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Abstract

The design of Solid Rocket Motor (SRM) grains has traditionally been constrained
by manufacturing limitations and by the assumption of spatially uniform ballistic
properties or discrete variations of the composition, as in dual-thrust grains. Recent
advances in additive manufacturing technologies have introduced new opportunities
for the realization of complex three-dimensional grain geometries and locally tailored
material characteristics, enabling novel thrust modulation leverage. In addition to
increased design flexibility, additive manufacturing may also offer potential advan-
tages at process level, such as reductions in manufacturing complexity and cost,
improved repeatability, and a mitigation of risks related to the handling of toxic or
hazardous propellant additives. These developments require advanced numerical
tools capable of accurately simulating grain regression and internal ballistics in
the presence of non-uniform burning behavior. This thesis presents a numerical
simulation and inverse design framework for the analysis and optimization of solid
rocket motors with complex grain geometries and spatially varying burning rates.
The proposed approach is based on the Level Set Methods to implicitly represent
the evolving burning surface during grain regression, providing a flexible and ro-
bust description of arbitrary three-dimensional configurations. The instantaneous
geometry representation is coupled with a zero-dimensional chamber formulation
to predict pressure–time histories under non-uniform ballistic conditions. Different
strategies for distance field initialization and surface evolution are investigated. To
enable efficient inverse design and reduce computational costs, surrogate modeling
techniques are introduced to approximate the motor pressure response as a function
of geometric and ballistic parameters. These surrogates are integrated within stochas-
tic optimization algorithms, allowing the exploration of large design spaces that
would otherwise be computationally prohibitive. A linear viscoelastic mechanical
model is included to validate the structural performance of the optimized grain and to
compare classical and non-uniform grain configurations. The proposed methodology



vi

is validated through a set of test cases, ranging from canonical grain configurations
to motors characterized by spatially varying burning rates. The framework is further
applied to real life application, demonstrating that different combinations of grain
geometry and ballistic distributions can achieve comparable performance levels
when appropriate design flexibility is introduced. Overall, the results highlight the
potential of combining additive manufacturing technologies with advanced numeri-
cal simulation and inverse design techniques to expand the performance envelope of
solid rocket motors. By enabling controlled thrust shaping and performance tailoring
through geometric and material design, the proposed framework provides a solid
foundation for future developments in flexible, high-performance solid propulsion
systems.
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ṁ Mass flow rate
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Chapter 1

Introduction

1.1 Overview on Solid Rocket Motors

Since the late 19th century, humanity has started to learn to exploit the energy stored
in the chemical bonds to propel man-made objects through the atmosphere and
above. Chemical propelled rockets convert this energy, obtained by the exother-
mic combustion reaction between oxidizer and fuel molecules, into kinetic energy,
through an expansion in a propulsive nozzle. The high velocity exhaust gases gen-
erate thrust via action-reaction principle, allowing the rocket to accelerate. The
earliest applications of solid propulsion can be traced back to ancient China, where
firework-like devices and rudimentary military rockets exploited the same basic
physical principles. Nevertheless, only the advent of modern chemistry, industrial
manufacturing and the development of fundamental rocket theory by prominent
figures like Tsiolkovsky, Oberth and Goddard, enabled the foundations of modern
rocketry applications. Subsequent developments in propellant chemistry, structural
materials, and motor configuration, particularly during the mid-20th century with the
wartime developement and the space race, enabled the rise of powerful and reliable
rockets, which remain essential components in modern launch vehicles and defense
systems. Propellants can be stored both in liquid and solid phase. Accordingly,
chemical rockets can be classified in Liquid Rocket Engines (LREs), which utilize
both oxidizer and fuel in a liquid state, Solid Rocket Motors (SRMs) which stores the
propellant components in a solid compound, while Hybrid Rocket Engines (HREs)
exploit a combination of liquid oxidizer and a solid fuel grain.
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SRMs store propellant in a solid cartridge called grain, inside the motor thrust
chamber, within the rocket case. Once the reaction is ignited thanks to an external
energy source, the inner surface of the grain is burned and it regresses at a stable
rate, producing hot gases in the process. These gases build up chamber internal
pressure, and mass flow is accelerated through the grain port, i.e. the inner section
of the grain, up to the motor nozzle exit section. Grain burning proceeds until all
propellant inside the case is depleted. SRMs are inherently simple, since they do
not require all auxiliary systems for fluid control like LREs and HREs. They also
offer unmatched storage features and are ready-to-use for an extended time period,
exceeding 20 years in some applications. They can provide high thrust levels and
have the best impulse to volume ratio, thanks to higher density of the solid propellant,
which limits the amount of volume required for the same required total impulse.
For these features, SRMs are the unchallenged choice for defense application when
fast response, long storage, reliability and compactness are crucial. In this field,
SRMs are utilized in tactical and strategic missiles, anti-aircraft systems, anti-tank
rockets and multiple-launch rocket systems. At the same time, thanks to their high
thrust level, SRMs have been widely used both as boosters to enhance lift capability
of space launchers first stages and as first stages for smaller launchers. Notable
applications include the Space Shuttle Solid Rocket Boosters, Space Launch System
solid rocket boosters (depicted in Figure 1.1), Ariane 5 P230, Vega P80 and P120C
motors, as well as smaller launchers like Pegasus and Minotaur. Moreover, they
have been used in other space related specific application, such as Orbital Transfer
Vehicles, even if this application is now uncommon in commercial spaceflight. SRMs
have further been used to provide gas generator function, for starting liquid engines
or tank pressurization. Gas generator function is also provided in other civilian
applications, such as airbag inflation and fire extinguisher devices. On the other hand,
SRMs provide a lower specific impulse compared to LREs. Although throttling is
sometimes feasible using a movable pintle to adjust the nozzle throat area, SRMs
are generally less flexible than LREs in delivering variable thrust. Their thrust
output depends primarily on internal ballistics and grain geometry, making it largely
fixed. Since combustion continues until the propellant is exhausted, SRMs cannot
be reignited at will. In some applications, multiple grains may allow for staged or
sequential burns with separate ignitions. However, these burns are predefined and
permit only a limited number of ignition events.
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Fig. 1.1 Space Launch System close up at Kennedy Space Center. SLS Solid Rocket Booster
derived from Space Shuttle Boosters are one of the prominent and latest application of SRM
in the space launcher field (Credit to NASA/Sam Lott)

The predefined thrust output of the motor is linked mainly to the composition of
the propellant, which is the main factor which influences propellant burning rate, i.e.
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the velocity at which the burning surface moves, and grain geometry. Solid propellant
can be classified mainly in two categories: double based (DB) propellant, where
the cartridge is composed by an homogeneous mixture of oxidizer and fuel agents,
and composite propellants, where an heterogeneous mix is created with a polymeric
matrix which contains particles of oxidizers. Common choice for DB propellants are
nitrocellulose (NC), a solid ingredient that absorbs liquid nitroglycerin (NG), plus
minor percentages of additives, while for composite propellants hydroxil-terminated
polybutadiene (HTPB) is used as polymeric matrix, with dispersed ammonium per-
chlorate crystals (AP) as oxidizer load. Both DB and composite propellants can
be enhanced in terms of burning rate with energetic materials such as crystalline
nitramines (HMX or RDX) and metallic powders (usually aluminum), among oth-
ers. Additional chemical agents could be required in the composition to enhance
mechanical properties or realize manufacturing process. The exact formulation of
the solid propellant is usually tailored for a specific application, varying in additives
and components percentage. As stated before grain internal geometry plays a crucial
role in determining SRM thrust profile. The inner shape of the grain defines burning
area and consequently hot gas mass flow produced, which in turns defines chamber
pressure. The pressure level varies propellant burning rate, hence influences surface
movement and progressive values of burning surface. The continuous mutual in-
fluence between grain inner geometry and chamber pressure allows for a dynamic
equilibrium which grants sufficient mass flow in the chamber to sustain required
thrust level, for whole motor operation.

The sensitivity of SRM performance to both propellant formulation and internal
grain geometry imposes strict requirements on manufacturing and quality control.
SRMs manufacturing process is a complex task, not only for the safety hazards
posed by the manipulation of potentially explosive materials, but also for the quality
requirements that the final product has to meet. Any defect, on the surface or inside
the grain, can cause a local variation of burning rate. A sudden increase in burning
rate could lead to detonation with catastrophic consequences. For these reasons,
modern composite based propellants solid grains are meticulously crafted with a
mixing-casting-curing process. All the components are mixed in order to obtain a
uniform composition in the pot and then poured inside the motor case. The specific
three dimensional geometry of the grain is casted utilizing mandrels, which are
then removed before applying a thermal cycle to the grain, in order to cure the
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Fig. 1.2 Simplified perspective three-quarter section view of a typical solid propellant
rocket motor with the propellant grain (orange), nozzle (yellow), igniter (red) and case with
insulation layer (blue).

polymeric matrix and obtain the final solid product. A schematic of a SRM assembly
is presented in Figure 1.2.

1.2 Potential impact of Additive Manufacturing for
SRM

The traditional manufacturing process and chemicals, whose fundamental aspects are
presented in [2–6], presents several limitations. First , the aforementioned additives
used to enable the process are toxic compounds. For example, HTPB is cured using
multifunctional isocyanates, a class of compounds that includes agents classified
as potential human carcinogens and shown to cause cancer in animal studies [7, 8].
Moreover, the thermal curing cycle is time-consuming and requires large, costly
furnace facilities. Lastly, grain casting through mandrels imposes limitation in
attainable geometries, since final grain shape has to be compatible with mandrel
extraction. Collapsible mandrels can be utilized to mitigate this limitation, but at
increased cost and complexity. In general, these limitations in casting the shape of the
motor reduce the design flexibility and, consequently, the performance envelope of
the rocket. To overcome these constraints, research efforts are focusing on innovative
additive manufacturing techniques for solid propellant grain manufacturing.
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Numerous additive-manufacturing techniques and applications have already
reached a mature level of technological readiness, covering a wide spectrum of
processes and materials, from polymeric compounds to metal alloys [9–11]. In-
terest in applying these technologies to energetic materials, and specifically to the
manufacture of solid rocket motor grains, is therefore increasing. An overview of
these developments is provided in [12, 13], while several applications are reported
in [14–23] and in NDIA proceedings for defense-related studies [24, 25]. Among
the proposed solutions, an innovative approach based on additive manufacturing and
UV-light curing has been introduced for the production of composite propellants [26].
The method eliminates the need for a mandrel and relies on photocurable polymeric
binders, which are less toxic and more compatible with 3D-printing processes. This
deposition–curing process, in which the grain is built through successive extrusion
and irradiation steps, has been explored in several studies [27–31] and represents
a promising alternative to conventional manufacturing routes, potentially reducing
production timelines by avoiding long thermal curing cycles. Previous investiga-
tions [27, 28] compared different UV-curable resins and identified Polybutadiene
Diacrylate (PBDA) as a suitable binder for additive manufacturing. The resulting
formulations exhibited mechanical and ballistic properties comparable to traditional
PB-based composite propellants and showed adequate sensitivity to UV irradiation
even at high solid loading, with Ammonium Sulfate (AS) contents up to 90 percent in
weight. AS was adopted as an inert surrogate for Ammonium Perchlorate (AP) due to
similar physical properties during mechanical testing. Pot-life and extrusion–curing
tests were also conducted [29, 30], highlighting the need for further tuning to ac-
count for the non-Newtonian behavior of the material during extrusion. Overall,
these studies demonstrated the potential of the proposed process, whose material
properties have been selected as a reference for the characterization and develop-
ment of numerical simulation models, while ongoing efforts focus on increasing the
Technology Readiness Level through improvements in deposition-system design and
grain-design strategies. Nonetheless, this additive manufacturing technology has
the potential to improve grain production by enabling customized shapes that are
otherwise unachievable via conventional casting. Another key feature of the method
is the possibility to locally control the composition of the solid propellant, potentially
varying mixing composition prior to local deposition and curing. This feature could
enable the production of grains with non-uniform ballistic properties, altering local
burning rate through a change in propellant formulation. Another mean of local



1.3 Overview of the present work 7

ballistic properties variation could be the production of hollow grains with porous
texture. This type of geometry can be feasible with additive manufacturing processes
and, even if this approach could partially reduce volumetric efficiency of the motor,
it can be used to effectively control the regression rate. Some example of testing and
experimental activities on UV-curing and additive manufacturing are presented in
Figure 1.3

(a) Tomography of batch sample obtained
through UV irradiation.

(b) 3D printing of hollow geometry. Courtesy of
Chandru et al. [22]

Fig. 1.3 Example from literature of materials study on new additive manufacturing techniques
for energetic materials

1.3 Overview of the present work

The rationale behind this work stems from the findings and appealing features of
these additive manufacturing concepts. In particular, the aim is to study, explore and
understand how non-uniform ballistic properties and constraint-free geometries can
be exploited to influence SRM performances. In order to achieve this goal, simulation
tools have been developed to evaluate pressure-time response for non-uniform grains
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and assess their performances. These tools have been used to support inverse design
optimization, i.e. to identify the required configuration to achieve a specific pressure-
time history. In particular, Level Set (LS) Methods have been employed to evaluate
burning surface geometrical features, and LS time integration was employed to
evaluate surface movement under a certain normal velocity distribution. Different
implementations have been tested, both on structured cartesian grids and on adaptive
linear octree grids. This geometric module has been coupled with a 0D chamber
lumped-parameter model, which utilizes geometrical features computed through
level set integration to evaluate pressure evolution inside the motor. This predictive
tool is the foundation of the inverse design optimization routine, which implements
a modified version of the standard design workflow for SRM, accounting for non-
uniform properties. This routine employs stochastic optimization algorithms, which
are enabled in their numerous evaluations by the use of surrogate models. The latter,
trained on data computed through LS evaluations, are able to rapidly predict pressure-
time outcomes and accelerate the performance computation for each individual. To
present the results obtained in pursuing this objective, this thesis is organized in
six chapter. After this introductory section, Chapter 2 is entirely devoted to the
description of the numerical methods employed and developed during the research.
First, the lumped-parameter model of the chamber is presented, followed by a
comprehensive description of Level Set Methods and the coupling between the
two models utilized to evaluate pressure evolution in the grain as a consequence
of burning development. The next two sections address the problem of geometry
initialization, presenting different methods tested for distance field computation.
Moreover, numerical schemes for the discrete solution of the LS equation used
to compute surface motion are presented in detail in two dedicated sections, for
different types of tested grids. The chapter also includes the definition of the
strategy employed to define non-uniform regression rates and to control the velocity
field which describes surface movement. Additional models for throat erosion and
for the mechanical assessment of the grain are presented to conclude this chapter.
All these models are implemented for pressure computation and to support the
design optimization tool. The next Chapter 3 contains several applications to test
the performance of the pressure computation tool. First, pressure computation is
performed on a star-shaped grain, for which analytical computation can provide a
validation benchmark for the model. A comparison between results obtained with
different area computation methods is also presented here. After that the influence
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of variable regression rates is explored, using a cylindrical geometry modified to
produce a dual thrust pressure profile. The chapter is closed with an application based
on experimental curves obtained for small solid grains. In Chapter 4 the inverse
design optimization strategy is presented, including the modifications required when
dealing with variable burning rates, followed by the description of surrogate models
used to accelerate pressure evaluation, which are here described, tested and compared.
The following section contains the definition of the optimization problem and the
description of the algorithms employed to identify the optimal geometrical-ballistic
configuration to meet a desired pressure-time requirement. Several tests are then
carried out to assess the tool, using different frameworks in terms of geometries
and ballistic distributions. The chapter concludes with some considerations on
advantages and limitations of surrogate models application. Chapter 5 is devoted
to present some real life civilian applications in the space launch sector, along
with some considerations on the improvements that greater design flexibility can
offer. Finally, Chapter 6 concludes the work by summarizing the main findings and
presenting final considerations on the study and its possible developments in the
future.



Chapter 2

Simulation Tools

This section contains an overview on the models and numerical methods employed to
evaluate pressure-time response of the burning grain. The aim is to perform burnback
simulations accounting for non-uniform ballistic properties of the propellant. Pres-
sure inside the rocket motor grain can be described through a dynamic equilibrium
of mass flow produced during propellant burning and mass flow expelled through
the nozzle. The mass flow produced by the burning can be computed as ṁb = ρbAbr,
where ṁb is the mass flow, ρb is the propellant density, Ab is the burning area and
r is the burning rate, i.e. the velocity at which the surface moves as it is consumed
during combustion process. This burning rate depends from the pressure inside the
motor and, for several propellants, can be approximated with the law r = apn

c , where
pc is the chamber pressure, and coefficient a and n are empirical values linked to
propellant formulation. This relation is affected also by grain temperature, which
can affect motor performance, but this work is focused on exploring potentially new
thrust profiles in reference operating conditions and the impact of grain temperature
is left to future studies. The dynamics of the chamber is derived from the mass
conservation equation and this requires the instantaneous evaluation of the grain
geometry. These evaluations affect the mass flow balance, hence instantaneous
pressure level. The latter varies burning rate and, consequently, surface motion
and new geometrical features of the grain. This mutual influence between motor
pressure and grain geometry requires a proper coupling between chamber lumped-
parameter model and geometry reconstruction. The chosen approach is to evaluate
a series of equilibrium states. After computing the equilibrium pressure, geometry
is evaluated after computing its motion caused by corresponding burning rate. This
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approach is valid if the fluidics phenomena are faster than the surface movement, a
valid hypothesis for slow burning propellant like solid one. Details are presented
in the corresponding sections. Even if this model relies on simplified description
of chamber fluid-dynamics, it gives reliable and fast results, with an acceptable
fidelity, especially for a design tool which requires faster evaluations for the main
performance driver of the motor, the pressure. In particular, no non-ideal correction
factors are included in the present formulation: c∗-efficiency, CF-efficiency, hump
correction and scale factor effects are neglected. This choice is consistent with the
scope of the work, which is focused on the implementation and geometric manage-
ment of non-uniform ballistic property distributions rather than calibrating absolute
performance predictions. Integration of such correction factors, which would require
experimental or high-fidelity firing data for proper calibration, is identified as a future
development. To reconstruct the burning surface and evaluate its motion, different
methods can be employed [32–34]. Among them, Level Set Methods reconstruct the
surface through an implicit definition [35–37]. The desired interface is defined as
the zero level of this function. After initialization of the implicit function, obtained
through the computation of the Signed Distance Field (SDF), the movement of the
surface can be evaluated through the solution of a Partial Differential Equation (PDE),
under certain velocity conditions. Different strategies for SDF initialization and PDE
numerical solution are presented in the chapter in the correspondent sections. Finally,
models for nozzle throat erosion and structural assessment are presented. The former
are based on simplified proportional erosion evaluation, while the latter are based on
Linear Viscoelastic theory, a common choice for solid propellants. All these models
are the foundation for performance evaluation and design of solid grains.

2.1 Level Set Method

Level set methods are utilized to dynamically reconstruct interfaces. These methods
rely on the definition of an implicit function φ (⃗x, t) on a defined domain and the
interface is defined as the zero level of the implicit function, hence where φ = 0. In
a two dimensional domain the boundary can be visualized as the zero level contour
while in three dimensional domain it forms a closed surface.

This approach offers the advantages of easily extend the surface description
to different dimensional settings and to naturally manage changes in topological
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Fig. 2.1 Example representation of 2D domain with a zero level interface that divides the
domain

Fig. 2.2 Schematic representation of 2D domain with implicit function and its zero level
intersection. Here the contour merging is visible

features of the interface, like merging or separation of the front. It is widely used
in different fields, from problems faced in studying waves propagation, like shock-
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wave, deflagration and detonation or burning phenomena, to image processing and
computer vision, like image restoration or surface reconstruction and to track the
interface between two different phases in multiphase simulations. The problem of
tracking burning surface of the grain can be addressed to this topic. Instantaneous
burning surface is described through the zero level of the φ function, which identifies
the boundary between the solid grain and the motor chamber, hence the surface that
burns at a given time.

The goal of the method is to track the motion of the surface under a velocity field
defined in the domain. The motion is evaluated by solving the so called Level Set
Equation [35]

∂φ

∂ t
+V⃗ ·∇φ = 0 (2.1)

The equation in this form is a particular case of an Hamilton-Jacobi (HJ) equation,
a hyperbolic PDE, and describes in an Eulerian fashion the surface evolution, since
it is captured by the time evolution of function φ . The velocity field can be defined
according to the problem under study and in this case, which faces the movement of
the surface along its normal direction, it can be defined as follows

V⃗ (⃗x, t) = r(⃗x, t )⃗n = a(⃗x)p(t)n n⃗ (2.2)

linking surface motion to burning rate properties of the grain, exploiting afore-
mentioned relations. Normally, this advection problem can be solved with a general
external velocity field, but in this particular case the field vector is oriented along
local normal direction, defined by the unit vector normal to the surface pointed
towards external region, i.e. the zone of the domain where φ > 0. Thus, the surface
burns normal to itself and advances until it meets motor casing. Once the velocity
field has been established, the implicit function φ must be initialized to meet the
desired shape at its zero value. The most suitable choice for implicit function is
the signed distance from the interface, which is suitable since it has a zero value on
the interface, and can be exploited to define inner and outer regions of the space,
assigning a positive or negative value according to a certain convention. Moreover,
it allows to simplify level set equation since it retains the valuable property of a
unitary gradient norm, i.e. |∇φ |= 1. This intrinsic property of distance functions
allows to simplify computation for implicit function, for example for the definition
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of the normal unit vector n⃗ = ∇φ

|∇φ | , which is now exactly defined by the gradient field,
without necessary rescaling. However, the initial evaluation of the Signed Distance
Field (SDF) can be tricky. In fact, for simple geometries, like spheres or cylinders,
this definition can be performed analytically, using correspondent implicit equations
of primitive geometries. One can also achieve more complex shapes employing
boolean operations to perform union and intersection of such geometries. However,
this approach is limited and complex features, like fins in aft-finocyl solid rocket
grains, are more challenging to evaluate analytically. Hence, for such complex
shapes, it is easier to evaluate distance field and initialize the interface shape by a
discrete computation of the signed distance function. This discrete computation can
be performed in different ways, employing for example Fast Marching Methods [36],
where an exact computed narrow band can be propagated with unitary velocity to
retrieve distances in the rest of the domain, or by using diffusive-type approaches
or directly computing Euclidean distance on the computational grid. The methods
evaluated in this work are presented in the corresponding sections of this chapter.

