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We present a discussion of the enthalpy transport at the interface between two ho-
mothermal regions in a particle-laden turbulent flow, in order to quantify the role of
inertial particles and of fluid-particle thermal interaction. We use a phase-space analysis
of particles in a reduced phase space, and a formulation of a moment of total enthalpy
integral (MTEI) applied to data from direct numerical simulations (DNS) at a Taylor
microscale Reynolds number equal to 56 in a thermally coupled two-way regime. This
allows us to identify the main features of particle statistics and to measure the effects
of particle inertia and turbulent convection of the heat transfer, providing a quantitative
and interpretable evaluation of the process which does not require any hypothesis of self-
similarity. We show how particles dominate the transport mechanisms, bridging enthalpy
across eddy structures, in particular when their Stokes number approaches unity, making
them accumulate across temperature fronts.

DOI: 10.1103/17cm-vszk

I. INTRODUCTION

Understanding the interplay between fluid turbulence and suspended inertial particles is essential
for a wide range of environmental and industrial applications, including atmospheric processes,
pollutant dispersion, spray cooling, combustion, and cloud microphysics. Compared to single-
phase, nonisothermal turbulent flows, particle-laden turbulence involves additional multiscale and
interphase processes that strongly affect heat, mass, and momentum transport. These include inertia
and thermal inertia filtering, caustics and thermal caustics formation, and particle-fluid feedback
mechanisms, which together make the physics of heat transfer in such flows considerably more
complex.

Recent research has made progress in quantifying these processes through numerical simulations,
experiments, and by developing novel theoretical models. For example, Saito et al. [1] derived
an analytical prediction for the modulation of fluid temperature fluctuations by particles, using a
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Langevin model for fluid temperature fluctuations along the Lagrangian trajectories of individual
particles. Their model successfully predicted the direct numerical simulation (DNS) results by
Carbone et al. [2]. Similarly, Carbone et al. have analyzed the modification of scalar statistics
by particles in homogeneous, isotropic turbulence, identifying systematic effects of particle inertia
and thermal response times on scalar intermittency [2,3]. Although these works have advanced
our understanding of multiscale fluid-particle thermal interactions, they have primarily considered
isotropic, statistically homogeneous, and steady fluid temperature and velocity fields. By contrast,
many physically relevant flows involve strong inhomogeneities, anisotropy, and temporal evolution,
features that can fundamentally alter the interaction mechanisms.

A variety of mechanisms shape the distribution and dynamics of inertial particles in turbulence.
Preferential concentration, or clustering, depends on how particle inertia couples with turbulent
eddies: heavy particles preferentially accumulate in high-strain/low-vorticity regions, while light
particles do the opposite [4-6]. Turbulence-induced clustering, which arises from particle inertia,
causes particles to accumulate near strong fluid temperature gradients, i.e., at temperature fronts, as
reported by Bec et al. [7], leading to thermally biased sampling. Turbophoresis, recently revisited
by Bec et al. [8], causes particles to be ejected from regions of strong activity and accumulate in
less turbulent areas due to intrinsic instantaneous non-uniformities of the inertial range. Relatedly,
the sweep-stick mechanism generalizes the centrifugal effect of vortices, linking particle clustering
to their response times across inertial-range scales [9,10]. At very high Reynolds numbers, DNS
studies confirmed strong correlations between particle positions and nearly zero-acceleration points
in the flow, reinforcing this picture. Another phenomenon of central importance is the formation of
caustics in particle velocity fields. For particles with a finite Stokes number St, and more frequently
for St 2 1, trajectories may cross in phase space, leading to multivalued particle velocities at the
same position and generating large velocity differences between nearby particles [11,12]. Extending
this concept, Zandi Pour et al. [13] recently developed a theory of thermal caustics, based on the
dynamics of particle temperature gradients, providing a new theoretical framework that extends
earlier treatments [1,2].

While these mechanisms are well understood in the context of isotropic turbulence, how they
manifest in inhomogeneous, anisotropic, and unsteady thermal fields remains an open question. The
majority of existing studies assume isotropic and homogeneous temperature and velocity fields,
which simplifies both theory and numerical analysis. However, in realistic flows, scalar fields
are rarely homogeneous or steady. For example, scalar mixing layers exhibit strong anisotropy,
intermittency, and scale-dependent dynamics. As Warhaft noted [14], even in homogeneous and
isotropic turbulence, the presence of a mean scalar gradient leads to deviations from local isotropy,
such as finite skewness in transverse scalar derivatives [15]. Direct numerical simulations of scalar
mixing layers further reveal the development of sharp intermittent fronts and —5/3 inertial-range
spectra [16]. Thus, a systematic investigation of particle-scalar interactions in inhomogeneous, time-
developing configurations is needed to bridge the gap between idealized homogeneous turbulence
and more realistic thermally inhomogeneous flows.

We address this problem by studying a time-developing thermal mixing layer. Specifically,
we consider two initially homothermal regions advected by a statistically steady, homogeneous,
isotropic, incompressible velocity field, which generates a turbulent mixing layer in the intervening
region. The fluid temperature is treated as a passive scalar, with temperature differences sufficiently
small to avoid buoyancy effects. The mixing layer thickness grows in time and, after an initial
transient, evolves diffusively, suggesting the possibility of self-similar growth [17-19]. Particles
are modeled as identical spheres with a finite thermal capacity. Advected by the turbulent flow,
they interact dynamically and thermally with both the mean temperature gradient and local
intermittent fluctuations. This configuration, although idealized, captures the essential features of
inhomogeneous, anisotropic, and unsteady scalar fields while retaining statistical stationarity of the
velocity field.

The aim of this study is to investigate the role of inertial particles in the thermal trans-
port across a turbulent mixing layer. We pursue this through two complementary approaches:
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FIG. 1. Schematic of the time-developing turbulent thermal mixing layer. Two initially homothermal
regions at different temperatures are advected by a homogeneous and isotropic velocity field. A temporal
mixing layer develops between them, while inertial particles (black dots) are advected, cluster in intermittent
regions, and exchange heat with the fluid.

(i) Phase-space analysis of particle dynamics, based on the transport equation for the probability
density function (PDF) of particle state variables (position, velocity, temperature). Exploiting
homogeneity in directions normal to the mean gradient, we can analyze the PDF in a reduced-order
space, whose dimensions allow a tractable form that can be visualized and compared with DNS data,
revealing the most relevant structures in fluid-particle interaction and the possibility of a self-similar
stage of evolution [20]; (ii) integral analysis of total enthalpy, by formulating a moment of total
enthalpy integral (MTEI) for the coupled fluid-particle system. Building on recent developments in
integral methods for turbulent boundary layers [21-24], this approach quantifies the contributions
of turbulent convection and particle transport to heat transfer across the mixing layer.

