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Abstract

In this thesis, we derive, analyse, and simulate several different integro-differential
models, bridging the microscopic description of individual processes with meso-
scopic and macroscopic representations of collective dynamics. The common thread
running through the work is the use of a stochastic approach to connect individual-
level mechanisms with emergent evolutionary dynamics at the population scale.

In the first chapter, we build upon and generalise kinetic theory approaches for
multi-agent systems to develop a non-conservative modelling framework for phe-
notype-structured populations. We start from a stochastic agent-based formulation
that describes individual dynamics driven by fundamental biological processes
such as death, proliferation, and phenotype changes. Then, at the mesoscopic level,
we formally derive the integro-differential equation governing the evolution of the
population’s phenotypic distribution. Subsequently, we consider a quasi-invariant
regime of small and frequent phenotype changes and rigorously derive a non-local
Fokker-Planck-type equation counterpart of this model.

In the second chapter, we extend this modelling framework to multi-compartmental
systems structured by continuous variables representing the levels of expression of
compartment-specific traits. We contextualise our construction within an epidemi-
ological framework and, following an analogous multi-scale procedure as in the
previous chapter, derive a system of integro-differential equations at the meso-
scopic level and a system of ordinary differential equations at the macroscopic
level. We then obtain a general formula for the basic reproduction number R0
for a reduced version of the previous system. This quantity is expressed directly in
terms of key microscopic functions and parameters, thereby highlighting the con-
nections between fundamental processes at the microscopic level and the resulting
population-scale dynamics.

In the third chapter, we introduce a model describing the co-evolutionary dynam-
ics of two interacting and structurally heterogeneous subsystems: nutrients and
consumers. Each subsystem features its own compartmental subdivision and is
endowed with a specific structural variable that characterises its internal hetero-
geneity. Then, we consider a suitable quasi-stationary limit and, by exploiting the
conservative properties of the system, reduce the dynamics to a coupled system of
integro-differential equations. Thus, we prove a well-posedness theorem ensuring
existence, uniqueness, and positivity of the solutions. Finally, we investigate the



viii

asymptotic regimes of the model, identifying the set of fittest traits and characteris-
ing the emergence of selection phenomena through both analytical and numerical
results.

Finally, in the fourth chapter, we outline several future research perspectives, in-
cluding, among others, the application of the techniques developed in this thesis to
the context of non-convex optimisation. Preliminary numerical experiments sug-
gest that the stochastic mechanisms underlying the models of the previous chapters
may inspire new metaheuristic algorithms, offering promising directions for future
interdisciplinary research.
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Introduction

Mathematics is widely recognized as an interdisciplinary language, providing for-
mal frameworks to understand phenomena in fields from physics and engineer-
ing to biology, economics, and social sciences. Its abstract formalism serves as a
common language that bridges disparate disciplines and encourages the transfer
of methods and ideas. Vertical developments within specific disciplines increas-
ingly intersect with horizontal exchanges across fields, fostering a dialogue that
connects distinct areas of knowledge. There are numerous cases in which mathe-
matical formalism has been borrowed to describe phenomena far removed from its
original domain. This occurs not only because such a framework provides theoreti-
cal validation, but also because it introduces a shift in perspective, often generating
new insights and research directions, even in well-established areas.

Among the approaches that best exemplify this extension of mathematical formal-
ism to heterogeneous contexts, agent-based models, and, more generally, particle-
based models, occupy a prominent position. These methodological frameworks
are particularly well-suited to the study of complex systems, owing to several key
features. The assumptions underpinning these models are, in most cases, simple
and intuitive. In applied contexts, they are often directly supported by empiri-
cal evidence. Moreover, the stochastic nature of the microscopic dynamics allows
the modeller to retain the intrinsic randomness of many real-world phenomena,
phenomena which, although governed by recognisable patterns, cannot be consid-
ered fully deterministic. The value of these models increases when they are not
constrained to describing a specific scenario, but instead aim to identify general
regularities.

The core mathematical challenge, then, lies in designing a model that not only
aligns with observed data but also remains analytically tractable and suitable for
rigorous mathematical analysis. In this work, we develop models that operate at
the interface between microscopic, mesoscopic, and macroscopic descriptions, with
particular attention to biological systems in which population structure and trait
evolution play a central role. Therefore, the ultimate goal is to contribute to the
mathematical understanding of the evolutionary IDEs arising in the study of bio-
logical phenomena.
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Different scales

A key feature of our approach is the ability to investigate a phenomenon across
multiple scales. These may correspond to different levels of organisation (for exam-
ple, in a biomedical context: gene → protein → cell → tissue → organ → organism)
or to different degrees of abstraction (see Figure A). While empirical observation
typically takes place at the macroscopic level, constructing a mathematical model
directly at this scale often results in overly rigid or limited representations. By
contrast, starting from a microscopic description allows for greater flexibility, en-
abling the model to capture a wider variety of scenarios. The principal difficulty
lies in translating macroscopic observations into the elementary rules that govern
microscopic interactions [9]. The modelling choices made at this level must, in
principle, be general, yet sufficiently structured to remain consistent with the infor-
mation available at each relevant scale. This consistency is most clearly reflected
in the derivation of the model’s mesoscopic counterpart, which is often formu-
lated in terms of parabolic (or elliptic) integro-differential equations (IDEs). In this
framework, the unknown function typically represents the distribution of a selected
property within the population under study.

Since obtaining analytical expressions for the solutions at all times is generally in-
tractable, the investigation at this level is primarily concerned with the asymptotic
behaviour of the solutions. This step proves to be crucial, especially in the final
phase of validation, when one returns to the macroscopic scale, and the theoretical
results obtained can be compared with empirical evidence.

Kinetic paradigm

The primary objective is to develop a formal mathematical framework that is as
uniform as possible, so that it can be adapted to different problems without com-
promising its structure. Our approach is based on a stochastic agent-based con-
struction which follows the kinetic paradigm introduced by Boltzmann in the sec-
ond half of the 19th century [33]. In recent decades, this methodology has played
an increasingly central role, establishing itself as one of the most versatile tools for
modelling complex and heterogeneous phenomena within a coherent mathemati-
cal framework. As a matter of fact, kinetic theory evolved into a conceptual frame-
work to model multi-agent systems[118, 129], i.e., systems composed of a large
number of interacting entities that, as a result of their interactions, give rise to an
often non-trivial collective behaviour. To name just a few representative contexts
in which this framework has been applied successfully, we recall the analysis of
socio-economic phenomena, such as opinion formation [36, 71, 79, 141] and wealth
distribution [23, 26, 54, 70], of vehicular traffic [34, 135, 142], and more recently of
the spread of infectious diseases [30, 67, 68, 116–118]. Moreover, kinetic equations
have also been employed to study the theoretical properties of particle-based algo-
rithms for non-convex optimisation [20, 43]. The main strength of our perspective
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FIGURE A: Representation of the different scales that can be described through agent-
based models. The first column illustrates the microscopic level, where each individual
entity, for example, a pigmented cell such as a melanocyte (top panel; images inspired
by content from [121]), is characterised by its specific phenotype. From a mathematical
perspective, this level is modelled through rules governing the evolution of the phe-
notype of each agent (bottom panel; microscopic processes in Figure 1.1). The second
column depicts the mesoscopic level, in which the focus shifts to the environment host-
ing the individuals, in our example an epithelial tissue (top panel; image inspired by
content from [125]), and to the analysis of the evolution of the phenotypic trait distribu-
tion across the population (bottom panel; Selection process in Figure 3.5). Finally, the
third column represents the macroscopic level, where the analysis concerns aggregated
quantities such as the total population mass, the mean, or variance of the distribution
(bottom panel; mean evolution in Figure 2.5). The temporal evolution of these quan-
tities determines the macroscopic features of the biological system under study, in our
example, skin or eye colour.

lies in its ability to bridge microscopic agent behaviour with emergent macroscopic
phenomena, through well-defined intermediate (mesoscopic) representations.

Therefore, the population under consideration consists of a large number of indi-
viduals, assumed to be indistinguishable except for a continuous structural vari-
able. Just as the particles of a rarefied gas are characterised, at each time t ∈ R+,
by their position x ∈ R3 and velocity v ∈ R3, the individuals in the population are
described by a microscopic state x ∈ Rd. This variable can represent a specific trait
of the agent, such as age [38, 95, 96, 140], resistance to infection or level of immu-
nity [18, 81, 94, 110, 112], viral or pathogen load [17, 60, 110], or phenotypic [2, 7,
37, 145] and socio-economic characteristics [23, 24, 67, 68]. Trait evolution occurs
as a result of interactions between agents or with the surrounding environment.
Nevertheless, spontaneous transitions are also taken into account, as it is natural
to expect that the intensity of the trait may evolve even in the absence of direct
interactions. Taken together, these assumptions imply that the evolution of the mi-
croscopic state depends exclusively on its previous configuration, thereby giving
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rise to a Markovian process.

Beyond the continuous structural trait, the microscopic state in the models consid-
ered here also includes a discrete label encoding a compartmental structure of the
population. This structure is particularly useful when agents play distinct roles in
the system’s dynamics. Therefore, the meaning of the variable x depends on the
compartment to which the individual belongs. For instance, in epidemic models,
susceptible individuals can be characterized by their level of immunity, whereas
for infected individuals, the variable represents the viral load.

Starting from this individual-based description, it is possible to derive mesoscopic
evolution equations, such as integro-differential or partial differential equations,
that describe the population-level dynamics of trait distributions.

Structured population dynamics

As a formal derivation from an underlying individual-based model, the resulting
mesoscopic equations yield a faithful mean-field approximation of the microscopic
dynamics and the interactions between individuals. The form of the equations
at this level depends on how changes in the microscopic state are defined, which
are encoded through suitable transition kernels. These operators take on different
forms depending on the specific phenomenon being modelled.

The analysis then focuses on the evolution of a generic observable of the system,
from which the weak formulation of the equation governing the evolution of the
distribution f (x, t) is derived. This procedure is analogous to that used in the
derivation of the homogeneous Boltzmann equation [118, 129, 130], where binary
particle interactions give rise to a bilinear integral operator. In the present setting,
however, the goal is not necessarily to obtain a Boltzmann-type equation. Indeed,
although an integral term is still present, it primarily models spontaneous varia-
tions in the trait and thus has a linear structure. In general, the resulting meso-
scopic equation features a reaction term, accounting for proliferation and death,
and a diffusion term. The latter may appear in integral form or as a differential
operator.

At this point, the equation we get is characterized by the specific phenomenon un-
der study. In Chapter 1, for instance, we analyse the phenotypic evolution of a pop-
ulation, driven by two main mechanisms: the selection of the trait best adapted to
the environment, and the presence of small mutations, which help maintain pheno-
typic variability and thus facilitate adaptation to potential environmental changes
(selection–mutation model [131, 136, 139]). Indeed, depending on the choice of the
transition kernels, different modelling scenarios can emerge, such as epidemic out-
breaks (Chapter 2) or a chemostat-like system involving nutrient dynamics (Chap-
ter 3).

The next step consists of the analysis of the stationary states of the distribution, a
key methodological step for understanding the system’s asymptotic behaviour. In
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this perspective, the main research directions include the study of long-time con-
vergence to gain qualitative insight into the stationary state, as well as the analysis
of the associated integral operator[40, 62, 108, 131, 136, 137]. More specifically,
a paradigmatic example is the use of the WKB ansatz and the Hamilton–Jacobi
approach, aimed at characterising the structure and properties of stationary solu-
tions [50, 51, 66, 131].

Alternatively, by identifying an appropriate parameter choice, one can explore quasi-
invariant limit regimes, in which, for example, trait variations are frequent but
small, and the Boltzmann-type integral operator can be approximated by a dif-
ferential operator of Fokker–Planck type[22, 110]. Such a transformation of the
equation allows for simplified asymptotic approximations and provides a clearer
understanding of the model’s behaviour in limiting cases[22].

Finally, the linear stability analysis of stationary solutions plays a fundamental role,
as it assesses the robustness of these states with respect to small perturbations and
completes the theoretical picture of the system’s asymptotic dynamics [58, 62, 93,
137].

Macroscopic modelling and conservation issues

It is useful to clarify the meaning attributed in this work to the expressions “macro-
scopic model” or “macroscopic level.” In general, these refer to a class of mathemat-
ical models that describe the evolution of collective or average quantities associated
with a complex system, without explicitly representing the dynamics of individual
agents. In our context, we specifically consider aggregate quantities such as the to-
tal mass, the mean trait, or, more generally, the principal moments of the phenotype
distribution. At this level, the aim is to abstract away from the detailed structure
of the system-captured at the microscopic level and reformulated, in a first step,
through a mesoscopic representation. Unlike what occurs, for instance, in fluid
dynamics with the Euler or Navier–Stokes equations, where the macroscopic level
retains a direct link to local state variables, here we focus exclusively on the time
evolution of aggregated quantities.

The multi-scale nature of the Boltzmann-type kinetic paradigm is particularly suited
to our applications, as it enables one to link rigorously, in a probabilistic-statistical
manner, the mutual interactions taking place at the scale of the individuals to the
aggregate trends that they generate at the level of the whole population of agents.
On the other hand, those applications usually rely on conservation properties, such
as the total number of agents of the population, which stand as pillars of the clas-
sical kinetic approach. However, this perspective appears to be at odds with the
modelling of some other specific dynamics. For instance, in models describing gas
mixtures possibly undergoing chemical reactions, the number of particles of a par-
ticular substance might not be conserved (as they transform into other substances).
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Nevertheless, suitable reformulations have been developed to enable the applica-
tion of the kinetic formalism even in such scenarios, where non-conservative phe-
nomena occur, and thus the total mass of the system may change in time [11, 27–29,
31, 35, 85, 86].

Hence, it is natural to expect that similar issues may also emerge in biological set-
tings, which are inherently characterised by processes of proliferation and death.
Indeed, the total mass (i.e. the size of the population) is typically not conserved.
This presents a challenge when deriving deterministic continuous models for the
evolutionary dynamics of phenotype-structured populations from underlying stochas-
tic agent-based models, which track proliferation, death, and phenotype changes of
single population members. Such a challenge has so far been tackled through prob-
abilistic methods [47, 49], which make it possible to rigorously derive population-
level models as the limit of corresponding agent-based models when the number
of population members tends to infinity, and formal limiting procedures [12, 52],
which enable one to obtain the population-scale counterparts of on-lattice agent-
based models when the lattice parameters tend to zero.

However, in other works built on kinetic approaches, this challenge has been ad-
dressed by considering a population that is subdivided, for example, into com-
partments [30, 110] or distributed across the nodes of a graph [116, 117]. In these
contexts, changes in the number of individuals are not treated as variations in to-
tal mass, but rather as transitions between different subsets of the overall popu-
lation. A typical example is provided by epidemiological models that include,
among the compartments, a class representing deceased individuals [39]. In this
way, the model structure allows for the preservation of the total number of individ-
uals, which may also reflect a physical constraint of the system, such as the carrying
capacity. Therefore, this construction results in the best choice also for modelling
phenotype-structured populations.

Monte Carlo methods

The use of a kinetic agent-based framework to define the microscopic structure un-
derlying our model offers an additional advantage: such systems can be efficiently
implemented numerically using Monte Carlo methods [118, 127–129]. This broad
class of algorithms relies on the idea of discretising only time, allowing a finite
sample of particles, each identified by their microscopic state, to evolve according
to stochastic rules.

These numerical schemes are particularly well-suited for simulating dynamics in-
volving large populations. In our case, the Monte Carlo approach proves advan-
tageous, as its stochastic and particle-based nature closely aligns with the agent-
based structure of the models under consideration. On the other hand, although
the convergence of these methods is theoretically guaranteed, it typically requires
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large sample sizes. It is well known that this class of algorithms exhibits a conver-
gence rate of order O(N−1/2)[129], which implies that doubling the accuracy re-
quires quadrupling the number of samples. For this reason, it is essential to adopt
implementations that minimise redundant loops and maximise computational effi-
ciency through effective parallelisation.

Among the various implementations, the Nanbu–Babovsky scheme [15, 124] pro-
vides a particularly efficient strategy for kinetic-type systems. It approximates the
system’s evolution through stochastic binary interactions between sampled parti-
cles, thereby preserving key conservation properties while maintaining computa-
tional tractability. This makes it well-suited for the class of interaction-driven mod-
els analysed in this thesis, where capturing the correct statistical behaviour is often
more relevant than resolving deterministic trajectories in full detail.

Outline of the thesis

In the first chapter, we construct a structured agent-based model for a population
divided into two compartments. The dynamics involve an active compartment,
which is the main focus of the analysis, and a reserve compartment, introduced to
ensure the conservation of the total number of individuals and thus allow the use
of kinetic formalism even for intrinsically non-conservative phenomena. Starting
from the microscopic model, we derive the corresponding mesoscopic formulation,
which takes the form of an integro-differential equation (IDE) governing the distri-
bution of the microscopic structural variable (the phenotypic trait). Subsequently,
the analysis focuses on the asymptotic behaviour for a quasi-invariant regime of
small and frequent phenotype changes. In this limit, we rigorously derive a non-
local Fokker–Planck-type equation counterpart of this model. We then establish the
convergence of the IDE solutions and their main statistical moments towards those
of the limiting PDE. The theoretical findings are illustrated through representative
numerical simulations. This work has been recently submitted [22].

In the second chapter, we extend this modelling framework to multi-compartmental
systems structured by continuous variables representing the levels of expression of
compartment-specific traits. This generalisation naturally lends itself to the de-
scription of compartmental epidemiological models. After formalising the micro-
scopic dynamics, we derive the corresponding integro-differential system and study
its asymptotic limits, obtaining reduced systems for the evolution of masses and
mean traits. In the homogeneous case with respect to the structural variable, we
derive a general formula for the basic reproduction number R0 using the Next Gen-
eration Matrix. This quantity is expressed directly in terms of key microscopic func-
tions and parameters, thereby highlighting the connections between fundamental
processes at the microscopic level and the resulting population-scale dynamics. We
also present numerical simulations of epidemiological scenarios of particular inter-
est. This work has resulted in a scientific publication [21].
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In the third chapter, we introduce a model describing the co-evolutionary dynam-
ics of two interacting and structurally heterogeneous subsystems: nutrients and
consumers. Each subsystem features its own compartmental subdivision and is en-
dowed with a specific structural variable that characterises its internal heterogene-
ity. The mesoscopic derivation yields a conservative system of five IDEs. Then,
we consider a suitable quasi-stationary limit and, by exploiting the conservative
properties of the system, reduce the dynamics to a coupled system of integro-
differential equations. Thus, we prove a well-posedness theorem ensuring the exis-
tence, uniqueness, and positivity of the solutions. Lastly, we investigate the asymp-
totic regimes of the model, identifying the set of fittest traits and characterising the
emergence of selection phenomena through both analytical and numerical results.

Finally, in the fourth chapter, we outline several future research perspectives, in-
cluding, among others, the application of the techniques developed in this thesis to
the context of non-convex optimisation. Preliminary numerical experiments sug-
gest that the stochastic mechanisms underlying the models of the previous chapters
may inspire new metaheuristic algorithms, offering promising directions for future
interdisciplinary research.
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Chapter 1

Integro-differential model for
phenotype-structured
populations
Derivation and quasi-invariant asymptotics

1.1 Introduction

In this first chapter, building on kinetic theory approaches for multi-agent sys-
tems of the type advanced and adopted in [21, 110, 116, 130], and generalising
them to scenarios where the total mass of the system is not conserved (i.e. mass-
varying multi-agent systems), we develop a modelling framework for phenotype-
structured populations that makes it possible to bridge individual-level mecha-
nisms with population-scale evolutionary dynamics. The microscopic structuring
variable v ∈ R represents a phenotypic trait of the individuals. The biological
framework of reference is governed by the fundamental processes underlying epi-
genetic mechanisms: proliferation, death, and mutation[40, 48, 52].

These models, commonly referred to as selection–mutation models, capture scenar-
ios in which only individuals with higher compatibility or fitness with respect to
the environment are more likely to survive and reproduce[63, 131]. In such dy-
namics, the total number of individuals is not conserved, which hinders the direct
application of standard tools from kinetic theory. To overcome this difficulty, we
introduce a compartmental structure: the active population is described by com-
partment i = 1, while compartment i = 0 acts as a reservoir, collecting individuals
that either die or provide the units required for proliferation events.

This construction ensures conservation of the total mass, in line with biological
constraints that prevent unbounded population growth. Even under conditions of
maximal fitness, spatial and resource limitations restrict expansion, as encapsulated
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by the concept of carrying capacity. To account for this, compartment i = 0 is un-
structured and aggregates all individuals with the same phenotypic trait v0. Transi-
tions between compartments and spontaneous phenotypic variations are modelled
through random variables, consistently with the probabilistic formulation of the
model.

Once the microscopic model has been defined, we derive a system oftwo integro-
differential equations (IDEs) for the densities f1 and f0, associated with the two
compartments. The equations can be decoupled, allowing the analysis to focus on
f1, which represents the dynamics of primary interest. We then consider a quasi-
invariant regime for phenotypic variations, in which the transition kernel M is
rescaled by a small parameter ε. This corresponds to mutations of small magni-
tude but occurring at high frequency. In this limit, we obtain a purely differential
counterpart of Fokker–Planck type governing the evolution of f1 [129]. After es-
tablishing a priori estimates ensuring boundedness and non-negativity of the solu-
tions, we prove convergence of the IDE solution to that of the Fokker–Planck PDE
as ε → 0+. In particular, for initial data in L2(R), we obtain convergence in L2(R)
over finite time horizons. Moreover, we demonstrate convergence of the main sta-
tistical moments of the solutions, thereby establishing consistency between the two
models.

In contrast to the limiting approach employed in [12, 52], which directly leads to
a non-local PDE model of evolutionary dynamics analogous to the one considered
here as the population-scale counterpart of an agent-based model, our approach
allows one to first obtain an IDE and then derive the non-local PDE as the corre-
sponding quasi-invariant limit. This offers a unitary method to bridge alternative
representations of the evolutionary dynamics of phenotype-structured populations
– from agent-based models through to IDE models to non-local PDEs. Furthermore,
it makes the range of applications of our approach considerably wider, as the inte-
gral kernels comprised in IDE models permit a finer representation of the mecha-
nisms underlying phenotype changes than the advection-diffusion terms contained
in non-local PDE models. In addition, while non-local diffusion models for the
evolutionary dynamics of phenotype-structured populations are usually formally
derived from the corresponding IDE counterparts (see, for instance [88], and refer-
ences therein), here we present a rigorous derivation under assumptions that en-
compass a wide spectrum of biologically relevant scenarios and lead to a non-local
reaction-advection-diffusion model.

Finally, we present numerical simulations considering three scenarios correspond-
ing to different choices of the drift coefficient. In each case, we compare the solu-
tions of the IDE, the PDE, and the particle-based model for decreasing values of ε.
The numerical results confirm the theoretical analysis, showing convergence of the
integro-differential model to its differential counterpart, while also demonstrating
coherence between the continuous model and the Monte Carlo approximation of
the particle dynamics.
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FIGURE 1.1: Schematic illustrating the conceptual framework underlying the agent-
based model

The model developed in this chapter provides a first step towards constructing a
microscopic agent-based framework, which will be further extended in the follow-
ing chapters. Here, the focus is primarily on solution analysis and convergence
results, thus establishing an initial link between kinetic theory — traditionally ap-
plied to conservative systems — and biological evolutionary dynamics, which in-
herently require the modelling of non-conservative phenomena.

1.2 Stochastic agent-based model

In this chapter, we consider a population structured by a continuous variable v ∈ R,
representing the individual phenotype and capturing variability in the prolifera-
tion and death rates of individuals. The adopted approach describes a scenario in
which, in addition to spontaneous phenotypic changes, individuals can proliferate
or die. This dynamics is modelled by partitioning the total population into two
compartments. The first, labelled by the index 1, is structured with respect to the
variable v; the second, labelled by the index 0, contains individuals characterised by
an arbitrary and constant phenotypic value v0 ∈ R. As illustrated by the schematic
in Figure 1.1, we conceptualise the proliferation and death of population members
as compartment switching processes, whilst phenotypic changes undergone by pop-
ulation members are conceptualised as structuring-variable switching processes.

In more detail, between time t ∈ [0, +∞) and time t + ∆t, with ∆t > 0:

(I) The proliferation of a population member is modelled as an interaction-driven
compartment switching, whereby the interaction between a focal individual in
compartment i = 0 and an individual in compartment i∗ = 1 with phenotype
v∗ leads the focal individual to transition into compartment i∗ = 1 acquiring
the phenotype v∗ at rate p(v∗). This results in a new individual with pheno-
type v∗ being introduced in the population.
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(II) The death of a population member is modelled as a spontaneous compartment
switching (i.e. compartment switching not driven by interactions with other
individuals), whereby a focal individual in compartment i = 1 with pheno-
type v spontaneously transitions into compartment i = 0 acquiring the phe-
notype v0 at rate d(v). This results in an individual with phenotype v being
removed from the population.

(III) Phenotype changes of population members are modelled as structuring-variable
switching processes, whereby, at rate µ ∈ R+, a focal individual in com-
partment i = 1 switches from phenotype v to phenotype w with probability
M(w|v).

The functions p and d and the kernel M satisfy the following assumptions

p, d ∈ C(R), p, d : R → R+, M ∈ P(R; C(R)), (1.1)

where P(·) denotes the set of probability distributions defined on the measurable
space (R, B(R)), with B(R) the Borel σ-algebra of R.

In this conceptual framework, individuals are regarded as indistinguishable agents
and their microscopic state at time t is described by the random vector (It, Vt) ∈
{0, 1} × R. The discrete random variable It specifies the compartment of an agent,
while the continuous random variable Vt models the agent’s phenotype at time t.
We let

(It, Vt) ∼ f (t, i, v) (1.2)

where we use the symbol ∼ to indicate that a random variable is distributed ac-
cording to a certain probability distribution. Moreover, we introduce the notation

ρi(t) :=
∫

R
f (t, i, v) dv. (1.3)

The distribution function f : {0, 1} × R × [0, +∞) → R+, being a probability den-
sity function, is such that

1

∑
i=0

∫
R

f (t, i, v) dv =
1

∑
i=0

ρi(t) = 1, ∀ t ≥ 0. (1.4)

Moreover, in line with (I)–(III), we let the microscopic states of the agents evolve in
time due to interaction-driven compartment switching, spontaneous compartment switch-
ing, and structure-variable switching, which are regarded independent processes. We
then model the evolution of the microscopic state (It, Vt) of a focal agent between
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time t and t + ∆t through the following system:
It+∆t = (1 − SI)(1 − SII)It + SI(1 − SII)I′t + (1 − SI)SII I′′t +O(∆t2),

Vt+∆t = (1 − SI)(1 − SII)
[
(1 − SIII)Vt + SIIIWt

]
+ SI(1 − SII)V′

t

+ (1 − SI)SIIV′′
t +O(∆t2),

(1.5)

where SI, SII, SIII ∈ {0, 1} are independent Bernoulli random variables such that

Prob (SI = 1|It = i, Vt = v, I∗t = i∗, V∗
t = v∗) =

sI
i,i∗(v, v∗)∆t

1 + sI
i,i∗(v, v∗)∆t

,

Prob (SII = 1|It = i, Vt = v) =
sII

i (v)∆t
1 + sII

i (v)∆t
,

Prob (SIII = 1|It = i) =
sIII

i ∆t
1 + sIII

i ∆t
.

(1.6)

In system (1.5), the pairs of random variables

(I′t , V′
t |I∗t , V∗

t ) ∼ T I(i′, v′|I∗t , V∗
t ) and (I′′t , V′′

t ) ∼ T II(i′′, v′′) (1.7)

model, respectively, the new microscopic state of the focal agent when interaction-
driven compartment switching and spontaneous compartment switching occurs,
while the random variable

(Wt|Vt) ∼ T III(w|Vt) (1.8)

models the new phenotype of the focal agent when structuring-variable switching
takes place. Note also that, under assumptions (1.6), all terms related to successions
of switching events (e.g. interaction-driven switching followed by spontaneous
compartment switching) occurring between time t and t + ∆t are of order equal
to or higher than ∆t2, and have thus been grouped into O(∆t2), since they are
negligible for ∆t chosen sufficiently small. Moreover, sI

i,i∗(v, v∗) ≥ 0 is the rate of
interaction-driven compartment switching, sII

i (v) ≥ 0 is the rate of spontaneous
compartment switching, and sIII

i ≥ 0 is the rate of structuring-variable switching.
In particular, to incorporate (I)–(III) into the model, we let

sI
i,i∗(v, v∗) ≡ sI

i,i∗(v
∗) := δi,0δi∗ ,1 p(v∗),

sII
i (v) := δi,1d(v),

sIII
i := δi,1µ,

(1.9a)

(1.9b)

(1.9c)
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and
T I(i′, v′|i∗, v∗) := δi′ ,i∗δv∗(v′),

T II(i′′, v′′) := δi′′ ,0δv0(v
′′),

T III(w|v) := M(w|v),

(1.10a)

(1.10b)

(1.10c)

where δi,j is the Kronecker delta and δx(y) is the Dirac delta centred at y = x.

1.3 Mesoscopic model

Starting from the system (1.5), we now formally derive the mesoscopic model cor-
responding to the agent-based model presented in the previous section, which con-
sists of an evolution equation for the distribution of population members over the
phenotype domain.

General evolution equation for expectations of observables We start by noting
that, since the components of the pair (It+∆t, Vt+∆t) are given by (1.5), for any
observable Φ : {0, 1} × R → R, namely an arbitrary test function defined for
(i, v) ∈ {0, 1} × R, the expectation

⟨Φ(It, Vt)⟩ :=
1

∑
i=0

∫
R

Φ(i, v) f (t, i, v) dv

satisfies (see, for instance, [129])

⟨Φ(It+∆t, Vt+∆t)⟩ =
〈(

1 −
sI

It ,I∗t
(Vt, V∗

t )∆t

1 + sI
It ,I∗t

(Vt, V∗
t )∆t

)(
1 −

sII
It
(Vt)∆t

1 + sII
It
(Vt)∆t

)(
1 −

sIII
It

∆t

1 + sIII
It

∆t

)
Φ(It, Vt)

〉

+

〈(
1 −

sI
It ,I∗t

(Vt, V∗
t )∆t

1 + sI
It ,I∗t

(Vt, V∗
t )∆t

)(
1 −

sII
It
(Vt)∆t

1 + sII
It
(Vt)∆t

)
sIII

It
∆t

1 + sIII
It

∆t
Φ(It, Wt)

〉

+

〈
sI

It ,I∗t
(Vt, V∗

t )∆t

1 + sI
It ,I∗t

(Vt, V∗
t )∆t

(
1 −

sII
It
(Vt)∆t

1 + sII
It
(Vt)∆t

)
Φ(I′t , V′

t )

〉

+

〈(
1 −

sI
It ,I∗t

(Vt, V∗
t )∆t

1 + sI
It ,I∗t

(Vt, V∗
t )∆t

)
sII

It
(Vt)∆t

1 + sII
It
(Vt)∆t

Φ(I′′t , V′′
t )

〉
+O(∆t2).
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From the above equation, rearranging terms, dividing through by ∆t and letting
∆t → 0+, we formally obtain the following evolution equation:

d
dt
⟨Φ(It, Vt)⟩ = ⟨sI

It ,I∗t
(Vt, V∗

t )
(
Φ(I′t , V′

t )− Φ(It, Vt)
)
⟩

+ ⟨sII
It
(Vt)

(
Φ(I′′t , V′′

t )− Φ(It, Vt)
)
⟩

+ ⟨sIII
It
(Φ(It, Wt)− Φ(It, Vt))⟩.

(1.11)

Expressing the expectations ⟨·⟩ in (1.11) in terms of sums and integrals against the
probability density function f , recalling (1.7) and (1.8), and introducing the more
compact notation fi(t, v) := f (t, i, v), the evolution equation (1.11) can then be
rewritten as

d
dt

1

∑
i=0

∫
R

Φ(i, v) fi(t, v) dv =
1

∑
i=0

∫
R

Φ(i, v)
1

∑
i′=0

1

∑
i∗=0

∫
R

∫
R

sI
i′ ,i∗(v

′, v∗)T I(i, v|i∗, v∗)︸ ︷︷ ︸
=: i⃝

fi′(t, v′) fi∗(t, v∗) dv′ dv∗ dv︸ ︷︷ ︸
=: i⃝

−
1

∑
i=0

∫
R

Φ(i, v)

(
1

∑
i∗=0

∫
R

sI
i,i∗(v, v∗) fi∗(t, v∗) dv∗

)
fi(t, v) dv︸ ︷︷ ︸

=: ii⃝

+
1

∑
i=0

∫
R

Φ(i, v)

(
1

∑
i′′=0

∫
R

sII
i′′(v

′′)T II(i, v) fi′′(t, v′′) dv′′
)

dv︸ ︷︷ ︸
=: iii⃝

−
1

∑
i=0

∫
R

Φ(i, v)sII
i (v) fi(t, v) dv︸ ︷︷ ︸

=: iv⃝

+
1

∑
i=0

∫
R

Φ(i, v)
(∫

R
sIII

i T III(v|w) fi(t, w) dw
)

dv︸ ︷︷ ︸
=: v⃝

−
1

∑
i=0

∫
R

Φ(i, v)sIII
i fi(t, v) dv︸ ︷︷ ︸

=: vi⃝

.

(1.12)

From (1.12) we now derive the evolution equations for f0(t, v) and f1(t, v), from
which we shall then derive an evolution equation for the distribution of population
members over the phenotype domain, that is, the mesoscopic counterpart of the
agent-based model. To do so, we choose

Φ(i, v) := δi,l φ(v), (1.13)
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where l ∈ {0, 1} and φ is an observable quantity (test function) depending only on
v. For ease of presentation, we carry out calculations for the left-hand side (LHS)
of (1.12) and the terms i⃝-vi⃝ on the right-hand side (RHS) of (1.12) one by one, first
for l = 0 and then for l = 1.