After the shape initialization, one can describe the geometry of the interface and
evaluate its geometrical features. Evaluating correctly the burning area of the grain
shape reconstructed by the level set method is fundamental to compute pressure
in the motor, as described in Section 2.1. To perform geometrical computation, is
possible to exploit the following relation of surface integrals

∫
∂Ω

g(⃗x)dS =
∫

Ω

g(⃗x)δ (φ (⃗x)) |∇φ (⃗x)|dV (2.3)

Where g(⃗x) in a generic function and δ (φ (⃗x)) is the Dirac delta function of
the variable φ . Selecting a constant unitary function for g(⃗x) and in the case of a
signed distance field with |∇φ |= 1, the integral reduces only to the integration of
the Dirac delta on the domain volume and allows to evaluate the area of δΩ. To
allow numerical computation of the volume integral, delta function is smoothed on a
narrow band near the surface as follows

δε(φ) =


1

2ε

(
1+ cos

(
πφ

ε

))
|φ | ≤ ε

0 |φ |> ε

(2.4)
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where ε is the thickness of the narrow band, and is usually chosen as a small
multiplier of the grid characteristic dimension. As ε → 0 the function tends to the
Dirac delta and the numerical estimation of the integral reaches the measure of the
∂Ω boundary, hence the area of the burning surface in our case. Another mean of
computation of the burning surface is the direct summation of the area of the triangles
which form the discrete triangulation of the surface. In fact, the 3D shape can be
reconstructed through interpolation of the discrete volume data of φ by a triangulation
algorithm, reconstructing the zero isosurface. Using this discrete data is possible to
compute areas of the single triangles, and sum to compute the whole burning surface.
In Chapter 3, some comparisons between the two strategies are presented. Once
initialization has been performed and velocity field has been computed, it is possible
to solve the Level Set Equation to evaluate surface evolution. To numerically solve
the Level Set Equation, different numerical methods can be employed, selecting
the most suitable one according to the nature of the equation, which can vary
depending on the velocity field imposed, and considering the type of computational
grid employed. In this work, two different discrete spatial reconstruction have been
employed: a structured cartesian grid and an adaptive octree grid, which is based
on a cartesian hierarchical data structure in which each cell can be divided in eight
subcells to perform adaptive mesh refinement. This grid structure is managed thanks
to bitpit/PABLO software [38], while uniform cartesian structured grid is managed in
the environment created by Mitchell [39]. For a normal motion like the one evaluated
in the burnback analysis of solid grains, the equation has an hyperbolic nature and
upwind computation of spatial derivatives can be utilized to evaluate advection of
the surface through finite differencing on cartesian grids, for both first and second
order accuracy. Spatial reconstruction accuracy can be increased through Essentially
Non Oscillatory (ENO) or Weighted ENO (WENO) schemes. To compute Level
Set Equation solution on adaptive octree grids, conservative form is more suitable
and Finite Volume methods can be employed. Time evolution computation can
be carried out by using Eulerian explicit integration or higher order Runge-Kutta
schemes. During LS transport, numerical error can accumulate and the implicit
function can lose its SDF properties, i.e. it no longer represents the true distance.
Moreover, accumulation zones where LS stops evolving, such as the motor casing
in this specific application where the velocity is imposed as zero, or minima where
the function flattens to ∇φ = 0 and LS becomes stuck without updates, for example
regions at equal distance from two different points on the surface, can cause incorrect
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updates to the implicit function. To preserve the correct values of φ during time
integration, one can use reinitialization procedures. During a reinitialization step,
the implicit function φ is corrected to retrieve true distance in the new configuration
computed after surface movement. There are different methods to correct φ , in this
work the reinitialization equation is employed

φt̂ + sign(φ0)(|∇φ |−1) = 0 (2.5)

The time integration of this equation in the pseudo-time t̂ allows to update the
implicit function in the domain until |∇φ |= 1 is restored up to a certain tolerance. For
well behaved functions this approach is sufficient to retrieve the SDF, however sharp
gradients can cause consistent variation of φ and can produce unwanted movement
of the surface. To prevent these movements, a smeared version of the sign function
can be utilized, especially in the nearby of the surface, to avoid excessive movement.
To further improve the reinitialization, additional strategies can be employed, such
as area preserving conditions or subcell fix method. The latter, employed for the
reinitialization, is presented in the section dedicated to numerical implementation of
Level Set. Each time step of the LS integration is coupled with pressure integrator
results, to update velocity field with the new pressure information at each time step.
Details on numerical methods evaluated in this work are presented in next sections.

2.1.1 Initialization via SDF computation

To define the Signed Distance Field, different strategies can be employed [40–
42]. To initialize the SDF, the first strategy here employed is a direct Eulerian
distance computation on the grid nodes, exploiting information from geometry data,
employing techniques in [43, 41]. The shape of the burning grain is designed in
CAD software and reconstructed through a triangulation. The triangulation data
are used to define the position of the geometry inside the computational grid and
distance is computed for every node in the grid. To correctly evaluate distance data
for every grid point, it is important to evaluate the nearest feature in the triangulation,
hence, if the smallest distance from the specific node of the computational grid is
from a triangulation node, edge or triangle. In fact, dealing with complex shapes, it
is not sufficient to evaluate point-to-point distance to assess the correct information
for distance field initialization. The distance evaluation must be carried out with the
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projection of the grid node onto the nearest feature, after its evaluation, and then the
computed value must be signed according to the chosen sign convention.

To achieve this computation, the following steps are carried out. Firstly, for every
grid node, the distance from every triangulation node is computed. The minimum
point-to-point distance among the computed ones, is slightly increased to define
a bounding sphere for the specific grid point evaluated. All triangulation nodes
inside the bounding sphere are marked and each triangle containing a marked node
is selected as a possible candidate, since it can contain the nearest feature to the
grid point. For each marked triangle, distance is computed from vertices, edges and
from surface, using node positioning to define the local normal of each feature and
computing the projection of the grid node on each of them. The smallest distance is
selected and, among all marked triangle distances, the smallest is defined as SDF
value in the specific grid point. To assign a proper sign to this value, one can use
the aforementioned normal to define a convention. Since normals are considered
positive if pointing outwards the surface, a positive dot product with the position
vector of the grid point gives a positive sign for an outside point, while a negative
sign for an inside point. This approach works if one can properly define a unit
normal vector for the nearest feature. This is straightforward for triangle surfaces,
but is less obvious for vertices and edges, for which a proper pseudo-normal must
be defined. This pseudo-normal can be defined, following the work by [44], with a
proper combination of the normals of the insisting edges weighted with the angle
formed between two adjacent edges and the selected node of the triangulation. For a
single edge, local normal is a symmetric combination, i.e. with equal weights, of the
normal of the two surfaces of the triangles which share the node. With this crafted
information on surface orientation in the nodes, all distance information in the grid
can be properly signed, and burning surface can be implicitly reconstructed through
LSM. An overview of the SDF initialization algorithm is resumed in Algorithm 1.

This method is very accurate in reconstructing the surface and can easily deal
with complex shapes, but it can be expansive since it requires a lot of distance
computation and it is very sensitive to the dimension of the problem. However, since
initialization heavily influences the precision of the geometry reconstruction and
every error is carried along successive LS equation integration, it is acceptable to
perform costly computation in this phase to increase the precision of successive ones.
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Fig. 2.3 Visualization of finocyl geometry inner cavity triangulation from which SDF is
computed and burning surface implicitly reconstructed

Algorithm 1 Direct Distance Computation

Step Description

1 Select grid point
2 Compute non-squared Euclidean distance from each triangulation point
3 Define the sphere bound and mark candidate triangles
4 For each triangle in the bound T .

Evaluate vertices distance
Evaluate edges distances
Evaluate surface distance
Select minimum and compute pseudo-normals if needed

5 Perform dot product and sign the distance
6 Repeat for every grid point

2.1.2 Initialization via Heat Method

The other approach chosen to initialize distance field is the so called Heat Method
or Signed Heat Method. This approach stems from findings published in [45]. The
method is based on the consideration that, under specific assumption, a diffusive
equation can be solved to retrieve the distance from a defined subset, in this case
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the burning surface in a three dimensional domain. In particular, the method is
based on the idea that, considering an infinitely small time, heat irradiates from a
source following the shortest path and one can use the information on the irradiating
directions to reconstruct the shortest paths and evaluate the distances in the domain,
from that heat source. From a mathematical point of view, heat diffusion is governed
by the unsteady heat equation

∂tu−∆u = 0, u(0,x) = u0(x), (2.6)

whose solution admits a representation formula in terms of the fundamental solution
or heat kernel Kt(x,y),

u(t,x) =
∫

Ω

Kt(x,y)u0(y)dy, (2.7)

which allows to evaluate the diffused scalar u(t,x) at a point x after a diffusion time t
from an initial distribution u0, and in particular from a point source located at y [46].
In Euclidean space the kernel has explicit Gaussian form

Kt(x,y) = (4πt)−n/2 exp
(
−φ(x,y)2

4t

)
, (2.8)

where φ(x,y) denotes the Euclidean distance between the two points. The Gaussian
form means that diffusion from a point source produces a normal distribution in
space whose variance grows linearly in time. Taking the logarithm gives

logKt(x,y) =−φ(x,y)2

4t
− n

2
log(4πt), (2.9)

and since t log t → 0 as t → 0+, multiplying by −4t removes the prefactor contri-
bution and isolates the squared distance in the limit. This asymptotic link between
infinitesimal-time diffusion and metric distance is precisely formalized by the so
called Varadhan formula

φ(x,y) = lim
t→0

√
−4t logKt(x,y) (2.10)

This implementation is strongly dependent on exact heat kernel evaluation and
can be heavily influenced by errors in it. For this reason, its application for distance
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computation has been limited. Crane et al. [1, 47] proposed, exploiting the aforemen-
tioned relation, the Heat Method which evaluates distance exploiting information
on heat gradient from a source, since, for small time interval, the latter is parallel to
true distance. In fact, for short diffusion time the heat field generated by a source set
satisfies the

u(t,x) = A(t)exp
(
−φ(x)2

4t

)
, (2.11)

where φ(x) denotes the distance from the source and A is a slowly varying factor.
Taking the gradient gives

∇u ≈ u
(

∇ logA− 1
4t

∇(φ 2)

)
= u

(
∇ logA− φ

2t
∇φ

)
, (2.12)

so that, as t → 0+, the dominant term is proportional to ∇φ and therefore ∇u is
asymptotically parallel to the true distance gradient. The method therefore discards
magnitude information and keeps only directional data by defining the normalized
vector field

X =− ∇u
∥∇u∥

, (2.13)

which approximates the unit distance gradient field. The main steps for the method
are resumed in Algorithm 2. Firstly, the heat source is defined following the studied
shape and heat diffusion is computed for a small time t. After computing heat
diffusion, u field is retrieved and its normalized gradient field is evaluated. Finally,
distance is retrieved through a Poisson problem obtained by least–squares integration
of the vector field, namely

∆φ = ∇ ·X , (2.14)

whose solution gives the distance function up to an additive constant. The method
has the advantage to retrieve distance information only from the gradient ∇u without
magnitude information, hence it is more flexible with respect to direct usage of
Varadhan relation or different algorithms. Moreover, the method can be applied
provided the existence of gradient, divergence and laplacian operator, and it is not
linked to data type and can be extended to any curved domain for which these
operators can be generalized. For these reasons, the Heat Method can be employed
to compute distance fields on cartesian domains as well as geodesic distances from
sources defined on curved manifolds, starting from a variety of different data type
from which the source can be reconstructed.
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Algorithm 2 The Heat Method [1]

Step Description

I Integrate the heat equation u̇ = ∆u for a fixed short time t.

II Evaluate the normalized vector field X =−∇u/|∇u|.
III Solve the Poisson equation ∆φ = ∇ ·X .

Fig. 2.4 Visualization of intermediate step of heat method. Figure from [1]

The first step of the method requires the time stepping to compute u field after
diffusion. To numerically compute the time step, a single backward Euler step is
performed as follows

∂u
∂ t

= ∆u ⇒ (I− t∆)ut = u0 (2.15)

where ut and u0 are the values of the variable at the end of the time step and
at the start time respectively, and I is the identity matrix. The initial condition u0

is defined assigning an high value in the grid points which are near the analyzed
shape, while the rest of the domain is set to zero. Heat diffuses from this u0 in the
domain. To perform this diffusion step, Laplacian computation is required. Second
spatial derivative must be computed. For a structured cartesian grid one can employ
finite differences, utilizing second order accurate centered schemes. For a three
dimensional grid, this computation requires a 7-point stencil, described in Section
2.1.3. This computational stencil allows to build the laplacian matrix L, and utilize it
to compute the time integration step. A proper boundary condition must be provided
to perform the Laplacian evaluation. Literature shows that homogeneous Neumann
conditions with zero flux on the border can be employed to evaluate this diffusion
step, provided a sufficient distance from the surface to the boundary. After computing
ut , the method requires the computation of its gradient and again on the same grid
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one can employ centered schemes to evaluate partial derivatives along the three
dimensions of the cartesian domain. Applying correspondent directional derivative
matrix obtained through these schemes to u allows to compute the gradient and
evaluate flipped normalized field X . The final step requires solving the Poisson
problem by computing divergence, which is evaluated with the same numerical
schemes for gradient computation. Using the same matrices produced for previous
steps, it is immediate to compute the final step, solving for φ and evaluating the
distance in the domain, with boundary conditions coherent to the first step. Since the
solution φ is defined up to an arbitrary constant value, a proper shift of the solution
is applied to meet zero level at source, hence the mean value of the solution in the
source grid points is used as shift factor.

The heat method allows to compute the distance without a sign, hence a proper
method to define the sign and divide the domain between inner and outer part is
required. An extension of the method, called Signed Heat Method [48, 49], which
performs the same operations of the basic method, but solves a vector diffusion
problem, is resumed in the Algorithm 3. A visualization of the intermediate steps
of the method is provided in Figure 2.5. On cartesian grid, this problem reduces
simply to the computation of the heat diffusion component by component, and the
normalized field X is not computed through the gradient computation, but is formed
by the various components of the vector diffusion problem. By solving this problem,
information on normal direction is retained through the integration and can be used
to perform dot product and evaluate the sign of the distance at a certain point in the
domain. Of course, this information must be provided during the definition of initial
condition, when instead of defining a scalar u0, the local normal vector rescaled with
u0 magnitude is defined. This requires additional computations and the definition of
normal local can be obtained through pseudo-normal definition already exploited for
direct distance computation. Some testing has been carried out on two dimensional
grids, on different shapes, starting from a simple circular shape (Figure 2.6 and
Figure 2.7) to more complex geometries (Figure 2.8, Figure 2.9 and Figure 2.10).
The three dimensional extension follows the same logic, starting from spherical
geometries (Figure 2.11 and Figure 2.12) to complex finocyl shapes (Figure 2.13 and
Figure 2.14). The computation follows the same steps as the previously described
algorithms, changing the derivative operators evaluation in order to deal with vector
components. Results show a good performance of the method for 2D shapes, even
for sign evaluation. However, results for 3D case are more problematic, since the
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initialization requires a lot of discrete source points to reconstruct complex shapes.
For simple geometries, like spheres, the computation is fast and accurate with a small
number of points, while the test on complex grain shapes is not satisfactory.

Fig. 2.5 Visualization of intermediate step of signed heat method. M is a generic manifold,
in this work simply an R2 or R3 domain

Algorithm 3 Signed Heat Method [48]

Step Description

(1) Solve the vector diffusion equation d
dt Xt = ∆∇Xt

(2) Evaluate the vector field Yt =−Xt/∥Xt∥.

(3) Solve the Poisson equation ∆φ = ∇ ·Yt
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Fig. 2.6 u0 source diffused for a circle

Fig. 2.7 Distance field computed with Signed Heat Method (circle)
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Fig. 2.8 u0 source with pseudo normals for Signed Heat Method on a complex 2D shape

Fig. 2.9 Distance field computation for a complex 2D shape
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Fig. 2.10 Gradient visualization detail for a complex 2D shape

Fig. 2.11 u0 source diffused for a sphere



2.1 Level Set Method 27

Fig. 2.12 Distance field computed with Signed Heat Method (sphere)

Fig. 2.13 u0 source with pseudo normals for Signed Heat Method on a 3D finocyl shape
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Fig. 2.14 Distance field computation for a 3D finocyl shape

After testing on cartesian grids, the method is tested on adaptive octree grids. In
this framework, initialization of heat source is performed using information on exact
distance on a narrow band and sign is evaluated by normal dot product computation.
Sign is propagated in the domain with a propagation algorithm, exploiting the sign
change in the narrow band to divide the domain. After initialization, heat method
is applied to retrieve distance field. When dealing with adaptive octree grids, level
jump in grid resolution requires particular attention. To easily deal with local
refinement, Finite Volume schemes are more suitable than Finite Differences to
evaluate discrete derivative operators. Further details on the discrete computation
using FV is presented in Section 2.1.5. The method performs well on adaptive grids,
and the local refinement allows to obtain higher accuracy in describing complex
shapes with respect to cartesian grids. However, higher refinements levels exhibit
some instabilities and oscillation in divergence computation, limiting the advantages
of local refinement and reducing the favor towards heat methods with respect to
direct computation of the SDF.
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Fig. 2.15 Sphere zero level initialized with Signed Heat Method on an adaptive octree grid

Fig. 2.16 Finocyl zero level initialized with Signed Heat Method on an adaptive octree grid

2.1.3 Finite Difference on Uniform Grids

This subsection contains the description of numerical schemes employed to initialize
the implicit function and solve the level set equation on a uniform cartesian grid. As
previously described, diffusion-like problems can be employed to initialize distance
fields. In order to do that, discrete derivative operators must be defined in the domain
and a natural choice in a uniform cartesian grid setting is to utilize finite differencing.
Finite difference schemes on uniform Cartesian grids provide a simple and well-
established framework for the discretization of elliptic and parabolic operators, and
represent a standard choice in the numerical treatment of diffusion-type problems
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Fig. 2.17 Three dimensional stencil used to compute discrete operators on cartesian grids

[50, 51]. Using classical centered schemes one can easily compute first and second
order derivatives. Employing a 7-point stencil, as the one pictured in Figure 2.17 for
a three dimensional case, the Laplacian at a generic grid point, for a N3 uniform grid,
can be written as

∆hui, j,k =
1
h2

(
ui+1, j,k +ui−1, j,k +ui, j+1,k +ui, j−1,k +ui, j,k+1 +ui, j,k−1 −6ui, j,k

)
,

i, j,k = 1,2, . . . ,N

(2.16)

Employing the discrete laplacian definition, it is possible to assemble the lapla-
cian matrix L, with a classical multidiagonal sparse pattern and the following struc-
ture represented in 2.18. With this definition, it is possible to evaluate the Laplacian
operator and perform the first step of the Heat Method algorithm following Equation
2.15. To complete initialization through the Heat Method, gradient components are
computed using the same finite difference scheme and assembling partial derivative
matrices to evaluate gradient components everywhere in the domain. Basically, these
matrices are constructed extracting co-diagonals from laplacian matrix L. The very
same matrices can be used to compute divergence of a vector field, by applying
them consistently to vector field components and summing. For a uniform grid with
Nx = Ny = Nz = 3 we obtain the structures represented in Figure 2.19
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L

• Main diagonal: 6
• x-direction: −1 (offset ±1)
• y-direction: −1 (offset ±Nx)
• z-direction: −1 (offset ±Nx ·Ny)

Fig. 2.18 Sparsity pattern of the Laplacian matrix L implementing the 7-point stencil on a
uniform Cartesian grid. The matrix has value 6 on the main diagonal (black) and −1 on the
six off-diagonals corresponding to the neighbors in x, y, and z directions.

With these matrices it is possible to define discrete operators, operating on scalar
u and vector v on N degree of freedom, as follows

∇hu =

Gx

Gy

Gz

u =

Gxu
Gyu
Gzu

 ∈ R3N , u ∈ RN

∇h ·v =
[
Gx Gy Gz

]vx

vy

vz

= Gxvx +Gyvy +Gzvz ∈ RN , v ∈ R3N

(2.17)

and perform all the necessary operations to complete the Heat Method Initializa-
tion. Besides the initialization, this discretization can be employed in approximating
the spatial derivative terms during resolution of LS equation. However, this type
of discretization is more suitable for diffusive type velocity field for example in
fronts whose propagation is affected by local mean curvature, while in advection
type equation like 2.1, an upwinding scheme is desirable. In the case of a pure
normal advection of the front defined by zero level of implicit function φ , velocity
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Gx

(a) Gx matrix structure with non-zero ele-
ments on the first and second codiagonals (off-
set ±1). Blue: upper diagonal, Red: lower
diagonal.