This dual framework allows us to provide both local (PDF-based) and global (MTEI-based)
perspectives on fluid-particle thermal coupling. It also enables a systematic evaluation of whether
self-similar growth regimes emerge in the presence of particle inertia and thermal inertia, which
introduce additional timescales and may disrupt classical self-similarity. Self-similarity is a common
organizing principle in turbulence, emphasized in classic treatments such as Townsend [25], and
observed in a variety of turbulent flows [26,27]. In scalar mixing layers, self-similar regimes have
been identified in the absence of particles [16]. However, inertial particles introduce new mecha-
nisms and timescales, making the onset and character of self-similarity uncertain. Our analysis does
not assume self-similarity, but provides criteria for its occurrence and a framework for quantifying
deviations when it fails. The results presented here, therefore, extend the theory of turbulent scalar
transport to particle-laden flows with inhomogeneous and evolving temperature fields, offering a
foundation for more complex and applied studies of particle-heat coupling in environmental and
engineering systems.

II. FORMULATION

A. Flow description and physical model

We investigate the fluid-particle thermal interaction in a simple thermal mixing layer generated
by the advection of a sharp temperature interface separating two homothermal regions in a turbulent
flow. In this situation, the interaction between two unbounded fluid regions at uniform temperatures
Ty and 7> in a homogeneous and isotropic velocity field with zero mean velocity generates an
intermittent thermal layer [17]. A sketch of the system is shown in Fig. 1. The flow is assumed
to be incompressible, so that the temperature field acts as a passive scalar field, advected by the
flow. As in [17], we indicate with x3 the inhomogeneous direction, so that the region at temperature
T; is initially defined by x3 < 0, and the region at temperature 75 is initially defined by x3 > 0.

At the same time, the flow is seeded by a set of small, identical inertial particles with a finite
thermal capacity. The state of a small spherical heavy particle moving in a fluid and thermally
interacting with the fluid is given by its position X ,, its velocity V ,, and its temperature ©,. Their
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dynamics, in the limit of radius much smaller than any flow scale and density much higher than the
fluid, i.e., pp/pr > 1 and (ppcpp)/(0rcpr) > 1, where p, and py are the particle and fluid density,
and cp, and c,, are the particle and fluid specific heat at constant pressure, obey the following
equations:

4 [X® 0o 1 0 T[x,0) 0
a V@) =10 —l/z, 0 Vo) ¢ + | (I/zu, X, @) |. (D
e, 0 0 —1/u ||, (1/t)T (1, X (1))

Equations (1) are a simplified version of the Maxey-Riley-Gatignol (MRG) equation, which is
considered the theoretical foundation of almost all point-particle Eulerian-Lagrangian approaches.
The MRG equation was proposed by Maxey and Riley [28], and independently by Gatignol [29] in
1983. Note that, in general, for finite-size particles, like particles comparable to or larger than the
Kolmogorov length scale, the MRG equation’s applicability is limited, and additional corrections
or alternative models are needed to account for size effects. Although the MRG equation is valid
for low-particle Reynolds number (Re, = 2R|u(t, X ,) — V ,|/v < 1), it can take into account the
effects of finite particle size through the Faxén correction terms, which are a function of Re, [29].
Homann and Béc [30] showed that the effect of these correction terms is significant for larger
particles, but negligible if the particle diameter is equal to the Kolmogorov size or smaller. In our
study, the linear model is used under which the nonlinear correction is not needed due to the very low
Re,,. Thus, we use a simplified model for the point-like particles in the Stokesian regime (Re, < 1),
and without considering the finite-size effect (R/n < 1) and Faxén correction. Moreover, in the
limit for p,/pyr > 1, the dominating term in the momentum equation is the Stokes drag, while
the Basset, added mass, and pressure gradient forces become negligible [31]. Analogously, under
the same conditions, the dominating term in the particle temperature equation is the quasisteady
diffusive heat transfer. On the contrary, for light particles, especially neutrally buoyant particles
such as bubbles suspended in a denser liquid where the particle density is lower than the fluid
density, the other forces, as well as the nonlinear drag correction, cannot be neglected. Interparticle
interaction forces, e.g., collision and lubrication forces, are not included in our model, and due to the
scale of the smallest particle in this work, Brownian effects are also disregarded [32]. In our study,
the particle exchanges heat with the surrounding fluid solely through convection. For a solid particle
model, where the particle’s mass remains constant throughout the process, latent heat is not included
in the enthalpy equation. However, in other scenarios, additional heat transfer mechanisms (such as
radiative heat transfer) or heat sources/sinks (such as vaporization enthalpy) may be incorporated
into the enthalpy equation. Moreover, conductive heat transfer within the particle is neglected due to
the small particle radius. For particles of size ~O(107%) m, the Biot number, defined as Bi = iR /Ap
(where h is the convective heat transfer coefficient, A, is the particle thermal conductivity, and R is
the particle radius), is much smaller than one (Bi <« 1), indicating that the particle temperature
can be considered uniform. Neglecting conduction is justified under the assumption of a finite
heat capacity (lumped-capacitance model) because convection is significantly more effective than
conduction in this size range. In the particle temperature equation, the disturbances to the local fluid
temperature field caused by the particles are not considered. Thus, both Eulerian and Lagrangian
equations use undisturbed quantities in this study. Although actual temperature fields would account
for both disturbed and undisturbed components, this assumption is justified for the range of our
parameters. The statistical moments of the temperature field gradient, including both disturbed
and undisturbed fields, have been analyzed by Carbone et al. [2]. They showed that, in the valid
range of the point-particle approach, there exists a significant scale separation between the particle
radius and the Kolmogorov microscale; therefore, an analytical solution for the temperature field
can be derived. Carbone et al. [2] also addressed the validity of the assumption that particle
perturbations can be neglected in the point-particle model. They demonstrated that the margin of
error introduced by this assumption is at most about 15% even for large particles with St = 3.
This supports our decision to disregard particle-induced disturbances in the fluid temperature field.
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Horwitz et al., later in [33], showed that in this limit (R/n < 1), the undisturbed temperature and
the interpolated temperature at the particle position are nearly identical. In that work, they used
thermal energy dissipation as the verifiability measure to support the arguments in [34] concerning
the use of symmetric stencils for interpolating and projecting fluid quantities. Here, t, and ty are
the momentum and thermal relaxation times, defined as

_ 2 pp R? . 1 ppCpp R?

