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Abstract—This paper tackles GNSS position error estimation
in challenging environments where reliable error bounds are
required for real-time applications. While regression trees and
random forests can model nonlinear relations between GNSS
observables and position error, their accuracy is limited by
coarse input partitioning. We introduce two hybrid models,
RT-LLR and RF-LLR, which combine tree-based partitioning
with local linear regression on lagged GNSS observables to
perform piecewise linear modeling of spatial–temporal error
dependencies. The methods are evaluated over 20 runs using
RMSE of the x, y, and z position error components. The hybrids
tie or outperform the baseline trees in about 75% of x-axis
cases, 95% of y-axis cases, and 85% of z-axis cases, achieving
relative RMSE reductions up to roughly 22% horizontally and
17% vertically, with comparable runtime. These results show
that hybrid tree–linear models provide more accurate and stable
GNSS error estimates, making them suitable for deployment in
low-cost receivers and cooperative positioning systems.

Index Terms—Galileo, GNSS, GPS, Local Linear Regression,
Machine Learning, Piecewise Affine Models, Position Error
Estimation, Position Velocity Time, Random Forests, Regression
Trees.

I. INTRODUCTION

Global Navigation Satellite Systems (GNSS) form the back-
bone of modern positioning, navigation, and timing (PNT)
infrastructure and serve as enablers in modern mobility to
perform various critical functions. However, in environments
such as urban areas, their reliability deteriorates significantly
due to Non-Line-of-Sight (NLOS) conditions between the
receiver and the satellite, with signal propagation further
affected by multipath and atmospheric effects, including iono-
spheric and tropospheric delays [1], [2]. In this context,
accurate and reliable GNSS position error estimation be-
comes crucial to ensure robust navigation performance in
challenging environments. Traditional models, such as Least
Squares and Kalman Filtering, are primarily used for estimat-
ing the receiver position and velocity by fusing pseudorange
and Doppler measurements under linear and Gaussian noise
assumptions - assumptions that rarely hold under dynamic,
multipath-affected conditions [3], [4]. Recent works have
explored data-driven methods for modeling GNSS error dy-
namics, yet the design of interpretable and computationally
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efficient solutions remains an open research challenge. This
study addresses that challenge by proposing hybrid machine
learning methods explicitly tailored for GNSS position error
estimation, combining the adaptability of tree-based learning
with the interpretability of system-theoretic formulations.

II. LITERATURE REVIEW

Learning-based models using only GNSS data have emerged
to address the aforementioned challenges. Caparra et al.
trained deep neural networks to estimate 3D GNSS errors from
basic inputs like Dilution of Precision (DOP), Carrier-to-Noise
ratio (C/N0), and satellite count, achieving robust results
even under poor visibility [5]. Lan et al. applied Long Short-
Term Memory (LSTM) networks to capture temporal error
dynamics, treating horizontal errors as scalars for improved
performance in harsh conditions [6].

Tree-based methods offer interpretability and efficiency.
Qi et al. (2024) used Random Forest regression to estimate
multipath parameters and mitigate effects in urban GNSS
navigation, reducing 2D and 3D positioning errors by 8.5%
over traditional techniques [7]. Zhang et al. employed Random
Forests for classifying GNSS conditions (e.g., open sky vs.
blockage) to inform error mitigation [8]. Niu et al. applied
bagged decision trees to detect error types, enhancing Kalman
filter outputs [9].

III. PROPOSED HYBRID MODELING FRAMEWORK

To broaden the scope of applicability and impact of data-
driven techniques, this work introduces a novel hybrid mod-
eling framework that merges machine learning adaptability
with the interpretability of system-theoretic formulations. The
proposed models — Piecewise Affine Regression Trees and
Random Forests with Local Linear Models on Lagged
Exogenous Inputs (RT-LLR and RF-LLR) — are de-
signed specifically for GNSS position error estimation.
The core principle derives from a formulation referred to
as Tree-Guided Piecewise Linear Regression over Lagged
Exogenous Inputs, which extends the classical ARX (Au-
toRegressive with Exogenous inputs) paradigm as explained
in Section IV by removing autoregressive feedback depen-
dencies. Unlike conventional ARX systems that rely on past
output values, this framework estimates position errors solely



from lagged exogenous inputs, since the regressive terms of
the position error are unknown.