Gy

(b) Gy matrix structure with non-zero ele-
ments on diagonals offset by ±Nx (shown
here with Nx = 3). Green: upper band, Or-
ange: lower band.

Gz

(c) Gz matrix structure with non-zero ele-
ments on diagonals offset by ±Nx ·Ny (shown
here with Nx ·Ny = 4). Purple: upper band,
Cyan: lower band.

Fig. 2.19 Sparsity patterns of directional derivative matrices on a uniform Cartesian grid.
Each matrix implements centered finite differences along one coordinate direction.
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field is defined as V⃗ = a⃗n. If one is dealing with SDF, the unit gradient property of
can be employed and the LS equation simply states φt =−a, which means that in
a discrete step of length ∆t the front moves of a quantity a∆t, and the points of the
domain at this distance from the original zero level at the starting time t0 would be
the new position of the interface after ∆t time. This simple case requires that unit
gradient property of SDF is valid from initial definition of φ function throughout
time integration, and this is not always verified both for discrete computation errors
in initialization phase and during numerical solution of the LS equation, and for
velocity fields which are non-uniform both in space and time. The SDF property of
the implicit funtion can be restored through a reinitialization procedure, that will
be described later in the section, but also in this case it is convenient to solve the
equation with methods that don’t require such simplifications. Even if more generic
methods can be more expensive, they have far better accuracy and are more flexible
and robust. Most importantly, they naturally handle non-uniform velocity fields,
which are central to this work.

The simplest upwind scheme that can be used to compute the spatial derivative
term of LS equation is constructed as

φ
±
x j
=

(
∂φ

∂x j

)
up

=


φ(x)−φ(x−∆x j e j)

∆x j
, v j > 0 (+)

φ(x+∆x j e j)−φ(x)
∆x j

, v j < 0 (−)

(2.18)

where j is the generic direction in R3, ej is the correspondent unit vector, ∆x j

is the cell dimension, hence the spatial step of the differencing and finally v j is
the component of the velocity vector expressed in the basis e. The upwinding
direction along a specific component depends on the sign of the velocity component
in that direction. This well known method allows to reconstruct in a simple way the
gradient of φ and it can be coupled with a forward Euler time integration scheme as
follows. Only a component is here reported, but the extension to higher dimension is
straightforward. For the i-th grid point
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φ
n+1

i = φ
n

i −∆t vn
i

(
∂φ

∂x

)n

up, i
= φ

n
i −∆t vn

i


φ n

i −φ n
i−1

∆x
, vn

i > 0

φ n
i+1 −φ n

i

∆x
, vn

i < 0

(2.19)

This widely used scheme provides a convergent reconstruction of the solution,
provided its stability is granted through the satisfaction of the CFL condition, here
reported for a three dimensional setting

∆t

(
max{ |⃗V |}

min{∆x,∆y,∆z}

)
= α ≤ 1 (2.20)

To improve the first order accuracy of the classical upwind scheme, one can em-
ploy different strategies. While centered schemes like the one previously described
provide better accuracy, they can’t provide stability and are not suited for pure advec-
tive settings. To improve accuracy of the reconstruction while keeping upwinding
properties, Essentially Non-Oscillatory and Weighted Essentially Non-Oscillatory
schemes are employed to reconstruct oriented derivatives φ±

x,y,z [35, 52–54]. ENO
schemes were firstly employed to reconstruct numerical fluxes by constructing the
smoothest polynomial interpolation and were after extended in [55] to solution of
Hamilton-Jacobi equations. Accurate one-sided derivatives are computed by adap-
tively selecting the smoothest stencil for polynomial interpolation, by the use of
divided differences.

Starting from nodal values φi = φ(xi) on a uniform grid, the divided differences
are defined recursively. Zeroth-order differences coincide with the nodal values:

D0
i φ = φi. (2.21)

First, second, and third divided differences are defined as

D1
i+1/2φ =

D0
i+1φ −D0

i φ

∆x
, (2.22)

D2
i φ =

D1
i+1/2φ −D1

i−1/2φ

2∆x
, D3

i+1/2φ =
D2

i+1φ −D2
i φ

3∆x
(2.23)



2.1 Level Set Method 35

These differences quantify local smoothness and guide the selection of the
interpolation stencil. The derivative is approximated by differentiating a local
interpolating polynomial

φ(x)≈ Q0(x)+Q1(x)+Q2(x)+Q3(x), φx(xi)≈ Q′
1(xi)+Q′

2(xi)+Q′
3(xi).

(2.24)

The first-order term recovers the standard upwind derivative previously described:

Q′
1(xi) = D1

k+1/2φ , (2.25)

with k = i− 1 for φ−
x and k = i for φ+

x . Higher-order corrections are obtained
by comparing the magnitude of successive divided differences and choosing the
smoothest contribution, hence the side with smallest absolute value for divided
difference. For example, for the second order:

c =

D2
kφ i f |D2

kφ | ≤ |D2
k+1φ |,

D2
k+1φ , otherwise

Q′
2(xi) = c(2(i− k)−1)∆x. (2.26)

Similarly, after defining k∗ = k − 1 if D2
kφ is selected and k∗ = k otherwise, the

third-order term is defined as

c̃ =

D3
k∗+1/2φ , i f |D3

k∗+1/2φ | ≤ |D3
k∗+3/2φ |

D3
k∗+3/2φ , otherwise

Q′
3(xi) = c̃ [3(i− k∗)2 −6(i− k∗)+2](∆x)2

(2.27)

Finally, the ENO derivative is given by

φx(xi)≈ Q′
1(xi)+Q′

2(xi)+Q′
3(xi), (2.28)

where upwinding is preserved by the first term that recalls classic scheme, while
additional terms implemented through adaptive stencil enables high-order accuracy
in smooth regions while avoiding oscillations near steep gradients or discontinuities,
up to third order accuracy with this approximation. The same reconstruction is
applied to compute derivatives along other axes φy,z in every point on the grid, and
can consequently be used in a time integration scheme to evaluate the gradient of the
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implicit function. WENO schemes arise from this implementation. In particular, the
adaptive selection of the third order ENO polynomial interpolation allows to define
three different polynomial, by combining the possible choices for higher order terms.
For example, the left derivative along x direction can be expressed as

φ
x
1 =

1
3

d1 −
7
6

d2 +
11
6

d3

φ
x
2 =−1

6
d2 +

5
6

d3 +
1
3

d4

φ
x
3 =

1
3

d3 +
5
6

d4 −
1
6

d5

(2.29)

where d1 = D−φi−2,d2 = D−φi−1,d3 = D−φi,d4 = D−φi+1,d5 = D−φi+2, with
D−φ as the left upwind derivative at i-th grid point as defined in Equation 2.18.

The choice of the least oscillating polynomial among the three is considered to
be an overkill for regions of the space where data are already sufficiently smooth.
For this reason, a convex combination of these polynomials, through an adaptive
weighting of them, is employed:

φx = ω1φ
x
1 +ω2φ

x
2 +ω3φ

x
3 , ω1 +ω2 +ω3 = 1, 0 ≤ ωk ≤ 1. (2.30)

The weights are computed based on smoothness indicators of each candidate
stencil, which can be evaluated as

S1 =
13
12

(v1 −2v2 + v3)
2 +

1
4
(v1 −4v2 +3v3)

2, (2.31)

S2 =
13
12

(v2 −2v3 + v4)
2 +

1
4
(v2 − v4)

2, (2.32)

S3 =
13
12

(v3 −2v4 + v5)
2 +

1
4
(3v3 −4v4 + v5)

2. (2.33)

The unnormalized weights αk are defined as

α1 =
0.1

(S1 + ε)2 , α2 =
0.6

(S2 + ε)2 , α3 =
0.3

(S3 + ε)2 , (2.34)
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where ε = 10−6 max{v2
1,v

2
2,v

2
3,v

2
4,v

2
5}+10−99 prevents division by zero.

Finally, the normalized adaptive weights are obtained by

ωk =
αk

α1 +α2 +α3
, k = 1,2,3. (2.35)

This construction ensures that in smooth regions the convex combination achieves
optimal fifth-order accuracy, while in non-smooth regions the weights automatically
reduce the influence of stencils crossing steep gradients or discontinuities, recovering
the original ENO behavior. The very same construction can be replicated for right
derivative [35].

Higher accuracy can also be obtained for time discretizations. Even though
the numerical solution is generally more sensitive to spatial discretizations, higher
order time schemes are useful to provide stability when integrating ENO/WENO
schemes. Total Variation Diminishing Runge-Kutta (TVD-RK) methods have been
proposed to perform such discretizations [35, 56]. These methods rely on a convex
combination of simple explicit Euler time steps, in order to obtain a better accuracy
while preserving the variation diminishing property of the explicit Euler scheme
under CFL condition. This connection is evident since first and second order TVD-
RK methods are identical to Euler and Heun schemes respectively. The latter is
shown below

Step 1:
φ n+1 −φ n

∆t
+V n ·∇φ

n = 0

Step 2:
φ n+2 −φ n+1

∆t
+V n+1 ·∇φ

n+1 = 0

Final Average: φ
n+1 =

1
2

φ
n +

1
2

φ
n+2

(2.36)

while the third order TVD-RK scheme uses the following combination of time
steps to perform the reconstruction
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Step 1:
φ n+1 −φ n

∆t
+V n ·∇φ

n = 0

Step 2:
φ n+2 −φ n+1

∆t
+V n+1 ·∇φ

n+1 = 0

Average Step: φ
n+ 1

2 =
3
4

φ
n +

1
4

φ
n+2

Step 4:
φ n+ 3

2 −φ n+ 1
2

∆t
+V n+ 1

2 ·∇φ
n+ 1

2 = 0

Final Average: φ
n+1 =

1
3

φ
n +

2
3

φ
n+ 3

2

(2.37)

Although higher order TVD-RK schemes can be constructed, since practical
implementation show little improvement beyond this level of accuracy with a strongly
increased computational cost, further increased by the necessity of coupling the
chamber lumped parameter model in the specific proposed application, no further
implementation is applied in the scope of this work. After selecting the spatial
derivatives computational scheme, the numerical solution of the LS problem in the
case of a pure advection movement, requires selecting the appropriate directional
contribution for each derivative. This is performed through the Godunov method
[57], which determines, one dimension at a time, the correct upwind direction based
on the characteristic information of the equation. In points where the characteristics
converge, such as sonic locations or where multiple fronts meet, the method selects
the derivative corresponding to the dominant propagation direction, ensuring a non-
oscillatory and physically consistent evolution. In contrast, where characteristics
diverge, the local contribution to the flux may be null, since no unique upwind
direction can be identified. The selection of the directional derivative in each
coordinate direction follows the classical expression attributed to Rouy and Tourin
[58], here reported for x direction

φ
2
x ≈


max

(
max(φ−

x ,0)2, min(φ+
x ,0)2

)
, v > 0,

max
(

min(φ−
x ,0)2, max(φ+

x ,0)2
)
, v < 0,

(2.38)

where φ−
x and φ+

x are the left and right derivative approximations in the consid-
ered spatial direction, and v denotes the local characteristic speed of the equation.
Artificial viscosity methods provide an alternative mechanism for enforcing the
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entropy condition through a small artificial viscosity additional contribution. While
straightforward to implement, these introduce a degree of smoothing that reduces
the accuracy near sharp gradients, and are therefore less suited in situations where
preservation of the interface shape is critical.

2.1.4 Reintialization procedure

To perform reinitialization as described in the introduction of the chapter, the subcell
fix method is employed [59]. Starting from equation 2.5 an Euler time integration
scheme can be used for each i-th node

φ
n+1
i = φ

n
i −∆t̂ sign(φ 0

i )G(φ)i (2.39)

where G(φ) = ||∇φ ||−1. The computation of this term can be carried out using
Godunov approach, selecting the characteristic direction by finding the greatest
magnitude of lateral derivatives

G(φ)i =

max(|a+|, |b−|)−1 if φ 0
i > 0

max(|a−|, |b+|)−1 if φ 0
i < 0

(2.40)

where, for a single direction, a and b are upwind left and right derivatives

a ≡ D−
x φi =

φi −φi−1

∆x

b ≡ D+
x φi =

φi+1 −φi

∆x

(2.41)

The subfix ± define maximum and minimum with respect to zero. The defini-
tion is analogous to 2.38 Selecting the right derivative for every dimension of the
problem, each component of the vector G(φ) can be computed. Using the smoothed
approximation of the sign function S, defined as

S(φ) =
φ√

φ 2 +∆x2
(2.42)
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using the mean dimension of the grid cell ∆x, and the correction factor D

D =
φ 0

||∇φ 0||
(2.43)

the subcell fix evaluation for reinitialization is written as

φ
n+1
i = φ

n
i −∆t

S(φ 0
i )|φ n

i |−D0
i if xi ∈ Γ0

hmin

S(φ 0
i )G(φ)n

i otherwise
(2.44)

where Γ0
hmin

is a narrow band near the interface at the start of reinitialization.
The sign function can also be employed instead of its smoothed version S. This
update allows to perform reinitialization reducing surface movement and dealing with
accumulation or zero gradient points. The latter can be treated by a robust evaluation
of D, adding a small amount at denominator to avoid zero division. The redistancing
iteration continue until convergence is reached, by meeting a certain threshold
in variation between two consecutive steps or by reaching maximum number of
iteration. To maintain a well behaved implicit function without performing excessive
redistancing, the procedure is performed for a fixed number of times during level set
integration.

2.1.5 Finite Volume on Octree grids

To perform the LS initialization and numerical solution on octree structures, it is
easier to rely on Finite Volumes schemes [60], which allows to easily manage level
jump for non uniform grids. The employed grid structure utilizes linear balanced
octree adaptive mesh refinement, hence grid is locally refined following a certain
criterion, with the constraint to have at most one level jump at each interface and
indexing is built upon Morton’s Z-ordering [61] with no information retained about
the lower levels of the tree. Some examples of numerical problems solved with FV
and adaptive octree grids are provided in [62, 63]. A 2D representation is presented
in Figure 2.20 to visualize the general structure of the grid data and the ordering.

From the representation is easy to see how difficult can be to define a computa-
tional stencil to build finite difference schemes as the ones utilized on uniform grids,
since the adaptive structure requires stencil adaptation. Finite Volumes schemes on
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Fig. 2.20 Representation of hierarchical octree structure and Z-ordering. Every active level
has a different color. Note the ordering reading the tree from left to right.

the other hand, allows to adapt to the changing morphology easily. To apply FV, heat
method and the level set equation must be expressed in an integral form. Starting
from Heat Method, the first step requires the computation of a small time step of
an unsteady diffusion from an heat source, as described in 2.1. The computation of
discrete Laplacian on octree grids is carried out, for the variable u as follows

∆u = ∇ · (∇u)∫
Ω

∆udV =
∫

∂Ω

(∇u) ·ndS ≈ ∑
f∈∂Ω

(∇u) f ·n f |S f |
(2.45)

The mid-point approximation is evaluated over each cell volume Ω by summing
the contribution of all faces of the cell external surface f ∈ ∂Ω. The symbol n f

denotes the outward normal to the face, |S f | is the face area, and (∇u) f is the gradient
at the face. This yields the i-th cell-centered Laplacian

(∆u)i ≈
1

|Ωi| ∑
f∈∂Ωi

(∇u) f ·n f |S f | (2.46)

Once the grid structures is defined, the computation of the Laplacian requires
to evaluate the gradient at the interface. On an interface between to cells with the
same level, one can compute gradient by evaluating directional derivative through
centered finite difference, using information from the cells which share the interface.
In this case, the computed quantity is already the normal component of the gradient.
However, a locally refined grid has level jumps, where interface is subdivided. A
proper way to compute gradient at interface level jump is obtained utilizing a Discrete
Duality Finite Volume (DDFV) scheme, which are employed to reconstruct gradients
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on non uniform grids by creating subgrid cells where one can evaluate quantities
required to evaluate the gradient. In particular, for balanced octree grids a diamond
stencil can be utilized, following the methods deveeloped in [64, 65] and presented
for quadtree/octree application in [66]. A visualization of the stencil is presented in
Figure 2.21 for two dimensional domains

C2C3

C4

C1

C5

v2

v1

n
τ

τ

v

c

Fig. 2.21 2D scheme of diamond stencil

The stencil utilizes information from cell centers along the center connecting
direction, evaluating gradient component in this direction, and information form
the vertices along direction tangential to the interface itself. These components are
projected along the normal to evaluate all the contributions and compute the gradient
flux. While the data in the cell centers are available, the data in the vertex must be
computed exploiting the information of the cells which share the evaluated vertex.
Different methods can be used to combine these data, for example vertex value can
be retrieved by an average of the data from the interested cells weighted by the
distance from the vertex. After the construction of the substencil and the evaluation
of vertices data, the value of the projection of the gradient along interface normal
direction can be obtained starting from the computation of its projections along τ⃗c

and τ⃗v, i.e. the unit vectors defining the center connection direction and the direction
tangential to the interface
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∇Φ · τ⃗c =
Φc1 −Φc4

∆c

∇Φ · τ⃗v =
Φv1 −Φv2

∆l

(2.47)

where ∆c represents the distance between cell centers. The gradient can be decom-
posed as

∇Φ = ∇Φ1 ẽ1 +∇Φ2 ẽ2 = ∇Φ1 ñ+(∇Φ · τ⃗v) ẽ2 (2.48)

where ẽi are the unit vectors in the coordinate directions, formed by the normal n⃗
and tangential directions on the interface. Hence, choosing ẽ1 = ñ yields to

∇Φ ·n = ∇Φ1 (2.49)

Combining Eqs. (2.47) and (2.48), in particular by multiplying (2.48) by τ⃗c, the
normal gradient at face j across a level transition is:

(∇Φ) j ·n j =
1

τ⃗c ·n j

(
Φc1 −Φc4

∆c
− Φv1 −Φv2

∆l
τ⃗v · τ⃗c

)
(2.50)

The extension to three dimension follows the same concepts, but now the direc-
tion of contribution are three, with the two tangential directions on the interface and
the center connecting direction, as shown in Figure 2.22. In a similar framework as
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Fig. 2.22 3D scheme of diamond stencil

2D case, the gradient flux can be computed as
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∇Φ · τ⃗c =
Φc0 −Φc1

∆c

∇Φ · τ⃗1 =
1
2

(
Φv3 −Φv1

∆l
+

Φv2 −Φv0

∆l

)
∇Φ · τ⃗2 =

1
2

(
Φv3 −Φv2

∆l
+

Φv1 −Φv0

∆l

) (2.51)

where ∆c is the distance between cell centers, ∆l is the face size, τ⃗c is the centers
connecting direction, τ⃗1, τ⃗2 are tangential directions. In this case directional deriva-
tive along tangential direction are computed edge-to-edge, thus vertex evaluations
are combined through an arithmetic average. Following the same approach as in the
two-dimensional case, the normal gradient at face j across a level transition becomes

(∇Φ) j · n⃗ j =
1

τ⃗c · n⃗ j

[
Φc0 −Φc1

∆c
+

− τ⃗1 · τ⃗c

2∆l
(Φv3 −Φv1 +Φv2 −Φv0)

− τ⃗2 · τ⃗c

2∆l
(Φv3 −Φv2 +Φv1 −Φv0)

] (2.52)

With this approach one can compute a second order approximation for gradient
and approximate the conservative form of the diffusion equation. The solution is
computed through the definition of the discrete laplacian matrix by entering the
weight, for each cell, of the cell contributing to diamond and vertices stencils, used
to accumulate gradient and evaluate cell divergence. For the specific problem of
heat method first step, the matrix is multiplied by the time step ∆t and summed to
identity matrix. After the definition of initial source u0 and the definition of boundary
conditions as described in Heat Method section, one can solve the correspondent
linear system to solve the implicit time step and evaluate ut . The method follows
with the second step, which requires the computation of the normalized gradient
field. To compute normalization, one has to retrieve the information on gradient by
newly computed ut values at cell centers. There are different ways to reconstruct
information for the gradient also in the cell center, however since the following
step of the heat method requires the computation of the ∇ ·∇ut , one can compute
the interface value using the same diamond stencil applied before and use them to
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compute fluxes and divergence approximation with the same mid-point rule applied
before. With this computation, the right end side of the Poisson problem is ready and
the third step of the heat method can be carried out using the same discrete laplacian
matrix assembled before. As described before, Poisson problem can be solved up to
a costant value, which is defined imposing a zero value of φ on the interface. The
constraint is realized by penalizing correspondent GDL in the laplacian matrix by
adding a very high value on the main diagonal to force the solution to the desired
value.