= . Ty = ) (2)
9pr v 3 prepr K

u
where R is the particle radius, v the kinematic viscosity of the fluid, and « the thermal diffusivity
of the flow. Variables u(¢, X ;) and T (¢, X ,) are fluid velocity and temperature at particle position,
which are solutions of the Navier-Stokes equations,

V-u=0, 3)
ou 1 )
—+u-Vu=——Vp+vVu+f, “4)
ot Pf

oT )
— 4u- VT =kVT + Cr, (5)
ot PrCpf

where p is the pressure, f, an external forcing term to keep the velocity field statistically steady,
and Cr the particle thermal feedback on the fluid, i.e., the heat transfer from the particles to the fluid
phase per unit time and unit volume, which is given by

de,(1)
dr

N,
4 .
Cr(t,x) = —gnR3ch,,,, > 8lx — X ,(0)].
p=1

This last term, added on the right-hand side of the fluid temperature equation (5), acts as a
small-scale source term [2]. In this way, we are considering a two-way thermal coupling between
fluid and particles, but only a one-way momentum coupling between particles and fluid. This is
appropriate for low volume fractions, or even at moderate volume fractions, approximately up to
1073, where two-way momentum coupling cannot be neglected, momentum feedback has been
shown to have only a minor effect on particle temperature statistics in free flows [2,35], and
therefore it is often neglected [1]. When the flow is turbulent, fluid velocity and temperature
in (1) act as stochastic forcing for the particle, leading to particle random motion. We use a
particle volume fraction of ¢ = 4 x 10~* in all simulations. This value is sufficient for two-way
thermal and momentum coupling between particles and fluid to be significant, yet low enough
to neglect interparticle collisions and interactions, which become notable at volumes greater than
1073, Moreover, the impact of particle collisions has been reported in [35,36] and suggested to be
minor in this range of volume fraction, especially on thermal fields, which is the aim of this study.
Although two-way coupling is appropriate for this volume fraction [37], the interaction between
convective heat transfer and particles already introduces substantial complexity, so we exclude
particle momentum feedback, which has been found to play only a minor role in homogeneous
flows [2,38,39].

B. Numerical method and simulation setup

A DNS solves the Navier-Stokes equations together with the Lagrangian tracking of point
particles, Eq. (1). These DNSs [17] solve the flow within a parallelepiped domain with dimensions
L in the homogeneous directions x; and x;, and 2L in the thermally inhomogeneous direction
x3 = x. Temperature is initialized by setting it equal to 77 in the half-domain where x3 < 0 and
to 7, in the half-domain where x3 > 0, while a statistically steady homogeneous and isotropic
velocity field is maintained by a forcing through a body force f,, which imposes a constant energy
injection rate of e. The governing equations are solved in dimensionless form, normalizing them
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TABLE I. Dimensionless flow parameters.

Taylor microscale Reynolds number Re; 56
Prandtl number Pr 0.71
mean turbulent kinetic energy dissipation rate e 0.25
Forced wave number ky 5
Kolmogorov length scale n 0.0153
Kolmogorov timescale 7, 0.098
Taylor microscale A 0.226
Integral length scale 14 0.40
Root mean square of velocity fluctuations u 0.59
Resolution Ax/n 1.6
Grid size (after dealiasing) N =N, 256
N; 512
Particle volume fraction 7] 4 x 107
Density ratio Pol Ps 10°
Stokes number ratio Sty /St 4.43
Stokes number St 0.2;0.3;0.5;0.7;0.8;0.9; 1;

1.2;1.5;2;2.5;3;4

by using the size of the domain in the homogeneous direction, Ly = L/(2r), as a reference length,
a reference velocity Uy = (4eLg)'/? deduced from the imposed mean kinetic energy dissipation
rate ¢ through the body force (see [2]), and the temperature difference 7} — 7,. Periodic boundary
conditions are applied to all directions to the velocity field and the temperature field, after it has been
decomposed as

T, + T T — T
T(t,x) = ‘2 2 4+ 22L L3 + T(t, x). (6)

The problem is put in dimensionless form using the above-mentioned reference scales (see
Appendix) and is discretized in space by means of a Fourier-Galérkin method, and integrated
in time with a second-order exponential Runge-Kutta integrator. Interpolation of fluid velocity
and temperature at particle positions is carried out using a recently developed numerical method
[3,40], which relies on inverse and forward non-uniform fast Fourier transforms combined with a
fourth-order B-spline basis. All data we present correspond to a single Taylor microscale Reynolds
number, Re, = 56, simulated with 2562 x 512 Fourier modes after dealiasing, which ensures that
Kmaxn = 1.94. Particle-to-fluid density ratio p,/p; has been kept equal to 10, and particle-to-fluid
specific heat ratio ¢,,/c,r has been set equal to 4.16, which is representative of water droplets in air.
This implies that the ratio between the thermal Stokes number and the Stokes number, i.e., the ratio
of the relaxation times, is equal to 4.43. Particles with different Stokes numbers are obtained by
changing their radius. Accordingly, particle number ranges from 2.71 x 10° (St = 4) to 2.43 x 107
(St = 0.2) in order to maintain a constant volume fraction ¢ = 4 x 10~*. All relevant dimensionless
parameters are in Table I. Further details on these simulations can be found in [17].

III. PHASE SPACE ANALYSIS

A. Single particle probability density function

In a turbulent flow, the particles are subjected to stochastic forcing by turbulent eddies, leading
to random particle motions. The probability density function (PDF) of finding a single particle with
astate Z = (X, Vp, ©p)is frg(t, xp, vp, ¥p) = 6[x, — X ,(0)[6[v, — V ,(1)]8[F, — ©,(2)], which,
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averaged over all the possible realizations, gives the coarse-grained PDF f:
f,xp,0,,0,) = (fro(t, xp,v,,0,)) = /dxpdvpdz?p«S[xp —X,("]8[v, =V, ()]8[P, — O,(1)].

(7

The evolution equation for f, for noncolliding particles, is obtained from the integration of the time
derivative of the fine-grained PDF, when Eq. (1) is used, leading to

of(t,x,, v, 0,) 0 0
—f ot Al LA —— @, xp, vy, OV plxyp, vy, )] + v Lf (@t xp, vp, Up)(Ap|xp, v, Fp)]
P

ot 0x,,
a .
+ W[f(tv Xp, Up, ﬁp)<®p|xpv Vp, ﬁp)] =0, (8)
P

where A, =dV,/dt and ©® = dO/dr are given by Eq. (1). Since short-range particle-particle
interactions (e.g., electrostatic or direct hydrodynamic interactions) are not considered, the single-
particle PDF equation can be used to describe their collective dynamics [32]. In the absence of
collisions, particles are correlated by the interaction with the fluid phase.

The Lagrangian PDF, Eq. (8), includes some unclosed terms, the conditional averages of velocity,
acceleration, and temperature derivative, since they involve fluid fluctuations. Note that this PDF is
derived under the assumptions that the process is Markovian and that initial states are equal to zero.
An Eulerian form of this PDF can be obtained by integrating over all particles that pass through a
given state (x, v, ¥) at time ¢,

FE@x,0,0) = /dxpdvpdﬁpf(t,xp, vy, 9,)80x — x,(1)18[v — v, ()IS[Y — 9,()].  (9)

This integral effectively transforms the Lagrangian description into an Eulerian description us-
ing Dirac delta functions to enforce the condition that the particle’s phase space coordinates
match the Eulerian coordinates [41]. Since the Lagrangian PDF, f, is already a function of state
variable (xp, v,, ¥,), and the delta function ensures we are evaluating at (x, v, ), therefore,
we get

fEt,x,v,9) = ft,x,=x,v, =v,0, =0). (10)

In the Eulerian framework, we are concerned with the density of particles at fixed spatial
coordinates, characterized by specific velocities and temperatures, and averaged over all parti-
cles in the domain. In contrast, the Lagrangian description focuses on the instantaneous states
of individual particles as they move along their trajectories, represented by the state variables
(X (), Vp(t), ©,()). The Eulerian state variables (x, v, 9 ), on the other hand, describe the state of
the system at fixed spatial points at a specific time t.