To enhance the modeling capabilities beyond the traditional
ARX framework, the proposed hybrid approaches introduce
targeted modifications to the local regression methodology.
In the original Learning ARX formulation, regression trees
are combined with affine models obtained via quadratic
programming in each leaf. To minimize the computational
cost, the Tree-Guided Local Linear Regression (RT-LLR)
method replaces this optimization step with a regularized
ridge regression procedure for estimating leaf-specific local
linear models. This introduces a checking mechanism for
feature selection by focusing only on the relevant non-constant
input variables per leaf, which enhances model sparsity and
interpretability. Additionally, the proposed methods include a
fallback mechanism to default to the original prediction in
cases where no local model is available for a leaf. Building
on this, the Random Forest-Guided Local Linear Regression
(RF-LLR) framework generalizes the concept by estimating
independent local linear models within each leaf of every
tree in the forest, aggregating their predictions to improve
robustness and accuracy. This ensemble approach combines
the adaptability of Random Forests with the fine granularity
of local linear modeling, yielding a powerful and interpretable
hybrid tool tailored for robust GNSS position error estimation.

IV. LEARNING ARX MODELS VIA REGRESSION TREES

This section describes the Classification and Regression
Tree (CART) algorithm [10], which forms the foundation
of the hybrid identification procedure adopted in this work.
Understanding CART is essential because it provides the
partitioning mechanism that is proposed in [11], to identify
from a dataset a model of a dynamical system that combines
the CART algorithm and the ARX identification. We used the
CART algorithm to generate the piecewise local models in the
proposed models.

For the sake of simplicity, we only briefly recall the par-
titioning algorithm of CART, and refer the reader to [10]
for more details. In a supervised learning framework, we
consider an input dataset X = {xi}Ni=1 and an output dataset
Y = {yi}Ni=1 of N samples each, where yi ∈ R and xi ∈ Rn.
The final goal of CART is to identify a function T : Rn → R
to estimate ŷ = T (x). To this aim, the dataset is iteratively
partitioned according to a tree graph structure grown during
the algorithm, by a set of hyper-rectangles R1, . . . , R|T | that
induce a partition of the input space Rn: to each hyper-
rectangle corresponds one (and only one) leaf ℓj of the grown
tree graph. Then, ŷ is estimated in each leaf ℓj using a constant
cj = ave(yi|xi ∈ ℓj) given by the average of the samples in
the partition.

We now briefly illustrate the approach proposed in [11],
which combines the CART algorithm and ARX identification
to build a model of a dynamical system starting from a
dataset of trajectories. Consider a set of N sample trajectories
{zi(0), . . . , zi(r), di(0), . . . , di(r − 1)}Ni=1, with a measure-
ment variable zi(t) ∈ R, t = 0, . . . , r and an exogenous

variable di(t) ∈ Rν , t = 0, . . . , r − 1. Let us define an
input dataset X = {xi}Ni=1 with xi := (zi(0), . . . , zi(r −
1), di(0), . . . , di(r − 1)) ∈ Rn, n = r(ν + 1), and an output
dataset Y = {yi}Ni=1 with yi := zi(r) ∈ R. In [11] we derived
Algorithm 1: we first applied the standard CART algorithm to
a training dataset X and Y , thus obtaining a regression tree
T with leaves ℓ1, . . . , ℓ|T | and corresponding hyper-rectangles
R1, . . . , R|T | that partition the input space; then, instead of
using the constant predictor cj in each leaf, we proposed to
assign an affine predictor mj ∈ Rn,mj,0 ∈ R to each leaf,
thus obtaining T (x) the prediction of the regression tree given
by T (x) =

∑|T |
j=1(m

T
j x+mj,0) · I {x ∈ Rj}.