To solve Level Set Equation through finite volume, one has to rewrite equation
2.1 in conservative form

∂φ

∂ t
+∇ · (⃗V φ) = φ∇ ·V⃗ (2.53)

and then apply integration on the domain

∂

∂ t

∫
Ω

φ dV +
∫

Ω

∇ · (φV⃗ )dV =
∫

Ω

φ∇ ·V⃗ dV (2.54)

In this form one can proceed to the finite volume numerical discretizations of the
equations, which can be evaluated applying the same approach described before

∂

∂ t

∫
Ω

φ dV ≈ d
dt
(φ̄iVi)∫

Ω

∇ · (φV⃗ )dV =
∫

∂Ω

φV⃗ · n⃗dS ≈ ∑
f∈∂Ω

(φV⃗ ) f · n⃗ f |S f |∫
Ω

φ∇ ·V⃗ dV ≈ φ̄i

∫
∂Ω

V⃗ · n⃗dS ≈ φ̄i ∑
f∈∂Ω

V⃗f · n⃗ f |S f |

(2.55)

where φ̄i is the mean value of implicit function on i-th cell. At this point, the
computation requires the evaluation of both velocity fluxes V⃗f · n⃗ f and conservative
quantity (φV⃗ ) f · n⃗ f at cell interfaces. For the latter, a Local Lax-Friedrichs scheme,
as the one described in Section 1.1, can be employed. Using this diffusive flux allows
to introduce artificial viscosity and pick the right entropy condition when dealing
with sonic point during normal advection of the surface

(φV⃗ ) f · n⃗ f =
1
2
(
φ
++φ

−)Vn, f −
α

2
|Vn, f |

(
φ
+−φ

−) (2.56)
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Where Vn, f in the normal component of the velocity at the interface, α is the
numerical diffusion coefficient of the scheme, and φ± are the reconstructions of the
scalar function on the left and right sides of the interface. The latter can be computed
through different methodologies, for instance polynomial reconstruction. A second
order polynomial reconstruction can be evaluated, starting from the i-th cell value, at
the point x⃗, as

PR2(⃗x) = φi +(⃗x− x⃗i)
T (∇φ)i (2.57)

where the cell centered gradient (∇φ)i can be evaluated through a quadratic
least-square approximation, using the compact stencil of the i-th cell, formed by
the neighboring cells. The source term requires computation of the velocity on the
interface center, and this computation can be performed by an average of interface
vertices values, the latter computed through the same weighted average on the sub-
stencil formed by neighbors cells. After the computation of integral terms, the last
step is the time integration of φ on the cells, performed by second order RK scheme.

k1 =− 1
Vi

∑
f
(φV⃗ )n

f · n⃗ f A f

φ̄
n+1/2
i = φ̄

n
i +

∆t
2

k1

k2 =− 1
Vi

∑
f
(φV⃗ )

n+1/2
f · n⃗ f A f

φ̄
n+1
i = φ̄

n
i +∆t k2

(2.58)

The surface transport requires to maintain local grid refinement through adaptive
mesh refinement. Octree structure is redefined to perform refinement at new surface
position, with an update of φ to evaluate its new values in the refined cell centers.
This update is performed by extrapolating parent values when mesh is refined or
coarsened. In the first case, eight new cells are created starting from parent cells, and
values are updated by using the PR2 reconstruction defined in Equation 2.57, using
the distance from the parent center to the new created cell center, for each of the
eight cells created during the refinement. On the other hand, when eight cells are
merged to coarse the grid in a single one, the new value at the cell center is simply
computed as an average of the child cells which revert to the parent. Figure 2.23
resumes the procedure.
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New GridOld Grid

adaptation

Fig. 2.23 Visualization of quadtree 2D grid adaptation. On octree grids the adaptation is
performed on eight cell.

To perform redistancing on octree grids, the very same approach presented for
cartesian structured grid is employed, using subcell fix method. The main difference
in this case is the computation of lateral derivatives to evaluate during characteristic
selection. To perform the derivative computation, the same discrete approach as the
one used to compute gradient at cell interface is employed. Reinitialization is than
performed for a fixed number of time to preserve distance field.

2.2 0D Chamber Model

Here the 0D chamber model, applied in [67], is reported. The model relies on
mass conservation in combustion chamber and pressure is considered as only time-
dependent. Pressure evolution is a consequence of mass balance between flow of
produced gas ṁb thanks to combustion processes and mass flow expelled through
nozzle ṁth. A complete description of mass conservation and chamber equilibrium
can be found in [2].

We recall the equation for burning mass flow rate in the case of uniform burning
rate r

ṁb = ρbAbr (2.59)
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The mass balance derives from conservation equation and can be written as

ṁb = ρbAbr = ṁth +
d(ρcVc)

dt
=

pcAt

c∗
+

d(ρcVc)

dt
(2.60)

If an ideal gas mixture is considered then the time derivative in Eq. 2.60 can be
rewritten as

d(ρcVc)

dt
=Vc

dρc

dt
+ρc

dVc

dt
=

Vc

RgTc

d pc

dt
+ρcAbr (2.61)

Hence

rρbAb =
pcAt

c∗
+

Vc

RgTc

d pc

dt
+ρcAbr (2.62)

Considering the ideal rocket model the characteristic velocity can be evaluated

as c∗ =
√

RgTc

Γ
. The complete definition of Γ is later reported in Equation 4.2. As a

result, considering that ρb >> ρc ,the pressure derivative can be evaluated as

d pc

dt
=

(c∗Γ)2

Vc
(ρbAbr− pcAt

c∗
) = R(pc,Geometry) (2.63)

This ordinary differential equation (ODE) can be integrated provided that burning
area Ab and chamber volume Vc, are available. These variables are computed through
the LS integration. From Eq. 2.63, the time derivative can be approximated implicitly
as

d pc

dt
≈ pk+1

c − pk
c

∆t
= R(pk+1,Geometry) (2.64)

The second term in the expansion can be expanded through a Taylor approxima-
tion, computing the Jacobian ∂R

∂ pc
, whose expression will be reported in the following.

Here geometrical features are considered frozen at previous time step k. In a sim-
ilar way, pressure is considered frozen during geometry integration through level
set. The time step ∆t is the same between LS and pressure integration. With these
assumptions it is possible to write:
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pk+1
c − pk

c
∆t

= R(pk,Geometry)+
∂R
∂ pc

(pk+1
c − pk

c) (2.65)

Solving for pk+1 leads to

pk+1
c = pk

c +
R(pk

c,Geometry)
β

β =
1
∆t

− ∂R
∂ pc

(2.66)

Recalling the burning rate law r = apn
c . With this model, burning rate augmenta-

tion due to erosive burning, related to high gas speeds in the chamber, is neglected.
While some correlation can be employed to link erosive burning to motor characteris-
tic length and aspect ratio, an axially-resolved model should be employed to predict
this effect with enough accuracy [68]. For solid grains which are particularly prone
to erosive burning, i.e. those characterized by a low port-to-throat area ratio leading
to high Mach numbers within the port, the employed model could underestimate the
burning rate. Nonetheless, proposed model maintains sufficient degree of fidelity,
reducing computational cost in order to exploit it during the evaluation of multiple
configurations. Since r can potentially vary on the surface due to the non-uniform
grain properties, the computation of the burned gas mass flow rate requires integra-
tion over the burning surface ∂Ω. This variation is controlled through the variation
of the coefficient a in the domain, while coefficient n is assumed constant. In general
a combination of variable field could be assumed, but since limited data are available
for the propellant, this simplification allows to reduce numerical complexity in data
handling, but a variable field for n can be easily considered using the same approach
as the one used for a. The zero level set, i.e. the burning surface, is reconstructed
through a surface triangulation at every time step (Figure 2.3). Since the burning rate
is defined on every point of the grid, it is possible to assign the value of the nearest
point of the grid to the correspondent triangle barycenter of the surface triangulation.
As a result, the burning mass flow rate is computed as

ṁb = ρb pn
c

∫
∂Ω

adA ≈ ρb pn
c

N

∑
i=1

Abiai (2.67)
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where N is the number of triangles of the isosurface and propellant density and
gas pressure are assumed to be uniform. This computation allows to evaluate the
term R and its derivative with respect to pressure:

∂R
∂ pc

=
(c0Γ)2

Vc
[(2m+n)p2m+n+1

c Λ− At

c0
(m+1)pm

c ]

Λ = ρb

N

∑
i=1

Abiai

(2.68)

Through this model is possible to compute pressure-time evolution as a conse-
quence of grain burning.

2.3 Throat Erosion Model

The burnback analysis which arises from the coupling of LS surface evaluation and
0D chamber model, allows to evaluate grain performance. The latter is quite affected
from throat area At , which is the main driver of the discharge from motor chamber.
Since the variation of this parameter can heavily alter the pressure evolution, it’s
useful to introduce a model to evaluate its modification during motor operation. In
fact, to preserve nozzle throat from high gas temperatures, usually carbon-carbon
inserts are employed. This protective material preserves the metal structure of the
nozzle consuming itself with the interaction of hot gases produced by solid propellant
combustion. As described in [69–71], ablation of the nozzle throat is mainly linked
to chemical oxidation of carbon by oxidizing species in the hot gas mixture, in
particular H2O,OH and CO2 are the main species to cause carbon insert oxidation
at the typical temperature of T = 3000−3500K reached in SRM hot gas exhaust
[70], while oxidation from other species is not favored in this typical range of
temperature or their concentration is simply too small to produce significant impact.
A smaller contribution to ablation is produced by kinetic effects but, in this range of
temperature, the chemical contribution is the highest factor to the consumption of
the insert. This phenomenon allows to preserve the nozzle, but has an impact on the
throat section dimension. In fact, as the insert is consumed, At grows. To evaluate
this effect, a simplified model is here proposed. It is based on Bartz proportional
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law, where the consumption of the insert is linked to a reference test case [72]. In
particular, the proportionality is evaluated as

ṡ = ṡref

(
pc

pc,ref

)0.8(Rth,ref

Rth

)0.2

(2.69)

where ṡ is the throat erosion rate, hence the velocity at which the insert surface
moves. ṡref is the reference erosion rate, pc is the chamber pressure, pc,ref is the
reference chamber pressure, Rth is the throat radius, and Rth,ref is the reference throat
radius. While this model is simple, it is important to correctly evaluate a proper
reference for the analyzed insert, otherwise the results can be misleading. In the
hypothesis of a carbon-carbon insert, working with HTPB-AP solid propellants,
reference data have been selected from [70]. In particular, the reference values are
ṡref = 3.942e−4 m/s and Rth,ref = 2.75e−2 m, for a pc,ref = 69e05 Pa obtained by
numerical computations tailored to match BATES motor experimental data [73].
The use of Bartz law allows to rapidly evaluate throat erosion rate and compute
the evolution of throat area during motor operation by integrating this computation
with the burnback solver. At every time step the new throat area is computed
to properly evaluate chamber equilibrium and pressure evolution. After the new
pressure has been computed, At is updated and surface is moved according to the
chamber pressure.

2.4 Linear Viscoelatic Model

In this section, the numerical model used to perform structural analysis of solid
rocket grain is presented [74–77]. The model employed requires to account for the
viscoelastic properties of rubber like material. In fact, the particle loaded polybutadi-
ene binder changes its elastic modulus in response to load and temperature history.
A proper structural assessment of solid grain requires to demonstrate that the grain
can withstand operational load after some defined load history, linked to the storage
condition which the motor may face prior to its usage. The nonlinear viscoelastic be-
havior of the solid propellant produces a softening of the material, hence a reduction
in its elastic modulus, when the material faces a temperature increase or an external
load. A proper structural model has to face this material behavior. A common choice
used for this purpose is to employ linear viscoelastic theory [78] to characterize the
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material for a successive Finite Element analysis. This theory requires that materials
properties are homogeneous and that superposition principle is valid. With this
assumptions, the stress can be evaluated using the following convolution integral

σ(t) =
∫ t

0
E(t − τ)

dε

dτ
dτ (2.70)

where E(t) is the relaxation modulus, hence the time dependent coefficient that
allows to evaluate stress in response of a certain deformation. The integral sum up
all the contribution to the stress field by the summation of successive deformation,
accounting for the variation in the response of the material. Et is characterized by
uniaxial constant strain tensile tests. To evaluate the effect of the temperature on the
relaxation modulus a common choice is to consider the material as thermorheologi-
cally simple, hence temperature effect can be accounted for with a shifting in time
response variation of the material. In other words, the effect of the temperature is
equivalent to a longer, or shorter, application of a deformation in terms of material
relaxation. With this approach, the convolution integral is modified as follows

σ(ξ ) =
∫

ξ

0
E(ξ −ξ

′)
dε

dξ ′dξ
′ (2.71)

where, for an isothermal loading, ξ = t/aT is the reduced time and aT is a time-
temperature shift factor, which is a function of temperature. To evaluate E(ξ )
different tensile test are conducted at different temperature level. A global master
curve for relaxation modulus is constructed by shifting each evaluation at a specific
temperature by the aT factor, that can be computed with the Williams-Landel-Ferry
(WLF) function as follows

logaT =
−C1(T −T0)

C2 +T −T0
(2.72)

where T0 is the reference temperature, i.e. the temperature where aT = 1 and C1, C2

are the shifting coefficient of the material. The master curve can be approximated
through a Prony series, in order to allow for numerical implementation and coupling
with FEM solvers. Prony approximation can be constructed as follows

E(ξ ) = E∞ +
N

∑
i=1

Ei exp
(
− ξ

λi

)
(2.73)
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and can be evaluated from N discrete evaluation for the same number of reduced
time λi = (t/aT )i and with asymptotic relaxation value E∞. The exponential fit for
relaxation data allows to have a continuous representation for the viscoelastic behav-
ior of the material. With a proper definition of the material coefficient for the model,
the use of Prony approximation with WLF shift is widely accepted to characterize
linear viscoelasticity and run FEM simulations. The latter have been performed
on Ansys Mechanical commercial software, employed to reproduce the thermome-
chanical response of the propellant material under representative conditions. The
geometry of the system, consisting of a cylindrical propellant grain enclosed within
a metallic case, naturally lends itself to an axisymmetric numerical representation.
Thermal insulation has been neglected in the definition of the geometry, for the sake
of simplicity during a preliminary design phase, since the biggest constraint to grain
movement is the highly resistant metal of the casing. This assumptions reduce the
computational cost of the analysis without affecting the accuracy of the stress and
strain evaluation. The metallic casing is modeled as a linear elastic body, while
the propellant domain is assigned the Prony-based linear viscoelastic constitutive
behavior just described. The interface between the two components is treated as
perfectly bonded, in accordance with the manufacturing process and the effective
adhesion between propellant and case. The analysis is formulated as a transient
thermostructural problem, since for solid rocket motors the structural integrity during
service is strongly influenced by the thermal history experienced after curing. Once
the grain completes polymerization, it is effectively stress-free at a curing reference
temperature. Subsequent cooling toward the operational thermal environment in-
duces non-negligible residual stresses due to the constrained thermal contraction of
the viscoelastic matrix. Over time, these stresses evolve and accumulate under the
superimposed effects of temperature-dependent material relaxation of viscoelastic
solids. Such effects cannot be reproduced through steady-state analysis and therefore
require a time-dependent formulation consistent with the reduced-time framework
introduced earlier. Several operational loading conditions may affect the grain. The
main one are pressurization internal loads, thermal induced loads, dynamic loads
such as vibrations and inertial loads and operation related loads, like aerodynamic
heating during fly or transport. In this preliminary design phase only the internal
pressurization and pre-operational thermal loads are considered. This simplification
allows focusing on the dominant contribution to the maximum stress in the propellant,
while maintaining a computationally tractable model and isolating the influence of
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the viscoelastic response on structural margins. Moreover, since operational load-
ings requires a deeper knowledge in motor operation and usage, this considerations
exceed the scope of this work. Default solver parameters and convergence tolerances
for transient viscoelastic simulations are adopted, as they are sufficient to ensure
numerical stability and physically meaningful evolution of the stress field across
the simulated time window. Post-processing of the numerical results concentrates
on the evaluation of the maximum von Mises stress within the propellant domain
during the entire thermal and mechanical cycle. This output provides an indication
of the most critical regions inside the grain and allows assessment of the material
capability to withstand the operational conditions once viscoelastic relaxation, strain
accumulation, and residual stress development are taken into account. Different
failure criteria can be utilized to validate the selected geometry, an overall descrip-
tion can be found in [74]. In this work the effective stress is taken into account to
evaluate the complex triaxial stress field which arises due to complex shapes of the
grains, and compared with ultimate compressive stress for the material, eventually
corrected with knockout factors. In this work, this numerical structural assessment
can give an initial indication whether non-uniform properties can be exploited to
obtain solid motors with non conventional geometries, which can experience less
stress accumulation compared to standard geometries with the same performances.



Chapter 3

Initial Testing

In this section, initial testing of the software is presented. Initially, testing is carried
on area computation. Some basic shapes are generated and evaluated through
analytic initialization and surface computation with level set method and both area
computation method presented. The different schemes described in the previous
chapter are compared to assess the accuracy achieved for area computation, with
different grid resolution, to verify the consistency of the schemes. After that, more
complex shapes are evaluated. The initial assessment started with the evaluation
of a sphere inflation under normal movement, to evaluate for a simple test case the
area computation and the performance of different numerical methods and with both
finite difference computation on cartesian grid and finite volume on adaptive octree
grids. Later, a star shaped grain is used as reference for its non trivial shape and the
availability of an analytic formulation to compute burning surface evolution. Here
the level set numerical solution is evaluated on a significant geometry, but without
the use of non-uniform burning rates. Further evaluations are carried out on finocyl
geometries, in particular a confrontation with experimental firing test data for small
solid grain. Finally, the evaluation of the ability of the tool to evaluate non-uniform
burning rates is carried out by applying the variable ballistic properties to the same
finocyl geometry previously tested and by identifying the ballistic configuration
which alters the pressure response of a cylindrical grain to produce a neutral burning
and a dual-thrust solid grain.
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3.1 Area computation error

Initial tests have been carried out on a simple sphere to evaluate the accuracy of area
computation for a normal transport problem. Area evolution is computed throughout
sphere inflation with both triangulation and smoothed Dirac delta integration for
finite differences on Cartesian grids, while only the second method is employed to
evaluate area for normal movement computed with finite volume on octree grids. For
the latter, dynamic refinement is performed to follow the surface as it moves outward,
maintaining the local refinement level. For both cases, reinitialization is performed
at every time step until a threshold on unitary gradient value is achieved, in order
to obtain accurate results, especially for Dirac area computation. Simulations are
performed for a fixed time length for finite difference with a unit sphere radius, while
a fixed number of time steps is defined for finite volume computation with a unitary
sphere radius of two. Figures 3.1 and 3.2 show the initial conditions for both cases.
Results obtained for this simple shape show similar performance for both tested
methods, and they are summarized in Figures 3.3 and 3.4

Fig. 3.1 Visualization of test sphere for cartesian grid
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Fig. 3.2 Visualization of test sphere for octree grid

Triangulation

Analytical

Dirac

Error	Triang

Error	Dirac

Fig. 3.3 Area computation maximum error for sphere, computed with TVDRK-ENO at
second order

For the finite difference case, both triangle summation and Dirac delta integration
have been used to compute burning area, while for finite volumes only the latter has
been employed. In every tested configuration, the percentage error in area computa-
tion, i.e. the absolute difference between numerical and analytical evaluation of the
area divided by the latter, remains very small, with the exception of the first steps
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Fig. 3.4 Area computation maximum error for sphere, computed with Finite Volume on
adaptive octree grids

of the finite volume computation, where the maximum value of area error reaches
almost four percent. While this transient peak is likely linked to local grid refinement
behavior during topological changes rather than representing the steady-state error
level, its impact must be critically assessed since, given the nonlinear dependence
of chamber pressure on burning surface, surface errors are amplified according to
the proportionality pc ∝ A1/(1−n)

b . Using the specific value of n = 0.32 adopted in
this preliminary evaluation, a 4% peak surface error propagates to a 6% error in
chamber pressure. However, for higher values of n typical of composite propellants
(n ≈ 0.5− 0.6), the amplification factor could increase significantly, potentially
pushing the pressure error toward 10%. Consequently, when operating with highly
pressure-sensitive formulations, estimating a maximum admissible surface error as
a function of n is crucial, and finer grid refinements must be employed to strictly
contain the propagated error. Following these initial, independent verification tests
of both finite difference schemes on uniform Cartesian grids and FV transport on
adaptive octree grids, the finite difference approach was selected to carry out all
successive computations. This choice was driven by the need for a robust trade-off
between accuracy, computational stability, and software integration during the sub-
sequent optimization phase. Even though a uniform Cartesian grid increases the
computational cost to resolve fine geometric features compared to local adaptive re-
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finement, it avoids the complexities and transient noise associated with managing the
dynamic refinement near the zero-level interface. Moreover, the software framework
utilized for the finite difference implementation allows for a more straightforward
coupling with CAD geometry creation, as well as with the optimization and surrogate
modeling libraries later employed. Because the finite difference implementation
provides sufficient and stable accuracy with a reasonable computational effort, it was
chosen as the primary method for the subsequent evaluations. Further work on FV
and octree grids can be foreseen to improve computational efficiency for high-fidelity
evaluations, provided proper exploitation of adaptive mesh refinement. The selected
numerical approximation was then tested on grain geometries and coupled with the
0D chamber model to perform the burnback simulations.

3.2 Surface transport test, star shaped grain

First tests carried out on significant geometries faced the analysis of a six points star
shaped grain. This complex geometry, quite used in solid rocket design, allows to
test LS performance on complex shapes with particular features, in particular the star
points which disappear during propellant consumption that allow to have a neutral
burning. It is generated by an analytical formulation, with the implicit formulation
of a cylinder intersected by hyperplanes. A visualization of the obtained inner cavity
geometry is presented in Figure 3.5.