In general, Eq. (8) is formulated in a seven-dimensional space Z. In the present specific problem,
the flow field which drives particle motions is characterized by homogeneous and isotropic velocity
fluctuations and a temperature which is statistically homogeneous in two directions, x; and x,, and
whose PDF is a function of x3 = x and ¢ only, so that f does not depend on (x1, x5). We can further
integrate f over (vi, v) to reduce the dimensionality of the problem to three and obtain a reduced
PDF f,,

St xp, v, 0p) = f [, xp, v, Bp)dvp, 1dvp, 2, (11D
X(xp,vp)

where X(x,, v,) = {(t,x,, v,, ) : X,3 = X, Vp3 = v,}. which describes the probability to find, at

time ¢, a particle in a plane x3 normal to the inhomogeneous direction, with velocity component v3

along the inhomogeneous direction x3 and temperature 6,,. By integrating Eq. (8), taking advantage

of the fact that the velocity field is homogeneous and isotropic, the reduced probability density
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t/Tr=17 t/T=9

0.39

0

FIG. 2. Three-dimensional rendering of the reduced single-particle PDF, f,, at St = 1.0 atf/t = 4,7, and
9. Position x, velocity v, and temperature ¥ have been normalized with the mixing layer thickness §, the
velocity standard deviation, and the temperature standard deviation in the middle section.

function obeys the following equation:

0fs(t, xp, vp, Up) 0 d )
+ [f(®, xp, vp, Op)(Vplxp, vy, Fp)] + LS8, Xp, Uy, Dp)(Oplxp, vy, Bp)]
o1 ox, a0,

=0, (12)

where, for the sake of clarity, subscript 3 will be omitted from this point onward.

Equation (12) can be solved only after the unclosed terms are modelled. As it is customary in
many physical problems concerning phase-space analysis, e.g., astrophysics and accelerator physics
[20], we employ data from DNS to analyze the PDF in a reduced ordered phase space, whose
dimensions are determined by particle state variables X, V,,, and ©,,.

B. Results

We deduce the reduced PDF of the particles, f,, and all relevant unclosed terms from DNS
data. In particular, we focus on the most significant moment of the PDF transport equation (12),
i.e., the conditional average of the particle temperature time derivative (© plXp, vp, ). More
precisely, we aim to further analyze the PDF behavior in phase space via three-dimensional and
two-dimensional visual inspections of the PDF obtained in Sec. IIT A. We consider DNS at a Taylor
microscale Reynolds number equal to 56, varying the Stokes number St = 7, /1,, the ratio between
the momentum relaxation time t, equation (2) and the timescale of the smallest turbulent eddies,
and the Kolmogorov timescale 7, = (v/€)'/4, from 0.2 to 6, while keeping the ratio between thermal
relaxation times 7y /7, equal to 4.43.

An example of the three-dimensional structure of the reduced particle PDF f, (¢, x, v, 6) is shown
in Fig. 2 for particles with a Stokes number equal to 1 at dimensionless times 7/t equal to 4, 7, and
9. Here, T = £/u’ is the turbulence eddy turnover time, with ’ the root mean square of fluid velocity
fluctuations and £ their correlation length. Function f; is obtained through a bin count, where the bin
size has been carefully selected to strike a balance between adequate resolution in phase space and
data sampling. The velocity and temperature fluctuations have been normalized with their respective
standard deviations, in the whole domain for the velocity field, which is statistically homogeneous
and steady, taken at x = O for the temperature field, which is inhomogeneous and unsteady. The
position x has been rescaled with a conventional thickness &, based on the gradient of the mean fluid
temperature, §g = (T} — T3)[0(T)/dx(t, 0)]~!, as in [17]. In the two homogeneous regions, particles
are all concentrated around the uniform temperatures of the two zones. As the time progresses,
a mixing zone around x = 0 develops and gradually grows, expanding toward the homogeneous
regions. This produces a link between the nonzero regions of f, as particles, advected through
this layer by turbulence and interacting thermally with a nonhomothermal fluid, cool or warm.
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After an initial transient, f, appears to approach a time-invariant shape when position, velocity, and
temperature are properly rescaled. In this situation, particle fluctuations are determined only by the
local standard deviations of velocity and temperature.

The evolution of f in this zone is shown in Figs. 3, 4, and 5, which present the time evolution of
f« in the two-dimensional section x = 0 for particles with different Stokes numbers, from 0.2 to 4.
Dark colors on the maps indicate lower values (black indicates a zero value of f,) and brighter colors
represent the higher values. The region with nonzero probability forms an elliptical-like structure,
stretching diagonally, which remains almost invariant, aligned with the bisector of the first and
third quadrants when v and ¢ are rescaled by the respective standard deviations at x = 0, while
x has been rescaled using a conventional scale §y of the thermally inhomogeneous layer [see [17],
Eq. (15)]. This shape can be easily interpreted through a simple quadrant method. Mean temperature
decreases with x, and there is a net heat flux in the positive direction. The mean dimensionless
fluid temperature is zero at x = 0. In physical space, particles with a positive velocity v come
from regions with a higher mean temperature, so they tend to be warmer than the surrounding
fluid (¢## > 0) and, on average, are cooled (@,, = (T —9¥)/ty < 0), while particles moving in the
opposite direction (v < 0) come from regions with a lower mean temperature, so that they tend
to be colder than the surrounding fluid (¢ < 0) and therefore, on average, are warmed by the
interaction with the fluid. This is consistent with a positive temperature-velocity correlation, which
is expected as heat is transferred toward the positive direction of x. This produces the skewed
distribution that can be observed. Moreover, the white line superimposed on the contours represents
the states where the mean particle temperature time derivative (@ plX, v, ¥) is zero, and separates
the states in which particles are, on average, cooled (above the line) from the states in which
particles are, on average, warmed (below the line). It is an almost straight line with a constant
slope, so that most of the first quadrant shows a negative © »» and most of the third quadrant shows a
positive ©,,.

