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ARTICLE INFO ABSTRACT

Communicated by Radu Balan We define the Wigner distribution of a tempered generalized stochastic process that is complex-

MSC: valued symmetric Gaussian. This gives a time-frequency generalized stochastic process defined on

primary 60G20, 60G15, 81830, 60H40, 47865 the phase. space. We study its covar%ance and our main result is a formula fo? the Weyl symbol of

secondary 47G30, 94A12 the covariance operator, expressed in terms of the Weyl symbol of the covariance operator of the
original generalized stochastic process.
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1. Introduction

The Wigner distribution is a fundamental concept in quantum mechanics, signal analysis [12,17] and linear partial differential
equations, where it appears in the Weyl calculus of pseudodifferential operators [14,19]. It was introduced 1932 in the infancy of
mathematical quantum mechanics by Wigner [33]. There it serves as a candidate for a probability density function for a particle
in phase space, an endeavour that may be seen to fail due to its lack of non-negativity, in certain interesting ways related to the
uncertainty principle. In signal analysis the Wigner distribution is used as a time-frequency distribution with high resolution but
subject to the same interpretational issues as in quantum mechanics.

In the Weyl calculus of pseudodifferential operators the cross-Wigner distribution of two functions f,g on R?

_d —_—
We )8 =0 [ glx+y/27 = y/De 04y
RY
d
appears in the formula (a"(x, D) f,g) = 2z) 2 (a, W (g, f)) which connects a Weyl pseudodifferential operator a*’(x, D) and its symbol
a which is a function defined on phase space T*R¢.
By now many properties of the Wigner distribution W (f) = W(f, f) are known for functions and distributions f. In signal

analysis much work has been devoted to the Wigner distribution of stochastic processes [5,11,18,29]. The analysis of the Wigner
distribution of generalized stochastic processes dates back to the PhD thesis of A. J. E. M. Janssen [22]. He studied the expected value

E-mail address: patrik.wahlberg@polito.it.

https://doi.org/10.1016/j.acha.2025.101799
Received 4 April 2025; Received in revised form 21 July 2025; Accepted 8 August 2025

Available online 13 August 2025
1063-5203/© 2025 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/acha
http://orcid.org/0000-0003-4740-0629
mailto:patrik.wahlberg@polito.it
https://doi.org/10.1016/j.acha.2025.101799
https://doi.org/10.1016/j.acha.2025.101799
http://crossmark.crossref.org/dialog/?doi=10.1016/j.acha.2025.101799&domain=pdf
http://creativecommons.org/licenses/by/4.0/

P. Wahlberg
Applied and Computational Harmonic Analysis 79 (2025) 101799

of this Wigner distribution, also known in the applied literature as the Wigner spectrum. Many authors have contributed to this study
[5,9,10,12,13,18,27], already in the 1990s, and the activity has since then abated.

Nevertheless it seems that not much attention has been devoted to the second order statistical properties of the Wigner distribution
of generalized stochastic processes, except for [5, Chapter 9.1] by Stankovié, and [32] which may be seen as a particular case of some
of the results presented here. We mean the study of its covariance function or distribution. This apparent gap in the literature is the
motivation for the present work.

The main new feature of this paper compared to [5,10,12,20,22,27,29] is hence the study of the covariance properties of the
Wigner distribution of generalized stochastic processes. The added assumption that the generalized stochastic processes be Gaussian
and symmetric allows such an analysis.

A covariance distribution is the Schwartz kernel of a linear covariance operator. This admits the transfer of the study of co-
variance properties to the study of operators, or equivalently to the study of the corresponding Weyl symbols in the framework of
pseudodifferential operators. It turns out to be convenient to work on the Weyl symbol side.

Our main result is the formula for x;, x,,&,& € R?

1 1 1 1
ow (x1,%2,81,8) =0, (xl - Efzaxz + 551)% (xl + Efz,xz - 551)

which expresses the Weyl symbol oy, of the zero mean Wigner distribution (where we subtract the mean from the Wigner distribution)
of a Gaussian symmetric tempered generalized stochastic process u, in terms of the Weyl symbol o, (a k a the Wigner spectrum) of
the covariance operator for u.

White noise is characterized as a generalized stochastic process u with o, equal to a positive constant. Thus the formula above
says in particular that Gaussian symmetric white noise on R? has a zero mean Wigner distribution which is white noise on the phase
space T*R?.

We work out some consequences of the formula when we add the assumption on u to be stationary. It then turns out that the
covariance operator for the Wigner distribution of u, that is the Weyl quantization of oy,, commutes with translation of the first
(“time”) variable, and also with modulation in the second (“frequency”) variable. These observations support the interpretation of
the Wigner distribution as a time-frequency representation of generalized stochastic processes.

We note that Flandrin [13] has studied the covariance properties of the spectrogram with a Gaussian window function of white
symmetric Gaussian noise. In [1,3] an observation by Flandrin concerning the zeros of the spectrogram of white noise is analyzed,
and [2] treats analytic continuation of Brownian motion. These works are recent contributions in the vicinity of the present paper
albeit not directly connected.

Our analysis is based on Gelfand’s and Vilenkin’s concept of generalized stochastic process as a linear continuous map from
a space of test functions into a space of random variables [16, Chapter 3]. A more recent and nowadays established framework
for generalized stochastic processes is the white noise analysis developed by T. Hida starting in 1975 [4,28], which is an infinite-
dimensional stochastic calculus with many ramifications and applications. This framework admits the concept of white noise and it
is used in [1-3].

White noise can also be defined in the Gelfand-Vilenkin framework as a generalized stochastic process whose covariance operator
is the identity times a positive constant. For the purposes of this article it suffices to work in the latter framework. Thus we eschew
the full stochastic white noise calculus, and leave it as an open problem to formulate the Wigner distribution in this framework for
the future.

The paper is organized in the following way. Section 2 contains notations and conventions. In Section 3 we define stochastic
processes, generalized stochastic processes, the subspaces of tempered and stationary generalized stochastic processes, and white
noise. We also give the necessary background on Weyl pseudodifferential operators and their connection to the Wigner distribution.

Section 4 introduces our framework of Gaussian symmetric tempered generalized stochastic processes. In Section 5 we define the
Wigner distribution of such generalized stochastic processes, and we prove our main result Theorem 5.3.

Consequences of this result for stationary, and frequency stationary, generalized stochastic processes are discussed in Section 6,
in particular we look at white noise. Section 7 is devoted to Brownian motion. We rededuce a formula by Flandrin [12] for its Wigner
spectrum, and we apply Theorem 5.3 which gives a formula for the corresponding oy,. In Section 8 we deduce a consequence of
Theorem 5.3 concerning non-negative pseudodifferential operators. Finally in Section 9 we treat briefly (without saying something
new) Flandrin’s observation [11] that Wigner spectra are much more often non-negative than Wigner distributions of deterministic
functions.