Moreover, the burning surface evolution for a star-shaped grain, can be evaluated
through an analytical formulation, providing a proper parametrization, using the
following relations from [79]

Sadim =


2n
[

sin(επ/n)
sinθ

+ y
l

(
π

2 +
π

n −θ − cotθ
)
+(1− ε)π

n

]
if y

l ≤
sin(επ/n)

cosθ

2n
[

y
l

(
π

n + arcsin
(

l
y sin(επ/n)

))
+(1− ε)π

n

]
otherwise

A = P ·L = Sadim · l ·L

(3.1)
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Fig. 3.5 Burnback simulation of star-shaped grain after 1 second

where n represents the number of star points, ε is the grain shape parameter
(star point fraction), θ is star point opening angle , y indicates the radial burn depth,
l is the radius of the grain, L represents the axial length of the grain, Sadim is the
dimensionless perimeter, P is the burning perimeter, and A is the burning area.
Through this definition one can evaluate area computation error in the same way
presented in the previous section. The computation is performed for normal transport
of the star shaped grain at constant burning velocity. Different grid dimension and
numerical schemes have been evaluated to compare the results for the computation
of a complex shape. An overall comparison is presented in Figure 3.6, while
results for second and fifth order schemes are presented in Figure 3.7 and 3.8.
When area is computed with triangulation, maximum error is present at the start of
the computation, when dealing with the reconstruction of sharp features like star
points, which can cause sub-sampling errors if the grid is too coarse near these
features. However, the error is confined under 2.5 percent and it reduces when points
disappear after burning. The area is almost neutral as expected and the burning
becomes progressive when fins are consumed, until propellant depletion. For area
computed with smoothed Dirac delta volume integral, initial computation is more
accurate but the error increases up to five percent, even with reinitialization. The
test shows how sharp feature requires fine grids to avoid sub-sampling, but at the
same time that the error remains confined and limited. The comparison between
different numerical schemes shows how, for refined grids, the reduction in mean
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Fig. 3.6 Mean error over normal transport for different schemes varying grid dimension

error is consistent switching from first to second order, while higher orders show
diminishing returns in investing higher computational effort, since error reduction in
area computation is negligible. For this reason, second order TVDRK-ENO schemes
are selected for later computations, since they give the best trade off value between
accuracy and computational time, provided a grid which is sufficiently refined to
solve the sharpest features of the geometry. Following area estimation, a rescaled
star geometry, sharing the same topology and ballistic coefficients, is used to verify
the coupling with 0D chamber model. The pressure integration is performed after
each area update of the LS integration. The ignition transient is neglected and
the first pressure value, which starts the area computation defining initial burning
rate r, is computed by evaluating equilibrium pressure inside the chamber with the
initial burning area of the star. From this equilibrium pressure, surface burns and
change its shape and burned mass flow, altering chamber equilibrium and evolving
pressure in the chamber. The burning is stopped at a certain casing radius rcasing,
after which burning velocity is null, and surface movement stops. This causes a
coalescence at the radius, which in turns generates a jump in the implicit function φ .
The discontinuity can cause errors in Dirac area computation, since the smoothing
at the interface can’t deal with such a jump, and even frequent reinitialization don’t
seem to reduce the errors. The computation is carried out with direct integration of
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Fig. 3.7 Area computation mean error for star shaped grain burnback, computed with
TVDRK-ENO at second order
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Fig. 3.8 Area computation mean error for star shaped grain burnback, computed with
TVDRK-WENO at fifth order in space and third order on time

surface triangulation, and the arrest condition at the grain end is imposed by turning
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off the summation of triangles whose barycenter lies within a specified threshold
from the casing. A constant threshold allows the definition of a tubular grain casing,
while an axis-dependent threshold can be employed to modify the casing shape along
the grain length. Although some testing has been performed on dome-shaped end
sections, the results presented here focus on tubular grains. This choice simplifies the
analysis, while the implemented routine remains general and is capable of handling
alternative casing shapes. Similarly, throat area erosion and its computation through
the proposed model (Section 2.1) are neglected in the present analysis due to the
lack of reliable reference data. Nonetheless, the implemented routine is general and
capable of handling throat erosion effects, and this simplification does not affect
the generality of the procedure. The results obtained are shown in Figure 3.9. As
stated before, the pressure simulation was performed on a geometrically rescaled
configuration with an extended length and an increased casing threshold, hence a
greater web thickness, introduced to achieve a more realistic absolute burning time
and operating pressure level for a typical SRM, while retaining the same ballistic
coefficients and the same grain topology. This accounts for the time scale difference
with respect to Figs. 3.7 and 3.8. The behavior of the pressure-time curve reflects,
as expected, the area behavior and shows the initial neutral burning followed by an
increase in pressure when the star tips are consumed and the burning area starts to
increase. This trend continues until the front reaches the motor casing, resulting in a
strong reduction in chamber pressure until burn-out during the tail-off phase. Some
small oscillations can be seen in the neutral phase, due to area reconstruction errors
which generate pressure fluctuations. If the computed area is not perfectly neutral,
the equilibrium pressure varies, but the stabilizing effect of having a lower than one
n exponent for the r = apn relation gives a pressure which oscillates around the
expected value. It is worth noting that the area computation performed on the same
star grain topology using the same numerical tools, reported in Figs. 3.7 and 3.8,
does not exhibit oscillatory behavior. This confirms that the oscillations visible in
the pressure curve originate from the sensitivity of the quasi-steady pressure balance
to small perturbations in the reconstructed burning surface area, rather than from
numerical instability in the 0D integration itself. When the area effectively changes
during the progressive and regressive phases, this effect is no longer visible.
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Fig. 3.9 Pressure evaluation of the star shaped test case

3.3 Test on experimental firing tests

After initial testing, an initial application of the burnback simulation tool is performed
on experimental data. The reference pressure-time curves and geometries, taken
from [80], describe the ballistics of a finocyl grain. Further numerical evaluations
for the same geometries, proposed in [81], are also considered for comparison. In
this case, the complex shape of the grain requires defining the geometry using direct
SDF computation. The inner cavity burning area is reconstructed in CAD software,
triangulated, and exported to the burnback environment where the implicit function φ

is defined. Among the configurations studied, an 8-fin configuration has been selected
as reference. As reported in the original experimental study [80], the firing tests
experienced an imperfect inhibition of the grain’s front face, causing the physical
setup to behave as a front-burning configuration rather than a fully inhibited one.
To rigorously validate the framework against both the intended theoretical design
and the actual experimental outcome, two separate simulations were conducted.
The inhibited simulation assumes perfect front-face inhibition and aligns with the
numerical reference [81], which modeled the nominal theoretical design. The
front-burning simulation accounts for the additional burning surface exposed by the
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imperfect inhibition and matches the experimental firing data from [80]. Rather
than representing an inconsistency between the two references, this comparison
demonstrates the solver’s capability to accurately capture pressure evolution under
different geometric boundary conditions. Figure 2.3 presented in SDF computation
section shows the front-end burning finocyl shape analyzed, while Figure 3.10
shows the zero level of the implicit function after φ initialization, for the inhibited
finocyl geometry. Figure 3.11 shows results of burnback simulation compared with
experimental data and numerical references, showing good accordance for the two
considered instances. Some differences arise with the comparison with experimental
data during tail-off phase. This can be explained with a different behavior during
ignition and flame spreading phase, which is neglected in the simulation. The
pressure build up in reality is slower and the grain chamber reaches the same pressure
level as the one computed at equilibrium by the burnback solver later. Hence, the
simulation evaluates a faster first part of the burning at higher pressure level, which
reflects in a faster depletion of the propellant and an anticipated tail-off. The greater
the ignition and flame spreading transient, the greater the expected difference in
tail-off phase. It’s important to consider that methods to accelerate ignition transient
are usually applied in real motor operation, and this effect is greatly reduced in these
cases.

Fig. 3.10 Eight fins inhibited front-end finocyl geometry used for testing. The figure shows
the inner cavity of the grain at t = 0
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Fig. 3.11 Results of burnback simulation of finocyl geometries. Comparison with experimen-
tal and numerical references, for both front burning cases

3.4 Test with non-uniform ballistic

Following the pressure integration tests, the work focused on assessing the numerical
tool’s ability to simulate grains with nonuniform properties. This is useful to exploit
the potential of innovative manufacturing processes, such as additive manufacturing,
which allow for controlled variations in propellant composition.

Nonuniform ballistic properties were modeled by assuming a spatially varying
coefficient a in the burning rate equation. The pressure exponent n was assumed
constant as a modeling simplification to limit the design space dimensionality,
with a value chosen lower than one to ensure combustion stability. In the initial
methodology, a is described as a function of the radial coordinate R, the distance from
the motor axis. Defining Rc as the absolute radial position of the casing measured
from the grain main axis, the following polynomial law was selected to govern the
distribution

a(R) =
a0 −ac

Rb
c

(Rc −R)b +ac (3.2)



3.4 Test with non-uniform ballistic 67

Where a0 and ac are fixed values of the pre-exponential coefficient at motor axis
and motor casing respectively, and b is the exponent of the ballistic law. Altering
these three parameters allows to effectively control the variation of a along the
radius, while the distribution is constant along motor axis. In this specific test case,
the ballistic property variation is therefore strictly one-dimensional in the radial
direction. The framework is capable of handling multi-dimensional distributions, as
demonstrated in subsequent case studies. The resulting distribution is plotted with
respect to the absolute radial coordinate R for various exponent b values in Figure
3.12, using fixed ac = 4e−05 and a0 = 7.25e−05. These coefficients were tuned
to induce significant variations in ballistic properties, while maintaining plausible
data according to literature [80]
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Fig. 3.12 Radial distribution of pre-exponential coefficient a as a function of b. Ceofficient
a0 = 7.25e−05 and ac = 4e−05.

This distribution model was applied to the finocyl geometry previously studied,
as shown in Figure 3.13, with results detailed in Figure 3.14. Reducing the initial
reaction rate, i.e. a0 value, decreases the mass produced during burning, so the
combustion chamber pressure is lower compared to the uniform case. Also, the lower
chamber pressure combined with a slowing burning rate due to the ballistic property
variation leads to a prolonged motor operation time. These findings show the tool
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can handle nonuniform ballistic properties and highlight how the performance of a
fixed geometry can be significantly altered using additive manufacturing techniques

Fig. 3.13 Visualization of ballistic properties distribution during burnback of front burning
finocyl

After these preliminary tests, other evaluations have been carried out. A primary
goal was to achieve a cylindrical grain with neutral burning behavior. To satisfy the
neutral burning condition,one has to meet the null condition for the chamber pressure
time derivative, hence

d pc

dt
=

(c∗Γ)2

Vc

(
ρbAbr− pcAt

c∗

)
= 0 (3.3)

This implies that the burning rate must vary to exactly compensate for the growing
burning area. Here, R represents again the absolute radial coordinate. By rearranging
the equation and using the established relation for pressure derivative, the required
distribution for a is:

a(R) =
At

c0

p1−m−n
c

ρb2πL
1
R

(3.4)
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Fig. 3.14 Modified pressure time performance for non-uniform finocyl grain

A hyperbolic distribution of a is therefore necessary to obtain neutral burning
at a specifically chosen chamber pressure for a cylindrical grain. Unlike standard
cases where equilibrium pressure results from a given geometry and propellant
properties, this inverse problem treats the chamber pressure as a design constraint
to determine the required property distribution. The results in Figure 3.15 confirm
the overall desired behavior is achieved. However, numerical errors in computing
the burning area induce oscillations in the pressure history. These oscillations are
amplified because the analytical a distribution provides neutral behavior for the exact
theoretical burning area, not for the numerical area affected by numerical error. The
errors force the solution away from desired pressure level, but the integration is
later stabilized, in a similar manner as described for star shaped grain test case in
3.2. Specifically, a small numerical error in the discrete area evaluation perturbs the
chamber pressure, which in turn alters the local burning rate. Since the hyperbolic
a(R) distribution is tailored to the exact theoretical area, any spatial deviation of the
burning front triggers a restoring pressure effect, generating the observed oscillations.
Future developments should address this sensitivity through tighter time-stepping or
improved geometrical accuracy in the area computation, to reduce the entity of the
oscillations before their stabilization.
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Fig. 3.15 Pressure Time for cylindrical shape modified for neutral burning

Fig. 3.16 Pressure time of a cylindrical shape modified for dual thrust, between 100 bar and
50 bar
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A final test designed a dual-thrust cylindrical grain. This involved defining
piece-wise hyperbolic functions for the coefficient a, effectively dividing the grain
behavior into two sections separated by a specific radial coordinate, Rshift, where
the pressure shift occurs. The analytical form remains consistent with the neutral
burning case, but the target constant pressure changes between the two sections

a(R) =


At
c0

p1−m−n
c1

ρb2πL
1
R for R < Rshift

At
c0

p1−m−n
c2

ρb2πL
1
R for R ≥ Rshift

(3.5)

The results in Figure 3.16 show limitations similar to the neutral burning case
regarding numerical oscillations, especially during the first phase before the shift.
Despite the oscillations, whose amplitude requires further reduction to achieve the
precision needed for quantitative design, the results demonstrate the core concept
of a spatially tuning of the ballistic distribution used to command macroscopic
variations in motor performance, purely through material property gradients. It is
worth noting that these test cases represent a fundamentally different design paradigm
from uniform ballistic configurations. By spatially tuning the a(R) distribution, the
pressure evolution is actively decoupled from the geometric surface progression.
This decoupling is precisely the additional design degree of freedom that the present
framework is built to exploit, enabling preliminary performance analysis and design
of pressure-time profiles that are no longer constrained by geometric evolution alone,
significantly expanding the available design space. With these obtained results, in the
next chapters an automated design procedure is presented to design solid propellant
grains, leveraging the non-uniform distribution as a new design parameter, in order
to enhance design flexibility for this type of rocket engines, surpassing limitation of
traditional design and manufacturing approach.



Chapter 4

SRM Design

Having established the LS-based burnback simulation capability and validated it
against analytical and experimental benchmarks, attention now turns to exploiting
this tool within an inverse design framework. The problem of designing solid rocket
motors requires a careful approach to define a geometrical configuration able to
achieve desired performances while complying with numerous ballistic, propellant,
and envelope constraints. Several works in the literature have addressed inverse de-
sign and optimization of solid propellant grains using different strategies[75, 82–88].
However, these approaches generally assume uniform ballistic properties within the
grain and do not explicitly account for spatially varying reaction rates as part of the
design process. Even though motor performance is mainly determined by the propel-
lant’s geometrical and ballistic features, identifying suitable combinations to meet
requirements can be challenging due to manufacturing constraints that severely limit
attainable grain geometries. In this chapter, a general overview of traditional solid
rocket motor design is presented, followed by modifications introduced by account-
ing for the enhanced flexibility achievable with additive manufacturing concepts. The
overall procedure is supported by the creation of surrogate models, built to speed up
burnback computation and performance evaluation to support a stochastic optimiza-
tion framework, the latter described in the corresponding section. The chapter also
contains applications on inverse design problems, where the optimization framework
is applied, starting from the desired pressure-time curve, to identify feasible and
possibly optimal combinations of geometry and non-uniform ballistic properties
distribution that meets the requirements while complying with the constraints of the
design envelope.
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4.1 Design approach and modifications

This section describes the solid rocket motor design approach selected to account for
additive manufacturing novelties. It stems from traditional approach to solid rocket
motor design, presented in [89]. This description covers the main steps required to
define grain geometry to meet performance requirements and various constraints
imposed by mission, environment, and other design fields. The overall procedure is
summarized in Figure 4.1 .

Fig. 4.1 Solid rocket motor design flow

The design flow starts from the definition of motor requirements, which are
derived from a set of independent parameters, i.e., parameters imposed by mission,
selected propellant, and envelope constraints. Ballistic performance is defined to
meet mission requirements for the motor. Thrust, in terms of maximum delivered
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propulsive force, burn time, and total impulse delivered by the rocket, are the main
performance figures required to achieve mission objectives. The design flow re-
quires selecting the propellant and, consequently, defining its main characteristics:
specific impulse, burning rate, density, and specific heat ratio γ . Finally, additional
requirements are defined from the operating conditions of the motor. Dimensional
constraints including grain length, diameter, and available volume are imposed by the
motor’s interface with other systems, as well as nozzle expansion ratio. Maximum
Expected Operating Pressure (MEOP) is determined by pressure curve requirements
and grain casing design and structural behavior, while ambient pressure is determined
by motor operating conditions and environmental design point. Once these parame-
ters are extracted from requirements, the designer can compute dependent parameters
using relationships among independent parameters, further constraining the grain
design. Based on these constraints, an initial selection of the baseline geometry
can be performed using geometry-dependent parameters such as web fraction w f ,
length-to-diameter ratio L/D, and volumetric loading fraction vL, using selection
maps. This pre-selection relies on previous expertise and designer experience and
helps to guide proper selection of a compatible geometry before proceeding with
detailed dimensional definition, avoiding the exploration of numerous potentially
unfeasible baseline configurations. Once the geometry is pre-selected, the designer
must compute grain dimensions to meet all parameters and potentially iterate through
the selection-dimensioning phase until compliance is achieved. After achieving com-
pliance, structural assessment is performed to validate the selected geometry, with
possible iteration if constraints are violated. These iterative phases also allow search-
ing for optimal solutions among feasible designs to maximize performance metrics,
for example by identifying the minimum-stress configuration.

Starting from the traditional approach outlined above, the design methodol-
ogy has been modified to accommodate non-uniform propellant grains enabled by
additive manufacturing. The main modification involves treating propellant char-
acteristics as design parameters rather than fixed constraints. Additionally, the
computation of geometric requirements traditionally used to select baseline grain
shape from design tables is suppressed. In the proposed approach, the baseline
geometry is defined a priori, and performance requirements are met by modifying the
preselected configuration and exploiting the non-uniform ballistic characteristics of
the propellant, eliminating the need for geometry selection. Target performances are
computed starting from the desired pressure-time curve, with envelope constraints
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added subsequently. For this analysis, propellant temperature sensitivity is neglected,
while propellant density is assumed constant. Density variations due to composition
or infill density changes are neglected due to limited available data, though this
could be incorporated into the level set solver’s fluid dynamics module once accu-
rate correlations from deposition technology studies become available. Given the
expected limited variability when ballistic is altered varying propellant composition,
this approximation should not significantly affect results. Similar considerations
apply to the specific heat ratio of combustion products, which is also assumed
constant. Once the desired pressure curve is selected, the MEOP is evaluated as
the maximum pressure level, while required burning time tb,req is computed as the
time at which pressure reaches ten percent of MEOP. These quantities are directly
computed from the pressure curve. Additional parameters must be defined, including
maximum required thrust F at MEOP, grain diameter D, grain length L, pressure
expansion ratio pe/pc, and ambient pressure Pamb to define the limits of the design
space. To explore different designs thoroughly, several strategies are implemented
with different combinations of baseline geometry and burning rate distributions.
Moreover, a key distinction among strategies concerns throat area At . Some cases
treat it as a dependent parameter computed from requirements, following traditional
approach under the hypothesis of ideal rocket, while others include it as a design
variable to expand the feasible design space. While in the standard design flow other
geometrical constraints for grain configuration allows selecting suitable geometries
to meet thrust requirement, the definition of an a-priori baseline geometry and a
pre-defined parametric space could limit the feasibility of a specific thrust level,
since burning area Ab could be insufficient to grant enough mass flow to maintain
desired pressure for At values computed to obtain such thrust. Designer must be
aware of this and select an adequate parameter space to include configurations which
are compatible with desired pressure and thrust. Varying At as a design parameter
allows to overcome this limitation and to increase design flexibility. In the cases
where the throat area is kept fixed, At is not treated as an optimization variable but
as a design parameter defined a priori. Since the main objective is related to the
pressure–time curve computation, a nominal value of At is first estimated from the
required thrust level and MEOP as

At =
F

pcCF
(4.1)
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where CF is the thrust coefficient evaluated under the hypothesis of an ideal rocket
nozzle with isentropic flow. For the assigned specific heat ratio γ and pressure ratio
pe/pc, the critical mass flow function Γ and the geometric expansion ratio ε are
obtained from

Γ =

√
γ(

1+ γ−1
2

) 1+γ

2(γ−1)

(4.2)
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and the thrust coefficient is computed as
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This estimate is used to define a consistent nominal operating point for the subse-
quent exploration of the design space. A limited number of level–set simulations
is then performed to verify the feasibility of the selected configuration, in terms of
sustained chamber pressure, complete grain consumption, and compatibility of the
resulting pressure level with the prescribed operating conditions. If the preliminary
simulations highlight infeasible or physically inconsistent behavior, the value of At

is adjusted and the screening procedure is repeated before generating the full dataset.

The selection of the configuration in the design space is performed through a
stochastic optimization algorithm. The evaluation of individuals can be performed
directly with LS burnback computation, however, to speed up the numerous evalua-
tion required to perform stochastic optimization, the former is surrogated through the
utilization of meta-models. Different surrogate models have been evaluated, trained
on LS burnback data, to guess pressure time response for specific ballistic-geometric
grain configurations. The proposed approach is resumed in Figure 4.2. The design
starts from the definition of baseline geometry and ballistic distribution, which are
described by a set of parameters that defines the design space, whose limits are
defined utilizing mission and envelope parameters, as well as material selection for
ballistic parameters. The design space is sampled through a sampling plan X that
is produced using a Latin hypercube design optimized for maximum space-filling
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properties, following [90]. The configurations in the sample plan are generated and
their burnback is computed through LS solver and obtained pressure-time curves
are used to train surrogate models. Design target can be defined from desired
performance curve and employed to define the optimization problem, along with
additional constraints if desired. The next chapters describe the surrogate strategies
and optimization algorithms employed.