Algorithm 1 [11]
1: Input: dataset (X ,Y)
2: Apply CART algorithm to (X ,Y), obtaining as output a

tree structure T with leaves ℓ1, . . . , ℓT
3: for all j = 1, . . . , |T | do
4: Compute in leaf ℓj an affine predictor mj ∈

Rn,mj,0 ∈ R by solving the quadratic program

min
mj ,mj,0

∑
xi∈ℓj

(yi −mT
j xi −mj,0)

2 (1)

5: end for

V. GNSS DATA GENERATION METHOD

The GNSS dataset collection involved a simulative
Hardware-in-the-Loop (HiL) approach, in which signals from
the satellite infrastructure are emulated at Radio Frequency
(RF signals) and used to feed the GNSS receiver. The setup
was achieved by using some of the capabilities of the P-CAR
(PNT Center for Automated Road-Transport) laboratory [12].
Namely, the P-CAR’s primary objective is to support testing
and validation of Connected and Automated Vehicle (CAV)
functionalities exploiting PNT data. Using an Everything-in-
the-Loop (XiL) methodology within a multi-sensor framework
(e.g., GNSS, IMU, cameras, radar, communication systems),
P-CAR enables the execution of realistic, repeatable test
scenarios, including fault and degradation injection. In this
work, P-CAR was specifically used for GNSS infrastructure
emulation.

A. HiL Setup and Workflow

The data collection process involves an HiL simulation com-
posed of a configuration and pre-processing phase, followed
by real-time test execution. Figure 1 illustrates the setup and
overall workflow. The main tools used in this process are:

• Vehicle simulator: An instance of CarMaker simulates
both the road environment and vehicle dynamics, provid-
ing the required ground truth data.

• Multipath generator: The custom tool GNSSTE com-
putes GNSS multipath components based on the en-
vironment, ground truth, and satellite ephemerides. It
uses a ray-tracing approach to assess both Line-of-Sight



(LOS) and NLOS conditions and corresponding multipath
effects.

• GNSS emulator: The StellaNGC tool by M3 Systems
emulates the GNSS signal environment, using satellite
ephemerides and vehicle ground truth. It can simu-
late ideal conditions or incorporate global/local hazards.
Global hazards cover i) satellite clock and ephemeris
errors, and ii) atmospheric effects (ionosphere and tropo-
sphere delays), while local hazards concern LOS/NLOS
and multipath conditions. Satellite-Based Augmentation
System (SBAS) corrections can also be included to mit-
igate global hazards.

Fig. 1. Workflow for the dataset collection

The testing workflow is automated through the Cloud-
based Architecture and Test Automation (CldAA) Orchestra-
tor, which handles configuration distribution across potentially
geo-distributed tools, coordinates test execution, and manages
output data collection for reporting.
In the first step, the tool suite is properly configured for
the desired test-case (e.g. in nominal conditions or with
faults/degradations). Then, the vehicle simulation is executed
to generate the ground truth data needed by GNSSTE to
compute multipath components. Ground truth and multipath
data are used in the GNSS emulator to generate realistic RF
signals. In the real-time phase, the RF (signals) output of the
emulator feeds the GNSS receiver, and the produced raw data
(raw data/PVT) are logged (by the “Application logger” block)
and stored in a dedicated database.

B. Dataset Configurations

The GNSS emulator was configured with a 10 Hz internal
update rate. The receiver used is a customized Raspberry Pi
equipped with a U-blox ZED-F9P-05B module, set to receive
both L1C/A (GPS) and E1B/C (Galileo) signals, and to provide
PVT fixes at 1 Hz (one order of magnitude below the emulator
update rate).
The dataset consists of 20 test runs, grouped into four distinct
scenarios, with each scenario executed five times (each run
lasts one hour). Global hazards have been derived from real-
world, RINEX and SP3, files corresponding to five different
dates in 2021 (Jan 20, Mar 7, Jun 15, Sep 26, and Nov

13, between 3:00 p.m. and 4:00 p.m.). The virtual proving
ground used in testing is located at 41.9525° N, 13.6210° E
and, for scenarios involving multipath, includes buildings and
vegetation along the track (see Figure 2).