2. Preliminaries

The notation K € RY means that K is a compact subset of R?, and we use R, to denote the non-negative real numbers. The
partial derivative D , =—id;, 1 <j<d,actson functions and distributions on R?, with extension to multi-indices as D* = i~1%19% for

a € N?. We use the bracket (x) = (1 + |x|2)% for x € RY. The phase or time-frequency space of R? is T*R¢ = R%?,

The symbol C° (R?) denotes the compactly supported smooth test functions, and @'(R?) its topological dual, the space of distri-
butions. The Schwartz space & (R) consists of smooth functions for which the derivative of any order has superpolynomial decay at
infinity. Thus C®(RY) C $(R?) and the dual space to S(RY), called the space of tempered distributions, satisfies §'(RY) C 2" (R).
If H is a Hilbert space then Llloc(Rd,H ) denotes the space of strongly measurable locally integrable functions with values in H.
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The space of linear continuous operators from a topological vector space X to another such space Y is denoted Z(X,Y). The same
notation is used if the operator is conjugate linear.
The normalization of the Fourier transform is

F 1@ =7 =@t / Fe ) dx,  EeRY,
Rd

for f € S(R?), where (-, - ) denotes the scalar product on R?. Then we have for f,g € S(R9)

Frg=Cn?fg @.1)

and this identity extends to f € §’(R?) and g € §(R?), with the Fourier transform defined on &”’(R9) as ( f, 2)=(f.g) for f € &'(RY)
and g € S(R?).

We denote by &%, the partial Fourier transform with respect to the second d coordinates in R?? of a tempered distribution defined
on R?? or the partial Fourier transform with respect to the second 2d coordinates in R* of a tempered distribution defined on R*?,
The distinction will be clear from the context. Finally Fj, j=1,2,3,4, denotes the partial Fourier transform with respect to the jth
d coordinates in R* of a tempered distribution defined on R*!. Thus we may write coherently %, = F;F, on R*,

The conjugate linear (antilinear) action of a distribution u on a test function ¢ is written (u, ), consistent with the L? inner
product (-, -) = (-, -);2 which is conjugate linear in the second argument. Translation of a function or a distribution f is denoted
T.fW=f(y—x)forx,y€ R?, and modulation as M:f(x)= ei<x"f>f(x) for x,& € RY.

3. Generalized stochastic processes, Weyl pseudodifferential operators and the Wigner distribution

Let Q be a sample space equipped with a o-algebra 98 of subsets of Q and let P be a probability measure defined on 3. The space
of C-valued second order random variables is the Hilbert space L*(Q) equipped with the inner product

LA Q)X LA(Q)3 (X,Y) » E(XY) =(X,Y) 2,

where

EX = | X(w)P(dw)
/

is the expectation functional (integral). The Hilbert subspace of L2(Q) of zero mean random variables is denoted Lg(Q), and each
element X € L%(Q) thus satisfies EX =0 and E| X |? < co.

3.1. Second order stochastic processes

A second order stochastic process is an element f € LIIOC(R" , L%(Q)). The cross-covariance function of f, g € LIIOC(R" ,L2(Q)) is

kro(x.») =E(f(x)g(»). x.yER’.

The function ks = k¢, is called (auto-)covariance function of f. By the Cauchy-Schwarz inequality in L%(Q) we have

|k po (x> <k p(x.X) ky(3.y). %,y ERY,

1

+ (R, L*(Q)). Defining the cross-covariance operator

which implies that k ;, extends to an element in @'(R>?) [16] when f,g € L
as

(Hpo0w) = (kyo ¥ @ Q) 2r2a), @ € CO(RY),

yields a continuous linear cross-covariance operator % fg C:"(Rd ) > @'(R?). This is a consequence of Schwartz’s kernel theorem
[19, Theorem 5.2.1].
Since Fubini’s theorem gives

2
(ks ®P) 20 =E| [ f0dx| 20 Vg e CORD,
Rd
it is clear that k 1 s the kernel of a non-negative linear continuous covariance operator % = V4 rr Cf"(Rd) - 2'(RY).
3.2. Generalized stochastic processes

For brevity we drop the term second order which is understood in the sequel. In this article we will use the following definition
of generalized stochastic processes due to Gelfand and Vilenkin [16].
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Definition 3.1. A generalized stochastic process (GSP) u € Z(C>° (R?), L*(Q)) is a conjugate linear continuous operator u :
CE(RY) — LA(Q), written as (u, ) € L*(Q) for ¢ € CX(RY). A zero mean GSP takes values in L3(€), that is u € Z(C®(R?), L3 (),
and has acronym GSP,,.

Thus the space of GSPs £ (C*° (RY), L2(Q)) is a conjugate linear space of continuous operators from the locally convex topological
vector space C*(R?) into the Hilbert space L*(Q). For each K € RY there exist C > 0 and k € N such that

I @)l 12 SC Y sup [0%p(x)]. @€ CX(K).

la]<k x€R?
As in ordinary distribution theory [15,19] a GSP u is always differentiable as
(D"u,@)=(u,D"p). @€ C RY), aeN.
If u € Z(C*(RY), L2(Q)) then the mean m,, is defined by

(m,.»)=E@u,9), ¢€C R?). (3.1

1
Due to E| X| < (E|X|2) 2 that is the embedding L*(Q) C L'(Q), we have m, € P'(RY).
Letu,v € Z(C (R, L%(Q)). The cross-covariance distribution k,, is defined by
(ko @ @ W) =E(.@)(0.y)), @,y € CXR). (3.2)

It satisfies k,,(x, ) = k,,(», x), and for each pair K|, K, € R there is C > 0 and k,,k, € N such that

(ks @ @I <C Y, sup 10%0(0)] Y, sup [0 w(x)l,
lal<ky XER? 1<k, XER?

PECX(K), v E€C(K,).

Thus k,,, is a sesquilinear continuous form on C;° (R?) x C;"’(Rd ). If we equip 2'(R?) with its weak* topology then

(Fv. @)=k @ ®W), @,y €CXRY),

defines a continuous linear operator %, : Cc°°(Rd) — 9'(R?), called the cross-covariance operator. From the Schwartz kernel theo-

rem [19, Theorem 5.2.1] it follows that k,, € 2'(R%).
If v=u then we call k, = k,,, € 2'(R*?) the (auto-)covariance distribution and %, = %,,, € Z(C®(R?),2'(R?)) the (auto-)co-
variance operator of u. Then (k,, ¢ ® ) >0 for all p € C0°°(Rd) so K, > 0 is non-negative in the sense of

(Hup.9) 20 Yo CTRY.