As time evolves, it is possible to identify an initial stage of evolution, which lasts around four
fluid time-scales during which particles are moved by turbulence in a thermally inhomogeneous
region and begin to interact with the surrounding fluid (so that the two blobs at dimensionless
temperature £1 develop into a narrow worm connecting those temperatures), and a later stage,
where this joint PDF creates an elliptical-like structure aligned along the bisector, which remains
almost time invariant. The particle PDF relaxes toward a sort of dynamical equilibrium determined
by the local mean fluid temperature gradient, which, as time evolves, changes more and more
slowly. This stage should be followed by a final stage of evolution, where the fluid temperature
field becomes almost homogeneous, and thus the correlation between velocity and temperature
vanishes

The Stokes number determines the intensity of the correlation and, to a lesser extent, the duration
of the different phases, as a larger Stokes number implies a larger particle inertia and thermal inertia,
which delays the interphase momentum and heat transfer.

In this plane, it is also possible to appreciate the general symmetry f, (¢, —x, —v, —(9 — (T'))) =
fu(t, x, v, 0 — (T)) of the solution of (12), since for x = 0 and (dimensionless) (T') = 0, it implies
fo(t,0, —v, —0) = fi(t, x, v, 0).

A similar behavior seems to be present even at x # 0, as shown in Fig. 5, even if delayed;
i.e., the relaxation of the PDF into an oval shape aligned along the bisector of the first and third
quadrants is delayed. Indeed, temperature fluctuations are generated at x = 0 by turbulence and
then spread by a sort of turbulent self-diffusion, so that a time proportional to x? is required
before temperature fluctuations reach any given position x. Anyway, after it occurs, the local
particle PDF at a fixed x tends to be determined as well only by the standard deviation of the
velocity and temperature once the fluid temperature varies randomly. However, since temperature
is constrained between 77 and T, particle variances are lower than at the plane at x = 0, and the
slope of both the elliptical structure and the separating line with zero mean temperature changes
with x.
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FIG. 3. Time evolution of a slice of reduced single-particle PDF f, in the central plane x = O for different
Stat Re; = 56 and when St; /St = 4.43. The dark color indicates lower values, and the brighter colors indicate
higher values. Velocity and temperature have been normalized with their standard deviations. The continuous
white line indicates the state where the mean particle temperature time derivative (®p|x, v, ¥) is zero, and the
dashed lines indicate the states where the particle temperature time derivatives are equal to +0.20 /7.
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FIG. 4. Same data as previous figure, at later times, see its caption.

IV. SELF-SIMILARITY ANALYSIS OF FIRST-ORDER MOMENT OF TOTAL ENTHALPY
INTEGRAL EQUATIONS

As discussed in Sec. III, the dynamics of the particles appear to lead toward a stage where f; is
determined by the local variance of velocity and temperature, and by the rescaled position along x,
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FIG. 5. Same data as the previous figure, at a fixed time /7 = 6, St = 1 and different planes (symmetric
planes around x = 0).

which implies the mean temperature. This implies that the behavior of f, tends to be self-similar
and, as a consequence, all its moments would also become self-similar.

In this section, we consider the evolution of the moments of f, in particular, the moments that
are associated with the enthalpy of the system, i.e., the temperature ones. This also leads to a more
manageable problem with a lower dimensionality. Multiplication of Eq. (12) by ¢ and integration
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over all the temperatures leads to

o) ows) 1
ot g = D= o, (13)

where () = [ ¢ f, d9 dv, and the temperature derivative has been expressed using (1). The average
mean fluid temperature (7') can be obtained from the advection-diffusion equation for fluid temper-
ature fluctuations. Its statistical average, under the assumption of isotropic velocity fluctuations,
leads to

o(T) 9*(T)  d(uT) (T) — (v)

= - - @ s 14
a2 ax T o, (14)

where ¢y = @(p,cpp)/(0rCpr), and is the ratio between the thermal capacity of the particle phase
and the thermal capacity of the carrier flow. The last term in Eq. (14) derives from the particle
thermal feedback on the fluid phase [17]. By summing Egs. (13) and (14), we obtain a balance
equation for the total enthalpy of the system, and the sum of the fluid and particle enthalpy,

prepr((T) 4 g (9)):

9*(T)

ax2
Given the symmetry of the problem, i.e., x - —x and T — T, > —(T — T,,) leave the prob-
lem unchanged, we can consider only the region x > 0. If we subtract the temperature 75
from both 7 and ¥, we have an equation for the variation of the enthalpy from the ini-
tial condition. In order to reduce the numerical noise due to a limited statistical sample, we
derive integral quantities. We can integrate this equation along x in the whole half domain,
obtaining

0 0
a—((T>+<p19(19>)+—((uT) + @y (V) =« (15)
t 0x

d o o oT
d_|:,/ «T) —Tz)dx+<ﬂz9/ () —Tz)dx] = (W'T")(t,0)+ @y (V') (1,0) — k—(t,0).
tLJo 0 ox

(16)

From this equation, it is possible to define a temperature thickness, which gives a measure of the
broadening of the thermal interaction layer between the two regions, analogous to the momentum
thickness of a boundary layer, but based on the difference in the total enthalpy of the system, which
is proportional to (T') + ¢, (), with respect to the homogeneous region,

2 1 -1 () -1
8() = + ¢y dx, (17)
1+ @5 Jo nh -1 h-1
so that Eq. (16) can be written as
-1, d — o oT
(I +g¢9) 2 53 = WT)(,0)+ @y (vV'0)(1,0) ‘“E“’ 0). (18)

The terms on the right-hand side represent the heat transfer (g,) between the two regions, which
is given by the sum of three contributions: thermal diffusion (last term), convection by turbulence
(first term), and particle motions (middle term). If the thickness ¢ is used as reference length, the
right-hand side of Eq. (18) can then be expressed in terms of Nusselt numbers. Since the overall
heat flux is the sum of the mean diffusion in the fluid phase and the transport by fluid fluctuations
and particle motion [17,42], we can define the Nusselt number

N P 71(' )(t,0) = Nu, 4+ Nu, + N
u= _— X s = U, u Uy,
25(1) q p d
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where

-1 ! rort h—-1 - /g7
Nu, = (& WT’), Nu,=|« @9 (V) (2, 0),

25(1) 25(1)
(T =T\ "'a(T)(.0)
ta = ( 0 ) ox

so that (18) can be expressed as

d
(149p)8 = %(Nuc.+Nup+Nud>. (19)

Therefore, knowledge of the temporal evolution of § is enough to determine the Nusselt numbers.
However, this equation alone cannot distinguish the contribution of particles from the contribution
of fluid convection and diffusion.