Evolution equation for f0 First, substituting (1.13) with l = 0 into the LHS of (1.12)
yields

d
dt

1

∑
i=0

∫
R

Φ(i, v) fi(t, v) dv =
∫

R
φ(v)∂t f0(t, v) dv. (1.14)

Then, substituting (1.13) with l = 0 along with (1.9a) and (1.10a) into i⃝ and ii⃝ on
the RHS of (1.12) yields

i⃝+ ii⃝ =
∫

R
φ(v)

(
1

∑
i′=0

1

∑
i∗=0

∫
R

∫
R

sI
i′ ,i∗(v

′, v∗)T I(0, v|i∗, v∗)

· fi′(t, v′) fi∗(t, v∗) dv′ dv∗
)

dv

−
∫

R
φ(v)

(
1

∑
i∗=0

∫
R

sI
0,i∗(v, v∗) fi∗(t, v∗) dv∗

)
f0(t, v) dv

= −
∫

R
φ(v)

(∫
R

p(v∗) f1(t, v∗) dv∗
)

f0(t, v) dv (1.15)

Next, substituting (1.13) with l = 0 along with (1.9b) and (1.10b) into iii⃝ and iv⃝ on
the RHS of (1.12) yields

iii⃝+ iv⃝ =
∫

R
φ(v)

(
1

∑
i′′=0

∫
R

sII
i′′(v

′′)T II(0, v) fi′′(t, v′′) dv′′
)

dv

−
∫

R
φ(v)sII

0 (v) f0(t, v) dv

=
∫

R
φ(v)

(∫
R

d(v′′) f1(t, v′′) dv′′
)

δv0(v) dv. (1.16)

Finally, substituting (1.13) with l = 0 into v⃝ and vi⃝ on the RHS of (1.12) and using
the fact that sIII

0 = 0 (cf. definition (1.9c)) yields

v⃝+ vi⃝ =
∫

R
φ(v)

(∫
R

sIII
0 T III(v|w) f0(t, w) dw

)
dv

−
∫

R
φ(v)sIII

0 f0(t, v) dv = 0 (1.17)
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Combining (1.14)–(1.17) and rearranging terms we obtain, owing to the arbitrari-
ness of φ, the following evolution equation for f0:

∂t f0(t, v) =
∫

R
d(v′′) f1(t, v′′) dv′′δv0(v)−

(∫
R

p(v∗) f1(t, v∗) dv∗
)

f0(t, v). (1.18)

Note that integrating the differential equation (1.18) over R and recalling (1.3) we
find

dρ0

dt
=
∫

R
d(v′′) f1(t, v′′) dv′′ −

(∫
R

p(v∗) f1(t, v∗) dv∗
)

ρ0,

whence

ρ0(t) = ρ0(0)e−
∫ t

0
∫

R
p(v∗) f1(s,v∗) dv∗ ds

+
∫ t

0

(∫
R

d(v′′) f1(s, v′′) dv′′
)

e−
∫ t

s
∫

R
p(v∗) f1(τ,v∗) dv∗ dτ ds.

(1.19)

Moreover, solving the differential equation (1.18) subject to the initial condition
f0(0, v) = ρ0(0)δv0(v) and substituting (1.19) into the expression for f0 so obtained
yields f0(t, v) = ρ0(t)δv0(v) for all t ≥ 0, consistently with the fact that, by con-
struction, all individuals in the compartment i = 0 are expected to share the same
phenotype v0 at all times.

Evolution equation for f1 First, substituting (1.13) with l = 1 into the LHS of (1.12)
yields

d
dt

1

∑
i=0

∫
R

Φ(i, v) fi(t, v) dv =
∫

R
φ(v)∂t f1(t, v) dv. (1.20)

Then, substituting (1.13) with l = 1 along with (1.9a) and (1.10a) into i⃝ and ii⃝ on
the RHS of (1.12), and recalling (1.3), yields

i⃝+ ii⃝ =
∫

R
φ(v)

(
1

∑
i′=0

1

∑
i∗=0

∫
R

∫
R

sI
i′ ,i∗(v

′, v∗) T I(1, v|i∗, v∗)

× fi′(t, v′) fi∗(t, v∗) dv′ dv∗
)

dv

−
∫

R
φ(v)

(
1

∑
i∗=0

∫
R

sI
1,i∗(v, v∗) fi∗(t, v∗) dv∗

)
f1(t, v) dv

=
∫

R
φ(v)p(v)ρ0(t) f1(t, v) dv (1.21)
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Next, substituting (1.13) with l = 1 along with (1.9b) and (1.10b) into iii⃝ and iv⃝ on
the RHS of (1.12) yields

iii⃝+ iv⃝ =
∫

R
φ(v)

(
1

∑
i′′=0

∫
R

sII
i′′(v

′′)T II(1, v) fi′′(t, v′′) dv′′
)

dv

−
∫

R
φ(v)sII

1 (v) f1(t, v) dv

= −
∫

R
φ(v)d(v) f1(t, v) dv. (1.22)

Finally, substituting (1.13) with l = 1 along with (1.9c) and (1.10c) into v⃝ and vi⃝ on
the RHS of (1.12) yields

v⃝+ vi⃝ =
∫

R
φ(v)

(∫
R

sIII
1 T III(v|w) f1(t, w) dw

)
dv −

∫
R

φ(v)sIII
1 f1(t, v) dv

= µ
∫

R
φ(v)

(∫
R

M(v|w) f1(t, w) dw
)

dv − µ
∫

R
φ(v) f1(t, v) dv. (1.23)

Combining (1.20)-(1.23) and rearranging terms we obtain, invoking again the arbi-
trariness of φ, the following evolution equation for f1:

∂t f1(t, v) =
(

p(v)ρ0(t)− d(v)
)

f1(t, v)

+ µ

(∫
R

M(v|w) f1(t, w) dw − f1(t, v)
) (1.24)

Mass conservation Integrating the differential equation (1.18) and the integro-
differential equation (1.24) over R, summing together the resulting differential equa-
tions, recalling (1.3), and using the fact that (cf. assumption (1.1) on the kernel M)∫

R
M(v|w) dv = 1, ∀w ∈ R

we find

d
dt
(
ρ0(t) + ρ1(t)

)
=
∫

R
d(v′′) f1(t, v′′) dv′′ −

(∫
R

p(v∗) f1(t, v∗) dv∗
)

ρ0(t)

+
∫

R

(
p(v)ρ0(t)− d(v)

)
f1(t, v) dv = 0,

which implies ρ0(t) + ρ1(t) = ρ0(0) + ρ1(0) for all t > 0. Hence, choosing, consis-
tently with (1.4), initial data such that ρ0(0) + ρ1(0) = 1, we have ρ0(t) = 1 − ρ1(t)
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for all t > 0. Substituting this into the integro-differential equation (1.24) we obtain

∂t f1(t, v) =
(

p(v)(1 − ρ1(t))− d(v)
)

f1(t, v)

+ µ

(∫
R

M(v|w) f1(t, w) dw − f1(t, v)
)

(1.25)

Mesoscopic model In the case where p is constant, say p(v) = p0 ≥ 0, which is
the case we investigate in this chapter, choosing, without loss of generality, p0 =
1, introducing the notation below for the net proliferation rate (i.e. the difference
between the rate of proliferation and the rate of death)

r(v) := 1 − d(v), (1.26)

and renaming f1 to f and ρ1 to ρ, from the integro-differential equation (1.25) we
obtain the following evolution equation for the distribution of population members
over the phenotype domain:

∂t f =
(
r(v)− ρ

)
f + µ

(∫
R

M(v|w) f (t, w) dw − f
)

,

ρ(t) :=
∫

R
f (t, v) dv.

(1.27)

Notice that, owing to (1.1), the definition (1.26) implies

r ∈ C(R), r : R → R, r(v) ≤ 1 ∀ v ∈ R. (1.28a)

In particular, throughout the chapter we assume

sup
v∈R

r(v) = 1. (1.28b)

1.4 Quasi-invariant phenotypic changes

In this section, we consider the regime of small but frequent phenotypic changes,
which in the jargon of the kinetic theory of multi-agent systems, cf. [129], is called
a quasi-invariant regime. In this regime, the kernel M is scaled by means of a scaling
parameter 0 < ε ≪ 1 in such a way that:

(i) on the one hand, the phenotype acquired, on average, after a phenotypic
change, v, is a small perturbation of the original phenotype, w;

(ii) on the other hand, the variability of the newly acquired phenotype, v, is small.
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Building upon the scaling for IDE model of evolutionary dynamics in phenotype-
structured populations considered in [19, 66, 113], this can be obtained by scaling
M as

M(v|w) → Mε(v|w) :=
1
ε
M
(

v − w
ε

; αε, β

)
, (1.29)

where α ∈ R, β ∈ R+ are given model parameters and M = M(z; ξ, ς2) is a
two-parameter probability distribution w.r.t. z ∈ R with mean ξ ∈ R and variance
ς2 ∈ R+, which we further assume to have bounded third order moment. In detail:

(H1)
∫

R
M(z; ξ, ς2) dz = 1 for every (ξ, ς2) ∈ R × R+;

(H2)
∫

R
zM(z; ξ, ς2) dz = ξ for every ς2 ∈ R+;

(H3)
∫

R
(z − ξ)2M(z; ξ, ς2) dz = ς2 for every ξ ∈ R;

(H4)
∫

R
|z|3M(z; ξ, ς2) dz < +∞ for every (ξ, ς2) ∈ R × R+.

Combining (H2) and (H3) we also deduce∫
R

z2M(z; ξ, ς2) dz = ς2 + ξ2. (1.30)

On the whole, from (1.29) and (H1)–(H3) it is not difficult to verify that, for every
ε > 0, the following properties hold∫

R
Mε(v | w)dv = 1,∫

R
v Mε(v | w)dv = w + αε2,∫

R

(
v − w − αε2)2Mε(v | w)dv = βε2.

(1.31)

which confirm that Mε describes a regime of small phenotypic changes as specified
by (i), (ii) above. In a moment, we shall examine also the significance of assump-
tion (H4).

Scaling M to Mε in (1.27), we obtain

∂t fε =
(
r(v)− ρε

)
fε + µ

(∫
R

Mε(v|w) fε(t, w) dw − fε

)
, (1.32)

where we have denoted by fε the phenotypic distribution function parametrised by
ε in consequence of the scaling (1.29) and by ρε(t) =

∫
R

fε(t, v) dv the corresponding
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density. In weak form, this reads as

d
dt

∫
R

φ(v) fε(t, v) dv =
∫

R
φ(v)

(
r(v)− ρε

)
fε(t, v) dv

+ µ

(∫
R

∫
R

φ(v)Mε(v|w) fε(t, w) dw dv −
∫

R
φ(v) fε(t, v) dv

)
=
∫

R
φ(v)

(
r(v)− ρε

)
fε(t, v) dv

+ µ

{
1
ε

∫
R

[∫
R

φ(v)M
(

v − w
ε

; αε, β

)
dv
]

fε(t, w) dw −
∫

R
φ(v) fε(t, v) dv

}
(1.33)

where φ = φ(v) is a generic observable quantity (test function). We shall consider
non-negative solutions to (1.32), (1.33), consistently with the interpretation of fε as
the statistical distribution of the phenotype v over time. This property is ensured
by the following result:

Proposition 1.1 (Non-negativity of fε). Under (1.28), if fε(0, v) ≥ 0 for a.e. v ∈ R

then fε(t, v) ≥ 0 for a.e. v ∈ R and every t > 0.

Proof. Let f±ε (t, v) := max{0, ± fε(t, v)} ≥ 0 be the positive and negative part, re-
spectively, of fε. Writing fε = f+ε − f−ε and considering that f+ε , f−ε have essentially
disjoint supports, if we multiply (1.32) by −2 f−ε we find

∂t( f−ε )2 = 2
(
r(v)− ρε

)
( f−ε )2 − 2µ

(
f−ε
∫

R
Mε(v|w) fε(t, w) dw + ( f−ε )2

)
,

whence, integrating over v ∈ R,

d
dt

∫
R
( f−ε (t, v))2 dv = 2

∫
R

r(v)( f−ε (t, v))2 dv − 2(ρε + µ)
∫

R
( f−ε (t, v))2 dv

− 2µ
∫

R

∫
R

Mε(v|w) f+ε (t, w) f−ε (t, v) dw dv

+ 2µ
∫

R

∫
R

Mε(v|w) f−ε (t, w) f−ε (t, v) dw dv

≤ 2(1 − ρε − µ)
∫

R
( f−ε (t, v))2 dv

+ 2µ
∫

R

∫
R

Mε(v|w) f−ε (t, w) f−ε (t, v) dw dv.

Applying repeatedly the Cauchy–Schwarz inequality, first with respect to the prob-
ability measure Mε(v|w)dv and then with respect to the Lebesgue measure dw, we
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obtain∫
R

∫
R

Mε(v|w) f−ε (t, w) f−ε (t, v) dw dv =
∫

R

(∫
R

Mε(v|w) f−ε (t, v) dv
)

f−ε (t, w) dw

≤
∫

R

(∫
R

Mε(v|w)( f−ε (t, v))2 dv
)1/2

f−ε (t, w) dw

≤
(∫

R

∫
R

Mε(v|w)( f−ε (t, v))2 dv dw
)1/2 (∫

R
( f−ε (t, w))2 dw

)1/2

=
∫

R
( f−ε (t, v))2 dv,

whence, finally,

d
dt

∫
R
( f−ε (t, v))2 dv ≤ 2(1 − ρε)

∫
R
( f−ε (t, v))2 dv.

Since
∫

R
( f−ε (0, v))2 dv = 0 because fε(0, v) ≥ 0 a.e. by assumption, the above

differential inequality implies∫
R
( f−ε (t, v))2 dv = 0, ∀ t > 0.

Consequently, f−ε (t, v) = 0 for a.e. v ∈ R and every t > 0, which concludes the
proof.

The non-negativity of fε entails:

Proposition 1.2 (Non-negativity and boundedness of ρε). Under (1.28), if ρε(0) =
ρ0 ≤ 1, where ρ0 > 0 is taken independent of ε, then 0 ≤ ρε(t) ≤ 1 for every ε > 0 and
every t > 0.

Proof. With φ(v) = 1 in (1.33) we find

dρε

dt
=
∫

R
r(v) fε(t, v) dv − ρ2

ε .

(i) To prove the non-negativity of ρε, we multiply this equation by −2ρ−ε to find

d
dt
(ρ−ε )

2 = −2ρ−ε

∫
R

r(v) fε(t, v) dv + 2(ρ−ε )
3 ≤ 2(ρ−ε )

3,

where we took advantage of the non-negativity of fε. Letting u := (ρ−ε )
2, this

is equivalent to du
dt ≤ 2u3/2, which, since u(0) = (ρ−ε )

2(0) = 0 and 3
2 > 1,

implies u(t) ≤ 0 for all t > 0. Thus, (ρ−ε )2(t) = 0 for every t > 0 and the
thesis follows.
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(ii) To prove the boundedness from above of ρε we observe that

dρε

dt
≤ ρε − ρ2

ε ,

due again to the non-negativity of fε. Integrating this differential inequality
gives

ρε(t) ≤
ρ0

(1 − ρ0)e−t + ρ0 ,

whence the thesis follows as 1 − ρ0 ≥ 0 by assumption.

Performing now the change of variable z := v−w
ε in the v-integral containing M on

the right-hand side of (1.33) gives

d
dt

∫
R

φ(v) fε(t, v) dv =
∫

R
φ(v)

(
r(v)− ρε

)
fε(t, v) dv

+ µ

{ ∫
R

[∫
R

φ(w + εz)M(z; αε, β) dz
]

fε(t, w) dw

−
∫

R
φ(v) fε(t, v) dv

}
.

(1.34)

For a sufficiently smooth test function, say φ ∈ C2,1(R) with bounded second
derivative, considering that ε is small we can Taylor-expand φ(w + εz) up to the
second order with centre in w and Lagrange remainder:

φ(w + εz) = φ(w) + φ′(w)εz +
1
2

φ′′(w)ε2z2 +
1
2
(

φ′′(ṽ)− φ′′(w)
)
ε2z2,

where ṽ = (1 − θ)w + θ(w + εz) = w + θεz for some θ ∈ [0, 1]. Substituting
into (1.34) and recalling (H1), (H2), and (1.30) yields

d
dt

∫
R

φ(v) fε(t, v) dv =
∫

R
φ(v)

(
r(v)− ρε

)
fε(t, v) dv

+ µε2
(

α
∫

R
φ′(w) fε(t, w) dw +

1
2
(β + α2ε2)

∫
R

φ′′(w) fε(t, w) dw

+
1
2

∫
R

∫
R

(
φ′′(ṽ)− φ′′(w)

)
z2M(z; αε, β) fε(t, w) dz dw

)
,

(1.35)

which suggests to fix

µ =
1
ε2 , (1.36)

so as to observe the effect of phenotypic changes despite the fact that they are small.
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Notice that this is in line with the idea that, in the quasi-invariant regime, pheno-
typic changes are frequent. With this scaling of µ, we rewrite (1.35) as

d
dt

∫
R

φ(v) fε(t, v) dv =
∫

R
φ(v)

(
r(v)− ρε

)
fε(t, v) dv

+ α
∫

R
φ′(v) fε(t, v) dv +

β

2

∫
R

φ′′(v) fε(t, v) dv + Rε( fε, φ),
(1.37)

where we have set

Rε( fε, φ)(t) := α2ε2
∫

R
φ′′(v) fε(t, v) dv +

1
2

∫
R

∫
R

(
φ′′(ṽ)− φ′′(w)

)
z2M(z; αε, β) fε(t, w) dz dw.

Owing to Proposition 1.2 and to the assumed smoothness of φ, we observe that

|Rε( fε, φ)(t)| ≤ α2ε2∥∥φ′′∥∥
∞ +

β

2
Lip (φ′′)

∫
R

∫
R
|ṽ − w|z2M(z; αε, β) fε(t, w) dz dw

≤ α2ε2∥∥φ′′∥∥
∞ +

βε

2
Lip (φ′′)

∫
R
|z|3M(z; αε, β) dz,

where Lip (φ′′) > 0 is the Lipschitz constant of φ′′. In particular, we have used
|ṽ − w| = θε|z| ≤ ε|z| because 0 ≤ θ ≤ 1.

To estimate the last integral term on the right-hand side, let Zε be a random variable
with law M(z; αε, β), so that∫

R
|z|3M(z; αε, β) dz = ⟨|Zε|3⟩,

where, like in Section 1.3, ⟨·⟩ denotes expectation. Then ⟨Zε⟩ = αε, Var (Zε) = β,
and Zε can be standardised as Zε =

√
βZ̃ + αε, where Z̃ is a random variable with

⟨Z̃⟩ = 0, ⟨Z̃2⟩ = 1, and ⟨
∣∣Z̃∣∣3⟩ < +∞ owing to (H4). Then,

⟨|Zε|3⟩ = ⟨
∣∣∣√βZ̃ + αε

∣∣∣3⟩ ≤ β3/2⟨
∣∣Z̃∣∣3⟩+ 3|α|βε + 3α2√βε2⟨

∣∣Z̃∣∣⟩+ |α|3ε3

≤ β3/2⟨
∣∣Z̃∣∣3⟩+ 1 (1.38)

for ε small enough, considering that ⟨
∣∣Z̃∣∣⟩ ≤ ⟨Z̃2⟩1/2 = 1 by Jensen’s inequality.

On the whole, we bound |Rε( fε, φ)(t)| in such a way that |Rε( fε, φ)(t)| → 0 as ε →
0+. Consequently, we see that, for ε small, equation (1.37) solved by fε approaches
the following equation solved by a new distribution function g

d
dt

∫
R

φ(v)g(t, v) dv =
∫

R
φ(v)

(
r(v)− ϱ

)
g(t, v) dv

+ α
∫

R
φ′(v)g(t, v) dv +

β

2

∫
R

φ′′(v)g(t, v) dv
(1.39)
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with ϱ(t) :=
∫

R
g(t, v) dv.

Equation (1.39) can be fruitfully written in strong form by integrating by parts the
last two terms on the right-hand side. This yields

∂tg =
(
r(v)− ϱ

)
g − α∂vg +

β

2
∂2

vg, (1.40)

provided that suitable conditions are imposed for |v| → ∞. Such conditions in-
volve, in general, the test function φ but, as we shall see, only test functions in the
form of powers of v will be relevant for our next purposes. In more detail, for φ
such that |φ(v)| ∼ |v|p when |v| → ∞ with 0 ≤ p ≤ 2, (1.40) is obtained from (1.39)
by prescribing the “boundary” conditions

g(t, v), ∂vg(t, v)
|v|→∞−−−→ 0 ∀ t > 0, infinitesimals of order > 2. (1.41)

Notice that (1.40) is a Fokker–Planck-type equation with non-local reaction term.
Also in this case, we shall consider non-negative solutions to (1.39), (1.40), which
are provided by

Proposition 1.3 (Non-negativity of g). Under (1.28) and (1.41), if g(0, v) ≥ 0 for a.e.
v ∈ R then g(t, v) ≥ 0 for a.e. v ∈ R and every t > 0.

Proof. We multiply (1.40) by −2g−, where g− denotes the negative part of g, to
obtain

∂t(g−)2 = 2
(
r(v)− ϱ

)
(g−)2 − α∂v(g−)2 − βg−∂2

vg.

Next, we integrate over v ∈ R and use integration by parts to find

d
dt

∫
R
(g−(t, v))2 dv = 2

∫
R

r(v)(g−(t, v))2 dv − 2ϱ
∫

R
(g−(t, v))2 dv

− α
(
(g−(t, v))2

∣∣∣v=+∞

v=−∞

− β

(
−
∫

R
∂vg(t, v)∂vg−(t, v) dv +

(
g−(t, v)∂vg(t, v)

∣∣∣v=+∞

v=−∞

)
.

Owing to (1.41), the boundary terms vanish. Moreover, writing g = g+ − g− and
using that g+, g− have essentially disjoint supports we deduce

∫
R

∂vg(t, v)∂vg−(t, v) dv =

−
∫

R
(∂vg−(t, v))2 dv ≤ 0, whence, finally,

d
dt

∫
R
(g−(t, v))2 dv ≤ 2(1 − ϱ)

∫
R
(g−(t, v))2 dv,

which, since
∫

R
(g−(0, v))2 dv = 0 because g(0, v) ≥ 0 a.e. by assumption, implies∫

R
(g−(t, v))2 dv = 0, ∀ t > 0.
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Therefore, g−(t, v) = 0 for a.e. v ∈ R and every t > 0, which concludes the
proof.

1.4.1 Convergence of fε to g as ε → 0+

In this section, we prove the convergence of the solution fε of the integro-differential
model (1.32) to the solution g of the differential model (1.40)-(1.41) in the quasi-
invariant limit ε → 0+. This will provide a mathematical justification of the fact
that the differential model, often used in the literature as the starting point of fur-
ther investigations, is the exact counterpart of the agent-based model in the quasi-
invariant regime.

Preliminary results

Here, before the formal analysis, we report two generalisations of the classical
Grönwall’s inequality, which we exploit for the development of our theory.

Lemma 1.4. For T > 0, let a, b, u : [0, T] → R be real-valued continuous functions such
that a is differentiable in (0, T), b is non-negative in [0, T], and also

u(t) ≤ a(t) +
∫ t

0
b(s)u(s) ds, ∀ t ∈ [0, T].

Then

u(t) ≤ a(0)e
∫ t

0 b(s) ds +
∫ t

0
a′(s)e

∫ t
s b(τ) dτ ds, ∀ t ∈ [0, T].

Proof. In the said hypotheses, the classical Grönwall’s inequality implies (cf. e.g., [123])

u(t) ≤ a(t) +
∫ t

0
a(s)b(s)e

∫ t
s b(τ) dτ ds = a(t)−

∫ t

0
a(s)

d
ds

e
∫ t

s b(τ) dτ ds,

whence, integrating by parts,

= a(t)−
(

a(s)e
∫ t

s b(τ) dτ
∣∣∣t
0
+
∫ t

0
a′(s)e

∫ t
s b(τ) dτ ds

= a(0)e
∫ t

0 b(τ) dτ +
∫ t

0
a′(s)e

∫ t
s b(τ) dτ ds,

which gives the thesis.

Lemma 1.5. For T > 0, let a, b, u : [0, T] → R be real-valued continuous functions with
b non-negative and a, b non-decreasing. Assume moreover that

u(t) ≤ a(t) + b(t)
∫ t

0
u(s) ds, ∀ t ∈ [0, T]. (1.42)
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Then
u(t) ≤ a(t)eb(t)t, ∀ t ∈ [0, T].

Remark 1.6. This result is a variation of the classical Grönwall’s inequality in that
the function b is neither constant nor s-dependent within the integral on the right-
hand side of (1.42).

Proof of Lemma 1.5. We introduce the auxiliary function

v(s) := e−
∫ s

0 b(τ) dτ
∫ s

0
u(τ) dτ,

which is such that

v′(s) = e−
∫ s

0 b(τ) dτ

(
u(s)− b(s)

∫ s

0
u(τ) dτ

)
≤ a(s)e−

∫ s
0 b(τ) dτ ,

the last inequality following from (1.42). Integrating on [0, t], with 0 < t ≤ T, and
considering that v(0) = 0 by definition, we find

v(t) ≤
∫ t

0
a(s)e−

∫ s
0 b(τ) dτ ds ≤ a(t)

∫ t

0
e−
∫ s

0 b(τ) dτ ds,

where we have used that a(s) ≤ a(t) for all s ≤ t, because a is non-decreasing.
Hence, recalling the definition of v,

b(t)e
∫ t

0 b(τ) dτv(t) = b(t)
∫ t

0
u(r) dt

≤ a(t)b(t)
∫ t

0
e
∫ t

s b(τ) dτ ds

≤ a(t)b(t)
∫ t

0
eb(t)(t−s) ds,

where we have considered that b(r) ≤ b(t) for all r ≤ t, because also b is non-
decreasing. Then,

b(t)
∫ t

0
u(τ) dτ ≤ a(t)eb(t)t

∫ t

0
b(t)e−b(t)s ds

= a(t)eb(t)t
(
−e−b(t)s

∣∣∣t
0

= a(t)
(

eb(t)t − 1
)

.

Substituting this into (1.42) yields the thesis.
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1.4.1.1 A priori estimates

To begin with, we establish some a priori estimates that will be useful in the sequel.

Proposition 1.7 (Non-negativity and boundedness of ϱ). Under the same assumptions
as in Proposition 1.2, if ϱ(0) = ϱ0 ≤ 1 then 0 ≤ ϱ(t) ≤ 1 for every t > 0.

Proof. From (1.39), we obtain the evolution equation of ϱ by taking φ(v) = 1:

dϱ

dt
=
∫

R
r(v)g(t, v) dv − ϱ2.

The thesis follows then by arguing like in the proof of Proposition 1.2, since ϱ fulfills
the same equation as ρε with fε replaced by the non-negative distribution function
g.

From now on, we shall invariably make the following assumptions on the function
r and the initial phenotypic distribution f 0 = f 0(v):

r, f 0 ∈ L2(R) ∩ W3,∞(R),

f 0, ∂v f 0 → 0 as |v| → ∞, f 0(v) ≥ 0 a.e.
(1.43)

The assumption on the trend of f 0, ∂v f 0 for |v| → ∞ is motivated by the similar
request on g, cf. (1.41). More specifically, we prescribe f 0 as the common initial
condition to both (1.32) for every ε > 0 and (1.40):

fε(0, ·) = g(0, ·) = f 0, ∀ ε > 0. (1.44)

Notice that the results of Propositions 1.2, 1.7 hold using, in particular, ∥r∥∞ as an
upper bound on r, since ∥r∥∞ ≥ 1 due to (1.28).

Remark 1.8. The framework developed up to this point does not encompass the case
of constant r, cf. the assumption r ∈ L2(R) in (1.43). The reason is that such a case,
though simpler, is structurally quite different from the general case of non-constant
r. Specifically, it gives rise to self-consistent equations for the densities ρε, ϱ with
also ρε(t) = ϱ(t) for every ε, t > 0. This impacts on the estimates needed to achieve
the quasi-invariant limit in a way which cannot be dealt with simply as a particular
instance of the case of non-constant r.

While throughout the chapter we focus on the biologically more significant case
of a net proliferation rate, r, depending on the phenotype of the individuals, in
subsection 1.4.2 we provide for completeness technical details about the case of
constant r.
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Proposition 1.9 (L2 estimate on fε). Under (1.43), fε(t, ·) ∈ L2(R) for every ε > 0 and
every t ∈ (0, T], where T > 0 is arbitrary.

Proof. We multiply (1.32) by 2 fε and integrate both sides w.r.t. v ∈ R to find

d
dt
∥ fε(t)∥2

L2 = 2
∫

R

(
r(v)− ρε

)
f 2
ε (t, v) dv

+
2
ε2

∫
R

∫
R

Mε(v|w) fε(t, w) fε(t, v) dv dw − 2
ε2 ∥ fε∥2

L2

≤ 2
(
∥r∥∞ − 1

ε2

)
∥ fε(t)∥2

L2 +
2
ε2

∫
R

(∫
R

Mε(v|w) fε(t, v) dv
)

fε(t, w) dw.

Since
∫

R
Mε(v|w) fε(t, v) dv ≤

(∫
R

Mε(v|w) f 2
ε (t, v) dv

)1/2 by Cauchy–Schwarz in-
equality w.r.t. the integration probability measure Mε(v|w)dv, then

≤ 2
(
∥r∥∞ − 1

ε2

)
∥ fε(t)∥2

L2 +
2
ε2

∫
R

(∫
R

Mε(v|w) f 2
ε (t, v) dv

)1/2
fε(t, w) dw.

A further application of Cauchy–Schwarz inequality to the integral in dw produces

≤ 2
(
∥r∥∞ − 1

ε2

)
∥ fε(t)∥2

L2 +
2
ε2 ∥ fε(t)∥L2

(∫
R

∫
R

Mε(v|w) f 2
ε (t, v) dv dw

)1/2
,

whence, invoking the first formula in (1.31),

= 2∥r∥∞∥ fε(t)∥2
L2 .

Finally,

∥ fε(t)∥L2 ≤
∥∥∥ f 0
∥∥∥

L2
et∥r∥∞ ,

which shows that ∥ fε(t)∥L2 is bounded for every t ∈ (0, T] with arbitrary T > 0,
whence the thesis follows.

Proposition 1.10 (L∞ estimates of fε and its derivatives). Under (1.43), fε(t, ·) ∈
W3,∞(R) for every ε > 0 and every t ∈ (0, T], where T > 0 is arbitrary.

Proof. (i) We begin by estimating ∥ fε(t)∥∞. From (1.32) with the scaling (1.29), (1.36)
and the change of variable z := v−w

ε we have

∂t fε +
1
ε2 fε =

(
r(v)− ρε

)
fε +

1
ε2

∫
R
M(z; αε, β) fε(t, v − εz) dz, (1.45)
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whence, using the non-negativity of fε, ρε and multiplying both sides by et/ε2
,

∂t

(
et/ε2

fε

)
≤
(
∥r∥∞ +

1
ε2

)
et/ε2∥ fε(t)∥∞.

We integrate now both sides on [0, t], t > 0, to find

et/ε2
fε(t, v) ≤ f 0(v) +

(
∥r∥∞ +

1
ε2

) ∫ t

0
es/ε2∥ fε(s)∥∞ ds

for every v ∈ R. Therefore

et/ε2∥ fε(t)∥∞ ≤
∥∥∥ f 0
∥∥∥

∞
+

(
∥r∥∞ +

1
ε2

) ∫ t

0
es/ε2∥ fε(s)∥∞ ds

and, finally, applying Grönwall’s inequality to the function et/ε2∥ fε(t)∥∞,

∥ fε(t)∥∞ ≤
∥∥∥ f 0
∥∥∥

∞
e∥r∥∞t,

which ensures that ∥ fε(t)∥∞ is bounded for every t ∈ (0, T] with arbitrary
T > 0.

(ii) We estimate now ∥∂v fε(t)∥∞. For this, we differentiate (1.45) w.r.t. v to find

∂t(∂v fε) +
1
ε2 ∂v fε = r′(v) fε +

(
r(v)− ρε

)
∂v fε

+
1
ε2

∫
R
M(z; αε, β)∂v fε(t, v − εz) dz,

(1.46)

then we multiply both sides by et/ε2
and estimate:

∂t

(
et/ε2

∂v fε

)
≤
∥∥r′
∥∥

∞et/ε2∥ fε(t)∥∞ +

(
2∥r∥∞ +

1
ε2

)
et/ε2∥∂v fε(t)∥∞,

whence, integrating both sides on [0, t], t > 0, and arguing like in the previ-
ous step,

et/ε2∥∂v fε(t)∥∞ ≤
∥∥∥∂v f 0

∥∥∥
∞
+
∥∥r′
∥∥

∞

∫ t

0
es/ε2∥ fε(s)∥∞ ds

+

(
2∥r∥∞ +

1
ε2

) ∫ t

0
es/ε2∥∂v fε(s)∥∞ ds.

Finally, applying Lemma 1.4 to the function u(t) = et/ε2∥∂v fε(t)∥∞ with

a(t) =
∥∥∥∂v f 0

∥∥∥
∞
+
∥∥r′
∥∥

∞

∫ t

0
es/ε2∥ fε(s)∥∞ ds, b(t) = 2∥r∥∞ +

1
ε2 ,
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we obtain

∥∂v fε(t)∥∞ ≤
∥∥∥∂v f 0

∥∥∥
∞

e2∥r∥∞t +
∥∥r′
∥∥

∞

∫ t

0
∥ fε(s)∥∞e2∥r∥∞(t−s) ds

≤
(∥∥∥∂v f 0

∥∥∥
∞
+
∥∥r′
∥∥

∞

∥∥∥ f 0
∥∥∥

∞
t
)

e2∥r∥∞t,

where we have used the estimate of ∥ fε(t)∥∞ established in the previous step.
This shows that ∥∂v fε(t)∥∞ is bounded for every t ∈ (0, T] for an arbitrary
T > 0.