It holds (K, @, w) = (X, w, @) for all g,y € C®(R?).
A stochastic process f € Llloc(Rd ,L2(Q)) may be considered a generalized stochastic process in 3(Cc°°(R" ), L2(Q)) by means of

R 39 (f.0)= [ S0P
Rd

and then there is consistency between the covariance function and the covariance distribution, in the sense of

(kyov @) 200, = | B (10700 ) wpiixay =E (/.79

R2d

3.3. Tempered generalized stochastic processes
In the sequel we will work with tempered generalized stochastic processes. This means that we extend the domain in Definition 3.1,

that is the test function space C° (R%), into the Schwartz space &(R?) 2 Cf"(R”’ ). It thus leads to a smaller space of generalized
stochastic processes Z(S(R?), L*(Q)) € Z(C*(R?), L*(Q)).

Definition 3.2. A tempered GSP u € Z(S(R?), L3(Q)) is a conjugate linear continuous operator u : S(R?) — L*(Q), written as
(u, @) € L3(Q) for p € S(RY).

If u, v are tempered GSPs then k,,, € 8’ (R?%), the cross-covariance operator is continuous %, : & (RY) - §’'(R?), and %, . =>0on
S(R?). For a tempered GSP u € Z(S(R?), L2(Q)) the Fourier transform can be defined as (I, $) = (u, @) for ¢ € S(RY), as in ordinary

distribution theory [19]. The following simple device will be useful.

Lemma 3.3. If u € Z(S(RY), L?>(Q)) then the covariance operators of u and @l are related as #; = F K, F .
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Proof. For ¢,y € $(R?) we have

(Hay, @) = (kg 0 @ W) = E(@, 9)(@ y)) = E(w, F ' @), F~1y))

=k F lo@F )= (X, F w.F )= (FH,TF v, 0. O
3.4. Stationary generalized stochastic processes

A very well studied subspace of & (C:?°(Rd), L*(Q)) is the space of stationary GSPs.

Definition 3.4. Let u € Z(C®(R%), LX(Q)) be a GSP so that m, € 2'(RY) (cf. Eq. (3.1)) and k, € 2'(R??). Then u is said to be
stationary if m, = ¢ € C is constant, and its covariance distribution k, is translation invariant as

(ks Tx 0 @ Tyw) = (k,, 0 ®Y) Voo,w €CP(RY) VxeRY,
cf. [16, Chapter 3, §3].

Note that the condition of stationarity means that the covariance operator commutes with translation:
(F Ty, )=k, T T_ 0 @Tw) =k, T_c o W) = (H,w, T_,p)
=T Fw.0) Vo.w €COR?Y) VxeR,

that is

HT, =T, F, ¥xeR" (3.3)

Remark 3.5. In the literature [8,30] Definition 3.4 is usually designated wide-sense or weakly stationary, and the term stationary is
used if for any n €N, any {¢ : };’ C C;”(Rd ), and any x € R?, the two sets of random variables

=1 =

(@), . (. 0,)}

and

{w.Tip)), . . T 0,)}

have identical probability laws. Stationarity is a stronger property than wide-sense stationarity in general. For Gaussian GSPs the
two concepts coincide [8]. In this paper we study Gaussian GSPs and use only the term stationary.

If a GSP u € Z(C®(R), L*(Q)) is stationary then there exists &, € 2'(RY) such that

(k@ ®W)=(h,.@*y") Yo,y € C>RY),

where w*(x) = y(—x), see [16, Chapter 2, §3.5 and Chapter 3, §3.2] and [19, Theorem 3.1.4’]. Equivalently we have

k,=(1®h)ox™" (3.4)
where x denotes the matrix
1, ir
o= d 3 la’ e R24x2d (3.5)
I, -3l
whose inverse is
1 1
= 3la 3la ) cgeaxaa 3.6)
I, -1

We also have for ¢,y € C®(RY)

(Hw.0) =(k,, 0 ®W) = (hy, @ xy™) = /(hu, y(x =) p(x)dx = (h, * v, p) 3.7
R4
which means that %,y = h, = .
By the Bochner-Schwartz theorem [16, Chapter 2, §3.3, Theorem 3] there exists a spectral non-negative Radon measure
d A
u,=Qmn)2h, (3.8)

on R? that satisfies
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/(x)_s dp,(x) < 0 3.9
R4

for some s > 0. Such a measure is called tempered.
Hence (cf. (2.1))

(g 5 yr™) = / PO @ duy©).
Rd

This gives for @,y € C®(RY)
E (. 0)up)) = (k0 @) = (Fuys ) = (o 4 0") = W, )5 12, (3.10)
and in particular

160 g = [ 16 (@) 3.11)
R4

Here # Lz(ﬂ”) C &'(R?) is the Hilbert subspace of tempered distributions f such that f S leoc(yu) and f is square integrable with
respect to .
Letue ¥ (C:"(Rd ), L*(Q)) be stationary and denote by u, the corresponding spectral non-negative tempered Radon measure. The

identity (3.10) implies that the linear map ¢ +— (u, @) extends uniquely to an isometry between Hilbert spaces # Lz(yu) — L2(Q) [71,
and %, extends uniquely to the identity operator on & L2(y,). Since &(R?) C & L%(u,) it follows that a stationary GSP is always
tempered.

Lemma 3.3 combined with %,y = h, * y, (2.1) and (3.8) give for f € SRY)

Hof =F (b« F'f) = u.f (3.12)

which means that 7 has a multiplicative covariance operator.
The following definition appears in [10, Definition 3] and [22, Definition 2.2.2].

Definition 3.6. Let u € Z(S(RY), L2(Q)). If 1 € L(S(RY), L2(Q)) is stationary then u is called frequency stationary.

From Lemma 3.3 and (3.3) it follows that a frequency stationary tempered GSP u has a modulation invariant covariance operator:
H M, =M, K, YxecR’ (3.13)
3.5. Weyl pseudodifferential operators and the Wigner distribution

If 6 € $(R*) is a Weyl symbol then the Weyl pseudodifferential operator [14,19] is defined as

o“(x, D) f (x) = 2m)~ / ei<x—y,¢>a<

R2d

2e) rdvds, £ eSRY, (3.14)

and ¢%(x, D) : S(R?) - S(R?) continuously. By the invariance of §’(R?>?) under linear invertible coordinate transformations and
partial Fourier transforms, the Weyl correspondence extends to ¢ € &’ (R2?) in which case 6% (x, D) : S(RY) —» &’ (R?) is continuous.
Note that ¢'’(x, D) = I is the identity operator if ¢ = 1.