A. Moment of total enthalpy integral

The aim is to cleanly split the heat transfer in a particle-laden turbulent mixing layer into
a diffusive Nusselt number, a turbulent correlation contribution, and a particle contribution, for
particles with different Stokes numbers. For this reason, we introduce a moment of the enthalpy
integral equation to quantify how turbulence and the presence of particles modulate heat flux across
the mixing layer. Due to the symmetry t — ¢,x - —x,and T — T, - —(T — T,,), we can consider
only half of the domain. Multiplying (15) by x and integrating over the half domain leads to

d o0
P x[(T) — 1) + o ((¥) — T)]dx
t Jo
/°° 9%(T) /°° o {(uT) /°° a(v})
=K X dx — X dx — ¢y X dx. (20)
0 0x?2 0 0x 0 ax

Straightforward integration by parts of the integrals on the right-hand side leads to

d [*® T, — T
a x[(T) = D) + @5 ((9) — T)]dx = ke ="

—foo (uT}dx—%/oo (wo)dr, (1)
0 0

which can be written as

d T — T
E(If+¢ﬁzp) e

+Jr + @0 Tps (22)

where we define

If = /0 x((T) — Tz)dx
1, =/0 X((9) — Ty)dx
g, = / WT')dx

0

Jpzf (W' )dx.
0

Integrals 7 and Z,, are the moments of the fluid and particle mean temperature distributions, while
integrals Jr and [, are the convective heat-flux integrals for the fluid and the particles. It is more
appropriate to introduce a dimensionless form of the temperature and flux distributions, so that, by
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writing
-1
()@, x)—T = 5 I+, m)
1 — 1D
(), x) =T = 3 (I + ¢y, m)
Tl _TZ -1
(uT)(t,x) = k Pe 5 ST st n)
-1 —1
(vO)(t,x) =Kk Pe 8 (e, m),

where n = x/§, with § defined by Eq. (17), and Pe = ¢/« is the Péclet number, based on the flow

integral scale £, so that

_h -1 5
2

h—T 5,

Z,= T(S Ip,

T, — T
Ty == 7 Sk PeJ}

2%
1y,

-1 N
Ip= 5 kPeJ),

where

I;zfo n(l+ ¢, n))dn,
I;;:/O n(l+ ¢,(t, n))dn,
7; = [ wre.man,

oo
It = / Ut ),
0
and Eq. (22) becomes
d
[T + 00T = k[l + Pe(T} + ¢s )], (23)
which can be integrated, by assuming §(0) = 0, to give
t
8 =k} + @) / [1 4+ Pe(T} + 99 J;)1dr. (24)
0
Since ¢ is defined by Eq. (17) and is linked to the Nusselt number by Eq. (19), so that the

two equations should coincide, the Nusselt number can be expressed in terms of the integrals of
temperature moments and fluxes. In fact, Eq. (19) implies that

2 t
8%(t) = d / Nudz,
L+@s Jo

so that

t l+§013 /<t
Nudt = ————— [ [1 +Pe(J} + ¢ T)]dt. (25)
/0 2(Z5 + ¢oZ) Jo R
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Note that the forms of the dimensionless temperature and flux distributions do not imply an
assumption of self-similarity, which is achieved only if ¢, ¢,,, V¢, and v, do not depend explicitly
on time but only implicitly through §. In the case that this self-similar behavior is achieved, I;, 7,
j ;‘, and J If are constant, so that (24) reduces to

1+ Pe(JF + ¢p T
52 =k (Jj + o0 ”)z, (26)
I; -l-(plaI;

and, as a consequence, the Nusselt number is also constant,

1+ gy 1 +Pe(TF + 09 T%)
Nu= % r T e0dn) 27)
2 T; + ¢o1;

Self-similarity requires that both 77 + @37, and J; + ¢y J, become time-independent.

This reformulation of the mean enthalpy equat10n allows us to analyze the contributions of the
different particles and the fluid in the growth of the mixed region and, thus, in the overall net heat
(enthalpy) flow across the initial temperature discontinuity. The baseline to identify the role of
particles is the unseeded flow, i.e., what would be obtained in a one-way coupled regime, because
in that situation the fluid motion is independent of the presence of particles and the transport is due
only to turbulence, which advects temperature. However, the presence of particles does not limit
itself to adding a nonzero thermal capacity through parameter ¢y, because the thermal feedback of
the particles modulates fluid fluctuations and, as a consequence, also the fluid phase integrals I}
and J¥.

Frofm Egs. (25) and (27), it is possible to separate the contributions of mean diffusion, convection,
and particles. In Egs. (25) and (27), we have Nu = f (I’; J x Z* ._7 * @9 ). The contribution of the
fluid phase is obtained by setting gy = 01in (25), the d1ffus1ve one Nud, corresponds to J¢ ¥ =0,and
the rest is the convective contribution Nu,. The difference Nu — (Nu, + Nu,) gives the conmbutlon
of the particles Nu,,.

Since we consider the thermal feedback of the particles on the flow, 77 and 7, ;‘ also depend
on the particle concentration, i.e., the particle thermal capacity and the part1cle Stokes number. The
difference between Nu, in the presence of particles with a given volume fraction and Stokes number
and Nu, in the absence of particles provides an integral measure of the modulation of turbulent
transport by particles.

In other terms,

Nuy = Nu(gy =0, J; =0) = 21*
Pe

Nu, = Nu(gy = 0) — Nu(gy =0, 7} = 0) = T T

Nu, = Nu — Nuy; — Nu, = Nu — Nu(gy =0)

*

_ Py I *
= —Z(I;+goﬁI;)|:(1 +Pe$)< I*) + (14 ¢9)PeJ, i|

which corresponds, in integral form, to the definition of the heat transfer as the sum of the mean
diffusion, turbulent fluctuation transport, and particle transport [17,43].

B. Numerical results

We use the integral form of the governing equations to analyze data from our DNS. All relevant
integrals, including those contributing to the total enthalpy, can be computed from averaged profiles
of mean temperature and temperature-velocity correlations for both fluid and particles.
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FIG. 6. Temporal growth of 6(t) normalized with integral scale £ at Re;, = 56, from the integral form self-
similarity analysis of moment of total enthalpy integral in one- and two-way coupling regime: (a) particles with
St < 1; (b) particles with St > 1.

The DNS data are used to measure the enthalpy moment integrals leading to Eq. (25), which
defines the Nusselt number. In particular, we consider the dataset from [17,18] for a thermal mixing
layer at Taylor Reynolds number Re, = 56, covering a broad range of Stokes numbers. A fixed ratio
Sty /St = (3/2)(cpp/cpr)/Pr is used, determined solely by the thermal properties of the particles.
For c,,/c,r = 4.16, representative of water droplets in air, this yields Sty /St = 4.43.

The evolution of the mixing layer thickness §, defined in (17), exhibits an asymptotic '/~ growth
following an initial transient lasting approximately four eddy turnover times, consistent with [17]
(see Fig. 6). The lower value of § compared to that in [17] arises from a different definition, based
here on enthalpy moments rather than the average fluid temperature derivative. This asymptotic
growth is indicative of a self-similar regime, as predicted by Eq. (27). In the tracer limit, where the
particle and fluid mean temperatures coincide, the mixing layer thickness becomes independent of
particle properties. Figure 7 shows the rescaled average temperature and heat fluxes for fluid and
particles at St = 1.