Fig. 4.2 Design flow proposed

4.2 Surrogate modelling

This section contains the methods developed to create, from a certain number of LS
evaluations, a model able to predict the pressure-time response of a certain geometric-
ballistic configuration, described with a predefined set of parameters, and fast enough
to compute a very high number of configuration in stochastic optimizer application.
Firstly, the dataset produced from design space sampling is randomly split to save a
certain number of sample for test purposes, in order to evaluate the performances of
the model against unseen data. Training the model to guess a pressure-time curve
requires a tailored approach. In particular, the chosen approach is to train the model
to guess a specific pressure value at a specific burning time. The parameter vector is
augmented with a normalized time value, and the augmented vector is coupled with
a pressure label for the specific configuration from the dataset. A single curve, linked
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to a specific configuration, is sampled in 20 time evaluations, and for each time
evaluation the correspondent pressure level is used as data label. With this approach,
models are trained to evaluate, for a single configuration, the pressure value in every
time snap. From every pressure-time guess, the response curve computed by the
surrogate is then reconstructed. The performances of the surrogate are computed
by evaluating the Root Mean Square Error (RMSE) on validation set and global
absolute error on the same set, i.e. the difference between guessed and real value
of pressure, for a specific time snapshot, for all configurations in the set. Different
methodologies are applied to surrogate the response of the grain burnback, relying on
Neural Network, Adaptive Basis Functions and Proper Orthogonal Decomposition.
The three methods are compared through the aforementioned RMSE mean value
over the time steps, as well as Global Residual values. The latter are the absolute
difference, at each time step, between real value and the value guessed by the model.
Computing it for every sample in the test set allows to evaluate mean value of the
residual at each time step and to construct a mean residual line. The closer it is to
zero, the denser the evaluation of the surrogate are around the actual pressure value
and the better the performance of the model.

The first used methodology relies on a deep learning network, similar to the
approach shown in [84, 91]. The network is built and trained using the TensorFlow
library [92]. Among all data, 10 percent is allocated for the creation of a test set to
evaluate the network’s performances, while another 10 percent is used as a validation
set to tune the model’s hyperparameters, such as regularization terms in every layer
and adaptive parameters of stochastic gradient descent optimizer. The remaining
configurations constitute the training set for the network. As previously described,
the network is trained to predict the entire pressure-time curve by evaluating specific
snapshots of the training curves, sampled from LS Solver pressure integration routine.
The neural network adopted in this work is a fully connected feed-forward archi-
tecture. The network outputs a single scalar value corresponding to the predicted
chamber pressure at the specified time snapshot. The model is composed of eight
hidden layers, with a gradually decreasing number of neurons in order to progres-
sively compress the information content and enforce hierarchical feature extraction.
The number of neurons per layer is set to (125, 125, 115, 115, 105, 105, 90, 80)
respectively. All hidden layers employ the Exponential Linear Unit (ELU) activation
function, which was selected to ensure smooth nonlinear behavior and stable gradient
propagation in a deep regression setting. Weight initialization is performed using
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a Gaussian random normal distribution, while L2 regularization is applied to all
hidden layers to mitigate overfitting. A stronger regularization is imposed on the
deeper layers, reflecting the increasing abstraction level of the learned features. The
output layer uses a linear activation function, consistent with the regression nature
of the problem. Training is performed using the AdamW optimizer [93], and the
model parameters are tuned based on validation loss monitoring. The depth of the
network may appear excessive with respect to the dimensionality of the input space.
However, preliminary investigations showed that shallower architectures exhibited
limited expressive capability in capturing the highly nonlinear coupling between
geometric parameters and the pressure evolution, particularly in correspondence of
peak pressure and late burn phases. Increasing depth proved more effective than
increasing width in improving approximation accuracy, while maintaining acceptable
computational cost.

The second methodology relies on the interpolation via Adaptive Basis Func-
tion Construction (ABFC). This approach involves the approximation of a general
function, in this case, the pressure value at a defined time snapshot, via a sum of
polynomial functions weighted with a scalar value

F(X) =
k

∑
i=1

ai fi(X) (4.5)

The function depends on the vector of parameters X , hence on geometric-ballistic
properties of the examined configuration. The single polynomial basis function fi(X)

is computed as follows

fi(X) =
d

∏
j=1

xri j
j with i = 1,2, ...,k (4.6)

The exponent ri j and the coefficients ai are defined through an iterative process
aimed at minimizing the mean squared error between the approximation F(X) and
the known pressure value at a given time snapshot. Through this adaptive procedure,
the structure of the polynomial basis is progressively constructed, allowing the
number of terms and their effective polynomial order to be tailored to the specific
problem while avoiding unnecessary basis addition and excessive model complexity.
The number of basis functions k used to approximate the target function is a user-
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defined meta-parameter which can be tuned to alter the approximation, as well as
the polynomial order p of the basis function (i.e. the maximum value of ri j). In
this application, these values are fixed and not further optimized. Greater details
on ABFC implementation can be found in [94]. Once the ABFC approximation is
constructed for every time snap, the pressure-time curve is reconstructed, guessing
with the surrogate model the pressure value for a certain parameters configuration at
the desired time. Also, for this surrogate approach, RMSE is computed on the test
set, the latter created by splitting 10 percent of the overall database. Global Residual
plots are obtained and shown in Figure 4.11.

The third applied methodology relies on Reduced Order Modeling, exploiting
Proper Orthogonal Decomposition (POD) to reduce problem dimensionality [95].
Starting from the original design space POD techniques are applied to reduce the
parameter space. Interpolation is applied in the reduced space to create a Reduced
Order Model (ROM) and to approximate the pressure-time curve. The ROM is
created using the EZyRB library [96], a flexible tool which allows ROMs to be
created starting from high-level snapshots of the solution. In this application, the
snapshots are the time evaluation of the pressure for each configuration. The initial
database from which ROM is computed is formed by a parameters matrix, which
contains all the geometric-ballistic parameters of a single configuration, and its
correspondent snapshots, i.e. all the pressure evaluations for that single configuration.
From this database, POD is computed by the solver using Truncated Singular Value
Decomposition, where the reduced basis is constructed by retaining a fixed number
of POD modes corresponding to the largest singular values. Successively, the Radial
Basis Function is applied as an interpolation method to predict the modal coefficients
for the new reduced set of parameters. Again, RMSE is computed on the test
set. Global Residual plots are obtained and shown in Figure 4.13. Comparison
between sparser and denser datasets shows, as expected, a better behavior of the
latter case when all other surrogate models parameters are fixed. The POD-ROM
approach treats time differently with respect to previous methodologies, since in this
case snapshots are produced with a sampling of the pressure-time response but no
additional parameters are added to design space.

The surrogate modeling strategies introduced in this section define the method-
ological framework adopted for the prediction of the pressure–time response. Their
practical implementation, together with the setup of the application tests and the
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selection of representative baseline geometries, is addressed in the following section,
where the behavior of the different approaches is analyzed and discussed.

4.3 Optimization approach

After the selection of a suitable surrogate model, it is possible to start the design
optimization phase. Global design of solid rocket motors requires a careful approach
in order to define a geometrical configuration able to achieve desired performances
while complying with numerous ballistic, propellant, and envelope constraints, as
described in the introduction to this chapter. After defining all requirements from
the target curve, the optimization problem can be formulated to identify the optimal
geometrical–ballistic configuration satisfying the imposed constraints. The problem
is defined as follows:

find min
X

f (X) =

√
1
N

N

∑
i=1

(pg,i − preq,i)2

subject to g1(X) = |Itot,g − Itot,req|−0.1 Itot,req ≤ 0,

g2(X) = |tb,g − tb,req|−0.1 tb,req ≤ 0

The optimization problem aims to determine the parameter vector X that minimizes
the Root Mean Square Error (RMSE) between the predicted and target pressure
values over the selected time snapshots, while enforcing constraints on total impulse
Itot,g and burning time tb,g within a tolerance of 10% of their required values. This
choice reflects the fact that the reference performance for the design problem is the
temporal evolution of chamber pressure itself, which represents the primary design
target, while integral quantities are considered as secondary indicators. Focusing
the optimization on the pressure–time history allows the identification of configura-
tions that best reproduce the desired ballistic behavior over the entire burning phase,
rather than solutions that satisfy global performance metrics but exhibit significantly
different transient responses. The additional constraints on total impulse and burning
time are introduced to enforce global ballistic consistency and to avoid convergence
toward solutions that may exhibit low RMSE values while being physically or opera-
tionally unacceptable. In particular, localized discrepancies between the predicted
and target pressure profiles could lead to limited RMSE values while producing
configurations with excessive deviations in total impulse or burning duration. The
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imposed constraints ensure that candidate solutions remain within acceptable bounds
in terms of integral performance parameters, even when an accurate matching of the
target pressure curve is not achievable. Within this formulation, the optimization
problem may therefore assume the character of a feasibility problem rather than
a pure curve-matching task. In cases where the prescribed design space does not
allow an exact reproduction of the target pressure–time evolution, the optimiza-
tion process is still capable of identifying approximate solutions that satisfy the
imposed constraints on total impulse and burning time. Such solutions highlight
limitations related to the selected parameterization or design space definition, rather
than shortcomings of the optimization algorithm itself, and remain of interest from a
preliminary design perspective. The optimization is formulated as a mono-objective
problem, with the objective function defined as the Root Mean Square Error between
the predicted and target pressure–time profiles, computed over uniformly discretized
time snapshots. This choice reflects the primary objective of the design process,
which is to reproduce as accurately as possible the temporal evolution of the chamber
pressure rather than matching isolated performance indicators.

The optimization problem is solved using the Pymoo framework, which provides
a unified and flexible environment for defining constrained optimization problems
and implementing population-based stochastic algorithms. The design variables are
treated as continuous parameters and bounded consistently with the domain used
for surrogate model training, ensuring that all candidate solutions remain within the
region of validity of the surrogate approximation. A Particle Swarm Optimization
(PSO) algorithm is adopted in this work [97]. The choice of PSO is motivated by
its suitability for continuous, non-convex optimization problems characterized by a
moderate number of design variables. Preliminary tests were conducted comparing
PSO with alternative evolutionary strategies available within the same framework,
including Genetic Algorithms. These tests indicated comparable solution quality,
while PSO exhibited faster and more stable convergence behavior for the present
problem setup. For this reason, PSO was selected for the optimization campaigns
presented in this work. The swarm is initialized with a fixed population size of
100 individuals and evolved for a prescribed number of 15 generations, which are
selected based on preliminary convergence assessments to balance exploration of
the design space and computational cost. No additional termination criteria are
imposed. Standard PSO parameters provided by the pymoo implementation are
employed. Constraint handling is performed directly within the optimization loop
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through inequality constraints defined on global ballistic quantities, ensuring physical
admissibility of the candidate solutions throughout the search process. The pressure–
time response required for the evaluation of each individual is computed using
the previously introduced surrogate models, enabling a large number of objective
function evaluations and making the use of a population-based stochastic optimizer
computationally affordable.

4.4 Test application

After the definition of surrogate models and optimization problem, some applications
are here reported to evaluate the overall approach. The basic setting of the evaluations
of individual configuration is the same Level Set computation performed in previous
chapters. A first study is conducted on finocyl geometries, with different design
space in terms of variability of geometrical and ballistic parameters, the latter varied
with a polynomial law. This configuration is used to evaluate surrogate performances,
to assess the effect of sampling density and design space dimensionality and to
explore the flexibility of a specific baseline and the effect of design space limits on
the latter. A second test is performed on a different harmonic baseline geometry with
a grater variability with respect to finocyl, and a ballistic distribution controlled with
a Radial Basis Function (RBF) approximation.

4.4.1 Polynomial distribution - Finocyl geometry

The first step of the design optimization problem concerned the definition of the
parameter space. A specific finocyl geometry with non-uniform ballistic proper-
ties and a fixed number of fins has been selected as a baseline configuration for
optimization. This choice is motivated by the fact that this non-trivial geometry
is widely used and well studied, hence, it offers a valid comparison to assess the
influence of non-uniform ballistic properties of the propellant. In general, the overall
optimization procedure can be carried out on uniform grain also, but in the scope of
this work the importance of ballistic variability is prominent and, consequentially,
surrogate models and optimizer have been conceived to manage non-uniform distri-
bution. Nonetheless, uniform distribution can be obtained from defined distribution
altering parameters accordingly (e.g. in polynomial distribution of Equation 3.2
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selecting a0 = ac). The grain geometry is given by the dimensions of the main
sections, e.g., diameter and length, while the fin section is described by the height
and the thickness of the fin. The non-uniform ballistic properties are defined by
the two coefficients ac and b of the polynomial function previously used in the
initial evaluation of non-uniform properties, reported in Equation 3.2, with constant
a0 = 7.25e− 5 [67][80]. The variation of burning rate is obtained varying the a
coefficient of Saint-Robert law, following the desired radial function. The parameter
range selection ensures that the burning rate values remain within the typical range
for solid propellants. Moreover, the total variation is limited to a maximum doubling
of the burning rate within the grain, i.e. amax = 2amin. This constraint is based on the
fact that such a variation can be achieved with reasonable modifications to the pro-
pellant composition [98]. While further exploiting additive manufacturing through
infill density variation could lead to even greater deviations in burning rate values
[22], in the scope of this work, a more limited variation is considered to have a first
assessment of the influence of non-uniform ballistic properties distributions on grain
design. A first approach describes the individual configuration using a total of eleven
parameters, nine geometric parameters, and two ballistic distribution parameters,
with no specific limitation on grain overall length, hence with a free-length approach.
A second fixed-length approach has been developed to enforce the maximum length
requirement for the grain and to reduce the dimensionality of the problem. Fixing the
overall length, as well as the length percentage of each section, reduces the design
parameters to six, four for geometry, and two for ballistic distribution. The baseline
geometry schematics are presented in Figure 4.3 and in Figure 4.4a, varying within
the limits reported in Table 4.1 for the free-length, eleven parameter case. In addition
to the design parameters, the parametric tables also contain fixed parameters that
are used to run the LS simulation. These parameters are defined in the requirement
definition phase (see Section 4.1) and are transferred to the LS solver before starting
the evaluation of samples and the creation of data set curves. Among them, At is
defined following the procedure described in the previous section, using a target
value for F of 6000 N at a reference MEOP value of 90 and 58 bar for the two cases,
for some sample configurations in the parameter space. The fixed length case is
reported in Table 4.2, where the lengths are related to the required length of the grain.
The fin section of the grain, which contains a fixed number of eight fins, is the aft
portion of the geometry, the one corresponding to L5 section in Figure 4.3. Figure
4.4b shows a 3D visualization of possible configurations. Note that the geometries
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presented here represent the inner cavity of the grain, whose surface moves in a
direction normal to itself as the burning proceeds.

Fig. 4.3 General Geometry and Grain Geometric Parameters

(a) Fin parameters (b) Burning surface reconstruction example

Fig. 4.4 Example configurations for testing geometry



86 SRM Design

Parameters Values and limits

Geometric

D1 [3,8] cm
L1 [4,8] cm
L2 [4,8] cm
D2 [3,8] cm
L3 [10,20] cm
L4 [3,5] cm
L5 [3,8] cm

Fin Height [3,5] cm
Fin Radius [0.2,0.4] cm

Fixed/Ballistic

Casing Radius 11 cm
Throat Area 6.75 cm2

Propellant Density 1740 kg/m3

Ballistic ac [3e-05,5e-05]
Ballistic b [0.6,3.1]

Table 4.1 Parameters Table Free Length

Parameters Values and limits

Geometric

D1 [3,8] cm
L1 0.2 L cm
L2 0.2 L cm
D2 [3,8] cm
L3 0.2 L cm
L4 0.2 L cm
L5 0.2 L cm

Fin Height [3,5] cm
Fin Radius [0.2,0.4] cm

Fixed/Ballistic

Casing Radius 11 cm
Throat Area 6.75 cm2

Propellant Density 1740 kg/m3

Grain Length, L 30 cm
Ballistic ac [3e-05,5e-05]
Ballistic b [0.6,3.1]

Table 4.2 Parameters Table Fixed Length
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As previously described, this configuration is the one used to test the selected
surrogate models. For both free and fixed approaches, datasets are created with a
certain number of level set evaluations. After the definition of the parameter space
and its limits, a Latin Hypercube sampling plan is produced, as described in [90].
The plan is optimized to maximize its parameters space filling properties. Once the
sample population is defined, each grain configuration is evaluated using the LS
solver. To evaluate each sample, CAD geometry and surface reconstruction via STL
files are required, as described in [67].

To produce the corresponding files for every configuration defined by the sam-
pling plan, an automated parametric routine is developed to generate the necessary
files from different software tools and run all burnback simulations obtaining, for
each configuration, a pressure-time curve. These curves are computed using fixed
parameters chosen in design requirements definition phase, such as At and ρb. Two
different sampling plans are used. For the free-length space parameter definition, a
pool of 3000 samples is produced, while the fixed length case relies on 4096 evalua-
tion to produce pressure-time curves dataset, in order to obtain a denser sampling of
the parameters space. The pressure response is evaluated over a 20 second burn pe-
riod. The overall simulation time has been chosen to allow most of the configurations
to complete the burn, as a priori knowledge of the total burning time is not available.
Moreover, the selected simulation time must be greater than the required burning
time defined in the design phase. The burning time is then normalized with respect
to the maximum burning period to allow proper rescaling for successive surrogate
training. Figure 4.5 and Figure 4.6 show the pressure curves obtained for all samples
in the free-length parameter case, as well as the fixed length pressure-time set.
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Fig. 4.5 Free Length Dataset
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Fig. 4.6 Fixed Length Dataset

By using these pressure-time curves it is possible to train surrogate models as
described in the corresponding section. For the first selected approach, the Neural
Network approximation, training performance are presented in Figure 4.7, where loss
function on training and validation set are presented. Results show that loss decreases
for both sets through the epochs, and no overfitting is present. Figure 4.8 shows some
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random sample prediction of the surrogate in the validation set, for both free and
fixed length cases. The mean RMSE over test set is computed to evaluate the model.
Performances on whole test set are reported in Figure 4.9, which shows a scatter
plot of residuals computed on every test configuration, i.e. the pressure difference at
every time snap, for all the curves in the test set. The mean value of the error at each
step allows constructing the mean test error curve, reported over the residual scatter
plot. Global residual plots are reported also for ABFC and POD-RBF approaches,
in Figure 4.11 and Figure 4.13 respectively, as well as the prediction of the two
models on some random test samples in Figure 4.10 and Figure 4.12. Comparison
between sparser and denser datasets shows, as expected, a better behavior of the
latter case when all other surrogate models parameters are fixed. The obtained results
showed better performances for the Deep Neural Network approach, which is the
selected method with the lowest RMSE value (see Table 4.3) and a better residual
distribution in the time simulation period, with acceptable results even for sparser
training datasets. On the contrary, other methods employed didn’t show acceptable
results and their performance are poor compared to NN approach. For this reason,
the latter is selected to support the evaluation phase in the stochastic optimization
part of the design procedure. While further evaluation of additional metamodels
could enhance approximation accuracy or reveal potentially better methods, such an
analysis falls outside the scope of this work. In the context of this study, the selection
is thus based on the most suitable tested approach for the current framework.

(a) Free length dataset (b) Fixed length dataset

Fig. 4.7 Loss Function over training epochs
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Fig. 4.8 Neural Network Prediction on some test samples
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(a) Free length dataset
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Fig. 4.9 Global Residual Plot for Neural Network
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Fig. 4.10 ABFC Prediction on some test samples
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Fig. 4.11 Global Residual Plot for ABFC
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Fig. 4.12 POD-RBF Prediction on some test samples
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Fig. 4.13 Global Residual Plot for POD-RBF



92 SRM Design

Model RMSE-Free Length RMSE-Fixed Length

Neural Network 0.0636 0.0399

ABFC 5.2181 2.2299

POD-RBF 3.8951 1.3095

Table 4.3 Median RMSE on test dataset

Once the surrogate model is selected and the optimization routine is defined,
the latter is tested to assess its ability to identify the optimal configuration with
respect to specific pressure–time target curves. The selection of the target curves
was carried out with specific criteria: the initial targets were designed to mimic
a boost-sustain mission, exhibiting a shape similar to the training curves, with a
main peak occurring within the first half of the burning time (before 0.5tb) and
followed by an approximately constant or slightly decreasing profile after the initial
boost phase. Target named Booster 1 to 4 (B1-B4) are created in this manner. In
a second step, these curves were slightly modified by altering the peak position
and its amplitude, while preserving the general trend of a pronounced maximum
followed by a more or less gradual decay until burnout. Booster 5 and 6 (B5-B6) are
selected in this fashion. Finally, as a more realistic application case, a pressure–time
curve optimized for the first stage of a launcher was employed as the target for
the optimization routine, following the work in [99]. Booster 7 and 8 (B7-B8) are
obtained from reference, with two different maximum operating pressure levels
required. This approach is chosen to verify firstly the optimizer performance on
familiar data and then evaluate its performances in evaluating curves outside the
training dataset. Test curve set is visualized in Figure 4.14 and Figure 4.15, while
computed requirements for target curves are summarized in Table 4.4. Ambient
pressure from the working environment considered in this application is Pamb = 1
atm. A constant specific heat ratio of γ = 1.26 is adopted as a generic methodological
baseline for the numerical framework. While typical values for metalized composite
solid propellants fall within the 1.15−1.25 range, the chosen value acts primarily as
a thermodynamic scaling factor. Because the proposed inverse design methodology
aims to match the non-dimensional shape of the pressure-time profile, this assumption
affects the absolute magnitude of the evaluated performance parameters but does
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not compromise the validity, convergence, or the geometric shaping capabilities
of the optimization algorithm. Table 4.5 summarizes the optimum vectors and the
performance of the resulting solutions.
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Fig. 4.14 Target curves vs free length dataset

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time [s]

0

20

40

60

80

Pr
es

su
re

 [b
ar

]

Targets Visualization Fixed Length

Target Name
Booster1
Booster2
Booster3
Booster4
Booster5
Booster6
Booster7
Booster8

Fig. 4.15 Target curves vs fixed length dataset
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Target Itot , kNs tb,s At ,cm2 pe
pc

D,m L,m Lm,m Pmax,bar

B1 96.98 16.84 6.75 0.01 0.22 0.3 0.49 90.0

B2 68.66 15.78 6.75 0.01 0.22 0.3 0.49 63.0

B3 64.09 15.79 6.75 0.01 0.22 0.3 0.49 63.0

B4 54.22 15.79 6.75 0.01 0.22 0.3 0.49 53.0

B5 41.19 15.79 6.75 0.01 0.22 0.3 0.49 42.4

B6 37.76 14.73 6.75 0.01 0.22 0.3 0.49 42.4

B7 67.20 17.89 6.75 0.01 0.22 0.3 0.49 50.0

B8 34.74 17.89 6.75 0.01 0.22 0.3 0.49 30.0

Table 4.4 Requirements computed for test curves

The results obtained show how, for the free-length dataset, optimizer is well-
behaved for the first group of curves, achieving optima close to the target (see Figure
4.16, Target 2-3-5), while the optimum is quite different from the target for curves
that deviates from the dataset, possibly resulting in feasible solutions but with a
poor match to the target curve (see Figure 4.16, Target 4-6-7-8). On the contrary,
results for fixed-length dataset are not equally satisfactory. These results show the
ability of the optimizer routine to explore the space of the design parameters and
to find a feasible configuration to meet pressure requirements, provided the target
curve remains sufficiently similar to the training dataset. Conversely, when the target
curves deviate substantially from the original dataset, the evaluated optima are less
satisfactory, and this can be explained with some considerations. In particular, if the
required curve is too dissimilar from the dataset, optimizer cannot find an acceptable
solution inside the design envelope. The main reason for this behavior should be
attributed to the limitation of the design space. Since the design space is sampled
for database creation including its limits, a target far from this dataset could easily
be produced by a configuration which is outside the defined limits. This limitation
is particularly evident for the fixed-length database, where the limited envelope of
the dataset does not allow the optimizer to find an optimal solution. The attempt
to search for optimal solution for target that vastly exceed design envelope, leads



4.4 Test application 95

0.0 0.2 0.4 0.6 0.8 1.0
Time [s]

0

20

40

60

80

Pr
es

su
re

 [b
ar

]
Optimizer result for Target 1

Target
Free Length
Fixed Length

0.0 0.2 0.4 0.6 0.8 1.0
Time [s]

0

20

40

60

Pr
es

su
re

 [b
ar

]

Optimizer result for Target 2

Target
Free Length
Fixed Length

0.0 0.2 0.4 0.6 0.8 1.0
Time [s]

0

20

40

60

Pr
es

su
re

 [b
ar

]

Optimizer result for Target 3
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Optimizer result for Target 4
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Optimizer result for Target 5
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Optimizer result for Target 6
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Optimizer result for Target 7
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Fig. 4.16 Optimum visualization for target curves

the optimizer to a common solution at the edge of design space. The solution also
violates the imposed constraints. This means that the selected target is unfeasible,
since it’s impossible to find a solution within the design space which satisfies imposed
constraints. This happens for all the target curves outside the envelope (see Figure
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4.16, Target 1-2-3-4-5-7). As stated above, this parameter space limitation also
influences the free-length case. In this case, even if curves are inside the dataset
envelope and feasible configurations are found, the overall shape of the curve is not
attainable with the defined parameters, and this lack in flexibility produces slightly
different pressure-time shapes for computed optima.