If 6 € §'(R*) then

(c“(x,D)f,g)= (27r)_% (0, W(gf), f.geSRY, (3.15)

where the cross-Wigner distribution [14,17] is defined as

d —_— .
W N)x.d)= a3 [ st 3/ DF G 3/ De 09y
R (3.16)
=% (@®For)xo. xHETRY,
where &, denotes the partial Fourier transformation with respect to the second RY variable in R?? and « is the matrix (3.5). We
have W (g, f) € S(R?*?) when f,g € $(RY). The Wigner distribution of f € SRY) is W (f) =W (f, f).

Conversely for any continuous linear operator % : & (RY) > &'(RY) there exists a kernel k € $’(R??) and a Weyl symbol o, €
S’ (R24) such that

(Hf.g)=(kg® )= (2”)_%(0k7W(gvf))v f.g€SRY.
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By (3.16) we have

W@ N=(F oo .e®f)

d
which means that the kernel is related to the Weyl symbol as k = (27)” 2 (372‘1 o)oKk L.

When %, is the covariance operator of a tempered GSP u € Z(§ (RY), L2(Q)) then we denote the Weyl symbol for %, as ¢, €
S’(R2). Hence we have the bijective correspondence

d d
k,=Qm) 2(Fo)ox™ <= 0,=Qn)I% (k,ox) (3.17)

between kernels and Weyl symbols of covariance operators. The non-negativity of the covariance operator, that is (¥,¢, ) > 0 for
all p € S(RY), implies that the Weyl symbol is real-valued (see e.g. [6, p. 30]):

5, =0, (3.18)

From [17, Proposition 4.3.2] it follows that W (g, f) =Wi(g, f)o(=J) for f,g € S(RY) where

_( 0 1 2dx2d
J_<—1d 0 )GR

is the matrix which plays a fundamental role in symplectic linear algebra [14,17]. From Lemma 3.3 it follows that for f,g € S(R?)
_d A
Qo2 (0, W@ ) = (Ff.8) = (Haf 8)
_d ~ A _d
=02 (e W@ D) =% (050 T, W)
since J~! = -7, and thus

oy =0,0(=J). (3.19)
If %, is the covariance operator of a stationary GSP u then by (3.4), (3.8) and (3.17) its Weyl symbol is

d ~
0,=Qm)21Qh,=1Q u,. (3.20)
Ifue Z(SR?), L*(Q)) is a frequency stationary GSP (cf. Definition 3.6) then by Lemma 3.3, Hy=hy*,(2.1),(3.8)and Fx) = f(=x),
Hf=F" (ha*f) =iz f
which gives the corresponding Weyl symbol

6, =iz ® 1. (3.21)

The following statement will be needed in Section 5.
Lemma 3.7. The space of finite linear combinations of functions of the form W (f,g) € S(R%) with f,g € S(R?) is dense in §(R).

Proof. The partial Fourier transform %, and composition with the invertible matrix x € R24%2d {efined by (3.5) are isomorphisms
on &(R2?). The claim thus reduces to the density in &(R2?) of finite linear combinations of functions of the form f ® g € S(R%)
with f,g € S(RY). The latter claim is a consequence of [31, Theorem V.13]. []

3.6. White noise generalized stochastic processes

White noise is a fundamental concept in probability and engineering, with several different meanings [3,4,10,13,16,20,27,28].
We will use the following definition [10,20,27].

Definition 3.8. If u € Z(S(RY), L*(Q)) is a stationary GSP such that (k,, » ® ¥) = p(y, @) ;2 for v, € S(RY) with p > 0 then u is
called a white noise GSP with power p.

Definition 3.8 can equivalently be formulated as %, = pI, that is the covariance operator equals identity times p, or as the
requirement that its Weyl symbol equals the power constantly: ¢, = p, or as k, = p(1 ® §;) o x~1 in terms of the Schwartz kernel.

d ~
Finally we may say that the spectral measure y, = p(27)2 6, = p is constantly equal to the power.
Lemma 3.3 implies that #;, = pI if u is white noise with power p > 0. Thus u and # are simultaneously white noise with power
p>0.
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4. Gaussian symmetric tempered generalized stochastic processes

Let u € Z(S(RY), L2(Q)) be a tempered GSP. It is called Gaussian [16] if for any finite set ® = {<pj };.’:1 C S(R?), the 2n-

dimensional vector consisting of the real and the imaginary parts of the vector Ug = ((u,(pl),“.,(u, an)) € C", that is [7(1) =

(ReUgp, ImUgy) € R”", LNICI, : Q — R?, has a 2n-dimensional real Gaussian probability density. Define the mean mq, = E(NJCD. In
the case when the covariance matrix

~ ~ T
c@=E<(U®—m¢) (Uq)—mq)) )GRZ"XZ” 4.1)
is non-singular we then have for any A € B(R?") (the Borel ¢-algebra), that the probability for [7(1) € A is given by

1 —
@)% (det Cg)~'/? / ™3 (xmaCgl Gmma)) g
A

More generally, Gaussianity can be defined also when the covariance matrix is singular using characteristic functions [8], by requiring
that for any finite set @ = {g; };’zl C S(R?) and any y € R*" we have

E (ei(yﬁw) = o/ (vmo)= 3 (»:Coy)

We assume that complex-valued GSPs u are symmetric which means that Au and u have identical probability distribution laws for
each 4 € C such that | 4] = 1 [26,30]. This is equivalent to E(u, ) = 0 for all ¢ € S(R?) and

E(u,@)uw,y)=0 Yo,y € SR, (4.2)
cf. [8,26,30]. Thus a symmetric GSP is automatically zero mean, that is, it belongs to GSP,.
Let xy, ..., x, be complex-valued zero mean jointly Gaussian random variables. Isserlis’ or Wick’s theorem [26] says that
E(x, - x,) = Z HE(x,»kxjk)
k
where the sum is taken over all partitions of {1, ...,n} into disjoint pairs {i,, j, }. Thus for n =4 we have
E(x;x,x3x4) = E(x;x7)E(x3x4) + E(x| x3)E(x;x4) + E(x x)E(x,x3). (4.3)

Let u € Z(SRY), Lé(Q)) be Gaussian and symmetric. We define the sesquilinear form U =u ® u as

U,0®W)=uQue®y)=e)uwy), ¢.weSRY. (4.9

From (4.3) it follows that E|(U, ¢ ® ¥)|> =E (|(u, )|*|(u,y)|?) is finite which means that the form U has values in L*(Q). Thus U
extends to

U e Z(SR*?), LX(Q)). (4.5)
From (3.2) we identify

EU.oQv)=(k,.0®¥). ¢.y €SR?), (4.6)
so if we define
Uy=U-EU=U -k, 4.7)

then EU, = 0, that is, the sesquilinear form U, has values in L(z)(Q). By (4.5), (4.6) and the Schwartz kernel theorem [16], [19,
Theorem 5.2.1] the form U, extends to a tempered GSPy, still denoted U, € & (S(R2), Lg(Q)). Again by the Schwartz kernel theorem
it follows that its covariance distribution satisfies kUU € $'(R¥).

