep QML training procedures.

In Chapter 5, the photonic simulation of protective measurements provided a
critical benchmark for measurement stability. The study showed a finite-step survival-
probability advantage in the protective regime, which supports a practically useful
state-preservation mechanism that is a clear advantage when dealing with current
technological limitations of qubits. The immediate next step involves transitioning
from classical emulation to real-time implementation on physical NISQ photonic
hardware. This would allow for a direct assessment of how protective measurements
and QZE-related mechanisms can mitigate environmental decoherence in active lab-
oratory settings. Such investigations are critical for stabilizing the state-preparation
and readout phases of the QML architectures discussed in Chapters 3 and 4. Addi-
tionally, extending the simulation to include non-Gaussian states and more complex
spatial beam profiles could provide a richer encoding landscape for quantum kernels.

This would bridge fundamental quantum dynamics with practical quantum network-
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ing and distributed learning frameworks, ensuring high-fidelity, noise-resilient state

preservation for the next generation of quantum intelligent systems.

6.1 Limitations and Open Directions

The scope of the experiments presented in this dissertation naturally defines a number

of open directions for future investigation.

Problem scale. The neutral-atom QKE pipeline (Chapter 3) was validated with
N = 3 qubits due to the computational cost of full-state emulation via QuTiP; the
embedded pulse-synthesis pipeline (Chapter 4) targeted single-qubit R,(0) gates;
and the photonic simulation (Chapter 5) encoded the spatial beam profile into 6 4 1
qubits. In all three cases, the methodologies are designed to be qubit-count agnostic,
but their empirical validation at larger scales remains an open milestone. On the
neutral-atom side, the availability of tensor-network or GPU-accelerated simulators,
as well as access to real neutral-atom processors, would enable benchmarking with
tens of qubits. On the superconducting side, extending the embedded calibration
framework to multi-qubit gates and to processors with non-negligible crosstalk is a

natural next step.

Dataset generality. The QKE experiments relied on Qiskit’s synthetic ad_hoc_data
generator, which is specifically designed to exhibit a quantum-classical separation
gap. Assessing whether the observed accuracy advantage persists on real-world,
high-dimensional datasets is a key direction for establishing practical utility of the

method, and more broadly of quantum feature kernels.

Noise-free simulation. The photonic protective-measurement study was carried
out on a noiseless statevector simulator. Introducing realistic noise models (depolar-
izing, amplitude-damping, readout errors) would clarify how the finite-step survival
probability advantage degrades and whether error-mitigation techniques can preserve
it. Similarly, deploying the simulation on real photonic or gate-based NISQ hardware
would provide direct experimental validation of the Quantum Zeno Effect—based

protection mechanism.
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Finally, a significant frontier lies in the synthesis of quantum computing with the
Neuro-Symbolic Artificial Intelligence paradigm introduced as a side research in
Appendix C. Future efforts should aim to integrate the formal logic frameworks and
Logic Tensor Networks with the QML methods discussed in this dissertation. By
embedding symbolic constraints directly into the quantum optimization pipeline, it
may be possible to develop hybrid models that are not only computationally superior
but also logically consistent and explainable. Such a holistic integration, spanning
from the physical pulse control to the symbolic reasoning layer, will be essential for

realizing the full potential of quantum intelligent systems in critical applications.



Appendix A

Experimental and theoretical details
for Chapter 5

A.1 Experimental details

We describe the relevant elements of the experimental setup as well as the operators

1 0
associated with them. Let |[H) = (O) and |V) = <1> The operator for a HWP

o . cos2a  sin2o
whose fast axis is inclined at an angle o is Wy = | . . In figure
sin2o¢  —cos2a

5.1, the HWP b is placed before a PBS (not shown) and can be used to change the
photon polarization to tune the intensity of the laser beam after PBS d. For HWP e, g
and h, the operators are Wy g, W35 /g and Wy 4, respectively. All of the PBS transmit
horizontally polarized photons and reflect vertically polarized ones. The direction of
optic axis of the two birefringent crystals (calcite) i and j is as follows. For i, it is
in the xy—plane and inclined 45° with the x—axis and for j which is used only for
phase compensation, it is along the z—axis. The operator of a polarizer oriented at

an angle 6 with the x—axis is Py = |0) (0|, where |0) = cosO |[H) +sin0|V). The

operator for polarizer f is Py 4.
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A.2 Wave function in position and momentum space

The wave function y(x) of a free particle in the position space is related to its wave

function in the momentum space @ (p) (p is the momentum along the x—axis) as

o) == [y P ar= 7 [y(w)] AD
1 = ipxh g 1
V)= e | 0™ ap =7 [9(p) (A2)

where .# and .% ~! represent the Fourier transform and its inverse, respectively.
Differentiating A.2,

aW(x) _ 1 = Q ipx/h
ax - /—znﬁ e ﬁ (P(p)e dp
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or —
A —ﬁagix) — 7 pF [y(x)]
I 5 .
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It is important to note that the right side has to be applied to functions in momen-
tum base in order for the equality to hold. The relation 5.10 can also be obtained by

using the shifting property of the Fourier transform. We have

e i (p)
T8 F [y (x)]
Fei8 F [y(v)]
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Note that the Fourier transform .# corresponds to the inverse quantum Fourier
transform and viceversa, due to the fact that there is a — sign in the argument for
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Experimental and theoretical details for Chapter 5