(iii) We continue by estimating
∥∥∂2

v fε(t)
∥∥

∞. Differentiating (1.46) w.r.t. v gives

∂t(∂
2
v fε) +

1
ε2 ∂2

v fε = r′′(v) fε + 2r′(v)∂v fε +
(
r(v)− ρε

)
∂2

v fε

+
1
ε2

∫
R
M(z; αε, β)∂2

v fε(t, v − εz) dz, (1.47)

whence, proceeding analogously to the previous steps, we find

∂t

(
et/ε2

∂2
v fε

)
≤
∥∥r′′
∥∥

∞et/ε2∥ fε(t)∥∞ + 2
∥∥r′
∥∥

∞et/ε2∥∂v fε(t)∥∞

+

(
2∥r∥∞ +

1
ε2

)
et/ε2

∥∥∥∂2
v fε(t)

∥∥∥
∞

and further

et/ε2
∥∥∥∂2

v fε(t)
∥∥∥

∞
≤
∥∥∥∂2

v f 0
∥∥∥

∞
+
∫ t

0
es/ε2 (∥∥r′′

∥∥
∞∥ fε(s)∥∞ + 2

∥∥r′
∥∥

∞∥∂v fε(s)∥∞
)

ds

+

(
2∥r∥∞ +

1
ε2

) ∫ t

0
es/ε2

∥∥∥∂2
v fε(s)

∥∥∥
∞

ds

for t > 0. Applying now Lemma 1.4 to the function u(t) = et/ε2∥∥∂2
v fε(t)

∥∥
∞

with

a(t) =
∥∥∥∂2

v f 0
∥∥∥

∞
+
∫ t

0
es/ε2 (∥∥r′′

∥∥
∞∥ fε(s)∥∞ + 2

∥∥r′
∥∥

∞∥∂v fε(s)∥∞
)

ds,

b(t) = 2∥r∥∞ +
1
ε2

yields∥∥∥∂2
v fε(t)

∥∥∥
∞
≤
∥∥∥∂2

v f 0
∥∥∥

∞
e2∥r∥∞t

+
∫ t

0

(∥∥r′′
∥∥

∞∥ fε(s)∥∞ + 2
∥∥r′
∥∥

∞∥∂v fε(s)∥∞
)

e2∥r∥∞(t−s) ds,

whence the boundedness of
∥∥∂2

v fε(t)
∥∥

∞ for every t ∈ (0, T] and arbitrary
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T > 0 follows owing to the boundedness of ∥ fε(t)∥∞, ∥∂v fε(t)∥∞ established
in the previous steps.

(iv) We conclude by estimating
∥∥∂3

v fε(t)
∥∥

∞. For this, we differentiate (1.47) w.r.t.
v obtaining:

∂t(∂
3
v fε) +

1
ε2 ∂3

v fε = r′′′(v) fε + 3r′′(v)∂v fε + 3r′(v)∂2
v fε +

(
r(v)− ρε

)
∂3

v fε

+
1
ε2

∫
R
M(z; αε, β)∂3

v fε(t, v − εz) dz

≤
∥∥r′′′

∥∥
∞∥ fε(t)∥∞ + 3

∥∥r′′
∥∥

∞∥∂v fε(t)∥∞ + 3
∥∥r′
∥∥

∞

∥∥∥∂2
v fε(t)

∥∥∥
∞

+

(
2∥r∥∞ +

1
ε2

)∥∥∥∂3
v fε(t)

∥∥∥
∞

,

whence, multiplying both sides by et/ε2
and integrating on [0, t], t > 0, we

find

et/ε2
∥∥∥∂3

v fε(t)
∥∥∥

∞
≤
∥∥∥∂3

v f 0
∥∥∥

∞

+
∫ t

0
es/ε2

(
∥∥r′′′

∥∥
∞∥ fε(s)∥∞ + 3

∥∥r′′
∥∥

∞∥∂v fε(s)∥∞ + 3
∥∥r′
∥∥

∞

∥∥∥∂2
v fε(s)

∥∥∥
∞
) ds

+

(
2∥r∥∞ +

1
ε2

) ∫ t

0
es/ε2

∥∥∥∂3
v fε(s)

∥∥∥
∞

ds.

We now apply Lemma 1.4 to the function u(t) = et/ε2∥∥∂3
v fε(t)

∥∥
∞ with

a(t) =
∥∥∥∂3

v f 0
∥∥∥

∞
+
∫ t

0
es/ε2

(
∥∥r′′′

∥∥
∞∥ fε(s)∥∞ + 3

∥∥r′′
∥∥

∞∥∂v fε(s)∥∞ + 3
∥∥r′
∥∥

∞

∥∥∥∂2
v fε(s)

∥∥∥
∞
) ds

b(t) = 2∥r∥∞ +
1
ε2

to find ∥∥∥∂3
v fε(t)

∥∥∥
∞
≤
∥∥∥∂3

v f 0
∥∥∥

∞
e2∥r∥∞t

+
∫ t

0
(
∥∥r′′′

∥∥
∞∥ fε(s)∥∞ + 3

∥∥r′′
∥∥

∞∥∂v fε(s)∥∞

+ 3
∥∥r′
∥∥

∞

∥∥∥∂2
v fε(s)

∥∥∥
∞
)e2∥r∥∞(t−s) ds.

The boundedness of
∥∥∂3

v fε(t)
∥∥

∞ for every t ∈ (0, T] and arbitrary T > 0 fol-
lows then from the analogous property of ∥ fε(t)∥∞, ∥∂v fε(t)∥∞, and

∥∥∂2
v fε(t)

∥∥
∞

obtained in the previous steps.

Remark 1.11. As a by-product of Proposition 1.10, we notice that ∥ fε(t)∥∞, ∥∂v fε(t)∥∞,∥∥∂2
v fε(t)

∥∥
∞, and

∥∥∂3
v fε(t)

∥∥
∞ are all bounded uniformly in ε in every bounded inter-

val (0, T], T > 0.
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Unlike (1.40), the integro-differential equation (1.32) does not require the prescrip-
tion of boundary conditions. Nevertheless, soon a clue to the trend of fε(t, ·),
∂v fε(t, ·) for |v| → ∞ will be needed, which is provided by

Proposition 1.12. Under (1.43), fε(t, v), ∂v fε(t, v) → 0 for |v| → ∞ for every t > 0
and every ε > 0.

Proof. (i) Let uε(t) := lim
v→+∞

fε(t, v). Passing to the limit v → +∞ in (1.45) we

obtain
u′

ε +
1
ε2 uε ≤ 2∥r∥∞uε +

1
ε2 uε,

where we observed that, owing to Proposition 1.10, the mapping
z 7→ M(z; αε, β) fε(t, v − εz) is bounded for every v ∈ R by the integrable
mapping z 7→ ∥ fε(t)∥∞M(z; αε, β), cf. (H1), therefore we could pass the
limit through the integral by dominated convergence. The inequality above
is equivalent to

u′
ε ≤ 2∥r∥∞uε,

which, along with uε(0) = lim
v→+∞

f 0(v) = 0 by assumption, implies uε(t) ≤ 0

for all t > 0. But uε(t) ≥ 0, because fε is non-negative; thus, ultimately,
uε(t) = 0 for all t > 0.

The very same argument proves also that lim
v→−∞

fε(t, v) = 0 for all t > 0.

(ii) Let now wε(t) := lim
v→+∞

|∂v fε(t, v)| ≥ 0. From (1.46) we deduce preliminarily

∂t|∂v fε| ≤
∥∥r′
∥∥

∞ fε + 2∥r∥∞|∂v fε|+
1
ε2

(∫
R
M(z; αε, β)|∂v fε(t, v − εz)| dz + |∂v fε|

)
,

whence, taking the limit v → +∞ and invoking again the dominated conver-
gence,

w′
ε ≤ 2

(
∥r∥∞ +

1
ε2

)
wε,

where we have used that fε(t, ·) → 0 for v → +∞ as proved in the previous
step. Since wε(0) = lim

v→+∞

∣∣∣∂v f 0(v)
∣∣∣ = 0 by assumption, we conclude wε(t) =

0 for all t > 0.

The same argument shows also that lim
v→−∞

|∂v fε(t, v)| = 0 for all t > 0.

We end this section by showing that also the differential model (1.40) preserves the
boundedness in time of the L2 norm of its solution:
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Proposition 1.13 (L2 estimate on g). Under (1.43), g(t, ·) ∈ L2(R) for every t ∈ (0, T],
where T > 0 is arbitrary.

Proof. We multiply (1.40) by 2g and integrate both sides w.r.t. v ∈ R to find:

d
dt
∥g(t)∥2

L2 = 2
∫

R

(
r(v)− ϱ)g2(t, v) dv − 2α

∫
R

g(t, v)∂vg(t, v) dv + β
∫

R
g(t, v)∂2

vg(t, v) dv.

Observing that 2g∂vg = ∂vg2 and integrating by parts the last term on the right-
hand side we further obtain:

d
dt
∥g(t)∥2

L2 = 2
∫

R

(
r(v)− ϱ)g2(t, v) dv − α

(
g2(t, v)

∣∣∣v=+∞

v=−∞

− β
∫

R
(∂vg(t, v))2 dv + β

(
g(t, v)∂vg(t, v)

∣∣∣v=+∞

v=−∞
.

Finally, the boundary conditions (1.41) together with the non-negativity of (∂vg)2,
ϱ yield

≤ 2∥r∥∞∥g(t)∥2
L2 ,

therefore
∥g(t)∥L2 ≤

∥∥∥ f 0
∥∥∥

L2
e∥r∥∞t,

whence the thesis follows.

1.4.1.2 L2 convergence

Propositions 1.9, 1.13 indicate that, for L2-integrable initial data, L2(R) is a space
the solutions fε(t, ·), g(t, ·) to (1.32), (1.40) belong to for t in bounded intervals of the
form (0, T], T > 0 arbitrary. It is therefore reasonable to ascertain the convergence
of fε to g in that space as ε → 0+.

To this purpose, we preliminarily establish:

Proposition 1.14. Under (1.43), (1.44), the following estimate holds:

|(ρε − ϱ)(t)| ≤ ∥r∥L2 e2∥r∥∞t
∫ t

0
∥( fε − g)(s)∥L2 ds, t > 0.

Proof. Subtracting (1.33) and (1.39) with φ(v) = 1 gives

d
dt
(ρε − ϱ) =

∫
R

r(v)
(

fε(t, v)− g(t, v)
)

dv −
(
ρ2

ε − ϱ2).
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Using the Cauchy–Schwarz inquality in the first term on the right-hand side and
writing ρ2

ε − ϱ2 = (ρε + ϱ)(ρε − ϱ), we estimate

d
dt
|ρε − ϱ| ≤ ∥r∥L2∥( fε − g)(t)∥L2 + 2∥r∥∞|ρε − ϱ|,

whence, integrating over [0, t], t > 0, and using that ρε(0) = ϱ(0) owing to (1.44),

|(ρε − ϱ)(t)| ≤ ∥r∥L2

∫ t

0
∥( fε − g)(s)∥L2 ds + 2∥r∥∞

∫ t

0
|(ρε − ϱ)(s)| ds.

Grönwall’s inequality yields then the thesis.

We are now in a position to prove:

Theorem 1.15 (Quasi-invariant limit). Under (1.43), (1.44), fε(t, ·) → g(t, ·) in L2(R)
for every t ∈ (0, T] with arbitrary T > 0 when ε → 0+.

Proof. Subtracting (1.32) – with the scaling (1.29), (1.36) – and (1.40) we find:

∂t( fε − g) =
(
r(v)− ρε

)
( fε − g)− (ρε − ϱ)g

+
1
ε2

(∫
R
M(z; αε, β) fε(t, v − εz) dz − fε

)
+ α∂vg − β

2
∂2

vg,

where we have performed the change of variable from w to z := v−w
ε in the integral.

Expanding

fε(t, v − εz) = fε(t, v)− ε∂v fε(t, v)z +
ε2

2
∂2

v fε(t, v)z2 − ε3

6
∂3

v fε(ṽ, t)z3,

where ṽ := (1 − θ)v + θ(v − εz) = v − θεz for some θ ∈ [0, 1], and recalling (H1)–
(H4) we further find

∂t( fε − g) =
(
r(v)− ρε

)
( fε − g)− (ρε − ϱ)g − α∂v( fε − g) +

β

2
∂2

v( fε − g)

+
α2ε2

2
∂2

v fε −
ε

6

∫
R

z3M(z; αε, β)∂3
v fε(ṽ, t) dz.
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We now multiply both sides by 2( fε − g) and integrate w.r.t. v ∈ R to obtain:

d
dt
∥( fε − g)(t)∥2

L2 = 2
∫

R
(r(v)− ρε)( fε(t, v)− g(t, v))2 dv

− 2(ρε − ϱ)
∫

R
g(t, v)( fε(t, v)− g(t, v)) dv

− 2α
∫

R
∂v( fε(t, v)− g(t, v))( fε(t, v)− g(t, v)) dv

+ β
∫

R
∂2

v( fε(t, v)− g(t, v))( fε(t, v)− g(t, v)) dv

+ α2ε2
∫

R
∂2

v fε(t, v)( fε(t, v)− g(t, v)) dv

− ε

3

∫
R

∫
R

z3M(z; αε, β)∂3
v fε(ṽ, t)( fε(t, v)− g(t, v)) dz dv.

Next, we notice that 2( fε − g)∂v( fε − g) = ∂v( fε − g)2 and we exploit Cauchy–
Schwarz inequality and integration-by-parts to further elaborate this as:

≤ 2∥r∥∞∥( fε − g)(t)∥2
L2 + 2|(ρε − ϱ)(t)| · ∥g(t)∥L2∥( fε − g)(t)∥L2

− α
(
( fε(t, v)− g(t, v))2

∣∣∣v=+∞

v=−∞

+ β
(

∂v( fε(t, v)− g(t, v))( fε(t, v)− g(t, v))
∣∣∣v=+∞

v=−∞

− β
∫

R

(
∂v( fε(t, v)− g(t, v)

)2dv

+ 2ε

(
αε
∥∥∥∂2

v fε(t)
∥∥∥

∞
+

1
3

∥∥∥∂3
v fε(t)

∥∥∥
∞

(
β3/2⟨

∣∣∣Z̃3
∣∣∣⟩+ 1

))
(ρε + ϱ)(t),

where Z̃ is the random variable introduced in (1.38).

Applying Proposition 1.12 together with the boundary conditions (1.41) along with
Propositions 1.2, 1.7, 1.13, 1.14, we arrive at

≤ 2∥r∥∞∥( fε − g)(t)∥2
L2

+ 2∥r∥L2

∥∥∥ f 0
∥∥∥

L2
e3∥r∥∞t∥( fε − g)(t)∥L2

∫ t

0
∥( fε − g)(τ)∥L2 dτ

+ 4ε∥r∥∞

(
αε
∥∥∥∂2

v fε(t)
∥∥∥

∞
+

1
3
(

β3/2⟨
∣∣∣Z̃3
∣∣∣⟩+ 1

)∥∥∥∂3
v fε(t)

∥∥∥
∞

)
.
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Next, we integrate both sides on [0, t], t > 0, and use the fact that fε(0, v) =
g(0, v) = f 0(v) to deduce:

∥( fε − g)(t)∥2
L2 ≤ 2∥r∥∞

∫ t

0
∥( fε − g)(s)∥2

L2 ds

+ 2∥r∥L2

∥∥∥ f 0
∥∥∥

L2

∫ t

0
e3∥r∥∞s∥( fε − g)(s)∥L2

∫ s

0
∥( fε − g)(τ)∥L2 dτ ds

+ 4ε∥r∥∞

(
αε
∫ t

0

∥∥∥∂2
v fε(s)

∥∥∥
∞

ds +
1
3
(

β3/2⟨
∣∣∣Z̃3
∣∣∣⟩+ 1

) ∫ t

0

∥∥∥∂3
v fε(s)

∥∥∥
∞

ds
)

≤ 2∥r∥∞

∫ t

0
∥( fε − g)(s)∥2

L2 ds

+ 2∥r∥L2

∥∥∥ f 0
∥∥∥

L2
e3∥r∥∞t

(∫ t

0
∥( fε − g)(s)∥L2 ds

)2

+ 4ε∥r∥∞

(
αε
∫ t

0

∥∥∥∂2
v fε(s)

∥∥∥
∞

ds +
1
3
(

β3/2⟨
∣∣∣Z̃3
∣∣∣⟩+ 1

) ∫ t

0

∥∥∥∂3
v fε(s)

∥∥∥
∞

ds
)

,

whence, applying Cauchy–Schwarz inequality to the second term on the right-hand
side,

≤ 2
(
∥r∥∞ + ∥r∥L2

∥∥∥ f 0
∥∥∥

L2
te3∥r∥∞t

) ∫ t

0
∥( fε − g)(s)∥2

L2 ds

+ 4ε∥r∥∞

(
αε
∫ t

0

∥∥∥∂2
v fε(s)

∥∥∥
∞

ds +
1
3
(

β3/2⟨
∣∣∣Z̃3
∣∣∣⟩+ 1

) ∫ t

0

∥∥∥∂3
v fε(s)

∥∥∥
∞

ds
)

.

Proposition 1.10 implies that
∥∥∂2

v fε(t)
∥∥

∞ and
∥∥∂3

v fε(t)
∥∥

∞ are ε-uniformly bounded
in (0, T] by a constant CT > 0, thus

≤ 2
(
∥r∥∞ + ∥r∥L2

∥∥∥ f 0
∥∥∥

L2
te3∥r∥∞t

) ∫ t

0
∥( fε − g)(s)∥2

L2 ds

+ 4ε∥r∥∞CT

(
αε +

1
3
(

β3/2⟨
∣∣∣Z̃3
∣∣∣⟩+ 1

))
t.

Finally, Lemma 1.5 applied to u(t) = ∥( fε − g)(t)∥2
L2 with

a(t) = 4ε∥r∥∞CT

(
αε + 1

3
(

β3/2⟨
∣∣Z̃3
∣∣⟩+ 1

))
t, b(t) = 2

(
∥r∥∞ + ∥r∥L2

∥∥ f 0
∥∥

L2 te3∥r∥∞t
)

,

which are non-decreasing non-negative functions in [0, T], yields

∥( fε − g)(t)∥2
L2 ≤ 4ε∥r∥∞CT

(
αε +

1
3
(

β3/2⟨
∣∣∣Z̃3
∣∣∣⟩+ 1

))
teb(t)t ε→0+−−−→ 0,

which concludes the proof.
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1.4.1.3 Convergence of the statistical moments

To grasp the big picture of a multi-agent system, one usually refers to aggregate
macroscopic quantities represented by the statistical moments of the distribution
function. We recall, in particular, the most significant low-order ones:

• ρε(t) :=
∫

R
fε(t, v) dv, i.e. the density of the agents at time t > 0 (zeroth order

moment),

• pε(t) :=
∫

R
v fε(t, v) dv, i.e. the phenotypic “momentum” at time t > 0 (first

order moment),

• Eε(t) :=
∫

R
v2 fε(t, v) dv, i.e. the phenotypic “bulk energy” at time t > 0 (sec-

ond order moment).

In this section, we show that in the quasi-invariant limit ε → 0+ these quantities
converge to the corresponding moments of the limit phenotypic distribution func-
tion g:

ϱ(t) :=
∫

R
g(t, v) dv, p(t) :=

∫
R

vg(t, v) dv, E(t) :=
∫

R
v2g(t, v) dv,

thereby establishing that the differential model (1.40) inherits in the limit also the
exact main statistical moments of the agent distribution. For this, besides (1.43) we
shall need the following additional assumption on the function r:

v2r ∈ L2(R). (1.48)

The first result is a straightforward consequence of the theory developed in Sec-
tion 1.4.1.2.

Theorem 1.16 (Convergence of the density). Under (1.43), (1.44), ρε(t) → ϱ(t) for
every t ∈ (0, T] and arbitrary T > 0 as ε → 0+.

Proof. The thesis follows from the fact that Proposition 1.14 and the proof of Theo-
rem 1.15 imply jointly1 |ρε(t)− ϱ(t)| ≲

√
ε for all t ∈ (0, T].

We proceed now with the other two moments.

Theorem 1.17 (Convergence of the phenotypic momentum and bulk energy). Un-
der (1.43), (1.44), and (1.48), pε(t) → p(t) and Eε(t) → E(t) for every t ∈ (0, T] and
arbitrary T > 0 as ε → 0+.

1The symbol ≲ indicates that there exists a constant C > 0, independent of ε, t and the specific
value of which is not relevant, such that |ρε(t)− ϱ(t)| ≤ C

√
ε for every t ∈ (0, T]. From the proof of

Theorem 1.15, it can be seen that such a constant instead depends on T.
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Proof. (i) We begin with the convergence of the phenotypic momentum. We ob-
serve preliminarily that from (1.48) it follows also vr ∈ L2(R); in fact:

∥vr∥2
L2 =

∫
R

v2r2(v) dv =
∫
{|v|≤1}

v2r2(v) dv +
∫
{|v|>1}

v2r2(v) dv,

whence, since v2 ≤ 1 for |v| ≤ 1 and v2 < v4 for |v| > 1,

≤
∫
{|v|≤1}

r2(v) dv +
∫
{|v|>1}

v4r2(v) dv

≤ ∥r∥2
L2 +

∥∥∥v2r
∥∥∥2

L2
< +∞.

Letting now φ(v) = v in (1.33) with (1.36) and recalling (1.31), we obtain

dpε

dt
=
∫

R
vr(v) fε(t, v) dv − ρε pε + αρε;

likewise, substituting φ(v) = v into (1.39) we find

dp
dt

=
∫

R
vr(v)g(t, v) dv − ϱp + αϱ. (1.49)

Subtracting these two equations produces

d
dt
(pε − p) =

∫
R

vr(v)
(

fε(t, v)− g(t, v)
)

dv − ρε(pε − p) + (α − p)(ρε − ϱ),

whence

d
dt
|pε − p| ≤ ∥vr∥L2∥( fε − g)(t)∥L2 + ∥r∥∞|pε − p|+ (|p|+ |α|)|ρε − ϱ|.

(1.50)

Notice that from (1.49) it follows that p is bounded on every bounded time
interval; in fact:

d
dt
|p| ≤ ∥vr∥L2∥g(t)∥L2 + ∥r∥∞|p|+ |α| · ∥r∥∞,

thus, by Grönwall’s inequality after bounding ∥g(t)∥L2 by means of Propo-
sition 1.13, |p(t)| is bounded by a non-negative non-decreasing function, say
h = h(t). Using this in (1.50) after integrating on [0, t], t > 0, yields

|(pε − p)(t)| ≤ ∥rv∥L2

∫ t

0
∥( fε − g)(s)∥L2 ds +

∫ t

0
(h(s) + |α|)|(ρε − ϱ)(s)| ds

+ ∥r∥∞

∫ t

0
|(pε − p)(s)| ds,
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where we have taken into account that pε(0) = p(0) because of (1.44).

At this stage, Lemma 1.4 applied to the function u(t) = |(pε − p)(t)| with

a(t) = ∥rv∥L2

∫ t

0
∥( fε − g)(s)∥L2 ds +

∫ t

0
(h(s) + |α|)|(ρε − ϱ)(s)| ds, b(t) = ∥r∥∞

produces

|(pε − p)(t)| ≤
∫ t

0

(
∥vr∥L2∥( fε − g)(s)∥L2 +(h(s)+ |α|)|(ρε − ϱ)(s)|

)
e∥r∥∞(t−s) ds.

The thesis follows then passing the limit ε → 0+ through the integral by dom-
inated convergence – notice that, owing to Propositions 1.2, 1.7, 1.9, 1.13, the
integrand is bounded by the integrable mapping t 7→ 2∥vr∥L2

∥∥ f 0
∥∥

L2 e∥r∥∞t +
2(|α|+ h(s))∥r∥∞ – and invoking Theorems 1.15, 1.16.

(ii) As for the convergence of the phenotypic bulk energy, we proceed analo-
gously to the previous step by substituting φ(v) = v2 into (1.33) with (1.36)
and into (1.39) to find, respectively,

dEε

dt
=
∫

R
v2r(v) fε(t, v) dv − ρεEε + 2αpε + (β + α2ε2)ρε,

dE
dt

=
∫

R
v2r(v)g(t, v) dv − ϱE + 2αp + βϱ.

Subtracting these equations yields

d
dt
|Eε − E| ≤

∥∥∥v2r
∥∥∥

L2
∥( fε − g)(t)∥L2

+ ∥r∥∞|Eε − E|+ (|E|+ β)|ρε − ϱ|
+ 2|α| · |pε − p|+ α2∥r∥∞ε2.

In particular, the equation of E shows that the latter is bounded by a non-
negative non-decreasing function, say k = k(t), because

d
dt
|E| ≤

∥∥∥v2r
∥∥∥

L2
∥g(t)∥L2 + ∥r∥∞|E|+ 2|α| · |p|+ β∥r∥∞,

where ∥g(t)∥L2 can be bounded by means of Proposition 1.13 while |p| is
bounded by the function h introduced in the previous step.
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On the whole, we have then:

|(Eε − E)(t)| ≤
∥∥∥v2r

∥∥∥
L2

∫ t

0
∥( fε − g)(s)∥L2 ds +

∫ t

0
(k(s) + β)|(ρε − ϱ)(s)| ds

+ 2|α|
∫ t

0
|(pε − p)(s)| ds + α2∥r∥∞ε2t

+ ∥r∥∞

∫ t

0
|(Eε − E)(s)| ds,

which, invoking Lemma 1.4 for the function u(t) = |(Eε − E)(t)| with

a(t) =
∥∥∥v2r

∥∥∥
L2

∫ t

0
∥( fε − g)(s)∥L2 ds +

∫ t

0
(k(s) + β)|(ρε − ϱ)(s)| ds

+ 2|α|
∫ t

0
|(pε − p)(s)| ds + α2∥r∥∞ε2t,

b(t) = ∥r∥∞,

implies

|(Eε − E)(t)| ≤
∫ t

0

(∥∥∥v2r
∥∥∥

L2
∥( fε − g)(s)∥L2 + (k(s) + β)|(ρε − ϱ)(s)|

+ 2|α| · |(pε − p)(s)|+ α2∥r∥∞ε2s
)
e∥r∥∞(t−s) ds.

The thesis follows then from Theorems 1.15, 1.16 along with the result proved
in the previous step, passing the limit ε → 0+ through the integral by domi-
nated convergence.

Remark 1.18. From the statistical moments above, one can compute two other ag-
gregate quantities of interest, such as the mean phenotype:

v̄ε :=
pε

ρε

and the variance of the phenotypic distribution:

σ2
ε :=

Eε

ρε
− v̄2

ε .

In the quasi-invariant regime, the corresponding quantities v̄, σ2 are defined anal-
ogously using ϱ, p, and E.

1.4.2 The case of constant r

As stated in Remark 1.8, the theory developed in this chapter does not cover the
case of constant r. For the sake of theoretical speculation and completeness, in
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this subsection we provide the technical details needed to also address the simpler
quasi-invariant limit with constant r ≤ 1.

In the following, we keep assumptions (1.43), (1.44), except that we drop the request
r ∈ L2(R).

The main simplification that occurs with a constant r is that the density ρε obeys a
self-consistent equation independent of ε. In fact, substituting φ(v) = 1 into (1.33)
we obtain

dρε

dt
= (r − ρε)ρε,

which is a logistic equation admitting the ε-free solution

ρε(t) =
rρ0

(r − ρ0)e−rt + ρ0 .

If 0 ≤ ρ0 ≤ r, the result of Proposition 1.2 still holds true qualitatively, and we have,
in particular, 0 ≤ ρε(t) ≤ r for all t > 0.

The same reasoning applied to (1.39) with φ(v) = 1 shows that the density ϱ fulfills
the very same equation as ρε:

dϱ

dt
= (r − ϱ)ϱ,

whence ρε(t) = ϱ(t) for every ε > 0 and every t ≥ 0. In practice, there exists a
unique density, say ρ, which is independent of ε and is the same for both distribu-
tion functions fε, g. Therefore, there is no need to pass to the limit ε → 0+ in the
density.

On the other hand, Propositions 1.1, 1.3, 1.9, 1.10, 1.12, 1.13 still hold true because
none of their proofs uses the L2-integrability of r, as it can be ascertained by direct
inspection.

The consequence of these facts is that Theorem 1.15 also holds when r is constant. In
fact, the term |(ρε − ϱ)(t)|, which in the proof of the theorem carries the dependence
on ∥r∥L2, vanishes whereas the rest of the proof remains unchanged due to the
boundedness of ∂2

v fε and ∂3
v fε. Specifically, the L2-estimate on fε − g provided in

the proof modifies as

∥( fε − g)(t)∥L22 ≤ 2r
∫ t

0
∥( fε − g)(s)∥L22

ds + 4εrCT

(
αε +

1
3
(β3/2⟨

∣∣Z̃∣∣3⟩+ 1)
)

t,

whence one obtains the convergence fε(t) → g(t) in L2(R) for every t > 0 as
ε → 0+ by applying the standard Grönwall’s inequality.

As far as the convergence of the statistical moments is concerned, we notice that
also the phenotypic momentum of fε does not depend on ε. In fact, substituting
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TABLE 1.1: Parameters used in the numerical simulations of Figures 1.2, 1.3, 1.4

Parameter Description Value
N Number of agents in MC simulations 105

∆v Phenotypic mesh size 2.5 · 10−2

∆t Numerical time step 10−4

T Final time of simulations 10
Computational phenotypic domain [−15, 15]

R Radius of the mollifier ψ 5
δ Amplitude of the transition layer of the mollifier ψ 0.5
vm Fittest trait (i.e. maximum point of the function r) 1.5
α Drift coefficient −0.3, 0, 0.3
β Diffusion coefficient 0.4
ε Scaling parameter for the quasi-invariant regime 1, 10−1/2, 10−1

φ(v) = v into (1.33) with (1.36) we find

dpε

dt
= (r − ρ)pε + αρ,

which is the very same equation satisfied by the phenotypic momentum p of g,
as it can be checked by substituting φ(v) = v into (1.39). Thus, pε(t) = p(t) for
every ε > 0 and every t ≥ 0, which makes it needless to pass to the limit ε → 0+.
Conversely, the phenotypic bulk energies Eε, E satisfy

dEε

dt
= (r − ρ)Eε + 2αp + (β + α2ε2)ρ,

dE
dt

= (r − ρ)E + 2αp + βρ,

whence
d
dt
(Eε − E) = (r − ρ)(Eε − E) + α2ε2ρ

and, finally,

|(Eε − E)(t)| ≤ 2r
∫ t

0
|(Eε − E)(s)| ds + α2rε2t.

From here, Grönwall’s inequality provides the convergence Eε(t) → E(t) for all
t > 0 when ε → 0+, in particular without assumption (1.48) which, with constant
r, could not be met.

1.5 Main results of numerical simulations

We now illustrate, by means of a sample of results of numerical simulations, the
theoretical results proved in the previous sections. In more detail, we present the
results of numerical simulations carried out for:
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FIGURE 1.2: Results of numerical simulations of the stochastic agent-based model (1.5)
(MC), the integro-differential model (1.32) (IDE), and the limit differential model (1.40)
(PDE), for the drift coefficient α < 0. The dashed vertical line in the panels of the first
column highlights the fittest trait vm

FIGURE 1.3: Results of numerical simulations of the stochastic agent-based model (1.5)
(MC), the integro-differential model (1.32) (IDE), and the limit differential model (1.40)
(PDE), for the drift coefficient α = 0. The dashed vertical line in the panels of the first
column highlights the fittest trait vm
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FIGURE 1.4: Results of numerical simulations of the stochastic agent-based model (1.5)
(MC), the integro-differential model (1.32) (IDE), and the limit differential model (1.40)
(PDE), for the drift coefficient α > 0. The dashed vertical line in the panels of the first
column indicates the fittest trait vm

• the stochastic agent-based model (1.5) through a direct Monte Carlo method,
cf. [129];

• the integro-differential model (1.32), for three decreasing values of the scaling
parameter ε, through an explicit-in-time Euler scheme complemented with a
numerical approximation of the integral term based on the trapezium rule;

• the limit differential model (1.40) through an explicit-in-time Euler scheme
complemented with finite difference schemes for the approximation of the
v-derivatives.

We compare and contrast these results in terms of distribution functions and low-
order statistical moments. Specifically, the objective is to verify that there is quan-
titative agreement between the numerical solutions of the stochastic agent-based
and integro-differential models for all the values of the scaling parameter, ε, thus
corroborating the formal derivation presented in Section 1.3. Moreover, we aim at
showing the convergence of the solution of the integro-differential model, and of its
low-order statistical moments, to the solution of the differential model, and to the
corresponding low-order moments, as the scaling parameter gets smaller, in order
to provide numerical evidence for the quasi-invariant limit analytically studied in
Section 1.4.

The parameter values employed in numerical simulations are summarised in Ta-
ble 1.1.
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As an initial condition, common to all simulations and to equations (1.32), (1.40),
cf. (1.44), we prescribe

f 0(v) :=
3

10
√

π
e−v2

,

namely a normal distribution with mass ρ0 = 0.3, null mean, and variance equal
to 0.5, which complies with assumptions (1.43). This is also the distribution from
which the agents are initially sampled for the Monte Carlo method used for the
stochastic agent-based model (1.5).

Concerning the net proliferation rate, r, we choose

r(v) :=
(

1 − (v − vm)
2
)

ψ(v).

The parabolic profile 1− (v− vm)2 is maximum at v = vm with r(vm) = 1, cf. (1.28),
which represents the so-called fittest trait, i.e. the phenotype corresponding to the
maximum net proliferation rate. The factor ψ : R → [0, 1] is a C∞-mollifier, which
is needed to adjust the trend of r at infinity, in compliance with assumptions (1.43),
while allowing r to coincide with the desired parabolic profile at finite points. In
more detail, ψ is defined by first introducing the functions

ζ(v) :=
1
2

[
1 + tanh

(
2v

1 − v2

)]
χ(−1, 1)(v), ψ̂(v) := 1 − ζ

(
2(v − R)

δ
− 1
)

,

where χ(−1, 1) denotes the characteristic function of the interval (−1, 1), and then
letting

ψ(v) :=


ψ̂(−v) if − R − δ < v < −R
1 if − R ≤ v ≤ R
ψ̂(v) if R < v < R + δ

0 otherwise,

where δ, R > 0 are real parameters, cf. Table 1.1. Notice that ψ ≡ 1, and thus
r(v) = 1 − (v − vm)2, for v ∈ [−R, R]. In contrast, in the two layers (−R − δ, −R)
and (R, R + δ) of amplitude δ the function ψ̂ produces a C∞-transition of ψ from 0
to 1 and from 1 to 0, respectively.