Fig. 2. Virtual proving ground

Table I summarizes the used satellite segment
configurations. The “00” scenario refers to the L1 frequency
(GPS) alone, in presence of multipath conditions. The “01”
scenario is a repetition of “00”, but with the inclusion of
SBAS signals. The other scenarios refer to both L1 (GPS)
and E1 (Galileo) and do not take into account multipath
effects. Scenario “03” includes SBAS signals, which are not
provided in “02”.

TABLE I
DATASET: HERE F: FREQUENCY BANDS; M: MULTIPATH (Y/N); G/S:

MISMATCH BETWEEN GROUND AND SPACE SECTIONS (Y/N)

Scenario Run GPS Galileo SBAS
F M G/S F M G/S

5x00 00-04 L1 y y n n n n
5x01 05-09 L1 y y n n n y
5x02 10-14 L1 n y E1 n n n
5x03 15-19 L1 n y E1 n n y

All runs are impacted by ionosphere and troposphere effects.
The “Klobuchar” model is used for the ionosphere (model
parameters extracted from navigational RINEX files), while
the “MOPS” model (i.e., Minimum Operational Performance
Standards) is used for the troposphere. When applied (i.e.,
“G/S” set to “y”), additional global hazards (i.e., clock and
ephemeris errors) are handled by introducing a mismatch
between the ground and space segments in the emulator
configuration (i.e., internal combined use of RINEX and SP3
files).

VI. DATA PRE-PROCESSING AND FEATURE SELECTION

The raw data obtained from the GNSS receiver (via UBX
protocols) was decoded into a .csv format using a custom
MATLAB–Python automation pipeline. We then filtered out
samples without a valid GNSS fix, removed invalid or constant
observation fields, and replaced missing numerical values with
zeros to avoid perturbing the estimations yielding a high-
quality dataset for modeling. After processing, the dataset was
partitioned into three variables: input features (X), target er-
rors (Y ), and temporal indices (t), maintaining strict temporal
order to prevent data leakage. This pre-processing pipeline



established a reproducible data foundation from which the
regression models can generalize under controlled conditions.
The target errors are xerror, yerror and zerror and they are
obtained using the below equation:

Aerror = AGT −AGNSS (2)

where A represents the three spatial dimensions, namely X,
Y, and Z-axis, AGT is the ground truth set in the simulator
and AGNSS is the position value estimated by the receiver for
a given direction.

In the RT-LLR and RF-LLR approaches, a feature impor-
tance analysis using Decision Tree and Random Forest regres-
sors, respectively, was conducted on over 300 GNSS features.
This analysis identified the ten most influential features (either
in their real-time or lagged forms), as presented in Table II,
while ensuring the shortlisting of independent feature with
reasonable weight and preventing information leakage from
implicit ground-truth correlations.

TABLE II
GNSS FEATURES THAT HAVE THE MOST WEIGHT IN POSITION ERROR

ESTIMATION

Feature Unit, Scale Description
codePhase ms, 2−21 Code phase
cpMes cycles Carrier phase measurement
doMes Hz Doppler measurement (positive sign for

approaching satellites)
dopplerHz Hz, 0.2 Doppler measurement
dopplerMS m/s, 0.04 Doppler measurement
fracChips (0 - 1023) fractional value of the code phase mea-

surement (0..1023)
prMes m Pseudorange measurement
wholeChips (0 - 1022) whole value of the code phase measure-

ment (0..1022 for GPS)
pDOP - Position Dilution of Precision
intCodePhase ms Integer part of the code phase

This data-driven selection ensures that learning resources
concentrate on the GNSS attributes that are most relevant for
position error prediction. Consequently, the models capture
temporal dependencies of GNSS error dynamics using only
lagged exogenous variables, deliberately avoiding recursive
inclusion of past output errors, which in our application would
introduce data leakage and lead to unrealistic model behavior
and hinder real-time estimations. This design choice enhances
model consistency and interpretability under non-stationary
noise and signal variability.