Booster Database 3000 Free Length Database 4096 Fixed Length

B1 Performances:
Isp = 254.65 s; tb = 12.63∗ s;
Itot = 78033.68∗ Ns

Performances:
Isp = 198.95 s; tb = 12.63∗ s;
Itot = 36253.28∗ Ns

B2 Performances:
Isp = 238.05 s; tb = 15.78 s;
Itot = 67779.71 Ns

Performances:
Isp = 198.95 s; tb = 12.63∗ s;
Itot = 36253.28∗ Ns

B3 Performances:
Isp = 237.80 s; tb = 15.79 s;
Itot = 61572.43 Ns

Performances:
Isp = 198.95 s; tb = 12.63∗ s;
Itot = 36253.28∗ Ns

B4 Performances:
Isp = 225.06 s; tb = 15.79 s;
Itot = 53510.23 Ns

Performances:
Isp = 198.95 s; tb = 12.63∗ s;
Itot = 36253.28∗ Ns

B5 Performances:
Isp = 220.75 s; tb = 15.79 s;
Itot = 41453.50 Ns

Performances:
Isp = 198.95 s; tb = 12.63∗ s;
Itot = 36253.28∗ Ns

B6 Performances:
Isp = 220.91 s; tb = 14.73 s;
Itot = 37416.69 Ns

Performances:
Isp = 185.94 s; tb = 14.73 s;
Itot = 34716.67 Ns

B7 Performances:
Isp = 228.96 s; tb = 18.94 s;
Itot = 63964.19 Ns

Performances:
Isp = 198.95 s; tb = 12.63∗ s;
Itot = 36253.28∗ Ns

B8 Performances:
Isp = 202.51 s; tb = 18.94 s;
Itot = 34602.36 Ns

Performances:
Isp = 172.69 s; tb = 18.94 s;
Itot = 31676.27 Ns

Table 4.5 Comparison of Performance. Application on two configuration types for 3000
samples and 4096 samples databases (* if constraints violation)

However, even with a sparser initial dataset, the increased envelope and the
greater variability of configurations make it possible to obtain better results in finding
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a wider class of pressure-time curves with respect to a more limited design space.
Hence, to find the optimum configuration for meeting that specific target, it may be
necessary to extend the parameter space bounds to increase the variability of the
pressure response. It could be possible to compensate for limited geometric flexibility
by increasing variability of ballistic properties or changing the baseline configuration
entirely. Otherwise, we must accept that the evaluated optimum, although potentially
far from the desired curve, represents the nearest feasible configuration within the
defined design space provided that it complies, at least, with optimization constraints
for Itot and tb.

To assess the validity of the optimum found, the design procedure requires a
mechanical stress evaluation of the selected configuration in order to verify whether
it can withstand the prescribed pressure level during operation. The structural
assessment is performed using the model presented in Section 2.4. As previously
described, the analysis adopts a linear viscoelastic model for the propellant grain
and computes the stresses that develop in the grain after ignition and pressure build-
up, following a temperature cycle imposed on the motor. The overall geometry
is simplified in accordance with a pre-design evaluation, and it is formed by the
grain cylindrical volume and the metal casing, neglecting thermal insulation layers,
nozzle insertions and every other component which is not directly available in an
early design phase. The main parameters used to calibrate the model are reported
in Tables 4.8 and 4.9, following [75]. Material properties for both the casing metal
and the propellant are also taken from the same reference, and reported in Table
4.6. In the context of the work, only one target has been evaluated in this part
to assess the structural models. In particular, target B2 optimum configuration
found by the optimizer is evaluated, and its geometry is presented in Figure 4.17.
Mechanical boundary conditions are introduced to obtain a well-posed structural
problem within the simplified cylindrical geometry adopted in this work. The
external surface of the casing and the lateral faces of the model are constrained in
order to prevent rigid-body motions and out-of-plane deformations that, in the real
motor, would be limited by the presence of the nozzle hardware and end closures,
which are not included at this preliminary design stage. Radial constraints are also
imposed on the cylindrical casing surface. Although the casing is free to deform
radially under internal pressurization in an operational motor, this assumption is
intentionally introduced here to simplify the structural assessment and to isolate the
stress state induced in the propellant by internal pressure loading. The resulting
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configuration does not aim at reproducing the exact casing deformation, but provides
a stable and conservative framework for the preliminary evaluation of stresses in
the grain. As described in the aforementioned section, the analysis requires the
evaluation of the stress built up inside the grain after internal pressurization, for
the grain that faced a certain thermal cycle and accumulated thermal stress before
ignition, and changed its mechanical characteristics in accordance with the linear
viscoelastic relaxation curve approximated with the correspondent prony series.
The thermal cycle is here simulated with a hot grain, with a starting temperature
of 58 °C, cooled through convection in cold environment, for a sufficient time to
reach operating temperature inside the grain. The latter, as well as the cooling
time and starting temperature, are specific for the manufacturing process, storage
condition, selected mission and several other factors which in the context of this
work are neglected. Since no a-priori knowledge of cooling time is provided, a fixed
time of 6000 s is chosen to grant, provided the dimensions of the grains evaluated
in this phase, a sufficient cooling with a reasonable temperature and temperature
distribution in the grain, the latter presented in Figure 4.18. Even without achieving
uniform temperature distribution, the solver can manage this type of distribution
and designer can tune the cooling profile to best reflect the real motor operating
condition. Internal pressurization is applied through a ramp of 20 s up to the
equilibrium chamber pressure at ignition. This loading strategy is adopted to ensure
numerical stability and convergence of the nonlinear transient solver. Transient
mechanical analysis of the whole time-frame is performed to evaluate tensions
induced by differential thermal shrinkage during cooling with additional stresses
which arises from the ignition and internal pressurization. The stress field is evaluated
at the end of the pressurization ramp, which is taken as representative of the most
critical condition associated with grain ignition. This choice allows assessment of
combined stress concentrations arising from the combined effects of residual thermal
stresses and the initial pressure loading. Although compressive loading is dominant,
the complex grain geometry and the applied constraints generate a non-negligible
deviatoric stress component, resulting in a fully triaxial stress state for which the
use of an equivalent stress measure such as von Mises is appropriate. A safety
margin is evaluated by comparing the peak equivalent stress with the allowable
compressive strength, adjusted through correction factors to account for multi-
axiality and temperature- or aging-related effects, following the criteria reported
in [74]. Within these assumptions, the structural analysis provides a preliminary but
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physically consistent validation of the optimized configuration, sufficient to support
the design choices discussed in this work. Figure 4.19 shows stress distribution
inside the grain. As expected, maximum stress concentration is localized in sharp
features like fin grains and section diameter changes. Maximum equivalent stress σc

is compared to allowable stress through the following margin of safety criterion on
stress MS =

K f σa
DFσc

−1 [74, 75], where global knockout factor K f is taken from [75],
while allowable stress σa is taken from experimental data on HTPB-based composite
propellant, from [100]. A safety factor DF = 1.5 is also applied to compute a margin
of safety of MS = 1.19, which for the case in exam is greater than one, resulting in
an acceptable optimum for the pre-design structural assessment.

Properties Maraging steel HTPB-based propellant
E, MPa 190,000 1.09 (E∞)
ν 0.3 0.499
ρ , kg/m3 8000 1700
α , mm/mm·°C 10.1×10−6 9×10−5

k, W/m·K 25.3 0.60
cp, J/kg·K 813 see Table 4.7

Table 4.6 Mechanical and thermal properties of materials

cp, J/kg·K Temperature, K
895 233
525 273
380 313
270 343

Table 4.7 Variation of solid propellant’s specific heat with temperature

i Ei, MPa λi
1 0.5 0.0052
2 0.21 0.0578
3 0.105 0.4059
4 0.075 3.5383
5 0.054 37.6457
6 0.051 240.954

Table 4.8 Prony series coefficients of HTPB-based propellant

This analysis is reported to verify the consistency and applicability of the pro-
posed mechanical model within a preliminary design framework. The designer can
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C1 C2 T , °C
210.2 4542.4 35

Table 4.9 WLF function coefficients of HTPB-based propellant

X

Y

Z

Fig. 4.17 Target B2 optimal configuration, grain volume and casing

Fig. 4.18 Temperature distribution inside the grain and casing at the end of temperature cycle
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Fig. 4.19 Von Mises stress inside the grain at the end of pressurization ramp

tune all the parameters to best reflect the studied materials and working conditions
the motor will face during operation. The same analysis can also be used to compare
optimum configurations obtained with different geometries and can be potentially
integrated into the design flow as an optimization criterion.

4.4.2 RBF distribution - Harmonic and Finocyl geometry

With the aim to improve the flexibility of the design tool, different strategies have
been implemented. First, the throat area At was included in the design parameters.
Additionally, a new ballistic distribution was selected to enhance the variability
of the burning rate inside the grain. Finally, a new geometry definition has been
implemented to obtain different geometries with respect to baseline finocyl geome-
tries. The introduction of At as a parameter allows for important modification in the
pressure-time response, since this value extensively affects chamber discharge and
nozzle expansion, and also guarantees a greater envelope of attainable thrust F , once
MEOP is defined. The new distribution of the coefficient a is based on a Gaussian
Radial Basis Function (RBF) [101]. This reconstruction allows to easily create
ballistic distributions, fixing its centers and weights, matching desired variations
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inside the grain. The implemented RBF is a function of the radial coordinate r and is
defined as follows

fr(r) =
N

∑
i=1

wiϕi(r)

ϕi(r) = e−(σ |r−rc|)2

(4.7)

Where N is the number of basis functions used, rc,i is the radial coordinate of
i-th center, wi is the i-th weight of the distribution and σ is the shape parameter of
the function. To implement variation along motor axis, this distribution is multiplied
by a piecewise polynomial of the axial coordinate y, defined as follows

fy(y) =

{
f−y = ∑

P
j=0 c jy j y ≤ ysplit

f+y = f−y (ysplit)−m(y− ysplit) y > ysplit
(4.8)

Where P is the polynomial order of the axis distribution before split, ysplit is the
axial coordinate where the function shifts to a linear behavior, m is the slope of the
linear function. The final distribution f (r,y) = fr fy allows for a greater variation and
greater control of the distribution by designer, since a greater number of parameters
are involved in the definition of ballistic properties, with a maximum of 2N +P+3
parameters available for design and optimization.

The other modification to test application is a new geometry definition, based on
the creation of the geometry of the inner cavity of the grain through the definition
of port profile, for a certain number of grain sections. The profile of the port is
described by an harmonic function of angular radial coordinate θ and is defined in
the first quadrant, given the number of harmonics M, as follows

p(θ) =
M

∑
n=0

An cos(4nθ)+Bn sin(nθ) 0 ≤ θ ≤ π

2
(4.9)

The values are then mirrored in the other quadrants to enforce the axial symmetry
of the grain. The profile of the port is computed for every desired section, and axial
position is assigned to every port dividing the total length L of the grain by the desired
number of ports. The 3D envelope of the grain is reconstructed by interpolating the
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profiles, exploiting loft function in CAD environment. This choice allows to obtain a
wide range of geometries, varying from a simple cylindrical bore to complex star-type
shapes (see Figure 4.20 and Figure 4.21). However, it is more difficult to interpret
how the choice of parameters affects the overall shape. If k is the number of ports
selected to describe the geometry, this approach adds a maximum of kM parameters
to the design space, plus the fixed length of the grain. Therefore, the total number of
parameters that the designer could use in theory is 2N +2kM+P+4, accounting
for geometry and ballistic variability. The designer must define the number of
parameters used by defining the values of N,k,M,P and eventually fixing the values
of additional parameters, such as ysplit ,m,σ ,L. Moreover, it’s also possible to fix
some of the terms used in RBF definition or port definition, not accounting them as
design parameters. In this work, a limited number of parameters has been taken into
account.

Fig. 4.20 CAD visualization of 3D grain example, M = 5
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(b) Ports visualization example, lateral view

Fig. 4.21 Example of port configuration

Fig. 4.22 Ballistic distribution example. Values obtained using parameters inside the RBF-
Port design envelope. Scalar field refers to a parameter field
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Parameters Values and limits

Geometric(k = 5)

A1 (One for each k-th port) [3,10]
A2 0.5
A3 0.5

B1 (One for all k ports) [1,3]
B2 0.5
B3 0.2

ysplit 50 cm
m 6e-04

Fixed/Ballistic

Casing Radius 15 cm
Throat Area [12,28] cm2

Grain Length, L 40 cm
w1 [4e-05,12.5e-05]
w2 [3e-05,8.5e-05]
w3 [2e-05,4.5e-05]
rc,1 [1,2.5] cm
rc,2 [3,8] cm
rc,3 [8.5,10] cm
σ [2,7.5]
c1 [0.2,0.58]
c2 -9.25e-05
c3 1.25e-05

Table 4.10 Parameters Table RBF-Port

Once the new design has been selected, a new application on previous test curves
is run to evaluate to which extent a broader variation of ballistic properties can be
exploited. In particular, the RBF configuration implemented to evaluate the design
process has N = 3,P = 3 but, as stated before, only the first P-term is considered
as a design parameter, while the other two are fixed. The same approach is used
for the k = 5 ports definition, where of the M = 3 terms of the sum, only the first
is used as design parameter. Moreover, only the A term of the expansion varies
between the ports, for a total of five design parameters, while B term remains the
same for all ports. With these assumptions, this type of configuration is described by
15 parameters. Table 4.10 resumes all the design parameters and the values which
define the configuration, where grain lenght L and casing radius rcasing are increased
from the previous application to ensure sufficient burning time. Figure 4.22 shows
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an example of Gaussian RBF obtained with described setup. RBF is applied to both
finocyl geometry and harmonic-port geometry. For the finocyl-RBF application the
geometric parameters are the same used for Fixed Length case (see Table 4.2). The
finocyl geometry is described by four geometric design parameters, hence in this
case we have a total of 13 parameters to define the configuration. The same approach
used previously is now applied to these new configurations. New datasets, formed
by 3000 individuals, are computed through LS evaluation of grain burnback and
pressure computation. These datasets are used to train surrogate models to guess
the pressure response of a specific configuration. The latter are applied to evaluate
individuals in PSO algorithm. Figure 4.23 and Figure 4.24 show datasets envelope
and targets for the new configurations, while Figure 4.25 and Table 4.11 resume the
optimization results on the target set. Requirements on At are now not enforced,
however now desired thrust F is imposed to have an initial guess of throat area to
obtain such level of thrust and which varies for each configuration. For these reason,
also required Itot varies in this new application.
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Target Name
Booster1
Booster2
Booster3
Booster4
Booster5
Booster6
Booster7
Booster8

Fig. 4.23 Dataset for RBF-harmonic

The first key consideration is the effect of ballistic property distribution on the
dataset envelope. Comparing Figure 4.23, 4.24 and Figure 4.14, Figure 4.15, it
is evident that the same finocyl baseline geometry produces significantly different
pressure-time envelopes due to greater variation in the burning rate. Obtained results
deviate considerably from the desired pressure curve, particularly for the initial
targets, which were designed to replicate the behavior of previous datasets. For
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Fig. 4.24 Dataset for RBF-Fin

the last two targets, although the desired pressure curve is not fully achieved, the
results show an improvement compared to the previous approach, especially in the
fin configuration, due to added variability introduced by the Radial Basis Function
distribution. However, this increased variability appears to reduce the optimal values
for Isp. For these targets, the two different geometries yield similar optimal solutions,
highlighting the significant influence of ballistic distribution. Further considerations
must be made regarding constraint violations. Many of the optimal solutions, despite
deviating from the desired pressure curve, do not violate constraints on Itot and tb.
This can be attributed to the use of throat area At as a design parameter, which directly
affects thrust computation. Since this parameter is now variable, the resulting thrust
magnitude can change, allowing the delivered Itot to meet the required value even if
the pressure curve does not align with the target. In this new configuration, imposing
Itot as a constraint alone is insufficient to ensure similarity in pressure performance.
Therefore, additional constraints must be introduced, such as enforcing a required
thrust curve F(t) instead of pressure curve or imposing a maximum tolerance on
the root mean square error (RMSE) of the pressure curve. Although the results are
not entirely satisfactory, it is crucial to emphasize the primary advantage of this
new approach: the flexibility provided by the novel configuration framework. This
design environment allows designers to introduce complexity simply by adjusting
the number of parameters governing the geometry and RBF distribution, thereby
expanding the design space. However, this increased flexibility comes at the cost
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Optimizer result for Target 1

Target
RBF-Har
RBF-Fin

0.0 0.2 0.4 0.6 0.8 1.0
Time [s]

0

20

40

60

Pr
es

su
re

 [b
ar

]

Optimizer result for Target 2
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Optimizer result for Target 3
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Optimizer result for Target 4
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Optimizer result for Target 5
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Optimizer result for Target 6
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Optimizer result for Target 7
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Optimizer result for Target 8
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Fig. 4.25 Optimum visualization for target curves RBF



4.4 Test application 109

Booster RBF-Harmonic RBF-Fin

B1 Performances:
Isp = 171.01 s; tb = 17.89 s;
Itot = 67658.30 Ns

Performances:
Isp = 141.06 s; tb = 20.00 s;
Itot = 65937.25 Ns

B2 Performances:
Isp = 174.66 s; tb = 16.84 s;
Itot = 71965.33∗ Ns

Performances:
Isp = 176.35 s; tb = 14.74 s;
Itot = 79868.90∗ Ns

B3 Performances:
Isp = 166.80 s; tb = 16.84 s;
Itot = 65965.10 Ns

Performances:
Isp = 161.47 s; tb = 14.74 s;
Itot = 74942.46 Ns

B4 Performances:
Isp = 171.55 s; tb = 16.84 s;
Itot = 69125.67∗ Ns

Performances:
Isp = 167.13 s; tb = 15.79 s;
Itot = 75741.14∗ Ns

B5 Performances:
Isp = 169.91 s; tb = 16.84 s;
Itot = 66680.28∗ Ns

Performances:
Isp = 163.07 s; tb = 15.79 s;
Itot = 75514.79∗ Ns

B6 Performances:
Isp = 168.93 s; tb = 16.84 s;
Itot = 61158.74∗ Ns

Performances:
Isp = 161.79 s; tb = 14.74 s;
Itot = 75572.99∗ Ns

B7 Performances:
Isp = 199.55 s; tb = 20.00 s;
Itot = 87374.70 Ns

Performances:
Isp = 188.23 s; tb = 20.00 s;
Itot = 87162.99 Ns

B8 Performances:
Isp = 160.85 s; tb = 20.00 s;
Itot = 68605.84 Ns

Performances:
Isp = 172.93 s; tb = 20.00 s;
Itot = 76901.13 Ns

Table 4.11 Comparison of Performance for RBF Harmonic and Fin. (* indicates constraint
violation)

of higher computational requirements and necessitates careful consideration of the
applicability of surrogate modeling (see Section 4.5).