Figures 1.2, 1.3, 1.4 display the results of numerical simulations for three different
values of the drift coefficient, α, that is, α < 0 (Figure 1.2), α = 0 (Figure 1.3), and
α > 0 (Figure 1.4) – see Table 1.1 for further details on the parameter values. In sum-
mary, the rows of each figure display, from left to right, the distribution function at
the final time of simulations, T = 10, and the time evolution from t = 0 to t = T of
the density of agents, the phenotypic momentum, and the phenotypic bulk energy,
computed for the three models for a given value of the scaling parameter ε, which
decreases, from row to row, from ε = 1 through to ε = 1√

10
to ε = 1

10 . In all cases, it
is evident that, while there is excellent quantitative agreement between numerical
solutions of the agent-based model (1.5) and the integro-differential models (1.32)
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at all times and for all values of ε, the agreement with the solution of the differential
model (1.40) improves as ε decreases, as expected from the quasi-invariant asymp-
totics. Note that, for the employed simulation set-up, a good qualitative agreement
with the solution of the differential model (1.40) is already observed for a value of
ε as moderately small as 1√

10
≈ 0.32.

1.6 Concluding remarks

In this chapter, we have advanced and employed a derivation method for aggre-
gate mathematical descriptions of evolutionary dynamics in phenotype-structured
populations, where population members undergo proliferation, death, and pheno-
type changes. This method is rooted in kinetic theory approaches for mass-varying
multi-agent systems and makes it possible to bridge, in a consistent manner, three
types of models for phenotype-structured populations commonly found in the lit-
erature: agent-based models tracking the dynamics of single population members,
wherein phenotype changes and proliferation and death are represented as stochas-
tic particle processes; IDE models governing the dynamics of phenotype distribu-
tion functions, in which phenotype changes are described by an integral operator
encoding a mutation kernel, whereas proliferation and death are encapsulated in
a non-local reaction term; and non-local PDEs for phenotype density functions, in
which phenotype changes are taken into account by an advection-diffusion term,
while proliferation and death are still represented by a non-local reaction term.

Our approach incorporates, from the very beginning, that is, from the agent-based
level of representation, non-conservative phenomena (i.e. proliferation and death
of population members). This has required special care in passing to the IDE model
through the kinetic paradigm for multi-agent systems, since non-conservation of
the number of agents, and thus of the mass of the system, is non-routine within
such a paradigm. Moreover, this approach has shed light on the mutual relations
among the aforementioned alternative types of models, which in the literature are
usually addressed separately. In particular, we have shown that the IDE model is
the aggregate counterpart of the agent-based model in every regime of the param-
eters driving the evolutionary dynamics of the population, whereas the non-local
PDE model provides a faithful representation of the underlying evolutionary dy-
namics only in the regime of small and frequent phenotype changes.
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Chapter 2

A multi-compartmental
integro-differential model for
phenotype structured
population
Derivation and applications in epidemiology

2.1 Introduction

In the previous chapter, we developed a microscopic model that leverages the ki-
netic formalism to describe the phenotypic evolution of a population composed
of a large number of individuals. To this end, we partitioned the population into
two compartments, labelled 0 and 1, treating the former as a reservoir in which the
microscopic structure is not explicitly modelled, and the latter as the population
under investigation. This scheme proved useful for maintaining consistency with
the biological nature of the system, as it explicitly incorporates proliferation and
death processes. The resulting dynamics fall within the class of selection–mutation
models, but the formulation involved only a single compartment. In fact, since the
dynamics of the passive compartment can be derived from those of the active one
( section 1.3), it was sufficient to isolate a single evolution equation.

However, the microscopic construction introduced is conceived in a simplified form,
and it is therefore natural to extend it to scenarios in which a greater number of
compartments play a dynamically relevant role. A classical example is the SIR
model proposed by Kermack and McKendrick [103], which partitions the popula-
tion into three compartments and generates a simple yet sufficiently rich dynamic

The results presented in this chapter are based on [21].
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to describe the outbreak of a virus in an immunologically naive population. An-
other well-known case is provided by the Lotka–Volterra models, in which the
population is composed of two species which interact within the same environ-
ment and mutually influence their evolutionary dynamics.

In this regard, although working with a system composed of a large number of
equations entails greater analytical complexity, it also allows for a more faithful rep-
resentation of the dynamics under investigation. Striking a balance between these
two aspects is therefore essential for constructing a model that is as accurate as pos-
sible but still feasible. Following this logic, those examples considered above are
typically formulated as systems of ordinary differential equations (ODEs), which
clearly result in a significantly lower level of complexity.

In recent years, compartmental models have been the focus of significant research
efforts aimed at enhancing their descriptive power through the introduction of het-
erogeneous structural properties. In epidemiology, this has led, for instance, to the
inclusion of features such as viral load for infected individuals, or resistance to in-
fection for susceptible and recovered ones [110]. At the same time, there has been
growing interest in increasing the number of compartments to more accurately rep-
resent the diversity of behaviours and scenarios observed in infections with specific
characteristics.

This chapter focuses on the formulation of a model capable of describing a multi-
compartmental dynamic, in which each compartment is further structured by a
continuous variable. The purpose of this variable is to represent the variability of
relevant traits within the population, following and generalising the modelling ap-
proach proposed for SI systems in [110]. The model accounts for both the evolution
of traits within each compartment and the transitions of individuals between dif-
ferent compartments. Therefore, this chapter starts by introducing an abstract and
general formulation of the system, and then presents an implementation in an epi-
demiological setting. In this context, specific assumptions are introduced to adapt
the general framework to different applied scenarios.

The mesoscopic counterpart of the model takes the form of a system of integro-
differential equations (IDEs) for the population densities in each compartment.
These densities describe the distributions of individuals over the domains of the
structural variables associated with each compartment (cf. the schemtic Figure
2.1) . Through an appropriate rescaling procedure, the corresponding macroscopic
model is finally derived, consisting of a system of ordinary differential equations
(ODEs): one for the evolution of the fractions of individuals in each compartment,
and another for the mean values of the structural traits. Moreover, in the second
part, we employ a reduced version of the macroscopic model to obtain a general
formula for the basic reproduction number R0.



2.2. Stochastic agent-based model 51

S I

R

nS(t, vS)

VS

nI(t, vI)

VInR(t, vR)

VR

FIGURE 2.1: Schematic flow diagram of a heterogeneous SIRS system, along with its
representation in terms of population density functions ni(t, vi). Each function de-
scribes the distribution of individuals within compartment i ∈ I := {S, I, R} over the
corresponding structuring variable vi ∈ Vi at time t.

2.2 Stochastic agent-based model

As in the previous chapter, we consider a system of N > 1 interacting compart-
ments, indexed by i ∈ I := {1, . . . , N}. Each compartment is structured by a
specific continuous variable vi ∈ Vi ⊂ R, where Vi is a bounded interval. At
time t ∈ [0, ∞), we describe the microscopic state of individuals in the system, re-
garded as being indistinguishable, by the random vector (It, Vt), where It ∈ I and
Vt ≡ (V1,t, . . . , VN,t) ∈ V := V1 × . . . × VN ⊂ RN . The discrete random variable It
specifies the compartment of an individual at time t (i.e. individuals belonging to
compartment i at time t will have It = i), while the continuous random variable Vi,t
models the level of expression of the trait represented by the ith structuring variable
at time t.

We let
(It, Vt) ∼ f (t, i, v). (2.1)

The distribution function f : [0, ∞) × I × V → R+, being a probability density
function, is such that

∑
i∈I

∫
V

f (t, i, v)dv = 1 ∀ t ∈ [0, ∞). (2.2)

We focus on a scenario where between time t and time t + ∆t, with ∆t > 0:

(I) At rate θi ∈ R∗
+, structuring-variable switching may occur, whereby an indi-

vidual in compartment i with expression level vi of the trait represented by
the structuring variable may spontaneously acquire a new expression level
v′i, with probability Ki(v′i|vi).

(II) At rate ζ ∈ R∗
+, compartment switching may take place, whereby an individual

in compartment i with expression level vi of the trait represented by the struc-
turing variable may transition into compartment j. Compartment switching
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can either be spontaneous (i.e. not driven by interactions with other individu-
als) with probability r ∈ [0, 1], or driven by intra-/inter-compartment interac-
tions (i.e. interactions between individuals of the same compartment/different
compartments) with probability 1 − r. In more detail:

(IIa) when spontaneous compartment switching occurs, the individual transi-
tions into compartment j, with probability p(j|i, vi), and acquires a value
v′′j of the structuring variable of the new compartment, with probability
P(v′′j |j, i, vi). This is the case, for example, of the switch I → R in the
SIRWS model presented in Section 2.4.3, whereby an infected individual
spontaneously recovers and becomes immune;

(IIb) when interaction-driven compartment switching occurs, the interaction with
an individual in compartment k with value v∗k of the structuring variable
leads the individual to transition into compartment j, with probability
q(j|i, vi, k, v∗k ), and acquire value v′′j of the structuring variable of the new
compartment, with probability Q(v′′j |j, i, vi, k, v∗k ). Considering again the
SIRWS model presented in Section 2.4.3, this is the case, for example, of:
the switch S+ I → I + I, whereby a susceptible individual interacts with
an infected individual and contracts the disease (i.e. k = j); or the switch
W + I → R + I, whereby an individual with waning immunity interacts
with an infected individual and receives a boost of immunity, becoming
recovered and thus immune (i.e. k ̸= j).

The aforementioned kernels Ki, P, and Q and the functions p and q satisfy the fol-
lowing assumptions for all i, j, k ∈ I :

Ki(·|·) ∈ P(Vi; C(Vi)), P(·|j, i, ·) ∈ P(Vj; C(Vi)), p(j|i, ·) ∈ C(Vi),

Q(·|j, i, ·, k, ·) ∈ P(Vj; C(Vi × Vk)), q(j|i, ·, k, ·) ∈ C(Vi × Vk),

Supp(Ki) ⊆ Vi × Vi, Ki ≥ 0 a.e., (2.3a)∫
Vi

Ki(v′i|vi)dv′i = 1 and
∫
Vi

v′iKi(v′i|vi)dv′i ∈ Vi ∀vi ∈ Vi, (2.3b)

∫
Vi

(v′i)
2Ki(v′i|vi)dv′i −

(∫
Vi

v′iKi(v′i|vi)dv′i

)2
> 0 ∀ vi ∈ V̊ i, (2.3c)

Supp(P(·|j, i, ·)) ⊆ Vj × Vi, P(·|j, i, ·) ≥ 0 a.e.,∫
Vj

P(v′′j |j, i, vi)dv′′j = 1,
∫
Vj

v′′j P(v′′j |j, i, vi)dv′′j ∈ Vj ∀vi ∈ Vi,
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Supp(Q(·|j, i, ·, k, ·)) ⊆ Vj × Vi × Vk, Q(·|j, i, ·, k, ·) ≥ 0 a.e.,∫
Vj

Q(v′′j |j, i, vi, k, v∗k )dv′′j = 1,
∫
Vj

v′′j Q(v′′j |j, i, vi, k, v∗k )dv′′j ∈ Vj ∀(vi, vk) ∈ Vi × Vk,

Supp(p(j|i, ·)) ⊆ Vi, 0 ≤ p(j|i, ·) ≤ 1,

Supp(q(j|i, ·, k, ·)) ⊆ Vi × Vk, 0 ≤ q(j|i, ·, k, ·) ≤ 1,

∑
j∈I

p(j|i, vi) = 1 ∀vi ∈ Vi,

∑
j∈I

q(j|i, vi, k, v∗k ) = 1 ∀(vi, v∗k ) ∈ Vi × Vk,

(2.4a)

(2.4b)

where P(Vi) denotes the set of probability distributions defined on the measur-
able space (Vi,B), with B the Borel σ-algebra, C(Vi) denotes the set of continuous
functions defined on Vi, and Supp(·) denotes the support of (·). Note that the nor-
malisation conditions (2.4a) and (2.4b) imply that

p(i|i, vi) = 1 − ∑
j∈I
j ̸=i

p(j|i, vi) ∀vi ∈ Vi,

q(i|i, vi, k, v∗k ) = 1 − ∑
j∈I
j ̸=i

q(j|i, vi, k, v∗k ) ∀(vi, v∗k ) ∈ Vi × Vk.

(2.5a)

(2.5b)

Under these conditions, the random process which governs the evolution of the
microscopic state (It, Vt) takes the following form

It+∆t = (1 − Z) It + Z [ΞI′t + (1 − Ξ)I′′t ] ,

Vi,t+∆t = (1 − Z)
[
(1 − Θi)Vi,t + Θi V′

i,t

]
+ Z V′′

i,t , i ∈ I ,
(2.6)

where Z, Ξ, and Θ1, . . ., ΘN are independent Bernoulli random variables with pa-
rameters ζ∆t, r, and θ1∆t, . . . , θN∆t, respectively. Note that, unlike in equation (1.6),
in this case the coefficients are assumed to be constant. As a result, the time step ∆t
must be sufficiently small so that max (ζ, θ1, . . . , θN)∆t ≤ 1. In the system (2.6),
the random variables I′t ∈ I and I′′t ∈ I model, respectively, the index of the
new compartment an individual belongs to if spontaneous and interaction-driven
compartment switching occurs, while the random variable V′′

i,t ∈ Vi models the
corresponding value of the structuring variable that is acquired by the individual.
Moreover, the random variable V′

i,t ∈ Vi models the new value of the structuring
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variable that is acquired by an individual in compartment i if structuring-variable
switching occurs.

For ease of presentation, in the remainder of this chapter we use the notation

iV̂ := V1 × . . . × Vi−1 × Vi+1 × . . . × VN , iv̂ ≡ (v1, . . . , vi−1, vi+1, . . . , vN). (2.7)

To incorporate (I) into (2.6), for all i, h ∈ I we let

(V′
i,t|It, Vt) ∼ T(v′i|It, Vt),

T(v′i|h, v) :=

{
Ki(v′i|vi) if i = h,
δvi (v

′
i) if i ̸= h,

(2.8a)

(2.8b)

where δx(y) is the Dirac delta centred at y = x. Moreover, recalling the nota-
tion (2.7), to incorporate (IIa) into (2.6), for all i, i′ ∈ I we let

(I′t , V′′
t |It, Vt) ∼ T (i′, v′′|It, Vt),

T (i′, v′′|i, v) := δi′ v̂(
i′ v̂′′)p(i′|i, vi)P(v′′i′ |i

′, i, vi),

(2.9a)

(2.9b)

while to incorporate (IIb) for all i, i′′, k ∈ I we let

(I′′t , V′′
t |It, Vt, I∗t , V∗

t ) ∼ Tk(i′′, v′′|It, Vt, I∗t , V∗
t ),

Tk(i′′, v′′|i, v, i∗, v∗) := δi′′ v̂(
i′′ v̂′′)q(i′′|i, vi, k, v∗k )Q(v′′i′′ |i

′′, i, vi, k, v∗k ).

(2.10a)

(2.10b)

In summary, the definition (2.8b) translates in mathematical terms the idea that
only individuals in compartment i undergo changes in the trait represented by the
structuring variable vi due to structuring-variable switching, according to the ker-
nel Ki. Moreover, the definition (2.9b) (resp. the definition (2.10b)) captures the
fact that spontaneous compartment switching (resp. interaction-driven compart-
ment switching) leads individuals in compartment i with expression level vi of the
trait represented by the structuring variable to transition into compartment i′ (resp.
compartment i′′), with probability p(i′|i, vi) (resp. with probability q(i′′|i, vi, k, v∗k ),
where k and v∗k are the compartment and the value of the structuring variable
of the individual with which/whom the interaction occurs), and acquire the ex-
pression level v′′i′ (resp. v′′i′′ ) of the trait represented by the structuring variable
of the new compartment, according to the kernel P(v′′i′ |i

′, i, vi) (resp. the kernel
Q(v′′i′′ |i

′′, i, vi, k, v∗k )).
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2.3 Mesoscopic model

Starting from the system (2.6), we now formally derive the mesoscopic model cor-
responding to the microscopic model presented in the previous section, which com-
prises a system of balance equations for the population density functions

ni(t, vi) ≡ n(t, i, vi) :=
∫

iV̂
f (t, i, v)div̂, i ∈ I , (2.11)

where f (t, i, v) is the probability density function given in (2.1), and iV̂ and iv̂ are
defined via (2.7). The population density function ni(t, vi) represents the distribu-
tion of individuals in compartment i over the corresponding structuring-variable
domain Vi at time t (cf. the schematic in Figure 2.1). Specifically, we will formally
show that the dynamics of the population density functions ni(t, vi) with i ∈ I are
governed by the following IDE system

∂tni(t, vi) = θi

[ ∫
Vi

Ki(vi|v′i)ni(t, v′i)dv′i − ni(t, vi)
]

+ ζ r
[

∑
j∈I
j ̸=i

∫
Vj

p(i|j, vj)P(vi|i, j, vj)nj(t, vj)dvj − ∑
j∈I
j ̸=i

p(j|i, vi) ni(t, vi)
]

+ ζ (1 − r)
[

∑
k∈I

∑
j∈I
j ̸=i

∫
Vj

∫
Vk

q(i|j, vj, k, vk)Q(vi|i, j, vj, k, vk)nk(t, vk)nj(t, vj)dvkdvj

− ∑
k∈I

∑
j∈I
j ̸=i

∫
Vk

q(j|i, vi, k, vk)nk(t, vk)dvk ni(t, vi)
]
, vi ∈ Vi, i ∈ I . (2.12)

Before proceeding with the formal derivation, we introduce the following lemma,
which will prove useful in the subsequent steps.

Lemma 2.1. Let {Θi}i∈I be independent Bernoulli random variables with parameters
θi∆t. Define

S := ∑
i∈I

Θi.

Then, as ∆t → 0+, it holds
P(S ≥ 2) = o(∆t).

Proof. Clearly,

P(S ≥ 2) = 1 −
(

P(S = 0) + P(S = 1)
)

.

Moreover,

P(S = 0) = ∏
i∈I

(1 − θi∆t), P(S = 1) = ∑
i∈I

θi∆t ∏
j∈I
j ̸=i

(1 − θj∆t).
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Let
p := ∏

i∈I
(1 − θi∆t).

Then
log p = ∑

i∈I
log(1 − θi∆t) = − ∑

i∈I
θi∆t + o(∆t), ∆t → 0+,

so that
p = 1 − ∑

i∈I
θi∆t + o(∆t).

Hence,

P(S = 1) = ∑
i∈I

θi∆t

(
1 − ∑

j ̸=i
θj∆t + o(∆t)

)
= ∑

i∈I
θi∆t − ∑

i∈I
∑
j∈I
j ̸=i

θiθj∆t2 + o(∆t2)

= ∑
i∈I

θi∆t + o(∆t2).

Therefore,

P(S ≥ 2) = 1 −
(

1 − ∑
i∈I

θi∆t + o(∆t) + ∑
i∈I

θi∆t + o(∆t2)
)
= o(∆t),

which proves the claim.

General evolution equation for expectations of observables. We start by noting
that, since the components of the random vector (It+∆t, Vt+∆t) are given by (2.6),
for any observable Φ : I × V → R the expectation

⟨Φ (It, Vt)⟩ := ∑
l∈I

∫
V

Φ(l, v) f (t, l, v)dv

satisfies (see, for instance, [129])

⟨Φ (It+∆t, Vt+∆t)⟩ = ⟨Φ (It, Wt)⟩ (1 − ζ)∆t

+ r
〈
Φ
(

I′t , V′′
t
)〉

ζ ∆t

+ (1 − r)
〈
Φ
(

I′′t , V′′
t
)〉

ζ ∆t, (2.13)

where

Wt ≡ (W1,t, . . . , WN,t) with Wi,t := (1 − Θi)Vi,t + Θi V′
i,t for i = 1, . . . , N (2.13)
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and V′′
t ≡

(
V′′

1,t, . . . , V′′
N,t

)
. Recalling that Z and Θ1, . . . , ΘN are independent

Bernoulli random variables with parameters ζ∆t and θ1∆t, . . . , θN∆t, respectively,
introducing the diagonal matrix

Θ := diag (Θ1, . . . , ΘN)

and rewriting the vector Wt as

Wt = (I − Θ) Vt + Θ V′
t,

where I is the identity matrix, yields

⟨Φ (It, Wt)⟩ = ⟨Φ (It, Vt)⟩ P(Θ = 0)

+ ∑
h∈I

〈
Φ
(

It, V′,h
t

)〉
P(Θh = 1 ∧ Θj = 0 ∀j ̸= h)

+ o.t. , (2.14)

In (2.14), P(·) is the notation that we will be using for probability, 0 is the null
matrix,

V′,h
t :=

(
V1,t, . . . , Vh−1,t, V′

h,t, Vh+1,t, . . . , VN,t

)
, (2.15)

and o.t. are all the other terms accounting for the remaining cases in which multiple
diagonal elements of the matrix Θ are equal to 1, i.e. higher order terms in ∆t which
will formally vanish in the limit ∆t → 0. Using (2.14), we rewrite (2.13) as

⟨Φ (It+∆t, Vt+∆t)⟩ =
[

∑
h∈I

〈
Φ
(

It, V′,h
t

)〉
P(Θh = 1 ∧ Θj = 0 ∀j ̸= h)

+ ⟨Φ (It, Vt)⟩ P(Θ = 0) + o.t.
]
(1 − ζ∆t)

+ r
〈
Φ
(

I′t , V′′
t
)〉

ζ∆t + (1 − r)
〈
Φ
(

I′′t , V′′
t
)〉

ζ∆t (2.16)

and then, using the fact that, as proved in Lemma 2.1,

P(Θ = 0) = ∏
h∈I

(1 − θh∆t) = 1 − ∆t ∑
h∈I

θh + o(∆t), (2.17)

P(Θh = 1 ∧ Θj = 0 ∀j ̸= h) = θh∆t ∏
j∈I
j ̸=h

(1 − θj∆t) = θh∆t + o(∆t)

and
o.t. = o(∆t), (2.18)
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with a little algebra we rewrite (2.16) as

⟨Φ (It+∆t, Vt+∆t)⟩ = ⟨Φ (It, Vt)⟩

+ ∆t ∑
h∈I

θh

( 〈
Φ
(

It, V′,h
t

)〉
− ⟨Φ (It, Vt)⟩

)
+ ∆t ζ

(
r
〈
Φ
(

I′t , V′′
t
)〉

+ (1 − r)
〈
Φ
(

I′′t , V′′
t
)〉

− ⟨Φ (It, Vt)⟩
)

+ o(∆t).

(2.19)

From (2.19), rearranging terms, dividing through by ∆t and letting ∆t → 0+, we
formally obtain the following evolution equation

d
dt

⟨Φ (It, Vt)⟩ = ∑
h∈I

θh

( 〈
Φ
(

It, V′,h
t

)〉
− ⟨Φ (It, Vt)⟩

)
+ ζ

(
r
〈
Φ
(

I′t , V′′
t
)〉

+ (1 − r)
〈
Φ
(

I′′t , V′′
t
)〉

− ⟨Φ (It, Vt)⟩
)

, (2.20)

which can be regarded as a weak form of the conservation equation for the prob-
ability density function f (t, i, v). Expressing the expectations ⟨·⟩ in (2.20) in terms
of sums and integrals against the probability density function f , and using (2.8a),
(2.9a), and (2.10a), the evolution equation (2.20) can then be rewritten as

d
dt ∑

l∈I

∫
V

Φ(l, v) f (t, l, v)dv =

= ∑
h∈I

θh

[
∑
l∈I

∫
V

Φ(l, v′,h)

(∫
Vh

T(v′h|l, v) f (t, l, v)dvh

)
dv′,h − ∑

l∈I

∫
V

Φ(l, v) f (t, l, v)dv

]
︸ ︷︷ ︸

=: i⃝

+ ζ r ∑
l∈I

∫
V

Φ(l, v′′)

(
∑
j∈I

∫
V
T (l, v′′|j, v) f (t, j, v)dv

)
dv′′

︸ ︷︷ ︸
=: ii⃝

+ ζ (1 − r) ∑
l∈I

∫
V

Φ(l, v′′)

(
∑
k∈I

∑
j∈I

∫
V

∫
V
Tk(l, v′′|j, v, k, v∗k ) f (t, j, v) f (t, k, v∗)dvdv∗

)
dv′′

︸ ︷︷ ︸
=: iii⃝

− ζ ∑
l∈I

∫
V

Φ(l, v) f (t, l, v)dv︸ ︷︷ ︸
=: iv⃝

, (2.21)

where, recalling the notation (2.15), v′,h = (v1, . . . , vh−1, v′h, vh+1, . . . , vN).

From (2.21) we now derive a weak form of the IDE system (2.12). To do so, we
choose

Φ(l, v) := δi,l ϕ(vi) 1iV̂ (
iv̂), (2.22)

where iV̂ and iv̂ are defined via (2.7), δ is the Kronecker delta, 1iV̂ is the indicator
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function of the set iV̂ , and ϕ ∈ C∞(Vi) is a smooth test function. We then substi-
tute (2.22) into (2.21) and, for ease of presentation, carry out calculations for the
left-hand side (LHS) of (2.21) and the terms i⃝- iv⃝ on the right-hand side (RHS)
of (2.21) one by one.

LHS of (2.21) Recalling (2.11), substituting (2.22) into the LHS of (2.21) yields

d
dt ∑

l∈I

∫
V

Φ(l, v) f (t, l, v)dv =
∫
Vi

ϕ(vi) ∂tni(t, vi)dvi. (2.23)

i⃝ on the RHS of (2.21) Recalling (2.11), substituting (2.22) along with (2.8b) into
i⃝ yields

i⃝ = θi

[∫
Vi

∫
Vi

ϕ(v′i)Ki(v′i|vi)ni(t, vi)dv′idvi −
∫
Vi

ϕ(vi)ni(t, vi)dvi

]
+ ∑

h∈I
h ̸=i

θh

[∫
Vi

∫
Vh

ϕ(vi)δvh(v
′
h) ni(t, vi)dv′hdvi −

∫
Vi

ϕ(vi)ni(t, vi)dvi

]

= θi

[∫
Vi

∫
Vi

ϕ(v′i)Ki(v′i|vi)ni(t, vi)dv′idvi −
∫
Vi

ϕ(vi)ni(t, vi)dvi

]
,

from which, swapping v′i and vi in the first integral and then rearranging terms, we
find

i⃝ =
∫
Vi

ϕ(vi)

{
θi

[∫
Vi

Ki(vi|v′i)ni(t, v′i)dv′i − ni(t, vi)

]}
dvi. (2.24)

ii⃝ on the RHS of (2.21) Substituting first (2.22) and then (2.9b) into ii⃝ and rear-
ranging terms yields

ii⃝ =
∫
Vi

ϕ(v′′i )

(
∑
j∈I

∫
iV̂

∫
V
T (i, v′′|j, v) f (t, j, v)dvdiv̂′′

)
dv′′i

=
∫
Vi

ϕ(v′′i )

∑
j∈I
j ̸=i

∫
iV̂

∫
V

δiv̂′′(
iv̂)p(i|j, vj)P(v′′i |i, j, vj) f (t, j, v)dvdiv̂′′

dv′′i

+
∫
Vi

ϕ(v′′i )
(∫

iV̂

∫
V

δiv̂′′(
iv̂)p(i|i, vi)δv′′i

(vi) f (t, i, v)dvdiv̂′′
)

dv′′i

=
∫
Vi

ϕ(v′′i )

∑
j∈I
j ̸=i

∫
V

p(i|j, vj)P(v′′i |i, j, vj) f (t, j, v)dv

dv′′i
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+
∫
Vi

ϕ(v′′i )
(∫

V
p(i|i, vi)δvi (v

′′
i ) f (t, i, v)dv

)
dv′′i ,

from which, recalling (2.11), using the relation (2.5a) and renaming v′′i to vi, we find

ii⃝ =
∫
Vi

ϕ(vi)

{
∑
j∈I
j ̸=i

∫
Vj

p(i | j, vj) P(vi | i, j, vj) nj(t, vj)dvj

+

(
1 − ∑

j∈I
j ̸=i

p(j | i, vi)

)
ni(t, vi)

}
dvi. (2.25)

iii⃝ on the RHS of (2.21) Substituting first (2.22) and then (2.10b) into iii⃝ and rear-
ranging terms yields

iii⃝ =
∫
Vi

ϕ(v′′i )

(
∑
k∈I

∑
j∈I

∫
iV̂

∫
V

∫
V
Tk(i, v′′|j, v, k, v∗k ) f (t, j, v) f (t, k, v∗)dvdv∗div̂′′

)
dv′′i

=
∫
Vi

ϕ(v′′i )

∑
k∈I

∑
j∈I
j ̸=i

∫
iV̂

∫
V

∫
V

δiv̂′′(
iv̂)q(i|j, vj, k, v∗k )Q(v′′i |i, j, vj, k, v∗k ) f (t, j, v) f (t, k, v∗)dvdv∗div̂′′

dv′′i

+
∫
Vi

ϕ(v′′i )

(
∑
k∈I

∫
iV̂

∫
V

∫
V

δiv̂′′(
iv̂)q(i|i, vi, k, v∗k )δv′′i

(vi) f (t, i, v) f (t, k, v∗)dvdv∗div̂′′
)

dv′′i

=
∫
Vi

ϕ(v′′i )

∑
k∈I

∑
j∈I
j ̸=i

∫
V

∫
V

q(i|j, vj, k, v∗k )Q(v′′i |i, j, vj, k, v∗k ) f (t, j, v) f (t, k, v∗)dvdv∗

dv′′i

+
∫
Vi

ϕ(v′′i )

(
∑
k∈I

∫
V

∫
V

q(i|i, vi, k, v∗k )δvi (v
′′
i ) f (t, i, v) f (t, k, v∗)dvdv∗

)
dv′′i .

Then, recalling (2.11), computing the integrals with respect to all the components
of v except vj and all the components of v∗ except v∗k , using the relation (2.5b) along
with the fact that (cf. the integral identity (2.2))

∑
k∈I

∫
Vk

nk(t, v∗k )dv∗k = 1 ∀ t ∈ [0, ∞),



2.3. Mesoscopic model 61

and renaming v′′i to vi and v∗k to vk, we find

iii⃝ =
∫
Vi

ϕ(vi)

∑
k∈I

∑
j∈I
j ̸=i

∫
Vk

∫
Vj

q(i|j, vj, k, vk)Q(vi|i, j, vj, k, vk)nj(t, vj)nk(t, vk)dvjdvk

dvi

+
∫
Vi

ϕ(vi)


1 − ∑

k∈I
∑
j∈I
j ̸=i

∫
Vk

q(j|i, vi, k, vk)nk(t, vk)dvk

 ni(t, vi)

dvi.

(2.26)

iv⃝ on the RHS of (2.21) Recalling (2.11), substituting (2.22) into iv⃝ yields

iv⃝ =
∫
Vi

ϕ(vi) ni(t, vi)dvi. (2.27)

Substituting (2.23), (2.24), (2.25), (2.26), and (2.27) into (2.21), after a little algebra
one obtains a weak formulation of the IDE system (2.12).

2.3.1 Macroscopic model

In this section, we aim to recover a macroscopic representation of heterogeneously
structured compartmental epidemiological systems starting from the mesoscopic
representation provided by the IDE system (2.12), i.e. to obtain a set of equations
describing the time evolution of macroscopic quantities such as the fractions of
individuals in the various compartments

Ni(t) :=
∫
Vi

ni(t, vi)dvi, i ∈ I ,

and the mean values of the compartment-specific structuring variables

Mi(t) :=
1

Ni(t)

∫
Vi

vini(t, vi)dvi, i ∈ I .

Integrating directly the IDE system (2.12) does not produce closed equations for
these quantities. For instance, in the case of the Ni’s, noticing that∫

Vi

(∫
Vi

Ki(vi|v′i)ni(t, v′i)dv′i − ni(t, vi)

)
dvi = 0 (2.28)
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because of (2.3b), one finds

dNi
dt

= ζr ∑
j∈I
j ̸=i

(∫
Vi

∫
Vj

p(i|j, vj)P(vi|i, j, vj)nj(t, vj)dvjdvi −
∫
Vi

p(j|i, vi)ni(t, vi)dvi

)

+ ζ(1 − r) ∑
k∈I

∑
j∈I
j ̸=i

(∫
Vi

∫
Vj

∫
Vk

q(i|j, vj, k, vk)Q(vi|i, j, vj, k, vk)nk(t, vk)nj(t, vj)dvkdvjdvi

−
∫
Vi

∫
Vk

q(j|i, vi, k, vk)nk(t, vk)ni(t, vi)dvkdvi

)
,

which still requires the knowledge of the population density functions. To circum-
vent this difficulty, we adopt a procedure reminiscent of the hydrodynamic limit.
In statistical mechanics, this approach allows one to derive macroscopic evolu-
tion PDEs for quantities such as bulk density, velocity, and energy from the un-
derlying microscopic representation, in the limit of a small hydrodynamic parame-
ter—typically the Knudsen number.

We introduce a small scaling parameter 0 < ε ≪ 1 and let ζ = ε in (2.12). Since
ζ is the rate at which compartment switching occurs, this amounts to assuming a
quasi-invariant regime of transitions across the compartments. In other words, the
probability that individuals leave their compartments over time is small. To com-
pensate for such a smallness, thereby enabling the observation of significant time
trends, we scale simultaneously the time variable as t → t/ε. Upon introducing the
scaled population density functions

nε
i (t, vi) := ni

( t
ε , vi

)
, i ∈ I ,

whence ∂tnε
i =

1
ε ∂tni, we rewrite (2.12) as

ε∂tnε
i (t, vi) = θi

(∫
Vi

Ki(vi|v′i)nε
i (t, v′i)dv′i − nε

i (t, vi)

)
+ εr ∑

j∈I
j ̸=i

(∫
Vj

p(i|j, vj)P(vi|i, j, vj)nε
j(t, vj)dvj − p(j|i, vi)nε

i (t, vi)

)

+ ε(1 − r) ∑
k∈I

∑
j∈I
j ̸=i

(∫
Vj

∫
Vk

q(i|j, vj, k, vk)Q(vi|i, j, vj, k, vk)nε
k(t, vk)nε

j(t, vj)dvkdvj

− nε
i (t, vi)

∫
Vk

q(j|i, vi, k, vk)nε
k(t, vk)dvk

)
. (2.29)
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Integrating both sides with respect to vi and recalling (2.28), we obtain

d
dt

∫
Vi

nε
i (t, vi)dvi = r ∑

j∈I
j ̸=i

∫
Vi

(∫
Vj

p(i|j, vj)P(vi|i, j, vj)nε
j(t, vj)dvj − p(j|i, vi)nε

i (t, vi)

)
dvi

+ (1 − r) ∑
k∈I

∑
j∈I
j ̸=i

∫
Vi

(∫
Vj

∫
Vk

q(i|j, vj, k, vk)Q(vi|i, j, vj, k, vk)

× nε
k(t, vk)nε

j(t, vj)dvkdvj

− nε
i (t, vi)

∫
Vk

q(j|i, vi, k, vk)nε
k(t, vk)dvk

)
dvi (2.30)

for all ε > 0. To proceed further, we assume that the Ki’s are conservative also on
average, i.e. ∫

Vi

viKi(vi|v′i)dvi = v′i ∀ v′i ∈ Vi, ∀ i ∈ I , (2.31)

so that ∫
Vi

vi

(∫
Vi

Ki(vi|v′i)nε
i (t, v′i)dv′i − nε

i (t, vi)

)
dvi = 0.