The moment integrals of enthalpy provide a compact yet insightful framework for analyzing the
contributions to heat transfer. In the self-similar regime, the rescaled temperature moment integrals
7% and 7% remain nearly constant in time (Fig. 8). While these quantities are broadly insensitive to
the Stokes number, a weak dependence emerges: the particle moment integral is slightly larger near
St ~ 1, coinciding with the peak of particle clustering in the underlying isotropic turbulence. This
reflects the enhanced presence of particles in high-strain regions, away from vortical cores where
velocity gradients are stronger.

The flux integrals J; and J, also tend toward stationarity, Figs. 9 and 10, and therefore also the
rescaled flux integrals 7, f’.‘ and J, Fig. 11, although this behavior becomes evident only after the
initial transient. In the early evolution, velocity and temperature fields are uncorrelated, particularly
for the fluid; this delays the convergence of the flux integral to its self-similar value. This transient is
less pronounced in the temperature moment integrals because the initial condition for temperature
is imposed with a smooth transition from 7} to 7, across a thin layer to avoid Gibbs artifacts. As
a consequence, Jr is initially underestimated while Z; is overestimated, producing an apparent
super-diffusive growth of § during the early stages as the system adjusts.

Both flux and temperature moment integrals show a nonmonotonic dependence on the Stokes
number. The flux integral J, attains its maximum near St ~ 1, where particle concentration in
high-strain regions is strongest (Fig. 10). This preferential sampling causes particles to traverse
areas with elevated velocity-temperature correlations, leading to an enhanced convective heat flux.

1/2

024308-17



ZANDI POUR, JOHNSON, AND IOVIENO

1 t/r=2 —— 1 t/r=2 ——
/ 3 — / 3 —
4 — 4 —
5 5
0.5 6 0.5 6
7 7
. 8 8
= 9 = 9
0 = 0
~ S
S S
0.5 0.5
-1 L Il 1 Il Il L Il Il -1 i Il Il L Il 1 Il Il
3 2 1 0 1 2 3 -3 2 1 0 1 2 3
n=xz/6(t) n=xz/6(t)
0.7 0.7
tjr=2 — tlr=2 —
3 — 3
06 (o) 4 — 06 (d) 4
¢ ¢
- 05 [ g _ 05 | g
= —_— = ‘ .
W 04 2 9 — W04 F / X 9
= =
o3} o3}
0.2} , \ 0.2 | /
041 | 01 |
0 1 1 L L L 0 L L L 1 1 T
3 2 1 0 1 2 3 -3 2 0 1 2 3
n=x/0(t) n=x/5(t)

FIG. 7. Time evolution of the rescaled fluid (a) and particle (b) mean temperature and fluid (c) and particle
(d) heat flux at St = 1 (the thick dashed line indicates the temporal average).

The temperature moment integral Z,, while less sensitive, also reflects this behavior through the
broader spatial distribution of enthalpy associated with the particles.

A key feature of inertial particles is their delayed thermal response, governed by the thermal
relaxation time ty. Unlike the fluid, which is governed by both advection and thermal diffusion,
particles evolve thermally only through exchange with the fluid. This distinction leads to a lag in
the particle temperature evolution, especially in regions with persistent temperature gradients. As a
result, particles do not instantaneously follow the fluid temperature field, as reflected by the fact that
Z,/Ir exceeds one (Fig. 12), and may carry thermal energy across regions of strong gradients. This
mechanism contributes to nonlocal heat transport, extending the range of enthalpy redistribution
beyond that achievable by diffusion or fluid advection alone.

The governing equation for the system is the conservation of total enthalpy [Eq. (15)], which
captures the combined contributions of the fluid and particle phases. Although the total enthalpy
is governed by a single equation, the mean enthalpy of each phase evolves according to distinct
dynamics: Eq. (14) for the fluid, incorporating advection and diffusion, and Eq. (13) for the particles,
driven solely by thermal coupling to the surrounding fluid. Consequently, while the total enthalpy is
conserved, its partition between phases is dynamic and influenced by the interplay of transport and
relaxation timescales.

The effect of particle clustering on heat transfer is twofold. On the one hand, clustering near
temperature gradients enhances velocity-temperature correlations and leads to stronger local en-
thalpy fluxes. On the other hand, closely grouped particles experience similar thermal environments,
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FIG. 8. First-order moment of mean total enthalpy integral, in two-way coupling regime relative to the
first-order moment of fluid mean enthalpy integral in one-way coupling regime, particles with St < 1: (a) only
fluid mean enthalpy integral (one- and two-way coupling) ¢, = 0; (b) total enthalpy integral, (fluid and particle
mean enthalpy integrals) ¢, = 1.664.
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FIG. 9. Time variation of fluid flux integrals, J; in two-way coupling regime: (a) particles with St < 1;
(b) particles with St > 1.
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FIG. 10. Time variation of particle flux integrals, 7, in two-way coupling regime: (a) particles with St < 1;
(b) particles with St > 1.
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FIG. 11. Total heat flux integral, in two-way coupling regime relative to the fluid total heat flux integral
unladen flow in one-way coupling, particles with St < 1: (a,b) total heat flux integrals for unladen flow in
unseeded flow and particulate two-way thermally coupled with ¢y = 0; (c,d) total heat flux integrals in two-way
coupling relative to unladen flow in one-way coupling, ¢y = 1.664.
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FIG. 12. Particle-to-fluid ratio of first-moment of mean temperature integrals Z,,/Z; in two-way coupling
regime: (a) particles with St < 1; (b) particles with St > 1.

limiting the effective temperature difference that drives heat exchange. As shown by Pouransari and
Mani [38], this results in a reduction in heat transfer efficiency under intense clustering conditions,
particularly around St ~ 1, when particles respond to eddies near the Kolmogorov scale.

Despite this local limitation, the integral heat flux carried by the particles can exceed that of the
fluid, as indicated by J,/Jr > 1 (see Fig. 13), and by the corresponding increase in the Nusselt
number (Fig. 14). This seemingly paradoxical outcome is resolved by considering the inertial
delay of the particles: because their trajectories deviate from fluid streamlines, they are capable
of transporting enthalpy across eddy structures, effectively enhancing heat transport over larger
distances. As a result, substantial thermal inertia leads to improved thermal mixing, even when the
mean local gradients are small.

Our DNS analysis confirms that all three components of the Nusselt number—diffusive, fluid
convective, and particle—peak near St ~ 1, albeit with different magnitudes. Compared to the
unladen case, the diffusive contribution increases modestly (~3%), the fluid convective component
increases by approximately 6%, and the particle term increases by more than 12%. While the overall
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FIG. 13. Particle-to-fluid ratio of flux integrals 7,/ J in two-way coupling regime: (a) particles with St <
1; (b) particles with St > 1.
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FIG. 14. Nusselt numbers in terms of Stokes number: (a) diffusive Nusselt number; (b) turbulent convective
Nusselt number; (c) particle Nusselt number; (d) total Nusselt number.

change in the Nusselt number is modest (~10%), this arises from a complex redistribution of
heat fluxes and a modification of temperature structures, particularly the amplification of thermal
moments in regions far from the core gradient. The trend that an increased particle thermal inertia
increases the overall Nusselt number is in agreement with similar results in channel flow as observed
by Liu er al. [42] for wall thermal Stokes number up to 266, even if the increase of the particle
Nusselt number is associated to a reduction in the convective heat flux due to the damping of fluid
fluctuations close to the wall where particle concentration is higher, particularly in the ejection
regions, creating a sort of particle streaks. The suppression of near-wall ejection and sweeping
motions, resulting also in reduced convective heat transfer, in a two-way momentum-coupled regime
has been documented in many works, for any particle thermal capacity, including thermal tracers
[42,44].