Let ;,y; € S(R?) for j =1,2. From (4.4) and (4.7) we get

WUp, 1 @y )y, 9, @ W>)

= (@ o)) = U 01 ®F) ) (W 02)ww2) — (o0, ® 7))

which gives using (4.2) and (4.3)
E((Uo- 91 71 WUp. 92 8V2) )
E ((ua (p])(u’ 4] )(M, q’Z)(u’ w2)) - (ku’ P ® WI )(ku’ %) ® WZ)

=E (o0 ) B (o) +E (we)wen ) E(w@yww,) )
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= (k@1 ® Y )ky 03 ® W)
= (ko @) @ P2 ko) ® W)
Thus
(kyy 01 ® W1 @ 9, @ y2) = (k, ® k.01 ®P, @, @)

By the density of simple tensors in & (R¥ ) (cf. [31, Theorem V.13]) it follows that
ky, = (ku ®k_u) °pa3 (4.8)
where p, 5 : R* — R* is the linear coordinate transformation

P23(X1. Y1 %0, 32) = (X1, X0, ¥1.02), X1, X0, ¥1.¥, €RY, (4.9

that is, the transposition of the second and the third d coordinates in R*¢.
5. The Wigner distribution of tempered symmetric Gaussian GSPs

The Wigner distribution of a deterministic Schwartz function f is defined by (3.16) with g = f. By (3.6) and the principles of
distribution theory [19] the Wigner distribution W (1) € &’ (R%) of u € 8'(R?) can be defined naturally as

Ww),®)=(u®u (% '®) ox™"), ©esSRM). (5.1)

Now we want to define the Wigner distribution of a tempered, Gaussian and symmetric GSP u € Z(S(R¢ ),L%(Q)). Following
(5.1) we define the Wigner distribution W (u) of u as

W), @)= (U, (F'@)ox™"), @eSRY), (5.2)

with U =u @ 1 € Z(S(R?), L2(Q)) defined by (4.4). It follows that W (u) € L(SR2), L2(Q)). Moreover (4.6) and (3.17) give for

®e SRY)
EW W, ®)=E(U, (@) ox™') = (k,, (F;'®) ox7") 5.3)
5.
= (?2 (ku o K) ,CD) = (2,[)‘% (quq))

and thus
d
EW ) =Q2n) 20,. (5.4)

d
The expected value of the Wigner distribution W (1) hence equals the Weyl symbol of the covariance operator of u, times (27)” 2
[20,22].
If ue Z(SRY), LS(Q)) is Gaussian and symmetric then we define its zero mean Wigner distribution using (4.4), (4.6) and (4.7)
as

W), @) = (U, (F;'@) ox™'), @ eS®™M), (5.5)
which means that W, (u) € Z(8 (R24), L(Z)(Q)) is a tempered GSP,, defined on R, By (5.3) we have

(EU, (7' @) ox™") = (k. (%' @) 07! ) = (EW (), ®)
and it follows from (5.4) that

W) = W) - 2n) %o, (5.6)

Let oy, € 8'(R*) denote the Weyl symbol of the covariance operator of W(u), and kwyu €S’ (R*) its Schwartz kernel. By
(3.17) we have

Ky = Cm) " U(F, toy) o k5! (5.7)
where
L, ir
K= 2 24| eRrid (5.8)
Ly =51
and
1 1
= 3T 3Taa | o geaxda (5.9)
2 Ly, Iy
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The next lemma relates the Wigner distributions of u and 7.

Lemma 5.1. If u € Z(S(R?), Lé(Q)) is Gaussian and symmetric then
W (@) =W @) o(~J) and (5.10)
W) = Wyu) o (=J). (5.11)
Proof. Let f,g€ S(RY). By [17, Proposition 4.3.2] we have W(fA, 8) =W (f,g)o(—=J). Combining this with (5.1) and (3.16) we get
W@od Ws.0)=(Wawi.o)= (a0 (7 Wi)ox™)
= (184 ®7) = (u®uf ®F) =W w.W(/.8).
By Lemma 3.7 this proves (5.10). Finally (5.11) is a consequence of (5.10), (5.6) and (3.19). []

Referring to (3.5) and (3.6) we next introduce the block matrix notations

Iy 31, 0 0
I, -ir, 0 o

c® K = 2 1 € RAx4d
0 I, L,
o o 1, -,
My 31,0000
vl @Kl = I, -l ? 0 € Ridx4d

and

_ (g O ddxad
I®J—<0 J>eR .

With these ingredients and (4.9) we can formulate the following formula which will be crucial for our main theorem.

Lemma 5.2. If ®,¥ € §(R2?) then
-1 -1 ] -1 -1 _ -1
FyF, ((?2 <I>®J<2‘P)0(K ® Kk )0p2,30(l(®l()>—W(‘D,‘P)O(I®J)°K—2 .

Proof. First we note that if f,g € S(R2?) in (3.16) then %, denotes the partial Fourier transform with respect to the second 2d
coordinate in R*. It can be written 75 F, where F; denotes the partial Fourier transform with respect to the jth d variables in R*.

Hence from (3.16) we get
7o HY=F;'F, (q: ® @) = FF (PP W (@,9)) 05
which gives for x;,&,x,,& € R?
(gz_l‘l)@gg@) (x1,¢1,%2,6)

i ([t 1 1 (e £
=)™ // FUFIW (@, ) (E (x1 +x3), 3 (1 +2).x1 = X2, —J’2> o 0re)=022)) 4y, dy,

R2d
(5.12)
_ _d el 1 "((ul+%“2,51>—(u1—%"2»§2>>
=(27) FUE W (,9) E(x1+x2),ul,x1—xz,uz e duy du,
R2d

=P2—1P3—1W(<l>,‘l‘) (% (xl +x2) e =& —x2,—% (51 +§2)>.