Hence, multiplying (2.29) by vi and integrating with respect to vi itself we find

d
dt

∫
Vi

vinε
i (t, vi)dvi = r ∑

j∈I
j ̸=i

(∫
Vj

p(i|j, vj)P̄(i, j, vj)nε
j(t, vj)dvj −

∫
Vi

p(j|i, vi)vinε
i (t, vi)dvi

)

+ (1 − r) ∑
k∈I

∑
j∈I
j ̸=i

( ∫
Vj

∫
Vk

q(i|j, vj, k, vk)Q̄(i, j, vj, k, vk)

× nε
k(t, vk)nε

j(t, vj)dvkdvj

−
∫
Vi

vinε
i (t, vi)

∫
Vk

q(j|i, vi, k, vk)nε
k(t, vk)dvkdvi

)
(2.32)

for all ε > 0, where we have used the following definitions:

P̄(i, j, vj) :=
∫
Vi

viP(vi|i, j, vj)dvi, Q̄(i, j, vj, k, vk) :=
∫
Vi

viQ(vi|i, j, vj, k, vk)dvi.

To discover a universal trend valid in the regime of small ε we pass now to the limit
ε → 0+. To do so, we assume that nε

i converges to some n0
i , i ∈ I , which, owing

to (2.29), formally satisfies∫
Vi

Ki(vi|v′i)n0
i (t, v′i)dv′i − n0

i (t, vi) = 0.
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Therefore, n0
i is an eigenfunction of the integral operator ψ 7→

∫
Vi

K(vi|v′i)ψ(t, v′i)dv′i
associated with the eigenvalue 1 and such that∫

Vi

n0
i (t, vi)dvi = N0

i (t),
∫
Vi

vin0
i (t, vi)dvi = N0

i (t)M0
i (t),

N0
i , M0

i being the limit values of the scaled fraction and mean compartment-specific
structuring variable of the individuals in compartment i ∈ I . Following [110], we
let n0

i (t, vi) = N0
i (t)ψi(t, vi), where ψi fulfills∫

Vi

ψi(t, vi)dvi = 1,
∫
Vi

viψi(t, vi)dvi = M0
i (t).

Then, letting, without loss of generality, Vi = [
¯
vi, v̄i] with

¯
vi < v̄i, under assump-

tions (2.3a), (2.3b), (2.3c), and (2.31), it is possible to prove, see again [110], that
there exists a unique ψi, which is in the form

ψi(t, vi) = (1 − M0
i (t))δ¯

vi (vi) + M0
i (t)δv̄i (vi), i ∈ I ,

so that finally there exists a unique n0
i , which is in the form

n0
i (t, vi) = N0

i (t)(1 − M0
i (t))δ¯

vi (vi) + N0
i (t)M0

i (t)δv̄i (vi), i ∈ I .

In the following, without loss of generality, we set
¯
vi = 0 and v̄i = 1, that is,

Vi = [0, 1] ∀ i ∈ I . (2.33)

Substituting the expressions for the n0
i ’s just found into (2.30), after passing there

to the limit ε → 0+, and dropping the superscripts “0” for convenience, yields

dNi
dt

= r ∑
j∈I
j ̸=i

[(
p(i|j, 0)(1 − Mj) + p(i|j, 1)Mj

)
Nj −

(
p(j|i, 0)(1 − Mi) + p(j|i, 1)Mi

)
Ni

]

+ (1 − r) ∑
k∈I

∑
j∈I
j ̸=i

[(
q(i|j, 0, k, 0)(1 − Mj)(1 − Mk) + q(i|j, 1, k, 0)Mj(1 − Mk)

+ q(i|j, 0, k, 1)(1 − Mj)Mk + q(i|j, 1, k, 1)Mj Mk

)
Nj

−
(

q(j|i, 0, k, 0)(1 − Mi)(1 − Mk) + q(j|i, 1, k, 0)Mi(1 − Mk)

+ q(j|i, 0, k, 1)(1 − Mi)Mk + q(j|i, 1, k, 1)Mi Mk

)
Ni

]
Nk. (2.34)

Note that, as expected, the ODE system (2.34) is mass-preserving, that is,

d
dt ∑

i∈I
Ni(t) = 0 ∀ t > 0 =⇒ ∑

i∈I
Ni(t) = ∑

i∈I
Ni(0) ∀ t > 0. (2.35)
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Similarly, substituting the expressions for the n0
i ’s found above into (2.32), after

passing also there to the limit ε → 0+, and dropping again the superscripts “0”,
gives

d
dt

(Ni Mi) = r ∑
j∈I
j ̸=i

[(
p(i|j, 0)P̄(i, j, 0)(1 − Mj) + p(i|j, 1)P̄(i, j, 1)Mj

)
Nj − p(j|i, 1)Ni Mi

]

+ (1 − r) ∑
k∈I

∑
j∈I
j ̸=i

[(
q(i|j, 0, k, 0)Q̄(i, j, 0, k, 0)(1 − Mj)(1 − Mk)

+ q(i|j, 1, k, 0)Q̄(i, j, 1, k, 0)Mj(1 − Mk)

+ q(i|j, 0, k, 1)Q̄(i, j, 0, k, 1)(1 − Mj)Mk

+ q(i|j, 1, k, 1)Q̄(i, j, 1, k, 1)Mj Mk

)
Nj

−
(

q(j|i, 1, k, 0)Mi(1 − Mk) + q(j|i, 1, k, 1)Mi Mk

)
Ni

]
Nk. (2.36)

The ODE system (2.34),(2.36) constitutes, for i ∈ I , a self-consistent compartmen-
tal model describing the evolution in time of the macroscopic quantities Ni, Mi in
terms of the microscopic information contained in the model parameter r and func-
tions p, q, P̄, and Q̄.

2.3.2 The homogeneous case

A considerable simplification of the ODE system (2.34),(2.36) is obtained in the ho-
mogeneous case, i.e. when one assumes that the functions p, q, P̄, and Q̄ depend on
the compartment indices but are independent of the structuring variables, that is,

p(j|i, vi) ≡ p(j|i), P̄(i, j, vj) ≡ P̄(i, j),

q(j|i, vi, k, vk) ≡ q(j|i, k), Q̄(i, j, vj, k, vk) ≡ Q̄(i, j, k).

In this case, recalling (2.4), we then find that (2.34) can be written in the form

dNi
dt

= r ∑
j∈I
j ̸=i

(
p(i | j)Nj − p(j | i)Ni

)
+ (1 − r) ∑

k∈I
∑
j∈I
j ̸=i

(
q(i | j, k)Nj − q(j | i, k)Ni

)
Nk, i ∈ I . (2.37)

Notice that (2.37) is a self-consistent system in the unknowns Ni, i ∈ I . In other
words, in the homogeneous case the evolution of the fractions of individuals is
independent of that of the mean values of the compartment-specific structuring
variables. The same is not true in the general case (2.34), owing to the coupling
produced by the inhomogeneous coefficients p and q. This result makes it possible
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to assimilate (2.37) to a classical compartmental model of population dynamics. On
the other hand, unlike a classical compartmental model, the framework defined
by (2.34),(2.36) still allows one to track the evolution in time of the mean values of
the compartment-specific structuring variables in consequence of the transitions of
the individuals between the various compartments. In fact, from (2.36), under the
homogeneity assumption, we find

d
dt

(Ni Mi) = r

∑
j∈I
j ̸=i

p(i|j)P̄(i, j)Nj − (1 − p(i|i))Ni Mi


+ (1 − r) ∑

k∈I
∑
j∈I
j ̸=i

(
q(i|j, k)Q̄(i, j, k)Nj − q(j|i, k)Ni Mi

)
Nk, i ∈ I ,

which, developing the time derivative on the left-hand side and using (2.37), fur-
ther becomes

dMi
dt

=
r

Ni
∑
j∈I
j ̸=i

p(i|j)
(

P̄(i, j)− Mi
)

Nj

+
1 − r

Ni
∑
k∈I

∑
j∈I
j ̸=i

q(i|j, k)
(
Q̄(i, j, k)− Mi

)
NjNk, i ∈ I . (2.38)

We notice that when Ni approaches 0 a singularity in (2.38) has to be expected.
Moreover, we observe that the right-hand side of (2.38) is linear in Mi and, there-
fore, the existence of an endemic equilibrium (N∗

i )i∈I ∈ (0, 1)N of (2.37) implies
straightforwardly the existence of a corresponding equilibrium (M∗

i )i∈I ∈ [0, 1]N .
In such a case, if (N∗

i )i∈I is asymptotically stable then (M∗
i )i∈I inherits the same

stability property.

2.3.2.1 Basic reproduction number R0

In this section, we apply the Next Generation Matrix method [64, 65, 144] to derive
the basic reproduction number R0 of the ODE system (2.37). We remark that the
construction presented here reduces the method to its most elementary building
blocks, which are the probabilities of leaving each infectious compartments and the
probabilities of contaminating a susceptible individual upon interacting with them.
This way, we elucidate the structural microscopic origin of an aggregate parameter
as significant as R0 in the context of compartmental epidemiological models.

Without loss of generality, we assume that i = 1 corresponds to the Susceptible
compartment. We focus on systems of ODEs of type (2.37) which possess only one
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Disease Free Equilibrium (DFE) of the form

(N1, N2, . . . , NN) = (1, 0, . . . , 0). (2.39)

Such systems are quite common in the literature, see Section 2.4 for specific case
studies.

The entry (i, j) of the Jacobian matrix J of (2.37) is given by

Jij = r
(

p(i|j)− δi,j
)

+ (1 − r)

∑
l∈I
l ̸=i

(
q(i|l, j)Nl − q(l|i, j)Ni

)
+ ∑

k∈I
q(i|j, k)Nk(1 − δi,j)− ∑

k∈I
∑
l∈I
l ̸=i

q(l|i, k)Nkδi,j

 ,

where δ is the Kronecker delta, cf. (2.22). Evaluating at the DFE (2.39), this produces

Jij(DFE) = r
(

p(i|j)− δi,j
)

+ (1 − r)

q(i|1, j)(1 − δi,1)− ∑
l∈I
l ̸=i

q(l|i, j)δi,1 + q(i|j, 1)(1 − δi,j)− ∑
l∈I
l ̸=i

q(l|i, 1)δi,j

 .

Next, we consider the sub-matrix J∗(DFE) of J(DFE) determined by infectious or
infection-related (such as, for instance, Exposed, Asymptomatic, etc) compartments
and we seek a decomposition of the form

J∗(DFE) = A − B,

where the matrix A has non-negative entries and represents transmission, whereas
the matrix B is invertible and represents transitions. There is not a unique way to
define these two matrices. However, considering their respective interpretations,
natural definitions for their entries are

Aij := (1 − r)
(

q(i | 1, j)(1 − δi,1)− ∑
l∈I
l ̸=i

q(l | i, j)δi,1

+ q(i | j, 1)(1 − δi,j)− ∑
l∈I
l ̸=i

q(l | i, 1)δi,j

)
,

Bij := r
(
δi,j − p(i | j)

)
(2.40)

for all i, j ∈ I associated with infectious or infection-related compartments. Notice
that, owing to (2.4a), Gershgorin first theorem applied to the columns of B ensures
that all the eigenvalues of B have strictly non-negative real parts. Nevertheless,
the origin of the complex plane may be contained in each of the Gershgorin discs;
hence, we do not know in general whether B is invertible or not. A simple criterion
ensuring invertibility is that there exists at least one non-infectious compartment



68 Chapter 2. A multi-compartmental integro-differential model for phenotype
structured population

that can be reached with a spontaneous flow from each infectious compartment.
This will be the case in all the specific models we shall present in Section 2.4.

Assuming that B in (2.40) is invertible, the Next Generation Matrix method pro-
vides the basic reproduction number R0 as

R0 = ρ(AB−1), (2.41)

where ρ denotes the spectral radius.

One of the most classical results on compartmental models is the global stability of
the DFE under the condition R0 < 1. In addition to this, the modelling framework
based on (2.37) allows one to build compartmental models which exhibit both for-
ward and backward bifurcations at R0 = 1. In the former case, the DFE usually
loses stability as R0 becomes greater than 1, in favour of the stability of a (unique)
Endemic Equilibrium (EE). In the latter case, there exists a value R∗

0 ∈ (0, 1) such
that for R∗

0 < R0 < 1 the system exhibits bi-stability of DFE and EE as well as the
existence of an unstable EE at the boundary of the corresponding basins of attrac-
tion.

Another classical result is the existence of at least one EE when R0 > 1. However,
the modelling framework based on (2.37) presented here can easily be adapted to at
least one system which does not possess this characteristic, namely the celebrated
SIR model. Under the assumption R0 > 1, SIR orbits are indeed heteroclinic to
the set of null infection (see e.g. [98, Lemma 1] for a proof) and the system does
not possess any EE. Consequently, we cannot conclude, in general, the existence of
any EE for system (2.37) without referring to specific cases or enforcing additional
assumptions on the model functions p, q, P̄, and Q̄.

2.4 Case studies

In this section, we demonstrate, through a few case studies, how different clas-
sical compartmental epidemiological models can be derived from the ODE sys-
tem (2.37), under appropriate choices of the microscopic parameter functions p, q,
P̄, and Q̄. In contrast to their classical counterparts, the models here derived com-
prise also a system of ODEs for the mean values of the corresponding compartment-
specific structuring variables, which is obtained from the ODE system (2.38), thus
providing a richer description of the dynamics of the epidemiological system con-
sidered.

For every case study, we specify the choices of the microscopic parameter functions
p, q, P̄, and Q̄ under which (2.37) reduces to the ODE system of the classical model.
Moreover, we compare numerical solutions and analytical results of the ODEs of
the macroscopic model with the results of Monte Carlo simulations of the under-
lying individual-based model, and show that there is excellent agreement between
them. This provides validation of the formal procedures employed in Sections 2.3
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and 2.3.1 to obtain first the IDE system (2.12) and then the ODE systems (2.37)
and (2.38) from the individual-based model governed by the system (2.6). Simu-
lations were performed in Matlab (version 2023a). The macroscopic ODE systems
were solved using standard numerical routines (i.e. ode45 in MATLAB 2023a), as
they are low-dimensional and not stiff. By contrast, due to large number of agents,
Monte Carlo simulations of the individual-based model required more attention.
In particular, algorithms were implemented avoiding unnecessary loops and mak-
ing use of vectorised operations, which significantly improved efficiency. As a re-
sult, we were able to carry out simulations involving up to 106 agents per run on
a standard personal computer (12th Gen Intel(R) Core(TM) i7-1260P, 2.10 GHz, 12
cores, 16 logical processors, 16 GB RAM). We note that more complex scenarios
may require larger numbers of agents to ensure statistical convergence, in which
case additional computational resources would be beneficial.

For consistency with the extant literature, in each case study we use an alphabetic
index set I rather than a numerical one. For instance, in the case of three compart-
ments of Susceptible, Infectious, and Recovered individuals, we set I = {S, I, R}
instead of I = {1, 2, 3}. Moreover, for consistency with (2.33), we choose Vi =
[0, 1] for all i ∈ I . The values of key parameters of the macroscopic models used
in numerical simulations are provided in the captions of Figures 2.3, 2.5, 2.7, while
the definitions of the model parameters and functions that are used to carry out
Monte Carlo simulations of the individual-based models are specify in the relative
sections. Finally, the initial conditions for the fractions of individuals in the various
compartments are such that, consistently with (2.2), the following normalisation
condition holds:

∑
i∈I

Ni(0) = 1.

Since the macroscopic model and the underlying microscopic model are mass-
preserving, cf. (2.35), such a normalisation condition then holds for all t > 0, i.e.

∑
i∈I

Ni(t) = 1 ∀ t > 0.

We notice that in all cases considered here the components of the unique DFE, cf.
(2.39), are NS = 1 and Nj = 0 for all j ∈ I with j ̸= S.

2.4.1 SIRS model

Considering an SIRS system, we take N = 3 and I = {S, I, R}. As per the dia-
gram displayed in Figure 2.2, only the following types of compartment switching
occur: S → I (driven by the interaction between a susceptible and an infectious
individual), I → R (spontaneous), and R → S (spontaneous). Therefore, the non-
vanishing transition probabilities are q(I|S, I), p(R|I), and p(S|R), whereas all the
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NS NI

NR

(1 − r)q(I|S, I)NS NI

rp(R|I)NI
rp(S|R)NR

FIGURE 2.2: Flow diagram of the SIRS model

remaining p’s and q’s are zero. The ODE system (2.37) then reduces to

dNS
dt

= rp(S|R)NR − (1 − r)q(I|S, I)NSNI ,

dNI
dt

= −rp(R|I)NI + (1 − r)q(I|S, I)NSNI ,

dNR
dt

= r
(

p(R|I)NI − p(S|R)NR
)
.

(2.42)

In particular, the matrices defined via (2.40) are scalar quantities, i.e.

A ≡ A = (1 − r)q(I|S, I), B ≡ B = r(1 − p(I|I)) = rp(R|I),

where the above expression for B follows from (2.4a), recalling that in this case
p(S|I) = 0. Finally, through (2.41), we find

R0 =
A
B

=
(1 − r)q(I|S, I)

rp(R|I) .

This coincides with the basic reproduction number classically computed as the ratio
between the rate at which susceptible individuals become infectious and that at
which infectious individuals become recovered, which from (2.42) are indeed (1 −
r)q(I|S, I) and rp(R|I), respectively.

The DFE (NS, NI , NR) = (1, 0, 0) is globally asymptotically stable when R0 < 1,
cf. [42]. Conversely, when R0 > 1 there is a unique EE of components

N∗
S =

1
R0

, N∗
I =

p(S|R)
p(S|R) + p(R|I)

(
1 − 1

R0

)
, N∗

R = 1 − N∗
S − N∗

I ,

which is globally stable, cf. [126].

Moreover, in this case the compartment-specific structuring variables can be in-
terpreted as: (i) the level of resistance to infection in compartment i = S; (ii) the
level of viral load in compartment i = I; (iii) the level of immunity in compartment
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i = R. The evolution of their mean values is governed by the following ODE sys-
tem, which is derived from (2.38):

dMS
dt

= r
p(S|R)(P̄(S, R)− MS)

NS
NR,

dMI
dt

= (1 − r)q(I|S, I)(Q̄(I, S, I)− MI)NS,

dMR
dt

= r
p(R|I)(P̄(R, I)− MR)

NR
NI ,

(2.43)

the equilibrium of which corresponding to the EE of (2.42) is

M∗
S = P̄(S, R), M∗

I = Q̄(I, S, I), M∗
R = P̄(R, I).

Simulation set-up. For the Monte Carlo simulations of the individual-based model,
the following parameters and functions are used:

∆t = 10−2, r = 0.5, θi = 0.5 ∀ i ∈ I ,

Ki(v′i|vi) := δ(v′i − vi) ∀ i ∈ I ,

p(j|i, vi) ≡ p(j|i) :=


δjS for i = S,
0.2 δjR + 0.8 δjI for i = I,
0.1 δjS + 0.9 δjR for i = R,

q(j|i, vi, k, v∗k ) ≡ q(j|i, k) :=

{
0.4 δjI + 0.6 δjS for i = S, k = I,
δji otherwise.

Moreover, the relevant terms P and Q are

P(v′′j |j, i) :=

{
1[0, 1](v′′j ), for j = R, i = I,
5
3 1[0, 0.6](v′′j ) for j = S, i = R,

Q(v′′j |j, i, k) := 5
4 1[0, 0.8](v

′′
j ) for j = k = I, i = S.

At the initial time t = 0, the individuals in the various compartments are dis-
tributed according to

ni(0, vi) :=
Ni(0)

2Mi(0)
1[0, 2Mi(0)](vi), i ∈ I ,

where the values of Ni(0) and Mi(0) are reported in the caption of Figure 2.3.

The plots in Figure 2.3 show a comparison between numerical solutions of the ODE
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FIGURE 2.3: SIRS model. Solid lines: numerical solutions of (2.42) (panel (a))
and (2.43) (panel (b)); circles: results of Monte Carlo simulations of the individual-
based model; dashed lines: analytical equilibria. Relevant parameters: R0 = 2,
rp(S|R) = 0.05, (1 − r)q(I|S, I) = 0.2, rp(R|I) = 0.1, P̄(S, R) = 0.3, Q̄(I, S, I) = 0.4,
P̄(R, I) = 0.5. Initial condition: (NS(0), NI(0), NR(0), MS(0), MI(0), MR(0)) =
(0.98, 0.01, 0.01, 0.5, 0, 0.6). Simulations are carried out using 106 agents.

NS

NI NT

NP NY

NR
rp(T|I)NI

rp(P|T)NT

rp(S|P)NP

rp(R|Y)NY
rp(P|R)NR

FIGURE 2.4: Flow diagram of the SIRS model with secondary infections. The infection
rates between NS and NI (primary) and between NP and NY (secondary) are omitted to
avoid overcrowding

systems (2.42) and (2.43) and the results of Monte Carlo simulations of the corre-
sponding individual-based model for the case where R0 > 1.

2.4.2 SIRS model with secondary infections

Within the general formulation provided by (2.37), we can model systems exhibit-
ing either forward bifurcations when R0 = 1, such as the SIRS model presented
in Section 2.4.1, or backward bifurcations. In the former case, one usually expects
global asymptotic stability of the DFE when R0 < 1, and global asymptotic sta-
bility of the EE when R0 > 1. On the contrary, in the latter case there exists a
value R∗

0 ∈ (0, 1) of the basic reproduction number such that for R∗
0 < R0 < 1
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the system exhibits bi-stability between the DFE and one EE along with a second
unstable EE. This happens, for instance, in the SIRS model with secondary infec-
tions [99], which can be recast in the form (2.37) with N = 6 compartments and
I = {S, I, T, P, Y, R}. Specifically, besides the compartments i = S, I, R, three
additional compartments are introduced: (i) i = T, comprising the individuals
that are temporarily immune after recovering from a primary infection; (ii) i = P,
comprising partly susceptible individuals that lost their transient immunity after
recovering from a primary infection; (iii) and i = Y, comprising the individuals
that undergo a secondary infection. On the basis of the diagram of Figure 2.4, the
ODE system (2.37) particularises to

dNS
dt

= rp(S|P)NP − (1 − r)
(
q(I|S, I)NI + q(I|S, Y)NY

)
NS,

dNI
dt

= −rp(T|I)NI + (1 − r)
(
q(I|S, I)NI + q(I|S, Y)NY

)
NS,

dNT
dt

= r
(

p(T|I)NI − p(P|T)NT
)
,

dNP
dt

= r
(

p(P|T)NT − p(S|P)NP + p(P|R)NR
)
− (1 − r)

(
q(Y|P, I)NI + q(Y|P, Y)NY

)
NP,

dNY
dt

= −rp(R|Y)NY + (1 − r)
(
q(Y|P, I)NI + q(Y|P, Y)NY

)
NP,

dNR
dt

= r
(

p(R|Y)NY − p(P|R)NR
)
.

(2.44)

Since both i = I and i = Y are infectious compartment, in this case the matrices
defined via (2.40) are

A =

(
(1 − r)q(I|S, I) (1 − r)q(I|S, Y)

0 0

)
, B =

(
rp(T|I) 0

0 rp(R|Y)

)
,

whence

AB−1 =

(
(1−r)q(I|S,I)

rp(T|I)
(1−r)q(I|S,Y)

rp(R|Y)
0 0

)
,

and consequently, through (2.41), we find

R0 =
(1 − r)q(I|S, I)

rp(T|I) .

Notice that the above expression of R0 does not depend directly on any transition
probability related to secondary infections.

Moreover, in this case the additional compartment-specific structuring variables
can be interpreted as: (i) the level of temporary immunity in compartment i = T;
(ii) the level of partial immunity in compartment i = P; (iii) the level of viral load
following a secondary infection in compartment i = Y. The evolution of the mean
values of the compartment-specific structuring variables is in this case governed by
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the following ODE system, which is derived from (2.38):

dMS
dt

= r
p(S|P)(P̄(S, P)− MS)NP

NS
,

dMI
dt

= (1 − r)
q(I|S, I)

(
Q̄(I, S, I)− MI

)
NI + q(I|S, Y)

(
Q̄(I, S, Y)− MI

)
NY

NI
NS,

dMT
dt

= r
p(T|I)

(
P̄(T, I)− MT

)
NT

NI ,

dMP
dt

= r
p(P|T)(P̄(P, T)− MP)NT + p(P|R)(P̄(P, R)− MP)NR

NP
,

dMY
dt

= (1 − r)
q(Y|P, I)

(
Q̄(Y, P, I)− MY

)
NI + q(Y|P, Y)

(
Q̄(Y, P, Y)− MY

)
NY

NY
NP,

dMR
dt

= r
p(R|Y)

(
P̄(R, Y)− MR

)
NR

NY.

(2.45)

Simulation set-up. For the Monte Carlo simulations, the following parameters
and functions are used:

∆t = 10−2, r = 0.5, θi = 0.5 ∀ i ∈ I ,

Ki(v′i|vi) := δ(v′i − vi) ∀ i ∈ I ,

p(j|i, vi) ≡ p(j|i) :=



δjS for i = S,
0.25 δjT + 0.75 δjI for i = I,
0.30 δjP + 0.70 δjT for i = T,
0.15 δjS + 0.85 δjP for i = P,
0.25 δjR + 0.75 δjY for i = Y,
0.15 δjP + 0.85 δjR for i = R,

q(j|i, vi, k, v∗k ) ≡ q(j|i, k) :=



0.245δjI + 0.755δjS for i = S, k = I,
0.490δjI + 0.510δjS for i = S, k = Y,
0.490δjY + 0.510δjP for i = P, k = I,
0.980δjY + 0.020δjP for i = P, k = Y,
δji otherwise.

The relevant terms P and Q are

P(v′′j |j, i) :=



10
171[0, 1.7](v′′j ) for j = T, i = I,
5
81[0, 1.6](v′′j ) for j = P, i = T,
5
81[0, 1.6](v′′j ) for j = S, i = P,
5
91[0, 1.8](v′′j ) for j = R, i = Y,
5
41[0, 0.8](v′′j ) for j = P, i = R,
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FIGURE 2.5: SIRS model with secondary infections. Solid lines: numerical solutions
of (2.44) (panel (a)) and (2.45) (panel (b)); circles: results of Monte Carlo simulations
of the individual-based model; dashed lines: analytical equilibria. Relevant param-
eters: p(S|P) = p(P|R) = 0.5p(P|T), rp(P|T) = 0.15, (1 − r)q(I|S, I) = 0.1225,
q(I|S, Y) = 2q(I|S, I), rp(T|I) = 0.125, q(Y|P, I) = 2q(I|S, I), rp(R|Y) = 0.125,
P̄(S, P) = 0.8, Q̄(I, S, I) = 0.7, Q̄(I, S, Y) = 0.6, P̄(T, I) = 0.85, P̄(P, T) = 0.8,
P̄(P, R) = 0.4, Q̄(Y, P, I) = 0.6, Q̄(Y, P, Y) = 0.5, P̄(R, Y) = 0.9. Initial condition:
(NS(0), NI(0), NT(0), NP(0), NY(0), NR(0), MS(0), MI(0), MT(0), MP(0), MY(0), MR(0)) =
(0.91, 0.05, 0.01, 0.01, 0.01, 0.01, 0.2, 0.3, 0.8, 0.5, 0.9, 0.7). Simulations are carried out
using 106 agents.

Q(v′′j |j, i, k) :=


5
71[0, 1.4](v′′j ) for j = k = I, i = S,
5
61[0, 1.2](v′′j ) for j = I, i = S, k = Y,
5
61[0, 1.2](v′′j ) for j = Y, i = P, k = I,

1[0, 1](v′′j ) for j = k = Y, i = P.

At the initial time t = 0, the distributions are

ni(0, vi) :=
Ni(0)

2Mi(0)
1[0, 2Mi(0)](vi), i ∈ I ,

with Ni(0) and Mi(0) given in the caption of Figure 2.5.

The plots in Figure 2.5 show a comparison between numerical solutions of the ODE
systems (2.44) and (2.45) and the results of Monte Carlo simulations, which indicate
that convergence to the EE occurs even though R0 < 1.

2.4.3 SIRWS model

We present now a model, also included in the framework (2.37), wherein interaction-
driven compartmental switching does not lead individuals to enter an infectious
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NS NI

NRNW

(1 − r)q(I|S, I)NSNI

rp(R|I)NIrp(S|W)NW

rp(W|R)NR

(1 − r)q(R|W, I)NW NI

FIGURE 2.6: Flow diagram of the SIRWS model

compartment. Specifically, to consider the SIRWS model [57, 98], we choose N = 4
and I = {S, I, R, W}, where the compartment i = W comprises individuals un-
dergoing a “waning immunity” phase: while in this compartment, interacting with
an infectious individual boosts the immunity, which induces a switch back to com-
partment i = R. Otherwise, an individual will eventually lose immunity com-
pletely and move to compartment i = S.

In [57, 98] the authors include demography, which we neglect here so as to recast
their model in our framework. Following the diagram depicted in Figure 2.6, we
derive from (2.37) the following ODE system:

dNS
dt

= rp(S|W)NW − (1 − r)q(I|S, I)NSNI ,

dNI
dt

= −rp(R|I)NI + (1 − r)q(I|S, I)NSNI ,

dNR
dt

= r
(

p(R|I)NI − p(W|R)NR
)
+ (1 − r)q(R|W, I)NW NI ,

dNW
dt

= r
(

p(W|R)NR − p(S|W)NW
)
− (1 − r)q(R|W, I)NW NI .

(2.46)

The matrices A and B of this system are again scalar quantities, as it is the case for
the ODE system (2.42), because only one infectious compartment is present, that is,

A ≡ A = (1 − r)q(I|S, I), B ≡ B = r
(
1 − p(I|I)

)
= rp(R|I).

The above expression for B follows from (2.4a) together with the fact that, in this
model, p(S|I) = p(W|I) = 0. Through (2.41) we find

R0 =
A
B

=
(1 − r)q(I|S, I)

rp(R|I) ,

i.e. the same basic reproduction number as that of the SIRS model.

Moreover, in this case the additional compartment-specific structuring variable can
be interpreted as the level of immunity in compartment i = W. The evolution of the
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mean values of the compartment-specific structuring variables is now governed by
the following ODE system, which is again derived from (2.38):

dMS
dt

= r
p(S|W)(P̄(S, W)− MS)

NS
NW ,

dMI
dt

= (1 − r)q(I|S, I)(Q̄(I, S, I)− MI)NS,

dMR
dt

=
rp(R|I)(P̄(R, I)− MR) + (1 − r)q(R|W, I)(Q̄(R, W, I)− MR)NW

NR
NI ,

dMW
dt

= r
p(W|R)(P̄(W, R)− MW)

NW
NR.

d

(2.47)
Assuming that the fractions of individuals in each compartment tend asymptoti-
cally in time to the EE, say (N∗

S , N∗
I , N∗

R, N∗
W), we see from (2.47) that the corre-

sponding mean compartment-specific structuring variables tend to M∗
S = P̄(S, R),

M∗
I = Q̄(I, S, I), M∗

W = P̄(W, R), and

M∗
R =

rp(R|I)P̄(R, I) + (1 − r)q(R|W, I)Q̄(R, W, I)N∗
W

rp(R|I) + (1 − r)q(R|W, I)N∗
W

.

Since the SIRWS model admits periodic limit cycles, see [57, 98], we might observe
periodic fluctuations in MR, which depend on NW , while the mean values of all
the other compartment-specific structuring variables, which are independent of the
fractions of individuals in the various compartments, converge to an equilibrium.
To better investigate this possibility, we look at the equilibrium value of MR as a
function of NW

MR(NW) =
rp(R|I)P̄(R, I) + (1 − r)q(R|W, I)Q̄(R, W, I)NW

rp(R|I) + (1 − r)q(R|W, I)NW

and we compute

dMR
dNW

= r(1 − r)p(R|I)q(R|W, I)
Q̄(R, W, I)− P̄(R, I)

(rp(R|I) + (1 − r)q(R|W, I)NW)2 ,

whence we discover that MR is strictly increasing or decreasing with respect to
NW depending on the sign of Q̄(R, W, I) − P̄(R, I). In particular, Q̄(R, W, I) >
P̄(R, I) results in peaks of MR while Q̄(R, W, I) < P̄(R, I) in dips of MR. If in-
stead Q̄(R, W, I) = P̄(R, I) then MR does not oscillate. Moreover, large values
of Q̄(R, W, I) − P̄(R, I) result in large excursions of MR away from the equilib-
rium value M∗

R. Nevertheless, we observe that the term NI in the equation for
MR in (2.47) makes the evolution of MR quite slow if the epidemic is dormant, i.e.
NI ≈ 0. Therefore, excursions away from M∗

R can be clearly observed only when
NI grows sufficiently far from 0.
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Simulation set-up. For the Monte Carlo simulations, the following parameters
and functions are used:

∆t = 0.0032, r = 0.05, θi = 0.5 ∀ i ∈ I ,

Ki(v′i|vi) := δ(v′i − vi) ∀ i ∈ I , ∀ i ∈ I ,

p(j|i, vi) ≡ p(j|i) :=


δji for i = S,
0.5806 δjR + 0.4194 δjI for i = I,
0.0323 δjW + 0.9677 δjR for i = R,
0.0323 δjS + 0.9677 δjW for i = W,

q(j|i, vi, k, v∗k ) ≡ q(j|i, k) :=


0.1019 δjI + 0.8981 δjS for i = S, k = I,
0.5093 δjR + 0.4907 δjW for i = W, k = I,
δji otherwise.