the exponential in .% and a + sign in that of Uprr. Indeed, the quantum Fourier

transform of the state given by 5.9 is Uprr | ), where

1 & N
Ugrr = —F= Z MIIN |1y (1
\/Nj}k:o

so the inverse quantum Fourier transform U(SFIT is given by

| t 1A
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A.3 Data points for individual runs

efZEijk/N |]> <k’

n 1 2 3 4 5 6 7 8

X1 0.99600000 0.99033333 0.98333333 0.98533333 0.98033333 0.97433333 0.96900000 0.96766667
X 0.99433333 0.99200000 0.98933333 0.98133333 0.97966667 0.97633333 0.97466667 0.96600000
X3 0.99433333 0.99433333 0.98766667 0.98700000 0.97366667 0.96933333 0.97000000 0.96766667
Xy 0.99366667 0.99400000 0.98300000 0.98133333 0.97400000 0.97966667 0.96933333 0.97066667
X5 0.99433333 0.98666667 0.98866667 0.98700000 0.97733333 0.97600000 0.97566667 0.96966667
X6 0.99500000 0.99233333 0.98533333 0.98600000 0.98300000 0.96800000 0.96933333 0.96333333
X7 0.99533333 0.99033333 0.98733333 0.98033333 0.97466667 0.97033333 0.97533333 0.96400000
Xg 0.99500000 0.99333333 0.98366667 0.98633333 0.97666667 0.97133333 0.96800000 0.97200000

Table A.1 Probabilities for eight individual runs for 3000 shots and A = 0.921 for protective

case.

n 1 2 3 4 5 6 7 8

X 0.99700000 0.99025000 0.98675000 0.98100000 0.97250000 0.97700000 0.96700000 0.96450000
X 0.99650000 0.99075000 0.98600000 0.98025000 0.97825000 0.96875000 0.96925000 0.96375000
X3 0.99600000 0.99075000 0.98700000 0.98075000 0.97525000 0.97050000 0.97100000 0.96400000
Xy 0.99675000 0.99175000 0.98525000 0.97925000 0.98225000 0.97475000 0.97025000 0.96850000
X5 0.99675000 0.99000000 0.98250000 0.98450000 0.97950000 0.97225000 0.97425000 0.96525000
Xe 0.99575000 0.99050000 0.98325000 0.98025000 0.97575000 0.97450000 0.97300000 0.97025000
X7 0.99650000 0.99025000 0.98600000 0.98100000 0.98025000 0.97350000 0.97350000 0.96775000
Xg 0.99475000 0.99275000 0.98950000 0.98475000 0.97600000 0.97525000 0.97150000 0.96275000

Table A.2 Probabilities for eight individual runs for 4000 shots and A = 0.921 for protective

case.
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n 1 2 3 4 5 6 7 8
X 0.99820000 0.99120000 0.98940000 0.98500000 0.97580000 0.97280000 0.97120000 0.97040000
X 0.99500000 0.99380000 0.98600000 0.98340000 0.97380000 0.97300000 0.96900000 0.97220000
X3 0.99500000 0.99420000 0.98840000 0.98480000 0.97680000 0.97600000 0.97340000 0.96220000
Xy 0.99580000 0.99180000 0.98420000 0.98540000 0.98140000 0.97240000 0.97060000 0.96260000
X5 0.99560000 0.98940000 0.98960000 0.98440000 0.97780000 0.97360000 0.97120000 0.96120000
X6 0.99520000 0.98960000 0.98560000 0.98380000 0.97920000 0.97080000 0.97020000 0.96940000
X7 0.99560000 0.99120000 0.98720000 0.98540000 0.97660000 0.97600000 0.96920000 0.96740000
X3 0.99640000 0.99280000 0.98580000 0.98160000 0.97840000 0.97440000 0.97400000 0.96180000°

Table A.3 Probabilities for eight individual runs for 5000 shots and A = 0.921 for protective

case.

n 1 2 3 4 5 6 7 8
X1 0.99600000 0.98050000 0.95450000 0.93300000 0.88900000 0.86150000 0.81300000 0.78450000
Xo 0.99650000 0.98300000 0.96350000 0.92700000 0.90100000 0.85900000 0.82050000 0.77800000
X3 0.99550000 0.98250000 0.96750000 0.92950000 0.90150000 0.86200000 0.82800000 0.75850000
Xy 0.99700000 0.98100000 0.95900000 0.93950000 0.88100000 0.86000000 0.82350000 0.77550000
X5 0.99550000 0.98300000 0.96050000 0.92050000 0.90550000 0.86750000 0.81300000 0.78600000
X6 0.99500000 0.98250000 0.96250000 0.93200000 0.90800000 0.85400000 0.81700000 0.78800000
X7 0.99400000 0.98000000 0.96700000 0.93550000 0.90050000 0.86500000 0.81550000 0.78850000
Xg 0.99500000 0.98400000 0.96300000 0.93650000 0.90650000 0.84200000 0.82150000 0.76400000

Table A.4 Probabilities for eight individual runs for 2000 shots

protective case.

and A = 0.921 for non —

n 1 2 3 4 5 6 7 8

X1 0.99300000 0.98200000 0.95700000 0.93700000 0.90133333 0.87500000 0.82066667 0.77900000
X 0.99466667 0.98166667 0.96333333 0.93966667 0.90866667 0.84566667 0.82766667 0.76600000
X3 0.99533333 0.98066667 0.95900000 0.93500000 0.89866667 0.85833333 0.80700000 0.77500000
Xy 0.99633333 0.97733333 0.95800000 0.93166667 0.91033333 0.86333333 0.81300000 0.78033333
X5 0.99600000 0.98400000 0.95766667 0.93766667 0.90300000 0.84966667 0.81600000 0.78500000
X6 0.99500000 0.98300000 0.95700000 0.93433333 0.90500000 0.85933333 0.82366667 0.77600000
X7 0.99466667 0.98433333 0.96133333 0.93833333 0.89633333 0.86100000 0.82466667 0.78066667
Xg 0.99366667 0.98533333 0.95833333 0.92966667 0.91133333 0.86166667 0.82300000 0.78333333