We have
1 1 1 1
3la 3l 310 3la
1 g 1 I, sl =1 =31y ddxdd
(GO )°P2,3°(K®K): 1 21 1 % €eR
sla =3l 310 —3la
i 1
I, =31, =1 514

10
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which combined with (5.12) finally yields
FyFy! ( (%{%b ® gﬁ) o' @K opyy0(k® K))(xl,gl,xz,gz)

_ _ 1 1 1
=(2nr) d//g2 lcp(E(x1+x2)+z(y1+y2),xl—x2+5 (yl—y2)>

R2d
9_@<1 1 1 i((y2:82)=(v1:61))
X Fy 5(x1+X2)_Z(y1+y2)’xl_x2_§(yl_y2>>e dy,dy,
_ 1 1 1
=Q2n) d//Fz 'F; IW(Q‘P)(E (x1 +x2) 31 =¥, 3 (71 +3),—(x —x2)>
R2d

x el ((r2:8)=(r1.1) dy,dy,

=@m //r;lr;IW@,\y) (% (1 +%2) g0y, —(x, —x2)>
R2d
% ei(w]_%u2’§2>_<u1+%u2'§1>>du1du2
= W((I),\P) (% (xl +X2> 5 % (61 +§2) "fl —52,—(3(1 —X2)>
=W(CI>,‘P)<(I®J)(% (x, +x2),% (& +8). % — %28 —52))
=W(@Y) (I®T)or; ' (x.£.x.8)). O

We have prepared the ground for the statement and short proof of our following main result.

Theorem 5.3. Suppose u € Z(S(RY), Lg(Q)) is a symmetric Gaussian tempered GSP and let ¢, € S’ (R??) denote the Weyl symbol of
its covariance operator. Define the zero mean Wigner distribution Wy(u) € £ (S (R2d), L%(Q)) by (4.4), (4.7) and (5.5). If oy € S ! (R4d)
denotes the Weyl symbol of the covariance operator of W;(u) then

ow =(0,®0,) ok 0(I ®(=J)).

Proof. A combination of (3.16), (3.17), (3.18), (4.8), (5.5), (5.7), and Lemma 5.2 gives for ®,¥ € SR
Q)™ (o . W(@,9))
= (kwy @ @)

=E((Up (75'®) ox7!) (Up. (F;19) 0 x71) )

= (ko (7' @) ok @ (75 1W) 0 k1)
- (ku ok, (9;ch® 9?2@) ok @Kk o p2’3>
= (Zﬂ)_d ((92_10'“) okt ® (F0,) 0 K_l, (gz_lfb ® 92@) o (K_1 ® K_l) op2,3)

=Qn) (o‘u ®0, FyF;! ((FF{ICD ® 9ﬁ> o' @Kk Nopyso(k® K)))
=2m) ™ (0,80, W@ V) o(I®J)ok;'")
=@2n) ((0,®0,) ok 0 (I ® (=), W(D,¥)).

The claim now follows from Lemma 3.7. []
If we write out the coordinates then Theorem 5.3 reads for x;, x,,&,,&, € R?
1 1 1 1
o (X1,X2,61,62) =0y (xl — Xt 551)% <x1 +t58% =54 ) : (5.13)
6. The Wigner distribution for symmetric Gaussian stationary GSPs and white noise

In this section we draw some conclusions from Theorem 5.3 for the particular cases of stationary, frequency stationary, and white
noise GSPs.

11
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Proposition 6.1. Suppose u € Z(S(R?), Lé(Q)) is a symmetric, Gaussian and stationary GSP with non-negative spectral Radon measure
H,,. Define the Wigner distribution W (u) € Z(§ (R%), L%(Q)) by (4.4) and (5.2), and define the zero mean Wigner distribution Wyu) €
Z(S(R¥M), L%(Q)) by (4.4), (4.7) and (5.5). Denote by oy, € S’ (R*?) the Weyl symbol of the covariance operator of W;(u). Then
d
EWw=_Q2r) 21Q@u, and (6.1)

1 1
oy (x1,%2,61,8) = n, (xz + Efl ) Hy <x2 - 551 ) , X1,X,¢1,6 € R%. (6.2)
Proof. Formula (6.1) is a direct consequence of (5.4) and (3.20), and (6.2) follows from (3.20) and Theorem 5.3 (cf. (5.13)). []

Corollary 6.2. Under the assumptions of Proposition 6.1 we have

T, 000w =0p Vx,EERY,

that is oy, is invariant under translation in the first and fourth R? coordinate.

Corollary 6.3. Under the assumptions of Proposition 6.1 we have

— d
EwywTx0oMoo =T Moo Fwyw *.6 ERE

Proof. From Corollary 6.2 and [17, Proposition 4.3.2] we obtain for ®,¥ € §(R??) and any x, & € R?
(%WO(u)‘I’,tb) = Qo) (o, W(®, W)
=Qr) ™ (op. Ty oW (@, V)
= Qo) (o9 . W T M o @ T 0)Mo)P))
= («75 wow Tee0) Mg ¥ T 0) M, (0.:)‘1’)

= (M 0T 0 Fwyw T Moo q’)

which implies ;) Tix.0,M(0.) = Tix.0) M0,y F iy for all x,¢ €RY. [

Remark 6.4. Comparing Corollary 6.3 with (3.3) and (3.13) we see that the zero mean Wigner distribution W(u) for a stationary
Gaussian symmetric GSP has stationary behavior in the first (“time”) R? coordinate in T*R¢, and frequency stationary behavior in
the second (“frequency”) R¢ coordinate in T*R?. These consequences of stationarity are quite natural, considering the zero mean
Wigner distribution W},(u) as a time-frequency representation of u.

Corollary 6.5. Suppose u € Z(S(R? ),L(ZJ(Q)) is a symmetric, Gaussian GSP which is white noise with power p > 0. Then the Wigner
distribution W (1) € Z(S(R??), L*(Q)) has mean

d
EW @) (x,&)=Qn) 2p, (x.&)€T*RY, (6.3)
and the zero mean Wigner distribution Wy(u) € Z(S(R?*), Lé(Q)) is white noise with power p.

Proof. According to the discussion after Definition 3.8 we have u, = p and o, = p. The claim (6.3) thus follows from (6.1) in
Proposition 6.1.

From (6.2) in Proposition 6.1 it likewise follows that ¢, = p> on T*R?“. Hence the covariance operator for W(u) is %, Wow) = .
By Definition 3.8 it follows that W{)(u) is white noise on T *R? with power p. []

Finally we state versions of Proposition 6.1, and Corollaries 6.2 and 6.3 for frequency stationary GSPs according to Definition 3.6.