Moreover, the terms P(v′′j |j, i, vi) ≡ P(v′′j |j, i) and Q(v′′j |j, i, vi, k, v∗k ) ≡ Q(v′′j |j, i, k)
which are relevant (i.e. either different from zero or with j ̸= i) for the present case
study are defined as

P(v′′j |j, i) :=


5
41[0, 0.8](v′′j ) for j = R, i = I,
5
21[0, 0.4](v′′j ) for j = W, i = R,
5
31[0, 0.6](v′′j ) for j = S, i = W,

Q(v′′j |j, i, k) :=

{
5
41[0, 0.8](v′′j ) for j = k = I, i = S,
5
91[0, 1.8](v′′j ) for j = R, i = W, k = I.

At the initial time t = 0, the individuals in the various compartments are dis-
tributed according to the following distributions:

ni(0, vi) :=
Ni(0)

2Mi(0)
1[0, 2Mi(0)](vi), i ∈ I ,

where the values of Ni(0) and Mi(0) are reported in the caption of Figure 2.7.

The plots in Figure 2.7 show a comparison between numerical solutions of the ODE
systems (2.46) and (2.47) and the results of Monte Carlo simulations of the corre-
sponding individual-based model. Notice how MR reacts to the dips of NW , which
coincide with the spikes of NI representing consequent epidemic waves.
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(a) (b)

FIGURE 2.7: SIRWS model (without demography). Solid lines: numerical solutions
of (2.46) (panel (a)) and (2.47) (panel (b)); circles: results of Monte Carlo simulations of
the individual-based model governed by (2.6) adapted to this case. Relevant param-
eters: rp(S|W) = rp(W|R) = 1/3100, (1 − r)q(I|S, I) = 3/31, rp(R|I) = 17/310,
q(R|W, I) = 10q(I|S, I), (1 − r)q(R|W, I) = 30/31, P̄(S, W) = 0.3, Q̄(I, S, I) =
0.4, Q̄(R, W, I) = 0.9, P̄(R, I) = 0.4, P̄(W, R) = 0.2. Hence, R0 = 30/17.
Initial condition: (NS(0), NI(0), NR(0), NW(0), MS(0), MI(0), MR(0), MW(0)) =
(0.97, 0.01, 0.01, 0.01, 0.5, 0, 0.6, 0). Monte Carlo simulations are carried out using 106

agents.

2.5 Concluding remarks

This chapter is part of the construction of a general framework aimed at systemat-
ically bridging the different scales. In particular, we have developed a framework
for modelling heterogeneous, compartmental, and structured epidemiological sys-
tems, following an approach already partially introduced in the previous chapter.
The construction reintroduces labels for the compartments (i ∈ I) and continu-
ous structural variables vi ∈ Vi for each i ∈ I . In this context, these variables
represent the expression level of a specific trait associated with each compartment.
This structure allows for a more detailed depiction of the individual profile and is
particularly well suited to epidemiological models, where, for instance, infected in-
dividuals can be represented by a viral load parameter, while recovered individuals
are characterised by a resistance parameter to infection.

For the evolution of the microscopic state, we once again rely on the study of the
random vector (It, Vt). The random variables, respectively, provide information on
the compartment to which the individual belongs and the value of the expressed
traits. Changes in the microscopic state thus correspond to the evolution of these
random variables: on the one hand, the expression levels of specific traits evolve
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over time; on the other hand, individuals may transition between different com-
partments. These transitions may occur either spontaneously or as a result of in-
teractions with other individuals, whether from the same compartment or from
different ones.

We first formulated a stochastic individual-based model that tracks the dynamics of
single individuals, from which we formally derived the corresponding mesoscopic
model, which consists of the IDE system (2.12) for the population density functions,
ni(t, vi), of the various compartments at time t.

So far, this construction reflects the aim of providing a representation as compre-
hensive as possible of the interactions across the different descriptive scales. How-
ever, such a structure makes the model extremely difficult to analyse in its full gen-
erality. For this reason, a number of simplifying assumptions are introduced.

First, we consider an appropriately rescaled version of the system, given by the IDE
system (2.29), and perform formal asymptotic analyses to derive the corresponding
macroscopic model. The resulting macroscopic formulation consists of the ODE
system (2.34), (2.36), which governs the fractions Ni(t) of individuals in the differ-
ent compartments and the mean values Mi(t) of the compartment-specific struc-
turing variables. In this ODE system, the evolution of these macroscopic quantities
is expressed in terms of the microscopic information encoded in the model param-
eters and functions.

Second, in order to restrict attention to a class of models more directly applicable
to epidemiology, we introduce a homogeneity assumption in the dynamics. Specif-
ically, we assume that the model functions depend on the compartment indices
but are independent of the structuring variables. Under this assumption, the ODE
system (2.34), (2.36) reduces to the simpler systems (2.37) and (2.38). Employing
the Next Generation Matrix approach, we then derive a general expression for the
basic reproduction number R0, in terms of key parameters and functions of the un-
derlying microscopic model. This illustrates how the framework developed here
allows one to establish explicit connections between fundamental individual-level
processes and population-scale dynamics.

Moreover, in this chapter we applied the modelling framework to case studies from
classical compartmental epidemiological systems (i.e. the SIRS model, the SIRS
model with secondary infections, and the SIRWS model) and, for each of them, we
showed that there is excellent agreement between the results of Monte Carlo simu-
lations of the individual-based model and both numerical solutions and analytical
results of the macroscopic model. This validates the internal consistency of the
modelling framework and the formal limiting procedures employed to obtain the
mesoscopic and macroscopic models from the underlying individual-based model.
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Chapter 3

A phenotype structured
integro-differential model for
nutrient-consumer dynamics
Derivation and asymptotic analysis

3.1 Introduction

In the previous chapters, we developed and analysed models describing the evolu-
tionary dynamics of structured populations divided into multiple compartments.
In this chapter, we extend the framework to study the co-evolutionary dynamics
of two distinct but interacting subsystems, each organised into compartments and
endowed with its own structural heterogeneity. Unlike the setting of Chapter 1,
where effective analysis was restricted to a single compartment, or that of Chap-
ter 2, where a single population was distributed across N compartments, here we
consider two different populations. Consequently, only two structuring variables
are required, one for each subsystem, treating the population as a whole rather than
with heterogeneity at the compartment level.

We focus on the biologically relevant case in which the two subsystems correspond
to nutrients and consumer agents. The first subsystem describes nutrients which are
not treated as a homogeneous substrate, as often assumed in the literature (cf. [12–
14, 59, 66, 115, 122]), but are modelled with a structural variable x ∈ Ωx ⊂ R that
captures internal heterogeneity. To enforce conservation of the total amount of nu-
trients, we distinguish between two compartments: substrate of available resources
and reserve of consumed units, which can be regenerated and reintroduced into the
substrate.

The second subsystem consists of consumer agents, characterised by a structural
variable y ∈ Ωy ⊂ R. They are divided into three compartments: non-reproductive
individuals that accumulate resources, reproductive individuals ready to generate
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offspring, and a reservoir that collects naturally dying agents and provides the mass
required for reproduction.

FIRST SUBSYSTEM

Nutrients
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SECOND SUBSYSTEM

Non-Reproductive
Individuals

Reproductive
Individuals

Reservoir

Death

Reproduction

FIGURE 3.1: Modelling strategies used to describe the underlying biological processes.

This organisation, summarized in Figure 3.1, guarantees a twofold conservation
property: the total mass of the system is preserved, and within it the amounts of
nutrients and agents are conserved separately. Thus, the framework describes the
joint dynamics of two interacting populations, each with its own structural variable
and compartmental organisation.

Transitions between compartments are mediated by suitable kernels, which govern
changes in the microscopic state due to binary interactions. Following the approach
introduced in Chapter 1 and Chapter 2, the transition probabilities are expressed
through the realisation parameters associated with Bernoulli random variables de-
pending on the initial microscopic state. Moreover, unlike the abstract construction
introduced in the previous chapter, in the present model, the trait acquired after a
compartmental switch is determined purely deterministic. In particular, the coun-
terparts of the kernels P and Q defined in the points (IIa) and (IIb) of Section 2.2
are here represented by Dirac distributions. This implies that, at the moment of
the switch, the individual assumes a new trait fully determined by its initial state
and by the type of transition, without the involvement of stochastic mechanisms
representing spontaneous variations. The only exception to this Markovian setting
occurs in the spontaneous transition to the reserve compartment, which represents,
as in Chapter 1, the death of an individual. In this case, the structural variable is
not preserved, so that the compartment can be treated as unstructured.

The resulting model is a framework that unifies the conceptual tools of the previ-
ous chapters while extending them to capture the coupled evolution of nutrients
and consumers in a single, analytically tractable system. To this end, we exploit
the conservative nature of the model and consider a fast-proliferation limit, which
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allows us to reduce the system to a pair of integro-differential equations. For this
reduced system, we first establish a well-posedness theorem, providing the a priori
estimates required to investigate the asymptotic dynamics. Then, we identify the
survival set of traits, that is, the unique region of the domain where a positive net
growth rate is attainable. This enables us to characterise the long-term behaviour of
the two subsystems, distinguishing between regimes leading to saturation, extinc-
tion, or selection. Interestingly, although the model is formally based on an indirect
interaction mechanism between consumers, its structure still gives rise to emergent
behaviours that resemble those of direct competition models, as observed in re-
lated ecological frameworks [122]. These theoretical scenarios are illustrated and
validated through dedicated numerical simulations.

3.2 Stochastic agent-based model

We consider N = 5 interacting compartments, indexed by i ∈ I := {1, . . . , 5}. In
this case, however, only two structuring variables are introduced, since the system
consists of two subsystems: the nutrients and the consumer agents. We denote
respectively these variables by x ∈ Ωx ⊂ R and y ∈ Ωy ⊂ R, where both Ωx and
Ωy are bounded intervals. Here, x represents the structuring variable for nutrients,
while y represents the structuring variable for agents.

At each time t ∈ [0, ∞), all units are regarded as indistinguishable except for their
microscopic state, represented by the random variables (It, Vt). The discrete ran-
dom variable It ∈ I identifies the compartment to which a given individual be-
longs at time t, while the continuous random variable Vt := (Vx,t, Vy,t) ∈ Ω :=
Ωx × Ωy ⊂ R2 describes the expression levels of the traits across the two subsys-
tems. We write

(It, Vt) ∼ f (t, i, x, y), (3.1)

where the symbol ∼ indicates that the random vector is distributed according to the
probability distribution f . Such a function f : [0, ∞)×I × Ω → R+ is a probability
density, therefore we have

5

∑
i=1

∫
Ω

f (t, i, v)dv = 1 ∀t ∈ [0, ∞), (3.2)

where we denote v = (x, y).

In the present model, we neglect intra-compartment mutations. This assumption
reflects the goal of focusing the analysis on the interactions between the two sub-
systems rather than on variations occurring within each compartment. However,
we note that including such mutations would not entail substantial complications
in the microscopic derivation and would be a natural extension of the present work.

Compartment switches are allowed with rate ζ. A fraction r(i) of these transitions
occurs spontaneously, while the remaining fraction 1 − r(i) results from pairwise
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interactions.
In summary, the processes included in our model are of two types.

Interaction-driven processes:

(I) Nutrient consumption. A binary interaction occurs between a nutrient unit
available in the substrate (compartment i = 2, trait x) and a consumer not yet
capable of proliferation (compartment i = 3, trait y). The interaction produces
a new individual that has reached reproductive maturity (compartment i = 4,
trait y) and a corresponding consumed nutrient unit (compartment i = 1, trait
x).

(II) Proliferation. This process involves an interaction between a reserve indi-
vidual (compartment i = 5, trait y0) and a mature individual (compartment
i = 4, trait y). The outcome is the production of two new agents in compart-
ment i = 3, both inheriting the parental trait y.

Spontaneous processes:

(III) Substrate regeneration. Consumed nutrient units (compartment i = 1, trait
x) are spontaneously regenerated into available substrate (compartment i =
2, trait x).

(IV) Death. A fraction of individuals not in a proliferation stage (compartment
i = 3, trait y) die spontaneously, moving to the reserve compartment (com-
partment i = 5, trait y0).

Remark 3.1. For notational convenience, in this section, we may denote the domains
of continuous structural variables by Ωj, as if each compartment were associated
with a distinct structural domain, while in fact there are only two: Ωx and Ωy.
Specifically, we set Ωj = Ωx for j ∈ {1, 2} and Ωj = Ωy for j ∈ {3, 4, 5}. This con-
vention reflects the distinction between the compartments related to nutrient units
(the first two) and those related to consumers (the remaining three). Accordingly,
we may denote by v the pair (x, y) and by vj the continuous variable associated
with compartment j, with vj = x for j ∈ {1, 2} and vj = y for j ∈ {3, 4, 5}. This
notation provides a uniform description while preserving the distinction between
the two subsystems.

Under these assumptions, the random process that governs the evolution of the
microscopic state (It, Vt) takes the following form

It+∆t = (1 − Z) It + Z [ΞI′t + (1 − Ξ)I′′t ] ,

Vx,t+∆t = (1 − Z)Vx,t + Z V′
x,t ,

Vy,t+∆t = (1 − Z)Vy,t + Z V′
y,t ,

(3.3)
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where Z and Ξ are independent Bernoulli random variables such that:

Prob (Z = 1 | It = i, Vx,t = xi, Vy,t = yi) = ζ∆t,

Prob (Ξ = 1 | It = i, Vx,t = xi, Vy,i = yi) = r(i),
(3.4)

We assume ∆t ζ ≤ 1, while no analogous restriction is needed for r(i), since r(i) ∈
[0, 1] for all i ∈ I . In system (3.3), the random variables I′t , I′′t ∈ I model, re-
spectively, the index of the new compartment reached following a spontaneous or
interaction-driven transition. The random variable V′

t = (V′
x,t, V′

y,t) ∈ Ω represents
the corresponding structural trait acquired by the individual. To complete the de-
scription of the dynamics, we let

(I′t , V′
t | It, Vt) ∼ P(i′, x′, y′ | i, x, y),

(I′′t , V′
t | It, Vt, I∗t , V∗

t ) ∼ Q(i′′, x′, y′ | i, x, y, i∗, x∗, y∗),
(3.5)

where P and Q represent the transition kernels for spontaneous and interaction-
driven processes, respectively. We now let

P(i′, v′ | i, v) :=


(

p2
1(x) δi′ ,2 + (1 − p2

1(x)) δi′ ,1
)

δx(x′) δy(y′) if i = 1,(
p5

3(y) δi′ ,5δy0(y
′) + (1 − p5

3(y)) δi′ ,3δy(y′)
)

δx(x′) if i = 3,

δi′ ,i δx(x′) δy(y′) otherwise.

(3.6)

Here, the functions pj
i(vi) denote the probability that an individual in compart-

ment i with trait vi spontaneously transitions to compartment j. The first line cor-
responds to the process (III), substrate regeneration: a consumed nutrient unit (i = 1)
may return to the available substrate (i′ = 2) with probability p2

1(x), keeping its trait
x unchanged. The second line describes the process (IV), death: non-reproductive
agents (i = 3) may be transferred to the reserve compartment (i′ = 5) with proba-
bility p5

3(y) and assigned the fixed trait y0, representing the loss of structural infor-
mation associated with death. For the interaction-driven transitions, we set:

Q(i′′, v′ | i, v, i∗, v∗) :=



(
q1

2,3(x, y∗)δi′′ ,1 + (1 − q1
2,3(x, y∗))δi′′ ,2

)
δy(y′)δx(x′) if i = 2, i∗ = 3,(

q4
3,2(y, x∗)δi′′ ,4 + (1 − q4

3,2(y, x∗))δi′′ ,3

)
δy(y′)δx(x′) if i = 3, i∗ = 2,(

q3
4,5(y, y∗)δi′′ ,3 + (1 − q3

4,5(y, y∗))δi′′ ,4

)
δy(y′)δx(x′) if i = 4, i∗ = 5,(

q3
5,4(y, y∗)δi′′ ,3 + (1 − q3

5,4(y, y∗))δi′′ ,5

)
δy∗(y′)δx(x′) if i = 5, i∗ = 4,

δi′′ ,iδy(y′)δx(x′) otherwise.

(3.7)

The functions qi′′
i,j(vi, vj) denote the probability that an individual initially in com-

partment i with trait vi, interacting with another individual in compartment j with
trait vj, transitions to compartment i′′. The first two lines describe the substrate
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consumption process (I): the first from the perspective of the nutrient unit, which
may be transferred to the consumed nutrient compartment (i′′ = 1) or remain in
the available substrate (i′′ = 2); the second from the perspective of the consumer,
which may acquire reproductive capability (i′′ = 4) or remain in its initial compart-
ment (i′′ = 3). The third and fourth lines describe the process of proliferation (II):
the third from the perspective of the parental individual (i = 4), which returns to
compartment i′′ = 3; the fourth from the perspective of the reserve agent (i = 5),
which may give birth in compartment i = 3. In both equations (3.6) and (3.7), the
Dirac measures δvi (v

′
j) ensure that the trait is preserved or modified according to

the nature of the process. Finally, δi,j denotes the Kronecker delta, equal to 1 if i = j
and 0 otherwise.

3.3 Mesoscopic model

Starting from system (3.3), our objective is to derive the mesoscopic model corre-
sponding to the microscopic formulation introduced in the previous section. In
particular, we are not interested in the fully general representation of the density
f (t, i, x, y) defined in (3.1), but rather in the marginal densities associated with the
five compartments under consideration:

c(t, x) :=
∫

Ωy
f (t, 1, x, y)dy (consumed nutrients),

s(t, x) :=
∫

Ωy
f (t, 2, x, y)dy (substrate),

n(t, y) :=
∫

Ωx
f (t, 3, x, y)dx (non-reproductive agents),

m(t, y) :=
∫

Ωx
f (t, 4, x, y)dx (reproductive agents),

h(t, y) :=
∫

Ωx
f (t, 5, x, y)dx (reserve).

(3.8)

Hence, we also define the corresponding masses as

C(t) :=
∫

Ωx
c(t, x)dx,

S(t) :=
∫

Ωx
s(t, x)dx,

N(t) :=
∫

Ωy
n(t, y)dy,

M(t) :=
∫

Ωy
m(t, y)dy,

H(t) :=
∫

Ωy
h(t, y)dy.

(3.9)
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General evolution for the expectation of observables The components of the
pair (It+∆t, Vt+∆t) are fully determined by system (3.3). Consequently, for any ob-
servable Φ : I × Ω → R, namely a generic test function defined on (i, v) ∈ I × Ω,
the expectation

⟨Φ(It, Vt)⟩ := ∑
i∈I

∫
Ω

Φ(i, v) f (t, i, v)dv, (3.10)

satisfies

⟨Φ (It+∆t, Vt+∆t)⟩ = ⟨Φ (It, Vt)⟩

+ ∆t ζ
( 〈

r(It)Φ
(

I′t , V′
t
)〉

+
〈
(1 − r(It))Φ

(
I′′t , V′

t
)〉

− ⟨Φ (It, Vt)⟩
)

+ o(∆t).

(3.11)

From the above equation, rearranging terms, dividing by ∆t and letting ∆t → 0+,
we formally obtain the following evolution equation:

d
dt

⟨Φ (It, Vt)⟩ = ζ
( 〈

r(It)Φ
(

I′t , V′
t
)〉

+
〈
(1 − r(It))Φ

(
I′′t , V′

t
)〉

− ⟨Φ (It, Vt)⟩
)

. (3.12)

Remark 3.1. In equation (3.12), the coefficient r(It) represents the fraction of in-
dividuals that, upon changing compartment, do so through spontaneous transi-
tions rather than binary interactions. Each compartment in the model is subject
exclusively to one of the two mechanisms, except for the compartment of non-
reproductive individuals (i = 3). For that, a spontaneous transition corresponds to
death, whereas interaction-driven transitions represent the attainment of reproduc-
tive maturity. Therefore, r(3) acquires a biological meaning: it can be interpreted as
an indicator of population health: lower values suggest growth-oriented dynamics,
while higher ones signal a tendency towards decline. To avoid introducing any bias
at this stage of the derivation, we adopt the neutral value r(3) = 0.5, together with
the following set of parameters:

Compartment i Value r(i)
1 1
2 0
3 0.5
4 0
5 0

(3.13)

Equation (3.12) can be interpreted as the weak formulation of the conservation law
for the distribution f (t, i, v). To derive its explicit form, we use definitions (3.6),
(3.7), (3.10), and (3.13). The expectations ⟨·⟩ in (3.12) can be expressed in terms
of sums and integrals against the probability density function f and consequently
rewritten as
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.

d
dt ∑

k∈I

∫
Ω

Φ(k, v) f (t, k, v)dv =

= ζ ∑
k∈I

∫
Ω

Φ(k, v′′)

(
∑
j∈I

r(j)
∫

Ω
P(k, v′′|j, v) f (t, j, v)dv

)
dv′′

︸ ︷︷ ︸
=: i⃝

+ ζ ∑
k∈I

∫
Ω

Φ(k, v′′)

(
∑

i′∈I
∑
j∈I

(1 − r(j))
∫

Ω

∫
Ω′

Q(k, v′′|j, v, i′, v′) f (t, j, v) f (t, i′, v′)dvdv′
)

dv′′

︸ ︷︷ ︸
=: ii⃝

− ζ ∑
k∈I

∫
Ω

Φ(k, v) f (t, k, v)dv︸ ︷︷ ︸
=: iii⃝

.

(3.14)

Starting from equation (3.14), we now derive the weak formulation of the system of
equations describing the evolution of the distributions introduced in (3.8). To this
end, we define the following test function:

Φ(k, v) :=

δi,k φ(x)1Ωy(y) if i ∈ {1, 2},

δi,k φ(y)1Ωx (x) if i ∈ {3, 4, 5},
(3.15)

where δ is the Kronecker delta, 1Ωj is the indicator function of the set Ωj, and φ ∈
C∞(Ωj) is a smooth test function. In the following, we carry out the calculations
in detail for the first compartment, while for the remaining four, we adopt a more
concise presentation, since the procedure is analogous.

Consumed nutrients (i = 1) The first compartment represents the consumed nu-
trients. Using definition (3.15) with i = 1, we immediately obtain:

d
dt ∑

k∈I

∫
Ω

Φ(k, v) f (t, k, v)dv =
∫

Ωy
φ(y) ∂tc(t, y)dy. (3.16)



3.3. Mesoscopic model 89

For the term i⃝ on the right-hand side of (3.14) we first substitute (3.13) and (3.6):

i⃝ = ∑
k∈I

∫
Ω

Φ(k, v′′)

(
1︸︷︷︸

r(1)

∫
Ω
P(k, v′′|1, v) f (t, 1, v)dv

+ 1
2︸︷︷︸

r(3)

∫
Ω
P(k, v′′|3, v) f (t, 3, v)dv

)
dv′′

= ∑
k∈I

∫
Ω

Φ(k, v′′)

( ∫
Ωx

(
p2

1(x) δk,2 + (1 − p2
1(x)) δk,1

)
δx(x′′) δy(y′′) f (t, 1, x, y)dxdy

+ 1
2

∫
Ω

(
p5

3(y) δk,5 δy0(y
′′) + (1 − p5

3(y)) δk,3δy(y′′)
)

δx(x′′) f (t, 3, x, y)dv

)
dv′′.

(3.17)

Now integrating, substituting (3.15) in (3.17) for i = 1, and recalling (3.8) we get

i⃝ =
∫

Ωx′′
φ(x′′)

(
1 − p2

1(x′′)
)

c(t, x′′)dx′′. (3.18)

For the term ii⃝ on the right-hand side of (3.14) we first substitute (3.13), (3.7), and
using (3.9) we get:

ii⃝ = ∑
k∈I

∫
Ω

Φ(k, v′′)

[
1︸︷︷︸

(1−r(2))

( ∫
Ω

∫
Ω′

(
q1

2,3(x, y′)δk,1 + (1 − q1
2,3(x, y′))δk,2

)
δy(y′′)δx(x′′) f (t, 2, x, y) f (t, 3, v′)dvdv′

+δk,2 f (t, 2, x′′, y′′)[1 − N(t)]
)

+ 1
2︸︷︷︸

(1−r(3))

( ∫
Ω

∫
Ω′

(
q4

3,2(y, x′)δk,4 + (1 − q4
3,2(y, x′))δk,3

)
δy(y′′)δx(x′′) f (t, 3, x, y) f (t, 2, v′)dvdv′

+δk,3 f (t, 3, x′′, y′′)[1 − S(t)]
)

+ 1︸︷︷︸
(1−r(4))

( ∫
Ω

∫
Ω′

(
q3

4,5(y, y′)δk,3 + (1 − q3
4,5(y, y′))δk,4

)
δy(y′′)δx(x′′) f (t, 4, x, y) f (t, 5, v′)dvdv′

+δk,4 f (t, 4, x′′, y′′)[1 − H(t)]
)

+ 1︸︷︷︸
(1−r(5))

( ∫
Ω

∫
Ω′

(
q3

5,4(y, y′)δk,3 + (1 − q3
5,4(y, y′))δk,5

)
δy(y′′)δx(x′′) f (t, 5, x, y) f (t, 4, v′)dvdv′

+δk,5 f (t, 5, x′′, y′′)[1 − M(t)]
)]

dv′′.

(3.19)
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Now integrating, substituting (3.15) in (3.19) for i = 1, and recalling (3.8) we get

ii⃝ =
∫

Ωx′′

∫
Ωy′

φ(x′′)q1
2,3(x′′, y′)n(t, y′)s(t, x′′)dy′dx′′. (3.20)

Then, for term iii⃝ in (3.14) using definition (3.15) for i = 1 we easily get

iii⃝ =
∫

Ωx
φ(x)c(t, x)dx. (3.21)

Finally, combining equations (3.16), (3.18), (3.20), and (3.21) we obtain
∫

Ωy
φ(x) ∂tc(t, x)dx = ζ

∫
Ωx

φ(x)
(
1 − p2

1(x)
)

c(t, x)dx + ζ
∫

Ωx

∫
Ωy

φ(x)q1
2,3(x, y)n(t, y)s(t, x)dydx

− ζ
∫

Ωx
φ(x)c(t, x)dx

= ζ
∫

Ωx
φ(x)

( ∫
Ωy

q1
2,3(x, y)n(t, y)dy s(t, x)− p2

1(x)c(t, x)

)
dx.

(3.22)

In equation (3.22), we obtained the weak formulation for the evolution of the distri-
bution associated with compartment i = 1, corresponding to consumed nutrients.
Proceeding in an entirely analogous way, it is possible to derive the weak formula-
tions for the distributions associated with the other compartments. These equations
are given by:

∫
Ωx

φ(x) ∂tc(t, x)dx = ζ
∫

Ωx
φ(x)

( ∫
Ωy

q1
2,3(x, y)n(t, y)dy s(t, x)− p2

1(x)c(t, x)

)
dx,

∫
Ωx

φ(x) ∂ts(t, x)dx = ζ
∫

Ωx
φ(x)

(
p2

1(x)c(t, x)−
∫

Ωy
q1

2,3(x, y)n(t, y)dy s(t, x)

)
dx,

∫
Ωy

φ(y) ∂tn(t, y)dy = ζ
∫

Ωy
φ(y)

[
2 q3

4,5(y)m(t, y) H(t)− 1
2

( ∫
Ωx

q4
3,2(y, x)s(t, x)dx n(t, y) + p5

3(y)n(t, y)
)]

dy,

∫
Ωy

φ(y) ∂tm(t, y)dy = ζ
∫

Ωy
φ(y)

(
1
2

∫
Ωx

q4
3,2(y, x)s(t, x)dx n(t, y)− q3

4,5(y)m(t, y) H(t)

)
dy,

∫
Ωy

φ(y) ∂th(t, y)dy = ζ
∫

Ωy
φ(y)

(
δy0(y)

∫
Ω′

p5
3(y

′)n(t, y′)dy′ − H(t)
∫

Ω∗
q3

4,5(y
∗)m(t, y∗)dy∗

)
dy.

(3.23)

We set q3
4,5(y, y′) ≡ q3

4,5(y) and q3
5,4(y, y′) ≡ q3

5,4(y
′), further imposing q3

4,5(y) =

q3
5,4(y

′). These assumptions reflect the modelling choice of not endowing agents
in compartment i = 5 with a structural variable, thereby making it natural to
assume that the transition probability is independent of the specific trait of indi-
viduals in this compartment. We observe that the fifth equation of system (3.23)
has a structure analogous to that presented in (1.18) for f0. Hence, by assuming
h(0, y) = H(0)δy0(y), one obtains h(t, y) = H(t)δy0(y) for all t > 0. This property
is consistent with the modelling assumption that all individuals in compartment
i = 5 share the same trait y0.
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Mass conservation By setting φ(x) = 1 in the equations of system (3.23) and
integrating over the corresponding domains, one obtains a system describing the
evolution of the masses associated with each compartment. Summing the five re-
sulting equations, and using the definition (3.9), we observe that

d
dt
(
C(t) + S(t) + N(t) + M(t) + H(t)

)
= 0 ∀ t > 0. (3.24)

It follows that the system conserves the total mass: the overall quantity of agents
and nutrients remains constant in time. Moreover, summing the first two equations
of system (3.23), we obtain∫

Ωx
φ(x) ∂t

(
c(t, x) + s(t, x)

)
dx = 0. (3.25)

This implies that there is mass preservation within the subsystem of nutrient units,
as so

c(t, x) + s(t, x) =: γ(x). (3.26)

Consequently, the first two equations of system (3.23) can be summarised into a
single equation for the substrate density alone:

∫
Ωx

φ(x) ∂ts(t, x)dx = ζ
∫

Ωx
φ(x)

[
p2

1(x)
(
γ(x)− s(t, x)

)
−
(∫

Ωy
q1

2,3(x, y) n(t, y)dy
)

s(t, x)
]

dx. (3.27)

In light of the previous observations, the system can be rewritten in a reduced form,
where the overall dynamics are described by the following three evolution equa-
tions:

∂ts(t, x) = p2
1(x) γ(x)− s(t, x)

(
p2

1(x) +
∫

Ωy
q1

2,3(x, y) n(t, y)dy
)

,

∂tn(t, y) = 2 q3
4,5(y)m(t, y) H(t)− 1

2 n(t, y)
(

p5
3(y) +

∫
Ωx

q4
3,2(y, x) s(t, x)dx

)
,

∂tm(t, y) = 1
2 n(t, y)

∫
Ωx

q4
3,2(y, x) s(t, x)dx − q3

4,5(y)m(t, y) H(t),

(3.28)

where we have set ζ ≡ 1, as it represents a scale coefficient at this level of analysis.
Since the evolution of h(t, y) occurs only through its aggregate mass, we omit the
corresponding equation for the density while keeping H(t) explicit for clarity, as
this term will be simplified in the following section.

3.4 Fast reproduction limit

To proceed with the analytical study of the system (3.28), an additional assumption
is required to reduce the system to only two equations. Hence, we assume that the
dynamics of m(t, y) evolve on a much faster time scale compared to those of n(t, y)
and s(t, x). This reflects the idea that the reproductive process reaches equilibrium
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almost instantaneously with respect to maturation and nutrient uptake. Formally,
this corresponds to imposing a quasi-stationarity condition on the evolution of m,
that is,

∂tm(t, y) = 0.

This assumption implicitly requires that the reservoir compartment is large enough
so that reproduction is always possible, provided that a sufficient amount of re-
sources is available. Under this assumption, the third equation of (3.28) reduces
to

0 = 1
2 n(t, y)

∫
Ωx

q4
3,2(y, x) s(t, x)dx − q3

4,5(y)m(t, y) H(t),

which gives

m(t, y) =
n(t, y)

∫
Ωx

q4
3,2(y, x) s(t, x)dx

2 q3
4,5(y) H(t)

.

Substituting this expression into the second equation of system (3.28), we obtain
the following for n(t, y):

∂tn(t, y) =
(

3
2

∫
Ω

q4
3,2(y, x)s(t, x)dx − p5

3(y)
)

n(t, y).

Therefore, the resulting reduced system reads:
∂ts(t, x) = p2

1(x) γ(x)− s(t, x)
(

p2
1(x) +

∫
Ωy

q1
2,3(x, y) n(t, y)dy

)
,

∂tn(t, y) =

(
1
2

∫
Ω

q4
3,2(y, x)s(t, x)dx − p5

3(y)
)

n(t, y).
(3.29)

We note that the system derived above retains notation tied to the original five-
compartment microscopic model. In particular, rate functions such as p2

1(x), q1
2,3(x, y),

q4
3,2(y, x), and p5

3(y) reflect compartment indices, which are no longer explicit in the
reduced system. To improve clarity and align terminology with biological mean-
ing, we introduce a new notation for the rate functions in Table 3.1.

With this new notation, the system 3.29 can be written as:{
∂ts(t, x) = α(x)γ(x)− Λ(x,Nη)s(t, x),

∂tn(t, y) = R(y,Sβ) n(t, y),
(3.30)

where

Λ(x,Nη) =α(x) +Nη(t, x) Nη(t, x) :=
∫

Ωy
η(x, y) n(t, y)dy,

R(y,Sβ) =Sβ(t, y)− κ(y) Sβ(t, y) :=
∫

Ωx
β(x, y) s(t, x)dx.

(3.31)
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The system is complemented by the initial conditions s(0, x) = s0(x) and n(0, y) =
n0(y).

TABLE 3.1: Correspondence between original and updated notation for rate functions.

Old notation New notation Biological interpretation

p2
1(x) α(x) Regeneration rate of nutrients

q1
2,3(x, y) η(x, y) Uptake rate of nutrients by individuals

p5
3(y) κ(y) Mortality rate of individuals

1
2 q4

3,2(y, x) β(x, y) Reproduction rate via nutrient intake

3.4.1 Well-posedness

We now establish the existence of solutions to system (3.30)- 3.31. At this stage, we
may still consider a bounded Ω ⊂ R2; however, for the asymptotic analysis, it is
preferable to assume that the domain is compact. The key ingredients, reported
below, are suitable assumptions on the regularity and positivity of the coefficients,
as well as L1–L∞ bounds on the initial data.