Table A.5 Probabilities for eight individual runs for 3000 shots

protective case.

and A = 0.921 for non —

n 1 2 3 4 5 6 7 8

X1 0.99675000 0.98075000 0.96650000 0.93325000 0.90350000 0.85900000 0.81675000 0.76950000
X 0.99625000 0.97975000 0.96200000 0.93525000 0.89775000 0.86500000 0.81325000 0.78650000
X3 0.99700000 0.98550000 0.96075000 0.93125000 0.89925000 0.85900000 0.81150000 0.77850000
Xy 0.99875000 0.98475000 0.97125000 0.93175000 0.89225000 0.87175000 0.82475000 0.76925000
X5 0.99500000 0.98250000 0.96225000 0.93700000 0.89575000 0.86125000 0.82850000 0.77300000
X6 0.99675000 0.98275000 0.96075000 0.93075000 0.89850000 0.85650000 0.82400000 0.78425000
X7 0.99600000 0.98175000 0.95750000 0.93125000 0.89975000 0.85025000 0.82150000 0.78300000
Xg 0.99525000 0.98450000 0.96100000 0.93775000 0.91075000 0.86375000 0.81825000 0.78350000

Table A.6 Probabilities for eight individual runs for 4000 shots and A = 0.921 for non —

protective case.



Appendix B

Quantum Computing Technologies

B.1 Introduction

As established in the preceding chapters, the transition from abstract quantum algo-
rithms to practical hardware implementations is contingent upon the specific physical
characteristics of the chosen platform. While Chapter 2 provides a systematic analy-
sis of the theoretical QML landscape and its foundational principles, the diversity of
algorithms and control strategies explored in this dissertation necessitates a more
granular understanding of the specific quantum technologies currently available.
The methodologies developed in this dissertation are inherently platform-dependent.
For instance, the universal gate-based approach for Quantum Kernel Estimation
presented in Chapter 3 exploits the geometric flexibility unique to neutral atom
arrays to overcome connectivity barriers. Conversely, the embedded machine learn-
ing framework investigated in Chapter 4 is specifically tailored to the cryogenic
control requirements and communication bottlenecks of superconducting transmon
qubits. Building these foundations is essential for identifying the structural nu-
ances and unique capabilities of quantum models beyond immediate speedups. The
purpose of this appendix is thus to provide a technical overview of the quantum
computing technologies that support these diverse applications. By examining the
fundamental principles and operational limitations of superconducting, photonic,
and atomic systems, as well as non-universal paradigms like quantum annealing,
this appendix serves as a self-contained reference for the hardware architectures

discussed throughout the dissertation.
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B.2 Superconducting Qubits

Superconducting qubits are a leading technology in the field of quantum computing,
utilizing the principles of superconductivity to create quantum bits, or qubits. These
qubits are typically made from superconducting materials such as niobium or alu-
minum, which, when cooled to near absolute zero, exhibit zero electrical resistance
(superconductivity). There are several types of superconducting qubits, including
charge qubits, flux qubits, and phase qubits. Transmon qubits, that are the subject
of Chapter 4, are a particular type of charge qubits. Each type manipulates differ-
ent quantum properties to encode information. For instance, charge qubits use the
presence or absence of Cooper pairs (pairs of electrons) on a superconducting island
to represent the qubit states, whereas flux qubits use the direction of the circulating
supercurrent. Phase qubits, on the other hand, leverage the phase difference of the
superconducting wave function across a Josephson junction. One of the key advan-
tages of superconducting qubits is their scalability. They can be fabricated using
standard lithographic techniques and integrated into complex circuits. Furthermore,
they can be coupled to each other using microwave photons, allowing for the creation
of entangled states necessary for quantum computation. Superconducting qubits also
benefit from relatively fast gate times, which are essential for executing quantum
algorithms efficiently. However, superconducting qubits also face challenges, such as
maintaining coherence times long enough to perform computations and minimizing
errors due to environmental noise. Researchers are actively developing techniques
such as error correction codes and improving qubit design to address these issues.
Moreover, the need for extremely low temperatures (millikelvin range) requires
sophisticated cryogenic systems, which adds complexity and cost to the overall
setup.

Advantages of Superconducting Qubits

* Scalability: Superconducting qubits can be fabricated using well-established
lithographic techniques, allowing for the integration of many qubits into a
single chip.

» Fast Gate Times: They offer relatively fast operation speeds (order of tens of
nanoseconds), which are beneficial for running quantum algorithms efficiently.
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* Strong Coupling: The ability to couple qubits strongly through microwave
photons enables effective entanglement and interaction between qubits, crucial

for complex quantum operations.

* Mature Fabrication Techniques: Leveraging existing semiconductor fabrica-
tion technologies aids in the rapid development and scaling of superconducting

qubit systems.

Disadvantages of Superconducting Qubits

* Short Coherence Times: The coherence times of superconducting qubits are

limited, which can lead to errors during quantum computations.

* Environmental Sensitivity: They are susceptible to noise from the environ-

ment, necessitating advanced error correction methods.