Proposition 6.6. Suppose u € Z(S(R?), Lg(Q)) is a symmetric, Gaussian and frequency stationary GSP such that & has non-negative
spectral Radon measure ;. Define the Wigner distribution W (u) € Z(§ (R??), L>(Q)) by (4.4) and (5.2), and define the zero mean Wigner
distribution Wy(u) € (8 (R%M ), Lg(ﬂ)) by (4.4), (4.7) and (5.5). Denote by oy, € § "(R* ) the Weyl symbol of the covariance operator of
Wy (u). Then

d
EWw=_2n) 2j;®1, (6.4)
1 1
O-W(xlsXZvél’éZ):/‘ﬁ(_xl +§fz>llﬁ<—x1 —552)» X1, %p.£.6 €RY, (6.5)
Ty c00w =0p Vx,EERY, (6.6)

12
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and

— d
Fwyw To0Men = TonMenFwyw Y%.¢ ERY

d
Proof. The assumptions and (6.1) of Proposition 6.1 imply EW (@) = 27)” 2 1 ® p;. Lemma 5.1 thus gives

EWW=EW@oJ =20 1ji;® 1
which is (6.4).
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(6.7)

The formula (6.5) is a consequence of Theorem 5.3, (3.19) and o; = 1 ® uy, cf. (3.20). The translation invariance (6.6) follows

from (6.5), and finally (6.7) follows from (6.6) and [17, Proposition 4.3.2] as

(T ®.®) = Q0 (o1, W (@, W)
= Q) (op. Ty xeoW (@, %))

=Qx)™ (oW, W (Ti0,0Me.0)®. Tio.0 M )'¥)
= (3{ wow Lo M0 ¥ TonM (:,0)¢>

= (M<—:,0>T<0,—x)*%wo<u>T(o,x>M 0. ‘D>

for all ®, % € S(R*) and all x,£€R?. []

Remark 6.7. Again comparing (6.7) with (3.3) and (3.13) we see that the zero mean Wigner distribution W(,(u) for a frequency
stationary Gaussian symmetric GSP has stationary behavior in the second (“frequency”) R? coordinate in T*R?, and frequency

stationary behavior in the first (“time”) R? coordinate in T*R¢.

7. The Wigner distribution of symmetric Brownian motion

In this section we apply Theorem 5.3 to Brownian motion. Consider a Wiener process (Brownian motion) b : R, — L(ZJ(Q) which

is real-valued Gaussian with covariance function

E (b(x)b(y)) = % min(x,y), x,y€R,.

(7.1)

A symmetric Gaussian complex-valued Wiener process can be constructed as b = b; +ib, where b, and b, are independent real-valued

Gaussian with covariance function (7.1). It follows that

E (b(x)@) =min(x,y), x,yER,.

We may extend b to domain R by defining b(x) =0 for x <0, and then

— i R
ky(x,y)=E (b(x)b(y)) = { min(x.y), %y ER,,

From k, € §'(R?) it follows that

(b ) = / bx)gpidx, € SR).
R

0, x<0ory<0.

defines b € Z(S'(R), Lg(Q)) that is a tempered non-stationary GSP.
Denoting the Heaviside step function by 4 we have if ¢,y € S(R)

/ ky(x. )9 COw! (3)idxdy = // xg v’ ()dxdy + // @ O’ ()dxdy

0<x<y O<ysx

+0o0 y +oo +00
= / V') / xg/ (ydx |dy+ / v 0l / & (dx [dy
y=0 =0 y=0 =y

+00 y +oo

1y - -

= [ v [, - [ @G |ar- [ woretuy
y=0 x=0 y=0

+c0 y
- / V') / 2Godx |dy

y=0 =

13
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+o0 +o0

~— [ 96| [ 'y fax

x=0 =X

+o0

= / h(Ow (R P()dx

(126 (1s7)--)
=(hen((185)ox™),00W)
with k € R defined by (3.5). It follows that 9,0 k;, = (h @ h) ((1 ® 6y) o k7!) in &' (R?). If @,y € S(R) then

(k@ ®%) =E (¢, )7 .9) ) =E ((0.0)5.9") ) = (k0 @) = (0,0,k1, 0 @ F)

and hence ky =(h ® h) ((1 ® 50) o K_l> in §’(R%). We may conclude that (% v, @) = (hy, h@);» for @,y € S(R), thatis, Xy =h-1
is the identity operator times 7 on &(R). Comparing with Definition 3.8 we may conclude that ' € Z(S(R), Lé(Q)) is white noise
with unit power multiplied with A.

From (7.2) we infer kj, o k(x,y) =x — %lyl provided x — %lyl 20 and kj, o k(x,y) =0 otherwise. Thus from (3.17) it follows that
the Weyl symbol of the covariance operator o,(x, &) =0 if x <0, and more generally we have

. 2
0y(x.8) = h(x) / (x - %|y|) e ¥ dy = 2x7 (%ﬁ?) h(x).

[y]<2x

This formula is not new since it appears in [12, Eq. (2.164)].
However, the covariance function of the Wigner distribution of Brownian motion does apparently not appear in the literature. We
obtain a formula for the Weyl symbol of the covariance operator of the zero mean Wigner distribution Wy(b) from (5.13) as

ow (X1, %2,€1,62) =0 (xl - %fzvxz + %51)% <X1 + %52,):2 - %51)
2
=4n(2x, — &) (x% _ 155)2 Sin((x1 - %fz) (X2 + %51)) . sin ((xl + %52) <x2 - %§1>>
(xl —%é:z) <X2+%§1) <x1+%§2) (xz—%g)

)
1 2
cos (x1&) = xp6,) — cos (lexz - 55152)

2_ 1l
i

=h(2x; = &)

where x,x,,£,,& € R. Hence suppoy, CR, x R®. We also observe that oy, (x,x,,&;,&) =0 when |x,| = %|§2|.
8. Application to non-negative operators in the Weyl calculus

In this section we deduce a consequence of Theorem 5.3 formulated for non-negative operators in the Weyl calculus of pseudo-
differential operators. Recall that if a € §'(R??) then a¥(x, D) : S(RY) — &'(R?) is non-negative on & (R?) if (a*(x, D)f, f) > 0 for
all f € S(RY). This is abbreviated as a*(x, D) > 0 on §(RY).