Importantly, although ¢y > O enables enhanced heat transfer under low volume fraction con-
ditions, very high mass loadings can have the opposite effect. A nonmonotonic dependence on
the thermal loading, analogous to the nonmonotonicity observed with mass loading [45], can be
expected. As shown by Nakhaei and Lessani [46], particles can dampen turbulence and increase
dissipation, thereby reducing the efficiency of convective transport. This suggests the existence of
an optimal thermal loading that maximizes the net enthalpy transport while avoiding suppression of
turbulent fluctuations.
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These results offer a framework for optimizing nonisothermal particle-laden flows in engineering
systems. By tuning the Stokes number and thermal inertia of particles, it becomes possible to control
the balance of fluid and particle contributions to heat transfer. Although self-similarity is not an
assumption in our general theoretical approach, based on the integral moments of the total enthalpy,
which can also be used in non-self-similar flows, it can be verified a posteriori from the observed
convergence of normalized flux and moment integrals.

Anyway, the self-similarity observed can be used to check the dynamics in phase space. Indeed,
from Eq. (12), the particle flux integral can be expressed as

d
Ty = d_t/dxdv dd xv fi(t, x, v, 9).

The last integral is analogous to that of a single particle undergoing Brownian motion, which can
be recovered by setting ¢ = 1, and measures the displacement of temperature (enthalphy) due
to the stochastic forcing provided by fluid velocity and temperature fluctuations. A constant 7,
implies a diffusive-like transport, and the integrated moments in the MTEI framework quantify the
macroscopic diffusion of enthalpy.

V. CONCLUSIONS

We have investigated the thermal interaction between particles and fluid in a time-developing
thermal mixing layer formed between two initially homothermal, homogeneous, and isotropic
turbulent flows. This configuration serves as a simplified model for more complex thermally in-
homogeneous turbulent systems. A phase-space analysis revealed the statistical structure of particle
transport, highlighting the distinct behaviors of heat-releasing and heat-absorbing particles and the
symmetries in their motion across the layer.

The core of our theoretical framework is based on the moment of total enthalpy integral (MTEI),
which extends the approach used by [22] for boundary layer heat transfer. We formulated the
first moment of the excess mean enthalpy relative to a static, purely diffusive state, capturing the
combined influence of turbulent convection and particle-induced transport. This formulation yields
integral expressions for both the fluid and particle contributions to heat transfer, providing a clear
quantification of their individual and joint roles.

We used the self-similar solution of the fluid mean temperature field in the one-way thermal
coupling regime as a reference state, analogous to laminar profiles in boundary layer analysis. This
enabled us to assess how particles modify the evolution of the temperature field through their inertia
and thermal response. The integral approach is robust against local measurement uncertainties and
offers an independent estimate of global heat fluxes. It also serves as a tool to assess self-similarity
and quantify deviations introduced by particle thermal inertia.

Analysis of DNS data [17] demonstrated that particle heat flux is influenced by both the mean
temperature gradient and the transient dynamics of the mixing layer. The total heat transfer results
from a combination of molecular diffusion, turbulent convection, and particle-mediated transport,
each with distinct timescales and spatial patterns. While the flow tends toward a self-similar regime,
particles introduce systematic corrections due to their thermal lag and clustering behavior.

Overall, this study establishes a consistent methodology for evaluating heat transfer in particle-
laden turbulent flows, combining theoretical analysis and numerical data through the lens of the
total enthalpy moment framework. Our findings show that particles can enhance thermal transport
not only by directly carrying heat but also by altering fluid temperature distributions and enhancing
turbulent correlations. This enhancement, however, is sensitive to both particle inertia and thermal
properties, particularly the thermal mass fraction ¢,. These insights provide a foundation for opti-
mizing thermal management in multiphase systems, where balancing fluid and particle contributions
is essential for controlling heat transfer efficiency.
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APPENDIX

We choose Ly = L;/(27) as a reference length, a reference velocity Uy = (4eLy)'/? deduced
from the imposed mean kinetic energy dissipation rate ¢ through the body force f (see [2]), and
the temperature difference 7 — 75 as the reference temperature, so that we define the dimensionless
velocity, pressure, and temperature as

i = ﬁ p= m M L
1 U() ’ IOfUO2 ’ * Tl _ ,1,2 ’
where py is a reference mean pressure; 7, is the fluctuating part of the temperature, defined by (2).
The dimensionless form of the governing equations (3)—(5) for the carrier flow is therefore

ail;

— =0, Al
0X; (AD
il il ap 1 % -
7 Tl = ——{) — 0t fuis (A2)
or 0x; 0%; Re 0x;0%;
oT, oT, 1 1 9T, .
—_— ﬁ] — = ——123 + = ~ CT, (A3)
of " 0%; 4 RePr 0%;0%;

where Re = (4¢L3)!/3 /v is the Reynolds number, and Pr = « /v is the Prandtl number. By choos-
ing L, = L3 = 2L, these equations are solved in a (0, 27) x (0, 27) x (—2m, 27 ) domain with
periodic boundary conditions on i;, p, T,. Analogously, the dimensionless position, velocity, and
temperature of particles are defined as

~ X, ~ V,i ~ ®,;
Xpi_ﬂa Vpizﬂa ®pi=$»
’ Ly ' Uy T nh -1

so that the particle governing equations (1) become, in dimensionless form,

F pi@) =10 —1/% 0 Vil ¢ + | (1/T)a@E Xp) |, (A4)
Ox() 0 —g8s —1/% || 6D (/2T X )
where the dimensionless particle relaxation times [Eq. (2)] are given by
U U
Z, = StT"L 0 —2StRe 2, % = St, 20 =28, Re” /2. (AS)
0 0

024308-24



INTEGRAL QUANTIFICATION AND PHASE SPACE ...

Finally, the dimensionless particle feedback term Cr can be expressed as

Ny oo o~ s
-~ 1677 A T, x) — ©5(7) .

Cr = P8 — X)),
T =@ N, Z Z, ( »)

p=1

where @y is the particle-to-fluid heat capacity ratio. A deterministic body force f, a linear function
of the velocity, is used in Eq. (A2) to keep the velocity field statistically steady by injecting energy
at a single wave number Igf (see also [2,17] for further details about the forcing). In dimensionless
form, its representation in the Fourier space is given by

This dimensionless formulation is the one actually solved by the numerical code.
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