Also in this second case a structural assessment is performed to evaluate stress
distribution in the geometry, employing the same model, materials, thermal cycle,
loading and constraints of the previous finocyl test case. The selected target for the
analysis is target B5, whose geometry is presented in Figure 4.26.
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Fig. 4.26 RBF-HAR optimum B5 geometry of grain and casing

Figure 4.27 shows temperature distribution in the grain and casing. While the
imposed thermal cycle is identical to the previous case, the resulting temperature
distribution differs slightly due to the different geometry. This choice is motivated by
the necessity to define the same operating condition to effectively compare different
solutions. For the same reason, the pressure level is intentionally set to the ignition
pressure of target B2, in order to compare the two geometries under identical and
conservative loading conditions. Under these conditions, thermal induced stress
combines with internal pressurization to generate the stress field presented in Figure
4.28. The same operating condition and cycle loading on this smoother geometry
results in a lower peak stress concentration with respect to the previous finocyl
geometry. Applying the same failure criterion on this computation gives a sufficient
margin of safety since the computed equivalent stress remains lower than the one
obtained in the previously accepted finocyl case. is lower than previous acceptable
case. Moreover, since pressure loading is higher than required pressure level, the
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computation is conservative and the structural assessment supports the feasibility of
the found optimum for B5 within the adopted modeling assumptions.

Fig. 4.27 RBF-HAR optimum B5 temperature distribution in grain and casing

Fig. 4.28 RBF-HAR optimum B5 stress distribution in grain
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4.5 Surrogate applicability

The suitability of surrogate modeling for optimal search requires careful evaluation.
In the performed test, datasets were generated using at least 3000 LS evaluations, after
which PSO was executed with a total of 1500 evaluations. Under these conditions, it
is feasible to directly employ level-set evaluations within the PSO procedure, even
with a number of evaluations exceeding those used in the optimization run of the test.
This conclusion, however, is valid only for the specific setup considered and cannot
be regarded as generally applicable. A key aspect to be examined is the number of
design variables, as it directly affects the number of sample evaluations needed to
properly represent the design space. A design space of limited dimensionality, such as
that adopted in the RBF-Cylindrical configuration, can be adequately described using
a smaller number of LS evaluations. When the number of LS evaluations required
in the offline phase is lower than the number of PSO evaluations, the adoption of
surrogate modeling represents a viable option. By defining tLS as the time needed for
a single LS evaluation, tS as the time required for a surrogate evaluation, NOPT as the
number of PSO evaluations, and NT as the number of evaluations used for training,
the condition of equal total computational cost between direct and surrogate-based
approaches can be expressed as

tLSNOPT = tLSNT + tSNT (4.10)

Since tS ≪ tLS, the cost associated with the online phase is negligible and, as
previously noted, surrogate models are advantageous when NT < NOPT . It is worth
noting that this assumption becomes increasingly justified as the fidelity of the Level
Set simulation grows. Higher-resolution grids or higher-order integration schemes
significantly increase tLS while leaving tS essentially unchanged, further widening
the computational gap between direct and surrogate evaluation and reinforcing the
practical advantage of the surrogate based approach in high-fidelity design contexts.
A limitation, however, lies in the difficulty of estimating in advance the number
of evaluations required for both the training and optimization phases. In addition,
the manner in which the design tool is employed must be considered. Because the
computational burden of surrogate models is largely concentrated in the offline phase
and the online cost is negligible, this approach is configuration-specific and must
be incurred only when a new design configuration is analyzed. Conversely, direct
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evaluations are target-specific, as they are independent of the configuration but must
be repeated for each optimized target. By introducing NE as the number of evaluated
targets, the cost balance can be reformulated as

NEtLSNOPT = tLSNT +NEtSNT ⇒ NE =
NT

NOPT
(4.11)

Equivalently, the condition NT ≤ NENOPT ensures a reduction in computational
cost when using surrogate models. To provide an explicit quantitative breakdown
for the specific configurations evaluated in this work, the offline dataset generation
required NT = 3000 evaluations, while the direct optimization run required NOPT =

1500 evaluations. Substituting these specific values yields a break-even point of
NE = 2. Consequently, for a single optimization target (NE = 1), the direct Level Set
approach is computationally preferable, requiring half the total evaluations. However,
if the designer needs to explore three or more different target pressure profiles (NE >

2) using the same geometric baseline, the surrogate modeling approach immediately
provides a clear computational advantage. Therefore, in situations requiring multiple
optimization cycles across different targets, such as during early design stages where
target specifications may change, NE can be sufficiently large to justify surrogate
training. It should also be noted that modifications to constraints, resulting in
changes to the bounds of design parameters, necessitate retraining and may reduce
the advantages of surrogate modeling even for large values of NE . Furthermore,
instead of generating datasets through LS evaluations, existing data obtained from
high-fidelity burnback simulations or firing tests can be employed. When such
data are available, the offline computational cost is effectively eliminated, making
surrogate modeling particularly advantageous. Finally, owing to the flexibility of
Pymoo, direct evaluations have been integrated into the optimization phase, allowing
the optimization framework to operate without the use of meta-models. Depending
on the specific design problem and application, the designer can therefore select the
most appropriate evaluation strategy.



Chapter 5

Application

After the selection and testing of surrogate models and optimization strategies, a real
life case study application is analyzed to better evaluate the influence of non-uniform
ballistic properties and to which extent they can be leveraged. The chapter contains
the evaluation of a rescaled and normalized version of Vega’s second stage Zefiro23
solid rocket grain geometry, exploring all the different strategies previously proposed
to find a new geometric-ballistic configuration with comparable performance. The
different geometries are also analyzed to evaluate their structural performances and
compared to assess advantages in using different configuration for the mission.

5.1 Zefiro 23-like geometry

The case study is conducted on a Zefiro 23-like solid rocket grain. The grain geome-
try is inspired by the macroscopic architectural features of the actual Zefiro 23 motor,
based on available literature, but has been spatially rescaled and geometrically simpli-
fied to ensure consistency with the design envelope of the surrogate training dataset.
The motor’s pressure-time curve shape is selected as the target for optimization, with
the curve being sampled from reference [102] at 20 time snapshots. The reference
values reported are non-dimensional and have been rescaled by requiring a MEOP of
35 bar and a maximum burning time of 20 seconds. These values are consistent with
the imposed design envelope defining the minimum and maximum allowable grain
dimensions, i.e. this level of pressure is attainable for the required burning time by
configurations in the training dataset. Since the objective of the optimization is to
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achieve a given pressure-time curve shape, the chosen scaling does not affect the va-
lidity of the approach. The resulting configuration therefore represents a normalized
surrogate scenario rather than a direct representation of the actual Zefiro23 ballistic
performance, and will be referred to as the Zefiro23-like geometry throughout this
section. The curve obtained with these hypotheses leads to requirements reported in
Table 5.1, with the same ambient pressure and specific heat values used in the test
applications. To achieve this type of curve, Zefiro23-like grain features a specific and
relatively complex finocyl shape (as shown in Figure 5.1). In this part of the study,
the goal is to obtain similar performances using a simplified geometry by leveraging
the ballistic distribution, since in the application on target set it was evident the great
extent to which RBF can alter grain performances. In particular, finocyl-RBF and
harmonic-RBF configuration will run to find optima configurations. Furthermore, a
deeper level of simplification is achieved by coupling the RBF distribution with a
cylindrical geometry, extending the geometric simplification, in a similar manner
to dual-boost cylindrical grain evaluated during LS solver non-uniform ballistic
development in Section 2.3. The cylindrical-RBF configuration is described only by
RBF values, with the same design choices made for previous cases. Here, the inner
radius of the cylinder is the second center value of the distribution, while the first
center is located in the motor axis and the third is placed at casing radius. Hence,
these two values are fixed, while other design parameters are the three weights of
the distribution and σ . Moreover, no variation is considered along the motor axis.
Due to the significant geometric simplification, the number of design parameters
is substantially reduced, resulting in a total of six design parameters, including the
throat area At . This new configuration is summarized in Table 5.2.
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(a) Zefiro23-like finocyl geometry, adapted from
[102]

(b) Port geometry example obtained within the
selected envelope

Fig. 5.1 Geometry comparison. Different grain geometries can achieve comparable perfor-
mance levels by suitably altering the ballistic distribution.

Target Itot , kNs tb,s ∗At ,cm2 pe
pc

D,m L,m Lm,m Pmax,bar

Zefiro23-like 79.59 20.0 13.49 0.01 0.3 0.4 0.4 33.0

Table 5.1 Requirements computed for Zefiro23-like pressure curve. Note that At is now a
design parameter
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RBF-HAR Curves Dataset vs Target

Fig. 5.2 Zefiro23-like target pressure–time curve (black) compared against the RBF-HAR
dataset
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RBF-FIN Curves Dataset vs Target

Fig. 5.3 Zefiro23-like target pressure–time curve (black) compared against the RBF-FIN
dataset
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RBF-CYL Curves Dataset vs Target

Fig. 5.4 Zefiro23-like target pressure–time curve (black) compared against the RBF-CYL
dataset

As in previous cases, a dataset of 3,000 samples was generated for the RBF-
cylinder configuration and used to train the surrogate model. Figures 5.2, 5.3,
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5.4 present the selected target alongside the previously computed datasets and the
new cylindrical-RBF dataset. Figure 5.5 illustrates the optimization results for the
Zefiro23-like pressure-time curve across the three design approaches, while Table
5.3 resumes optimum vectors and computed performances. In this case, the selected
target is well approximated by the optimal solutions, with minor deviations in the
tail-off phase, while all three approaches satisfy the design constraints. As previously
observed, the computed specific impulse values (170–177 s) are significantly lower
than those expected for a full-scale Zefiro 23-class motor operating in vacuum ( 285
s). This discrepancy is a direct and physical consequence of the specific boundary
conditions of this test case, since the performance calculation was performed at
sea-level ambient pressure (Pamb = 1atm) on a geometrically rescaled configuration
with a reduced MEOP of 35 bar. Operating a nozzle at significantly reduced chamber
pressure while discharging into a 1 atm environment induces severe overexpansion,
heavily penalizing the pressure effect on CF and consequently depressing the com-
puted Isp. This boundary condition was not representative of actual operational
conditions and was retained consistently across all configurations to ensure a fair
comparative evaluation. The primary objective of this case study is to demonstrate
the inverse design capability of the framework, specifically its ability to manipulate
geometric and ballistic distributions to match a target pressure-time profile across
diverse configurations. This objective is successfully achieved. The absolute perfor-
mance metrics in Table 5.1 reflect the scaled, off-design scenario and should not be
interpreted as representative of full-scale Zefiro23 vacuum performance. Evaluation
under vacuum conditions and optimized nozzle expansion, by altering the nozzle and
environmental requirements of the optimization previously described, is identified as
a natural next step, but falls outside the scope of the present work.
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Parameters Values and limits

Geometric rinner rc,2

Fixed/Ballistic

Casing Radius 15 cm
Throat Area [12,28] cm2

Grain Length, L 40 cm
w1 [4e-05,12.5e-05]
w2 [3e-05,8.5e-05]
w3 [2e-05,4.5e-05]
rc,1 0 cm
rc,2 [3,8] cm
rc,3 15 cm
σ [2,7.5]

Table 5.2 Parameters Table RBF-Cylinder

Configuration Performances for Zefiro23-like optimization

RBF-Harmonic Performances:
Isp = 177.39 s; tb = 20.0 s; Itot = 72901.31 Ns

RBF-Fin Performances:
Isp = 170.70 s; tb = 20.0 s; Itot = 78713.21 Ns

RBF-Cylinder Performances:
Isp = 176.64 s; tb = 20 s; Itot = 81450.25 Ns

Table 5.3 Comparison of Performance on Zefiro23-like Optimization
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Fig. 5.5 Optima on Zefiro23-like target. Exploiting ballistic distribution leads to convergent
result for different geometries

The possibility to alter the ballistic properties to change the shape of the grain
while maintaining similar performance allows to employ grain shapes with lower
stress concentrations with respect to a classical finocyl shape. The desired pressure-
time curve could be achieved by employing variable ballistic instead of particular
geometrical features, and a simplified geometry could result in a lower maximum
stress inside the grain. To evaluate this aspect, the obtained optima for RBF-HAR
case, the smoothest geometry among the proposed, is compared to original Zefiro23-
like shape applying the structural model utilized in this work (2.4). The structural
comparison follows the same hypotheses and uses the same parameters of the analysis
conducted for finocyl evaluation in 4.4.1, under the assumptions of employing the
same materials for grain and casing. The same constraints and contacts, introduced
to account, in a simplified model, for the restraining effect of motor hardware not
explicitly included at this stage, and the same thermal cycle and pressure ramping
internal loading are utilized. This setup allows attributing the observed differences
in stress concentration primarily to geometric effects. Figure 5.6 and Figure 5.7
show the geometrical configuration of the grain and casing for Zefiro23-like and
Optimum, respectively. Since the same assumptions are made to compute the two
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geometries, their comparison is meaningful within the adopted modeling assumptions
and highlights the differences in the stress state arising from the two configurations.

Fig. 5.6 Zefiro23-like geometry utilized for structural comparison. Note that the section
plane is tilted to align with fin axis and show the cavity.

Fig. 5.7 RBF-HAR optimum geometry utilized for structural comparison
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Fig. 5.8 Zefiro geometry temperature distribution

Fig. 5.9 RBF-HAR optimum geometry temperature distribution
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Temperature profile inside the grain is reported in Figure 5.8 and Figure 5.9, while
equivalent stress distribution is presented in Figure 5.10 and Figure 5.11. Also in
this case, to allow for a proper comparison, harmonic port optimum and Zefiro grain
are subject to the same thermal cycle already used in previous computation. For the
specific dimensions of the grains, this thermal cycle produces higher temperature in
the grain with respect to previous cases. However, this choice is linked to operational
conditions, which are selected in the desing problem definition, and in this context
can be and, within the scope of this work, it is treated as a prescribed operating
condition for the comparative assessment. Nonetheless, applying a coherent state
to the two grains allows for a proper comparison between the geometries. The
obtained results show that equivalent maximum stress computed in the harmonic
port grain at the end of pressurization, is almost two times lower than the one
computed in the reference finocyl shape. This reduction is linked to the absence of
local features which concentrate stresses, and can constitute a possible advantage
of this grain type, provided similar performance is achieved thanks to non-uniform
ballistic, which is shown to be effective in enabling alternative grain designs of solid
rockets, while meeting the same target performance. However, to provide a fully
comprehensive evaluation of the optimized configuration, the volumetric loading
fraction of the harmonic geometry must also be considered. A quantitative evaluation
has been carried out for both configurations to assess their spatial efficiency within
the defined casing. The reference Zefiro23-like geometry exhibits a highly packed
volume, typical of optimized traditional designs, yielding a volumetric loading
fraction of approximately 96%. In contrast, the optimized RBF-HAR geometry,
while successfully matching the target pressure-time profile and reducing stress
concentrations, results in a lower volumetric loading fraction of approximately
76%. This reduction in volumetric efficiency highlights an inherent trade-off of
the current mathematical parameterization: while the methodology provides high
flexibility in shaping the macroscopic ballistic curve and smoothing local features, it
tends to generate wider port volumes, which would negatively impact the structural
coefficient of a physical motor. Recognizing this limitation, future developments of
the optimization framework should include the volumetric loading fraction not just as
an a posteriori evaluation metric, but as an active constraint or a secondary objective
function. This could be practically implemented by appropriately constraining the
lower bounds of the port profile parametrization, forcing the harmonic functions to
explore volumetrically denser configurations. Such an approach would ensure the
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generation of geometries that are simultaneously ballistically accurate, structurally
smooth, and volumetrically efficient.

Fig. 5.10 Zefiro geometry stress distribution

Fig. 5.11 RBF-HAR optimum geometry stress distribution



Chapter 6

Conclusions

This dissertation faced the development of numerical methods and inverse design
strategies in the analysis and design of solid rocket motor (SRM) grains, with par-
ticular emphasis on configurations enabled by additive manufacturing technologies.
The motivation of the work stemmed from the growing interest in non-conventional
grain geometries and non-uniform ballistic properties that can be enabled by inno-
vative additive manufacturing techniques for energetic materials, which challenge
traditional design assumptions and require new simulation and optimization tools. A
comprehensive numerical framework has been developed to simulate SRM internal
ballistics while accounting for complex three-dimensional grain geometries and
spatially varying burning rates. The proposed approach relies on Level Set Methods
to implicitly represent the evolving burning surface and to accurately compute its
geometrical features throughout the burnback process. The geometric module has
been coupled with a zero-dimensional chamber model, enabling the evaluation of
pressure–time histories under non-uniform ballistic conditions with reasonable trade-
off between computing effort and accuracy. Different strategies for distance field
initialization and surface transport were investigated and compared, highlighting the
advantages and limitations of structured Cartesian grids and adaptive octree-based
finite volume discretizations.

Beyond non-uniform burnback simulation, the work introduced an inverse design
framework aimed at identifying optimal grain configurations capable of meeting
prescribed pressure–time requirements. To make this process computationally viable,
surrogate models based on deep neural network, adaptive basis functions and reduced-
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order techniques were developed and assessed. These models proved effective in
approximating the pressure response of complex configurations and enabled the use
of stochastic optimization algorithms for the exploration of large design spaces. The
structural assessment of the grain, based on a linear viscoelastic characterization
of the solid grain, has been introduced as validation of the optimum design on
top of the design cycle. The methodology has been validated through a series of
test cases of increasing complexity, including canonical geometries, configurations
with spatially varying burning rates, and applications based on experimental data.
The application to realistic case study, such as the Zefiro 23 motor, demonstrated
that different grain geometries and ballistic distributions can achieve comparable
performance levels when appropriate design flexibility is introduced. These results
confirm that non-uniform ballistic properties, when properly exploited, represent a
powerful additional degree of freedom in SRM design. Structural model has been
employed to compare alternative geometries available to meet the same target. The
obtained results shows the advantage in using smoother geometries which can mimic
the behavior of more complex shapes by leveraging ballistic non-uniformity.

From a broader perspective, the results of this work suggest that the combination
of additive manufacturing technologies with advanced numerical design tools has
the potential to significantly expand the SRM performance envelope. The capability
to locally tailor grain properties and geometry opens new possibilities for thrust
shaping, performance optimization, and structural load management that are difficult
or impossible to achieve with conventional manufacturing techniques. However, de-
spite these promising outcomes, some limitations remain. The chamber flow model
adopted in this work is intentionally simplified to favor computational efficiency, and
more detailed fluid-dynamic descriptions could be considered to capture secondary
effects, especially for harmonic port grains where 0D model reduces its accuracy.
Additionally, the thermo-mechanical analyses has been limited to simplified geomet-
rical models. Moreover, further experimental validation is required to fully assess the
feasibility of the proposed configurations in terms of ballistic properties distribution.
Additional studies on material characterization, properties and manufacturing pro-
cess should give additional information to tune ballistic distributions and set material
properties of the propellant. Nonetheless, the overall simulation environment can be
easily tuned to account for new information provided by additional experimentation.

Future developments may include the integration of higher-fidelity fluid and
structural models, the study of new baseline geometries and distribution, and the
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experimental validation of additively manufactured grains with spatially varying prop-
erties. Furthermore, the proposed inverse design methodology could be extended to
multi-objective optimization problems, accounting simultaneously for performance,
structural integrity, and manufacturability constraints in the optimization routine.

In conclusion, this work contributes a unified numerical and optimization frame-
work for the analysis and design of advanced solid rocket motor grains. By bridging
modern manufacturing concepts with physics-based simulation and data-driven
design tools, it lays the groundwork for future developments in flexible and high-
performance solid propulsion systems.
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Appendix A

In this appendix some visualization of geometries and respective pressure time curves
are presented to better visualize databases utilized to train surrogate models. Here
four random samples are extracted from database and shown. Moreover, optimized
geometries for Zefiro23 application are presented for Finocyl and Harmonic test
case, to better show the difference in geometries and the influence of the ballistic
properties in altering pressure response of the grain.

Configuration1 Configuration10

Configuration1000 Configuration2012

Fig. A.1 Visualization of Finocyl geometry with polynomial ballistic distribution free length
case, comparison for random samples
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Fig. A.2 Pressure time visualization from dataset for respective Finocyl configuration, free
length case

Configuration1 Configuration10

Configuration1000 Configuration2012

Fig. A.3 Visualization of Finocyl geometry with polynomial ballistic distribution fixed length
case, comparison for random samples
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Fig. A.4 Pressure time visualization from dataset for respective Finocyl configuration, fixed
length case

Configuration1 Configuration10

Configuration1000 Configuration2012

Fig. A.5 Visualization of Finocyl geometry with polynomial ballistic distribution RBF case,
comparison for random samples
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Fig. A.6 Pressure time visualization from dataset for respective Finocyl configuration, RBF
case

Configuration1 Configuration10

Configuration1000 Configuration2012

Fig. A.7 Visualization of Harmonic geometry with polynomial ballistic distribution RBF
case, comparison for random samples
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Fig. A.8 Pressure time visualization from dataset for respective Harmonic configuration,
RBF case

RBF-FIN RBF-HAR

Fig. A.9 Geometries of optima obtained to match Zefiro23 pressure time curve, Fin and
Harmonic baseline configurations
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