* Cryogenic Requirements: The need for operation at millikelvin temperatures

demands complex and expensive cryogenic systems.

* Material Defects: Variations and defects in the superconducting materials can

impact the performance and reliability of the qubits.

In summary, superconducting qubits represent a promising and rapidly advanc-
ing area of quantum computing technology, with significant potential applications
ranging from solving complex computational problems to advancing our understand-
ing of quantum mechanics. Continuous research and development are focused on
overcoming the existing challenges to fully harness their capabilities. One of the
current superconducting Quantum Computers (QC) is IBM Condor, with 1121 qubits
(2025).

B.3 Photonic Qubits

Photonic qubits leverage on photons, the fundamental particles of light, as the
carriers of quantum information. These qubits are advantageous because photons
can travel long distances with minimal loss and are less susceptible to decoherence

from their environment. Photonic qubits are typically encoded using properties
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such as polarization, time-bin, or spatial modes of the photons. One of the primary
benefits of photonic qubits is their compatibility with existing optical communication
infrastructure. This allows for potential integration with current fiber optic networks,
facilitating long-distance quantum communication. Additionally, photonics-based
systems often operate at room temperature, avoiding the need for complex cryogenic
cooling. Photonic qubits can be generated using sources like spontaneous parametric
down-conversion or quantum dots, and can be manipulated with devices such as beam
splitters, phase shifters, and waveguides. Detection of photonic qubits is achieved
using highly sensitive photodetectors. However, there are challenges associated with
photonic qubits. Efficient single-photon sources and detectors are still an area of
active research, and losses in optical components can impact the fidelity of quantum
operations. Furthermore, integrating photonic qubits into scalable quantum circuits

remains a significant technical hurdle.

Advantages of Photonic Qubits

* Low Decoherence: Photons are less susceptible to environmental noise, re-

sulting in longer coherence times.

* Room Temperature Operation: Photonic systems can operate without the

need for cryogenic cooling.

* Integration with Optical Networks: Compatibility with existing fiber optic

infrastructure enables long-distance quantum communication.

* High Speed: Photons can travel at the speed of light, facilitating fast informa-
tion transfer. Gates are in the order of picoseconds to nanoseconds.

Disadvantages of Photonic Qubits

* Photon Loss: Losses in optical components and fibers can degrade qubit
fidelity.

* Single-Photon Sources and Detectors: Efficient generation and detection of
single photons are challenging and require further development.

* Scalability: Integrating a large number of photonic qubits into scalable quan-

tum circuits is technically demanding.
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An example of a photonic QC is Xanadu Borealis, with 216 qubits (2022).

B.4 Trapped Ions and Neutral Atoms

Trapped ions and neutral atoms are another promising approach to building QC,
leveraging individual atoms or ions as qubits. These systems utilize electromagnetic
fields to trap and manipulate the particles, with quantum information encoded in the
internal states of the atoms or ions. Trapped ion qubits are typically confined using
radiofrequency or optical fields in ion traps. They offer extremely long coherence
times and high-fidelity quantum operations. Quantum gates are performed using laser
pulses to induce interactions between the ions. Similarly, neutral atoms, which are
the subject of Chapter 3, are trapped in optical lattices or tweezers, and manipulated
using laser light. One of the main advantages of these systems is the high degree
of control over individual qubits, allowing for precise quantum operations. Addi-
tionally, trapped ions and neutral atoms can achieve high-fidelity measurements and
entanglement, crucial for quantum computation and error correction. However, these
systems face challenges such as the complexity of trapping and cooling the particles,
and the scalability of the setups. Trapping and controlling a large number of ions or
atoms in a stable manner is technically demanding. Furthermore, the requirement for

sophisticated laser systems and vacuum chambers adds to the complexity and cost.

Advantages of Trapped Ions and Neutral Atoms

* Long Coherence Times: Trapped ions and neutral atoms exhibit long coher-
ence times, reducing decoherence effects.

* High-Fidelity Operations: They enable high-fidelity quantum gates and

measurements, essential for accurate quantum computation.

* Precise Control: Advanced trapping and manipulation techniques allow for
precise control of individual qubits.

* Strong Interaction: The strong interaction between trapped ions or neutral

atoms facilitates efficient entanglement and quantum operations.
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Disadvantages of Trapped Ions and Neutral Atoms

e Complex Setup: Trapping and cooling systems are complex and require
precise engineering.

* Scalability: Scaling up the number of qubits while maintaining stability and

control is challenging.

* Expensive Infrastructure: The need for advanced laser systems, vacuum

chambers, and cooling technologies increases the overall cost.

» Slower Gates: The gate durations are currently in the order of microseconds.

In summary, both trapped ions and neutral atoms offer unique advantages and face
specific challenges. Continuous advancements in these technologies are essential for
realizing practical and scalable QC. An example of a state-of-the-art neutral atom
QC is Quera Aquila, 256 qubits (2023), whereas a trapped ion one is IONQ Forte,
36 qubits (2022).

B.S Non-Universal Quantum Computing

Universal QC, such as those based on the gate model, can theoretically perform
any computation that a classical computer can, and more, given enough time and
resources. In contrast, non-universal quantum computing models are specialized and
cannot efficiently simulate any arbitrary quantum algorithm. These models are de-
signed to solve specific types of problems more efficiently than classical algorithms,
rather than providing a general-purpose quantum computational framework. For
instance, they may lack the full set of operations needed to perform arbitrary quantum
computations but can still be extremely powerful for certain tasks. One notable ex-
ample of a non-universal quantum computing approach is Quantum Annealing (QA),

which focuses on solving optimization problems by exploiting quantum fluctuations.