VII. MODEL TESTING METHODOLOGY

We performed model training, validation, and testing in
Python (v3.9.6) running on Macbook Pro M3 Pro equipped
with an Apple M3 Pro SoC (12-core CPU: 6 performance +
6 efficiency cores, 18-core GPU with 18GB unified memory,
using an 80:10:10 dataset split. Given the large dataset size, we
employed randomized hyperparameter search in combination
with ten-fold cross-validation to ensure robust statistical evalu-
ation. Four models were bench marked: a standard Regression
Tree (RT), a Random Forest (RF) [9], and the proposed hybrid

RT-LLR and RF-LLR architectures. Each model estimated
the three-dimensional position-error vector and was evaluated
using RMSE across all test runs.

VIII. RESULTS AND PERFORMANCE ANALYSIS

In this section we present the quantitative evaluation of
the hybrid RT-LLR and RF-LLR models compared with
the baseline Regression Tree (RT) and Random Forest (RF)
architectures and we will showcase the RMSE of position error
estimates for the testing dataset along the x, y, and z axes for
assessment.

Table III provides a comparative evaluation of prediction
errors between two modeling approaches: standard Regression
Trees and Random Forests (labeled as “a”) and their hybrids
with local linear regression on lagged exogenous inputs (la-
beled as “b”), measured across 20 experimental runs for the
x, y, and z directions. The relative performance change is
calculated using the formula:

2× b− a

b+ a
× 100 (3)

TABLE III
COMPARISON OF RMSE BETWEEN THE BEST PREDICTIONS MADE BY RT

& RF AND THE BEST PREDICTIONS MADE BY RT-LLR & RF-LLR.

Run RT & RF (a) (meters, m) RT-LLR & RF-LLR (b) (m)
xerror yerror zerror xerror yerror zerror

00 0.6484 0.5432 1.0430 0.6144 0.5773 0.9966
01 1.9373 0.4218 1.1379 1.8686 0.4218 0.9593
02 0.4827 0.1231 0.3150 0.4827 0.1231 0.3150
03 0.4191 0.2240 1.0079 0.4024 0.1674 0.8652
04 1.7758 0.9562 0.7623 1.8199 0.9562 0.7778
05 1.0877 0.4968 0.6175 1.0923 0.4963 0.5679
06 0.3958 0.1072 0.2911 0.4728 0.1077 0.2924
07 0.8328 0.3347 0.6553 0.7477 0.3347 0.6553
08 1.7356 0.1967 0.8352 1.3878 0.1967 0.7252
09 4.7923 0.5112 2.2183 4.7085 0.5109 2.1993
10 0.0290 0.0356 0.0301 0.0289 0.0356 0.0298
11 0.0407 0.0475 0.0634 0.0504 0.0475 0.0605
12 0.0283 0.0443 0.0372 0.0281 0.0443 0.0372
13 0.0294 0.0481 0.0373 0.0295 0.0481 0.0379
14 0.0429 0.0667 0.0759 0.0402 0.0667 0.0759
15 0.0486 0.0380 0.0819 0.0486 0.0380 0.0777
16 0.0533 0.0591 0.0395 0.0449 0.0591 0.0378
17 0.0312 0.0454 0.0366 0.0315 0.0454 0.0367
18 0.0359 0.0448 0.0369 0.0354 0.0448 0.0374
19 0.0891 0.0939 0.1249 0.0863 0.0939 0.1380

The key takeaways are:
• X-axis: RT-LLR & RF-LLR reduce RMSE in 8 runs, tie

in 7, and worsen in 5. Largest gain: Run 08 at –22.27%.
Largest loss: Run 11 at +21.30%.

• Y-axis: Improvement occurs in 1 run, ties in 18, and
degradation in 1 run. Largest gain: Run 03 at –28.92%.
Largest loss: Run 00 at +6.09%.

• Z-axis: RMSE improves in 9 runs, ties in 8, and worsens
in 3. Largest gain: Run 01 at –17.03%. Largest loss: Run
19 at +9.97%.