Hypothesis 1. Let the rate functions and initial data satisfy:

(H1) α ∈ W1,∞(Ωx) and α(x) ≥ α > 0 ∀ x ∈ Ωx, κ ∈ W1,∞(Ωy) and κ(y) ≥ κ > 0
∀ y ∈ Ωy;

(H2) γ ∈ L∞(Ωx), with γ(x) nonnegative;

(H3) η, β ∈ W1,∞(Ωx × Ωy) and strictly positive;

(H4) η = χβ, where χ > 1, χ ∈ N, represents the number of nutrient units required
for the proliferation of one individual;

(H5) s0 ∈ C(Ωx) nonnegative and n0 ∈ C(Ωy) with n0(y) > 0 for all y ∈ Ωy.

Theorem 3.1 (Well-posedness). Let all the above hypotheses hold, then the Cauchy prob-
lem (3.30)-(3.31) admits a unique nonnegative solution (s, n) with s ∈ C(R+, L1(Ωx))
and n ∈ C(R+, L1(Ωy)). Moreover, there exists M > 0 such that

||n(t, ·)||L1(Ω) + ||s(t, ·)||L1(Ω) ≤ M ∀t > 0. (3.32)
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Proof. Notation. Let us recall the notation v = (x, y) ∈ Ωx × Ωy =: Ω and z =
(s, n), and consider the Banach spaces

(P, || · ||P), P :=
{

z = (s, n) : s ∈ L1(Ωx), n ∈ L1(Ωy)
}

,

||z(t, ·)||P = ||s(t, ·)||L1 + ||n(t, ·)||L1 ,

(B, ||·||), B := C([0, T], P), ||z||B = sup
t∈[0,T]

||z(t, ·)||P,

where T ∈ R+. Now, we consider

Fs[z](t, x) = γ(x)α(x)− s(t, x)
(

α(x) +
∫

Ω
η(x, y)n(t, y)dy

)
,

Fn[z](t, y) =
(∫

Ω
β(x, y)s(t, x)dx − κ(y)

)
n(t, y).

Therefore, we can write{
∂tz(t, v) = F[z](t, v),

(t, v) ∈ [0, T]× Ω,
z(v, 0) = z0(v) := (s0, n0),

(3.33)

where F[z](t, v) = (Fs[z](t, x), Fn[z](t, y)). We also note that

z(t, v) = G[z](t, v), with G[z](t, v) = z(0, v) +
∫ t

0
F[z](s, v)ds. (3.34)

Local well posedness. Let all the previous hypotheses hold. Then, for any z, µ ∈ B

with z(0, v) = µ(0, v) = z0(v), the operator G satisfies the following estimates

||G[z]||B ≤ T
[

2
(

max{||κ||L∞ , ||α||L∞}+ max{||η||L∞ , ||β||L∞}||z||B
)
||z||B

+ ||γ||L1 ||α||L∞

]
+ ||z0||P,

(3.35)

∥G[z]− G[µ]∥B ≤ 2T
(

max
{
∥κ∥L∞ , ∥α∥L∞

}
+ max

{
∥η∥L∞ , ∥β∥L∞

}(
∥z∥B + ∥µ∥B

))
∥z − µ∥B.

(3.36)

We note that the second estimate (3.36) is a consequence of the estimate (3.35).
Therefore, we provide the proof of (3.35). Considering hypothesis 1 we derive

||Fs[z](t, x)||L1 ≤ ||γ||L1 ||α||L∞ + ||α||L∞ ||s(t, ·)||L1 + ||η||L∞ ||s(t, ·)||L1 ||n(t, ·)||L1 ,
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||Fn[z](t, y)||L1 ≤ ||κ||L∞ ||n(t, ·)||L1 + ||β||L∞ ||s(t, ·)||L1 ||n(t, ·)||L1 .

Hence,
∥F[z]∥P = ∥Fs[z](t, x)∥L1 + ∥Fn[z](t, y)∥L1

≤
[
∥γ∥L∞∥α∥L1 + 2

(
max{∥κ∥L∞ , ∥α∥L∞}

+ max{∥η∥L∞ , ∥β∥L∞} ∥z∥P

)
∥z∥P

]
.

(3.37)

Now, recalling G defined in (3.34) we have

||G[z]||P ≤ ||z0||P +
∫ t

0
||F[z]||Pds,

which combined with (3.37) gives us (3.35) and guarantees that G maps B into it-
self. Moreover, thanks to (3.36) there exists a T∗ > 0 such that G is a contrac-
tion on B. Consequently, the Banach–Caccioppoli fixed-point theorem implies that,
for any T < T∗, the operator G : B → B admits a unique fixed point z ∈ B.
Therefore, the Cauchy problem (3.33) admits a unique solution with components
s ∈ C([0, T], L1(Ωx)) and n ∈ C([0, T], L1(Ωy)).

Non-negativity of s and n Solving the IDE (3.30) for s(t, x) subject to the initial
condition a0 yields the semi-explicit formula

s(t, x) = s0(x) e−
∫ t

0 Λ(x,Nη(θ))dθ + α(x)γ(x)
∫ t

0
e−
∫ t

σ Λ(x,Nη(τ))dτ dσ. (3.38)

Since the functions α(x) and γ(x) are positive and s0(x) is nonnegative, the above
formula implies that s is nonnegative. On the other hand, the semi-explicit solution
of (3.30) for n(t, y) given the initial condition n0(y) is

n(t, y) = n0(y)e
∫ t

0 R(y,Sβ(θ))dθ , (3.39)

from which we conclude that n is nonnegative due to the fact that the function
n0(y) is nonnegative.
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Uniform bound on ||z(t, ·)||P and on ||z||B First, we integrate and sum the two
equations of (3.30) and we get

d
dt

( ∫
Ωx

s(t, x)dx +
∫

Ωy
n(t, y)dy

)
=
∫

Ωx
α(x)γ(x)dx

−
∫

Ωx
α(x)s(t, x)dx −

∫
Ωy

κ(y)n(t, y)dy

+
∫

Ω
β(x, y)(1/χ − 1)n(t, y)s(t, x)dy dx.

(3.40)

Now, we note that, since the number of nutrient units needed for proliferation is
greater than 1 (χ > 1), the last right-hand side term is negative. Hence, we have

A(t) + N(t) ≤ max
{

A(0) + N(0),
α

min{α, κ}

∫
Ωx

γ(x)dx
}

:= M. (3.41)

Therefore, given the positivity of the solutions s and n, we have

||z(t, ·)||P ≤ M, (3.42)

and the bound is uniform in time, so we also have ||z||B ≤ M. The uniform bound
(3.42) guarantees that we can iterate the process performed locally in the first part of
the proof on new time intervals of the form [iT, (i + 1)T] with i ∈ N and therefore,
conclude our proof.

Corollary 3.2. Under the hypotheses of Theorem 3.1, assume in addition that

0 ≤ s0(x) ≤ γ(x) for a.e. x ∈ Ωx. (3.43)

Then, for every t ≥ 0, it holds

0 ≤ s(t, x) ≤ γ(x) for a.e. x ∈ Ωx.

Proof. From the first equation of system (3.30),

∂ts(t, x) = α(x)γ(x)− s(t, x)
(

α(x) +
∫

Ωy
η(x, y) n(t, y)dy

)
.

Since n(t, y) ≥ 0 and η(x, y) ≥ 0, we have

∂ts(t, x) ≤ α(x)γ(x)− α(x)s(t, x) = α(x)
(
γ(x)− s(t, x)

)
,

which can be rewritten as

∂t
(
eα(x)ts(t, x)

)
≤ α(x)γ(x)eα(x)t.



3.4. Fast reproduction limit 97

Integrating in time and dividing by eα(x)t, we obtain the explicit upper bound

s(t, x) ≤ γ(x) +
(
s0(x)− γ(x)

)
e−α(x)t.

Since s0(x) ≤ γ(x), the right–hand side is bounded above by γ(x).

The dynamics presented in (3.30) entail a form of indirect competition within the
consumer population. Indeed, examining the fitness term R(y,Sβ), it becomes clear
that it depends on n neither locally nor through any integral functional.
In [122], a model analogous to the one proposed here, motivated by specific biolog-
ical systems, such as those arising in phytoplankton ecology [131], was analysed.
There, an appropriate rescaling of the variables allows the system to be reformu-
lated as a direct-competition model. It is therefore reasonable to expect that, even
within the structure considered in this work, a formally indirect mechanism may
still exhibit emergent behaviour typical of direct competitive dynamics. In the fol-
lowing section, we show that convergence results consistent with this intuition nat-
urally emerge in the asymptotic regime of the system, without the need to introduce
any formal transformation of the model.

3.4.2 Asymptotic results

The well-posedness result allows us to investigate the asymptotic behaviour through
a suitable time rescaling. In fact, based on previous studies on the long-term be-
haviour of a continuously structured population model [59, 62, 66, 108], we intro-
duce a small parameter ε > 0 and use the time scaling t → t

ε , thus, considering
the asymptotic regime ε → 0 amounts to studying the behaviour of solutions to the
IDEs of the model on long time scales. With this scaling, the system (3.30) reads as

ε∂tsε(t, x) = α(x)γ(x)− Λε(x,N ε
η)sε(t, x),

ε∂tnε(t, y) = Rε(y,S ε
β) nε(t, y),

sε(0, x) = s0(x) nε(0, y) = n0(y),

(3.44)

where

Λε(x,N ε
η(t, x)) =α(x) +N ε

η(t, x) N ε
η(t, x) :=

∫
Ωy

η(x, y) nε(t, y)dy,

Rε(y,S ε
β(t, y)) =S ε

β(t, y)− κ(y) S ε
β(t, y) :=

∫
Ωx

β(x, y) sε(t, x)dx.
(3.45)

Well-posedness and existence for the Cauchy problem (3.44)–(3.45) with fixed ε > 0
follow directly from Theorem 3.1. Therefore, no further elaboration is required.
In particular, estimate (3.42) provides the key tool for the following compactness
result.
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Proposition 3.3. Under assumption (H1)-(H5), the solutions to the Cauchy problem (3.44)–
(3.45) satisfy, up to extraction of subsequences,

zε = (sε, nε)
∗
⇀

ε→0
(s, n) =: z in E′, (3.46)

where
E′ = L∞([0, T]; M(Ωx × Ωy)). (3.47)

Let us define operators

Iε,Λ(t, x) :=
∫ t

0
Λε(x,N ε

η(τ, x))dτ, Iε,R(t, y) :=
∫ t

0
Rε(y,S ε

β(τ, y))dτ. (3.48)

Then, we have

Iε,Λ −→
ε→0

IΛ uniformly in [0, T]× Ωx,

Iε,R −→
ε→0

IR uniformly in [0, T]× Ωy,
(3.49)

where

IΛ(t, x) :=
∫ t

0
Λ(x, τ)dτ, IR(t, y) :=

∫ t

0
R(y, τ)dτ. (3.50)

and

Λ(x,Nη(τ, x)) := α(x) +Nη(τ, x) Nη(τ, x) :=
∫

Ωy
η(x, y) n(τ, y)dy,

R(y,Sβ(τ, y)) := Sβ(τ, y)− κ(y) Sβ(τ, y) :=
∫

Ωx
β(x, y) s(τ, x)dx.

(3.51)

Proof. First, we write the equivalent of the inequality (3.40) for system (3.44), which
reads

d
dt

(
∥sε(t, ·)∥L1 + ∥nε(t, ·)∥L1

)
≤ 1

ε

(
α ∥γ∥L1 − min{α, κ}

(
∥sε(t, ·)∥L1 + ∥nε(t, ·)∥L1

))
. (3.52)

As a consequence, we deduce that

∥sε(t, ·)∥L1 + ∥nε(t, ·)∥L1 ≤ max

{
α ∥γ∥L1

min{α, κ} , ∥s0∥L1 + ∥n0∥L1

}
. (3.53)

Therefore, (3.42) also holds for system (3.44) independently of ε, and it allows us to
use the Banach-Alaoglu theorem to conclude that, up to extraction of subsequences,
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the asymptotic result (3.46) is verified. Moreover, these results guarantee

Λε(x,N ε
η) → Λ(x,Nη) := α(x) +

∫
Ωy

η(x, y) n(t, y)dy ε → 0,

Rε(y,S ε
β) → R(y,Sβ) :=

∫
Ωx

β(x, y) s(t, x)dx − κ(y) ε → 0,
(3.54)

since β, η ∈ C(Ωx × Ωy). Therefore, thanks to (3.54) and (3.42), there exist subse-
quences of (3.48), that we still denote as Iε,Λ, Iε,R, such that

for all (t, x) ∈ [0,+∞)× Ωx Iε,Λ(t, x) −→
ε→0

IΛ(t, x),

for all (t, y) ∈ [0,+∞)× Ωy Iε,R(t, y) −→
ε→0

IR(t, y),
(3.55)

Moreover, the hypotheses on α and κ in (H1)-(H5) ensure that, for any ε > 0, the
functions Iε,Λ, Iε,R and their first derivatives with respect to t and x or y are bounded
in L∞((0, T) × Ωx) and L∞((0, T) × Ωy) respectively. Hence, since W1,∞((0, T) ×
Ω) is compactly embedded in C([0, T]× Ω), we conclude that

Iε,Λ(t, x) −→
ε→0

IΛ(t, x) and Iε,R(t, y) −→
ε→0

IR(t, y), (3.56)

uniformly in [0, T]× Ωx and [0, T]× Ωy respectively.

Remark 3.4. The convergence in Proposition 3.3 is understood in the weak-* topol-
ogy of

E′ = L∞([0, T];M(Ωx × Ωy)),

with pre-dual
E = L1([0, T]; C(Ωx × Ωy)).

Explicitly,

zε ⇀
∗ z ⇐⇒

∫ T

0
⟨φ(t), zε(t)⟩dt →

∫ T

0
⟨φ(t), z(t)⟩dt ∀ φ ∈ L1([0, T]; C(Ωx ×Ωy)).

This identification relies on the compactness (or local compactness) of the spatial
domains Ωx, Ωy ⊂ Rd, which ensures that (C0(Ω))′ = M(Ω), the space of finite
Radon measures. For simplicity, we take Ω compact, so that (C(Ω))′ = M(Ω). In
this framework, functions in L1(Ω) correspond to absolutely continuous measures
in M(Ω), and the family {zε}ε, originally bounded in L1(Ω), can equivalently be
viewed as taking values in M(Ω). This justifies working in the Bochner space
L∞([0, T];M(Ω)), where compactness and weak-* convergence of subsequences
follow from the Banach-Alaoglu theorem.
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The previous convergence result ensures the existence of limiting quantities (s, n)
satisfying weak convergence (3.46), and we want to characterize this limit. First,
we report the following Lemma:

Lemma 3.5 (Saturation of nutrients). Let the assumptions of Theorem 3.1 hold, and
suppose that for some interval (t1, t2) ⊂ (0, T) and for some σ > 0 we have∫ t2

t1

∫
Ωy

nε(t, y)dydt = O
(

e−σ/ε
)

as ε → 0. (3.57)

Then, for a.e. t ∈ (t1, t2), the limiting nutrient density s(t, x) obtained in (3.46) attains
the maximal level γ(x), that is,

s(t, x) = γ(x) a.e. on Ωx and for a.e. t ∈ (t1, t2). (3.58)

Proof. We note that since η ∈ L∞(Ωx × Ωy) for every (τ0, t) ⊂ (t1, t2) and for every
x ∈ Ωx ∫ t

τ0

N ε
η(τ, x)dτ =

∫ t

τ0

∫
Ωy

η(x, y)nε(τ, y)dydτ

≤ ∥η∥L∞

∫ t2

t1

∫
Ωy

n(τ, y)dτ ≤ Ce−σ/ε,

(3.59)

for some C > 0. Hence, for all t ∈ (t1, t2) we can choose τ0 ∈ (t1, t) such that

Iε,Λ(t, x)− Iε,Λ(τ0, x) =
∫ t

τ0

Λε(x,N ε
η)dτ = α(x)(t − τ0) + rε(τ0, t, x), (3.60)

with rε ≤ C(t − τ0)e−σ/ε.
To prove the limit (3.58) we study the semi-explicit formula

sε(t, x) = s0(x)e−Iε,Λ(t,x)/ε +
α(x)γ(x)

ε

∫ t

0
exp

(
− 1

ε

(
Iε,Λ(t, x)− Iε,Λ(τ, x)

))
dτ.

First, we use the fact that Λε ≥ α(x) and obtain

s0(x)e−Iε,Λ(t,x)/ε ≤ s0(x)e−α(x)t/ε ε→0−−→ 0.

To evaluate the second term on the right-hand side, we take τ0 ∈ (t1, t) and split
the interval [0, t] into [0, τ0] ∪ (τ0, t]. For τ ∈ [0, τ0], we have

α(x)γ(x)
ε

∫ τ0

0
exp

(
− 1

ε

(
Iε,Λ(t, x)− Iε,Λ(τ, x)

))
dτ ≤ γ(x)e−α(x)(t−τ0)/ε ε→0−−→ 0.

Finally, for τ ∈ [τ0, t], we use the estimate (3.60) to write

exp
(
− 1

ε

(
Iε,Λ(t, x)− Iε,Λ(τ, x)

))
= e−α(x)(t−τ)/ε−rε/ε.
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Hence

lim
ε→0

α(x)γ(x)
ε

∫ t

τ0

exp
(
− 1

ε

(
Iε,Λ(t, x)− Iε,Λ(τ, x)

))
dτ =

lim
ε→0

γ(x)e−rε/ε
(
1 − e−α(x)(t−τ0)/ε

)
= γ(x).

Therefore, for a.e. t ∈ (t1, t2) we have sε(t, x) → γ(x) and, thanks to the uniqueness
of the limit (3.46), it also holds that s(t, ·) = γ(·) a.e. on. Ωx.

Now, let us define the function

g(y) =
∫

Ωx
β(x, y)γ(x)dx − κ(y) ∀ y ∈ Ωy, (3.61)

and introduce the sets:

O :=
{

y ∈ Ωy

∣∣∣∣ g(y) > 0
}

, (3.62a)

O :=
{

y ∈ Ωy

∣∣∣∣ g(y) ≥ 0
}

, (3.62b)

A(t) := argmax
y∈Ωy

IR(t, y), (3.62c)

for which the following holds:

Corollary 3.6. As long as all the hypotheses of Theorem 3.1 and of Corollary 3.2 hold, if
there exists t̂ ∈ [0, T] such that max

y∈Ωy
IR(t̂, y) ≥ 0 then

A(t̂) ⊂ O. (3.63)

Proof. First we note that Corollary 3.2 is verified also for sε, i.e. 0 ≤ sε ≤ γ a.e.,
therefore

sε(t, x) ∗
⇀

ε→0
s(t, x) ≤ γ(x) a.e. in [0, T]× Ωx.

then ∀ y ∈ A(t̂) we have
0 ≤ IR(t̂, y) ≤ t̂g(y), (3.64)

which proves (3.63).

We can now provide a first characterization of the limiting behaviour of the solu-
tions to system (3.44)–(3.45) as ε → 0.
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Lemma 3.7 (Asymptotic behaviour of n(t, y)). Let the assumptions of Proposition 3.3
and assumption (3.43) hold. Then

• (Survival) if O ̸= ∅ the limit function IR(t, y) defined in (3.51) is such that

max
y∈Ωy

IR(t, y) = 0 for any t ∈ [0, T],

N(t) >0, supp n(t, ·) = A(t), for a.e. t ∈ [0, T];
(3.65)

• (Extinction) if O = ∅ we have two possible scenarios:

1. (Fast extinction) if O = ∅ the limit function IR(t, y) defined in (3.51) is such
that

max
y∈Ωy

IR(t, y) < 0 ∀ t ∈ [0, T] and for some c > 0,

∫
Ωy

nε(t, y)dy = O(e−c/ε) as ε → 0 a.e. on [0, T];
(3.66)

2. (Slow extinction) if O ̸= ∅ the limit function IR(t, y) defined in (3.51) is such
that

max
y∈Ωy

IR(t, y) = 0 ∀ t ∈ [0, T], and

∫
Ωy

nε(t,y)dy = o(ε) as ε → 0 a.e. on [0, T].
(3.67)

In both cases
sε(t, x) ∗

⇀
ε→0

γ(x) for a.e. (t, x) ∈ [0, T]× Ωx. (3.68)

Proof. Step 1.
We first prove that

IR(t, y) ≤ 0 for all (t, y) ∈ (0, T)× Ωy. (3.69)

From the rescaled system (3.44) we have

ε∂tnε(t, y) = Rε(y,S ε
β)nε(t, y),

which yields, for any t > 0,

nε(t, y) = nε(0, y) exp
(

1
ε

∫ t

0
Rε(y,S ε

β(τ), y)dτ

)
= n0(y) exp

(
1
ε

Iε,R(t, y)
)

.

(3.70)
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By contradiction, assume that there exists (t̂, ŷ) ∈ [0, T]× Ωy such that IR(t̂, ŷ) > 0
and the uniform convergence (3.49) guarantees that there exists σ > 0 such that

Iε,R(t, y) ≥ σ,

whenever |t − t̂| ≤ σ, |y − ŷ| ≤ σ, and 0 < ε ≤ σ. Hence, for every t ∈ [t̂ − σ, t̂ + σ],∫
Ωy

nε(t, y)dy ≥ eσ/ε
∫ ŷ+σ

ŷ−σ
n0(y)dy −→

ε→0
∞,

where we have used (3.70) and the fact that n0(y) > 0. This contradicts the result
of uniform boundedness (3.53). Consequently, we conclude that

IR(t, y) ≤ 0 ∀(t, y) ∈ [0, T]× Ωy. (3.71)

Step 2.
We now show that if there exists t̂ ∈ [0, T]

IR(t̂, ·) < 0 on Ωy, (3.72a)

then

∫ t̂+σ

t̂−σ

∫
Ωy

nε(t, y)dy dt = O
(

e−σ/ε
)

for ε → 0, (3.72b)

and n(t̂, ·) = 0 a.e. on Ωy, (3.72c)

for some σ > 0. Let t̂ ∈ [0, T] be such that IR(t̂, ·) < 0. The uniform convergence
result (3.49) ensures the existence of σ > 0 such that

IR(t, ·) ≤ −σ for |t − t̂| ≤ σ, on Ωy,

with σ ≥ ε > 0. It follows that

lim
ε→0

∫ t̂+σ

t̂−σ

∫
Ωy

nε(t, y)dy dt = lim
ε→0

∫ t̂+σ

t̂−σ

∫
Ωy

n0(y) e
IR,ε(t,y)

ε dy dt

≤ 2σ lim
ε→0

e−
σ
ε

∫
Ωy

n0(y)dy.

(3.73)

Moreover, the weak convergence result (3.46)–(3.47) for n(t, y) implies that

∫ t̂+σ

t̂−σ

∫
Ωy

φ(y) n(t, y)dy dt = lim
ε→0

∫ t̂+σ

t̂−σ

∫
Ωy

φ(y) nε(t, y)dy dt, (3.74)
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for every smooth test function φ : Ωy → R. Choose φ such that

φ = 1Ωy , (3.75)

where 1 denotes the indicator function. Since nε ≥ 0, we obtain∫ t̂+σ

t̂−σ

∫
Ωy

n(t, y)dy dt = lim
ε→0

∫ t̂+σ

t̂−σ

∫
Ωy

nε(t, y)dy dt = O
(

e−σ/ε
)

. (3.76)

This proves both (3.72b) and (3.72c). Note that condition (3.72b) coincides with the
assumption of Lemma 3.5, which can therefore be applied directly when (3.72a)
holds.
Step 3.
Now, we prove (3.65).
Consider O ̸= ∅ and assume that there exist t̂ ∈ [0, T) and σ > 0 with t̂ + σ ≤ T
such that

max
y∈Ωy

IR(t, y) = 0 ∀ t ∈ [0, t̂] and N(t) > 0 a.e. on [0, t̂], (3.77)

whereas
max
y∈Ωy

IR(t, y) < 0 ∀ t ∈ (t̂, t̂ + σ). (3.78)

Assumptions (3.77) and (3.78) allow us to use the results of Step 2. In particular,
(3.72b) along with Lemma 3.5 ensure that sε(t, x) ∗

⇀
ε→0

γ(x) for a.e. t ∈ (t̂, t̂ + σ).

Now we take ŷ ∈ A(t̂) and we write

IR(t̂ + σ, ŷ) =
∫ t̂+σ

0
R(ŷ,Nη(τ, ŷ)dτ

= IR(t̂, ŷ) +
∫ t̂+σ

t̂
R(ŷ,Nη(τ, ŷ)dτ

= 0 +
∫ t̂+σ

t̂

( ∫
Ωx

β(x, ŷ)γ(x)dx − κ(ŷ)

)
dτ ≥ 0,

(3.79)

where the last inequality is given by the facts that σ > 0 and ŷ ∈ O due to Corol-
lary 3.6. Then we have IR(t̂ + σ, ŷ) ≥ 0 which contradicts (3.78). Hence,

max
y∈Ωy

IR(t, y) = 0 ∀ t ∈ (t̂, t̂ + σ) and N(t) > 0 a.e. on (t̂, t̂ + σ). (3.80)

as well. Therefore, result (3.65) is verified.
Step 4.
First, we consider the case of O = ∅. By contradiction we suppose there exists
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t̂ ∈ [0, T] such that
max
y∈Ωy

IR(t̂, y) = 0. (3.81)

By definition, we have

0 = max
y∈Ωy

IR(t̂, y) = max
y∈Ωy

∫ t̂

0

( ∫
Ωx

β(x, y)s(τ, x)dx − κ(y)

)
dτ ≤ max

y∈Ωy

( ∫
Ωx

β(x, y)γ(x)dx − κ(y)

)
t̂. (3.82)

Since O = ∅, we have
∫

Ωx
β(x, y)γ(x), dx − κ(y) < 0 for all y ∈ Ωy, and thus

IR(t̂, ·) < 0 which contradicts with 3.81 and proves (3.66). To prove (3.68) we ob-
serve that, since IR(t, ·) < 0 for every t ∈ [0, T], (3.72b) and (3.72c) guarantee that
N(t) = 0 a.e. on [0, T] and there exists σ ≥ ε > 0 such that

∫ t̂+σ

t̂−σ

∫
Ωy

nε(t, y)dy dt = O
(

e−σ/ε
)

for ε → 0.

Hence, all the hypotheses of the lemma 3.5 hold and we conclude the proof for (3.66).
Finally, we consider the case of O ̸= ∅.

Following the same strategy used in Step 3 we can prove that

max
y∈Ωy

IR(t, y) = 0 ∀ t ∈ [0, T]. (3.83)

However, in this case, since O = ∅, equation (3.83) implies

0 = max
y∈Ωy

IR(t, y) ≤ max
y∈Ωy

∫ t

0
g(y)dτ = 0, (3.84)

which means ∫ t

0

∫
Ωx

|γ(x)− s(τ, x)| max
y∈Ωy

β(x, y)dxdτ = 0. (3.85)

Therefore, since β(x, y) > 0 we have s(t, x) = γ(x) for a.e. (t, x) ∈ [0, T] × Ωx.

Lastly, to prove that
∫

Ωy
nε(t, y)dy = o(ε) as ε → 0, we suppose by contradiction

that

lim
ε→0

∫
Ωy

nε(t, y)dy

ε
> 0 for a.e. t ∈ [0, T]. (3.86)

But if that is the case, following the proof steps for Lemma 3.5, we find

lim
ε→0

sε(t, x) = lim
ε→0

γ(x)e−rε/ε
(
1 − e−α(x)(t−τ0)/ε

)
, (3.87)
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where, thanks to hypothesis (H4) for β, we have

rε ≥ C(t − τ0)
∫

Ωy
nε(t, y)dy.

Hence, if (3.86) holds, we get sε(t, x) ↛ γ(x) which contradicts the previous result
and finally proves (3.67).

Remark 3.8. The previous lemma provides sufficient conditions to characterise the
asymptotic behaviour of the population. In particular, it follows that the non-
emptiness of O is a necessary and sufficient condition for population survival.
Equally important is the role played by the set O in shaping the long-time dy-
namics. Indeed, when O ̸= ∅ but O = ∅, we nevertheless observe that

max
y∈Ωy

IR(t, y) = 0 ∀ t ∈ [0, T], (3.88)

which formally resembles the survival case. However, in this regime, a positive
limit mass N(t) > 0 would necessarily imply a negative IR, ultimately leading
to a contradiction with (3.88). The key step lies in equation (3.84), where the last
equality stems precisely from the fact that no y ∈ Ωy satisfies g(y) > 0. Finally,
the distinction between fast and slow extinction arises from the different rates of
decay: in the former case (O = ∅) the mass Nε(t) decays exponentially in ε, while
in the latter (O ̸= ∅) it only decays as o(ε), with an asymptotic rate that may be
considerably slower.

3.5 Main results of numerical simulations

In this section, we present several numerical results illustrating the evolution of the
system described in (3.44) under three distinct scenarios. The main purpose of these
tests is to provide a numerical validation of the convergence results established
in Section 3.4.2, and to analyse how the qualitative properties of the net growth
term influence the overall dynamics of the solutions. In particular, we consider the
following representative configurations:

• Scenario 1: O = ∅, where a fast extinction of the agent population is ex-
pected;

• Scenario 2: O = (a, b), so we expect the population to proliferate only within
this interval;

• Scenario 3: O is given by the union of multiple intervals, leading to the emer-
gence of multiple specialised subpopulations.

The key discriminating element among the different tests is the mortality function κ(y),
while all other functions and parameters are kept identical across simulations to en-
sure comparability. The analysis focuses on the impact of its profile on the system
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TABLE 3.2: Parameters used in the numerical simulations of

Parameter Description Value
Ωx Nutrient trait domain [−1, 1]
Ωy Agent trait domain [−1, 1]
∆x Trait mesh size for the nutrient 10−2

∆y Trait mesh size for the agents 10−2

∆t Time step 10−3

α Nutrient regeneration rate 0.25
χ Units of nutrient needed for proliferation 4
Γ ||γ||L1 1
ε Scaling parameter for the asymptotic regime 10−1, 10−2, 10−3

dynamics, through the study of the sign of the function g(y) introduced in 3.61.
Results are reported for three different values of the parameter ε, allowing us to
observe convergence towards the steady state as ε decreases and highlight how the
saturation and extinction dynamics of the two populations evolve at rates consis-
tent with the chosen scaling parameter. In detail, we present results for a slow time
scale, ε = 10−1, for a moderately fast time scale, ε = 10−2, and for a fast time scale,
ε = 10−3.
To isolate the influence of the mortality function from that of other parameters, all
remaining coefficients are kept constant across simulations (numerical values are
listed in Table 3.2). We fix the rate α ≡ α as constant and define the function γ as

γ(x) :=
Γ

Cγ

(
e−15(x+0.5)2

+ e−15(x−0.5)2
)

, (3.89)

where Γ := ||γ||L1 and Cγ > 0 is a normalisation constant. The choice of a sum
of two Gaussian profiles for the nutrient distribution allows us to explore how the
presence of two maxima in γ does not necessarily entail the selection of two distinct
dominant traits in the population n. Then we also have the kernels β and η for
which holds η(x, y) = χβ(x, y) with χ > 1, χ ∈ N. We choose functions that
increase the likelihood of interactions between agents and nutrients characterised
by similar traits. Specifically, the model assumes that a nutrient unit with trait x
is more appealing to an agent with trait y the closer the two values are, leading to
functions that decrease with the distance |x − y|:

η(x, y) :=
1

Cη
e−5(x−y)2

, β(x, y) =
1
χ

η(x, y), (3.90)

where Cη is the normalisation constant.
Finally, for the initial conditions n0(y) and s0(x) reported below, we choose the
same functions for the three tests, except for the initial masses, which are adjusted
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(a) (b)

FIGURE 3.2: Panel (a) Time evolution of the total masses of nutrients, Sε(t) (solid
lines), and agents, Nε(t) (dashed lines), computed for the three values of ε listed in
Table 3.2. The nutrient population saturates at Γ = 1, while the agent population van-
ishes, Nε(t) → 0, in agreement with Lemma 3.7. For initial data we chose N(0) = 0.7
and S(0) = 0.3 Panel (b) Comparison between the substrate distribution s(t, x) at the
final time t = T (solid lines) and the function γ(x) (black dashed line), representing its
limiting profile as ε → 0. Simulation parameters are listed in Table 3.2.

to emphasize the distinct macroscopic behaviours of the system depending on the
test:

n0(y) = N(0)
e−2y2

Cn
, s0(x) = S(0)γ(x), (3.91)

where Cn is the normalisation constant.

3.5.1 Extinction regime

In this first scenario, we analyse the case in which g(y) < 0 for all y ∈ Ωy, and con-
sequently O = ∅. According to Lemma 3.7, we therefore expect the population nε

to go extinct in the long run, while the substrate sε approaches a saturation state.

To obtain this configuration, we choose a constant mortality function:

κ(y) ≡ κ = 0.1. (3.92)

With this choice, and taking into account the definitions of γ in (3.89), β in (3.90),
and the parameter values reported in Table 3.2, the set O is indeed empty. This sce-
nario turns out to be the fastest in reaching equilibrium. By setting a relatively short
time horizon, T = 1, we observe that the system has already reached a stationary
state for the fast and intermediate time scales, whereas the slow scale remains in a
transient phase. Finally, for the initial masses we choose N(0) = 0.7 and S(0) = 0.3.
As prescribed by Lemma 3.7, Figure 3.2 shows the extinction of the population of
agents and saturation of the nutrients. In the left panel, we see that the total mass of
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(a) (b)

FIGURE 3.3: Panel (a) Comparison between Rε(y,S ε
β(T, y)) (solid lines) and g(y)

(dashed line). A clear convergence of the former towards the latter is observed as ε → 0.
The limiting function g(y) remains entirely below the zero threshold (dotted line), con-
firming that O = ∅. Panel (b) Full time evolution of the population distribution nε(t, y)
with ε = 10−2, which decays to zero for all t > 0, consistently with the limit IR(t, y) < 0
∀ t ∈ [0, T]. Simulation parameters are listed in Table 3.2.

agents decreases monotonically until it vanishes. In contrast, the nutrient popula-
tion converges to the saturation value Γ = 1. The convergence of these trajectories,
observed across different rescaling regimes, highlights the robustness of the extinc-
tion–saturation mechanism and illustrates how the asymptotic behaviour predicted
by the model manifests in finite time. The right panel further corroborates this in-
terpretation, showing that the substrate distribution stabilises into its stationary
configuration, consistent with the analytical limit (3.68) obtained for ε → 0. Hence,
the numerical convergence of sε(t, x) towards γ(x) not only validates the existence
of a steady-state solution but also illustrates how the extinction of agents restores a
fully saturated environment.