B.5.1 Quantum Annealing

QA is a general method to find the global minimum of a given function in a set of

candidates. The class of algorithmic methods for QA is a promising metaheuristic
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tool for solving local search problems in multivariable optimization contexts. These
problems usually consist in finding the maximum or minimum for a cost function
that comprises several independent variables and a large number of instances [88].
The evaluation of cost in this context must necessarily be computed in probabilistic
terms. A single configuration is defined as a ‘tuple’ of values over the whole set of
independent variables. The value of the cost function depends on the configurations,
being the solution to the problem set as the definite optimal configuration which
minimizes, or maximizes, the cost function with some arbitrarily chosen confidence
level or probability.

B.5.2 Implementation

To detail this architecture, it is useful to start with the qubits that are the lowest
energy states of the superconducting loops that make up the D-Wave QPU. These
states have a circulating current and a corresponding magnetic field. At the end
of the QA process, each qubit collapses from a superposition state into either O or
1 (a classical state). A qubit’s state is implemented in a circulating current with a
corresponding magnetic field [89]. The physics of this process can be visualized

with an energy diagram, as in Figure B.1.
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Fig. B.1 Energy diagram changes over time as the quantum annealing process runs, and a
bias is applied [4].

This diagram changes over time: to begin, there is just one valley (a), with a
single minimum. As the QA process runs, the barrier is raised, and this turns the
energy diagram into what is known as a double-well potential (b). Here, the low
point of the left valley corresponds to the O state, and the low point of the right valley
corresponds to the 1 state. The qubit ends up in one of these valleys at the end of
the anneal. Everything else being equal, the probability of the qubit ending in the
0 or the 1 state is equal (%). We can, however, control the probability of it falling
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into the O or the 1 state by applying an external magnetic field to the qubit (c). This
field tilts the double-well potential, increasing the probability of the qubit ending up
in the lower well. The programmable quantity that controls the external magnetic
field is called a bias, and the qubit minimizes its energy in the presence of the bias.
The bias term alone is not useful, however. The real utility of the qubits comes when
they are linked together so that they can influence each other. This is done with a
device called a coupler. A coupler can make two qubits tend to end up in the same
state, both 0 or both 1, or it can make them tend to be in opposite states. Like a qubit
bias, the correlation weights between coupled qubits can be programmed by setting
a coupling strength. Together, the programmable biases and weights are the means
by which an optimization problem is defined in the D-Wave QC. As stated, each
qubit has a bias and qubits interact via the couplers. When formulating a problem,
users choose values for the biases and couplers. The biases and couplings define an
energy landscape, and the D-Wave QC finds the minimum energy of that landscape.
Currently, the state of the art is the D-Wave Advantage2 QPU, with approximately
4400 qubits (2025).



Appendix C

Neuro-Symbolic Al for Visual
Reasoning

C.1 Introduction

While the core of this doctoral dissertation focuses on the convergence of Quantum
Computing and Machine Learning, the research activity conducted during the Ph.D.
cycle also explored parallel frontiers in Artificial Intelligence. Specifically, this
appendix details a side research project concerning Neuro-Symbolic (NeSy) Al This
field addresses a fundamental challenge that is also relevant to quantum-enhanced
models: the integration of low-level representation learning with high-level relational
reasoning. In the following sections, we investigate how symbolic constraints can
be enforced within a differentiable framework. The content of this chapter has been

previously published by the author in [90].

C.1.1 The Neuro-Symbolic Paradigm and Logic Tensor Net-
works

The past decade has been defined by the success of deep learning (DL) in perform-
ing inductive tasks across various domains, including computer vision and natural
language processing. However, purely data-driven strategies exhibit significant
shortcomings, particularly when training data is scarce or when the model must

comply with explicit external requirements, such as physical laws, safety regulations,
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or logical axioms [91, 92]. To enhance the reliability and generalization of these
systems, Neuro-Symbolic Al seeks to combine the strengths of statistical learning

with the rigor of knowledge representation and reasoning [93, 94].

One of the most robust frameworks in this domain is the Logic Tensor Network
(LTN) paradigm. LTNs utilize an infinitely-valued fuzzy logical language known
as Real Logic, which extends classical first-order logic signatures (such as constant,
function, and predicate symbols) into a differentiable environment. In this context,
the term grounding refers to the mapping of these symbolic entities onto concrete
tensors in the real field [95, 96]. By adopting fuzzy semantics, LTNs allow formulas
to be partially true, enabling the training of neural networks under a set of logical

constraints that act as regularizers or as part of the loss function.

C.1.2 Benchmark Investigation: Visual Sudoku Classification

This research explores the application of LTNs to the Visual Sudoku Puzzle Classifi-
cation (ViSudo-PC) benchmark [97]. This task provides a sophisticated testbed for
NeSy systems as it requires the simultaneous processing of visual perception (rec-
ognizing handwritten digits) and complex relational constraints (satisfying Sudoku
rules). Unlike standard digit recognition, the classification task here is to determine
whether a 9 x 9 grid of images constitutes a valid Sudoku solution, notably without

providing the labels for individual digits during the reasoning phase.