Overall, Figure 3 shows that the hybrid models tie or outper-
form the base trees in approximately 75% of x-axis cases, 95%



of y-axis cases, and 85% of z-axis cases, confirming robust,
scenario-adaptive improvements.

Fig. 3. Relative difference (%) between Standard (a) and Hybrid (b) ML
models

Moreover, runtime analysis showed that the computational
cost of the hybrid methods remains comparable to that of the
baseline RT and RF models, confirming their suitability for
real-time embedded GNSS applications.

Across the 20 runs, the LLR-enhanced models consistently
match or improve the baseline RT & RF performance, with
the most notable gains appearing in the z-axis—for example,
reductions from 1.0430 m to 0.9966 m in Run 00, 1.1379
m to 0.9593 m in Run 01, and 1.0079 m to 0.8652 m in
Run 03. Improvements in the x-axis are also common, such
as 0.8328 m to 0.7477 m in Run 07 and 1.7356 m to 1.3878
m in Run 08, while y-axis values remain largely unchanged.
Run 09 stands out as an outlier, with unusually large errors
(x = 4.7923 m, z = 2.2183 m) due to the weakness of its
underlying dataset, though even here the LLR variant yields
slight reductions. Averaged across all runs, the overall RMSE
values for RT & RF are x = 0.6921 m, y = 0.2477 m, and
z = 0.5407 m, while the LLR-enhanced models achieve x =
0.6620 m, y = 0.2475 m, and z = 0.5207 m. Because each run
represents a distinct scenario with different data quality and
environmental conditions, these averages reflect performance
across heterogeneous settings rather than a single controlled
environment. Despite this variability, the aggregated RMSE
remains below 1 m on all axes, demonstrating consistent
sub-meter accuracy across diverse scenarios.

The empirical results validate our hypothesis that piecewise
linear modeling of lagged GNSS observables effectively
captures the spatial and temporal dependencies in position
errors without depending on recursive feedback or extensive
sensor fusion. By dividing the input space into understandable,
locally linear regions through tree-based learning, the approach
decomposes complex, nonlinear error dynamics into manage-
able sub-models suitable for real-time processing. To balance
the interpretability, accuracy, and computational efficiency,
these proposed hybrid models emerge as promising candidates
for deployment in low-cost GNSS receivers and cooperative
positioning systems.

IX. CONCLUSION, LIMITATIONS AND FUTURE WORK

Ultimately, the proposed hybrid methods bridge classical
dynamic system identification and modern machine learning,

delivering interpretable, lightweight, and reproducible esti-
mators optimized for intelligent transportation systems and
onboard GNSS processing.

By uniting theoretical formulation, controlled experimen-
tation, and practical implementation, this work advances the
broader objective of developing reliable and explainable posi-
tioning technologies for the next generation of connected and
automated mobility.

The main contribution of this work is the design of in-
terpretable hybrid models (RT-LLR and RF-LLR) that ex-
tend classical system identification toward data-driven GNSS
error estimation. Unlike conventional ARX structures, the
proposed approach operates solely on lagged exogenous in-
puts, avoiding feedback loops and thus preserving model
causality for real-time applications. The results demonstrate
substantial improvement in position error estimation accuracy
without sacrificing computational efficiency or interpretability.
These characteristics make the framework a strong candidate
for embedded GNSS receivers and certified PNT validation
environments.

Despite strong performance under emulated conditions,
several limitations are acknowledged. The current training
dataset originates exclusively from HiL experiments, limiting
generalization to open-world driving conditions. Additionally,
each local linear model presumes homogeneity within its
partition, which may be disrupted by abrupt environmental
changes. These issues motivate adaptive partition refinement
and online retraining strategies. Moreover, while feature
reduction optimizes response time and prevents overfitting,
it may obscure subtle dependencies observable only under
complex multipath scenarios. Future research will therefore
pursue data generation in a real-world scenario for correlating
the simulated scenario, investigating a hybrid learning-and-
fusion pipeline integrating the present GNSS-only approach
with inertial sensor.
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