Proposition 8.1. Suppose a € S’ (R*) and a*(x, D) > 0 on S(RY). If
1 1 1 1
b(xy,x,5,61,&)=a (xl - Efyxz + 551) a (xl + Egzaxz - 551) € §/(R4d),
X1,%2,&1,6 € Rd,

then b¥(x, D) > 0 on S(R2?),
Proof. With a¥ = a¥(x, D) we have for all f,g € S(RY)

4@ f,8)= (@[ +8).f +8) =@ (f =), f =) +i((@"(f +ig).f +ig) = (@"(f = ig). [ ~i))-
By the assumption a*(x, D) >0 on & (RY) it follows that

(a*(x,D)g, f)=(a"(x,D)f.g), f.g€SRY). 8.1)

d
Denote by k = (27)" 2 (972"(1) ok~ € §'(R¥M), with k € R2*24 defined by (3.5), the Schwartz kernel of the operator a%(x, D),

cf. (3.17). The property (8.1) entails the Hermitian symmetry

14
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(Rek, f ® g) = (Rek,g ® f),

_ _ (8.2)
(Imk, f ® g) =-(Imk,g ® f),
and hence for any real-valued Schwartz functions f, g € $(R?,R) we have
1 . —
0<3 (k(+in® T +ig)
% 1 (8.3)
= E(Rek,f®f+g®g)+ E(Imk,g®f—f®g)~
Let neN\O, let {(pj};’:1 C &(R?,R) and define @y = Zle X;p; € S(RY) for x = (x{,...,x,) €R". If x,y € R” then
(Rek, 0, ® (px) = <(Rek, ?;® (pk)jk x,x> = (A;x,x),
(8.4)

(im0, ®9,) = ((Imk.g; ® 9) 1. ) = (As.),

where A, = (Re k.o, ® (pk)jk = (Re k.o, ® ¢k);k=1 € R"™" is a symmetric real matrix, and A, = (Im k,@; ® (pk)jk € R™" is an
antisymmetric matrix. In fact these properties are consequences of (8.2).
We obtain from (8.3) with f = ¢, and g = @, and (8.4)

0< 3 (A + (A130) + (Ao 3) = (As3) ) = (AGr.). (.) (8.5)

where

LA -4 2nx2n
A=— eR
2 <A2 Ay >

is a symmetric matrix. Since x,y € R" are arbitrary, it follows from (8.5) that A is non-negative definite. Thus it is a covariance
matrix.

From [16, Chapter 3 §2.3] it now follows that there exists two real-valued Gaussian zero mean tempered GSPs v;,v, €
Z(SRY,R), Lé(Q)) such that the 2n-vector (vy, @y), -+, (U], @), (U2, @), -+, (U, @,) in Lé(Q) has covariance matrix equal to A. We
infer for @, € S(R?,R)

1
E (0 9)0;.9)) = 3Rek.p @), j=1.2.

E (01, 0)0p.9)) == 5 (mk,p @ )

and these identities extend to complex-valued functions ¢,y € S(R?) as
— 1 — .
E((0.0)09)) = ;(Rek o @), j=1.2.

E (0 0)(0pw) ) =—3(mk. 0 8 7).

If we finally set u = v, + iv, then we obtain for @,y € S(R?)

E (o)) = (ko @P),
E (4, @), y) =0,

This means that « is Gaussian symmetric and k = k. From Theorem 5.3 and (5.13) we deduce that 5" (x, D) is the covariance operator
of the zero mean Wigner distribution W, (u) of u. Hence b*(x,D)>0on & R¥., O

9. Remarks on non-negativity of the Wigner spectrum

In the applied literature the Weyl symbol of the covariance operator of a GSP u € Z(S(R?), Lé (Q)) is called the Wigner spectrum
[5,12,13]. Recall the formula (5.4) which says that the expected value of the Wigner distribution of u equals a positive constant times
the Weyl symbol of the covariance operator:

EW ()= (271')_% o, 9.1)

Modulo a positive multiplicative constant, the Wigner spectrum thus equals EW ().

It is interesting to compare EW (1) with W (f) defined by (3.16) with g = f for a deterministic function f € L*(R%). In fact Wigner
introduced W (f) in 1932 as a candidate for a quantum mechanical probability density in phase space for a particle. Hudson’s theorem
[17,21,23] however shows that W (f) cannot have probability density interpretation for all f € L>(R?), since W (f) > 0 everywhere
in T*R? holds if and only if f is a Gaussian of the form
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f(x)= e—(x,Ax)+(b,x)+c

where A € GL(d, C) has positive definite real part, b € C¢ and ¢ € C.

Discoveries by Flandrin [11,12] and Janssen [25] show that the corresponding problem for GSPs admits a much larger class
of solutions. This problem of finding GSPs u such that EW (1) > 0 everywhere on T*R? is by (9.1) equivalent to the problem of
identifying non-negative linear operators &(R?) = &’(R?) whose Weyl symbols are nonnegative.

The next example taken from [12, Chapter 3.3.3] gives one class of stochastic processes on R? for which the Wigner spectrum
satisfies EW (1) > 0 on T*R9.

Example 9.1. Let f € L*(R%)\ {0} and define u(x; y,n) = M, T, f (x) where (y,7) € R* is a Gaussian random variable with probability
density

_ —dy -4 IR ST I Y
P = 2m)(ab)2 exp (=5 Iy = 35 1P )
_d 4Ly _do 4 L2
for a,b > 0. Writing p(y,7) = p;(»)p,(1) with p;(y) =(27) " 2a 2e 27" and p,(n) =(2x) 2b 2¢ 2" we have
Eu(x;) = // P2 £ (x = y)dydn = (py * )(x)(27)2 P (x)
R2d
- -2
=(p; * /Hx)e 2
and
Elu(x; ) = // PLOPIMLf (x = p)Pdydn = (py * | £ 1P)(x).
R2d
Thus R? 3 x — u(x;-) is a second order stochastic process that belongs to the space L>(RY, L2(Q)).
For (y,n) € R* fixed we have by [17, Proposition 4.3.2]
W y,m)(x,8)=W()x-y,E—n)
which gives
EW ) (x,8) = //p(y» MW (f)(x = y,& —mdydn=p = W(f)(x,).
R2d

Now it follows from [17, Theorem 4.4.4] that EW (u)(x,&) > 0 for all (x,&) € T*R? provided ab >
stochastic processes such that EW (1) > 0 on T*RY.

i. This gives a large class of

Under the restriction o, € L?>(R?>?) Janssen [24] works out many necessary conditions for ¢, to be the Weyl symbol of a non-
negative operator. The assumption o, € L*(R*?) is equivalent to the assumption Hilbert-Schmidt for the covariance operator. In
particular there are lower bounds on measures of spread of ¢, that are close in spirit to uncertainty principles.
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