A significant challenge of the ViSudo-PC benchmark is that the performance of a
decoupled approach, where a Convolutional Neural Network (CNN) classifies digits
followed by a hard-coded logic check, deteriorates rapidly if the perceptual module
is not perfectly accurate [97]. Robust performance thus requires a system capable
of joint reasoning, where the symbolic constraints can guide the perceptual module
in resolving ambiguities. This appendix analyzes various configurations for logical
constraint formulation and explores the integration between the neural perceptual
layer and the LTN-based reasoning module, providing insights into the efficiency of

hybrid learning procedures.
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C.2 Methodology

C.2.1 Puzzle construction

A Sudoku “puzzle” or “board” consists of 9 x 9 grid, in which each cell is populated
with digits 1-9. A puzzle is correctly solved if no row, column, or non-overlapping
3 x 3 subgrid (or “square”) contains all the possible numbers without repetitions.
The ViSudo-PC benchmark generalizes the concept of Sudoku puzzles assuming
that the board is a square of dimension m = n X n (specifically, 4 x 4 and 9 x 9
grids are provided), and that symbols can come from arbitrary domains. It includes
four domains of increasing complexity: digits (MNIST), English letters (EMNIST),
fashion items (FashionMNIST), and Japanese characters (KMNIST). In the following,

we will refer for simplicity and without loss of generality to the symbols as digits.

C.2.2 Common definitions

In this section, definitions of all domains, variables, and predicates are provided. The
function D(-) associates each variable with the corresponding domain, and Dy, (+)

each predicate with the input domain.

Domains:

* images, denoting the images that form the individual cells of the Sudoku

puzzle, encoded as 28 x 28 pixel maps,
* sudoku, denoting the image representing the Sudoku puzzle,

* results, denoting the Boolean value that indicates the validity of the Sudoku
board,

« digits, denoting the digits from 0 to 9,

* coordinates, denoting the coordinates of each cell in a Sudoku puzzle.

Variables:
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x ranging over the list of images [xq 0, ..., Xi j, ..., Xmm) associated to each Su-
doku board, where x; ; with i € [0,m — 1], j € [0,m — 1] are the images at

position (i, j), with D(x; ;) = images;

d ranging over the list of digits [do.o, ..., d; j, .., dm,m) associated to each Sudoku
board, where d; ;, with i € [0,m], j € [0, m] represents the digit at position (i, j),
with D(d; ;) = digits;

se ranging over all sub-elements of each Sudoku, that is rows, columns, and

squares, each formed by a sequence of coordinates {i, j};
S for the m x m Sudoku puzzles in the data, with D(S) = sudoku;
S and S_ for the correct and incorrect Sudoku puzzles, respectively;

1 for the labels, i.e., the validity of the Sudoku, D(/) = results.

Predicates:

digit(x,d) is a digit classifier, where d is a term denoting a digit constant or a
digit variable. The classifier should return the probability of an image x being

of digit d, with Dy, (digit) = images, digits;

equal(x; ;,x; ) is a predicate indicating whether two images x; ; and x; ; con-

tain the same digit, with Dy, (equal) = images, images;

valid(S) denotes whether a Sudoku board S is valid. The predicate should
return the probability that the image represents a valid Sudoku solution, with
Djn(valid) = sudoku;

validElement(se) denotes whether a sub-element of a Sudoku board S is valid.

Fuzzy operators:

Diagonal quantification Diag(x, ...,/) quantifies over tuples that combine the
i-th instance of each of the variables in the argument of Diag [96]. For instance,
given a data set with samples x and target labels y, YDiag(x,y) quantifies over
each label, sample pair.
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C.2.3 Knowledge base definition

At its core, an LTN-based NeSy approach to the ViSudo-PC task can be constructed
by combining one or more CNNs, that recognize digits and/or classify the whole
Sudoku board, with a LTN that enforces the logical constraints given by the rules of
Sudoku. Multiple solutions are available depending on which predicates are defined
and how they are combined in the knowledge base. The first group of solutions
(denoted in the following as indirect solutions) verifies whether the detected digits
constitute a valid Sudoku solution by means of a non-trainable predicate that enforces
the rules of Sudoku. The network learns to detect the digits via a learnable digit(x,d)
predicate. At inference time a fuzzy or crisp validity score can be computed applying
the rules of Sudoku using real or standard logic. The second group of solutions
(denoted in the following as direct solutions) computes instead the validity of the
entire Sudoku board via the valid(S) predicate. An auxiliary digit(x,d) predicate
is used to detect digits and enforce the rules of Sudoku. Both predicates digit(x,d)
and valid(S) are grounded by CNNs. In all cases, we assume that labels for each
individual digit are not available, and that digit classification must be trained in a
semi-supervised fashion exclusively by enforcing the rules of Sudoku, as mandated
by the ViSudo-PC task [97].

Indirect solution #1

This approach is based on the observation that every sub-element (row, column,
and square) belonging to a correct Sudoku is also correct. Conversely, if all the
sub-elements are correct, the Sudoku is correct as well. On the other hand, if the
Sudoku is not correct, at least one wrong sub-element must exist. We further observe
that a Sudoku sub-element is correct if, and only if, all available digits are present.
Indeed, since the length of a sub-element is equal to the number of digits, if one is
repeated twice, then another must be missing. Hence, the problem can be reduced to

the simpler problem of detecting whether a sub-element is correct or not.

Axioms:

Vse ((‘v’d dx; j:{i,j} €se (digit(x,-J,d))) = ValidElement(se)> (C.1)
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VDiag(S,1) (l — (Vse:se€s ValidElement(se))) (C.2)

VDiag(S,1) (ﬂl < (Jse:secs ﬂvalidElement(se))) (C.3)

Grounding:

The digit predicate is grounded by a CNN taking as input each digit image.
The validElement predicate is a non-trainable predicate that can be computed
directly using the axiom in Eq. C.1.