The results reported in Figure 3.3, Panel (a), compare the net growth rate Rε(y,S ε
β(T, y)),

computed at the final simulation time, with the limiting function g(y) that encap-
sulates its maxima. As ε decreases, the numerical evaluations of Rε exhibit a clear
convergence towards g, confirming the consistency with the asymptotic formula-
tion of the model. Nevertheless, since the limiting profile g(y) lies entirely below
the zero threshold, it entails the absence of any viable trait capable of sustaining
population persistence. We also observe that the population distribution nε(t, y)
for ε = 10−2 (Panel (b)) shows a monotonically decreases for all y ∈ Ωy. For t = T,
the depletion is almost complete in accordance with the mass evolution (Figure
3.2, Panel (a), orange dashed line). This decay behaviour aligns with the condition
IR(t, y) < 0 throughout the time interval [0, T], as established analytically.
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(a) (b)

FIGURE 3.4: Panel (a) Time evolution of the total masses of nutrients, Sε(t) (solid lines),
and agents, Nε(t) (dashed lines), for the three time scales corresponding to the values
of ε in Table 3.2. The nutrient mass decreases as proliferating agents consume resources
and grow to saturation. The fast and intermediate regimes (ε = 10−3, 10−2) reach the
steady state within the prescribed time, while the slow one (ε = 10−1) remains tran-
sient. Panel (b) Comparison between the substrate distribution sε(t, x) at the final time
t = T (solid lines) for different ε and its limiting profile γ(x) (black dashed line). The
depletion of nutrients affects both peaks of the distribution due to the presence of mul-
tiple intervals constituting O. Simulation parameters are listed in Table 3.2.

3.5.2 Selection of a single trait

In this second test, we examine the case where O = [a, b], with [a, b] ⊂ Ωy being a
non-trivial interval. In this configuration, we expect to observe the proliferation of
individuals whose traits fall within the region of interest O, in particular, selective
concentration in the traits that belong to

A(T) = arg max
y∈Ωy

IR(T, y).

Indeed, we have A(t) ⊂ O for all t ∈ [0, T], but since the inclusion is strict, Lemma
3.7 does not guarantee survival for all individuals with trait within O.

To obtain this configuration, we adopt the following mortality function:

κ(y) = 0.5 − 0.47 e−5(y+0.6)2
. (3.93)

This choice produces a single maximum point for the function g(y), leading to an
interval O centred around y = −0.6. Compared to the previous test, this scenario
evolves more slowly; therefore, we set T = 3 in order to capture the beginning
of the dynamics even for the slowest timescale, corresponding to ε = 10−1. The
initial masses are N(0) = 0.01 and S(0) = 0.97, representing an environment rich
in nutrients with limited competition among agents.
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(a) (b)

FIGURE 3.5: Panel (a) Comparison between Rε(y,S ε
β(T, y)) (solid lines) and g(y)

(dashed line). Given the initial condition s(0, x) = 0.97γ(x), for small times we have
Rε(y,S ε

β(T, y)) ≃ g(y), while their difference increases as the number of agents grows.
The yellow-shaded region corresponds to O. Panel (b) Time evolution of the popula-
tion distribution nε(t, y) for ε = 10−3. The figure highlights the selection of the fittest
trait inside the survival region O (bounded by the yellow dashed lines). Simulation
parameters are listed in Table 3.2.

The numerical results illustrated in Figure 3.4 provide a clear quantitative confir-
mation of the heterogeneous behaviour predicted by the model when the growth
region O is localised around a single trait value. As shown in Panel (a), the total
masses of nutrients and agents evolve in opposite directions: the nutrient popu-
lation gradually decreases due to consumption by reproducing agents, which in
turn proliferate and approach saturation. For the fast and intermediate regimes
(ε = 10−3 and 10−2), the system reaches equilibrium rapidly, whereas in the slow
regime (ε = 10−1), the population dynamics remain in a transient stage. Panel (b)
reinforces this interpretation by examining the spatial distribution of the substrate
at the final time. The comparison between sε(t, x) and its limiting profile γ(x) re-
veals that nutrient depletion occurs primarily in the left portion of the domain,
while the right side remains nearly saturated. This asymmetry mirrors the structure
of the set O, concentrated around y = −0.6, and is consistent with the non-local
coupling induced by the interaction kernels β and η defined in (3.90). Analogous
behaviour arises in Figure 3.5, panel (a). Thus, starting from a nutrient distribution
close to saturation implies that, for small times, Rε(y,S ε

β(T, y)) ≃ g(y). As time
progresses, however, the discrepancy between the two functions increases, reflect-
ing the progressive loss of mass in the nutrient population. We observe that, over
time, Rε(y,S ε

β(T, y)) becomes negative almost everywhere, except for a single point
where it remains close to zero—precisely the point where the individuals concen-
trate (Figure 3.5, panel (b)). In this regime, agents proliferate and persist, but their
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(a) (b)

FIGURE 3.6: Panel (a) Time evolution of the total masses of nutrients, Sε(t) (solid lines),
and agents, Nε(t) (dashed lines), for the three timescales corresponding to the values
of ε in Table 3.2. The nutrient mass decreases as proliferating agents consume resources
and grow to saturation. The fast and intermediate regimes (ε = 10−3, 10−2) reach the
steady state within the prescribed time, while the slow one (ε = 10−1) still exhibits the
early stage of its evolution even at the final time T = 5. Panel (b) Comparison between
the substrate distribution sε(t, x) at the final time t = T (solid lines) for different ε
and its limiting profile γ(x) (black dashed line). The depletion of nutrients mainly
affects the left region of the domain, consistent with the localisation of the set O around
y = −0.6 and with the structure of the interaction kernels β and η in (3.90). Simulation
parameters are listed in Table 3.2.

distribution becomes sharply localised around the unique element of A(T). To-
gether, the two figures demonstrate how heterogeneity in the growth region trans-
lates into localised resource depletion and selective proliferation.

3.5.3 Multiple-trait survival

In this final test, we examine a more complex scenario than in the previous two
cases. Here, we select a set O that is not only non-empty but also composed of
multiple disjoint intervals contained in Ωy. The resulting dynamics reveal that the
population tends to concentrate around several local maxima, ultimately leading to
a final distribution that consists of a sum of Dirac delta functions. It is worth not-
ing that local maxima of Rε(y,S ε

β(t, y)) (and consequently of IR,ε(t, y)) may persist
as ε → 0. However, if these traits do not correspond to global maxima (namely,
if y /∈ A(t)), they do not survive in the long run. For this simulation, we adopt the
following mortality function:

κ(y) = 0.45 − 0.4
[
e−15(y+0.7)2

+ e−15y2
+ e−15(y−0.7)2]

. (3.94)

This function exhibits three global minima at y1 = −0.7, y2 = 0, and y3 = 0.7. Nev-
ertheless, these values do not coincide with three absolute maxima of the fitness
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(a) (b)

FIGURE 3.7: Panel (a) Comparison between Rε(y,S ε
β(T, y)) (solid lines) for different

values of ε, and g(y) (dashed line). Given the initial condition s(0, x) = 0.97γ(x), for
small times we have Rε(y,S ε

β(T, y)) ≃ g(y), while their difference increases as the num-
ber of agents grows. The yellow-shaded region corresponds to O. Panel (b) Time evo-
lution of the population distribution nε(t, y) for ε = 10−2. The figure highlights the
selection of the fittest traits inside two of the three survival regions of O (bounded by
the yellow dashed lines).On the other hand, the inset shows an early phase of the dy-
namics where there is still the presence of a third peak within the middle region of O.
Simulation parameters are listed in Table 3.2.

function, since the growth term S ε
β does not fully inherit the multimodal structure

determined by the peaks of κ. In this case, the dynamics evolve more slowly than in
the previous tests: for larger values of ε, the system still appears in an early transient
phase even at the final time T = 5. The initial masses are the same as in the previous
test, namely N(0) = 0.01 and S(0) = 0.97. Figure 3.7 provides numerical evidence
of the selection dynamics arising in the case of a multiple survival sets O. Panel (a)
shows the comparison between Rε(y,S ε

β(T, y)) and its limiting profile g(y) for dif-
ferent values of ε. At early stages, the two functions almost coincide, reflecting that
the population of nutrients is initially close to saturation. As the system evolves
and the number of agents increases, deviations between the two profiles arise for
the two fast time scales, signalling the progressive depletion of nutrients in the
regions corresponding to higher fitness. The yellow-shaded areas identify the in-
tervals composing O, within which the net growth rate is positive and long-term
survival is admissible. However, the evolution also reveals that not all survival in-
tervals persist in the asymptotic regime: although three distinct regions of potential
proliferation are initially present, only two maintain a positive population density
as the system approaches equilibrium (Panel (b)). Consistent with theoretical pre-
dictions, the population nε(t, y) gradually concentrates at y ∈ A(t), i.e., where the
limit function IR(T, y) reaches its maximum. The inset highlights an early transient
phase of the dynamics, in which a third transient peak still appears in the central
portion of O before being suppressed. This behaviour confirms that, despite the
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presence of multiple favourable traits, only those corresponding to global maxima
of the effective fitness function contribute to the long-term structure of the popula-
tion.

3.6 Concluding remarks

In this chapter, we extend the general compartmental framework developed in the
previous chapters to a system that describes the interaction between two distinct
subsystems: nutrients and consumers. Each subsystem is structured by its own
continuous microscopic variable, which captures the heterogeneity among indi-
viduals, and is subdivided into compartments corresponding to different stages
of their life cycle.

Starting from a stochastic microscopic description, we derive the corresponding
mesoscopic model, obtaining a conservative system of five coupled integro-dif-
ferential equations, one for each compartment. This procedure follows a line of
research connecting microscopic agent-based descriptions with mesoscopic and
macroscopic integro-differential or partial differential formulations, as developed
in kinetic and probabilistic frameworks for structured populations [48, 51, 109, 131].
The formulation obtained preserves the dual conservation property of the total
mass and of the two subsystems separately, ensuring a consistent description of
the dynamics in which resources and agents belong to different species.

By imposing meaningful simplifications, the system reduces to a pair of integro-
differential equations that retain the essential interaction mechanisms. For this re-
duced model, we establish well-posedness results and analyse the asymptotic be-
haviour of the solutions. In particular, we identify a survival set O, defined as the
region in which the net growth rate of agents is positive, and we prove that the
long-term dynamics lead to the extinction of traits outside this region. The analy-
sis, therefore, reveals a clear selection mechanism in accordance with the existing
literature [62, 66, 108, 113, 134]. Only traits corresponding to the global maxima of
the effective growth rate persist in the limit, while all others vanish.

Numerical simulations explore three representative scenarios, differing in the struc-
ture of the survival set O. First, we investigate the case O = ∅, where the popu-
lation of agents inevitably becomes extinct while the nutrient pool saturates. Then,
we construct a configuration in which O consists of a single interval, leading to the
persistence and concentration of agents around a unique dominant trait. Finally,
when O is the union of multiple disjoint intervals, the population initially spreads
across all favourable regions but ultimately concentrates around two globally fittest
traits.

These results show that even within a framework based on indirect competition,
the survival of the consumer population depends on a selection process in which
only certain traits emerge as the fittest, leading to population concentration phe-
nomena around them [59, 62, 115, 122]. At the same time, the results highlight
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that environmental conditions may be insufficient to sustain the required level of
resource consumption, ultimately leading, at varying rates, to the extinction of the
consumer agents.
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Chapter 4

Other works and future
perspectives

4.1 Introduction

This concluding chapter differs in both nature and purpose from the preceding
ones. It does not present established results, but rather gathers a set of reflections,
research perspectives, and possible future developments that stem from the models
and techniques introduced earlier in the thesis.

Agent-based models have, in fact, proved unexpectedly effective even in new con-
texts far removed from their classical applications [44, 45, 56, 87, 141], such as those
explored throughout this thesis. In particular, several new numerical methods for
solving non-convex optimisation problems have been developed based on particle
dynamics. The behaviour observed in complex real-world systems, such as swarm-
ing, crowd dynamics, and opinion formation, often follows standard rules of cost
minimisation. This analogy has naturally motivated the use of tools originally de-
vised for their analysis within the field of optimisation.

These methods fall within the class of metaheuristic algorithms [1, 16, 25, 32, 83],
that is, stochastic optimisation schemes designed to find (typically approximate)
solutions to problems with non-convex solution spaces, where standard determin-
istic methods—such as gradient-based algorithms—fail by getting trapped in lo-
cal minima. Among the most prominent techniques in this family are Ant Colony
Optimisation, Genetic Algorithms [69, 78, 104, 146], Particle Swarm Optimisation
(PSO) [101, 102, 119, 133], Simulated Annealing [90, 91], and Consensus-Based Op-
timisation (CBO) [20, 43, 46, 143]. The stochastic nature of their underlying natural
counterparts makes these strategies particularly suitable for tackling such classes
of problems.

However, in the following, we present a methodological extension of the tools dis-
cussed in Chapter 1, exploring their application in a context different from the orig-
inal bio-mathematical setting. Specifically, we analyse a potential use of these tools
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in the framework of non-convex optimisation. By analysing the first qualitative nu-
merical simulations, we highlight the most promising aspects of this approach, as
well as the open questions that deserve further investigation. In doing so, we also
shed light on the differences that emerge between the discrete particle-based model
and its continuous counterpart.

In the final section of this chapter, we will discuss possible future directions and
open research avenues that may stem from the developments presented in the first
three chapters. Although each of those possesses its own conceptual coherence and
internal consistency, several aspects remain open and undoubtedly deserve further
investigation and analysis.

4.2 Background

In this first section, we outline some of the main advantages and methodological
features of the most widely studied metaheuristic optimisation techniques. This
brief overview is intended to orient the reader within the broad and diverse land-
scape of modern metaheuristic strategies. Such a perspective provides the concep-
tual background for the following discussion, which focuses more specifically on
potential developments directly inspired by the modelling framework presented in
this thesis. Obviously, we do not aim to discuss every possible metaheuristic algo-
rithm. Instead, we focus our attention exclusively on those that exhibit the closest
conceptual connections with the results developed in the preceding chapters. Par-
ticular attention is devoted to CBO methods, which are paving the way toward the
theoretical validation of stochastic optimisation algorithms. Their structure natu-
rally allows the integration of the particle-based formulation with its mesoscopic
counterpart through a mean-field limit, thereby providing a rigorous analytical
bridge between the two levels of description.

4.2.1 Metaheuristic methods

The development of metaheuristic methods dates back to the mid-1970s, when John
Holland, in his pioneering work [89], introduced a computational model grounded
in probabilistic and biological evolutionary ideas, as an alternative to the determin-
istic approaches traditionally employed in optimisation — the Genetic Algorithms.
In Holland’s formulation, the search process follows Darwinian evolutionary prin-
ciples, and for the first time, genetic mechanisms such as recombination, muta-
tion, and selection were formally defined within a computational framework. The
simplicity and flexibility of this approach soon led to the emergence of numerous
variants specifically designed to address different classes of optimisation problems
(see [78, 100, 146] and the references therein).

In the following decades, considerable attention was devoted to the development
of methods of this kind and, more broadly, to stochastic approaches inspired by
natural phenomena for solving optimisation problems. In particular, about twenty
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years later, Kennedy and Eberhart introduced a socially inspired, population-based
optimiser grounded in the concepts of swarm behaviour [102]. The central novel
idea of this PSO method was to exploit information sharing, allowing each par-
ticle to move not only according to its own experience but also under the social
influence of the group. The paradigm shift they proposed, widely applied and
subsequently refined, led to the emergence of algorithms that harness collective
intelligence rather than relying solely on purely selective mechanisms.

Consensus-Based Optimization (CBO) is a much more recent addition to the family
of stochastic optimization algorithms. Introduced in 2017 [132] as a multi-agent,
derivative-free method for the global optimisation of high-dimensional problems,
it is built upon the key idea of moving a swarm of agents through two comple-
mentary mechanisms: a consensus-based drift, which drives alignment towards a
common consensus, and a diffusive term, which ensures exploration of the solu-
tion space. Unlike PSO, where individuals maintain independent trajectories, in
CBO all agents converge towards a common point while continuously exchang-
ing information throughout the process. One of the main advantages of methods
like CBO, compared to other meta-heuristics, lies in the possibility of exploiting
mean-field techniques to establish convergence results towards global minimiser
analytically [8, 43, 46, 143]. Despite their structural simplicity, CBO methods, and
their extensions, such as Kinetic-Theory-Based Optimisation (KBO) schemes [20],
appear to be robust tools for addressing a wide range of non-convex optimisation
problems, which is a property particularly valuable for high-dimensional problems
in the context of machine learning.

4.2.1.1 Mean-field interpretation

We recall that for a given F continuous, nonnegative, and bounded, the task is to
find

x∗ ∈ argmin
x∈Rd

F (x). (4.1)

The key feature that characterises these latter methods lies in the assumption that
the N agents involved in the search for the minimum are indistinguishable and
that their trajectories are driven by a common mean field. These properties, along
with the propagation of chaos assumption, formally justify taking the limit N → ∞,
and allow one to derive analytically tractable mean-field equations. Hence, the
time evolution of the positions of agents Xi

t ∈ Rd, i = 1, . . . , N, is governed by a
system of stochastic differential equations consisting of a drift term and a diffusion
term [132]. Both components are modulated by the distance of each agent from
the weighted mean vF , so that as an agent approaches the minimum, it is attracted
towards it and prevented from moving further away. In general, the weighted
mean is defined as

vF =
1

∑
i

ωα
F (Xi

t)
∑

i
Xi

tω
α
F (Xi

t) with ωα
F (x) = e−αF (x) α > 0 (4.2)
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and with this definition, the mean-field limit reads

vF −→
N→∞

∫
xωα

F (x)dρt(x)∫
ωα
F (x)dρt(x)

(4.3)

for a suitable Borel probability measure ρt ∈ P(Rd) (see [43, 46, 132] for details).
Thus, by Laplace’s principle [61] we have (see [143, Proposition 1])

lim
α→∞

(
− 1

α
log
(∫

Rd
e−αF (x)dρ(x)

))
= F (x∗), (4.4)

which is the main reason for the choices in (4.2). This result provides the first formal
indication of the convergence of the method towards the absolute minimum of F ,
which is assumed to be unique. The problem, reformulated in the mean-field limit,
consists of a single non-linear and non-local Fokker–Planck equation, where both
the drift and diffusion terms depend on the global state of the system. From an an-
alytical standpoint, significant progress has been achieved in recent years. Follow-
ing the first study that established convergence results [43], several contributions
have rigorously demonstrated the validity of the propagation of chaos assumption,
which is essential to connect the discrete particle-based system to its mean-field
counterpart [92]. More recently, quantitative estimates of this propagation have
also been obtained [84]. These advances have made it possible to refine global
convergence results [76] and to introduce model variants capable of addressing sit-
uations in which the cost functional admits a set of global minima, rather than a
single minimiser [77].

4.3 An adaptive-dynamics-based optimisation method

In this section, we present our contribution to this framework. We developed a
kinetic optimization strategy starting from the biological models introduced in the
previous chapters. The connection between the two contexts is quite natural: the
success of early metaheuristic models, such as Genetic Algorithms, is rooted in Dar-
winian principles that underpin evolutionary theory as a whole (namely, recombi-
nation, selection, and mutation). At the same time, particle-based models such
as PSO and CBO exhibit remarkable connections with kinetic theory, particularly
through their characteristic mean-field limits. These observations further reinforce
the idea that the multi-scale construction, which has been running throughout this
thesis, can also be implemented in this context.
Starting from Chapter 1, we draw the basic intuitions needed to describe the evo-
lution of a population structured by a continuous variable, starting from a particle
representation. This type of approach is typical for such models and provides a
natural starting point for building a bridge across different levels of description.
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(a) (b)

FIGURE 4.1: Two-dimensional representation of the Ackley function presented in [119],
along with its level curves. This function is a classical benchmark in optimisation prob-
lems. Panel (a) Initial configuration: particles (black and blue dots) are randomly dis-
tributed over the two-dimensional domain Ω = [−5, 5]2. Panel (b) Final configuration:
particles (red and black dots) have concentrated around the global minimum of the cost
function F .

In particular, we analysed the connections between three common representations
of structured populations widely discussed in the literature: particle-based models,
mesoscopic integro-differential equations (IDEs), and non-local partial differential
equations (PDEs). We note that the derivation of the mesoscopic level from the
particle dynamics, formalised in (1.11), once again relies on the assumption of prop-
agation of chaos. On the other hand, in Chapter 3, although the dynamics involved
two interacting subsystems, we observed a convergence behaviour of the popu-
lation towards an optimum, which in that setting corresponded to the maximum
point of the function g(y) ((3.61)). It therefore arises naturally to consider applying
the results developed within this theoretical framework to a possible optimisation
technique.

4.3.1 Our base model

From system (1.27), considering Ω ⊂ Rd compact, and removing the integral diffu-
sion term (i.e. setting µ = 0), we write:

∂t f (t, x) =
(
r(x)− ρ(t)

)
f (t, x),

ρ(t) :=
∫

Rd
f (t, x)dx, f (0, x) = f 0(x) > 0 ∀ x ∈ Ω

(4.5)
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FIGURE 4.2: Panel (a) Normalised number of particles (mass). The figure shows the
necessity of imposing a non-extinction constraint to prevent all agents from dying be-
fore they have concentrated near the minimum. Panel (b) The cost function F (red
solid line) corresponds to the one-dimensional Ackley function introduced in [119], a
classical benchmark function for this class of optimisation problems. The black-filled
circles represent the agents concentrated around the minimum of F at the end of the
simulation, while the blue ones indicate the positions for the initial batch.

where
r ∈ C(Ω), r : Ω → R, 0 < r ≤ r(x) ∀ x ∈ Ω. (4.6)

In selection models such as system (4.5), where diffusion is absent, individuals tend
to concentrate, for large times, at the points of maximum fitness, consistently with
an analogue of the Laplace principle introduced in (4.4). If we assume that the max-
imum of r is attained at a single point x∗, the asymptotic profile of the function f is
a Dirac delta concentrated at x∗ (see, for instance, [19, 41, 53, 66, 114, 131]). How-
ever, analogous results have also been established for problems in which multiple
fitness peaks are present [62, 111], yielding steady states characterised by a finite
sum of Dirac delta functions, each concentrated at a point

x∗ ∈ argmax
x∈Ω

(r(x)) .

Since the continuous model originates from a particle-based formulation, it is rea-
sonable to expect that its discrete counterpart exhibits the same concentration be-
haviour. In fact, the numerical simulations reported in Section 1.5 show an excellent
agreement between the IDE solution and the particle dynamics obtained through
Monte Carlo simulations. If our goal is to introduce into the dynamics a cost func-
tion to be minimised, it is sufficient to recall that the function r can be defined as

r(x) := 1 −F (x),



4.3. An adaptive-dynamics-based optimisation method 123

where the function F play the role of death rate. For this function, the task defined
in (4.1) can be reformulated as the search for

x∗ ∈ argmax
x∈Ω

r(x) = argmin
x∈Ω

F (x). (4.7)

In this way, it becomes straightforward to identify, even at the microscopic level,
where to include this cost term. Indeed, by reconsidering system (1.5), we can
define, for the Bernoulli variable SII ∈ {0, 1},

Prob
(
SII = 1

∣∣ It = i, Vt = x
)
=

F (x)∆t
1 +F (x)∆t

.

In this way, the survival probability of each agent is directly modulated by the value
of the cost function F (x), thereby establishing an explicit connection between the
life dynamics and the optimisation problem.

The distinctive feature of this model lies in the fact that, unlike traditional particle-
based methods, it does not describe agents that move in the parameter space of the
objective function by following consensus or direct interaction dynamics. Instead,
the particles considered here are agents whose vital dynamics, namely, the processes
of proliferation and death, are directly governed by the cost function itself, and,
to the best of our knowledge, an approach of this kind is currently absent from
the existing literature. The agents do not search for the minimum through succes-
sive shifts, but rather survive or become extinct depending on the fitness of their
trait within that environment, represented by the values of the objective function.
Regions of the domain associated with more favourable values (lower F ) witness
population growth, whereas unfavourable (higher F ) areas naturally depopulate.
This behaviour leads, in a spontaneous way, to the concentration of the total mass
around the points of the global minimum for F , potentially allowing the simulta-
neous identification of multiple global optima whenever they exist. Nevertheless,
this convergence is rigorously guaranteed only in the continuous model, whereas
in the particle-based formulation, it can be observed numerically only for a suf-
ficiently large number of particles. Moreover, the absence of diffusion prevents
the particles from exploring regions other than those initially occupied. As a con-
sequence, the minimum identified by the system is no longer determined by the
global structure of F , but rather by its restriction to the initially populated domain.
For instance, as shown in Figure 4.1, Panel (a), at the initial time no particle is lo-
cated at (x, y) = (0, 0). Without diffusion, the system would therefore be unable to
identify the global minimum of the cost function. Obviously, this limitation does
not arise in the mesoscopic model derived in (4.5), since the initial condition is cho-
sen to satisfy f 0(x) > 0 for all x ∈ Ω.

Adding diffusion To overcome the exploration limitation discussed above, it is
natural to introduce a diffusion term that enables particles to explore regions of the
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domain beyond those initially occupied. Such a term, already present in the orig-
inal formulation of the model introduced in Chapter 1, does not introduce addi-
tional analytical difficulties once the corresponding mesoscopic system is derived.
However, the nature of convergence changes: in this case, the limiting distribution
is no longer a Dirac delta. The presence of spontaneous variations in the pheno-
typic trait leads instead to an equilibrium distribution centred around the fittest
trait, yet characterised by a non-zero variance. In general, the inclusion of diffusion
helps to prevent the system from becoming trapped in the minimum identified by
the initial batch of particles, although it also makes the identification of the global
minimum more challenging. In particle-based methods such as CBO, diffusion is
typically modulated through a decaying term that weakens as a particle approaches
a minimum, thereby balancing exploration and convergence. At present, however,
our construction does not naturally incorporate a similar mechanism, which repre-
sents a first avenue for discussion and a possible direction for future implementa-
tion of the model. In our simulations, we therefore introduced variance during the
initial phase and subsequently let it decay linearly with the number of iterations.
Although this strategy does not yet have a formal particle-level formalisation, it
serves the practical purpose of enabling sufficient exploration at early stages and
progressive concentration around the optimum as the iterations proceed.

Risk of extinction A further interesting aspect concerns the non-conservative na-
ture of the model. Indeed, the total mass may apparently vary in time, since the
life of agents is governed by a death-birth mechanism. However, we recall that at
the particle level we have two compartments: the first, labelled by the index i = 1
is the one that we are investigating and whose trait distribution is governed by a
system like the one presented in (4.5), and the other one, labelled by the index i = 0
which serves as a reservoir (see Chapter 1, Section 1.1). We noted that if the overall
number of particles, including those in the reservoir, is fixed at the initial time, the
system remains bounded and cannot experience unbounded growth in the agent
population. On the other hand, a different issue may arise. The selection of the
optimum occurs as a consequence of the death of individuals associated with dis-
advantageous traits, that is, those corresponding to high values of F . Although
this mechanism resembles others found in the literature [119], the numerical sim-
ulations showed that it introduces a distinctive risk that is absent in other classes
of models: the possibility of a complete extinction of the agent population, which
actually means that all the agents are in the compartment i = 0. However, this
phenomenon is intrinsic only to the particle-based formulation since, in the corre-
sponding continuous limit, if there exist regions of the domain, which may consist
only of isolated points, where extinction is not expected, then the population can-
not vanish entirely; instead, it will proliferate only within that subregion. It appears
that several factors may contribute to the emergence of extinction dynamics: insuf-
ficient initial number of particles, an initial distribution too far from the minimum
of the cost function, or a diffusion term too weak to allow effective exploration of
the parameter space. In any case, a possible strategy to mitigate this risk is to force
a minimum number of particles to remain within the active compartment, in the
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expectation that, once the minimum is identified, they will resume proliferation
according to the mesoscopic evolution law (Figure 4.2, Panel (a)).

In conclusion, we observe that, among the several aspects that remain open for
investigation, two particularly relevant issues concern: the definition of effective
stopping strategies and the convergence speed. In its current form, the model
does not provide a natural stopping criterion, and the convergence process may
be relatively slow, especially in high-dimensional settings. Recent analytical results
obtained at the continuous level [111] offer valuable insights into the characterisa-
tion of convergence rates and could serve as a theoretical reference for future im-
provements of the discrete formulation. Incorporating such advances would make
it possible to design adaptive mechanisms capable of balancing exploration and
convergence more efficiently, thereby enhancing the practical applicability of the
method. Overall, although promising, this construction does not yet define a com-
plete algorithm, but it establishes a coherent conceptual framework aligned with
evolutionary principles and with the results of the selection-mutation models dis-
cussed in the previous chapters. It thus opens the possibility of developing, in the
future, a new class of particle-based optimisation algorithms inspired by evolution-
ary adaptive dynamics.

4.4 Perspectives and future directions

The methodological framework developed throughout this thesis naturally lends
itself to a variety of extensions and open research directions. These developments
concern both the refinement of the modelling tools introduced in the previous chap-
ters and their possible application to more complex or realistic biological and socio-
economic systems.

From structured populations to spatially distributed systems. A natural con-
tinuation of the work presented in Chapter 1 consists of extending the proposed
approach to populations that, in addition to undergoing proliferation, death, and
phenotypic changes, are also spatially distributed. In recent decades, several prob-
abilistic techniques [10, 50, 75, 105] and formal limiting procedures [80, 107, 120]
have been developed to connect stochastic agent-based models with determinis-
tic continuous models capable of describing simultaneously the spatial spread and
the evolutionary dynamics of phenotype-structured populations. However, while
phenotype structuring has been incorporated into kinetic frameworks (see, e.g. [72,
73, 106]), to our knowledge, there is still a lack of derivations rooted in kinetic ap-
proaches of the type advanced here. Extending the limiting procedures employed
in this work could therefore enable the integration of a wider range of analytical
and numerical methods across the agent-based, IDE, and PDE levels, thus advanc-
ing the mathematical formalisation of evolutionary dynamics in spatially struc-
tured populations.
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Demography and epidemiological applications. The general framework presented
in Chapter 2 can be further expanded by introducing demographic processes, thereby
allowing proliferation and death of individuals in one or more compartments. This
would require generalising both the individual-based modelling approach as well
as the formal approach employed in this chapter to derive the corresponding meso-
scopic and macroscopic models, since both approaches rely on the fact that the total
number of individuals in the system is conserved, which would not be the case if
demography were incorporated. In the same vein, building for instance on the
methods employed in [55, 74, 106], in different application domains, an additional
development of this work would be to extend the individual-based modelling ap-
proach and the derivation methods employed here to the case where a spatial struc-
ture is also included, to then investigate how the interplay between spatial move-
ment and both structuring-variable switching and compartment switching may im-
pact on the evolutionary dynamics of epidemiological systems. Moreover, while
the modelling approach presented here is framed in an abstract context to high-
light general properties, it would be interesting to apply it to the study of the dy-
namics of specific infectious diseases. In particular, an additional avenue for future
research would be to explore the possibility of estimating the forms of the model
functions based on data; for this, techniques similar to those employed in [3, 4, 68]
may prove useful. This would enable us to describe specific dynamics of real-world
diseases; for instance, we could incorporate the possibility of quarantining an infec-
tious individual with a high viral load by setting their probability of infecting other
individuals to zero. This could be of particular relevance for the recent COVID-19
pandemic, and could also be of interest in general for transmissible diseases for
which quarantine is a feasible and functioning form of control.

Asymptotic regimes and population heterogeneity. Another promising line of
research concerns the analysis of the mesoscopic description provided by the IDE
system (2.12). In this regard, it would be interesting to investigate possible limiting
regimes and conditions on the model terms under which the population density
functions become unimodal or multimodal (i.e. the various compartments become
monomorphic or polymorphic). For this, techniques similar to those employed
in [6, 23, 62, 97, 111, 131, 134] may prove useful. This would allow for further inves-
tigation into the mechanisms and processes underpinning the emergence of inter-
individual and intra-compartmental heterogeneity in epidemiological systems.

Further investigation of the two species dynamics It would be of interest to en-
rich the dynamics described in Chapter 3 by system (3.30) by introducing phe-
notypic variations capable of capturing mutation phenomena and, consequently,
changes in the compatibility between individuals and resources. Although such an
extension would not entail a fundamental modification from an analytical stand-
point, since it would naturally lead to a selection–mutation model [62, 111, 122,
131, 136], it would render the overall representation more accurate and biologically
complete. From the viewpoint of asymptotic analysis, an open question concerns
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the identification of stability conditions, and in particular the linear stability, of the
asymptotic solutions of system (3.30). Such an analysis would complete the theoret-
ical understanding of the model, in analogy with what has been developed in [58,
62, 134].

Periodic environment Another promising research direction involves the descrip-
tion of periodic dynamics. In particular, it would be interesting to consider a time-
dependent regeneration rate α, representing the replenishment of nutrients. The
choice of keeping the coefficients appearing in the definitions of P and Q in (3.6)
and (3.7) constant in time is consistent with other models of this kind [21, 110, 117],
yet it does not constitute a necessary assumption. The only essential requirement
remains their uniform boundedness in time. Introducing this feature would enable
the model to account for environmental systems characterised by temporal vari-
ability [12, 13, 82, 138], and to realistically describe seasonal nutrient regeneration
processes. This would allow, for instance, the investigation of the effects of periodic
or pathological variations induced by climatic and environmental changes. Unlike
other approaches in the literature [5], this perspective would not model climate-
induced mass transport but rather temporary reductions in resource availability,
whose effects may be particularly detrimental for traits depending on specific nu-
trients available only within limited temporal windows.
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