Indirect solution #2

This solution is based on the observation that a given sub-element (row, column, or
square) cannot contain the same symbol twice. More generally, given all possible
image pairs within a Sudoku board, it is possible to define an additional predicate
sameSubelement([py, p»]) that determines whether the image pair at positions p; =
(i,j) and pp = (I,k)] belong to the same sub-element and hence cannot contain the
same digit (or, more generally, the same symbol). Based on this principle, two
axioms can be formulated, one for correct Sudoku boards and one for incorrect

Sudoku boards. In the experiments, only correct examples were used.

Axioms:
VSt Y([p1,p2)) (sameSubelement(pl,pz) = ﬂequal(xpl,xpz)) (C4)

vS_ 3([p1,p2)) (sameSubelement(pl,pz) — equal(xp,,xpz)) (C.5)

Grounding:

The equal(x;,x;) predicate is grounded by a function of the probabilities that
x1 and x; belong to each digit, computed by the digit(x) predicate::

equal(xy,xp) = exp ( — ReLU (||digit(x;) — digit(xy)|| — c)) (C.6)
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where c is a constant added for numerical stability. Alternative grounding
formulations could compute the distance i) based only on the most probable
digits or ii) directly from the image embedding, e.g., before computing the

softmax.

Indirect solution #3

This solution stems from the observation that the same number can appear only
once for each sub-element (row, column, and square). Hence, if we denote as
X0y -5 Xk, ---, X the list of images in sub-element se, the following knowledge base

can be defined:

Axioms:

VS, Vse Vxp,xp,d: (x1 EseAx2 € se) (xl # xpy Ndigit(x),d) = —digit(xy,d)
(C.7)
VS_ Vse dxj,xp,d : (x]1 € seAx2 € se) <x1 # xp Ndigit(x,d) = digit(x27d))
(C.8)

Direct solution

The direct solutions involve two predicates, valid to compute the validity of the
Sudoku board and digit to compute the probability that each cell contains a given
digit. The latter predicate is used only to enforce Sudoku rules. At inference time,
predictions are directly calculated from the valid predicate. While the digit predicate
is trained in a semi-supervised fashion, to comply with the training setting specified
by the ViSudo-PC benchmark, the valid predicate can be trained in a supervised
fashion. In addition, additional axioms are specified to encode prior knowledge
about the rules of Sudoku. Any of the axioms that were defined in previous solutions

can be used for this purpose: only one possible solution is shown here.

Axioms:

VS, valid(S), VS_—valid(S) (C.9)
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VS ((‘v’([pl,pz])(sameSubelement(pl,pz) == ﬂequal(xpl,xpz))) & Valid(S))
(C.10)

A ((EI([m,pz])(sameSubelement(pl,pz) = equal(x,, ,xpz))) < —wvalid(S)
(C.11)

Grounding: The equal(xj,x;) predicate is grounded as in Eq. C.6. The two predi-
cates valid(S) and digit(x,d) are grounded by either two separate CNNs or by

one CNNs with a common backbone and two different prediction heads.

Potential pitfalls

Alternative solutions could be designed by extending the LTN for the semi-supervised
MNIST classification task proposed in [96], in which MNIST classification is learned

by solving single- and multi-digit additions:

VDiag(x1,x2,y1,y2,n) (3dy,d2,d3,ds : 10d) +do +10d3 +dy = n.
(digit (x1,d1) Ndigit(x2,d>) N\digit(y1,d3) Adigit(y2,ds))) (C.12)

A similar approach, in this case, would yield the following solution:

VDiag(X0.0, -, Xi j -y » Xmm, 1) (3do 0, .. dijs ooy s Amm -
ValidPuzzle(d070, ...,dﬁj, ceey ;dm,m) =
= l.(digit()co,o,do,@ VAN /\digit(xi7j,d,~7j) A... /\digit(xmvm,dmm))) (C.13)

where validPuzzle determines if the specific sequence of digits yields a Sudoku board
consistent with the label (i.e., valid or invalid). Empirically, we found that solutions
involving up to m x m multiple A operations in a single axiom led to exploding
memory issues, possibly due to the LTNtorch implementation [98]. The proposed
solutions are based on simpler formulas, each implementing a separate logical
constraint for pairs of digits at a time, aggregated using existential and universal
quantifiers. However, given a m X m board, with m rows, m columns, and \/m

squares, the number of possible digit pairs with each sub-element is (’g) = N(A;l) ,

hence the number of constraints increases as m->.
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Extension to digit localization

A near-perfect accuracy in digit classification is paramount to determining whether
a given Sudoku puzzle is correctly solved. The solutions proposed in the previous
section rely heavily on the digit(x,d) and equal (x,, ,x,,) predicates, and assume that
the image grid is known. This limitation could be overcome by integrating an Object
Detection method within the NeSy framework. In this way, the grounding of the sub-
images can be extended by including the bounding box coordinates, which would be
used to localize the digits within the board. The digit(S,b,d) predicate would take
as input the Sudoku Board S and a bounding box b to predict the probability that the
bounding box b contains the digit d, and would be grounded by an object detector.
In a preliminary implementation, we used the You Only Look Once (YOLO) [99]
algorithm, specifically the YOLOv1 architecture. YOLOV1 consists of two main
parts: i) the feature extractor and the ii) detection network. The latter is a fully
connected layer that, from the output of the feature extraction, generates a set of
bounding boxes that contain the detected objects in the image. The feasibility of
training an object detector and a LTN end-to-end has been established in [100].

C.3 Exploratory assessment

C.3.1 Dataset

Preliminary experiments were conducted on the basic dataset provided by the ViSudo-
PC benchmark, which includes 10 splits per dataset to be used for scoring [97]'. We
performed experiments on the 4 x 4 Sudoku with data sources MNIST, EMNIST,
FMNIST, and KMNIST. Each split contains 50/100/100 puzzles for training/valida-
tion/test, respectively. Performances (Area under the ROC curve) are reported in

cross-validation by averaging across the 10 splits.

The dataset was downloaded from https://github.com/lings/
visual-sudoku-puzzle-classification


https://github.com/linqs/visual-sudoku-puzzle-classification
https://github.com/linqs/visual-sudoku-puzzle-classification
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C.3.2 [Experimental settings

A total of three configurations were tested, three variants of the indirect solution #2
introduced in Section C.2.3, denoted in the following as LTN_IND_A, LTN_IND_B
and LTN_IND_C. Preliminary experiments were also conducted on the direct solu-
tion (LTN_DIR). The indirect solution was tested with and without negative examples
(Eq. C.11) in the knowledge base. At inference time, the probability of a correct
Sudoku is computed using the same axiom for positive example (Eq. C.10) for the
indirect solutions, whereas for the direct solution it is directly computed by the valid

predicate.

The digit CNN consists of 2 convolutional layers with a kernel size of 5, each
followed by a max pooling layer of size 2 with stride 2. The latter feeds into fully
connected (FC) dense layers of sizes 320, 50 with ReLLU activation and a final
softmax layer. For the direct solution, two output branches of sizes 320, 50 and 5120,
320 computes the Valid and digit predicate, respectively.

We approximate the universal quantifier with the generalized mean w.r.t. the
1

; 1
error aggregator A,yg = 1 — (l Y (1— a,-)pv> " and the existential quantifier with

n

i=1
1

the generalized mean aggregator Ay = (% i al’-’ 3) Pa, as suggested by Badreddine
et al. [96]. We set p5 = 1.5, whereas for thé_ulniversal quantifier both fixed py = 2
(LTN_IND_A and LTN_IND_C) and scheduled values (LTN_IND_B, LTN_DIR)
were evaluated. In the latter, py is gradually increased as follows: 1 (epochs 0-20),
2 (20-120), 6 (120-170), 8 (170-200), and 10 (200-500). Higher p values at the
beginning of training prevented the network from converging, as previously reported
[96]. For inference py was set to 1000. All networks were trained with batch size 8
and the Adam optimizer. Learning rate and number of epochs were set experimen-
tally for each configuration (LTN_IND_A: 0.001/200; LTN_IND_B: 0.0005/300;
LTN_IND_C: 0.0005/500; LTN_DIR:0.0005/300). The LTN was implemented in

PyTorch using the LTNtorch package [98].

C.3.3 Results

Results for the indirect solutions are presented in Table C.1. LTN-based solutions
perform best for the simpler dataset (MNIST). As observed in [96], LTNs appear
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Data source | NeuPSL [97] | LTN_IND_A | LTN_IND_B | LTN_IND_C

MNIST4 0.884+0.02 | 0.83£0.18 | 0.84 +£0.14 | 094 +0.10
EMNIST4 | 0.79 £0.09 | 0.58 £0.04 | 0.58+0.06 | 0.65+0.14
FMNIST4 | 0.74 £0.04 | 0.67 =0.11 0.76 =0.15 | 0.83 £0.11
KMNIST4 | 0.65+ 0.12 0.83+£0.09 | 0.85+0.11 | 0.87 £0.09

Table C.1 Performance of the indirect LTN solution on the 4 x 4 Sudoku. The mean
area under the receiver operating characteristic curve (AuROC) along with the standard
deviation over 10 splits is reported. The tested LTN versions differ as follows: LTN_IND_A:
positive examples only and fixed py;LTN_IND_B: positive examples only and varying py;
LTN_IND_C: all axioms and fixed py.

sensitive to random initialization and may occasionally fail to converge to a non-
trivial solution, which explains high standard deviations for most configurations.
Compared to the baseline LTN (LTN_IND_A), stability and performance are en-
hanced by scheduling p in the universal aggregator [96], as well as by including
axioms for negative examples (LTN_IND_C). Compared to NeuPSL [97], LTN—
based solution appear to perform better on the KMNIST domain, and worse on the
EMNIST domain; it is possible that, when samples are more difficult to classify,
predicting whether two digits are equal is a more robust alternative than comparing
the actual classifications, and thus the different may be also attributed to the choice
of knowledge base.

The direct solution does not achieve performance above random guess on
MNIST4 (0.52 £+ 0.02) and was not tested on other domains. However, When
computing predictions using the digit predicate and rules of Sudoku, performance
increases (0.85 + 0.02). Hence, the LTN learns to distinguish digits, but fails to
predict the validity directly from the input image, possibly due to the specific choice

of grounding.

C4 Summary

In this chapter, multiple LTN-based solutions to the ViSudo-PC benchmark were
discussed. While experimental validation is still preliminary, we observe that several
axioms could be used to encode the rule of Sudoku. Although logically equivalent,
different solutions could result in different numerical properties, hindering compari-

son across different implementations and scenarios. Further experiments are needed
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to fully characterize all possible LTN-based solutions, as well as to optimize their

grounding and increase stability to random initialization [96].
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